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Abstract. Let G be a semi-direct product of a normal, vector subgroup by a connected, simply
connected nilpotent Lie group. A detailed study of the coadjoint orbits of G in the dual space g* of
its Lie algebra g is motivated by classical harmonic analysis on solvable Lie groups, culminating in
the work of Auslander and Kostant, and by more recent work on generalized continuous wavelets.
We apply a procedure for matrix reduction to construct a stratification of the space of coadjoint
orbits, where each layer of the stratification has an explicit fiber bundle structure, and provides a
criterion for the property of regularity for a coadjoint orbit. Examination of the Zariski open layer
Qo then yields an algebraic characterization for regularity, and for both regularity and integrality,
of every orbit in Q. When the criterion for collective regularity holds, we construct a simple and
explicit topological cross-section for the coadjoint orbits in €y. When a criterion fails, then the
corresponding property fails for a dense G5 set in ).
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1. Introduction

For connected, simply connected solvable Lie groups G, the orbit method, by which
suitable coadjoint orbits of GG are used to parametrize the dual of G, began with the
thesis of A. A. Kirillov [11] (where G is nilpotent), and culminates in the paper of
L. Auslander and B. Kostant [6]. An important generalization of the orbit method
was shortly thereafter carried out by L. Pukanszky in [14, 15]. Applications of such
groups have motivated further work where, for various subclasses of solvable Lie
groups, explicit descriptions of the orbital parametrization of the dual are given and
functorial properties are proved. Most notably for exponential groups, where the
parametrization of the dual by coadjoint orbits is bijective, H. Leptin and J. Ludwig
show in [12] that the orbital parametrization of the dual is a homeomorphism.

Relatively recent work on non-exponential solvable groups has focused on quite
special subclasses of inhomogeneous groups: semi-direct products G = T'H where
T is a normal vector group. The inhomogeneous abelian case — where H is abelian
— was taken up in [3, 4, 5]. In subsequent work [7], it was shown that certain results
for the inhomogeneous abelian case carry over to the inhomogeneous nilpotent case
(meaning of course that H is now nilpotent), and further C*-algebraic properties
are proved for the inhomogeneous abelian case and subclasses therein. In the present
work, we continue the study of inhomogeneous nilpotent groups.
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Let g be the Lie algebra of G; the group G acts naturally on g by the adjoint
action, and on its linear dual g* by the coadjoint action. A point ¢ € g* issaid tobe

1. regularif the topology on its coadjoint orbit O = Ad,¢ relative to g* coincides
with the quotient topology in the identification O ~ G /G(¢), and

2. integral if the unitary character x, of the identity component G(¢)° in the
stability group G(¢) with differential dx, = il|g) can be extended to a
character x of G(¢).

Both the regularity and integrality properties hold either for all points in a coadjoint
orbit or none of them, and accordingly we may also say that a coadjoint orbit is
regular or integral. To any integral point ¢, we can associate a family {m,,} of
irreducible unitary representations indexed by the extensions x of x, to G(¢), and
up to unitary equivalence, this family depends only upon the orbit O of £. If ¢ is
regular as well as integral, then the unitary equivalence classes [m,] are in fact of
type 1. (This is a special case of a more general result in [14].) Thus a connected,
simply connected solvable Lie group G is a type 1 group if and only if all the co-
adjoint orbits are both regular and integral, whence we have a parametrization of
the unitary dual G of G in terms of orbits and extensions of characters (see [6, 8, 1]).

Now suppose that G is an inhomogeneous nilpotent group; this means that G = TH
where T is a vector group and H is connected, simply connected nilpotent, acting
on T" by linear automorphisms. The space g* is identified with V xbh*, with V' =T,
and the H-module V' can be described as a real submodule of the complexification
Ve having a basis for which the images of the elements of the Lie algebra b in gl(V)
are simultaneously in Jordan form.

An even more special case, where H is a vector group, was studied in [5, 4, 3]. We
find that

1. a coadjoint orbit O is regular if and only if its projected H -orbit is regular in
V', and

2. each coadjoint orbit is integral.

Thanks to the explicit form of the H-action on V', a partition {w} into invariant
subsets of V' is constructed in [4]. From [4, Proposition 3.9] and the discussion
in [4] preceding this result, we see that when H is a vector group, for each w,
there is a closed subgroup Y of a torus acting freely on w so that the quotient map
p:w — w/Y is a continuous principal bundle, H acts naturally on w/Y", the map p
is H-equivariant, and each H-orbit in w/Y" is regular. The stability group H(p(v))
of p(v) acts naturally on the fiber Y, and the question of regularity of the H-orbit
of v is reduced to the regularity of the H(p(v))-orbit in Y. Moreover this last
regularity is given by a concrete algebraic condition. Consequently, a non-empty
H -invariant Zariski open subset w of V is constructed such that either each orbit
in w is regular, or almost all orbits are non-regular. In [3] it is shown that when w
consists of regular orbits, the regular representation of G is type 1, and an explicit
description of the Plancherel formula for G is proved.

For the somewhat more general inhomogeneous nilpotent case, the Jordan-type
decomposition of V', the partition of V' into the sets w, and the determination
of regularity of H -orbits in the Zariski open w all continue to hold [7]. However,
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1. a co-adjoint orbit O may be regular (resp. not regular) even as its projected
H-orbit in V' is not regular (resp. regular), and

2. coadjoint orbits are not necessarily integral.

Given a subset w, denote its inverse projection in g* by (2, so that g* is partitioned
into finitely many such subsets. Instead of the bundle maps 2 — w — w/Y, we now
consider in Proposition 4.7 the topological fiber bundle structures for the natural
maps 2 — Q/T'xY — w/Y . These maps are G-equivariant, allowing a similar but
more delicate criterion for regularity of orbits in each (2, and motivating a further
refinement of the partition. One of the refined stratum € is Zariski open, and we
show that either each orbit in )y is regular, or almost every orbit in 2y are not
regular (Corollary 4.8).

The algebraic construction also yields an explicit matrix criterion for regularity of
every orbit in €y (Theorem 5.5) and in the regular case allows us to build an explicit
topological cross-section for the G-action on €y (Proposition 5.9).

We then turn to the question of integrality for orbits in €2y, in the regular case.
Integrality holds for each point ¢ in an open set U if and only if the Lie algebra of
the stability group in H for the projection of ¢ in €,/T x Y is subordinate to .
This implies that either integrality holds for all points ¢ in €2y or does not hold for
any ¢ in a dense conull Borel subset of €y (Theorem 5.15).

In the case where all orbits in 2y are both integral and regular, the nature of these
results suggests the possibility of a concrete Plancherel formula for inhomogeneous
nilpotent groups.

2. Coadjoint orbits of an inhomogeneous group

Let G be a Lie group with Lie algebra g. We say that G is an inhomogeneous
group if G admits a closed normal subgroup 7" and a closed subgroup H such that
T is a nontrivial vector group, H is a connected, simply connected Lie group, and
T N H is the trivial subgroup. We realize T by identifying 7" with its Lie algebra
t, so that the restriction to t of the exponential mapping on g is the identity. Thus
for x € T, s € G, sxs™' = Ad,x. The coadjoint representation of G is the map
Ad* : G — GL(g*) defined by

(Adil, A) = ((,Ad,1A), seGleg Aeg.

Since t is an ideal in g, there is a natural action of G on t* for which the restriction
map p : g* — t* is G-equivariant. Moreover, if we consider the space g*/T of T'-
orbits Ad}¢, then the map G x g*/T — ¢g*/T defined by (s, Ad}0) — Ad}(AdLY) is
a smooth action of the group G on g*/T for which the quotient map p; : g* — g*/T
is G-equivariant. Finally, since T is abelian, the restriction map g* — t* drops to
a natural map p, : g*/T — t* that is also G-equivariant. Thus the projection p
decomposes as the composition of the equivariant maps

g g /T ¢ (1)
In what follows, we slightly abuse notation by denoting the restriction of p to a
subset of g* also by p; similarly for p;, ps, we also denote the various actions of G
by a dot. For instance, p(Ad:{) is simply s - p({).
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Fix ¢ € g*, with v = p(¢), O = Ad;¢ and 0 = G-v = H -v. The G-orbit of the
point p;(¢) € g*/T is O/T, and the stability group in G at p;(¢) is TG(¢). When O
and O/T are given the quotient topologies of G/G(¢) and G/TG({) respectively, it
is shown in [16, Proposition 1] that O/T has the structure of a smooth fiber bundle
over o with projection ps (called there a bundle of little-group orbits), and O has
the structure of a smooth fiber bundle over O/T with projection p; :

o X orT 2 0
2 2 2 (2)
G/G(0) G/TG(¢) G/G(v).

Let us recall his construction in the present setting.

Let G be alocally compact group acting continuously on a locally compact Hausdorff
space E, and fix £ € E. The G-orbit G - ¢ is said to be regular if the quotient
topology on G - ¢ = G/G({) coincides with the relative topology on G - ¢ inherited
from E. A fiber bundle p : E — B issaid to be G-projectable if there are continuous
G-actions on both E and B for which p is G-equivariant. Any G-projectable
bundle denoted as above has the property that for each b € B, the stability group
G(b) leaves the fiber p~!(b) invariant. If G is a Lie group, p : £ — B is a smooth
fiber bundle, and the actions of G are smooth, then we say that p : £ — B is
smoothly G-projectable.

The following fundamental result is proved in [5].

Proposition 2.1. Let G be a Lie group and let p : E — B be smoothly G -
projectable. Let { € E, O =G -4, o =p(O), op =G(p(l)) -, and suppose that
op reqular. Then O is regular if and only if op is regular.

The preceding motivates interest in Adg,-invariant subsets of g* for which the maps
p1 and po, or similar maps, are bundle maps.

For the moment we continue setting notation. Following [1, 4, 5, 16|, we write

V =t", and
o (s-v,x) = (v,Ads1x), z €t

The stability subgroup of this action is G(v), we put H(v) = G(v)N H. The action
of the Lie algebras g of G, h of H on both t and V are also written multiplicatively:
for Acg,xet,andveV,

4 exptA-v=A4-v, (A-v,x)=—(v[Azx]),
dt |t=0

The Lie algebras of the stability groups G(v) and H(v) at v are

glv)={Ae€g: A-v=0} and bh(v)=g(v)NHh.
We identify g* with V' x h* as follows: write elements ¢ of g* as ¢ = (v,f) with
veV,febh* and

(,(x+A) =(v,z) +(f,A), ze€t,Aeh.

Observe that h* is identified with the G-invariant subspace {¢ € g* : (|, = 0}.
With this identification, the coadjoint action of H on h* is the restriction to H
of the coadjoint action of GG, applied to elements of the invariant subspace h*: for

he H, (Ady);, = Adj -
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Writing the coadjoint action of H on h* multiplicatively also, the coadjoint action
on g* by elements h € H is a combination of the actions on V and h*:

Ad; (v,f) = (h-v,h-f), (v, f)e€g"

To describe the coadjoint action of T on g*, we use the notation of [16]: for x € t
and v € V', define z Av € b* by

(x ANv,A)y = —(A-v,x), A€

It follows from the above observations and identifications that for z € t and
(= (v,f)eg", adl =z Av:

(adil, A) = ((,[A,z]) = (v, [A,z]) = —(A-v,z) = (x Av,A), AE€ND.
Hence r-l=Adl=(v,f+xAv), (= (v,f)e€g". (3)

It is clear that for each z € T', 2 Av belongs to h(v)* = {f € h* : f]y) = 0}. More
precisely:

Lemma 2.2. [16, Lemma 1] Let £ = (v,f)€g*. Then h(v): ={xAv:zet} and
p(0) =T 0= {v}x (f+h(v)").

