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Abstract. For a simple complex Lie algebra g, fixing a principal sls-triple and highest weight
vectors induces a basis of g as vector space. For sl,(C), we describe how to compute the Lie
bracket in this basis using transvectants. This generalizes a well-known rule for sly using Poisson
brackets and degree 2 monomials in two variables. Our proof method uses a graphical calculus for
classical invariant theory. Other Lie algebra types are discussed.
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1. Introduction and results

1.1. The rank 1 case

Consider the Lie algebra sl in its standard representation as traceless 2 x 2-matrices
(all Lie algebras are over C). Fix the standard basis (E, H, F') where

S RS I (]

The Lie bracket relations read [H,E| = 2E,[H,F| = —2F and [E,F] = H. We
can recover these relations in the following way: Using the identification

(B, H.F) = (5~ - %), 1)

the Lie bracket simply becomes the Poisson bracket {.,.} = 3% A 8%. For example
we have {—zy, —y*/2} = y* which mimics [H, F] = —2F.

Why does this method work? First of all, sl, acts on C?, so on its function space
Clx,y] preserving the degree. On polynomials of fixed degree d we get the (unique)
irreducible representation of dimension d+1. The adjoint action being of dimension
3, it is given by the action on polynomials of degree 2.

The link to the Poisson bracket comes from the fact that sly = sp, and Sp,(C) acts
on C? equipped with the complex symplectic structure deAdy in a Hamiltonian way.
This means that the vector field associated to the infinitesimal action of x € sp, is
the symplectic gradient of a function H, such that Hy, ) = {H,, H,}. The functions
H, for x € {E, H, F} are the monomials from Equation (1).
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The question arises whether a similar rule holds for sl,, and other simple Lie algebras.
The action of Sp,,(C) on C? is Hamiltonian, so we can generalize the correspondence
(1) via Poisson brackets to sp,,. The drawback is that the polynomials associated
to the generators of sp,, are not monomials anymore.

Another direction for generalization, and this is the route we take here, is to use a
higher order version of the Poisson bracket: the transvectants of classical invariant
theory (see, e.g., [10]). They are SLy(R)-invariant bilinear differential operators
on the circle. Transvectants appear in the Clebsch—Gordan decomposition and in
the Moyal product, the deformation of the Poisson bracket on R?". We give more
details in Section 5 around Equation (12), and also recommend [15, Chapter 3.1]
for an introduction to transvectants from the point of view of Poisson geometry and
the theory of integrable systems.

1.2. Generalization

We describe our procedure in the case of Lie algebras of type A, i.e. for sl,(C). For
other types, see Section 6.

Fix a principal sly-triple (E, H, F') of sl,,(C). Thus, we can consider sl, as sly-
module and we can decompose it into irreducible representations. In the standard
representation of sl, on C", a natural choice of highest weight vectors is given by
(E*)1<p<n_1- Then we get a basis of sl,, as vector space by applying adr successively
to the highest weight vectors. Denote this basis by G, ;, where G,; = ad%”(E")
with i € {1,....,n—1} and j € {—i,—i+1,...,i — 1,i}.

INE)

To G; ; we associate the monomial

. i+
i x'

mi; =Y G (2)
Procedure. Computing the Lie bracket between two elements in the basis G| ;

goes as follows:
1. Translate the two elements of sl,, into two polynomials using (2),

2. Compute the transvectants of the two polynomials and sum them with specific
weights,

3. Translate the result to sl,, using (2) backwards. [

In the second step, the m-th transvectant between the monomials my,; and my ;
has to be weighted by a constant w,(ﬂ) (which is independent of ¢ and j, and where
k.t € {l,..,n—1} and m € {1,...,2min(k,¢) — 1}). We call them the structure

constants of the Lie bracket in sl,,.

To compute the transvectant of two monomials z%y® and z°y?, define  to be the
following map on Clz,y] ® Clz,y| to itself:

Q(Zanb ® ZL’Cyd) — al,a—lyb ® d[[‘cyd_l _ bl’ayb_l ® Cl‘c_lyd.

This map €2 “applies the Poisson bracket”. To compute the m-th transvectant,
iterate m times ) and finally compose with the multiplication map Clz,y] ®
Clx,y] — Clz,y]. This process is the special case of Cayley’s Q-process for binary
forms. To be explicit, for F, G € C[z,y| homogeneous of degree k and ¢ respectively
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and for 0 < m < min(k, /), the m-th transvectant (F,G),, is a homogeneous
polynomial of degree k + ¢ — 2m given by:

(R.Gy = Bomblemmt 5y () E G

Qx™—IiQyl Qxidym—I
7=0

From this expression, we see the symmetry (F,G),, = (=1)"(G, F),,, which implies
w,i”g) = (—1)m+1wé7z). In particular, the structure constants vanish for m even, a
result which we recover in Theorem 1.3 as well as in Proposition 3.1. This is why
we often restrict to m odd, in which case the structure constant are symmetric in

exchanging k and /.

Example 1.1.  For sl3, we can compute [E2 F?| with our procedure:

zt oyt 1)z
(Z’ I) T Wao 3'3'
1) _

For sl3, there are no monomials of degree 6 (see Figure 2), so ws 2 =0, and we have

wg = —2. Since zy corresponds to —H , we get [E? F?| = 2H.

3,3
For sly, we have wéz) = 2/5 and w(3) = —24/5 (see Appendix A). Further, %
corresponds to 3! G3. Hence [E?, F2] =12/5G30—24/5H. -

(3)

1.3. Results
Our first theorem states that the procedure above works. Let
Vi=Span(G;; | —i < j <i) and Hg = Cylz,y],

be the space of homogeneous polynomials of degree 2i. Denote by ®; : V; — Ha;
the vector space isomorphism sending G;; to the monomial m;; from (2).

Theorem 1.2.  There exist constants w,(:;) (sl,) with 1 < ¢ <k <n-—1=rk(sl,)
and 1 < m < 20— 1, such that the above procedure computes the Lie bracket in s, .
That is, for all 1 <l < k<n—1and —k <i<k and —{ < j <! we have:

20—1

[Gris Gl = Zwke (800) @it (M3, M0 ) im) -

We will often drop the dependence of sl,, in the sequel since we work for fixed n.
The values of the structure constants for sl, for n < 6 are given in Appendix A.
Note that w,g,"z) = 01,m, S0 that we can consider ¢ > 1.

Our main result computes the structure constants explicitly for sl,. Put

K202 (n—k — 0+ m—1)!
m! (n+k+£—m)! ’

QY =2 x (—1)FH L (2 + 20 — 2m + 1) x

and
(m) ._ Y, g+1 m 2k—m 20—m
Rie %( 1 (2k+2€m+1> <qk£+mn+1> <q£n+1 q—k—n+1
q

with the convention that binomials are defined as zero if lying outside of Pascal’s
triangle. It is obvious from the above formulas that QZZ) = Q,(gz) and Rgz) = R,(JYZ).
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Theorem 1.3.  For integers n,k,¢,m with n > 2, 1 < { < k <n-—1 and
1<m<20—1, we have

w,E:Z) (sl,) =0, if m is even,
and w™(sl,) = Q" x R ifm is odd
ke \Stn) = Kyl o :
In two special cases, the expression simplifies a lot:

e For m =1, we simply get w,(clg = %% which is independent of n.

e For m = 2¢ — 1, the maximal possible value of m, we get

) (n+k)
L2 (1)1 x (k!) 2%+1
N i)

The explicit expression gives some symmetries of the structure constants: as already

mentioned, for m odd there is a symmetry by exchanging k& and ¢: w,(:z) = wéz).

A more subtle symmetry is an explicit proportionality factor between w,(:Z) and
(2k—m)
k,lﬁ%mfm’

Formulas similar to the one in Theorem 1.3 are common in the theory of angular
momentum in quantum mechanics initiated by Wigner [18] and surveyed in the book
[8]. Our approach to prove Theorem 1.3 is to use the graphical calculus developed
by the first author in [1], unifying the classical invariant theory of binary forms and
the theory of angular momentum. An expression of the structure constants w,(ﬂf) in
terms of Wigner 6j-symbols is given in Equation (30).

see Proposition 4.4 below.

