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1. Introduction

By works of Kirillov, Kostant, Duflo and others, we know that geometric methods
have played an important role in the development of representation theory and
harmonic analysis. On the other hand, one of the central parts in harmonic analysis
is branching problems. Notably, in a series of seminal papers (see for example
[14]), Kobayashi initiated the study of discrete decomposability and admissibility
for representations when restricted to non-compact subgroups. Then we may ask,
despite the analytic nature of branching problems, can we interpret the branching
laws in a geometric manner? Or, can branching laws be essentially determined by
geometric data? The answer turns to be positive in some contexts. More precisely,
in some contexts we can describe the branching laws in the framework of orbit
method (or more generally, in the framework of geometric quantization). In this
direction, the first success concerns compact groups in the thesis of Heckman ([13]).
Later on, Guillemin-Sternberg formulated a quantization commutes with reduction
conjecture (for a compact Lie group acting on a compact symplectic manifold),
which was proved in special cases by themselves ([12]) and Vergne ([33], [34]), and
established in full generality by Meinrenken ([21], [22]) and Tian-Zhang ([32]). Since
then, this theory has been developed notably by Vergne ([35]), Ma-Zhang ([19]),
Paradan-Vergne ([26]) and Paradan ([25]). Nevertheless, it should be pointed out
that in all these works, the groups are always reductive (Actually, in all theses works,
except that of Paradan, the groups are always compact). Encouraged by all these
developments, Duflo formulated a general conjecture recently which aims at studying
in a geometric manner the branching problem concerning a triple (G, H, ), where
GG is an almost algebraic group, H is an almost algebraic subgroup of G, and 7 is
a discrete series of G.
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1.1. Duflo’s conjecture

In this subsection, we state Duflo’s conjecture. We start by outlining some essential
ingredients in Duflo’s orbit method. For more details and the general setting about
Duflo’s orbit method theory, we refer to Duflo’s “CIME lectures” ([6]).

Let G be an almost algebraic real group with Lie algebra g. Denote by g* the alge-
braic dual space of g. In the framework of Duflo’s theory, two fundamental notions
are admissible (in the sense of Duflo) and well polarizable (in the sense of Pukanszky)
for G-coadjoint orbits in g*. An admissible and well polarizable coadjoint orbit O
is attached with at least one irreducible unitary representation of G. Moreover, two
different such orbits are associated with non-equivalent representations. In general,
the set of isomorphism classes of irreducible unitary G-representations associated
to admissible and well polarizable (G-coadjoint orbits is not the whole unitary dual
(. However, it is sufficient to describe the Plancherel formula of G (namely, the
spectral decomposition of L*(G)) by them ([7]). Especially, all discrete series rep-
resentations of G (i.e., those appearing in the discrete spectrum of L?(G)), and
“almost” all tempered representations of G (i.e., those appearing in the support of
the spectral decomposition of L?*(G)) are attached to admissible and strongly reg-
ular G-coadjoint orbits. Recall that an element f € g* is called strongly regular if
f is regular (i.e., the coadjoint orbit containing f is of maximal dimension) and its
“reductive factor” s(f):={X € g(f):adX is semisimple} is of maximal dimension
among the reductive factors of all the regular elements in g* (note that f is regular
implies that g(f) is commutative). A coadjoint orbit O is called strongly reqular if
there exists an element f€ (O (then every element in @) which is strongly regular.
It is known that each strongly regular coadjoint orbit is well polarizable. In partic-
ular, when G is reductive, all tempered representations with regular infinitesimal
character are associated to admissible and strongly regular coadjoint orbits (and it
is known that these representations are sufficient to describe the Plancherel formula

of G).

Now let H be an almost algebraic subgroup of G with Lie algebra h. Let O be a
G-coadjoint orbit in g*. It is well known that equipped with the Kirillov-Kostant-
Souriau symplectic form w, O becomes a H-Hamiltonian space. The corresponding
moment map is the natural projection ¢ : O — h*.

Let 7 be a discrete series of (G, as stated above; it is attached to a strongly regular
G-coadjoint orbit O,. Consider the restriction to H of 7, m|y. Then, Duflo’s
conjecture reads as follows:

(i) 7|g is H-admissible (in the sense of Kobayashi, [14]) if and only if the moment
map q: O, — b* is weakly proper.

(ii) If 7|y is H-admissible, then each irreducible H-representation o which ap-
pears in 7|y is attached to a strongly regular H-coadjoint orbit € (in the
sense of Duflo) which is contained in ¢(O,).

(iii) If w|py is H-admissible, then the multiplicity of each such o can be expressed
geometrically on the reduced space of £ with respect to the moment map ¢.

Let us give some explanations for Duflo’s conjecture. Firstly, the above notion of
“ H-admissible” due to Kobayashi means that 7|y decomposes discretely and with
finite multiplicities. Secondly, “weakly proper” in (i) means that the preimage (for q)



Liu AND YU 787

of each compact subset which is contained in ¢(O,)N Y, is compact in O, . Here T,
is the set of strongly regular elements in h*. Moreover according to Duflo-Vargas’s
work ([9], [10]), each irreducible H -representation ¢ which appears in the spectrum
of 7|y is attached to a strongly regular H-coadjoint orbit (no matter whether 7|y
is H-admissible), but is not necessarily a discrete series. Furthermore, if 7|y is
H -admissible, then each H -irreducible representation appearing in 7|y must be a
discrete series ([9], [10]). So the statement in (ii) has a natural geometric meaning.

Concerning Duflo’s conjecture, the following cases have been established:

(1) If G is compact, then Duflo’s conjecture is a special case of the Spin® version
of quantization commutes with reduction principle (see [24]) .