Proof. By (3), T'- ¢ is a subset of {v} x (f+ h(v)*), hence it remains to show
the first part of the lemma. Now

(h-v)yr={rct: (A-v,2)=0,VAech}={zect: v Av=0}
But since
dim(h(v)*) = dim(h/bh(v)) = dim(h - v) = dim(t) — dim(h - v)* = dim{z A v : zet},
then hv): ={zAv: z €t}
and the lemma follows. [ |

Observe that for each v € V, the map f+ h(v)" — fly,) defines a canonical
isomorphism of h*/h(v)+ with h(v)*. Accordingly, we make the identification

pl(‘€> = (Uaf|h(v)) ’ = (U7f) S 9*7

which especially prove that the little-group orbits bundle in the proof of [16, Prop. 1]
coincides with O/T'. With these notations, the coadjoint action is

zh-(v,f)=x-(h-v,h-f)=(h-v,h-f+2A(h-0v)), (4)
while the action in g*/T is
zh 'pl(va f) =h- (U7 f|f)(v)) = (h v, (h : f)|h(h'v))7 (5)
so the equivariance of p; can be exhibited as

pi(zh- (v,9)) = (h-v, (h- £+ 2 A (h-0)lhg)) = (B0, (B )lgn))-
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Lemma 2.3.  Given { = (v,f) € g*, we have the following.

(a) The stability group G(p1(€)) for the action of G on g*/T at the point pi(¢) is
TH(pi(£)), where H(py({)) is the stability group H(v)(f|yw)) for the coadjoint
action of H(v) at the point £y .

(b) The stability group G(€) for the coadjoint action at ¢ is the subgroup of
TH(pi(0)) defined by

Gl)={zheG:he Hv), h-f=f—xAv}.

Proof. The condition xh-p;(v,f) = pi(v,f) means that he€ H(v) and h-f(A) = f(A)
for all A € h(v). This proves (a). The second statement follows from (4). ]

Consider the fibers for the bundle maps in the diagram (2). Let ¢ = (v,f) € g* with
O = G-{. Since p; is a quotient map, the fiber over p;(¢) is simply p; (p1(¢)) = T-£.
The fiber p,*(v) inside O over v is O N ({v} x h(v)*) ~ G(v)/G(p1(£)). By virtue
of the first part of Lemma 2.3,

Py (v) = G(v)/G(p1(0)) = H(v)/H(pi(0)) = H(v) - f[y(0).

In other words, the fiber p,'(v) is naturally identified with the H (v)-coadjoint orbit
of the point f|y in h(v)*. Let us call the orbit H(v)-f|y) in h(v)* the ‘little orbit’
of ¢. We can now exhibit an application of Proposition 2.1 to the case where H is
a vector group.

Corollary 2.4.  Let G be an inhomogeneous group for which H is a vector group.
Suppose that E C g* is locally compact and G -invariant, and that p: E — B C V is
a topological fiber bundle that is G -projectable. Then a coadjoint orbit O contained
in E is reqular if and only if p(O) C V' is regular.

Proof. Let O = G -/¢ with ¢ = (v,f) € E, and suppose that p(O) is regular.
Since H is abelian, the little orbit of ¢ is trivial, hence regular. Hence by Proposition
2.1, the orbit O/T is regular. Now by part 1 of Lemma 2.3, G(p1(¢)) = TH (p:1({))
and for h € H(p1(£)), h-f—f € h(v)*t. Tt follows that the G(p;(¢))-orbit of ¢ in
the fiber p;*(p1(€)) is the fiber itself, T-¢ = p; ' (py(¢)), which is also regular. Thus
Proposition 2.1 applies to p;, and we get that O is regular.

For the converse, suppose that O = G - £ is regular. Then O is locally closed, so we
have an open subset U of g* such that O NU = O. Define the open subset U’ of

V by U x {f} =UN(V x {f}). We show that p(O) NU" = p(O).

Given v’ € p(O)NU’ we have a sequence v,, = h,,-v € p(O)NU’" with v, — v'. Then
(vn, £) € U x {f} and (v,,f) — (¢/,f). Now since H is abelian, (v,,f) =h,-£ € O
for all n. Hence (¢v/,f) belongs to the set

oNU x{f})=0nUn(Vx{f}))coOnU =0,

Showing that v" € p(O). Thus p(O)N U’ C p(O).
For the opposite inclusion, H abelian implies p(O) x {f} C O, and so
p(O)x {fycon(Vx{fH)conUNn((V x{f})=0n U x{f}).
But it is easily seen that O N (U x {f}) = (p(O) N U’) x {f}, so p(O) C p(O)NU".
This completes the proof. [ ]
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In order to obtain regularity results for the case where H is nilpotent, we will apply
Proposition 2.1 to a modified version of the sequence (1). (See the relation (9)
below.)

For the question of integrality, the little orbit is of particular interest. Observe
that, in the general case, H(v) may not be connected, but we can speak of its
coadjoint orbits, their regularity, and even integrality, using a simple extension of
the definitions to non-connected Lie groups.

Proposition 2.5. ([16, Corollary of Prop.2]) For each ¢ = (v,f) € g*, the orbit
O = G-{ is integral if and only if the corresponding little orbit H(v)-f|yw is integral.

Proof.  We first show that the map e : (x,h) — € is a character of TH (v),
since

6iv((l,’ h)(fﬁ/,h/)) _ 6w<$ +h- I hh/) _ 1vr>+1<vhx>
— ¢l i(v,x)+i(h~Lv,z) — e1<v,:r+z> _ 61U<$, h)ei”(x/, h/)

Hence the restriction of € to G(pi(¢)) C TH(v), still denoted e, is a character

whose differential at 1 is (z, A) — i(v, x).

Now suppose that ¢ = (v, f) integral and let x be a character of G(¢) with differential
il. Since T'NG({) is a vector group, and dx|gene = iv|ge)ne, we have x(z,1) =
el = e(x,1) for each (z,1) € G({)NT, and therefore xye ™ is a character of
G({), trivial on TN G(¢). But by Lemma 2.3,

TNGU)={zcT: xAv=0}=(h-v)t,
and since TG(¢) = G(p1(¢)) = TH(p1(¢)), we have

GO)/(TNG(0) =TG()/T = H(pi(0)).
Let m: G(£) — H(p1(£)) be the quotient map, let  be the map
n: H)(fow) = Hp1()) = C defined by nomw = xe ™.

By construction, 7 is a character of H(v)(fly)) with differential if,)s,,,). There-
fore, the little orbit is integral.

Conversely, if the little orbit is integral, there is a character n of H(p;(¢)) with
differential if|g(,, (r)). In consequence y = (nom)e! is a character of G(£) such that
dx = iv|ge) + if|ge) = l]g(), and thus O = G - £ is integral. ]

The following example first appears in [9]; see also [1, §].

Example 2.6. Here we have V = R*, identified with C? with basis {f1, f2},
and h = (Ay, A, A3)r is the Heisenberg Lie algebra, [As, As] = A, acting on V' by
Ay fi=if1, As- fo =1ifs. We choose v = 21 f1 + 22 fo, with 2125 # 0 and f such
that f(A;) = a # 0. Then H(v) is not connected, since

H(w)={expA: A=a1 A +2mnyAs + 2mngzAs, a1 € R, ny,n3 € Z}.

Since h(v) = (A1)r is central in b, H(v)(flsw)) = H(v), but in the Heisenberg
group, the relation [exp A, exp A'] = exp[A, A’] holds, then;

[H(0) (). H(0) (lp)] = exp4r*ZA,.
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Suppose that there is a character 7 of the stability group H(v)(f|q) with differ-
ential if. Then n(exptA;) = € for all ¢, therefore the existence of 7 is equivalent

to the relation )
1 = n(expdn?A,) = 7.

The orbit H(v) - f[y() is thus integral if and only if o € 5-Z. Hence by Proposition
2.5, the coadjoint orbit of (v,f) is integral if and only if o € 5-7Z, the coadjoint
orbits are generically not integral. [ |

Note that there is no such result relating regularity of the coadjoint orbit and its
little orbit. Indeed, in the case where H is a vector group as above, the little orbit is
always regular since it is trivial, while coadjoint orbits may be regular or non-regular.

In the next section, we shall describe the group H(p;(¢)) more precisely, when H

is nilpotent. We conclude this section with a final notation. If U is a module over
aring K=7%, Q, R or C, and uy,...,u, are elements of U, we put:

m
(Upy .oy Uk = Spang{us, ..., Uy}t = ZKuk
k=1

3. Fiber bundles in the H -nilpotent case

From now on we suppose that H is a connected, simply connected nilpotent Lie
group. Then H is exponential: the map exp : h — H is a bijection.

Consider the dual action of h on V', giving the representation u : h — gl(V).
Using weight-spaces for the H-module V', V is linearly isomorphically realized
as a product so that the matrices for the elements p(A) have lower-triangular
block form [1, 7]. We adopt the notation used in [4] (where H is assumed to be
abelian): V is realized as [[i_, V®, where each V¥ is an invariant subspace
of V¢, and corresponds to a weight , for the representation p. If , is real-
valued on B, then we have independent elements fl(k),..., fél,f) € V such that
V) = (fl(k), e fél,:))R, and so that the matrix of u(A)|,» with respect to this
basis has the form ,(A)I,w + n®(A), with n®)(A) a strictly lower triangular
matrix with real entries. In this case put K, = R. If j(A) ¢ R for some
A € b, then we have independent elements fl(k), cee T(LI,:) € Ve \ V such that
V) = (fl(k), ce fr(Ll,z))(c, and so that the matrix of u(A)|, & with respect to this
basis has the form (A)l,w + n®(A4), with n®(A) a strictly lower triangular
matrix with complex entries. In this case put K, = C.

Write v = (v, ..., ™) where v®) € V*) Thus for each A € b, u(A) is given
by a matrix of the form d(A)+n(A), where d(A) is a diagonal matrix and n(A) is
strictly lower triangular.

For each k let ay be the real part of the weight ,, and [, its imaginary part. Each
of the scalar-valued functions A +— p(A), A — ax(A) and A — [i(A) are Lie
algebra homomorphisms (meaning that they vanish on [b, b]).

Remark 3.1. Observe that:
n®([A, B]) = u([A, B)|yw — k([4, B)) Iyw = [1(A), u(B)]lyw
= (A Iy + M (A), 1(B)Iyw) + 0 (B)] = [n™(A),n™ (B)].

In other words, each map A +— n(A) from b into gl(ng,K;) is a Lie algebra
homomorphism.
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Moreover, for each A, B € b, with h = exp B, we have
n(Ad,A) = e"Pn(A)e P, |
For each k, there is a natural decreasing flag of g-submodules in V*) namely:

Associated to this flag, we define a partition V¥ = uggowé’“) of V¥ by semi-
algebraic, invariant subsets, putting w(()k) = {0}, and if 0 < a < ny,

wh) = fyk) ¢ Va(f)l - otk £ 0},

Then for each integer sequence a = (ay,...,a,) with 0 < a; < ng, we put
wa = [ W and Q, = {(v,f) € g : v € wa}. This gives a partition of V,
and of g*, by semi-algebraic, invariant subsets. Observe that the unique w,, €.
which are Zariski open are wy, €, where 1 = (1,1,...,1).

Simultaneously, we realize t = V* as the product t = [], t*) | where, for each
k=1,...,m, t¥) = V" is the K, vector space with basis {egk), . eﬁl’?} dual to
the basis {fl(k)7 ey f,s,i)}. Then the adjoint action of h on t is given by —'u(A):
for each ¥ € t*) 1 <k < m,

(A, 2] = —(A)z® — B (A)2® Ach.

Note that ‘n®)(A) is a strictly upper triangular matrix. Thus, for each k, there is
a increasing natural flag of ideals:

) = {0} c " = ()i, € ...t =B,

Moreover, for each integer sequence a = (ay,...,a,) with 0 < a; < ng, we put
aa =[], tgz). Clearly, a, is an abelian ideal in g such that, for any ¢ = (v,f) € Q,,
a, C ker /. We also put A, = expa,, Ga = G/A,, and go = g/a,. The proof of
the following is routine and left to the reader:

Lemma 3.2. Let { = (v,f) in Q.. Denote by p : G — G, the canonical
projection and define €, in g% by { = €y0p. Then each of the following holds.

(a) Ga is the semi-direct product ToaH where T, is the quotient T/A,, and
Ga(la) = G({)/Aa.
(b) Denote by Vy the dual of ta; then Vy is the h-module:
Va= [T Vil = TGRS

ap>0 ap>0

(c) Using the basis defined in (b), ly is in Q1 C g5, the orbits G - { and Ga - la
are isomorphic, G - € is regqular if and only if Ga - s is reqular and G - € is
integral if and only if G, - l, is integral.