Another source for formulas similar to the one in Theorem 1.3 is the theory of
W -algebras. In particular, the W, -algebra defined in [16] has similar structure
constants. There might be a link between our structure constants for sl,, in some
suitable limit n — oo and the structure constants for W .

1.4. Application: character varieties

The initial motivation for this project comes from the study of character varieties
of surface groups and in particular the Hitchin component [14].

Consider a Riemann surface S and a complex simple Lie group G. The character
variety Rep(mS, G) is the space of all isomorphism classes of completely reducible
representations of mS into G: Rep(mS,G) = Hom(mS,G)/G, where G acts
by conjugation. These character varieties appear in many contexts, for instance
geometric structures, flat connections (via the Riemann-Hilbert correspondence) or
moduli spaces of holomorphic bundles (via the non-abelian Hodge correspondence).
Probably the most important example is Teichmiiller space, the moduli space of
complex structures on a surface up to isotopy, which is a connected component of

Rep(m S, PSL2 (R)) .

Hitchin’s approach to Teichmiiller space in [11], which leads to a generalization
to higher rank, is to consider a special holomorphic bundle V' together with a
holomorphic (1,0)-form ®, the so-called Higgs field, which lies in the Kostant slice.
From this data, Hitchin constructs a flat connection with monodromy in PSL, (R).
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For a principal sly-triple (E, H, F') in a simple Lie algebra g, the Kostant slice is the
affine space F + Z(FE), where Z(F) = {x € g | [z, E] = 0} denotes the centralizer.
Kostant’s slice theorem says that almost every element! in g can be conjugated in
a unique way to an element of this slice [13]. In the standard representation of
g =sl,, Z(E) is generated as a vector space by (E¥)<p<n_1.

A more general framework for studying character varieties is the following: instead
of working with a holomorphic vector bundle, we consider simply a complex vector
bundle V' of degree 0 (to allow flat connections). On V we then consider a field
P € Q1(9,g), i.e. a g-valued 1-form. Using the Hodge decomposition we can write
d = L0 + % We impose ® A ® = 0 and we prescribe the conjugacy class of
®%! . In Hitchin’s setting, ®%! = 0 so its conjugacy class is zero and ® A ® = 0 is
automatically true.

Another interesting case is when the conjugacy class of ®%! is the one of a principal
nilpotent element. This condition turns out not to depend on the Riemann surface
structure on S. Given a principal sly-triple (E, H, F') of sl,, we can locally put
POl = Fdz, so @0 € Z(F)dz, where (z,Zz) is a local coordinate system on S. A
variation of this data changes the conjugacy class of ®%!. Up to conjugation, the
variation of ®%! lies in the Kostant slice F + Z(E).

Hence we are in a “doubled” setting of the Kostant slice: ®%! € F 4+ Z(FE) and
P10 € Z(®y). There are 21k(g) degrees of freedom here: tk(g) degrees of freedom
in the Kostant slice for ®%!, and the same for the choice of ®.

In the attempt to construct a flat connection out of the data (V, ®) there is a set of
constraints on the 2rk(g) degrees of freedom, see [14, Section 7]. To compute these
constraints the formulas here are useful since both highest weight vectors E* and
lowest weight vectors F* appear.

1.5. Structure of the paper

In Section 2 we expose some preliminary notions from Lie theory, and introduce the
natural basis. Then in Section 3 we discuss the structure constants. In Section 4
we study a first method using the trace computing some structure constants. The
core part of the paper is Section 5 which introduces the graphical calculus, leading
finally to the complete proof of Theorem 1.3. In the final Section 6 Lie algebras
different from sl,, are discussed.
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us together and catalysed this collaboration. We warmly thank the referee for nu-
merous useful comments. We acknowledge support from the University of Heidel-
berg and the University of Virginia. The second author was supported by the
European Research Council under ERC-Advanced Grant 101018839 and by the
Deutsche Forschungsgemeinschaft (DFG, German Research Foundation), Project-
ID 281071066, TRR 191.

2. Preliminaries
2.1. Natural basis from principal sl;-triple

Consider a simple complex Lie algebra g. An sly-triple in g is the image of an
injective homomorphism of sl, into g. It is called principal if the image of any

! These elements are called regular.
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non-zero nilpotent element of sl, is principal nilpotent in g, i.e. is a nilpotent
element with minimal centralizer (of dimension equal to the rank of g). By a
theorem of Kostant [13], we know that there is a unique principal sly-triple in g up
to conjugation. Fix (E, H, F) such a triple. For sl,,, one possible choice is given by

E=Y"1Ejjn,H=Y" (n—2j+1)E;; and F=3Y""rEi; (4

]:
where E; ; denotes the standard basis for matrices and r; = j(n — j).
The principal triple induces two decompositions of g. First by weights of adg:
0= g, where g ={gcgl|[H g]=kg}.
keZ

Second by the action with the bracket, g becomes an sly-module which can be
decomposed into irreducible representations:

6= P Vi
i€Z>0

where V; is the irreducible representation of sly of dimension 2i+ 1 and n; € N the
multiplicities.

From now on, we consider g = sl,. Then we know that n; € {0,1}. Using both

decompositions, we get

which is a line decomposition. See Figure 1 for an illustration.

AR = R \V
!
et e V!

PR : 1y 1 I| ’E2
oo |
. . ! 3

e Vs

.

g6 09-4 |g-2 gdo |92 I94I g6

Figure 1: Line decomposition of sl; by a principal triple

All finite-dimensional irreducible representations of sl are highest weight represen-
tations. This means that for a given irreducible representation V', there is a vector
v € V\{0} with E.v = 0, called highest weight vector. Then acting successively
with F' generates all of V.

In our setting, the highest weight vector of V; is given by E?. Hence a basis adapted
to the line decomposition (5) is given by

Gi,j = ad?](EZ) - VZ N g2 (6)

where i € {1,....n—1} and j € {—i,—i+1,....,i — 1,i}.

There are two lowest weight vectors in V;: F' and G;_; = ad7(E"). Since there is
a unique lowest weight vector up to scale, both differ by some constant given by the
following proposition:
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Proposition 2.1.  We have G; _; = (—1)"(24)! F".

The identity is independent of the choice of principal sly-triple, since all of them
are conjugated. Then the proof reduces to a direct computation using the represen-
tatives (4).

Similar to the case of sly, we can now associate monomials to the G; ;. Then, we
want to recover the Lie bracket as a manipulation of the polynomials. We fix the

following association: »
J

~ 0] '

Note that the sly-triple (E, H, F') gets associated to (22/2, —xy, —y?/2) which is
slightly different, but equivalent to Eq. (1). This is because G = [F, E] = —H and
G1_1 = adp(E) = —2F. Figure 2 shows the monomials for G;; with i < 3. Note
that the lowest weight vector F* is associated to (—1)*y?*/(2k)! by Proposition 2.1.

F H E
° ° hd
220wy x2/2!

F? Gy Gao G2n E?

° . ° . °

yt /Al Yl y2z?/2! ya3/3! xt/4!
F3 Gs.o Gs.1 Gzog Gsz; Gso E3
° [} ° ° . °

°
-6l i yro?/2! y323/3! y?at/Al yad/5! 25/6!
Figure 2: Associated monomials to the line decomposition.

2.2. The Lie bracket

Recall that the Lie bracket [.,.] : g x g — g is bilinear, antisymmetric and satisfies
the Jacobi identity. This implies that [.,.] € Homg, (A?g, g) where sl acts on g via
the principal triple which induces an action on A%g. Restricted to Vj, x V;, we get

[‘7 ] € Hom5[2<‘/’€ & ‘/b 691‘/;) = @1 HOH]S[Q(VIC & ‘/fa ‘/Z)

We can decompose Vi @V} into irreducible representations of sly using the Clebsch-
Gordan theorem. This gives for k > ¢:

Vi@V, = @%zovlﬂ—&-é—m-
Finally, by Schur’s lemma, we know that
Homygy, (Vin, Vi) = 6;.mC.

