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Abstract. For a positive integer n , with n ≥ 2 , let Ln be the free Lie algebra over a field K
of characteristic 0 and let Pn = Ln/V1(Ln) and Qn = Ln/V2(Ln) be relatively free Lie algebras,
with V1(Ln) ⊆ V2(Ln) . For a non-trivial finite subgroup G of GLn(K) , let PG

n and QG
n be the

Lie subalgebras of invariants in Pn and Qn , respectively. We give connections between PG
n and

QG
n . For G = S2 , we apply our methods to L2/L

′′
2 and R2 = L2/(γ3(L

′
2) + (γ3(L2))

′) (i.e., R2 is
a free (nilpotent of class 2)-by-abelian and abelian-by-(nilpotent of class 2) Lie algebra of rank 2).
We give a basis and a minimal infinite generating set for RS2

2 and we find a presentation of RS2
2 .
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1. Introduction

For a positive integer n , with n ≥ 2 , let Ln be the free Lie algebra of rank n over a
field K of characteristic 0. Let G be a non-trivial finite subgroup of Aut(Ln) . We
say that an element a ∈ Ln is a G-invariant if a = θ(a) for all θ ∈ G . It is clear
enough that the set LG

n of all G-invariants in Ln is a Lie subalgebra of Ln . We call
LG
n the Lie subalgebra of G-invariants in Ln . It has been proved in [3] that LG

n is
infinitely generated and the generating series for the number of free generators of LG

n

is found in [14]. Let V be a non-trivial variety of Lie algebras, that is, V(Ln) ⊆ L′
n ,

where V(Ln) denotes the fully invariant ideal of Ln corresponding to V , and let
Bn = Ln/V(Ln) . Thus, Bn is a relatively free Lie algebra of rank n . As in the
case of the free Lie algebra, for a finite subgroup G of Aut(Bn) , we say that an
element a ∈ Bn is a G-invariant in Bn if a = θ(a) for all θ ∈ G and we write BG

n

for the Lie subalgebra of G-invariants in Bn . It has been proved in [8] that if Bn is
nilpotent, then BG

n is finitely generated, whereas if Bn is free in a variety containing
the metabelian variety, then BG

n is infinitely generated. Analogous results hold when
the field is of prime characteristic, see [3], [5], [8]. It is an interesting problem to
find a minimal generating set and a presentation in terms of generators and defining
relators of the Lie algebra of invariants BG

n of a relatively free Lie algebra Bn .
Let V1(Ln) and V2(Ln) be fully invariant ideals of Ln such that V1(Ln) ⊂ V2(Ln) .
Let Pn = Ln/V1(Ln) and Qn = Ln/V2(Ln) be relatively free Lie algebras of rank n .
Our main aim is to give a connection between PG

n and QG
n (see Section 3 below).
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In the special case that G = Sn , we call an Sn -invariant element in Bn a symmetric
polynomial in Bn . For Mn = Ln/L

′′
n (that is, Mn is the free metabelian Lie algebra),

a generating set for MSn
n is given in [10] for n = 2 and in [9] for n ≥ 3 . In particular,

in [10], a basis and a presentation for MS2
2 were given. In [11], a basis and a minimal

generating set for the Lie algebra of symmetric polynomials in a free centre-by-
metabelian Lie algebra of rank 2 were given. We apply our methods to extend
the results of [10] in the case of a free (nilpotent of class 2)-by-abelian and abe-
lian-by-(nilpotent of class 2) Lie algebra R2 = L2/(γ3(L

′
2) + (γ3(L2))

′) of rank 2. In
Section 6, we give a basis of RS2

2 , we find an (infinite) minimal generating set of RS2
2

and we find a presentation of RS2
2 (see Theorem 2.1, Theorem 2.2 and Theorem 2.3).

2. Preliminaries

Let K be a field of characteristic zero. By a Lie algebra we mean a Lie algebra
over K . We also write K -vector (sub)space instead of vector (sub)space over K .
For any Lie algebra, we use the left-normed convention for Lie commutators. Let
L be a Lie algebra. For x, y ∈ L and for a non-negative integer κ , we use the
notation [x, κy] for the Lie commutator of x and κ copies of y (in the case k = 0 ,
we write [x, 0y] = x). For a positive integer c , we write γc(L) for the c-th term
of the lower central series of L . We write L′ = γ2(L) , that is, L′ is the derived
algebra of L , and L′′ = (L′)′ . The automorphism group of L is denoted Aut(L) .
We write IA(L) for the normal subgroup of Aut(L) consisting of all automorphisms
of L which induce the identity automorphism on L/L′ (these are the so-called IA-
automorphisms of L). For a non-empty subset X of L , we write L(X) for the
Lie algebra generated by the set X . We say that X is a minimal (or irredundant)
generating set of L(X) if for any x ∈ X , x /∈ L(X \ {x}) .
For a positive integer n , with n ≥ 2 , let Ln be the free Lie algebra of rank n freely
generated by the set {ℓ1, . . . , ℓn} . Let V be a non-trivial variety of Lie algebras and
let Bn = Ln/V(Ln) be a relatively free Lie algebra of rank n freely generated by the
set {z1, . . . , zn} , where zi = ℓi +V(Ln) for i = 1, . . . , n . In the case V(Ln) = L′′