(2) When G is reductive and H is a maximal compact subgroup, then Duflo’s
conjecture is a consequence of [23].

(3) More generally, if G and H are both reductive, then the assertions (ii) and
(iii) of Duflo’s conjecture are consequences of recent work of Paradan ([25]).
Note that in this case, Dulfo-Vargas and Paradan ([9], [10], [25]) proved that
7|g is H-admissible if and only if the moment map ¢ : O, — h* is proper. In
order to prove the assertion (i) of Duflo’s conjecture in this case, one needs to
prove the equivalence between properness and weak properness of the moment
map.

(4) For the case where G is a simple group of Hermitian type and H is a maximal
solvable subgroup of G, Duflo’s conjecture is established in [17].

(5) When G = SU(2,1) and H is a minimal parabolic subgroup of G, Duflo’s
conjecture is established in [16].

(6) When G = Spin(2n,1) and H is a minimal parabolic subgroup of G, Duflo’s
conjecture is established in [18].

Despite the works cited above, Duflo’s conjecture is still not fully established.
Nevertheless, it is natural to ask if Duflo’s conjecture can be extended to other
irreducible unitary representations which are not necessarily discrete series. For
that purpose, tempered representations are reasonable candidates. Let us explain it
in more detail.

Firstly, as we already mentioned above, the Plancherel formula of G can be described
geometrically by admissible and strongly regular coadjoint orbits of G (especially
almost all tempered representations are associated to admissible and strongly regular
orbits). On the other hand, by recent work of Benoist-Kobayashi ([3]), if G is
algebraic reductive and 7 is a tempered representation of G, then each irreducible
sub-representation of 7|y is tempered (where H is an algebraic subgroup of G).
Thus in the case where 7 is a tempered representation with regular infinitesimal
character of a reductive group G, and 7|y is admissibly decomposable, Duflo’s
conjecture also makes sense. In this paper we prove this form of the generalization
of Duflo’s conjecture under the setting of Kirillov’s conjecture.

1.2. Works on Kirillov’s conjecture
For each n > 1, let G, (k) = GL(n,k) (k=R or C), and P,(k) be the mirabolic

subgroup consisting of matrices whose last row is (0,0,...,0,1). Kirillov’s conjec-
ture asserts that the restriction to P, (k) of any irreducible unitary representation
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of G, (k) is still irreducible. Bernstein first proved Kirillov’s conjecture over non-
archimedean local fields ([5]). In [29] Sahi proved Kirillov’s conjecture when k = C,
and when & = R and 7 is a tempered representation. Then in [2] Baruch proved
Kirillov’s conjecture over archimedean local fields in general. Moreover, Sahi, et al
determined 7|P, (k) for any irreducible unitary representation m of G, (k). Let us
recall some results of Sahi and his collaborators.

Note that we have P, (k) = k"' x G,,_1(k), where k"' is the unipotent radical of
P,(k). Tt is clear that P,(k) has two orbits in (k"~!)*: {0} and (k" ')* —{0}. Let
§e (k" 1)*—{0} be defined by (1, ..., Ty—1) =2n—1. Then Stabg, ,u)(§)= Po_1(k).
By Mackey’s method (][20]) one deduces that each irreducible unitary representation
p of P,(k) is obtained in one of the following two ways:

(i) by trivially extending an irreducible unitary representation «’ of G,_i(k) to
P,(k). In this case, we write p = En’;

ii) then, by extending an irreducible unitary representation p’ of P,_i(k) to
Yy g y P

k"' % P, (k) by the character ¢ and then inducing to P,(k). That is,
P (k)

kn-1xp, (P ©&). In this case, we write p = Ip'.

p=Ind

Then, E (or I) is a functor from the additive category of unitary representations of
Grn-1(k) (or P,_1(k)) to the additive category of unitary representations of P, (k)

and Pu(k) = B(Gua (R) || 1P (R)).

Here S denotes the unitary dual of a Lie group S. Taking induction, one shows:
each irreducible unitary representation p of P, (k) is of the form p = I""'Fo for a

L —

unique integer j (1 < j <n) and a unique ¢ € G,_;(k). It is known that

—

(a) P,(k) admits a unique tempered representation 7 € P, (k).
(b) 7= 1I""'E1, where 1 is the trivial representation of Go(k) (a trivial group).

(¢) According to a result of Sahi ([29],Theorem 3.1), for each tempered represen-
tation 7 of G, (k), 7|p,y =7 =I""'E1.

A unitary representation m of G, (k) is said to be adducible if w|p, ) = I’"'Eo for
some integer j (1 < j < n) and some unitary representation o of G,_;j(k). The
integer j and the representation o are uniquely determined by 7. The integer j
is called the depth of m, denoted by depth(m). We write 0 = Axm and call it the
adduced representation of . Kirillov’s conjecture (now a theorem) implies that any
irreducible unitary representation of G, (k) is adducible.

Let m; (1 < i < s) be an irreducible unitary representation of GL,,(k), where
Y icicsMi = n. Write 7 X --- x 7y for the representation of GL,(k) obtained by
unitary parabolic induction from the representation m ® --- ® 7, of a standard
parabolic subgroup of GL, (k) with Levi subgroup GL,, (k) x --- x GL,_(k).