Now, the projection of the Lie bracket Vi, ® V; — Viiy_,, given by

(Uk @ V) = Thyo—m([Vk, Ve)) s

where 7, : sl,, — V), denotes the projection, is sly-equivariant. The same holds for
the projection Vi, ® V; = Viiy_,, using the Clebsch-Gordan decomposition, which
is given by the m-th transvectant. Since dimg, (Vi ® Vi, Viie—m) < 1, the two maps
are proportional. We denote by w,(:z) the proportionality factors, which represent
the structure constants of the Lie bracket in the basis G ;.
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Since Vj is stable under the adjoint action of V; (which is the principal triple), and
since Gix_1 = [F, E"], we get w,(ﬁ) = J1,m. S0 we concentrate on ¢ > 1 in the
sequel. The bracket between G;; and Gy, is a sum of elements in gsj,9, which

represents a column in Figure 1.

3. The structure constants

The proof of Theorem 1.2, that our procedure for computing the Lie bracket works,
Is now easy.

Proof of Theorem 1.2. Consider two elements x,y of sl, for which we want
to compute [x,y]. Since our procedure respects the bilinearity of the two entries,
we can suppose v = G, ; € V; and y = Gy, € V}, for some integers ¢, j, k, (.

In the previous subsection 2.2, we have seen that the Lie bracket restricted to V;®@V}
is an element of Homy,y, (V; @V}, sl,,). The projection onto the factor V; of sl,, is then
given by some multiple of the projection from V; ® Vi, onto V; which is given by the
transvectant of order ¢ + k — j. This multiple only depends on the decomposition
of sl,, into irreducible sl,-modules.

Since sl,, = @?;f‘/j, we get the result of [x,y] by summing over all transvectants,
weighted by the structure constants. [ |

We can now prove that half of the structure constants are zero:

Proposition 3.1.  For m even, we have w,(fz) =0.

This has been noticed in the proof of Proposition 6.1 in [11].

Proof. The elements G, for i = 1,...,n form a basis of gy = ker(H), which is
a Cartan subalgebra of sl,. Hence the Lie bracket between G;o and G, has to
vanish for all i, j.

Using our procedure from Theorem 1.2, we see that G, corresponds to some scalar
multiple of x'y’. Computing the m-th transvectant between z'y’ and 27y’ gives 0
for m odd and a non-zero multiple of z**~"y*7=™ for m even. Since the bracket
is 0, the weight of these non-vanishing terms has to be 0. [ |

Using the procedure, we can give another description of the structure constants by
considering a specific Lie bracket between two elements of V;, and V,. We choose
E* €V, and F* € V,. By definition, they correspond to the monomials

2k

k 0\ ~v x £y2€

On the level of polynomials, we know how to compute the transvectant. The
projection of [E*, F*] onto Vi ¢, is given by

1.2krfmy2€7m (_1)2%(:;)

2k —m)l(20 —m)! — (20 —m) Clettmm bt

1%

-1 ¢ (m)
Therefore, we get [E* F'] = Z ka+Z—m,k—Z (8)
m odd '

which we can also take as definition of the structure constants.
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Remark 3.2. Changing the choice of highest weight vectors from E* to oy, E*
with aj € C* for k= 2,...,n — 1, the structure constants change by

[657X8]
W) P S,
’ Aftt—m ’

Hence there are combinations of the structure constants, like

(m), (m")

Wio Wit pr
(m+0—) (m/+L—0)
Wi o Sy

which are independent of the chosen highest weight vectors (for non-vanishing de-
nominator). We have not found interesting structure in these constants though.

4. Trace method

We present a method which computes some of the structure constants and shows
some non-trivial symmetry. The starting point is the following observation:

Proposition 4.1.  Let (G, ;)1<i<n—1,—i<j<i denote the basis elements of sl,, defined
in Equation (6). Then for all 1 < i,k <n—1and —i <j<i and -k <{ <k we

have tr(Gy;Gre) =0 if (k,0) # (i,—7).

In terms of Figure 1, the proposition says that the trace of a product of two elements
of the basis is only non-zero if the two corresponding dots lie symmetric with respect
to the middle axis.

Proof. The trace gives us an isomorphism V;, = V7 as sly-modules for all
k =1,..,n —1, via the cyclicity property tr([a,b]c) = tr([b,c]a). Hence if i # k
and x € V;, the map y — tr(zy) has to be identical zero on V). This implies the
proposition for i # k.

Finally, [H, Gi,jGi,é] = 2(] + E)Gi’jGi’g, so for j 7é ¢ the matrix Gi,jGi,f is either
strictly upper triangular or strictly lower diagonal, in particular of trace zero. u

Proposition 4.2. We have for all 1 <k<n—1 and —k <{<k:

tr(GreGr,—0) = (1) (k) er(EFFF) = (=1)"(2k)!(k!)? (;ktrkJ

Note that the result does only depend on the parity of ¢.

Proof.  Using the definition of G}, we get for —k < ¢ < k:
tr(GroGr,—e) =tr(adp(Gr o41) G —1) = —t1(Gj 41 adp (Gr —0) ) = —t1(Gr o1 Gr—o—1)-

Hence tr(GrGr.—¢) = (—1)*“tr(GyxGr.—x). We have Gy = E* and by Proposi-
tion 2.1 also Gy, = (—=1)F(2k)!F*. The next lemma finishes the proof. n

Lemma 4.3.  We have for 1< k<n—1: a(BF) = @7 (5 7)).

The proof is a direct computation using the explicit expression for F' and a small
combinatorial identity.
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Proof. The trace tr(E*F*) is independent of the principal sl,-triple since all
of them are conjugate. So we can use the one from Equation (4). Recall that
r¢ = {(n—"{). The only non-zero entries of F* are r;r;j 1...7j4x—1 with 1 < j < n—k.

n—k n—k
+k-1
Hence tr(EFF*) = Z T+ Tith—1 = Z 8 - 1).(n)—(j — Z;'
j=1 Jj=1

Qn k(n—j)(j—l—k—l)
k '
j=1

To compute the remaining sum, imagine you have to choose 2k 4+ 1 objects out of
n+ k (with n > k). Looking at the place ¢ of the object number k + 1, we get

() -2 () -2

Propositions 4.1 and 4.2 allow compute the coefficient of x € sl,, in front of G, ;:

tI‘(Q?Gi’,j)

coeffg, ;(v) = tr(Gy ;Gi—j)

Proposition 4.4. Consider 1 </ < k<n-—1and 1 <m<20—1 odd. Put
m' =k+ 0 —m. Then, we have the following symmetry for the structure constants:

(~ ) @) (B F ool = (i) GO e,
The proof combines Equation (8) with the trace method.
Proof.  We start from the trace method identity:
tI‘(Gm/7k_gGm/75_k> X Coeﬂ‘gm,’]%[([Ek, FZ]) = tl“([Ek, FZ]Gm/j_k). (9)

The coefficient on the left hand side is linked to the structure constant w,(:?) by

Equation (8):
Kooy (DY m)

Coeﬁ‘Gmakie([E ,F ]) — mwkvé .

In addition, Proposition 4.2 gives tr(Gu G or) = (=1)FF2m) tr(E™ F™).

Using the properties of the trace, the right hand side of (9) becomes

tr([Ek7 FZ]Gm/,Efk) = tr(FE[Gm’,@flm Ek]) = tr(Eng)Coeﬁ‘Eé([Gm’,fflm Ek])

The coefficient of [Gm/75_k,Ek] in front of EY can be cornputed via our general
20—m, 2k—m

method. The associated monomials are —y nd 2

(20—m (gk)v Applying the transvec-

tant of order 2k — m gives
_\2k=m, (2k=m) (2k—m)! 9
(=1) “m (20 —m)m! ™

2k—m (2k' m) (26)
Hence coeff e ([Go o1, Ek]) = _w’fn’,k )m
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The sign comes from the fact that m is odd. Combining all together, we get

(2k = m)i20)! (ok—m)

k+1 (Qm/)! m' pm’y (m) YA R
(=) ———— tr(E™ F" w, ) = tr(E"F") 0 )l

(20 — m)! kit

which proves the proposition. [ |

Using the trace method, it is possible to compute the structure constants w,g,"z) for
the extremal values of m, i.e. m =1 and m = 2¢ — 1. It seems impossible to get
a general formula via this method. This is why we use the more powerful graphical
calculus.