n ,
Mn = Ln/L

′′
n is the free metabelian Lie algebra of rank n . For further information

about varieties of Lie algebras, we refer to [1] or [2]. We point out that there is a
well-known dichotomy for varieties of Lie algebras: a variety is either nilpotent or it
contains the variety of all metabelian Lie algebras. (If V is a non-trivial variety of
Lie algebras which does not contain the variety of all metabelian Lie algebras and
Bn = Ln/V(Ln) is the free Lie algebra in the variety V , then V(Ln) ̸⊆ L′′

n .
Hence, Bn satisfies an Engel identity (see, for example, [4, proof of Corollary 5.4]).
Therefore, by [12], Bn is locally nilpotent (see also [13, Theorem 7.4]). Since Bn is
finitely generated, it follows that Bn is nilpotent. (Since Bn is a Lie algebra over a
field of characteristic 0 which satisfies an Engel identity, the required result follows
also from [16].))
For a positive integer c , write Bc

n = (Lc
n + V(Ln))/V(Ln) . We point out that

Bc
n

∼= Lc
n/(L

c
n ∩ V(Ln)) and Bc

n is the K -vector subspace of Bn spanned by
all Lie commutators of total degree c in z1, . . . , zn . Since V(Ln) ⊆ L′

n , the set
{z1, . . . , zn} is a basis of the K -vector space B1

n . Since K is infinite, we may see
by a Vandermonde determinant argument that Bn =

⊕
c≥1B

c
n (see, for example,

[2, Section 4.2, Theorem 4.6]).
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The general linear group GLn(K) acts naturally on the K -vector subspace of Ln

spanned by ℓ1, . . . , ℓn . We extend this action so that GLn(K) becomes a group
of algebra automorphisms of Ln . It is clear that the K -vector subspace V(Ln) is
GLn(K)-invariant. Therefore, GLn(K) acts as a group of algebra automorphisms of
Bn such that each Bk

n is a (left) KGLn(K)-module. Since GLn(K) acts faithfully
on Bn , we may regard GLn(K) as a subgroup of Aut(Bn) . The natural map from Bn

onto Bn/B
′
n induces a natural group homomorphism, say βBn , from Aut(Bn) into

Aut(Bn/B
′
n) . Since, by [6], Aut(Bn/B

′
n)

∼= GLn(K) as groups, it is clear that βBn is
onto. We point out that the kernel of βBn is IA(Bn) . Since GLn(K)∩IA(Bn) = {1} ,
Aut(Bn) is the split extension of IA(Bn) by GLn(K) . If B is a residually nilpotent
Lie algebra (that is, ∩i≥1γi(B) = {0}) over a field K of arbitrary characteristic
and G is a non-trivial finite subgroup of IA(B) , then K has prime characteristic p
and G is a p-group (see [5, Lemma 2.1], [8, Lemma 2.1]). Hence, in what follows,
we study the Lie subalgebra of G-invariants in a relatively free Lie algebra for a
non-trivial finite subgroup G of GLn(K) .
Let R2 = L2/(γ3(L

′
2) + (γ3(L2))

′) be the free (nilpotent of class 2)-by-abelian and
abelian-by-(nilpotent of class 2) Lie algebra of rank 2 over a field K of characteristic
0 freely generated by the set {x1, x2} and let RS2

2 be the Lie subalgebra of symmetric
polynomials in R2 . We point out that RS2

2 may be identified with the Lie algebra
of invariants of the Z2 -action permuting x1 and x2 . For non-negative integers m
and n , we use the following notation:

zm,n = [x2, x1, mx1, nx2]− [x2, x1, mx2, nx1],

wm,n = [x2, x1, mx1, nx2, [x2, x1]] + [x2, x1, mx2, nx1, [x2, x1]].

It is straightforward to verify that zm,n, wm,n ∈ RS2
2 for all m,n ≥ 0 .

By the above notation, we prove the following results.

Theorem 2.1. The set
{x1 + x2, zm1,n1 , wm2,n2 : m1 > n1 ≥ 0, m2 ≥ n2 ≥ 0, m2 + n2 ≥ 1}

is a basis of RS2
2 .

Theorem 2.2. The set {x1 + x2, z2n−1,0, w1,0, w2n,0 : n ≥ 1} is a minimal
generating set of RS2

2 .

Theorem 2.3. RS2
2 has a presentation ⟨X|R⟩, where

X = {x1 + x2, z2n−1,0, w1,0, w2n,0 : n ≥ 1},
R = {[u, rx1 + x2, v] = 0 : u, v ∈ {[z2n−1,0, w1,0, w2n,0] : n ≥ 1}, r ≥ 0}.