Thanks to this lemma, we may confine our attention to the Zariski open sets w = wy
and 2 = Q. We write also:

wh) = {o® ¢ ) . o) £ 0}.
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As described in [5, 4], each subset w®) can be written as a product in such a way that
the action of H splits. For each k, put Z® = (0, +00), Y® = {y € K} : |y| = 1},

and
Wk = {w(k) eV . wy“) =1}

For each k, H acts on both Z® and Y®: for A € h, exp A -2 = e(A) (k) and
exp A - y®) = €Ay k) Note also that the Lie algebra homomorphism A +— n(A)
gives an action of H on W®): for A€ b,

The map n® : w®) — ZE) x WK »x Y*) defined by
k k) . k
1P ®) = (ji],o® foi, sign(v]))

is a homeomorphism with inverse () w® 4®)) s 2By Fy*) - Note that WH is
invariant under the unipotent maps e"<k)(A), A € b. If we now write n® (v(k)) =
(%) w®) k) we obtain:

n® (exp A - v®) = (2,09 n ¥ () A()y ()Y

Writing Z = [[, 2%, Y = [[,Y®, W = [, W® | we have the product homeo-
morphism 7 :w — Z x W x Y with inverse

() 2m)y () )y

n Nz w,y) = zyw = (z

For brevity, we write here v = (z,w,y), w = Z x W x Y, ez = (e z),
PNy = (PrWy ) and exp A - w = "Dy = (" @w®) . Thus we have actions
of H on Z,Y,and W, respectively, and the action of H on w splits: for v € w,

exp A-v = (e“Wz "Wy BNy A ey, (6)

) 2 Y

g e e vy

Note that for all v = (z,w,y) € w, the stability group for the action of H at z is
the normal subgroup Hy = exp b, where

ho = ﬂker Q.
k

In [4] where H is abelian, Proposition 2.1 is used to prove a criterion for regularity of
an H-orbit in w by considering the stability group at (z,w) € Z x W and its action
on the fiber Y. In the present work we are primarily interested in the coadjoint
orbits in €2, but these same stability groups will nevertheless play an essential role.

The following is immediate.

Lemma 3.3. Letv=(z,w,y) €w.

1. The stability group for the action of H on Z x W at (z,w) is Ho(w) =
exp ho(w) where ho(w) = {A € by : n(A)w = 0}.

2. The stability group H(v) at v coincides with the stability group for the action
of Hy(w) on'Y at vy, and is given by

H(v) ={exp A € Hy(w) : B(A) € (2nZ)"}.
3. The Lie algebra of H(v) is
h(v) ={A € ho(w) : B(A) = 0}.
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Put ¢ = (),-, kery; observe that ¢ is an ideal in h included in b, and
h(v) ={Aect:n(A)w =0} =tw).

In what follows we write the more explicit notation £(w) rather than h(v). Though
£(w) is not necessarily an ideal in b, it is important to observe that ¢(w) is an ideal
in ho(w). Indeed, recall that we identify g*/7" with the set of points (v, f|yw)). In
order to apply Proposition 2.1 to the regularity of coadjoint orbits in 2, we will
consider the action of the group Hy(w) at the point f|e.,) € €(w)*, and only then,
the action of the stability group Ho(w)(f|ew)) on Y, at the point y. Accordingly,
we write 2 = Z x W x h* x Y and

(= (0.0) = (zwfy) (C€Q).
Similarly a point (v, f|s) € /T is written as
(0, flyw)) = (2, w, Elewy, y).

The coadjoint action is given by

exp A -0 = (¥ "Wy, Adg, af, ey,
r-l=(z,w,f+xAzyw,y).

(7)

Now denote the multiplicative group of non-zero elements of K, by K;, and observe
that Y is a compact subgroup of [[,K; . Then Y acts on w by vy - (2,w,y) =
(z,w,y0y), so that the projection Z x W x Y — Z x W is an explicit form
for the quotient map w — w/Y . Similarly, Y acts on /T and the projection
(2, w, flew), y) = (2,w,flew)) is the quotient map Q/T" — (2/T)/Y . From now on
we write (Q/T)/Y =Q/(T xY), as the combined action of 7" and Y is the action
of a semi-direct product 7' x Y. Thus elements of Q/(7 x Y) may be written as
(z,w,g), where g € ¢(w)*. The actions of G on Q/T (5) and on Q/(T" x Y) are
written explicitly as

iB(A)

(8)

zexpA-(z,w,g) = (2Wz, e"Dw, exp A - g).

Here it is understood that for g € €(w)*, expA-g = g o Adexp—a belongs to
t(e"Dw)*. Recalling the relation (1) restricted to :

Q% QT 2w

we similarly have Q5 Q/(TxY) 2wy (9)
given by (2w, ) s (20, D) > (2, ).

From (8) it is clear that ¢; and ¢ are G-equivariant. Here are further details
concerning the sequence (9).

Proposition 3.4. (a) Let (z,w) € Z x W =w/Y . The qo-fiber over (z,w) is

gy (2, w) = {(z,w)} x t(w)".

The stability subgroup for the action of G on Z xW at (z,w) is THy(w) and
acts on gy *(z,w) by:

zh-(z,w,g8) = (z,w,h-g) (v eT, he Hy(w)).
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(b) The stability group for the action of G on Q/(T xY) at the point (z,w,g) is
THy(w)(g), where Ho(w)(g) is the stability group for the action of Ho(w) on
t(w)* at the point g. Moreover, Hy(w)(g) = exp ho(w, g) where

bo(w,g) = {A € ho(w) : (g, [A, t(w)]) = 0}.

(c) Let (z,w,g) € Q/(T xY) and f € b* such that flew)y = g. The qi-fiber over
BEE ) = () x () <Y
(d) Denote by b(v,f[ew)) the set:
(v, flew) = {A € bo(w, flewy) = B(A) € (20Z)™}.
The stability group in H for the quotient action on Q)T at (v, f|ew)) is

H(”? f|{3(w)) = exp 6<U7 f’?(w))
Its Lie algebra is:

h(v, flew)) = A € bo(w, flew)), H(A) = 0} = (w, few)).

Proof. (a) The description of ¢;'(z,w) is immediate. Using Lemma 3.3, we
see that H(z,w) is connected and simply connected, and H(z,w) = Hy(w), hence
G(z,w) = THy(w).

(b) For the action of THy(w) on (z,w,g), recall that for any v = (z,w,y
zAv € bh(v)t = €(w)*, then x A v|egw) = 0. This gives the value of zh - (z,w,g
and G(z,w,g). Here too, since h is nilpotent, Hy(w)(g) = exp(ho(w,g)).

(c) Observe that for each f € h*, we have f+ &(w)" = {t' € b*: flew) = e}
and this gives the form of ¢;'(z,w,g).

(d) The formula (7) gives the form of the fiber action of T'Hy(w). Now exp A
stabilizes (v,f) if and only if A is in bho(w, f|ew)) and B(A) in (27Z)™. This gives
the form of H (v, f|¢w)) and its Lie algebra b(v, f|eqw)) . ]

)7
)

)

The maps ¢; and ¢y are not necessarily fiber bundle maps, as the following example
shows.

Example 3.5. Let V = (f1, fa, f3, fa)r and b = (A1, Ay)r with p(A4;) given by

|

There is only one weight, A = 0, so there is only one block V = V®_ For v € V
write

00
u(Ay) = [68
00

[e]elelw]
[e]elelen)

} ;o p(Az) = {g

[e]elelen)
—OOoOO
[e]evlelen)

v1
v=wvf1 +vafa +vUsfs+vafs = {55} :

V4

V4

U1
Here w:{{”f,g]:vl;&O}:ZxWxY

with Z = (0,+00), W = { [i} } Y = {+1}.

W4
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The coadjoint action of H on Q2 =7 x W x h* x Y is given by

1
exp(alAl + CLQAQ) ' (Z7w7f7y> = (Z7 |: ’wszgm :| 7f7y>'

wqtasws
Suppose that ws # 0. Then &(w) = {0}, so q¢1(z,w,f,y) = (z,w,0) and the
fiber ¢;'(z,w,0) = {(z,w)} x b* x Y is two-dimensional. But if ws = 0, then
t(w) = (A))r, q1(z,w,f,y) = (z,w,aAl) where a = f(A3). So in this case
q; ' (z,w, aA3) is one-dimensional:

¢ ' (z,w,043) = {(z,w)} x (f+ (A])r) x V.

Thus ¢; : Q@ — Q/(T xY) is not a fiber bundle map. Similarly, if w3 # 0, then
¢ (z,w) = {(z,w,0)} while if ws =0 then ¢y '(2,w) = {(z,w)} x (A3)g, showing
that ¢, is also not a fiber bundle map. [ |

Note that if, in Example 3.5, we restrict the maps ¢; to {(z,w,f,y) : ws # 0} then
both ¢; and ¢, are fiber bundle maps. The same is true for their restrictions to
{(z,w,f,y) : w3 = 0}. This illustrates a general result proved in the next section:
there is a partition of {2 into finitely many invariant semi-algebraic subsets };;,
to each of which the restrictions of ¢; and ¢ are fiber bundle maps. A second

application of Proposition 2.1 provides motivation for such a partition. See also [4]
or [7].

Theorem 3.6. Let G = TH be an inhomogeneous group with H connected,
simply connected nilpotent. Suppose that there is an Adg, -invariant, locally closed
subset E of ) that is also Y -invariant, and such that the restrictions of q; to F,
and qo to EJ(T xY), are topological bundle maps. Let O = G - L be a coadjoint
orbit in E, and write { = (z,w,f,y). Then the following are equivalent.

1. O is regular.

2. The orbit e?oWllew)y s reqular in Y .

3. The rationality condition (here 1 < s < m ) holds:
dimg (Bs lo (w,fle(uy) )2 = DM (Bs oo (1,8]¢(y) )0 (10)

Proof. Since E is locally closed, both ¢;(F) = E/(T xY) and ¢(E/(T xY))
are locally closed also. But an orbit in a locally closed space X is regular if and only

if it is regular in a locally closed subset of X . Hence we may confine our attention
to I.

Consider first the orbit of ¢3(¢) = (z,w). For xexp A € G, we have
rexpA- (z,w) = (e*Wz, ™) ),

so the action of G on ¢(E/(T xY)) is of exponential type, and it is well-known
that any orbit of an action of exponential type is regular. The stability group
at g2(q1(¢)) = (z,w) is THy(w), which acts on the fiber {(z,w)} x &(w)* by a
unipotent action, so the fiber orbit is regular also. Hence by Proposition 2.1, the
orbit G - (z,w, f[ew)<) = 1 (O) = O/(T x Y) is regular.

Now apply Proposition 2.1 to the bundle ¢; : E — E/(T xY'). The stability group
at qi(€) = (z,w, o) is THo(w)(flew)) where Ho(w)(E[ew)) = expbo(w, flew)) is
the stability group for the action of Ho(w) on €(w)* at the point f|e,). The fiber
over (z,w,few)) is {(z,w)} x (f+bh(v)+) x Y.
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Now for A € bo(w, few)) and z € T,

(4)

a:eXpA ' (Z,w,f, y) =T (vaafaeﬂ(A)y) = (27w7f+ VAN 65 ZyUJ’eB(A)y).

Observe that for each A € ho(w, f|e(w))
{f+aznePDoyw: z €Ty =1+ t(w)t.
Hence the fiber orbit T'Ho(w)(f|ew)) - (2, w, f,y) is the product
(2 0)} % £+ ) x {PDy s A € bo(aw, i)} (1)

and O is regular if and only if the product (11) is regular. Applying Proposition
2.1 to (11) we have O is regular if and only if the orbit {e’®y : A € ho(w, flew))}
in the torus Y is regular. Tt is well known (see for instance [4]) that this regularity
is equivalent to the compactness of the orbit, or to the rationality condition:

4. Bundle structures

In this section we present an explicit construction of a partition of €2 whose elements
2;; have the desired invariance and projectable bundle properties. Then we refine
this partition in smaller subsets on which the Hy(w) orbits in €(w)* are isomorphic.

4.1. Real echelon form

We now describe the sequence of real column operations defined in [4] by which a
complex matrix M is put into an echelon form. First some notation.

