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1. Introduction

Let (M,g) be a Riemannian manifold and V a metric connection on M, i.e.,
V(g) = 0. The torsion T' of V defines a (3,0) tensor field w by

W(X,Y,Z) = g(TxY, Z), X.,Y.Z eT(TM)

and when w € Q3(M), V is called a metric connection with skew-symmetric torsion.
Flat metric connections with skew-symmetric torsion on a complete Riemannian
manifold were completely classified by E. Cartan and J.A Shouten [3]. They proved
the following theorem.

Theorem 1.1.  Let (M,g,V) be a simply connected complete Riemannian man-
ifold endowed with a flat metric connection with skew-symmetric torsion. Then M
is isometric to a Riemannian product with factors in one of the following classes:

(i) Fuclidean spaces.

(ii) Simply connected, compact semi-simple Lie groups equipped with a bi-invariant
metric.

(iii) The sphere ST with a Riemannian metric of constant sectional curvature.

The Levi-Civita connection of a Euclidean space is obviously flat and has a skew-
symmetric torsion actually trivial. Let G be a compact semi-simple Lie group
endowed with a bi-invariant metric (, ). Then the connections V* and V~ given
b

Y ViY = [X,Y] and ViV =0 (1)
for any left invariant vector fields X, Y are bi-invariant flat, metric and have skew-
symmetric torsion. Moreover, the inversion z — x~! sends V' to V. The sphere
ST has a family of flat metric connections with skew-symmetric torsion [1].
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This theorem has been investigated later by many authors leading to different proofs
[1, 4, 10]. Actually, the existence of a flat metric connection with skew-symmetric
torsion on a simply connected Riemannian manifold is equivalent to the existence of
a global orthonormal frame of Killing vector fields [4] and this situation were studied
even in the pseudo-Riemannian case [12, 13].

In this paper, we consider a connected Lie group G endowed with a left invariant
metric (, ) and a left invariant flat metric connection with skew-symmetric torsion
V. If G is compact semi-simple, one might naturally expect that ( , ) must be
bi-invariant and V is either VT or V™. Surprisingly, this is not always the case (see
Subsection 2.1 and Theorem 1.4). Nonetheless, we establish an affirmative result
when G is simple and we give a complete description of Lie groups having a left
invariant metric and a left invariant flat metric connection with skew-symmetric
torsion. We call such a Lie group Riemannian Lie group with a FMSS-connection.
More precisely, we will prove the following two results.

Theorem 1.2.  Let (K,(, ),V) be a simply connected Riemannian Lie group
with a FMSS-connection. Then there exists (G,{, )1, V') and (H,(, )2,V?) two
simply connected Riemannian Lie groups with a FMSS-connection, a right action «
of G on H, a left action B of H on G such that:

(1) V! is the Levi-Civita connection of {, )1 and hence {, )1 is flat,
(2) H is compact semi-simple,

(3) (K,( , ),V) isomorphic to the bi-crossed product of (G,{ , )1,V') and
(H,{, )2, V?) by the mean of a and B.

Corollary 1.3.  Let (K, (, ),V) be a solvable non abelian connected Riemannian
Lie group with a FMSS-connection. Then V is the Levi-Civita connection of ( , )
and hence (, ) is flat. Moreover, K is 2-solvable.

For the details of the notion of bi-crossed product of Lie groups and the associated
matched pairs of Lie algebras one can see [6, 7], we will recall the essential on these
notions in Section 2 and we will also precise the notion of bi-crossed product of
two Riemannian Lie groups with a FMSS-connection (see Proposition 2.1). Simply
connected Lie groups endowed with a flat left invariant metric were described in [8,
Theorem 1.5] so to complete our study, we need to describe compact semi-simple
Riemannian Lie groups with a FMSS-connection. This is the subject of the following
theorem.

Theorem 1.4.  Let (G,(, ), V) be a connected compact semi-simple Riemannian
Lie group with a FMSS-connection. Denote by g = T.G the Lie algebra of G. Then
the torsion of V is parallel with respect to both ¥V and the Levi-Civita connection of
(, ) and there exists a,b: g — @ such that a (resp. b) is an homomorphism (resp.
anti-homomorphism) of Lie algebras, a bi-invariant metric (, Yo on G, g = g1 D g2
where g, = kera, go = kerb,

(a(X),a(Y))o if X,Y € g,
<X7 Y) = <b(X)7 b(Y>>O Zf X,Y € g1,
(a(X),b(Y))o if X €goY €g,
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0 Zf X e g1,
and VxY = [X,Y] if X,Y € g9
(@) Ha(X),b(Y)] if X €g2Y €,

where ¢ 1 g — g, X5 + Xo — b(Xy) + a(Xy). Moreover, the torsion T defines a
Lie bracket on g and (, ) is bi-invariant with respect to this Lie bracket.