Theorem 1.1 ([29], Theorem 2.1). Let m; be an irreducible unitary representation
of Gn(k), and n = ;. ,ni. Then the depth of m X -+ x ms is equal to
> 1<i<s depth(m;), and we have

A(my X o+ X mg) = Amp X -+ - X A,



Liu AND YU 789

In [36] Vogan classified the unitary dual of GL,(C) (and GL,(R)). Vogan proved
that: any irreducible unitary representation m of GL,(C) can be written in a unique
way as ™ = 7y X - -+ X g with each m; a unique character or a Stein complementary
series. Any irreducible unitary representation m of GL,(R) can be written in a
unique way as m = m; X --- X mg with each 7; in the following list:

(i) unitary character;

(i

ii) Stein complementary series;
(iii) Speh representation;
)

(iv) Speh complementary representation.

Recall that discrete series of GL(2,R) (which are irreducible unitary representations
7 such that 7|gpor) is a discrete series, which are also called relative discrete series
by some authors) are examples of Speh representations. By Vogan’s classification,
it suffices to treat the restriction to P,(k) of each building block representation.
Apparently, a unitary character x of G,(k) has depth 1 and Ax = x|, ;). In
[29] it is shown that discrete series of GL(2,R) has depth 2, so the restriction
to P,(k) of all tempered representations of G, (k) are treated. Moreover, Stein
complementary series are treated in [30] in general, especially these representations
have depth 2 and the adduced representations are still Stein complementary series.
Speh representations are treated in [31] in general, especially these representations
have depth 2 and the adduced representations are still Speh representations. Speh
complementary series are treated in [1] in general, in particular these representations
have depth 4 and the adduced representations are still Speh complementary series.

1.3. Main theorem of this paper

In [6] Duflo reduced the classification of the unitary dual of a general real algebraic
group to the classification of the unitary dual of reductive groups([6], [7]). Duflo’s
approach is based on Mackey’s method of unitary induced representations, and is
carried out in an inductive manner. For the mirabolic group P,(k), it is very
simple, which is just Sahi’s construction by two functors E and I as recalled in
Subsection 1.2.

As in [7], any tempered representation of G,(k) with regular infinitesimal character
is attached to a regular semisimple (which is equivalent to strongly regular for
reductive groups) coadjoint orbit. For the group P,(k), as show in Proposition
3.7 there is only one strongly regular coadjoint orbit, denoted by €2, which is an
open and dense orbit. Thus, P,(k) has a unique tempered representation up to
isomorphism, which is actually a discrete series. As in the previous subsection, we
denote the unique tempered representation of P,(k) by 7. Then, 7 is attached to
Q,and 7 =I""1E1.

Let 7 be a tempered representation of G with regular infinitesimal character. Then
7 is attached to a regular semisimple coadjoint orbit O, (in the sense of Duflo).
Let ¢ : O — p,(k)* be the moment map of the P,(k)-Hamiltonian space O,. The
following theorem is our main result in this paper (see Theorem 4.4 and Theorem
5.4), which could be regarded as a generalization of Duflo’s conjecture to tempered
representations in this setting.
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Theorem 1.2.  There are only finitely many P,(k) orbits in q(Or), and the
unique open coadjoint orbit ) is contained in q(O,). Moreover,

(1) m|p, k) is isomorphic to T.

(2) the moment map q: Op — p,(k)* is weakly proper, but not proper.

(3) the reduced space of 2 with respect to the moment map q is a singleton.
Especially, in the spirit of the orbit method, the geometric picture described in the

above theorem corresponds well to the classic results (a), (b) and (¢) in the previous
subsection.

Acknowledgments. Part of this work was done during the first named author’s
visit in Beijing International Center for Mathematical Research in the summer of
2017, he would like to thank BICMR for the hospitality. The authors would like to
thank the referee whose suggestions and remarks help to improve the presentation
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2. Coadjoint action, the dual map and the moment map
Let n > 1, and k=R or C. Write G,,(k) = GL(n, k),
A o n—1
Pn(k):{ - AeGL(n—1,k),ack }
Oix(n-1y 1

In the literature P, (k) is called “mirabolic subgroup”. Write g, (k) = gl(n, k), which
is the Lie algebra of G, (k). Write

pn(k):{(ole g) :AEg[(n—l,k‘),aGk"‘l},

(n—1)

which is the Lie algebra of P, (k). Write g,(k)* (resp. p,(k)*) for the dual space
of g,(k) (resp. of p,(k)). Then, G, (k) acts on g,(k)* through

(9-N)E=flg™" &), Vg € Gu(k), V[ € gu(k)",VE € gu(k).

This is called the coadjoint action, and a G,,(k)-orbit in g, (k)* is called a coadjoint
orbit. Similarly, one defines the coadjoint action of P,(k) on p,(k)* and corre-
sponding coadjoint orbits. Write

(&, m) = tr(&n), V&, m € gn(k).

This gives a G, (k) conjugation invariant nondegenerate bilinear form on g, (k). It
also gives a G, (k) equivariant isomorphism

pr:gn(k) = gn(k)", & f defined by f(n) = tr(§n), Vn € ga(k).

Through pr, the above bilinear form on g, (k) induces a nondegenerate bilinear form
on g,(k)* defined by

(f ) = (o= (), pr (), V. ' € galk)".
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Write ﬁn(k)z{ ( cilt 0("01 ) Aeglin—1,k),a € k" 1}

Define pr’ : g, (k) = pn(k)* by (pr'(€))(n) = tr(sn), Vn € pa(k).
It is easy to show that

ker(pr’) _ { ( O(nfl)x(nfl) ? ) = k)n_l,t c k}

le(n—l)

It is clear that we have g, (k) = ker(pr’) @ p,,(k) as a linear space. In consequence
pr' |5 (k) Pn(k) — pn(k)* is a linear isomorphism. In this way, any element in
f € pn(k)* could be represented by

f=pr'(€) = pr(&)lp.m)
for a unique & € p, (k). The restriction map q : gn(k)* — p,n(k)* is defined by
fo/:f’pn(k)

For any ¢ € g,(k), we have q(pr(§)) = pr'().