Let S be an r x s complex matrix, S = [z;j]1<i<r1<j<s, let i, be any row index,
and j, any column index. The row of S indexed by i, is denoted by .S;, and the
column indexed by j, is denoted by S7+. Put

1,2,....5% __
St = [Tigh<icioigics, ST = [wijlicicri<i<ing
12,0 _
and Sia i = [wighi<icio1<i<.
The real span of the columns of S is denoted by
_ 1 2 s
colgS = (S4,5%,...,5%)r.

The lexographic column basis for S is the ordered basis S/, S72, ..., S% for colgS
defined recursively by

ji=min{l1 <j<s:8 #£0}, jo=min{l <j<s:5 ¢RSY,
jz=min{l < j <s:5 ¢ (5", 872)}, and so on.
The proof of the following is left to the reader.

Lemma 4.1. Let S be an r X s complex matriz with lexographic column basis
Siv §iz - Siu et U be an r X r complex non-singular matriz, and V a real s x s
unipotent upper triangular matriz. Then the lexographic column basis for USV is

(USV) (USV )2, ... (USV)/. Hence for each 1 < j < s we have
dim colR(USV)l’g’”"j = dim colp S,
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Let now M be an n x p complex matrix. Put pp = 0 and for each 1 <7 <n put

.....

Observe that p; — p;-1 < 2. For 1 < j <p put
/1 = dimeols (M)
and put p =0. Write i = {i; <iy <--- <ig}={1<i<mn:p_1 <p;}. For each
1 <r <d, define - _ - ,
Jr={1<j<p:p <p}

and put Jy = 0. Also, put Jo = 0 and J, = J, \ J.1 (r > 0). Observe that for
1 <r<d,if i, <i < i, then p; = p;, and for any j, p/ = p! , hence J, is the
Real column operations leading to the column echelon form M7 set forth in [4] may
be described as follows. Assume that M # 0. We define T'(1),7(2),...,T(d) with
M(r)=MT(1)T(2)---T(r),1 <r <d, inductively as follows.

Let M(0) = M and T(0) the p x p identity matrix. Given 1 < r < d, assume
that M(r—1) = MT(0)T(1)---T(r — 1) is defined, so that if k ¢ J,_; and i < i,
then the entry M(r —1)¥ = 0. Write M(r — 1) = [m;], and denote the complex
conjugate of m;; by m; ;.

Case 1: p;,, —p;. , =1.

Here J, has one element and we write J,. = {j,}. Consider a real p X p unipotent
upper triangular matrix 7'(r) = [t;x] (¢, =0 if & < j, t;; = 1) whose only non-
zero entries ¢, to the right of the diagonal (j < k) lie in the row of 7'(r) indexed by
Jr (7 = Jr). The matrix M (r—1)T'(r) is the result of performing column operations
whereby for each k > j,, the real multiple ¢;, M (r — 1) of the column M (r — 1)
is added to the column M (r — 1)*. In this case we choose the unique such matrix
T(r) so that t;, , = 0 if k € J, and (M (r—1)T(r))¥ =0if k ¢ J,.. More explicitly,
observe that by construction m;, ; # 0, and put for each k > j,., k ¢ gy,

w
Thus we have (M(r— 1)T('r’))i , ;. =0 forj¢ gy, (13)
and (M(r—1)T(r))], . =M(r—1),, , forjel. (14)

Case 2: p;,. —pi,_, =2.

Here J, has two elements and we write J, = {j, < j.}. Consider a real p x p
unipotent upper triangular matrix 7'(r) = [t;] (t;x =0 if k < j, t;; = 1) whose
only non-zero entries ¢;; to the right of the diagonal (j < k) lie in the rows of
T(r) indexed by j, and j. (5 € J,). Now the matrix M(r — 1)T(r) is the result
of performing column operations whereby for each k, with j, < k < j/, the real
multiple ;. ; of the column M (r — 1) is added to the column M (r — 1)* and for
cach k, with j/ < k, the columns ¢;, , M (r—1)" and t;, .M (r—1)7 are added to the
column M (r —1)*. We choose the unique such matrix 7'(r) so that t;, y = t; =0
if k€ J,,andif k¢ J,, (M(r—1)T(r))k =0.
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(ma, 1 ™, gy

Then for J=Jrs k> Jr k ¢ jr: tjr,k = _;(m m; ))’ (15)
TryJr Tr,]

and for j =4, k>4, k /R P —— S(mi, 5 ™, 5.) 16

J Ir Jr ¢ Jrk S(ml o T ]T) ( )

Note that if j,. < k < j, then the expression for t; ; simplifies to that of the first
J .]7“ Jr,
case.) As in Case 1 we have

(M(r — 1)T(T))]1'72 77777 L=0, jé¢lJ,
and (M(r—=1)T()), =M =1, .. je€.

Put T=TM)T(2) --T(d), J = Ja.

Lemma 4.2.  We have
(a) (MT) =0 for j ¢ J, so{T?:j¢& J} is a basis for the nullspace of M,
(b) {M7:j e J} is the lexographic column basis for M, and

(c) for j € J., the first non-zero entry in the column (MT) is in the i, -row.

Remark 4.3.  Suppose that the matrix M has real entries. Then each subset J,
is a singleton, J, = {j,}, and the ordered set j = {J; C Jo C -+ C Jy} is:

j={} C{j,je} € C{ir, g2, Jat )

Thus j is entirely characterized by the finite sequence (ji,jo,...,Jq). In fact, it
is easily seen that in the case where M is real, the procedure described above is
equivalent with the procedure described in [1, Section 2.1].

4.2. Classification of orbits in w

Recall the development of Section 3: for v = (z,w,y) € w, h=exp A € H,
expA-v= (ea(A)z, "Wy, eiﬁ(A)y) :

The stability group for the action of H on Z at z is Hy, but the stability group
Hy(w) = expho(w) for the quotient action of H on w/T at (z,w) may vary
considerably with w € W due to the unipotent action of Hy on W. The reduction
procedure for real echelon form is applied here to classify elements in w accordingly.
Choose a strong Malcev basis

(Ay, Agy o Ay Ay A

for b, so that (Ay,..., Ax) is a basis for ¢ and (Ay,...,A,) is a basis for b.
Recall the realization V = V) x V@ x ... x V™ and for each 1 < k < m,
the ordered basis f{*,... f{¥ for V) Recall also that if 4(4) ¢ R for some k,
then f;k) e Ve\V, 1 <j <ng. Wenow collate this basis into a single ordered
basis fi, fa, ..., fn for V, while preserving the ordering of each V*)-basis. For
v = (z,w,y) € w, write n(A;)w as an n X 1 column vector using the ordered basis
fi,..., fn for V and define the n x p complex matrix M (w) by

M(w) = [n(A1)w,n(A)w, ..., n(A,)w].
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Observe that nullspace(M (w)) = {A € b : n(A)w = 0} = ho(w).

Apply the preceding subsection to the matrix M (w), with the notation p! (w),i(w),
and so on. Thus for each w we have

row indices i(w) = {i1(w) < ig(w) < -+ <ig(w)},
column index sets  j = {Jy(w) C Jo(w) C - C Jg(w)}

(with J.(w) = Ji(w) U ... U J.(w)), and by induction, real p x p unipotent
upper triangular matrices T(1,w),T(2,w),...,T(d,w) satisfying the conditions
above. The formulae (12), (15), and (16) show that the entries of the matrices
T(1,w),T(2,w),...,T(d,w), and therefore of

T(w)=T(1,w)T(2,w)---T(d,w),

are rational in w,w. Let i = {i; < --- < iy} be an increasing sequence of row
indices, and consider column index sets j = {J; C Jy C --+ C Jg}. Define

Wi ={weW: i(w) =1,j(w) =j} and wiy={(z,w,y) €w: we W;}.

The collection of non-empty ws; is a partition of w. Observe that for each (z,w,y)
in w;j, the dimension of the orbit Hy - w is #.J,;. With

Qi,j = {(Zawvay) € Q: <Z7wvy) c wi,j}v

the non-empty (2;; constitute a partition of 2. That these sets are invariant is a
consequence of the following lemma.

Lemma 4.4. Let h=exp B € Hy. Let S;, be the matrixz for Ad;, with respect to
the basis Ay, ..., A,. Then for each w € W,

M(h-w) = "B M(w)S)-1.

Proof. Let w € W and define ¢, : by = V by ¢,(A) = n(A)w. Then M(w)
is the matrix for ¢,, with respect to the bases Ay,..., A, for by and fi,..., f, for
V. Now using Remark 3.1,

(pw 0 Ady-1)(A) = n(Ady-1 A)w = e "Fn(A)e" Pl = e Py, (A)

Hence the matrix for ¢, coincides with the matrix for the map €™ o ¢, 0 Ad,-1,

namely e"®) M (w)S),-1. n
Proposition 4.5.  The sets wij, i are semi-algebraic and H -invariant. More-
over, there is a pair iy and jo such that w;, ;, and €, 5, are Zariski open, respectively

inV and g*.

Proof. By construction, (z,w,y) € w;; is equivalent to a relation on the rank
of submatrices in M (w), hence w;; and €); are semi-algebraic sets. Now let
h=expBe H, (z,w,Y) € wij.

By Lemma 4.4, and using the fact that e®®) is lower triangular,

1,2,
1,2,

M(h-w)ia,. ;= (e"(B)) M(w)i,, i Sp-1

holds for each 1 < i < n, so that by, Lemma 4.1, we have p;(e"®lw) = p;(w).
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Hence i(h - w) = i(w). Now Sp-1 is upper triangular, so for each value i, of i,
l<j<p,

1,2,...,4 1,2,....5 1,2,...,5
v M(w)y2 i (Sw-a)i2

seeeslr

Again the hypothesis of Lemma 4.1 is fulfilled, so now we have p{r (h-w) = p{r (w)
for all 7, hence J,.(h-w) = J.(w).

Finally we construct ip and jo so that wsj, is Zariski open. Let
iy = min{i (w) 1 w € w} and w;, = {(z,w,y) € w:i1(w) =i }.
Let j; = min{j;(w) : w € w;, } and put
winj = {(z,w,9) € w i (w) = iy, o (w) = i}
By minimality of iy, j;, we have
wir g = {(z,w,9) € W (fir, n(Aj)w) # 0}

If pi,(w) =1 for all (z,w,y) € w;, put Jy ={ji} and w; j = wi -

If p;,(w) =2 for some w € w;, then define
ji = mm{ji(w) : (27w7y) S wh,jl}a Jl = {jlaji}?
and wiyg ={(zw,y) €wig(w) =14, Ji(w)=Ji}.

By minimality,

winn = {(zw,y) € w: S (T Az )0 (fin, nl(Azpw) ) # 0},

In both cases, w;, s, is Zariski open.

Suppose that for some r, we have row indices 7; < 15 < -+ < 1,, and for each
1 < s <r acolumn index set Js, so that

Wiy Jyosivdy = (2, 0,Y) € w :ig(w) =i, Js(w) = Js, 1 < s <r}

is Zariski open. Now denote the entries of the matrix M(w)T(1,w)...T(r,w) by
m(w);;. By construction they are rational functions in w and w, regular on
Wiy yosividr - 1 pi(w) = pi. = #(J,) for all (z,w,y) € wiy, 5. ipg., @ > i, then
Wigjo = Wiy, J1,...ir,J, 1S & Zariski open set.

Otherwise, repeat the preceding constructions:
let ipp1 = min{i, 1 (w) @ (2, w,Y) € Wiy gyoiv oty }s

Wit iy Trsivsr = U2 W, Y) € Wiy iy dy g1 (W) = dpg )
Let jr+1 - min{jr-H (w) : (Z,UJ,:U) € wthl,---,imeirJrl}) and

Wit 1 eeesip s Ir e 131 — {(Zv w, y) € Wit J1gesipy e * Ty G (w) 7£ 0}
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By minimality of 4,1, 7,1 this set is Zariski open. Then consider the following

two cases: p;, ., (w) — p;, =1 for all (z,w,y) € Wi, J,,..ir 0., then put

Jr+1 = {]rJrl} and Wit 1, i1, Jrp1 — Wit J1,eie, Jr i 1,041

If p;, ., (w) — p;, =2 for some (z,w,y) € Wi, .. i Jrir.1, then define, as above,

j;—f—l = mln{j7/~+1(w) : (Z’w’y) S wil,t]l7~-~7ir7JT7ir+17jT+1} and J7“+1 = {jr-‘rl?jr/f-i,-l}y
Wiy J1,..., Trt1,drg1 {(Zawvy) S Wiy, J1, iy Jr Z-7"+1<U]) = irJrla Jr+1(w) = JrJrl}-

By minimality,

= . Cx
Wi, J1seivg 1, Jrg1 = {(Z/LU,?J) € Wiy, Jy,eieJp + S (m(w)ir+17jr+1m(w)7:7‘+17j;«+1) 7é 0}
By induction this proves that wj,j, is Zariski open. [ ]

Since the set of points w in W such that the dimension of Hy-w is maximal is Zariski
open, then all the Hy-orbits in the Zariski open wj j, have maximal dimension.