3. The subalgebra of invariants in relatively free Lie algebras

Let W be a K -vector space and G be a group acting (from the left) on W . We say
that w ∈ W is a G-invariant if g · w = w for all g ∈ G . We write WG for the set
of all G-invariants in W , that is, WG = {w ∈ W : g ·w = w for all g ∈ G} and we
point out that WG is a K -vector subspace of W . Let W be a finite dimensional
vector space and G be a finite group acting (from the left) on W .
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Then, the Reynolds operator
w → 1

|G|

∑
g∈G

g · v

maps W on WG and acts identically on WG (see [15, Proposition 2.1.2]). If W1

and W2 are finite dimensional K -vector spaces, with W2 ⊂ W1 , and G is a finite
group acting (from the left) on W1 and such that G(W2) = W2 (where G(W2) =
{g · w : g ∈ G,w ∈ W2}), then, by Maschke’s Theorem, W1

∼= (W1/W2) ⊕W2 and
WG

1
∼= (W1/W2)

G ⊕WG
2 as (left) KG-modules.

For a positive integer n , with n ≥ 2 , let Ln be the free Lie algebra of rank n ,
let Bn = Ln/V(Ln) be a relatively free Lie algebra freely generated by the set
{z1, . . . , zn} and let G be a non-trivial finite subgroup of GLn(K) . (Bc

n)
G = BG

n ∩Bc
n

is the K -vector subspace of BG
n spanned by all G-invariants of total degree c in

z1, . . . , zn and BG
n =

⊕
c≥1(B

c
n)

G is the Lie algebra of G-invariants in Bn . By the
above arguments, for W = Bc

n , with c ≥ 1 , we may deduce that
BG

n = {
∑

θ∈G θ(u) : u ∈ Bn} .
Let V1(Ln) and V2(Ln) be fully invariant ideals of Ln such that V1(Ln) ⊂ V2(Ln) .
Let Pn = Ln/V1(Ln) and Qn = Ln/V2(Ln) be relatively free Lie algebras freely
generated by the sets {a1, . . . an} and {b1, . . . bn} , respectively, and let PG

n and QG
n

be the Lie algebras of G-invariants in Pn and Qn , respectively. We point out that
PG
n =

⊕
c≥1(P

c
n)

G , QG
n =

⊕
c≥1(Q

c
n)

G , (V2(Ln)/V1(Ln))
c = P c

n ∩ (V2(Ln)/V1(Ln))

for all c ≥ 1 and (V2(Ln)/V1(Ln))
G =

⊕
c≥1((V2(Ln)/V1(Ln))

c)G . Since we have
V1(Ln) ⊂ V2(Ln) , there is a natural Lie algebra epimorphism πPn,Qn from Pn onto
Qn , defined by π(ai) = bi , i = 1, . . . , n . By the above arguments, for W1 = P c

n

and W2 = (V2(Ln)/V1(Ln))
c , with c ≥ 1 , and for a non-trivial finite subgroup G of

GLn(K) , we point out that G((V2(Ln)/V1(Ln))
c) = (V2(Ln)/V1(Ln))

c and hence, it
follows that P c

n
∼= Qc

n⊕(V2(Ln)/V1(Ln))
c and (P c

n)
G ∼= (Qc

n)
G⊕((V2(Ln)/V1(Ln))

c)G

as (left) KG-modules. Therefore, we may deduce the following result.

Proposition 3.1. (1) Let π∗
Pn,Qn

be the restriction of πPn,Qn on PG
n . Then,

π∗
Pn,Qn

((P c
n)

G) = (Qc
n)

G for all c ≥ 1 and π∗
Pn,Qn

is a Lie algebra epimorphism
from PG

n onto QG
n with kernel ker(π∗

Pn,Qn
) = (V2(Ln)/V1(Ln))

G .

(2) If the set C = {ci : i = 1, 2, . . .} is a basis of QG
n ,

D = {di ∈ PG
n : π∗

Pn,Qn
(di) = ci, i = 1, 2, . . .} ⊆ PG

n ,

and the set D′ is a basis of ker(π∗
Pn,Qn

), then D ∪D′ is basis of PG
n .

In the following, we give conditions to extend a (minimal) generating set of QG
n to

a (minimal) generating set of PG
n .

Proposition 3.2. If C is a generating set of QG
n , D is a subset of PG

n such that
π∗
Pn,Qn

(D) = C and D′ is a subset of (V2(Ln)/V1(Ln))
G , then D∪D′ is a generating

set of PG
n if and only if u ∈ L(D ∪D′) for all u ∈ (V2(Ln)/V1(Ln))

G .