5. Graphical calculus

5.1. Introduction to the graphical calculus for classical invariant theory

The following explicit computations will use the graphical formalism developed in [1,
§2 and §3] (see also [7, §4.2] for additional general explanations) with the purpose
of putting under the same roof the 19th century computational techniques from the
classical invariant theory of binary forms, and in particular the classical symbolic
method, as well as the 20th century theory of quantum angular momentum in
mathematical physics. We will work with very concrete “old-fashioned” tensors
simply seen as multidimensional arrays of numbers with indices belonging to the
two element set [2] := {1,2}. We will build more complicated tensors out of some
basic building blocks, using contraction of indices, but since such expressions quickly
become unwieldy, we will use diagrams as a numerically precise shorthand notation
for these expressions.

We will denote points in C? or pairs of variables by lowercase boldface letters such
as X = (z1,22), ¥ = (y1,92). A binary form of degree d is a polynomial function
F(x) of xy,xs which is homogeneous of degree d. We will identify such a function
with the uniquely defined fully symmetric tensor

F= (Fih---,id)i17--~7id€[2]

which satisfies F(x) = Z E
150,50 €[2]

for all x € C2. By fully symmetric tensor or array we mean that I satisfies

Ed(l)r“:io‘(d) = Elv“wid ?

for all permutations ¢ € &4 and for all specifications (iy,...,iq) € [2]? of the
indices. As in [1], we denote by H, the space of binary forms of degree d and define
the SLy(C) action on it as follows. For a matrix

(911 912
g <921 922)
in SLy(C), we define its action on vectors x = (z1,x2) by

g% = (g11%1 + G12%2, g2171 + g22a) ,

namely, (gxT)T, in terms of matrix algebra. In other words, we think of x as
a column vector when computing matrix products, but we will write it as a row
vector, especially when it is the argument of a polynomial function F'.
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We then define the action on binary forms by letting
(9F)(x) = F(9~'x)

for all x. As is well known, H, with this action is a concrete model for the (d+1)-
dimensional irreducible representation of SLy(C). Comparing to the notation in
Section 2.1, we get V; & Hs,. Using the identification with tensors, this action can
also be defined by

(gF)i1,-~-7id - Z (g_1>j1i1 T (g_l)jdid Fjjly-"vjd (10)

j17"'7jd€[2]

which, in the graphical formalism of [1], becomes the equation

(11)

For a binary form F' of degree d, we use a round “blob” with d “legs” attached in
order to denote the tensor entry Fj, ;. Namely,

Ulyeesld *
i id
For a 2 x 2 matrix g = (gij)i ez, we introduce the following graphical notation

? %’j = Gij

for its entries. For the identity matrix g = I, we just put a line with no triangular
box

J = 51 ;
using the standard Kronecker delta symbol. For the important special matrix
o 0 1
S \—-1 0/~
we use an arrow instead of a triangular box

P —— ] =&y -

The above lists the basic building blocks of the graphical calculus. The way to eval-
uate more complicated pictures made of such blocks is to first take the product of
the corresponding matrix or tensor entries for the blocks present, and then, whenever
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two legs are glued, one is to assign the same index to both glued legs and sum over
the two possible values of that index in the set [2]. One must do that independently,
for every pair of glued legs. For example, if y = gx, then saying

for all values of the free leg index ¢ € [2], is the same as writing

Yi = Zgiﬂj )

J€[2]

which defines the transformed vector y. In the following computations, a funda-
mental role is played by another basic building block which is the symmetrizer of
size n

it Jn

.717 7.]77. P 5 .
. 11, in T 7‘173(;(1) 7mJU(n)

i in O'EGn

where, as usual, &,, is the symmetric group on n elements.

A key notion of classical invariant theory is that of transvectant of order k of
two binary forms F,G of respective degrees m,n. The allowed range for k is
0 < k < min(m,n). As a polynomial in x, and with the classical normalization, it
is defined by

(12)

The above graphical shorthand equation, by itself, is a mathematically precise
definition. However, for the reader who is not familiar with this kind of diagrammatic
formulas, let us give, as a “cheat sheet”, the longhand form of the same statement

(F, G = > Ficiim €ivgr * Cinge Gitein Tisr =" Ty, Tijgy " L -
il7"-77:7ILaj17"'7jTLE[2]
Another formula for this transvectant, as a differential operator acting on a polyno-
mial expression, is
(m—k)! (n—k)!

m! n!

(F,G) = (Qxy>kF(X)G(Y>‘

yi=x
which features Cayley’s Omega Operator

0? 0?
8$18y2 B 81‘263}1 '

Oy =

Still another useful formula, in particular for computer implementation, is

(F,G)p(x) = =B (= h) Z(—DJ’(’;) OF ) 0'C _ny g)

I'nl k=jo..J J9,.k—7
min Oz, ' 0x) Oz 0wy

Jj=0
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It is not hard to see that transvectants satisfy, for all g € SL,, and all binary forms
F', G of the specified degrees, the following identity

namely, the construction is SLs-equivariant, and explicitly realizes the projection
from H,, ® H, onto the irreducible representation H,, ,_or. In fact, we will make
this projection even more explicit by thinking of the modern tensor product H,, ®H,,
as the more concrete space of bihomogeneous polynomials A(x,y) in two sets of
variables x, y of bidegree (m,n). We will identify such a bihomogeneous form A
with its (old-fashioned) tensor

A = (Aila---7'i7rb§j17---7j7L)i17~~~:7;m:j17~"7]'n€[2}
which must be &,,, X &,,-symmetric, i.e., must be satisfy

A A

for all permutations ¢ € &,, and 7 € &,,, and all values of the ¢ and j indices
in the set [2]. The identification between the &,, x &, -symmetric array A and
the corresponding bihomogeneous form A(x,y) is given by imposing that for all
x = (z1,72) and y = (y1,y2) in C?, we have

Alx,y) = E Ao imigrodn Tin " Tigy Yiy = Y -

(il7--~7imajlr~~:jn)€[2]m+n

(1) serbo (m)idr(L)sosdr(n) £ 31eimif1sedn

We will also introduce a “SIM card” notation for the corresponding tensor entries,
namely,

=A (14)

. . U1y imiJlyeenJn
i1 Um J1 Jn

In the upcoming calculations, we will use two fundamental graphical identities. The

first one

(m+n—k+1)
—bex e B k(1)

(%) ()

m

min(m,n) - (my (n
=
k=0 k




ABDESSELAM AND THOMAS 843

is an explicit form of the Clebsch-Gordan decomposition of tensor products of
irreducible SLg-representations, see [1, Eq.(2.9)]. Namely, the decomposition is
carried out using explicit intertwiners. Let us again provide the nongraphical “cheat
sheet” for the graphical equation (16). The precise statement which the latter saysis

V(as, ... am) € [2]™, Y(bi,...,by) € [2", ¥, ... em) € 2™, Y(ds, ... dy) € [2]7,

A1,y @mi3b1 b Raly"wam;blw'ﬂbn
ClyersCmi3diyeeydn ClyeesCmisdiyeeeydn

where the left-hand side is, by definition,

A1,y @rm3b1 b SaLynlm g Sbh..-,bn
C1yeesCrm3 A1, dp Cly.-sCm dy,..., dn

while the right-hand side is, by definition,

min(m,n) m\ (n
gt S LG
k=0 ( k )

ai,.--,am b1,...,bn
8 Z Z Z Z Sq,...,e,n Sf]_,...,fn

(elv"'vem)ep]m (flv"'vfn)e[Z]n (917"'7gm)€[2]m (hl,...,hn)G[Q]m

X

617"'7em—k7fk+17"'7f77«
X gem—k-}—lafk gem—k+27fk—l 8enufl X Sgl,...,gm,k,hk+1,...,hn

X Egm_rr1,ht Egmotrahi—1 " Egmh1 X chll:.'....:g;n 85117,‘.....721: :
Thus the graphical identity (16) packages together a collection of 222" equalities
between scalars, and this collection can be interpreted as asserting the equalities
of two maps. Indeed, one can use the left-hand side to define a map which sends
the &,, x &, -symmetric tensor or array A to a new one B defined by letting
V(er, ... em) € 2™, and Y(dy, ..., d,) € [2]",

B ._ Lalv--aam?blv”wbn A
ClyeensCmdlyeenydn * ClyeeesCm;dlyeeeydn a1, ,am;b1,e.5bn

(@1, sam,b1,...,bn ) E[2] T

One can define a similar map using Rzl"“’“m,fl""’sn instead of L“l""’“mfcll’l"”g" . In this
15---,Cm;01,...,0n Cl;---,Cm ;01 ,...,0n
instance, the map on the left-hand side is the identity on H,, ® H,, whereas the
map on the right-hand side is given as a linear combination of maps of the form con
where 7 is an SLg-equivariant projection H,, @ H, — Hmin_or (the top half of the
picture) and ¢ is an SLg-equivariant injection Hin_ox — Hm @ H, (the bottom

half of the picture). For a proof of equivariance of these maps see [1, Prop. 3.1].