3. Classification of P-coadjoint orbits
Recall that for any Lie group G, the coadjoint action of g on g* is determined by

(ad(X)f)(Y) = = f([X,Y]), VX, Y e g,Vf € g".
Write { ( le(n 5 ) fa € k‘”_l}
{(lenl ):aeknl}.

Then, N, (k) is the unipotent radical of P,(k), and n, (k) is its Lie algebra (it is
the nilradical of p,(k)). Write

Ln(k):{( A Owna )AeGnl(k:)}

and

01><(n—1) 1
and [n<k) = { ( lefl_l) O(HE)I)XI ) ‘A€ gn—l(k)}-

Then, L, (k) (resp. [,(k)) is a Levi subgroup (resp. Levi subalgebra) of P, (k) (resp.
of [,(k)). Note that there is an exact sequence of P, (k) modules,

0 — n,(k) — pa(k) = L,(k) — 0.
Dually, there is an exact sequence of P, (k) modules,

0= L(k)" = p(k)" = n, (k)" = 0.

Lemma 3.1.  For any n > 1, there is an identification

pn(k>*/Pn(k) |_|pn 1 /Pn 1( )



792 Liu AND YU

Proof.  From the exact sequence 0 — [,(k)* — p,(k)* — n,(k)* — 0, we get
Pa(k)"/ Pa(k) = L (k)" /Pu(k) | (pa (k)" = Ga(K)7)/ Pa(k).
As N, acts trivially on [,(k)*, we get
(k)" Po(k) = Ta()"/ L (F).

Choose an element h € p,(k)* such that 0 # h = hls, k) € n,(k)* and Ay, @) = 0.
Due to the fact that L,(k) acts transitively on n,(k)* — {0}, any P,(k) orbit in
pn(k)* — L, (k)" intersects with [,,(k)* + h. From this we get

(pn(k)* = La(k)")/ Pa(k) = (L(k)" + h)/ Pa(k)",

where P, (k)" = Stabp,)(h). Further, write L, (k)" = Staby, ) (h), and write
pn(k)" (resp. [,(k)") for the Lie algebra of B,(k)" (resp. of L,(k)"). As N, (k) is
abelian, we have N, (k) C P,(k)". Thus,

P,(k)" = N, (k) x Ly, (k)"
Since N, (k) acts trivially on [,,(k)*, its action on [,(k)*+h is through translations.
Actually, exp(X) - (g+h) = (g+ad(X)h)+h
for any X € n,(k) and any g € [,(k)*. Now we claim that
(k)" ad(n (k) = (L (K)")". (1)

One direct consequence of this equality is that

(Ga(k)" + )/ Pa(k)" 22 0, (k)" / L (K)".
It is easy to check directly that L, (k)" = P,_1(k). Then it follows that

(pn(F)" = 1a(K)")/ Pu(k) = pra(R)"/ Por (K)-

Therefore, pn(k)*/Pu(k) = L, (k)" /Ly, (k) Upn_l(k)*/Pn_l(k:).

Now we show the claim for [,(k)*/ad(n,(k)) (L, (k)")*.

h
In fact, since the pairing between [, (k) and [,(k)* is nondegenerate. It is equivalent
to show

{& € L(k) : (ad(n)h)(€) = 0,V € ny(k)} = L.(k)", (2)
This follows from
(ad(n)h)(€) = —h([n,€]) = h([&; ) = —(ad(§)R)(n). =

Lemma 3.2.  Assume hl, ) =0 and 0#h="hl|,, ¢y €n,(k)*. Then,
(1) ad(l,(k)")h = 0.
(2) the map mn,(k) — L,(k)*,n+— (adn)h is injective.
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Proof.  For assertion (1), let & € I,(k)". For any n € n,(k), (ad(§)h)(n) = 0
since ad(§)h € [,,(k)*. For any n € [,,(k),

(ad(&)h)(n) = —h([&.1]) = 0
since Ay, )« = 0. Thus, ad({)h = 0. Therefore, ad(l,(k)")h = 0.
For assertion (2), we may assume that h = pr'(£), where & = ( Ogﬁl O(”*Ol)“ >,
g =(0,...,0,1). Then, a direct calculation of ad(n)h = pr'([n,&']) (n € n.(k))
shows the assertion. [

Now assume Al )+ = 0 and 0 # h = hly, ) € n,(k)*. Choose a complement of
(ad(n,(k))h in L,(k)*, denoted by V.

Lemma 3.3.  Assume hl, - =0 and 0£h="h|y, &) €En,(k)*. Then, we have the
following assertions:

(1) each P,(k) orbit intersecting with 1,(k)* + h has a representative of the form
f=g+h where g € Vj,.

(2) two elements g, +h and gy +h (g1,92 € Vi) are in one same P,(k) orbit if
and only if [g1] and [gs] are in one same L, (k)" orbit, where

[9i] = gi+ad(n, (k)] € L,(k)*/ ad(n, (k))h = (1, (k)")"
(i =1,2) are considered as elements in (I, (k)")*.
(3) assume g € V},. Then, the map
Stabp, ) (g + h) = Ln(k), nl 1
(n € N,(k), l € L,(k)) gives an isomorphism

Stabp, k) (g + h) & StabLn(k)h([g]).