Corollary 1.5.  Let (G,{, ), V) be a compact connected simple Riemannian Lie
group with a FMSS-connection. Then (, ) is bi-invariant and ¥V is equal either to

VT or V—.

It is a well-known fact that a Riemannian manifold endowed with a flat metric con-
nection with skew-symmetric torsion is locally symmetric and has nonnegative Ricci
curvature (see [1]). Hence Theorem 1.4 provides examples of left invariant metrics
not bi-invariant which are locally symmetric and have positive Ricci curvature.

The paper is organized as follows. In Section 2, we give an example of a Riemannian
Lie group with a FMSS-connection where the metric and the connection are not bi-
invariant, we make the notion of bi-crossed product appearing in Theorem 1.2 more
precise and we prove this theorem. In Section 3, we prove Theorem 1.4 by using
two lemmas (Lemmas 3.1-3.2) which are interesting in their own.

Notation. For any Lie group G and for any =z € G, we denote by L, and R,,
respectively, the left and the right multiplication by z.

2. Bi-crossed product of Riemannian Lie groups with a
FMSS-connection and the proof of Theorem 1.2

In this section, we give an example of a Riemannian Lie group with a FMSS-
connection such that both the metric and the connection are not bi-invariant, we
define the bi-crossed product of two Riemannian Lie groups with a FMSS-connection
and we prove Theorem 1.2.

2.1. Example

On any compact semi-simple Lie group endowed with a bi-invariant metric, the
connections VT and V™~ given by (1) are bi-invariant, flat and metric with skew-
symmetric torsion.

We give now an example of a Lie group endowed with a left invariant metric which
is not bi-invariant and which admits a left invariant (not bi-invariant) flat metric
connection with skew-symmetric torsion.

Let b be a semi-simple Lie algebra endowed with a bi-invariant scalar product (, )g,
ie., forany X,Y,Z € b,

<[X7 Y]7Z>0 + <[X7 Z]7Y>O =0.

Consider the Lie algebra g = b @ by product of h; and h, where b; is a copy of b.
Let F': h; — by be an isomorphism of Lie algebras.

Let G be a Lie group with g as the Lie algebra of left invariant vector fields. We
define on G a left invariant metric (, ) and a left invariant connection V by
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(X,Y)o if XY €by,
(

<X7Y>: X7Y>O+<F<X)7F(Y)>O if Xayehh
—(X,F(Y))o if X €Y €b,
0 if X €by,
and ViV = [F(Y),X] if X €hsY € by,

[X,Y] if X,V € b,

One can check that V({, )) = 0, the curvature of V vanishes and its torsion is
skew-symmetric. Note that (, ) is not a bi-invariant metric since, for any X,Y € b

and Z € by,
<[X>Y]7Z> + <[X7 Z]7Y> = _<F<Z>7 [Xv Y])O

Moreover, V is not bi-invariant since, for X € by, Y € by, Z € by,
[Z,VxY] = Vzx)Y = Vx[Z,Y] = —[[F(Z), F(Y)], X].

2.2. Bi-crossed product of two Riemannian Lie groups with an
FMSS-connection

Let us recall the notions of matched pair of Lie algebras and matched pair of Lie
groups and the associated bi-crossed product (see [6, 7] for details).

Let G and H be two Lie groups, and let a« : H x G — H, (h,g) — a4(h), and
f:HxG— G, (h,g) — Br(g), be two smooth maps satisfying

a. =Idy and B, = Idg,

Bhans = Bny © By s

Qgygy = Olgy O Qg

ag(hihs) = ag,, g (h1)ag(hs),

Br(9192) = Br(91)Bay, (n)(92) -

(G,H,«a,p) is called a matched pair of Lie groups. The product

(91, h1) (92, h2) = (918h,(92), g, (h1)ho)

defines a Lie group structure on G x H. We denote by G x H the obtained Lie
group called the bi-crossed product of (G, H,«, ). Denote by g and b the Lie
algebras of G and H respectively.