Finally, we will also work with End(H,) = Hqs ® H,, the space of linear maps
from the space of binary forms of degree d to itself. Such a map M will also
be identified with a tensor M = (M, iuir,.ja)itsiagijeclz) With the imposed
G4 x G4 symmetry of invariance by permutation of the ¢ indices, and by permutation
of the j indices. The relation between the map and the tensor, in graphical terms
is that for all binary forms F' of degree d, we have

. [ — N
@ = . : M : = E Mi1>~~~:id§j17--~7jd Fjl:-an )
g —1 . K
. d —~—— J15-Ja€l2]

for all values of the indices iy,...,i4 in [2].
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Here we introduced another graphical piece of notation, with a trapeze-like shape,
for the M tensor, namely,

- B
11 N 1
. M : I Mil»---ﬂd;il,---,jd .
1d — Jd
'\

It is not difficult to see that the trace of the endomorphism M is then given by

- (ENY - 5w
i15e-0d€[2]

Note that the composition of endomorphisms M o N can easily be expressed graphi-
cally by

/
MoN
~

_—— _——
M |[: | N |:
— —

We will take advantage of self-duality of SLy-representations in an explicit manner,
as follows. We will identify an endomorphism M to the bihomogeneous form A of
bidegree (d,d) defined by the diagrammatic equation

1 td g1 Jd Ty U Jd

l.e., A’ilv---»id§j17---ajd = § Mih---,id;ﬁh---ld €011 """ €lgja >
£1,...,L4€[2]

for all values of the 7 and j indices. As a result, and abusing notation by writing
A = M etc., the trace operation, in the bihomogeneous form point-of-view becomes

A
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and composition becomes

A B

M M (19)
1 T T [ '
1 otd J1 Jd 1 g \’/ J1 Jd

5.2. Graphical calculus for Wigner’s 6; symbols
The Wigner 65 symbol denoted by

{ J1 J2 g2 }

Js J Jas

encodes a precise standard numerical function of the 6 entries j1,J2, j12, 3, J; j23
which belong to %N. The domain is defined by the requirement that the four triples
(71, J2, J12) 5 (Jo, Js, Jos), (J1,J23, ), (Ji2,73,J) must be triads. We say that a triple
such as (ji, j2, j12) 18 a triad iff ji + jo + ji2 € N and [j; — jo| < j1a < j1 + j2. The
standard definition of 65 symbols, together with the explanation and motivation for

the choices of conventions (e.g., the Condon-Shortley phase convention) involved in

this standard definition, are recalled in [4, §7]. The relation to our graphical calculus
is explained in [5, §7.1 and §7.2].

Consider the map 1 : Hoy; — Hoy which sends a binary form F' of degree 2J to the
binary form G with associated symmetric tensor graphically defined by

for all values of the indices iy,...,is; in [2] = {1,2}. The numbers 2j;, etc. on
the picture indicate the size of the symmetrizer (number of strands passing through
it) next to that number. We did not write the number of ¢ arrows so as not to
overload the picture. These numbers of arrows are uniquely determined by a simple
counting of strands, and are given, from top to bottom by ji + jog — J, jo + j3 — Jo3,
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J1+ 72 — ji2, and j1o+ j3 — J. The map v is SLy-equivariant and therefore is equal
to a multiple of the identity, i.e., ¢ = p x Id for a specific value of the constant

. jl j2 j12
P 'p{jg J ]'23]'

By definition, the standard 65 symbol is equal to

Ji J2 Jiz | . T K Ji J2 Ji2
. . = (=1)r 2T T 4+ 1 X . )
{ Js J Jus } (=1) ( )\/KQK;), P [ g3 J Jos ]

where
= (271)!1(272)"(273)!(2712)! (2723)!(2])!
Ko =i+ je+ o+ Do+ s+ Jos + DG +dos +J + D!Gia+js +J + 1)1,
K3 = (j1 + jo — j12)'(J1 + Jaz — 52)'(J2 + J1z — 71)!
X (J2 4 J3 — J23)!(J2 + Jaz — Js)!(Js + Jaz — J2)!
X (J1+ jos — Vg1 + J — J23)! (s + J — j1)!
X (12 +Jjs— INre +J —gs)l(Js +J — Ji2)! .
The standard 65 symbol enjoys a large number of symmetries, and this is a reason
why one includes odd-looking factors such as (—1)71772155+/(2,J+1) in the definition.
The 65 symbol is invariant by any permutation of the columns. It is also invariant
by simultaneously flipping the top and bottom entries in any two columns. There
are also other more complicated Regge symmetries, but we will not need them.

The simplest known formula for these symbols is Racah’s celebrated single sum
formula as a terminating 4F3 hypergeometric series:

Ji J2 Ji2 | K3 (—1)9 (g +1)!
{j3 J j23} Kzz —T1)q—T2)!(¢—T3)(q—Tu)!(S1—q)!(S2—q)!(S3—q)!” (21)

where Ty =31+ J2+ 712, To:=72+ 33+ Jos ,
T :=j1+jes+J, Th:=75120+7935+J,

and Sy :=j1+Jo+ 3+ J, So:=7Jo+ jio+ Jes +J, S3:=j1+ J3s + Ji2 + Jos -
The range of summation is ¢ € Z together with the requirement that the arguments
of all the factorials are nonnegative. Note that the condition ¢ + 1 > 0 however is
redundant, because the T’s are nonnegative.

For our Lie algebra computations, we will mostly need the quantity p which therefore
is given by the formula

jl j2 j12 _ (—1)j1+j2+j3+JK3
Js J Jos 2] + 1) K,

(=D?(g+ 1!
XZ (¢ = T1)! g — T2)! (g — T5)! (g — T)!(S1 — @)!(S2 — @)!(Ss —q)! (22)

The proof of the above single-sum formula for the 65 symbol, due to Racah, is
nontrivial and will not be given here. For the diligent reader who would like too see
a proof of this formula, we suggest two approaches.
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1st approach: Racah’s original proof

The graphical definition shows that the 65 symbol is a contraction of four 3jm
symbols (see [4, §7.5] for their standard definition). These are the trilinear objects
corresponding to transvectants seen in the basis of monomials in xy,z9. They
are given by a single-sum formula, see [3, §5]. Using these ingredients, one can
then follow the proof given by Racah in [17, App. B] and which uses the Chu-
Vandermonde Theorem and variants, in both directions.

2nd approach: The Penrose-Moussouris chromatic method

This approach was briefly described in [5, §7.2] (not to be confused with the shorter
published version [6]). One starts by using [1, Thm. 4.1] which expresses the 6j
symbol in terms of Penrose’s spin network evaluation. In the latter, symmetrizers
become antisymmetrizers and loops, i.e., traces of the identity contribute a factor
—2 instead of 2. In [1, Thm. 4.1], there is a global sign which has a complicated
expression, for general spin networks, but is easy to compute for the particular case
of the 65 symbol (see [5, §7.2]). Then the formula reduces to Lemma 2.3 of [9].
The proof of this lemma, following the method of Penrose and Moussouris, is given
in [12, Prop. 12], with the specialization N = —2 for the number of “colors”.