Proof.  The assertion (1) follows from Equation (1). B B

For assertion (2), we show the necessarity first. Assume gy +h = - (g1 + h) for

some x € P,(k). Then, x € P,(k)" = N, (k) x L,(k)". Write x = nl = exp(&)l for
some & € n,(k) and [ € L, (k)". Then,
exp(—€) (g2 +h) =1 (91 +h).
By Lemma 3.2, we have [ -h = 0. As n,(k) is an abelian ideal of p,(k), we have
exp(—€) - (92 + h) = (92 — ad(€)h) + h.

Thus, g — ad(&)h = [ - g;. This just means, [g1] and [gs] are in one L, (k)" orbit.
The sufficiency could be shown with similar facts used in showing the necessarity.

For assertion (3), write n = exp(§) (£ € n,(k)). By the above proof for (2), we see
that nl € Stabp, (g + k) if and only if [ € L, (k)" and

g—ad(©h=1-g.
The last is just the condition for I € Staby ¢y ([g]). Thus, the map
Stabp, k) (g + h) = L, (k), nl 1

gives a surjection Stabp, ) (g + h) — Staby, yn([g]) -
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On the other hand, suppose I = 1. Then, ad(¢)h = 0. By Lemma 3.2(2), this
implies that £ = 0. Thus, the above surjection Stabp, (g4 h) — Staby, gy ([g]) is
an isomorphism. [ ]

We have some remarks regarding Lemma 3.3.

(1) (ad(n,(k))h is stable under the action of L, (k)", but L, (k)" is not a reductive
subgroup. Actually one can verify that in general, it is impossible to take V/},
stable under L, (k)".

(2) we have Staby, )r(g) C Stabp, ) (g + k) and Staby g (g) C Stabr, ) ([9]),
but neither is an equality in general

The following lemma is easy to show.

Lemma 3.4. If h=0, then f € [,(k)* Cp,(k)*. In this case,
Stabp, k) (f) = Nu(k) 3 Staby,, ) (f)-

Theorem 3.5. A P,(k) coadjoint orbit P,(k) - f is characterized by an integer
J (0<j<n—1)andan L,_;(k) coadjoint orbit L,_;(k)-g. Moreover, we have
Stabp, (&) f = Nn—j(k) x Stabr,_1(g).

Proof. Applying Lemma 3.1 inductively, we get

pu(k)/Pu(k) = (| ] Gy (B) /Ly ()| | pa(R)*/ Prlk

0<j<n—2

As both Py(k) and Li(k) are the trivial group, we get
p1(k)*/Pi(k) = l1(k)*/Li(k) = singleton.

Thus, pu(k)/Pu(k) = || by ()" /Loy (). (3)

0<j<n—1

For any j, L,_;(k) =2 G,_1_j(k). Thus, we get the first statement of the theorem.

If a P,(k) coadjoint orbit P,(k)- f is characterized by an integer j (0 < j<n-—1)
and an L,_;(k) coadjoint orbit L,_; - g, then

Stabpn(k) f = Nn_](k) X StabLnfj(k)(g)
by Lemma 3.3(3) and Lemma 3.4. ]

With Theorem 3.5, we not only classified P coadjoint orbits, but also calculated
their stabilizers. Note that N,,_;(k) = k"7,

Definition 3.6. In Theorem 3.5, we call j 4+ 1 the depth of a P,(k)-coadjoint
orbit P, (k) - f. [

By Theorem 3.5 we have Stabp,)(f) = N,—j(k) x Stabr,_x)(g).
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We call f a semisimple element (and call P,(k) - f a semisimple orbit) if ¢ is
a semisimple element in [,_;(k)*. The latter means that Stabr,  )(g) is an a
reductive (algebraic) subgroup of L,,_;(k) = GL(n—1—j, k). In this case we call the
(n—1—j) eigenvalues of pr='(g) € gl(n—1—7,k) the eigenvalues of f.

When j =n —1, we have Stabp,q(f) = Stabr,_ x(g) = {1}.

This gives an open orbit in p,(k)*. When 0 < j <n — 2, we have
dim Stabp, &) (f)=(n —j — 1) +dim Stab,,_x)(g) >2(n — 1 — j).

Thus, P,(k)- f is an orbit of codimension> 2(n — 1 — j) > 2. Moreover, by Lemma
3.1 and the proof of Theorem 3.5, we see that the complement of the above open
orbit in p,(k)* is a closed subset of codimension one. This shows the following.

Proposition 3.7.  There is a unique open P, (k)-coadjoint orbit in p,(k)*, which
we denote by Q. It is dense and its complement is a codimension one closed subset.
For any f € Q, we have Stabp,)(f) = 1.

In particular , 0 is the only strongly regular coadjoint orbit of P, (k) in p,(k)*.
Consequently, P,(k) has one and only one discrete series representation, which we
denote by 7. Moreover T is attached to Q, and L*(P,(k)) X7 ®T.

We give some more precise information about the unique open P, (k)-orbit in p,,(k)*
below.

Example 3.8. Let 00 00
10 ... 00
00 ... 00
00 ... 10

and f, = pr'(&,) € po(k)*. Write h for the projection of f, to n,(k)*. By
calculation one sees that L, (k)" = P,_1(k), and the element

fo+ad(n, (k)0 € (1,(k)")"

is equal to pr'(§,-1) € po_1(k)* = (I,(k)")*. Taking induction, one sees that f,
represents the unique open P, (k) orbit in p,(k)*.

Lemma 3.9. Let k=C. Let ay,...,a,-1,b1,...,bp—1 € C be such that a; # a;
(Vi,j, 1<i<j<n—1)and b; #0 (Vj, 1 <j<n-—1). Set

ap 0 ... 0 O
0 as ... 0 0
£ = : T, : :
0 0o ... Ap—1 0
by by ... b,_1 O

and fl =pr'(&,) €pn(k)*. Then f! represents the unique open P, (k) orbit in p,(k)*.