Fix an index pair (i,j) such that w;; # 0 and put J = Jy. For w € Wi;, put
T(w) = T(1,w)---T(d,w); the entries t; ;(w) of T(w) are well-defined rational
functions on W;; in w and w. By part a. of Lemma 4.2,

ho(w) = nullspace(M (w)) = (T (w)Ap : h ¢ J,1 < h < p)g,
and t(w) = (T(w)Ac:e ¢ J, 1 <e< k).
Let k={1 <e <k:e¢J}, and consider the basis By(w), ..., B;(w) of b defined by

By(w) = {T(w)Aj, if j € k,

A;, otherwise.

Recall that the ordered basis {Ai,...,A,} is a strong Malcev basis for b, and
denote its dual basis by {A}, A3,..., As}. For each w € Wjj, since T'(w) is upper
triangular, {By(w), By, (w), ..., B,(w)} is also a strong Malcev basis for h. Denote
by 7(w) the transformation of b defined by 7(w)A; = B;(w); just as for T'(w),
the entries of the matrix for 7(w) with respect to the basis {A,..., A,} are well-
defined rational functions on Wj; in w and w. The matrix with respect to the
dual basis {Bi(w)*, ..., B,(w)*} for the transformation 'r(w) : h* — bh* such that
'7(w)Bj(w)* = Aj,1 < j < q is its transpose.

Continue to fix (i,j) as above, and obtain h = §f & £(w) by setting

f=(A;: k<j<gq orjeJ). (17)
Lemma 4.6. Recall k={1<e<k:ec J}, put R® = {(ac)ecx}-
(a) The map ¢ : Qi3/T — wij X RX defined by (v, g) = (v, ({g, Be(w)>)eek) is

a homeomorphism.
(b) The map v : Q5 — Qiy/T x §* defined by ¢(v,f) = (p1(v,f),£;) is a homeo-
morphism.
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Proof.  Suppose that (v,,g,) — (vo,g0) € Qij/T'; then v, — vy and there is
some f, € b*, f,]ew,) = gn and f, = fo, folew,) = go. Since T'(w,)A. = T'(wo)A.
then ((f,, Be(wn)))eex — ({fo, Be(wo)))eex. Thus ¢ is continuous.

Let b, = (bye)eck and v, € wij such that b, — by and v, — vy. Define f, € - by
(f,, Be(wy,)) = by.. Thus with respect to the basis {B;(w)*,..., By(w)*} for b*, £,
is given by the column vector [f, ;(w)]1<j<, Where

boy, ifj—eck,
fni(w) = { ’

0, otherwise.

Z?:l tij(wy)bn;, ifi=eeck,
0, otherwise.

Hence f.(A4;) = {

Now w, — wy 1mp11es ti’j(wn) — tm(wo) SO fn(Az) — fo(AJ, Showing that
(Un, ) = (vo,fo) in Q5. Define g, = f,|¢w), and we have (v,,g,) — (vo,80)
in €;;/7. This completes the proof of (a).

For (b), suppose (vn,f,) — (vo,fo) in 5. Then py(v,,f,) — pi(ve,fo) and
fnls = fols so ¢ is continuous.

Let (vn,8,) € 43/T and h,, € §* such that (v, g,) = (vo,8o) and h,, — hy. Define

f, € b* by
{(gn, B;(w,)), ifj=eck,

fn’ B n =
( (wn)) (h, A;), otherwise.

As above we see that f, = fo, ¥(v,, ) = (Vn, 8n), hn), and (v, ) = (vo,fp). =

The following is almost immediate.

Proposition 4.7.  FEach of the following maps has a natural structure as a G-
projectable fiber bundle.

(a) pa: /T — wiy with fiber R,

(b) JU Qi,j — QiJ/T, with ﬁb@T f*

(¢) q2: i3/ (T xY) = wi;/Y with fiber RX.
(d) q - Qi,j/T — QLj/(T X Y) with ﬁb€7“ f* xY.

Proof. @ We have seen that the maps pi,p2,q1 and ¢ are G-equivariant. We
need only show that each of (a) through (d) has the structure of a topological fiber
bundle. For the bundles (a) and (b), this follows immediately from Lemma 4.6.

The trivialization maps for (c) and (d) are the same except with v replaced by (z, w)
and p; replaced by ¢;. For (c), ¢ : Qi;/(T xY) = wi;/Y x R¥ is defined by

¢ (z,w,8) = (2,0, ((g, Be(w)))eex)-
For (d), ¢ : Qi3 — Q;/(T < Y) x §* is defined by
w('za w, f7 y) = (27 w, f|3(w)7 f’f) = (QI(Z7 w, f7 y)? f|f) n

Combining Theorem 3.6 with parts (c¢) and (d) of Proposition 4.7 we have:
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Corollary 4.8.  Let O be a coadjoint orbit of a nilpotent inhomogeneous nilpotent
Lie group. Then the conditions of Theorem 3.6 are equivalent for O.

Remark 4.9. Referring to Lemma 4.6(b), each continuous map o:Qy/T — Qo/T
can be lifted to a continuous map g : 2y — €2y, by putting:

oo(v,£) = 7 ((v, flew)), 0).
Observe that og(v,f) = (v, f'), with ' € §+. [

Example 4.10. Let us come back to Example 3.5. Suppose that v € w, so that
1

v=(z,w,y) with w = [%g} Then

0 0
wy
1 0
M(w) = 00
0 Ws

Note that since the action of H is unipotent in this example, then £ = hy = b and
k = 2. Observe that M (w) is real so Remark 4.3 applies: If ws # 0, then i = {2,4},
and J, = {1}, J, = {1,2}, j is characterized by the sequence (ji,72) = (1,2),
J=1{1,2}, k=0, Rk = {0}, &(w) = {0}, and f = h. If ws = 0, then i = {2},
(1) = (1), k={2}, Rk =R, &(w) = (A2)g, and f = (A})r. Thus w is the disjoint
union of
wi2a},01,2) = 1z, w,y) + ws # 0}, wpoy,) = {(z,w,y) : ws = 0}.

In both cases, T'(w) is the identity matrix. In Example 3.5, we see directly the
result of Proposition 4.7: if ws # 0, then ¢;*(z,w,0) = {(z,w)} x §* x Y, while
¢ (z,w) = {(z,w,0)}. If wy =0, then ¢; (2, w,ad3) = {(z,w)} x (f+(ADg) x Y,
while ¢, ' (z,w) = {(z,w)} x (43)g. [

4.3. Classification of orbits in each ();;

For each v = (z,w,y) € wiy, the classification method described in Subsections
4.1 and 4.2 is now applied to the action of Hy(w) = exp ho(w) on €(w)*. Now fix
v=_(2,w,y) €wij, put Aj(w)=T(w)A;,1 <j<p,andput J*={1<j<p:jé¢J}.
Since T'(w) is upper triangular, the set {A,(w) : h € J}, when written in order
of increasing indices, is a strong Malcev basis for ho(w). Similarly the ordered set
{A.(w): e€ J° 1 <e <k} is astrong Malcev basis for ¢(w).

For each g € ¢(w)* and h € J°, write Ap(w)g as a column vector with respect to
the ordered dual basis {A.(w)* : e € J¢ 1 < e < k}; thus, with (A, (w)g, Ac(w)) =
(g, [Ac(w), Ap(w)]), we identify Ay (w)g with the column vector

Ap(w)g = |{g, [Ae(w), Ap(w)])
Write J¢ = {hy < hy <--- < hy} and define the matrix M'(w,g) by
M/(wv g) = [Ah1 (U})g, Ahz (w)g7 sy Aht(w)g] :

Thus M'(w,g) is the matrix associated with the derived action of ho(w) on €(w)*
with respect to the given bases, in exactly the same way that M (w) is associated
to the derived action of n(hyo) on W. Especially, we have

bo(w, £) = {A € ho(w) : g[A, E(w)] = 0} = nullspace(M'(w, g)).

(18)

ecJ¢e<k
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*

Continuing to fix v = (z,w,y) € w;j and g € &(w)*, apply the sequence of
column operations described in Section 4.1 and the classification method described in
Section 4.2, to the matrix M’'(w, g), replacing the indices as follows: the ordered set
{1 <j <p} isreplaced by J¢ = {h; <--- < h}, and the ordered set {1 <i < n}
by J¢N{l,...,k}, also written in increasing order.

Note that since the matrix M’(w,g) has real entries, Remark 4.3 applies. Thus we
obtain row indices

e(w,g) = {ei1(w,g) < ex(w,g) < -+ <eu(w,g)} € J N{L,... k},

and a corresponding sequence of column indices

h(w: g) = (hl (U}, g)? h2(w7 g)? SRR hu(w7 g))
with values in J¢. The column operations are given by unipotent, upper triangular
real matrices T(w,g,1),T(w,g,2),...,T(w,g,u) and the resulting echelon form is
M'(w,g)T (w,g) where T(w,g) = T(w,g,1)---T(w,g,u).
The rows and columns of T'(w,g,r) being indexed by J¢, the only non-vanishing
entries of T'(w,g,r) belong to the row indexed by h,(w,g), 1 <r < u. Note that
if e(w,g) =0, then h(w, g) is undefined, whence we write h(w,g) = ().

For each (z,w,y) € w;;, and each such subset e of J°N{1,..., k}, and corresponding
sequence h, put

Q(w)en = {g € t(w)" : e(w,g) =e, h(w,g) =h}.
Then put Qijen = {(z,w,f,y) € Q5 flew) € Qw)en}-

It is clear that the non-empty sets €);; 1 constitute a partition of g*, and we may
call these sets layers.

Define wjjen as the set of all v = (2, w,y) € w;ij such that for some f € h* we
have (z,w,f,y) € Qijen. By the Tarski-Seidenberg theorem [17, 18], wijen 1S a
semi-algebraic subset of w;j.

Remark 4.11.  Observe that by definition, the entries of M'(w, g) are linear func-
tions in g with coefficients rational in w. Therefore, for any non zero real number c,
M'(w, cg) = cM'(w, g), and by construction, e(w, g) = e(w, cg), h(w, g) = h(w, cg),
and T'(w,g) = T'(w, cg). Hence (z,w,f,y) € Qjen implies (z,w,cf,y) € Qjen for
c#0.

Moreover, as with T'(w), the formulae (12), (15), and (16) show that T'(w,g) is
rational in w,w and in particular, for each j € J¢, v — T(w, g)A;(w) is continuous
on Wjjeh- |

Fix a layer ;jen, and denote by h¢ the set of j which are not values of h. For
each { = (z,w,f,y) € Qijen and j € J°Nh°, put
A](€> = T(w,f|g(w))A](w)
Then for £ = (z,w,f,y) € Qijen,
nullspace(M'(w, g)) = ho(w, g) = (Aj(w,g) c7eJn h(w,g)C)R.

In fact, just as the ordered basis {A(w) : h € J°} is a strong Malcev basis of
ho(w), so also {A,(w,g) : j € J*Nh(w,g)°}, ordered according to increasing order
of indices in J°Nh(w,g), is a strong Malcev basis of ho(w, g).
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Similarly, {A4;(w,g) : j € J°Nh(w,g)°N{L,2,...,k}} is a strong Malcev basis
for €N ho(w,g), and the image of {A;(w,g) : j € J°Nh(w,g)*N{k+1,...,p}}
in ho(w,g)/(ho(w,g) N €) under the quotient map is a strong Malcev basis for
ho(w,g)/(f)o(w,g) N E) :

We next show that each (2jen is Adg-invariant. Put
bo(w); = ho(w) N (A1, Az, ..., Aj)r, 1 < j <p;

note that since € = (A;, Ao, ..., Ay)r, then we may write €(w); = ho(w);,1 < j < k.
Since T'(w) is upper triangular, then {A,(w) : r € J°r < j} is a strong Malcev
basis of ho(w);, 1 < j <p.