5.3. The graphical calculus implementation of the principal sl, triple

We pick up the thread from Section 3, and give an explicit realization of the Lie
algebras sl,, and gl , with n > 2, in terms of the invariant theory of binary forms
and the previous graphical calculus. We will see sl,, as sitting inside gl,, while
viewing the latter as End(#,,_1), as a first step. However, as a second step, we will
immediately switch to the bihomogeneous form point-of-view and identify gl,, with
Hp1 @ Hyoq instead of H, 1 @ HY ;. Thus, if we say A € gl,, we mean that
A = A(x,y) is a bihomogeneous form of bidegree (n — 1,n — 1). The element A
will therefore have an associated tensor and graphical “SIM card” representation as
in (14). The Lie bracket of gl, is of course given by

[A,Bl]=AoB—-BoA,

where the composition of endomorphisms, now seen as bihomogeneous forms, is
computed using formula (19). We now introduce a map II : gl, — Ho X Ha X
H4 e X Hgn,Q which send A to H(A) = (Ao, Al, . ,An,1> where

for all 0 <7 < mn — 1. The resulting binary form is of degree 2¢ and the number of
e arrows is n — 1 —i. we will also use the notation II;(A) = A; for components of
this map. In particular for i = 0, and in view of (18), we see that the scalar Ag is
the trace of the endomorphism corresponding to A. Therefore, the Lie subalgebra
sl, is given by the kernel of the Iy projection map.
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As an immediate consequence of the Clebsch-Gordan identities (15) and (16), we
have that II is bijective, and its inverse is given by

It will be convenient to define, for 0 < j < n — 1, the injective maps
Ji i Hoy —> Ho X Ha X Hy -+ X Hop—a

Ail—>(0,...,O,Ai,O,...,O) .

The main result of this section is the explicit computation of the composition o when
viewing elements of gl,,, through the isomorphism II, as sequences of binary forms
(Ao, A1, ..., Ay_1) of respective degree 0,2,4,...,2n —2. For 0 <i,j,k <n—1,
and binary forms A; € Hy; and B; € Hy;, let

€ (A, By) = TL(ITH( 3:(A4)) o T H(J5(By)) )

which is a binary form of degree 2k. Since all our constructions are SLy-equivariant
and the Clebsch-Gordan decomposition for SLs is multiplicity-free, it is clear that
the above expression is a numerical multiple of the transvectant (A;, B;);y;—x. Our
result gives an explicit formula for this coefficient, which essentially is a Wigner 65
symbol.

Theorem 5.1. We have
(gki’j(Ai,Bj) = ]l{(l,j, k’) s a trlad} X gZ’Z’j X (Al, Bj)z'+j—k ,
where

il 1 k! H

ARG () G G

q+1 i+j—k i+k—j Jt+k—i
—1)? (2
% Z( ) <z’—|—j~l—k+1> <q—k—n+1> <q—j—n—|—1> (q—z’—n+1> (23)
q

In the above theorem, 1{---} denotes the indicator function of the condition be-
tween braces, the range for ¢ is Z, with the usual convention that a binomial
coefficient (‘:) is zero unless 0 <t < s.

‘@li’j — (_1>k+n—1 x

The proof of Theorem 5.1 is deferred to §5.4. From the theorem we immediately
obtain similar formulas for the Lie bracket [-,:] instead of the composition o, as
follows. We now work over the subalgebra sl,, and for 1 <1,7,k < n —1, as well
as binary forms A; € Ho; and B; € Hy;, we let

27 (Ai, By) =T, ( [T 1(3:(A), ITH(3(By) 1)

which is a binary form of degree 2k.
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We then obtain

(1,7,k) is a triad

(A B, —
7 (A By) 2“1{ i+ j—k is odd

} X :@Z;] X (A,“BJ)ZJFJ,k s (24)

because of the symmetry 32,1@ = @;J and the identity
(Bj, Ai)jyik = (1) (A, By)ivji
which follows from the definition of transvectants.

Let 7 denote the the representation of SLy on the space H,,_1, i.e., m(g)(F) = gF,
with the latter defined in (10), or (11). We will give a graphical formula for its
derived representation dm of sly. The latter will not be treated as the n = 2 special
case of the ongoing discussion with bihomogeneous forms, but simply as the space

of 2 X 2 matrices
11 T
X — 11 T12 ,
To1 T2z

with x11; + 292 = 0, and for which we will use the graphical notation

i_<:i—j = LIZ'ij.

We associate to X a binary quadratic form Qx by

i J
or, seeing the tensor of ()x as a symmetric 2 x 2 matrix with the same name,
QRQx  =eX .
The symmetry follows from the zero trace condition for X, since
(€X)12 = T2 = —T11 = (€X)21-

We will now use the definition dr(X) = Lr(e'¥ )’ .o together with the identifica-

tion of endomorphisms with bihomogeneous forms, in order to derive the following
explicit graphical formula for dr(X).

Lemma 5.2.  For all X € sly, we have

%

_(n-1)x 3 @)

Moreover, after processing through the map I1, we have for all v, 0 <i<n—1,

I (dn(X) = 8 x "2 Qi
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Proof: For g=e!*, the trapeze-shaped tensor for the endomorphism M =n(X) is

1 —H> T

as results from (11). Note that having two symmetrizers is not necessary since one is
enough, but this will be needed later for the linearization. By (17), the corresponding
bihomogeneous form is

The last equation follows from pushing the epsilon arrows through the right sym-
metrizer (see [1, Eq. (3.4)]), then using the graphical translation of the matrix
identity (¢g7!)%e = eg (Cramer’s rule for 2 x 2 matrices), and finally pushing the
arrows through the left symmetrizer.

We now expand by multilinearity, and pick up the term linear in X which is a
sum of (n — 1) terms like the RHS of (25), where the triangular piece for the
matrix X is placed on any one of the n — 1 available horizontal strands between the
symmetrizers. The symmetrizers allow the exchange of these “ladder rungs”, and
therefore (25) holds. As a result, concerning the second part of the lemma, we have

I, (dr(X)) = (n — 1) x
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n(n+1) y

= (51'71 X 6

The first line is the definition of the projection II; together with (25) we just proved.
In passing from the first to the second line, we used the idempotence of symmetrizers
to remove the top two, and we also used the definition of ()x. The last line results
from the graphical Schur Lemma (15) which applies, because Qx is symmetric, i.e.,
one can insert a size two symmetrizer on top, at no cost. ]

We can now give a concrete incarnation for our main protagonists E, H, F' € gl,
seen as bihomogenous forms. Starting from the sl generators

0 1 10 00
=lo) =65 =0

we just let E :=dr(e), H:=dn(h), F:=dn(f),

with corresponding quadratic binary forms )x therefore given by

Qe(x) = =15 , Qn(x) = —2mmy , Qp(x) =17 .

Of course, E, H, I form a standard sly-triple. Indeed, dm is a Lie algebra morphism.
As an opportunity to practice the graphical calculus, we invite the reader to prove
this property diagrammatically, starting with the pictures in (25) as definitions. The
basic idea, is that when taking the commutator in gl, of dr(X) and dn(Y), one
gets pictures which contain a portion such as

<

When expanding the middle symmetrizer as a sum of permutations, with probability
L the = and y triangles get mounted in series, and with remaining probability

N —

n—
n—

—=  they get mounted in parallel. However, the parallel placement cancels when
combining both terms of the commutator. The series placement, on the other hand
rebuilds a small triangle for the 2 x 2 matrix [X,Y]. The same reasoning allows
one to easily compute powers of £ and F', where the reverse phenomenon happens:
only the parallel placement survives because the matrices e, f are nilpotent.

3
—
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We now define, for 0 < i < n—1, the subspace V; = IT7!(J;(Ha;)) of gl,,. We clearly
have gl, = @oc;c, 1 Vi, and sl, = @, ., Vi. One expects these decomposition
to coincide with the decomposition into irreducible modules for the principal sl,
considered earlier in Section 2.1, however, this requires a few routine checks which
one could do using graphical calculations as suggested in the previous paragraph.
We will instead use the following proposition which is a specialization of (24) and
which will be useful in the proof of Proposition 5.6.

Proposition 5.3. For 1<i<n—-1,0<j3<n-1, AeVi and B€V;, we have

124

IIj(ada(B)) = —0; X 7=

x (I, (A), IL(B)), .