Proof. Suppose ¢ = ( 0, ](5:1) f ) € Stabp, (f!), where B € GL(n —1,C)

and 3 € C"'. Write A = diag{ay,...,a,_1} and a = (by,...,b,1)".
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A Oy
Then, g = ( o ( OI)XI ) .
As g- fr,=gpr'(&,) = pr'(9€,97"), we see that
g € Stabp, (fn) © g&g~ ' — &, ey,
where n, ={n e gln,C):tr(nfd) =0,V0 € p,}

:{( On—1 O‘);aecn—l,tec}.
01><(n—1) t
By calculation

gt = BAB™'+ B8a'B™' —BAB™'8— Ba'B~'j
gsng - athl _athlﬂ .
t

Thus, g € Stabp, (f,) & BAB™' + Ba'B™' = Aand o!'B™! =
This is equivalent to: ~ AB — BA = Ba! and o'B = ot.
Write B = (i) m-1)xm-1) and B" = (y;)i<j<m-1)-
From AB — BA = Bat, we get

(a; — aj)z;j = bjy;, Vi, 5,1 <i,j <n-—1.

Let i = 7, from b; # 0 we get y; = 0. Thus, 8 =0. Let i # j, from y; = 0 we get
z;; = 0. Thus, B is a diagonal matrix. From o/B = o' and all entries of « are not
equal to 0, we get B = I, ;. Hence, Stabp, (f/) = 1. Therefore, f! represents the
unique open P, (k) orbit in p,(k)*. [

4. Moment map in the GL(n,C) case
Let G = GL(n,C) and

P=P(C) = { (
Let T' be the maximal torus of G consisting of diagonal matrices in G. Let

a=(a,...,a,) € C" with a; #a; (1 <i<j<n). Write

{ =& =diag{ay, ...,a,} €tCg and f=fz=pr(f)eg"

Then, f is a regular semisimple element in g*, and any regular semisimple orbit
O C g is of the form O = Oy = G - f with f = f; as above.
From now on, we fix @, £ and f in this section.

A «a

Lemma 4.1.  There are 2"—1 P orbits in Oy. One of them is Zariski open and
dense, and the union of the rest is a codimension one Zariski closed subset.

Proof.  With the assumption, Stabg(f) =T. Thus, P\Oy = P\G/T.
It is clear that the map PgT ~— Tg 'P gives a bijection P\G/T = T\G/P.
Consider the transitive G-action on C"—{0}:

g (21, .x) = (g ) (21, .. ., 20)", Vg €G, Y(xy,...,2,) € C"—{0}.
Let vg = (0,...,0,1)". Then, Stabg(vg) = P.
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Thus, G/P =C" — {0} and T\G/P =T\(C" — {0}).

For any I = {iy,...,i;} where 1 < i; < is < ... < i <nand 1 < k < n, let
v = (21,...,2,)" € C* — {0} be defined by z; =1 if i € {iy,...,ix}, and z; =0 if
i & {i1,...,ix}. Note that T acts on C" — {0} through

diag{\i, ..., A\t (21, s )t = A 2y, o A )

It is easy to see that {v; : ) # I C {1,...,n}} represent all different 7" orbits in
C™ — {0}. This shows the lemma. n

Write Iy = {1,2,...,n}. For any () # I C I, introduce a matrix g; € G. In the
case of n € I, define g; by
I,1 Qg
e (5 ),

where ' = (z1,...,2, 1) with z; =1 if : € [, and x; =1 if i € I. In the case of
n &I, let k=max{l <i <n—1:i € I}, and define g; by

I Op—1)x1 Op—1)x(n-1-%) O@r—1)x1
g = O1x (k1) 0 O1x(n—1-k) 1
On1k)xk=1) On-1k)x1 L1y, O(n-1-#)x1
B 1 O1x (n—1—k) 0
where 8" = (z1,...,x,_1) with
1 ifiel,
T = o
0 if gl

Proposition 4.2.  {g;-f : 0 # I C Iy} represent all different P orbits in Oy.
Among them, Pgqy, - f is Zariski open and dense.

Proof.  One can show that g;'-wvy = v; for any I. By the proof of Lemma 4.1,
{gr- f:0#1IC Iy} represent all different P orbits in Oy.

It is clear that Tg; ' - vy is a Zarisk open and dense subset of C* — {0}. Thus,
Pgy, - f is Zarisk open and dense in p,(k)*. [ ]

Lemma 4.3.  For any 0 # I C Iy, the element q(g;- f) is semisimple, its depth
is equal to #1 and its eigenvalues are {a; : 1 € Iy — I}.

Proof. We have
q(gr- f) = aqlgr-pr(&)) = q(pr(gr-€)) = pr'(gr - §).

In the case of n € I, by calculation we have pr'(g; - £) = pr'(&;), where

di s T O(n—
51:( lag{alﬁlt an-1} (01)><1>)

with 8" = (y1,...,Yn_1), Where

[ ai—ay if 1 €1,
) itigl.
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Separating Iy = {1,2,...,n} into the disjoint union of two subsets: I and Iy — I,
we see that &; is a block diagonal matrix. The one with rows and columns indexed
by I is of the form in Lemma 3.9; the one with rows and columns indexed by Iy — I
is a diagonal matrix with eigenvalues {a; : i € Iy — I'}.