Forany g € G and h € H, a4(e) = e and f(e) = e and hence T.ao : G — GL(b),
g+ T.a, and T, : H — GL(g) are, respectively, an anti-homomorphism and a
homomorphism of Lie groups. Differentiating these maps at the identity gives rise
to an anti-representation & : g — gl(h) and a representation 5 :h — gl(g). The
Lie algebra of G x H is equal to g @ h with the Lie bracket given by

(a,0] = [a,bg, [u,v] = [u,v]y and [u,a] = B(u)(a) + al(a)(u). (2)

AR el S

for any a,b € g and u,v € h. Moreover,

{&’(a)([u, o]) = [u, @(a)(v)] + [a(a) (w), v] + @(B(v) () (u) — &(B(u)(a)(v), )
B(u)([ab]) = [a, B(u)(B)] + [B(u)(a), b] = B(@(b)(w))(a) + B(@(a)(u))(b).
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Conversely, a matched pair of Lie algebras is a couple of Lie algebras (g,h), an
anti-representation @ :g — gl(h) and a representation [ :h — gl(g) satisfying
(3). Then g @ b endowed with the bracket (2) is a Lie algebra. Let G and H
be, respectively, the simply connected Lie groups associated to g and h. If G is
compact, Majid showed [7, Theorem 4.2] that & and [ can be integrated to a
right action o of G on H and a left action § of H on G such that (G, H,a, ) is a
matched pair of Lie groups and G x H is the simply connected Lie group associated
to the Lie algebra g ® §.

The following proposition introduces the notion of bi-crossed product of two Rie-
mannian Lie groups with a FMSS-connection.

Proposition 2.1.  Let (G, (, )1, V') and (H,{, )2, V?) be two simply connected
Riemannian Lie groups with a FMSS-connection and g and § their Lie algebras,
respectively. Suppose that there exists a anti-representation a : g — so(h, { , )2)
and a representation E: h — so(g, (, )1) such that, for any a,b € g and for any

u,v €D,
a(a)(Tiv) = Tia(a)(v) — Tya(a)(u),
Bu)(Tib) = T1B(u)(b) — T} B(u)(a), N
afa)(u ey v) = ala)(u) e v + u & (a(a)(v)) — a(B(u)(a))(v),
Bu)(a o1 b) = B(u)(a) o1 b+ a ey B(u)(b) + B(@(a)(w))(b),
where T" is the torsion of V' and e; is the restriction of V' to the Lie algebra. Then
(g, b, @, ) is a matched pair of Lie algebras and if (g,h,a, B) can be integrated to a

matched pair of Lie groups (G, H,a, ) then the bi-crossed product G wx H carries
a structure of Riemannian Lie group with a FMSS-connection.

(4)

Proof. We endow g @ b with the bracket (2) and the scalar product ( , ) =
(, )1+ (, )2. Since, for any a,b € g and u,v € b,

[a,b), =ae b—bea—T'b and [u,v]y=uesv—veyu—T

the system (4) implies (3) and hence (g, b, @, E) is a matched pair of Lie algebras.
We define now on g & h the algebra product e by

Xe Y if XY ey,
XeY if XY €,
—a(X)(Y) if XegYeb,
BX)(Y) if XebhYeq.

If @ and 5 can be integrated, G x H is a Lie group whose Lie algebra is g& b and
(, ) and e define on G X H a left invariant metric also denoted by (, ) and a
left invariant connection V. Let us show that (G x H,(, ),V) is a Riemannian
Lie group with a FMSS-connection. Indeed, if we denote by Ly the endomorphism
Y — X oY | it is obvious that Ly is skew-symmetric with respect to (, ) and the
torsion of e is given by

7YY if XY eg,

TxY =< T:2Y if X,Y e€b,
—TyX =0 if XegYeh,

and one can see that 7' is skew-symmetric with respect to (, ).
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Denote by R the curvature of V. Since V! and V? are flat, we get easily that
R(X,Y)Z =0 whenever X|Y,Z cgor X,Y,Z €b.