Proof. For the non-trivial part of the proof, assume that u ∈ L(D ∪ D′) for
all u ∈ (V2(Ln)/V1(Ln))

G . We need to show that PG
n = L(D ∪ D′) . Clearly, it

suffices to show that PG
n ⊆ L(D ∪D′) . Let v ∈ PG

n . Then, by Proposition 3.1(1),
π∗
Pn,Qn

(v) ∈ QG
n .
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Since C is a generating set of QG
n , QG

n = L(C) and therefore, π∗
Pn,Qn

(v) ∈ L(C) .
Since π∗

Pn,Qn
(D) = C , it follows that π∗

Pn,Qn
(v) ∈ L(π∗

Pn,Qn
(D)) . Since, by Proposi-

tion 3.1(1), π∗
Pn,Qn

is a homomorphism of Lie algebras, it follows that π∗
Pn,Qn

(v) =
π∗
Pn,Qn

(z) for some z ∈ L(D) . Since D ⊆ D∪D′ , we point out that z ∈ L(D∪D′) .
Furthermore, v = z + w for some w ∈ Ker(π∗

Pn,Qn
) . Hence, by Proposition 3.1(1),

w ∈ (V2(Ln)/V1(Ln))
G and therefore, w ∈ L(D ∪D′) . Since z, w ∈ L(D ∪D′) and

v = z+w , we get v ∈ L(D∪D′) . Therefore, PG
n ⊆ L(D∪D′) and hence, we obtain

the required result.

Proposition 3.3. If C = {ci : i = 1, 2, . . .} is a minimal generating set of QG
n ,

D = {di ∈ PG
n : π∗

Pn,Qn
(di) = ci, i = 1, 2, . . .} ⊆ PG

n and D′ is a subset of
(V2(Ln)/V1(Ln))

G , then D∪D′ is a minimal generating set of PG
n if and only if the

following conditions hold:
(1) u ∈ L(D ∪D′) for all u ∈ (V2(Ln)/V1(Ln))

G .
(2) For any u ∈ D′ , u /∈ L(D ∪D′ \ {u}).

Proof. Assume at first that D ∪ D′ is a minimal generating set of PG
n . Then,

Condition (1) is satisfied by Proposition 3.2 and Condition (2) is trivially satisfied.
Conversely, assume that Conditions (1) and (2) are satisfied. Then, by Condition (1)
and Proposition 3.2, D∪D′ is a generating set of PG

n . Suppose on the contrary that
D ∪D′ is not a minimal generating set of PG

n . Therefore, there is some v ∈ D ∪D′

such that v ∈ L(D ∪D′ \ {v}) . It follows from Condition (2) that v /∈ D′ . Hence,
we have v ∈ D , say v = dj for some j ≥ 1 , such that dj ∈ L(D ∪ D′ \ {dj}) .
Then, cj = π∗

Pn,Qn
(dj) ∈ π∗

Pn,Qn
(L(D ∪ D′ \ {dj})) . Since π∗

Pn,Qn
(di) = ci for all

i ≥ 1 , D′ ⊆ (V2(Ln)/V1(Ln))
G and, by Proposition 3.1(1), π∗

Pn,Qn
is a Lie algebra

homomorphism with ker(π∗
Pn,Qn

) = (V2(Ln)/V1(Ln))
G , it may be easily verified that

cj ∈ L(C \ {cj}) . Since C is a minimal generating set of QG
n , we get the required

contradiction.

For positive integers n and c , with n ≥ 2 , let Bn,c = Bn/γc+1(Bn) . Since we have
Bn = Ln/V(Ln) , we obtain Bn,c

∼= Ln/(V(Ln) + γc+1(Ln)) and (Bn)
d ∼= (Bn,c)

d for
all d ≥ 1 . Therefore, we may easily verify the following result.

Proposition 3.4. (1) If the set D is a basis of BG
n , then π∗

Bn,Bn,c
(D) is basis of BG

n,c .
(2) If D is a generating set of BG

n , then π∗
Bn,Bn,c

(D) is a generating set of BG
n,c .

If, in addition, D is minimal, then π∗
Bn,Bn,c

(D) is minimal.
(3) If BG

n has a presentation BG
n = ⟨D|R⟩, then BG

n,c has a presentation
BG

n,c = ⟨π∗
Bn,Bn,c

(D) | π∗
Bn,Bn,c

(R)⟩.

4. The Lie algebra R2 = L2/(γ3(L
′
2) + (γ3(L2))

′)

At first, we show some identities in a Lie algebra and in a (nilpotent of class 2)-by-
abelian and abelian-by-(nilpotent of class 2) Lie algebra.

Lemma 4.1. Let L be a Lie algebra. Then, for any a, b, c ∈ L and s ≥ 0,

[a, [b, sc]] =
s∑

j=0

(−1)j
(
s

j

)
[a, jc, b, s−jc].
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Proof. We use induction on s . We point out that the result is trivially true for
s = 0 and we assume that the result is true for some s ≥ 0 , that is, we assume that

[a, [b, sc]] =
s∑

j=0

(−1)j
(
s

j

)
[a, jc, b, s−jc] for all a, b, c ∈ L.