We know that there is a unique open P orbit in p*, and any matrix of the form
in Example 3.8 or Lemma 3.9 is in this orbit. From this, substituting & by a P
conjugate matrix &}, we could make & still a block diagonal matrix with two blocks
indexed by I and Iy — I respectively, with the part indexed by the set I of the
form in Example 3.8 (with degree of #I, instead of n), and the part indexed by
Iy — I a diagonal matrix with eigenvalues {a; : i € Iy — I'}. Applying the reduction
in Theorem 3.5 #I — 1 times, we arrive at a diagonal matrix in [, »;(C) with
eigenvalues {a; : i € Iy — I}. That just means, g; - f is semisimple, with depth #1I,
and eigenvalues {a; : 1 € [y — I},

In the case of n € I, let k = max{i:i € I}. By calculation we have
gr- f =pr'(gr-§) =pr' (&),

diag{aq,...,Qp_1,0n, Qps1, ..., Qp_ O¢p—
where §r = ( Bto ) lﬁlt o & ( 01)X1 )
a; —ay if1€el,

th "= PRI _,0,...,0, h i —
with 5% = Yhot hv—/) ey { 0 ifigl.

n—k

Write I'=(I—{k})U{n}.

Separating Iy = {1,2,...,n} into the disjoint union of two subsets: I and Iy — I’,
we see that &; is a block diagonal matrix. The one with rows and columns indexed
by I’ is of the form in Lemma 3.9; the one with rows and columns indexed by Iy — I’
is a diagonal matrix with eigenvalues {a; : i € Iy — I'}. The proof of the rest is the
same as in the case of n € I. |

Theorem 4.4.  The set p(Oy) consists of 2" — 1 semisimple P orbits, with the
unique open P coadjoint orbit in p* among them. Moreover,

(1) the moment map q : Oy — p* is weakly proper, but not proper over image
(so in particular not proper).

(2) the reduced space of the unique open P orbit in p* (with respect to the moment
map q) is a singleton.

Proof. By Lemma 4.1, Oy is the union of 2" — 1 P orbits. In Lemma 4.3, we
described the image of the moment map ¢ : g* — p* for each of these P orbits.
Particularly, we see that: each of them is semisimple, and different P orbits in Oy
are mapped to different P orbits in p* (due to a; # a;), and the unique open P
orbit in p* is among them (for I = Ij). This shows that the moment map is weakly
proper. Now, for any () #£ I C Iy, write j = #I — 1. Then,

Stabp(gr - f) = PN giTg; ' = g1/(T N g7 ' Pyr)g;
and T NgrPg;* = Stabr(g; ' - w),

which is a torus isomorphic to (C*)*~17.
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From the description of p(g; - f) in Lemma 4.3, by Lemma 3.3 and Lemma 3.4 we
have : .
' Stabp (p(gr - £)) = €7 (C)".

From this, we see that the reduced space of p(g; - f) is isomorphic to

Stabp(p(g; - )/ Stabp(gr - f) = €™,

Hence, p is non-proper. Moreover, for a compact subset K C p(Oy), p~}(K) is
compact if and only if K is contained in the unique open orbit in p*. Then p is not
proper over image.

The second statement also follows from the description of the moment map. [ |

5. Moment map in the GL(n,R) case
Now let G = GL(n,R), and

P:Pn(R):{(

Let 0 <k < [5]. Let 21,..., 2, be n distinct complex numbers with z;_1 = a;+ib;
(1 S] S k), 225 = (lj—ibj (1 S ] S k), and 22k+j = A2k+j (1 S j S TL—Qk’), where
al,...,ak,agkﬂ,...,an,bl,...,bk € R and blbk #0

A «a

: A e GL(n—1,R), GR’H}.
Oix(n-1) 1 ) (n )a

Write Z=(z1,...,2n) € C".
Set J = ( _01 (1) ) :
Write ¢ =& =diag{arla + b1 J, ... aily + bpJ, asks1, - -, a4} € g,
and f=Ff:=pr(§) eg"

diag{ A\ o + pnJ, ..o, MeDo + ped, Aogs1y - -, A
Write T, = ALy ooy Ay A2ktds v v v s Apy fh1, - - -, g € R, ’

A+ p0) - OF + ) Aakr - A # 0

which is a maximal torus in G. It is clear that Stabg(f) = T). Thus, f is a regular
semisimple element in g*. On the other hand, any regular semisimple orbit O C g*
is of the form O =G - f-.

From now on, we fix Z, £ and f in this subsection.

Lemma 5.1.  There are 2""*—1 P orbits in O;. One of them is open and dense,
and the union of the rest is a codimension one (if k < %) or two (if k = %) closed
subset.

Proof. Let G act on R" — {0} through

g- (w1, ) = (g D21, ..., 1), Vg €G, Y(a1,...,2,)" € R" —{0}.
Write vo = (0,...,0,1)" € R” — {0}
Then, Stabg(vg) = P.
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Hence, R" — {0} = G//P. Similar as in the proof of Lemma 4.3, we have identifica-
tions

P\O; = P\G/T}, = T,\G/P = T;\(R" — {0}).

Write 1V = {1,...,k}, I$Y = {2k +1,...,n}. Forany I, C I{" and I, c I{”
with #I, + #1, > 0, let vy, , = (21,...,2,) € R” — {0} be given by

( | (0,1) ifie I,
L2i—1,T2i) =
amh (0,0) ifie IV -1,

; (1 ifjel,
o YTV 0 ifjel? - L.