Let m; : €(w)* — €(w); = &(w)*/€(w); be the restriction map. Since each &(w); is
an ideal in ho(w), then Hy(w) acts naturally on €(w)!; in fact it is the quotient
action on €(w)*/&(w);-. Now for each g € &(w)* put

bo(w, mi(g)) = {A€ho(w) : A-mi(g) = 0} = {A€ho(w) : (g, [A, &(w):]) = {0}}.
For 1 <i<k,put pi(w,g)=dimcolp (M'(w,g)cesee<i)
and for 1 <j <p, pl(w,g) = dimcolg (M’(w,g)zeeff,’féj)-
The expression (18) shows that
pi(w, g) = dim ho(w, m;(g)) and p](w,g) = dim (ho(w, m(g)) Nh(w);) .

With these observations, we immediately get ([1, Lemma 2.2.2]):

Lemma 4.12.  The set e(w,g) is

e(w,g) ={1<i<k: ho(w,m1(g)) # ho(w, mi(g))},

and for each e € e(w,g), the value h(w,g). of the sequence h(w,g) is
h(w, g)e = min{l <j <p: ho(w); Nho(w, me1(g)) & ho(w, m(g))}-

Let h € H and recall the definitions of A - w and h - g: the element h € H
maps &(w) onto £(h - w) and hence maps &(w)* onto £(h - w)*, so that for f € bh*,
(h - )|ehow) = P - <f|e(w)). Using these definitions and the fact that Adph; = b;, is
easy to check that

t(h-w); = Ady(b(w);), 1<) <k,
bo(h - w); = Adh(bo<w)j)a 1<j<p,
and bo(h - W, 7rj(h ) g)) = Adh([30<w’ 7Tj<g)))7 1<) <k

Now for each set e and sequence h, recall the following subset of €(w)*:
Qw)en = {g € t(w)" : e(w,g) = e, h(w,g) = h}.

Lemma 4.13.  One has h- (QAw)en) = Qh - w)en, more precisely,
g€ Qw)en if and only if h-g € Q(h-w)en.
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Proof. By Lemma 4.12:
e(h-w,h-g)={1<j<k:bo(h-w,m1(h-g))#bo(h-w,m;(h-g))}
= {1 <j <k:Adu(ho(w, m;-1(g))) # Adn(bo(w, 7;(g)))}
={1<j <k:ho(w,m-1(g)) # bo(w, m;(g))}
=e(w, g).
Similarly, for each e € e(w, g),
h(h-w,h-g). =
=min{l <j <p: ho(h-w); Nho(h-w,me1(h-g)) & bo(h-w,mc(h-g))}
= min{1 < j < p: Ady(ho(w); Nho(w, me—1(g)) ¢ Ady (ho(w, 7e(g))) }
=min{1 < j <p: ho(w); N ho(w, me-1(g)) Z bo(w, me(g))}
= h(w, g).. [ |
The following summarizes much of this subsection.

Proposition 4.14. Let G = T'H be an inhomogeneous nilpotent Lie group with
Lie algebra g, and fix bases fi,...,fn of V. =t and Ay,..., A, of b with the
properties described in Section 3.

(a) The column operation scheme and classification procedure described above
defines a partition {Qijen} of g° into semi-algebraic, Adg -invariant sets.

(b) For each { = (z,w,f,y) in Qijen, put
Au(g) = Au(w, f|g(w)) = T(w, f|g(w))Au(w), ue J°Nhe.
The ordered set {A,(¢) : v e J°Nh°} is a strong Malcev basis for bo(w, fyw)) -

Moreover, the coordinate functions of each map ¢ — A,(¢) are well-defined
rational functions on $dijen-

(c) For each l € Qyjen, define the real matriz

with rows indezed by 1 < i < m and columns indexed by J°Nh®. Then ¢ is
reqular if and only if the real rank of N({) coincides with the rational rank of
N(0), that is,
dimg(N(£); : 1 <i <m)g = dimg(N(¢); : 1 <i < m)g.
(d) Among the sets Qijen, there is one, denoted by S, that is Zariski open.

Proof. Part (a) has already been verified. For part (b) it is enough to observe
that {4; : 1 < j < ¢} is a strong Malcev basis of h, and the transformation
T(w, fleqw))T (w) maps b onto ho(w, flew)) with full rank

d = #(J°Nh) = dim bo(w, f[eew))
and is upper triangular.

For part (c) observe that for each ¢ € €;jen we have the R-linear isomorphism from
(Bilbo(w,flewy) * 1 < @ < m)r to the real row space of N(£) such that 5ig,( ) maps

W, E[e(w)
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Finally, following the definition [1, p. 78] and [1, Proposition 2.2.4], put

Pon(w,£) = Py (M (w, flew)))
= P (M (w, flew))) P25 (M (w, flegay)) - Pl (M (w, flega)

er,eg \77 AL HEw) ) Sey,,

The function (w,f) — Pen(w,f) is rational, non-singular in w and polynomial in f,
and
Qo ={(z,w,f,y) € g": wewy, Pon(w,f)#0}. m (20)

The matrix N(¢) of the preceding proposition will be called the regularity matrix.
The following illustrates the results of Proposition 4.14.

Example 4.15. Let h = (Aj, As, A3, Ay, As)g with non-vanishing Lie brackets
[Ay, As] = Ay, [As, As] = Ay. Let V = C?, with basis {fi, fo} and h-action on V
determined by Ay - f1 =1if1, A5 - fa =if2, while u(A;) = p(As) = u(As) = 0. Thus
there are two weights and two ‘blocks’ V) = V) = C. Following Lemma 3.2, we
confine our attention to the points (v, f) € Q, where

Q={(v,f) e g": vivy # 0}.

Accordingly, W = {(1,1)}, the H-action on Z x W is trivial, M(w) is the 2 x 2
zero matrix, T(w) is the identity matrix, i = (), j = 0, and we have finally
h(v) = t(w) =t = (A1, Ag, A3)r. However, H(v) is not connected:

H(v) = exp(2nZAy + 2772 A5) exp(Ay, Ag, As3)g.

Put (f,A;) =f;, 1 <j <5 and similarly for g€ t(w)* = ¢*. The matrix M'(w, g) is

000 0 0
M(w,g=1000 0 0
000 —g1 —g

Then g; # 0 if and only if e(w,g) = {3} and h(w,g) = (4); in this case we have
JeNhe = {1’ 27375}7 Q(w>{3},(4) = {g et g1 7é O}a and

Q.(31,00) = {(v, ) € 2 : 1 # 0},
For (v,f) € Qg 33,1y We have

bo(w, flew)) = (A1, A, Az, A5(0))r,
where As(0) = T'(w, o)) As = As — (f2/f1) As.
Next, g = 0 and gy # 0 if and only if e(w,g) = {3}, h(w,g) = (5); so
Qw) 3y, = {2€E g1 = 0,80 # 0} and Qg 3y = {(v,£)€Q: £, =0, £, # 0}.
In this case J°Nh={1,2,3,4} and

bo(w, flew)) = (A1, Az, Az, Ad)r.

Finally g, = go = 0 if and only if e(w,g) = 0, h = (), whence J°Nh¢ = {1,2,3,4,5}
and bo(w,ﬂg(w)) = f)
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We now further restrict our attention to the Zariski open layer Qy = Qg (33,4)-
Here the column operation matrix T'(w, g) is

1 000 0
0100 0
T(w,g)=10 0 1 0 0
00 01 —gg/gl
00 0O 1

and the regularity matrix is

0 0 0 Bi(45(0)) 000 —f/f
NO=1y 0 0 62(145(6))}_[0 00 1 ]

Thus we see that ¢ € €y is regular if and only if f; is a rational multiple of f;. =

5. Regularity and integrality criteria

Let G = TH be an inhomogeneous nilpotent Lie group with Lie algebra g,
with {Ay,...,A,} a strong Malcev basis for the Lie algebra h of H such that
{Ai1,..., Ay} is a basis for hy and {A;,..., Ay} a basis for £. We retain the no-
tations and constructions of all of the above, so we have the Zariski open subset
w = wjj of wy identified with Z x W x Y, and the Zariski open layer 2y = € en
included in Q = w x h*. If every point ¢ € )y is regular, then we say that €2y is
regular, or that we are in the regular case. In this section we show that if €y is
not regular, then there is a dense G5 subset of €2y consisting of non-regular points.
We then give an algebraic characterization of the regular case. For integrality the
situation is similar: we say that )y is integral, or that we are in the integral case,
if every point in () is integral, and show that if €}y is not integral, then there is a
dense Gs subset of €}y consisting of non-integral points. Also similarly, we give an
algebraic characterization of the integral case.

5.1. Criteria for the regular case

Recall the constructions of Section 4, as applied to the Zariski open set {0y = € en,
and put d = #(J°Nh°). Specifically, for each ¢ € Qy, we have the m x d regularity
matrix

with rows indexed by 1 <7 < m and columns indexed by J¢MN h¢. Put

r=JNh°Nn{k+1,...,p} and r = #r.

Writing now ¢ = (z,w,f,y), observe that a strong Malcev basis for the quotient
(E4+bo(w, flew))) /€ is {Au(f)+E€: uer}. It follows that for all £€Qy, r=rank N ().
In particular, N (/) is the zero matrix if and only if ho(w, f[ew)) = € C ker 5;, whence
every orbit in {2y is regular.

Let s(¢) C {1,2,...,m} be the index sequence for the lexographic row basis of the
real row space (N({); : 1 < i < m)g of N({), and let s be the minimum such
sequence for the lexographic ordering:

s = min{s({) : £ € Qq}. (22)
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Then Q' = {¢ € Qq : s({) = s} is Zariski open. For each ¢ € (¥ and 1 <i <m, the
i-th row N(¢); of N(¥) is a linear combination of the rows indexed by s € s:

N0 = 3 FiulON(D),.

It is clear that each coefficient function f; ¢ is a well-defined rational function of
¢ € Y. By Proposition 4.14, for each ¢ € ', O = Ad/ is regular if and only if
fis(0) €Q, 1 <i<m. Put

R ={leQ: (isregular}.

Lemma 5.1.  Assume that r > 0 and that RN Q' # (). Either
(a) each coefficient function f; s is constant on ' with its value in Q, and ' C R,

or
(b) RN is a countable union of closed nowhere dense sets in €.

Proof. The preceding discussion shows that

RNQ = ﬂ Uf(i,s,q)

1<i<m q€Q
SESs

where F(i, s, q) is the closed subset of €2:
Fi,s,q) ={eQ : fis(w 1) =q}.

Foreach 1 <i<m, ses, ¢ € Q, F(i,s, q) = means that f; is constant on ¥
with value ¢ € Q. If F(i,s,q) # €, then our assumption that R N’ # () implies
that f; is not constant, and hence F(i, s, q) is nowhere dense and measure zero in
(2. Hence €' C R if and only if every f;, is constant and rational-valued on 2'.

If condition (a) of this lemma does not hold, then at least one coefficient function
fis is not constant, and for every ¢ € Q, F(i,s,q) is closed and nowhere dense in
Q. Thus RN is a union of a countable number of closed nowhere dense sets and
'\ R is a dense Gs set. =

Note that if (a) holds in Lemma 5.1, then by density of Q' in Qy, Q5 =R.

Corollary 5.2.  Either each point in Qg is reqular, or there is a G -invariant,
dense, conull G5 subset U in g* such that every point ¢ in U is not reqular.

Recall that Example 4.15 illustrates the ‘non-regular’ case, even though each G-orbit
in V' is regular.

Example 5.3. In Example 4.15, we have

Qo = {(v,) s 0102 #0,{f, A1) # 0}, and N({) = [8 8 8 _le/fll .

The minimal sequence s is s = (1), ' = {£ € Qp : f # 0} and for ¢ € O,
N(l)2 = f21(()N1(£) where fp1(¢) = —f1/f>. Thus

U=V \R={lc 1/, ¢Q}
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Observe however that, for all v in V', G - v is closed and that in particular for
vew={veV v #0}, G-visa2-torus. Thus G -v is always regular.