Proof: We apply (24), and note that the triad condition gives |i — 1| < j <i+1
which, together with the parity condition that 1+¢—7j is odd, implies that the result
is zero unless j = i. Then, we have II;(ada(B)) = 2 x PV x (I (A),11;(B))1, so
the result reduces to the computation of e@i“. The sum in (23) now only contains
two terms, namely, the one with ¢ = n + ¢ — 1 and the one with ¢ = n ++¢. More

precisely, we get

Pl — i? o 6 » 1 n4i\ (2i—1\  (n+i+1) (21
@210 T n(n+1) (n+2) <2i+2><i—1> <2i+2>< i > '

2i+1
. 21 —1 2t —1 n+i+1 n—+1 n—+1
Using <¢1)_< i ) ’ (2i+2>_<2i+2>+<2i+1>’
and cleaning up, we obtain gzil’i S , and we are done. [ ]
nin+1)

The proposition immediately implies, as expected, that sl,, seen as a module for
the imbedded sl Lie subalgebra generated by the triple (E, H, F') defined above,
decomposes into the submodules V;,...,V,,_4.

We now give explicit formulas for the powers of £ and F', and for the G ; basis
defined in Equation (6).

Lemma 5.4. Forall k>0, and all i with 0 <i<n—1, we have

(n+k)
IL(EX) = 0;p (—1)% k! x 220 s g2k
(")
Proof: We proceed by induction on k. For k = 0, E* = id or rather the associated
bihomogeneous form graphically given by
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The special case k = ¢ = 0 of the identity (15) then shows the LHS, a scalar, is
equal to 9,0 x n, where the n factor accounts for the trace of the identity map on
H,_1. The RHS agrees, which establishes the base case of the induction. For the
k =1 case needed for the induction step, we note that since Q. = —x3, Lemma 5.2
immediately gives

HZ(E) _ _5i,1 y n(n+1)

X 15

which agrees with the RHS after simplification and confirms that E € V.

Now assume the result is true for k. Then, E € V; and Theorem 5.1 shows that
II;(E o E*) is zero unless the triad condition |k — 1| <4 < k holds, in which case
II;(E o E*) is proportional to the transvectant (x3,23%); % ;. From formula (13),
one immediately sees that this is zero unless the transvectant is of zero-th order,
ie., i =k+1. Hence, E*¥*' € V., if k <n — 2 and is zero if k > n — 2.

For k < n — 2, we only need to compute Il ;(F o E¥), in order to complete the
proof by induction. By the induction hypothesis, the k£ = 1 case, and Theorem 5.1,
we have

(3:1)

(")

The zero-th transvectant is just the ordinary product, and the sum (23) for 4@,;]_“1
reduces to the single term with ¢ = k + n. After simplification, we thus obtain the
RHS of the formula in the lemma, with k + 1 instead of k. [ |

0 (Eo B = (=1) x M50 o (Cpyk pr x x PYE % (a2, 22, |

Lemma 5.5. Forall k>0, and all © with 0 < <n—1, we have

(n—i—k)
IL(F*) = 0, k! x ~22L0 5 g2k

[69]

The proof is entirely similar to that of the previous lemma and is thus left to the
reader.

We now explicitly compute, in classical invariant-theoretic fashion, the basis G; ;,
labeled by the integers 7, 7 subject to the ranges 1 <i<n—1, — < j <1, for the
Lie algebra sl, seen inside H,,_1 ® H,_1. Recall that, by definition,

GiJ = (adF)Z_J(E’) .

Proposition 5.6.  The element G, ; belongs to V; and its only nonzero 1I pro-
jection s
i (2nf1) (24)! i—jitj
IL(Gi ;) = (—1)7 x il x === x x xy T xy

’ (”;1) (i+J)!
Proof: We first consider the specialization of Proposition 5.3 to A = F. For
B € V;, and denoting I1;(B) by B;, the proposition and the k = 1 case of Lemma
5.5 give us
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IL(adp(B)) = —— 2 x(“(”6“)x§,3,-)1

= —21 X

In the first picture above, the two loose legs on the left carry indices set equal to
the value 1. In the second picture, the single loose leg on the left of the B; “blob”
carries an index set equal to 2. Of course, one could also compute the transvectant
non-graphically using formula (13), in order to arrive at the same result. We now

have, thanks to Lemma 5.5,
n+1

o\ ;- (2'+1) 2
Hz(Gz,J) = <_$167$2> [(—l)z il x (nzfl) X ZE2Z
7
(n+i) i
. 241 o 0 J 0
= (=1) ! x (nlﬂ) x xy (87) 5
(2
since the operators of multiplication by x; and derivation with respect to x5 com-

mute. Finishing the computation of the derivative, and cleaning up, we recover the
desired formula. [ |

Since the monomials in x1,xy give a basis for Hs;, and the last proposition shows
that the G, ;, produced by repeated application of the lowering operator adp,
are essentially proportional to these monomials, we completed the checks needed
to verify that the sly-modules earlier defined by V; = I171(J;(Hsa;)) are indeed
irreducible. Since there are n — 1 of them in the decomposition sl,, = €, <i<n_1 Vi
i.e., as much as the rank of sl,,, we also checked that the triple (E, H, F) produced
in this section is a principal sly triple for sl,,.

5.4. The proof of Theorem 5.1

Referring to the settings and notations from Section 5.3, let
Cy = 6 (As, Bj) = T T (A1) o TT7H(3,(By)) ) -
The “blob” of (Y} is given by

ey

- GG
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where the composition of maps can be read by “scanning through” the picture from
top to bottom. We put near each symmtrizer an indication of its size. We also
put redundant symmetrizers of respective sizes 2¢ and 2j immediately under the
“blobs” for A; and B;. This is because it is where we will insert the Clebsch-Gordan
identity (16), which results in the equation

OO R e
R - (n+i)(n+j) Z (2i+2jfé+1)

2i+1/ \2j+1 =0 ¢

The portion inside the dotted box, read from top to bottom is an SL,-equivariant
map Hs(itj—e) — Har. The graphical Schur Lemma [1, Prop. 3.2] forces 2(i+j—¢) =
2k, i.e., the contributing value of the summation index is £ = ¢+ j — k. The allowed
range for ¢ gives the indicator function of (7, j, k) being a triad. For ¢ =i+ j — k,
Schur’s Lemma also gives the proportionality

for a suitable of the factor . We thus have

Cglj’j(Aia Bj) =
n—1\2 (n—1\2 i j
() Gt (50

GG < ey X e Bk
i+1) (254 i+

= 1{(4, 4, k) is a triad} x (26)
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We then determine v by relating the graphical expression I' to (20). For this, we
push the e arrows singled out by the dotted circle through the symmetrizer on the
left, as in [1, Eq. (3.4)]. Out of these n — 1 arrows, the n — 1 — ¢ leftmost ones will
disappear because of the 2 x 2 matrix identity ee™ = I. We then flip the direction
of the remaining ¢ rightmost ones so they point towards the symmetrizer of size 2i
above them. This produces a (—1)° factor, namely, we get

The next three moves I, II, 111, use the idempotence of symmetrizers in both direc-
tions. We let the symmetrizer in the dotted circle I be absorbed by the symmetrizer
to its right. We do the reverse operation and duplicate the symmetrizer II. Finally
we let the symmetrizer 111 be absorbed by the one below it. This gives

Essentially, the previous three symmetrizers in the dotted circles have been rotated
(around the pivot symmetrizer I), and produced the triangular structure inside the
new dotted curve.
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Comparing with (20), we read off

) i n-1 n-1
= —1 g X n— 2 2
T { ok }
We use these entries in order to invoke (22), and multiply the result by the other fac-
tors from (26). After a rather tedious simplification and reorganization of factorials

into binomial coefficients, we arrive at the formula (23) for the quantity :@;] .

Remark 5.7.  The coefficients BZ;] experimentally tend to be nonzero, in general,
except for 922 2 with n = 4. Their vanishing, or not, is equivalent to that of the 6;

symbol
n— . - n—1 n—1 n—1 )
Yk e

using the previously mentioned symmetries to write it in a more memorable form.
See the last section of [2], for a conjecture about the nonvanishing of a subset of
these 67 symbols.