For a,b € g and u,v € h, a direct computation gives:

R(a,b)u = —a(la, b])(u) — a(a) o a(b)(u) + a(b) o a(a)(u),

R, v)a = Bl (@) ~ Bu) 0 B)(a) + F(e) o Fl)(a), 5
R(a,u)v = —a(a)(u) ea v+ a(B(u)(a))(v) + ala)(u eg v) — u ey (a(a)(v)),
R(a, )b = —B(@(@)()) () — Bu)(a) 01 b— a o1 Bu)b) + Hu)(a o1 B).

So R = 0 if and only if « is an anti-representation, J is a representation and the
last two equations of (4) hold. [

2.3. Proof of Theorem 1.2

Proof. Let (K,(, ),V) be a simply connected Riemannian Lie group endowed
with a left invariant flat metric with skew-symmetric connection and 7' the torsion
of V. We denote by ¢ the Lie algebra of K. For any X,Y,Z € £, we have the
following formulas established in [1],

{VXY = VoY +1TxY, 1icd®(X,Y) = —Ltr(Tx o Ty) > 0, ©

3V (T)Y, 2) = TxTy Z + Ty TyY + T;TxY,

0

where V° is the Levi-Civita connection of ( , ), ric’ its Ricci curvature and

Ty :t— ¢ Y= TxY.

Since (, ) and V are left invariant, they induce a scalar product on £ also denoted
by (, ) and an algebra product e : ¢ x ¢t — ¢, (X,Y)+— X oY = VY. For any
X € ¢, both Tx and Lx are skew-symmetric where LxY = X Y. Moreover, the
vanishing of the curvature of V is equivalent to

Lixy) = [Lx, Ly].

Consider g = {X € £, Tx = 0} and h = g* its orthogonal with respect to ( , ).
Since T is skew-symmetric then h = span{TxY, X,Y € ¢}.

For Y € g, by using the third formula in (6), we get TxeyZ = 0 for any X, Z € ¢
and hence g is a left ideal of (¢, e) and we denote by e; the restriction of e to g.
Since for any X € £, Lx is skew-symmetric, we deduce that § is also a left ideal of
(¢, 8) and we denote by ey the restriction of e to . For any a,b € g and u,v € b,
we have

la,b) =ae;b—beja, [u,v]=uesv—veyu—T,v and [u,a]l=uea—aeu.

This shows that g and h are subalgebras, and that the linear maps & : g — so(h),
a— —(Lg)jp and 8 : h — so(g), u — (Ly)| are, respectively, an anti-representa-
tion and a representation of Lie algebras, and for any a € g and u € b

[u, a] = B(u)(a) + a(a)(u).
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Thus (g, b, @, E) is a matched pair of Lie algebras and for any X,Y € ¢,

Xe Y if XY eg,
XeY if XY eb,
—a(X)(Y) if XegYeh,
BX)Y) if XehYeg

The curvature of e is given by (5) so the vanishing of the curvature and (3) imply
(4). Thus we can apply Proposition 2.1.

Let (G,{, )1,V!) be the simply connected Riemannian Lie group with FSSM-
connection associated to (g, (, )g,®1) and (H,(, )2, V?) be the simply connected
Riemannian Lie group with FSSM-connection associated to (b, (, )js,®2). Since the
torsion of V! vanishes then V! is the Levi-Civita connection of { , ); and hence
(, )1 is flat. According to (6) and since for any u € b\ {0}, T;, # 0, the Ricci
curvature of ( , )y is positive and hence H is compact. According to [7, Theorem
4.2], & and E can be integrated to a right action a of G on H and a left action S
of H on G and K is isomorphic to the bi-crossed product of G x H and we can

conclude by using Proposition 2.1. [ |

Corollary 1.3 is an immediate consequence of the fact that when K is solvable
H = {e} and G is 2-solvable (see [8, Theorem 1.5])

3. Proof of Theorem 1.4
In this section, we give a proof of Theorem 1.4. It is based on two lemmas.

Lemma 3.1.  Let (G, g) be a connected and simply connected Lie group endowed
with a left invariant metric and let ¢ : G — S™ x M be an isometry where S™ x M
is a Riemannian product. Then n = 3.

Proof. Put (s,a) = ¢(e). We consider the embedding i : S" — G given by
i(r) = ¢~ (z,a). Let us show that i(S™) is a closed subgroup of G.