Let a, b, c ∈ L . By using the Jacobi identity, we have

[a, [b, s+1c]] = [a, [b, sc], c]− [a, c, [b, sc]].

Therefore, by our inductive argument,

[a, [b, s+1c]] =
s∑

j=0

(−1)j
(
s

j

)
[a, jc, b, s+1−jc]−

s∑
j=0

(−1)j
(
s

j

)
[a, j+1c, b, s−jc]

=
s∑

j=0

(−1)j
(
s

j

)
[a, jc, b, s+1−jc] +

s∑
j=0

(−1)j+1
(
s

j

)
[a, j+1c, b, s−jc]

=
s∑

j=0

(−1)j
(
s

j

)
[a, jc, b, s+1−jc] +

s+1∑
j=1

(−1)j
(

s

j − 1

)
[a, jc, b, s+1−jc]

= [a, b, s+1c] +
s∑

j=1

(−1)j{
(
s

j

)
+

(
s

j − 1

)
}[a, jc, b, s+1−jc] + (−1)s+1[a, s+1c, b]

= [a, b, s+1c] +
s∑

j=1

(−1)j
(
s+ 1

j

)
[a, jc, b, s+1−jc] + (−1)s+1[a, s+1c, b]

=
s+1∑
j=0

(−1)j
(
s+ 1

j

)
[a, jc, b, s+1−jc]

and hence, the result follows.

Lemma 4.2. Let G be a (nilpotent of class 2)-by-abelian and abelian-by-(nilpotent
of class 2) Lie algebra, that is, γ3(G

′) + (γ3(G))′ = {0}. Then:
(1) For all r ≥ 2, z1, . . . , zr ∈ G, σ ∈ Sr and v1, v2 ∈ G′ ,

[v1, z1, . . . , zr, v2] = [v1, zσ(1), . . . , zσ(r), v2].

(2) For all z ∈ G, v1 ∈ γ3(G) and v2 ∈ G′ , [v1, v2, z] = [v1, z, v2].
(3) For all u, v ∈ G′ , x, y ∈ G and k ≥ 1,

[u, kx+ y, v] =
k∑

i=0

(
k

i

)
[u, k−ix, iy, v].

(4) For all u, v ∈ G′ , x, y ∈ G, k ≥ 1 and m,n ≥ 0, with m+ n ≥ 1,

[u, mx, ny, v, kx+ y] =
k∑

i=0

(
k

i

)
[u, m+k−ix, n+iy, v].

Proof. (1) By the Jacobi identity in the form [a, b, c] = [a, c, b] + [a, [b, c]] and
since γ3(G

′) = {0} , the result may be easily obtained.
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(2) By the Jacobi identity in the form [a, b, c] = [a, c, b] + [a, [b, c]] and since
(γ3(G))′ = {0} , we get the result.

(3) Let u, v ∈ G′ and x, y ∈ G . We use induction on k . For k = 1 , the result is
trivially true. Assume that the result is true for some k ≥ 1 , that is, assume that
[u, kx + y, v] =

∑k
i=0

(
k
i

)
[u, k−ix, iy, v] . By Lemma 4.2(2), [u, k+1x + y, v] =

[u, kx + y, v, x + y] and hence, by our inductive argument, [u, k+1x + y, v] =∑k
i=0

(
k
i

)
[u, k−ix, iy, v, x+ y] . Therefore, by Lemma 4.2(1)-(2),

[u, k+1x+ y, v] =
k∑

i=0

(
k

i

)
([u, k−i+1x, iy, v] + [u, k−ix, i+1y, v]).

Thus,

[u, k+1x+ y, v] =
k∑

i=0

(
k

i

)
[u, k−i+1x, iy, v] +

k∑
i=0

(
k

i

)
[u, k−ix, i+1y, v]

=
k∑

i=0

(
k

i

)
[u, k−i+1x, iy, v] +

k+1∑
i=1

(
k

i− 1

)
[u, k−i+1x, iy, v]

= [u, k+1x, v] +
k∑

i=1

(
(
k

i

)
+

(
k

i− 1

)
)[u, k−i+1x, iy, v] + [u, k+1y, v]

= [u, k+1x, v] +
k∑

i=1

(
k + 1

i

)
[u, k−i+1x, iy, v] + [u, k+1y, v]

=
k+1∑
i=0

(
k + 1

i

)
[u, k+1−ix, iy, v]

and the result follows.

(4) Let u, v ∈ G′ , x, y ∈ G and let m,n ≥ 0 , with m + n ≥ 1 , and k ≥ 1 . By
Lemma 4.2(2),

[u, mx, ny, v, kx+ y] = [u, mx, ny, kx+ y, v].