5.5. Structure constant computations

We are ready to prove the main result of this article, namely Theorem 1.3 which we
give again here.

Theorem 5.8.  For the Lie algebra sl,, the structure constants w,(ﬁ) vanish for

m even, and are given, when m is odd, by
(m) (m) (m)
W =L X Ry,
with

K202 (n—k—£0+m—1)!
m! (n+k+£¢—m)!

Q,(;:'z) =2 x (=DMl (2% 420 — 2m 4 1) x

?

and
(m) ._ _1)4 q+1 m 2k—m 20—m
Rie %( )<2k+2€—m—|—1 q—k—l+m—-n+1)\qg—{f—n+1)\g—k—n+1
q

with the convention that binomials are defined as zero if lying outside of Pascal’s
triangle.

For the proof we use the following equation (see Equation (8)) with 1 < k, ¢ <n—1,
which can be taken as definition of the structure constants:

L 2 min(k,¢) (_1)6(‘01(;,2)
(£, FY] = 21 m Grit—mp—rt -

Proof: We apply (24), for 1 < i < n — 1, in order to compute the projection
IL;([E*, F*]), and see that the result is zero unless (k, £,4) form a triad and k+¢—i
is odd. This gives the range of the new index m := k + ¢ — i, namely,

0 <m < 2min(k,0)

and shows that w,(:Z) = 0 unless m is odd.
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We assume these conditions hold, in what follows. Using (24), with i = k + ¢ —m,
the formulas in Lemmas 5.4 and 5.5, as well as the easy transvectant computation

(3", 1) = (= 1) a3 (27)
we obtain oo (B, 1)) = o x 22 -adm
(n+k) (o)

with a:=2X @,]:fg_m X (—1)F gt 2L gy 2l )y (28)

(0
On the other hand, by Proposition 5.6, we have

Hk+£—m(Gk+Z—m,k—€> =[x Z‘%E_mx%k_m )

( n+k+l—m )

: e (_1\k—t Y 2k+20—2m+1 (2k +2¢ — 2m)!
with Bi=(=1)""(k+{—m) x (kf;_lm> X 2 i (29)

Comparing coefficients of the G basis vectors, we obtain

Wi = (=1 (20 —m)! x % .

We substitute (28) and (29), and insert the formula for Qz,ffg_m from (23), and after
considerable simplification, we arrive at the desired result. [ |

Note that the literature on Wigner’s 3nj symbols, and 65 symbols in particular, is
quite extensive. Some computer algebra systems also have preprogrammed functions
for the evaluation of 65 symbols with the standard definition recalled in (21). For
instance, in Mathematica, the relevant command which performs this evaluation is
“SixJSymbol”. Therefore, for the reader’s convenience, we record below the formula
for the w’s directly in terms of standard 65 symbols:

k! 2

(m) _ (_1\k+t+n—1 .
W g = (-1) X 2 x (2k+2¢ 2m+1)><7(k+€_m)!

y 2k —m)(20—m)(n+ k)l (n+On—k—L0+m—1)!
min—k—-—1n—0—-1)12k+20 —m+D!(n+k+L—m)!
k ¢t k+0—

X { n—1 n—1 +n71 " } (30)

2 2 2

The latter follows from comparing (21) and the formula in Theorem 5.8.

6. Other simple complex Lie algebras

Some aspects from the previous sections carry over to a general simple complex Lie
algebra g. Fix a principal sly-triple in g. The decomposition of g into irreducible
slp-modules is given by g = ®;V; with dimV; = 2m; + 1. The m; are known
as the exponents of g. We gather some insights about the structure constants by
distinguishing the type of g.
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6.1. Type B and C

For g = 509,11 or g = sp,,, there is a natural inclusion into type A given by
509,41 C Slop41 and sp,, C sloy,.

We can characterize the elements of s05,,1 or sp,, as the fixed point set of two Lie
algebra involutions. For type B, the involution is ig(M) = —M7* and for type C
it is ic(M) = —JM'J~! where J is the matrix of the symplectic form.

The special property in type B and C' is that a principal sly-triple (£, H, F') is also
principal in the ambient Lie algebra of type A. Therefore, we obtain the theory in
type B (resp. C') via the ig-invariant (resp. ic-invariant) part of the theory of
type A.

In both cases, the decomposition g = €, Vi runs now over k£ odd. The highest
weight vectors can be chosen to be the odd powers of E. Hence for k, ¢, m odd we
have

Wity (502m41) = w7 (slans1) (31)

and the same for type C'. For k or ¢ even, the structure constant is zero.

6.2. Type D

For g = s04,, there is also an inclusion into sly,. But a principal sly-triple of sos,
is not principal in the ambient space sl,, .

The decomposition into irreducible sl,-representations is given by

n
509, = V1 @ @ Vak—1.

k=1

We have odd indices (as for type B) and one additional index which we denote by
n’ (n’ =n —1, but for n even it should not be mixed with the odd index n — 1).
Fix the following principal nilpotent element (all empty entries are zero):

-1 0
The centralizer Z(F') is generated by odd powers of F' and a special matrix S given
by S = En,l - En+1,1 + EZn,n - E2n,n+1:
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The matrix S has no apparent link to F' or E, so it seems unnatural to attribute a
monomial to it (in particular for n even in which case we have twice the summand
Vn—1). Two observations can be made:

Proposition 6.1. The following structure constants vanish in type D,, forall k,¢,m :

/

W =0, W™ =0 and W), =0. (34)

T

In addition, for the “usual” odd indices k, ¢, m, we have

W (5020) = WP (500,-1) = wWiP (8Tan1). (35)

The idea of the proof uses the folding procedure from type D, to type B,_1.

Proof. For the first part, consider the Lie algebra involution ¢ on sog, corre-
sponding to the horizontal symmetry in the Dynkin diagram. On the level of the
simple roots (ayq, ..., y_1, ), it acts via i(ag) = ap for 1 <k <n—2, i(a,_1) = a,
and i(ay,) = a,—1. It is easy to check that i(F) = F and i(S) = —S. The fixed
point set of i is generated by @ V) and the anti-invariant part by V,,. By the
involution property, we immediately get Equation (34).

The fixed point set of ¢ is isomorphic to the Lie algebra so0,,_1. Since the odd
powers of F' are in the fixed point set, we get w,(:Z) (509,) = w,(gg) (509,_1) and we
conclude with Equation (31). [

6.3. Exceptional types

For the remaining five exceptional types, it would be possible to compute all the
structure constants, once one has fixed the highest weight vectors. We have only
done the computation in the smallest case, the type Gs.

For this type Gs, the decomposition of g, into irreducible sl,-representations is
go = Vi @ V5. In the representation of lowest dimension, which is 7, the highest
weight vectors can be chosen to be E and E°. So a natural choice is to attribute
the monomial x'°/10! to E°. A direct computation (using the nice article [19]) gives
the two non-trivial structure constants:

9 27000
wid(ge) = ===

5 30
and wf(a) = 2.

A. Tables with structure constants

We list here all structure constants for sl, with n < 6. From the definition, we

know that w,(fnz) = wé k), so we consider only k > ¢. Also it directly follows from the

definition that w,i"} = 6,,.1. Hence we only consider k > ¢ > 2.
For sl3, the only non-trivial structure constant is w§32) = —2.

The structure constants for sl, are given by:

Wiy = —24/5 | Wiy =2/5
Wiy = —3 0
W) =54/5 | wi) =3/5
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The structure constants for sl; are given by:

wé?’% = —42/5 wé

Wiy = —48/7 | wih =3/14
W) =216/5 | Wiy = —6/5
W) = —4 0

a7 =0yt
wi) = —576/5 | Wi = —24/5
The structure constants for slg are given by:

Wiy =—64/5 |wiy=2/5 |0

W) =817 W) =3/14 |0

W) = 3888/35 | wi) = —17/5 | wi) = 1/14

W) = —-80/9 Wi} =2/15 |0

W) =540/7 | W) =-3/7 |0

wi) = —4608/7 | Wi = 16/3 | W) =16/21

W) =5 0 0

W) =100/3 | W =1 0

W) = —1800/7 | W) = —60/7 | 0

Wi = 14400/7 | Wi =200/3 | W) =20/21
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