Next is an example of the regular case even while all G-orbits in w are not regular.

Example 5.4.  Here again V = C? with basis {f1, fo}, but now h = (A1, Ay, A3)g
is the Heisenberg Lie algebra, [As, Ay] = Ay acting by Asfy, = if1, Asfo = iv2fs.
Write ¢ = (v,f) with v = vy f; + vafa. Then Q = {(v,f) € g* : vjvg # 0}. For each
(v,f) € Q, the orbit G-v is the ‘Tope’ on the 2-torus: G-v = {(vie, v2¢'V?) : ¢t € R},
which is not regular.

Here, W = {(1,1)}, and for v = (2,w,y) € w, M(w) is the 2 x 3 zero matrix, T'(w)

)
)

is the identity matrix, i = j = 0, f)o( f), and t(w) = ¢ = (Ay, Ag)r. Writing
g = (g, A;), i = 1,2, the matrix M'(w,g) is now:
We have e(w,g) = {2} and h(w,g) = (3) if and only if g; # 0, so

Qw)={get :g #0} and Q= Q@@{g} ={(v,f) € Q: (f, 4)) # 0}.

For (z,w,f,y) € Qo, bo(w, f|ew)) = €, so N(£) is the zero matrix for all £ € €2y, and
Q=R.

The following shows that the regular case is characterized by a normal form for
N(?).

Theorem 5.5.  Let Qg be the Zariski open set defined in (20), and suppose that
N(¢) is not the zero matriz for some (hence all) € € Qy. Then the following are
equivalent.

(a) Qo is regular.
(b) £+ N({) is constant on Qq, and there are matrices P = [ps,;] € PSL(m,Z)
and @ = [qu+] € GL(d,R) such that

PNQ = {8 6] . (23)

Proof.  Suppose that € is regular and consider the matrix N(¢). By Lemma
5.1, we have a Zariski open set ' C Qg and an index set s C {1,2,...m}, and
constants f;s € Q,1 <i <m,s € s, such that for £ € ', the rows N({),,s € s are
independent, and for each 1 <i<m, £ €,

= fisN()

s€s

This implies that the set {3 : s € s} is independent. Since dim h = ¢, then
dim(B;: 1 <i<m)g=q—k,

and dim(ﬁt—mesﬁs:t%s)R:dim(&-: 1<i<m)g—r=q—k—r.

sEs
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Hence dim((ﬁt — Z frsBs: t ¢ S)R)L =k+r.

sEs

Now we also have
dim(? + ho(w, f’g(w))) = dim(k & (AL0) cu e r)R) =k+r
and by definition of N(€), €+ ho(w, flew)) C (B — Doce frals : ¢ ¢ )r)" . Hence

e+ bo(w, flew) = (B — D fusBs: tEs)R)T,

sEs

showing that € + bo(w, f|¢w)) is independent of ¢ € €. Since ¢ — A,({) is a
well-defined rational function on all of )y, then the preceding equality holds for all
¢ € Q. Thus €+ ho(w, f|ew) is independent of all £ € Q.

Put b = &+ bho(w,flew)), and let £,¢" € €y. For each u € r, both A,(¢)
and A,(¢') belong to bh;. By construction, both A,(¢) and A,(¢) also belong
to A, +(A;: je€JUh, j<u)g,so

A (0) =AY e N(A;j: jeJUh, j<u)g.
We claim that hiN(4;: jeJUh)g CE
Indeed, let AcbN(A;: je JUh)r, A=B+) .. c,A(l), with B € £. Then

A=B+> c,A() =B+ c,A, + Ay

ver ver

where Ay € (4;: j € JUh)g. Since the elements A; are independent, and since
Aebhn(A;j: je JUh)g, weget ¢, =0 for all v € r and A = B € &, verifying
the claim. Therefore A, (¢) — A,(¢') € £ and ¢ — [;(A,({)) is constant.

Denote by Nj the submatrix of N with rows indexed by the ordered set s and
columns by the ordered set r. For each ¢ € Qy pick Cs(¢) € (Au(¢) : u € r)g such
that B5(Cy(€)) = 054, 5,t € s. Write

Co(0) = gOUOAL(), s€Es

uer
and put QO (¢) = [qg’)S (¢)] with rows indexed by r and columns indexed by s. Then
I, = NI Q)

holds for all £ € Q. Since NT is invertible, we have Q© = Q) (/) is independent
of £ € Qy. Put

() = A, (0), veJnh n{l,2,... ,k},
G0, v=ses.

Then {Cy(¢) :v e (J°Nh*N{1,2,...,k})Us} is a basis for ho(w, f[e,). Recalling
d=#(J°Nh°), let Qy € GL(d,R) be defined by

Loy
QO = |: dO Q((]O):| :
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Note that the columns of @)y are now indexed by (J°Nh°N{1,2,...,k})Us. Let
Py € PSL(m,Z) be a permutation matrix putting the ordered set s in {1,...,7}.

Then PyN(@Qo has the form
0 I,

By the condition (10) of Theorem 3.6, the entries of E are rational numbers.

Now, using the methods of [3, Section 5], we have matrices P, € PSL(m,Z) and
Q1 € GL(d,Q) such that

PIRNQoQ1 = PNQ = [8 {;} -

Thus (b) is proved.

For the converse, assume that we have P € PSL(m,Z) and Q € GL(d,R) such
that (23) holds for all ¢ in Qq. Put

o
R—P ko.

Since the entries of R belong to Z C Q, then
dimg(R; : 1 <i<m)g =dimg(R; : 1 <7 < m)g.
Now ¢+ N(¢) is constant and
Ni=RQ™', 1<i<m,

hence dimg(V; : 1 < i < m)g = dimg(V; : 1 < i < m)g. Hence by Proposition
4.14, every ( € )y is regular. [

The following is a simple example of the regular case, just to illustrate the preceding
objects.

Example 5.6.  Suppose V = C? and h = (A)r with the action given by

u) = )

where b is a fixed non-zero real number. Here V() = V) = C and W = {(1,1)}.

Then for all ¢ = (z,w,f,y) € g* we have M(w) = 0 and M’'(w,f) = 0, so that
Qo = Q= {(v,£):0W@ £ 0}. For £€Qy, we have £ = {0} and bho(w, flew)) = b so

N:Bﬂ.

Now r =s = {1}, and B2 = (2/3)1 so fo1 = 2/3. Turning to the proof of Theorem
5.5, Cl = Al(f) = (1/3[))14, PO = 12, QO = [1/3b] and

v =y
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Then Q; = [3] and Q = QoQ; = [b™'], while

1 -1
Pzplz{—z 3}

so that PNQ = PLPENQo(Q = [_; _?j [2}3} 3] = [(1)} : "

5.2. Cross-sections in the regular case

Assume in this subsection that we are in the regular case. We say that a Borel
subset Yo C )y is a Borel cross-section in €2y if the restriction of the quotient map
0: Qg — Qo/Ady, to Xy is a bijection, and X, is a topological cross-section if 0|s,
is a homeomorphism. It is well-known that since € is regular, it admits a Borel
cross-section [10, Theorem 2.9]. (In [10] such a set ¥ is called a transversal.)
Recall the vector subspace of b:

f=(A;: k<j<gq, orje J).

Lemma 5.7.  Let ¥ be a topological cross-section for the H -orbits in Q/T . Then
Yo ={(v,f) € Q: (v,flew) €2 and f € -}

is a topological cross-section for the Adg, -orbits in .

Proof. As usual write v € wy as v = (z,w,y). Let (v,f) € o, so that
flew) € Q(w)en, and we have hy € H such that hg - (v,flgw)) € X. Recall
h=¢€w)df, so b* =E(w)-dft. Let p,(f) be the projection of f in &(w)t parallel
to f+, so f — p,(f) € f-. We have x,, € T such that z, - (v,f) = (v, — p,(f))
belongs to Adg(v,f) N . If (vo,fy) and (v, f;) both belong to the same coadjoint
orbit as well as to X, then vy = v1, folew) = filew), and both fy and f; belong to
ft, so
f, —fy € t(w)= Nt = {0}

Thus (vg,fy) = (v1,f1), which proves that 3, is a cross-section for the Adg-orbits
in Q().

To see that 3, is topological, observe that a cross-section S for a group action on a
space X is topological if and only if the cross-section map s : X — X is continuous.
Define aq : Qo — Qo by {oo(f)} = Adr;(¢) N Ep. Similarly let o : Qy/T — /T be
the cross-section map for (/7)) /H. By hypothesis, ¢ is continuous, and we must

show that o( is continuous. But by construction, the cross-section map oy is the
continuous lift of o, as discussed in Remark 4.9. [ |

We now construct a topological cross-section for the H-orbits in Q/T': start by
choosing a cross-section for H-orbits in Z. Since H acts on Z by real exponentials,
a simple topological cross-section X7 is obtained immediately: choose a basis ay,
for the space of real forms (aq, ag,..., an)r, and then put

EZ:{ZEZI Zktzl}'
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Recall that w;j is defined by condition on w only, and thus we have w; ;=2 xW;;xY .

Turning to W;;, we look for a cross-section for the Hy-orbits
{e”(B)w :Beby, we Wi7.i}'

There is a standard construction due to Pukanszky [13] of a topological cross-section
for a unipotent action on a real vector space using a real basis, and we modify this
construction in order to allow for complex (non-real) coordinates. Specifically, for
some i, € i, we may have J, = {j,} while the coordinate w;, is nevertheless non-
real, and so the condition that w; = 0 for the Pukanszky cross-section is replaced
by the following. Put

i'={iei: f e Vc\V and #J, = 1}.
For i, € i put v;, (w) = R((f;,, n(4;, (w))w) w; ) and define
Yw={weWy: ifiei, yy(w)=0, and if i €i\ i, w; =0}.

It is shown in [4, Proposition 6.2] (see also [2]) that Xy is a topological cross-section
for the Hy-orbits in Wj.

For each v = (z,w,y) € w;j, recall the action of Ho(w) on &(w)* and the partition
of ¢(w)* into Hy(w)-invariant subsets Q(w)en C €(w)*:

Q(w>e,h = {g € E(U})* : e(w7g) =€, h(w7g> = h}
Again employing the construction of [13], the set
S(w) = Z(w)en = {8 € Aw)en : (g, Ac(w)) =0, e € e}

is a topological cross-section for the Hy(w)-orbits in €(w)*. Recall (20) that there
is a single index sequence (i,j,e,h), e={e; <es <---<e.}, h=(hy,hy,... h),
such that

Qo = Qjen={(z,w,f,9): (z,w,y) € wij, flew) € Uw)en}

To achieve the description of the H-orbit space in 2y/T", it remains to consider, for
each (z,w,f,y), the action of Hy(w, flew)) on Y: for A € Ho(w, f|ew)),

expA-y= eiB(A) Ly = (eiﬂl(A)yh eiﬁg(A)y27 o eiﬂm(A)ym) .

Recall relation (23) and write P = [p,;],1 < s,i <m and Q = [gu),u € 1,t € 5.

Since P € PSL(m,Z), the isomorphism z — 2’ = Px of R™ preserves Z™ and
defines a bijection ¢ of R™/Z™  whose coordinate functions ¢;, 1 < i < m, are
rational: with the usual identification of R™/Z™ with

T ={yeC™: |yl =1,1<i<m}, ci(y, Yz, Ym) = Yy Yo" - - - yPim.