Therefore, by Lemma 4.2(3) and Lemma 4.2(1),

[u, mx, ny, v, kx+ y] =
k∑

i=0

(
k

i

)
[u, mx, ny, k−ix, iy, v]

=
k∑

i=0

(
k

i

)
[u, m+k−ix, n+iy, v]

and hence, we get the result.

Recall that R2 = L2/(γ3(L
′
2) + (γ3(L2))

′) is freely generated by the set {x1, x2} .
Since L2/L

′
2
∼= R2/R

′
2 in a natural way, the set {x1 + R′

2, x2 + R′
2} is a basis of

the quotient R2/R
′
2 . Since L′

2/L
′′
2
∼= R′

2/R
′′
2 in a natural way, it follows from [2,

Section 2.4.2, p. 64] that the set {[x2, x1, m1x1, m2x2] +R′′
2 : m1,m2 ≥ 0} is a basis

of the quotient R′
2/R

′′
2 . For a positive integer c , with c ≥ 4 , we write (R′′

2)
c for the

K -vector subspace of R′′
2 spanned by all Lie commutators of R′′

2 of homogeneous
degree c .
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By [7, Lemma 2.1], (R′′
2)

c has a basis

{[x2, x1, m1x1, m2x2, [x2, x1]] : m1,m2 ≥ 0, m1 +m2 = c− 4}.

In the following result, we summarize the aforementioned results.

Proposition 4.3. (1) The set {x1, x2} is a basis of the K -vector subspace R1
2 .

(2) For 2 ≤ d ≤ 4, the set {[x2, x1, mx1, nx2] : m,n ≥ 0, m + n = d − 2} is a
basis of the K -vector subspace Rd

2 .
(3) For d ≥ 5, the set {[x2, x1, mx1, nx2, [x2, x1]] : m,n ≥ 0, m+ n = d− 4} is

a basis of the K -vector subspace (R′′
2)

d and the set{
[x2, x1, m1x1, n1x2], [x2, x1, m2x1, n2x2, [x2, x1]] :

m1, n1,m2, n2 ≥ 0, m1 + n1 = d− 2, m2 + n2 = d− 4

}
is a basis of the K -vector subspace Rd

2 .
(4) The set

{x1, x2, [x2, x1, m1x1, n1x2], [x2, x1, m2x1, n2x2, [x2, x1]] : m1, n1,m2, n2 ≥ 0}

is a basis of R2 . In particular, the set {x1 + R′
2, x2 + R′

2} is a basis of the
quotient R2/R

′
2 , the set {[x2, x1, mx1, nx2] +R′′

2 : m,n ≥ 0} is a basis of the
quotient R′

2/R
′′
2 and the set {[x2, x1, m1x1, m2x2, [x2, x1]] : m1,m2 ≥ 0} is a

basis of R′′
2 .

By Proposition 4.3, we may give a proof of the following useful result.

Lemma 4.4. If [w, x1 + x2] = 0 for some w ∈ R′′
2 , then w = 0.

Proof. Since R′′
2 =

⊕
d≥5(R

′′
2)

d , it suffices to show the result for w ∈ (R′′
2)

d , with
d ≥ 5 . Throughout the proof, we write u = [x2, x1] . By Proposition 4.3(3), we may
write

w =
∑

m,n≥0
m+n=d−4

cm,n[u, mx1, nx2, u] =
d−4∑
m=0

cm,d−4−m[u, mx1, d−4−mx2, u].

Hence, by Lemma 4.2(2),

[w, x1 + x2] =
d−4∑
m=0

cm,d−4−m([u, m+1x1, d−4−mx2, u] + [u, mx1, d−3−mx2, u])

=
d−3∑
m=1

cm−1,d−3−m[u, mx1, d−3−mx2, u] +
d−4∑
m=0

cm,d−4−m[u, mx1, d−3−mx2, u].

Since [w, x1 + x2] = 0 , it follows from Proposition 4.3(3) that
c0,d−4 = 0 , cm−1,d−3−m + cm,d−4−m = 0 for all m = 1, ..., d− 4 , and cd−4,0 = 0 .

Hence, it follows that cm,d−4−m = 0 for all m = 0, . . . , d − 4 and therefore, w = 0
as required.
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5. The Lie algebra of symmetric polynomials in
R2 = L2/(γ3(L

′
2) + (γ3(L2))

′).

5.1. The Lie algebra MS2
2

Let M2 = L2/L
′′
2 be a free metabelian Lie algebra of rank 2 freely generated by the

set {y1, y2} . We write π for the natural Lie algebra epimorphism from R2 onto M2 ,
defined by π(xi) = yi , i = 1, 2 . By Proposition 3.1(1), the restriction π∗ of π on
RS2

2 is a Lie algebra epimorphism from RS2
2 onto MS2

2 . Since
L′′
2/(γ3(L

′
2) + (γ3(L2))

′) = (L2/(γ3(L
′
2) + (γ3(L2))

′))′′ = R′′
2,

it follows from Proposition 3.1(1) that ker(π∗) = (R′′
2)

S2 .
For non-negative integers m and n , write tm,n for the element of MS2

2 defined by
tm,n = [y2, y1, my1, ny2]− [y2, y1, my2, ny1].