Since ¢ is left invariant then it is complete and hence the metric on S™ x M is
complete. The inclusion 1°(S™)x I°(M) — I°(S™x M) is, according to [5, Theorem
3.5, p. 240], an isomorphism where I°(e) is the connected component of the identity
in the group of isometries. On the other hand, G is connected and the metric is left
invariant so, for any b € G, ¢o Lyo ¢! € I9(S™ x M) and hence

¢oLyod (w,y) = (k(x), (y)) (7)
where 1, € I°(S™) and v, € I°(M). We have i(s) = e and for any = € S",
¢ o Liw) 0 ¢\ (5,a) = ¢(i(x)) = (z,0) = (Hi(x)(5), Vi) (a)).
Thus Piz)(s) == and  vy)(a) = a. (8)

Moreover, fi;,) is an isometry of S™ so there exists a unique z~! € S™ such that
fi)(27') = 5.
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Now, for any x,y € S™, we have

i(x).i(y) = ¢ (z,a).90 " (y,a) = Limy¢ "' (y, a)
D 0 iy (1), ity (@) 2 0 iy (1), @) = i1ty (1))

This shows that i(S™) is stable by the group product and i(z~') = i(x)™'. Since
S3 is the only simply connected sphere which has a structure of Lie group we can
conclude. [

Lemma 3.2.  Let G be a simply connected compact semi-simple Lie group endowed
with a bi-invariant metric hy and a left invariant metric hy, and let

O (G, hy) — (G, hy)

be an isometry with ®(e) = e. Then there exist A,B:G — G where A (resp. B)
is an homomorphism (resp. anti-homomorphism) of Lie groups such that for any
r€G, Ox) = A(x)B(z). In particular, if G is simple A=0 or B=0 and hence

ho s bi-invariant.

Proof. We have I°(G,h;) = L(G)R(G) (see [9, Corollary 4.3]) and hence the
map ¢ : G x G — Is0°(G, hs) given by (g,h) — & 'L, R,® is an homomorphism'
of Lie groups and ker¢ = {(g,¢97'), g € Z(G)} where Z(G) is the center of G.

Since Z(G) is discrete then v a covering. So there exists and open neighborhood
U of e in G such that 9.y is a diffeomorphism from U x U to (U x U). Let
Uy C U be an open neighborhood of U such that Uy.Uy € U and Vj C V' such that
L(Vy) ={Ly,9 € Vo} C (U x Up) and L(V) C (U x U). For any g € V, there
exists two unique A(g), B(g) € U such that

Lg = q)—l ©) LA(g) 9] RB(g) o®. (9)
For any g, h € 1},

Loy =LyoLy=®"0Lyyg0Rpgo®o® ' oLy oRpmo®
= @7 0 Lug) 0 Rppg) © Lagny © Rpny 0 @
=@ " o Laggam) © Remypg) © P
= 1(A(g)A(h), B(h)B(g))

Since A(g), A(h), B(g), B(h) € Uy then A(g)A(h), B(h)B(g) € U and hence gh € V
and
A(gh) = A(g)A(h) and  B(gh) = B(h)B(g).

We conclude that T, Ay, : g — g (resp. T.B}y, : § — ¢ ) is a homomorphism
(resp. an anti-homomorphism) of Lie algebras. Since G is simply connected, Ay,
and Bjy, can be extended to A, B : G — G. Moreover, Vj generates G thus the
relation (9) holds for any ¢ € G and hence, for any g, h € G, ®(gh) = A(g)®(h)B(g)
and ®(g) = A(g)B(g). Finally, ker A and ker B are normal subgroups and if G is
simple then either A =0 or B =0. [

! Note that G x G is endowed with the product (a1,b1)(az,bs) = (ajas,bsby).
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Proof of Theorem 1.4 Let (G,g,V) be a connected compact semi-simple Rie-
mannian Lie group with FMSS-connection. Note first that if the theorem is true
for the universal covering of GG it is true for G so we can suppose that G is simply
connected. According to Theorem 1.1 and Lemma 3.1, there exists an isometry
®:(G,9,V) — (H,h,V") where (H,h,VT) is a connected compact semi-simple
simply connected Lie group endowed with a bi-invariant metric and the connection
given by (1). Connected compact semi-simple simply connected Lie groups which
are homeomorphic are actually isomorphic as Lie groups (see [2]) so we can suppose
that H = G. We can suppose also that ®(e) = e and we can apply Lemma 3.2.
Thus there exists A, B : G — G where A (resp. B) is an homomorphism (resp.
anti-homomorphism) of Lie groups such that for any = € G, ®(z) = A(z)B(x).
Put Gy =ker A, Go=kerB, a=T,Aand b=T.B, ¢ =T. D =a+0b, (, ) =g(e)
and (, )o = h(e).