Note that T} acts on R” — {0} through
diag{)\1[2 =+ /’l’l‘]7 ) )\kIQ + Iu’kJ7 >\2k+17 cee 7)‘n} ’ (xb ) xn)t
= (AT + 1)) M@+ yum), AT+ ) =z + i), -
(A% A+ 1)~ (e + yrin) Nr A1) ™ (=it UeAR)s A Toret - - Ay )

It is easy to see that {vy, r, : 0 # I C {1,...,n}} represent all different T} orbits in
R"™ — {0}. This shows the lemma. ]

For (Iy,15) as in the proof of the above lemma, we define a matrix gy, 5, € G as

follows. If n € I, define
o ( Infl O(nfl)xl )
gn.n, = 5t 1 )

where ' = (x1,...,2,_1) with

( ) (0,1) ifie I,
T2i—1,T2i) =
amh 0,0) ifie 1) -1,

and T =

1 1f]€]2—{n},
0 ifjel? - L.

If I,#0 and n € 152) — I, set k' =max{1 <i <n—1:i € I} and define

Ty Ow—1yx1 O—n)x(n—1-) Ow—1)x1
P O1x—1) 0 O1x(n—1-%" 1
b Oty x(k'=1)  Onaa—ryx1 A 01—k x1
g 1 O1x (n—1—k") 0
where 8" = (x1,...,z_1) with

( ) (0,1) ifie I,
Toi—1,T2i) =
s (0,0) ifie 1V -1,

1 if j € Iy,
and T; = o @
0 itjel, Is.
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If I, =0 and § € I, define

In—l O(nfl)xl
9n., = ,Bt 1 )

where ' = (xq,...,7,_1) with

( ) (0,1) if i€l — {2},
L2i-1, L2i) =
amh (0,0) ifie IV —1,,

and z,_1 =0. If , =0 and § & I, set ¥'=max{l <i <% :i€ I} and define

Iop 1y Or—1)x1 O@r—1)x(n-1-2t) O@r-1)x1
- O1x(2k'—1) 0 O1x(n—1-2") 1
I1,Is — )
o Otk x 2k 1) Ognaa—2r)x1 Y O(ni—2r)x1
B 1 O1x (n—1-2) 0
where 8" = (x1,...,Top_1) with

(0,1) ifiel; —{&},
(in—laIQi> = L (1)
(O, 0) it 1 ely’ — I,

and zop—1 = 0.

Proposition 5.2.  {g1,1,-f: (0,0) # (I, I) € (I, I} represent all different
P-orbits in Of. Among them, Pgl(l) e - f is open and dense.
0 0

Proof.  One can show that g;.'; - vy = vp,,p, for any (Iy,5). By the proof of
Lemma 4.1, this indicates that

{gn0 - [ (0.0) # (L, 1) € (157, 1)}
represent all different P-orbits in Oy.
It is clear that T gI_é})JéQ) - vg is an open and dense subset in R" — {0}.

Thus, Pqu) O f is an open and dense P-orbit. [
0 70

Lemma 5.3.  For any (0,0) # (I, I,) ¢ (I", I?), the element p(gs, 1, - f) is
semisimple, its depth is equal to 241, + #15, and its eigenvalues are

{291,200, 2 i€ ISV — 1), j e I — LY.

Proof. Regard p,(R) as a real form of p,(C). Then, p,(R)* is naturally con-
tained in p,(C)* as a real form of it. By the proof of Theorem 3.5, we see that
this imbedding does not change the depth and eigenvalues. It is convenient to do
conjugation regarding P, (C) to see the depth and eigenvalues of p(gr, 1, - f), and
hence shows the lemma. |

The following theorem can be shown similarly as Theorem 4.4.
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Theorem 5.4.  The set p(Oy) consists of 2"~% —1 semisimple P -orbits, with the
unique open P-orbit in p* among them. Moreover,

(1) the moment map q : Oy — p* is weakly proper, but not proper over image
(so especially not proper ).

(2) the reduced space of the unique open P -orbit in p* with respect to the moment
map q 1S a singleton.

Let us give more details on the non-properness of the moment map ¢ in Theorem
5.4. Actually, analogous to the GL(n,C) case, we write

j=2#0L +#I,—1€[0,n—1]
for any (0,0) # (I, ) ¢ (I$V, I?). Then, with Lemma 5.3 one can show that
Stabp(gr,.1, - f) = U(L)F 0 x (R HH#I#E,
On the other hand, Lemma 3.3 and Lemma 3.4 indicate that
Stabp(p(gn1, - f)) = R (U1 x (RX)H7H7HE),
From this, we see that the reduced space of p(gy, 1, - f) is isomorphic to

Stabp(p(gr,.1, - f))/ Stabp(gr, 1, - f) Z R,

Hence, p is non-proper. Moreover, for a compact subset K C p(Oy), p~'(K) is
compact if and only if K is contained in the unique open orbit in p*. Then p is not
proper over image.

After we posed our paper on arXiv, the authors received an email from M. Rais who
informed us that in [27] it is already shown by another method that there is a unique
open and dense P, (k)-coadjoint orbit in p,(k)*. Moreover, according to a result
due to Duflo-Richardson (see the appendix of [15]), ¢(Oy) contains a non-empty
Zariski open subset of p,,(k)*, which implies in our context that ¢(Oy) contains the
unique open and dense coadjoint orbit of P. However, our description of moment
map is much more precise, and this precise geometric description (combined with
Sahi’s description for the branching laws) enables us to prove Duflo’s conjecture in
the setting of this paper. Especially, based on our treatment of moment map, we
prove that the moment map is weakly proper but neither proper nor proper over
image, this point gives more evidence that Duflo’s weakly proper notion should be

the right criterion to characterize the H-admissibility for general algebraic groups.
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