Since M2 is metabelian, it is easily verified that
tm,n = [y2, y1, my1, ny2]− [y2, y1, ny1, my2].

The Lie algebra MS2
2 has been studied in [10]. It has been proved in [10, Corol-

lary 3.2] that the set {y1 + y2, tm,n : m > n ≥ 0} is a basis of MS2
2 and in [10,

Theorem 3.4] that the set {y1 + y2, t2n−1,0 : n ≥ 1} is a generating set of MS2
2 .

Remark 5.1. Since M2 is metabelian, it is readily verified that
[t2m−1,0, ry1 + y2, [t2n−1,0 sy1 + y2]] = 0 for all m,n ≥ 1 and r, s ≥ 0 .

Since, in a Lie algebra L , [a, [b, sc]] = −[b, sc, a] for all a, b, c ∈ L and s ≥ 0 , and
by Lemma 4.1, for a, b, c ∈ L and r, s > 0 ,

[a, rc, [b, sc]] =
s∑

j=0

(−1)j
(
s

j

)
[a, r+jc, b, s−jc],

we point out that the relations of the form [t2m−1,0, ry1 + y2, [t2n−1,0, sy1 + y2]] = 0
in MS2

2 follow from the relations of the form [t2m−1,0, ry1 + y2, t2n−1,0] = 0 . By [10,
proof of Theorem 3.5], there are no other non-trivial relations in MS2

2 .

We summarize the aforementioned results.

Proposition 5.2. (1) The set {y1 + y2, tm,n : m > n ≥ 0} is a basis of MS2
2 . In

particular, for a positive integer d, with d ≥ 3, the set
{tm,n : m > n ≥ 0, m+ n = d− 2}

is a basis of the K -vector subspace (Md
2 )

S2 .
(2) MS2

2 has a presentation
⟨{y1 + y2, t2n−1,0 : n ≥ 1} | [t2i−1, rx1 + x2, t2j−1] = 0, i, j ≥ 1, r ≥ 0⟩.

By Proposition 5.2(2), we get directly the next result.

Corollary 5.3. The set {y1 + y2, t2n−1,0 : n ≥ 1} is a minimal generating set
of MS2

2 .
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5.2. Relations in RS2
2

Since [zm,n rx1 + x2], wm,n ∈ γ3(R2) for all m,n ≥ 0 , with m + n ≥ 1 , and r ≥ 0 ,
and (γ3(R2))

′ = {0} , we get directly the following relations in RS2
2 .

Lemma 5.4. For all u, v ∈ {[zm,n, wm,n : m,n ≥ 0, m+ n ≥ 1} and r, s ≥ 0,

[u, rx1 + x2, [v sx1 + x2]] = 0.

Remark 5.5. By similar arguments as in Remark 5.1, we point out that the
relations of the form [u, rx1 + x2, [v, sx1 + x2]] = 0 in Lemma 5.4 follow from the
relations of the form [u, rx1 + x2, v] = 0 .

Lemma 5.6. (1) For non-negative integers m and n, with m+n ≥ 1, wm,n = wn,m .

(2) For non-negative integers m and n, with m ≥ n and m+n ≥ 1, the elements
wm,n are linearly independent over K .

(3) For non-negative integers r , m and n, with m+ n ≥ 1,

[wm,n, rx1 + x2] =
r∑

i=0

(
r

i

)
wm+r−i,n+i.

(4) For m ≥ 1 and n ≥ 0, write Wm,n = wm,n + wm−1,n+1 . Then:

(a) Wm,n = Wn+1,m−1 .
(b) For positive integers r and m, [wm,0, rx1 + x2] belongs to the K -vector

space spanned by the set {Wm+r−j,j : j = 0, . . . , r − 1}.

Proof. (1) By Lemma 4.2(1),

wm,n = [x2, x1, mx1, nx2, [x2, x1]] + [x2, x1, mx2, nx1, [x2, x1]]

= [x2, x1, nx2, mx1, [x2, x1]] + [x2, x1, nx1, mx2, [x2, x1]] = wn,m.

(2) Since, by Lemma 4.2(2), for m ≥ n ≥ 0 , with m+ n ≥ 1 ,

wm,n = [u, mx1, nx2, u] + [u, mx2, nx1, u]

= [u, mx1, nx2, u] + [u, nx1, mx2, u]

and by Proposition 4.3(4), the elements [u, mx1, nx2, u] , with m ≥ n ≥ 0 and
m+ n ≥ 1 , are linearly independent over K , the result follows.