We show that Sy={yeY ¢y =1 1<s<r}

is a cross-section for the orbits Ho(w, f|ew)) -y in Y.
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Write @ = [gs¢] and for each t € J°Nh put

ueJe¢Nhe

For a = [ay)icjermne € R7™ put A'(a,l) = >, a;A}(¢). Then

Ala,0) = ) (Qa)uAu(l).

ueJeNhe

Since we are in the regular case, for each 1 <i < m, ;(A’(a,l)) does not depend
on ¢ and we can write

61‘ (A/(CL, E)) = (]VC?CL)Z
Hence for y € Y,

exp A'(a,0) -y = PA @)y = (e NOWry,, dNQ2y,y - NQmy,
Sofor 1 <i<m

Ci(exp A,(a7 E) . y) = (ei(NQa)l yl)pi’l (ei(NQa)2y2)pi’2 o e (ei(NQa)mym)pi’m

— (l(Pi,1(NQa)14pi2(NQa)2+-+pi,m(NQa)m Ci(y)
_ ei(PNQa)i Cz’(y),
and the relation (23) gives
clexp A'(a,l) - y) = (eiasl c1(y),. .. , eldsr & (Y), e (y) - s em(y)), (24)

where s; € s corresponds to j,1 < j < r, by the permutation given by F,. Thus
for each y € Y we can choose a € R7“™° 5o that exp A'(a, () -y € Yy, showing that
the orbit Ho(w, f|ew)) - ¥y meets Xy . Now for y € Xy,

HO(w;f|E(w)) Yy = {eiNQa ‘y: a€ RJCOhC} ’
so if ' € Xy N Ho(w, flgwy) -y then 3 = exp A'(a, () -y with a, € 27Z for all s € s,
so (24) shows that ' = y. This proves that Xy is a cross-section for the orbits

H0<w7f|3(w)) -~y in Y.

Example 5.8. Recall Example 5.6, where
1 -1
o {_2 3} .
So here Aj(0) =b7'A, yl = y1yy ', vh = viv3, and By = {(y1,52) 1 1 =12} ™

Now define

Y={(v,g) € Q/T: v=(z,w,y) € Xz x Uy x Ly and g € X(w)}.

Proposition 5.9. X is a topological cross-section for the H -orbits in Qq/T .
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Proof. Let (vg,go) €Q/T. Choose hy € H so that (v1,g1) := hy - (vo, &) satisfies
v1 = (21, w1, 1) €EXz X Xy X Y. Choose hy € Hy(w;) so that go = hy - g1 € 3(wy).

Then (vq,g2) := hs - (v1,g1) satisfies v = v € Xz X Uy X Y and gy € 3(wy).

Choose hsz € exp(ho(ws, g2)) so that hs - vy = (23, ws, y3) satisfies y3 € 3y . Then
23 =2y = 21 € Ny, w3 = wy = wy; € Ly and gz = hz - g = gy still belongs to
Y(wy) = X(ws). Thus XN H - (vg, &) # 0.

Now suppose that (vg,g9) € X, let h € H, and put (vi,g1) = h - (vo,g0). If
(vi,g1) € X, then h-vyg € Xz X Ly X Y so h € Hy(wy). Now g5 = h - gp;
but gy is the only element of Hy(wg) - go that belongs to X(wpy) so g3 = go and
h € Hy(wp)(go). Finally, yo is the only element of ¥y that belongs to Ho(wo)(go) - yo
so y1 = h - yo = yo and thus, ¥ meets each H-orbit in /T exactly once.

Since each cross-section map in Z, W, Y and Q(w) are continuous, the cross-section
map for ¥ is also continuous, and this achieves the proof. |

Example 5.10. Let us come back to Example 5.4. Following prior notation,
v = (v,v9) €V =C?, h = (A1, Ag, A3)g is the Heisenberg Lie algebra, w = w;j =
{v eV vy # 0}, and w is identified with Z x W xY where W = {(1,1)}. Since
the H-action on Z x W is trivial, ho(w) = bh and Xz x Xy = Z x W. Recall that
t= (A, A)r, 80 k =2, ¢(w) =¢, f = (A3)g. Writing g € ¢ as g = (g1,82),
where g; = (g, 4;), then for v = (2,w,y) € w, Q(w) = {g € € : g1 # 0}. We have
Y(w) = {(21,0) : g1 # 0}. Now

Q[) = {(U,f) . V1V2 7& 0, <f,A1> 7é 0}

For any (v,f) € Qq, one verifies that ho(w, flew)) = ¢, so r =0 and 3y =Y. Hence
Y ={(v,g): vvy # 0,82 = 0}. For the cross-section ¥y of Qy (Lemma 5.7), since
f = (A3)r, and the condition (v, f|¢) € ¥ requires (f, As) =0, we get

20 = {(U,f) S QO : <f, A2> = <f,A3> = 0}

5.3. Integrality

In this subsection, we study the property of integrality for orbits in 2. Recall that
a point (v,f) € g* is said to be integral if there is a character x of the stability
group G(v,f) whose differential at the identity is (v, f)|g(,r), and that integrality is
an Adg,-invariant property. Recall Proposition 2.5: (v,f) is integral if and only if
the little orbit H(v) - flg, is integral. When H is abelian, H(v) is abelian and the
little orbit is integral; thus in the case where H is abelian, all points are integral.
However, we saw in Example 2.6 that integrality does not necessarily hold if H is
nilpotent.

Denote by 1(€)y) the set of all integral points in . Let £=(v,f)=(z,w,{,y) €Qp.
Recall that the group H(v)(flew,)) is generally not connected: it is the set

eXpG(”?ﬂE(w))a where E(Uaﬂf(w)) = {A € bO(w7f|E(w)> : B(A) € (QWZ)m}
The Lie algebra of H(v)(flew)) is €(w, flew)) = bo(w, flew)) N E.

Denote by [(v,f) the vector space spanned by §(v, f|ew)):

(v, £) = (B(v, flew)) )& = (A € ho(w, flew)) = B(A) € (27Z)" ).
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Since [ho(w, fleqw); [(v, £)] C &(w, flew)) C v, 1),
[(v,f) is an ideal in bo(w, flewy). Put L(v,f) = exp (v, f).

Proposition 5.11.  Let { = (v,f) € Q.
(a) If £ is regular, then I(v,f) = ho(w, flew)) -
(b) If (£, [I(v,£), (v, f)]) = 0, then ¢ is integral.

Proof.  To prove (a), it is enough to show that if ¢ is regular, then there is a
basis of bo(w, f|¢w)) whose elements belong to h(v,flew)). Recall the index set

r=J°NnhNn{k+1,...,p} and r = #r; if r =0, then E(U,f‘e(w)) = ho(w, f[eqw)) -
Assume that r > 0.

Recall the vectors A, (£) = >, quA:(¢) used in the discussion before Example
5.8. By construction, they form a basis of ho(w, f|¢w)) modulo €(w, f|yw,), with the

property that for each u € r, 2w A/, (¢) belongs to h(v, flew)). Then
{2rAl(0): 1<u<r}U{A;(():jeJNnh‘n{l,... ,k}}

is the desired basis.

Now suppose that (f,[l(v,f), [(v,f)]) = 0, then the map exp A — € (where
exp A € L(v,f)) is a character of L(v,f). The restriction of this map to H (v)(flew))
is a character of H(v)(f[eq)), with differential if. Hence by Proposition 2.5, (v, f)
is integral. [ |

Denote by S(€) the set of points (v,f) in Qp such that (f, [I(v,f), (v, f)]) =0, so
that by Proposition 5.11, S(£9) C I(Q).

For A and A’ in b, define C(A, A’) in b by:
[exp A,exp A'] = exp Aexp A'exp—Aexp—A'=expC(A, A",
Since H is nilpotent, the map (A, A’) — C(A, A") is polynomial, and:

C(AA) =[A A + Z( terms of degree > 2).

Lemma 5.12.  Let (v,f) € Qy and suppose that (f,C(A, A')) = 0 holds for all
A, A" € b(v,tlew). Then (v,f) is in S(Qp).

Proof. Let A, A’ € b(v,flyw)). For any natural number n, nA € h(v,fyw)),
so (f,C(nA, A")) = 0 for any natural number n. Thus the polynomial function
P(s) = (f,C(sA, A")) satisfies P(n) = 0 for each n, hence P = 0. The same
argument proves that (f,C(sA,s’A’)) =0 for all s,s" € R, and therefore

/ 82 I Al
<f7 [A7 A ]> = Os0s’ |8:s’:0<f7 O(SA7 s A >> =0
holds for all A, A’ € h(v, flew)), and (£, [[(v, ), (v, )]) = 0. ]

Let us now denote by 1°(£) the set of interior points in I(€).
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Lemma 5.13.  Suppose that (v,f) is integral. Then
(a) (f,C(A, A")) € 2xZ holds for all A, A" in [N](U,ﬂg(w)).
(b) If (v,f) € I°(Q), then (f,C(A, A")) =0 holds for all A, A" € b(v, flew))-

Proof. To prove (a),let A, A" € B(U,ﬂg(w)), so that exp A, exp A" € H(v)(f|ecw))-
Then C(A, A’) € b(v, flew)) N € = &(w, flgw)). Since H is nilpotent, connected and
simply connected, exp C(A, A’) belongs to the identity component in H (v)(flew)),

and for each character n of H(v)(flew)) with differential ife(r, )

n([exp A, exp A']) = n(exp C(A, A’)) — (EC(4,AY)

But n([exp A,exp A’]) =1, so (f,C(A, A")) belongs to 27Z.

For (b), suppose that there is ¢ open in g* such that (v,f) € U C I(€), and let A,
A" € (v, flgw)). For ¢ near 1, (v,cf) is in U, hence in I(€)y). Moreover, by defini-

tion, ho(w, cflew)) = bo(w, flew)), and similarly, 6(v,cf|g(w)) = [~)<U,f’g(w)). Now by
(a), (cf,C(A, A")) € 2nZ for all ¢ in a neighborhood of 1. Thus (f,C(A4,A")) =0. =

Combining Lemmas 5.13 and 5.12, the following is immediate.

Proposition 5.14.  Any interior point in 1(Qq) is in S(p) or:
I°(Q0) € S(Q0) C I(Q).

We are now ready to prove the main result for integrality.

Theorem 5.15. Let G =TH be an inhomogeneous nilpotent Lie group with Lie
algebra g. Fiz bases for g and V = t* as in Section 3, and let €}y be the Zariski
open layer of Proposition 4.14 (see (20) in the proof of loc.cit.). Suppose that g is
reqular. Then either

(a) there is an invariant dense, conull Gs-subset Z of Qg consisting of non-integral
points, or

(b) every point £ in Qq is integral.

Moreover, the second case occurs if and only if for each ¢ = (v,f) in Qq, and each

t,u e J°Nhe,
(£, [A(0), Au(0)]) = 0.

Proof. Put m = (4; : j € J°Nhg, and for A = } . a;A4; € m define
A(l) € bo(w, flew)) by
A(l) = a;A(0).
J

For each A, A’ € m, consider the well-defined rational function @44 : 29 — R
defined by

pan(l) = (f,C(A(0), A(0))).
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Suppose that one of these functions ¢4 4 is not constant on €)y. Then the set
Z={eQy: panl)¢2nL}

is a dense, conull, &; set. By part (a) of Lemma 5.13, every ¢ in Z is not integral.

Otherwise each of the functions ¢4 4/ is constant. In consequence of Remark 4.11,
A(v,cf) = A(v,f) for each A in m, ¢ # 0, we have @4 4/ (v,cf) = cpa a(v,f) for
¢ # 0, and it follows that for every A, A" in m,

(f,C(A(0),A'(0))) = 0.

Since G(U,f|e(w)) C ho(w, flew)) = {A() : A€ m}, by Lemma 5.12, £ € S(£).
Therefore Qy = S(Qy) = I(). In particular,

(£, [A:(0), Au(0)]) = 0

for each t, u € J°N h°.

Conversely, suppose that (f,[A;(¢), A,(¢)]) = 0 for each t, u € J°Nh, any ¢ € Q.
Since bho(w, flew)) is spanned by the elements A, (),

<f? [bo(w, f’?(w))a [)O(wa f‘é(w))]) =0

holds for all ¢ = (v,f) = (z,w,f,y) € Q. Since every ¢ € §) is regular, part (a) of
Proposition 5.11 gives bho(w, f|¢w)) = [(v,f), and hence by part (b) of Proposition
5.11, ¢ is integral. [ |

Define the d x d matrix
R(0) = [{£, [440), A (0)])].

with rows and columns indexed by the ordered set J°Nh¢. Results of Section 5 are
summarized briefly as follows.

Corollary 5.16.  Fvery point in Qo is both reqular and integral if and only if both
of the following hold.

(a) The reqularity matric N = N ({) is independent of £ € Qg and if N # 0, there
are P € PSL(m,Z) and Q € GL(d,R) satisfying the relation (23).

(b) For all ¢ € Qy, R({) is the zero matrix.
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