We have G; = ker A and G5 = ker B are normal subgroups of G, G1 NGy = {e}
and dim G| +dim Gy = dim G'. Moreover, g = 1T.G; = kera and g, = T.G5 = kerb
are ideals of g, g = g1 ® g2 and (g1,92)0 = 0. For any X € g and = € GG, we have

d
TO(T.LX) =5
d

= & A@)Alexp(tX)) Blexp(tX)) B(z)

= TeRp)La@) (a(X) +b(X)).

Az exp(tX))B(zexp(tX))

Since h is bi-invariant and g¢ is left invariant, ® is an isometry if and only if, for
any X,Y € g,
(a(X) +b(X), a(Y) + b(Y))o = (X, V).

This is equivalent to
(a(X),a(Y))o if XY € g,
(X, V) = 4 (b(X),b(Y))o if X,V €g,
(a(X),b(Y))o if X €go,Y €gr

Now, for any X,Y € g, we have

where VY is the Levi-Civita connection of g and T is the torsion of V. But &
sends V on V' and hence

TxY = ¢ (T 5 0(Y))

where T is the torsion of VT which is given by T¥Y = [X,Y]. By using the fact
that a (resp. b) an homomorphism (resp. anti-homomorphism) of Lie algebras, we

get
_[X7Y] if XaYEQM

TxY = [X,Y] if X,Y € go,
—Ty X = ¢ b(X),a(Y)] if X €g,Y € g
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Let us compute V. Note that since h is bi-invariant, for any X,Y, Z € g,
(X, Y], Z)o +([X, Z],Y)o =

For X,Y,Z € g;, we have

1 1

(VxY, Z) = =S ([b(X),b(Y)],b(Z))o — 5 {[b(Z), b(Y)],b(X))o
— S (1B(2),60Y)],b(X))o + {[6(X), b(Y)], b(Z))o = 0
For X,Y € ¢y, Z € go we have
(VxY, Z) = = (b(X), bV}, a(Z))o + 3 {[b(X),b(Y )], a(2))o = 0.
For X,Z € g1, Y € go we have
(VxY, Z) = {12, X],Y) + (67 b(X), a(V)], 2)
= —2(B(2).b(X)], alY Yo + 5 {IB(X), a(Y)],b(Z))o = 0.

For X € g1, Y, Z € g5 we have

Lo (X)), a(Y)], Z)

2
= Lla(2). a(Y )60 + LX), a(¥ )], a(Z))o = 0.
For X,Y € g, and Z € g, we have
(VxY,Z) = —~(VxZ,)Y) = —(¢""[a(X),b(2)],Y)
= _<[a’(X)’b<Z)]’a(Y)>O = <[CL(X),CL(Y)],[)(Z)>O = <[X’ Y]7Z>
For X,Y,Z € g5, we have

(VxY, Z) = {1Z,Y], X) +

(VxY.2) = 3{X.¥].2) + {[2.X).Y) + 5(12.Y].X) + 5 (X.Y]. 2)

= ([X,Y], 2).

Finally, 0 if Xeg

VxY ={[X,Y] if X,Y €g,
¢ Va(X),b(Y)] if X €goY € gy

We have V(T') = 0 as a consequence of the fact that (G, (, ), V) is isometric to a
compact semi-simple Lie group with a bi-invariant metric. Moreover, from (6), we
deduce that T defines on g a Lie bracket for which the metric is bi-invariant. [ |

Remark 3.3.  Let (G, (, )o) be a Lie group endowed with a bi-invariant pseudo-
Riemannian metric and @ : ¢ — g, b : ¢ — ¢ as in Theorem 1.4. Then G
endowed with the metric ( , ) and the connection V given in Theorem 1.4 is a
pseudo-Riemannian Lie group with a FMSS-connection. Since there are nilpotent
and solvable Lie groups which carry bi-invariant pseudo-Riemannian metrics we can
use this remark to build nilmanifolds or solvmanifolds with a pseudo-Riemannian
metric and flat metric connection with skew-symmetric torsion.
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