(3) Throughout the proof, we write u = [x2, x1] . Since, by Lemma 4.2(2),

wm,n = [u, mx1, nx2, u] + [u, nx1, mx2, u],

it follows from Lemma 4.2(4) that

[wm,n, rx1 + x2] =

=
r∑

i=0

(
r

i

)
[u, m+r−ix1, n+ix2, u] +

r∑
i=0

(
r

i

)
[u, n+r−ix1, m+ix2, u]
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=
r∑

i=0

(
r

i

)
[u, m+r−ix1, n+ix2, u] +

r∑
i=0

(
r

i

)
[u, n+ix1, m+r−ix2, u]

=
r∑

i=0

(
r

i

)
([u, m+r−ix1, n+ix2, u] + [u, n+ix1, m+r−ix2, u])

=
r∑

i=0

(
r

i

)
wm+r−i,n+i.

(4a) By Lemma 5.6(1) we have
Wm,n = wm,n + wm−1,n+1 = wn,m + wn+1,m−1 = Wn+1,m−1.

(4b) For i ∈ {0, . . . , r} , write λi =
(
r
i

)
−

(
r

i−1

)
+ . . . + (−1)i

(
r
0

)
and observe that

λr = 0 and λi + λi−1 =
(
r
i

)
, i = 1, . . . , r . Since, by Lemma 5.6(3),

[wm,0, rx1 + x2] =
r∑

i=0

(
r

i

)
wm+r−i,i,

[wm,0, rx1 + x2] = λ0wm+r,0 +
r−1∑
i=1

(λi + λi−1)wm+r−i,i + λr−1wm,r

=
r−1∑
i=0

λi(wm+r−i,i + wm+r−i−1,i+1) =
r−1∑
i=0

λiWm+r−i,i

and hence, we get the result.

Lemma 5.7. Let B be the Lie subalgebra of RS2
2 generated by the set

{x1 + x2, z2m−1,0 : m ≥ 1}.

Then, Bd ∩R′′
2 = {0} for all d ≥ 1.

Proof. The result is trivially true for 1 ≤ d ≤ 4 and hence, we may assume
that d ≥ 5 . Furthermore, we assume that d is odd and we point out that similar
arguments may be applied in the case that d is even. Let d = 2s+1 for some s ≥ 2
and suppose on the contrary that there exists some u ∈ Bd ∩R′′

2 such that u ̸= 0 .
It follows from Lemma 5.4 that u has the form

u = λ2s−1z2s−1,0 + λ2s−3[z2s−3,0, 2x1 + x2] + . . .+ λ1[z1,0, 2s−2x1 + x2].

Since u ∈ (R′′
2)

S2 , π∗(u) = 0 . Hence, by applying π∗ on the above equation and by
the notation in Section 5.1, we get

0 = λ2s−1t2s−1,0 + λ2s−3[t2s−3,0, 2y1 + y2] + . . .+ λ1[t1,0, 2s−2y1 + y2].

But, by Proposition 5.2(2), there are no non-trivial relations among the elements of
the set {y1 + y2, t2m−1,0 : m ≥ 1} . Hence, it follows that

λ2s−1 = λ2s−3 = . . . = λ1 = 0.

Therefore, u = 0 , which is the required contradiction and hence, we obtain the
required result.
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6. The main results

6.1. A basis of the Lie algebra RS2
2

Proposition 6.1. For a positive integer d, with d ≥ 5, the set
{wm,n : m ≥ n ≥ 0, m+ n = d− 4}

is a basis of the K -vector space ((R′′
2)

d)S2 .

Proof. Throughout the proof, we write [x2, x1] = u . Let f(x1, x2) be a sym-
metric polynomial in ((R′′

2)
d)S2 , with d ≥ 5 . Since ((R′′

2)
d)S2 ⊆ (R′′

2)
d , by Proposi-

tion 4.3(3) we may write

f(x1, x2) =
∑

m,n≥0
m+n=d−4

cm,n[u mx1, nx2, u],

where cm,n ∈ K . Hence,

f(x2, x1) =
∑

m,n≥0
m+n=d−4

cm,n[x1, x2, mx2, nx1, [x1, x2]] =
∑

m,n≥0
m+n=d−4

cm,n[u, mx2, nx1, u]

and hence, by Lemma 4.2(1),

f(x2, x1) =
∑

m,n≥0
m+n=d−4

cm,n[u, nx1, mx2, u] =
∑

m,n≥0
m+n=d−4

cn,m[u, mx1, nx2, u].

Since f(x1, x2) = f(x2, x1) , we get∑
m,n≥0

m+n=d−4

cm,n[u, mx1, nx2, u] =
∑

m,n≥0
m+n=d−4

cn,m[u, mx1, nx2, u].

Since, by Proposition 4.3(3), the set {[u, mx1, nx2, u] : m,n ≥ 0, m+n = d−4} is a
basis of (R′′

2)
d , it follows from the above equation that cm,n = cn,m for all m,n ≥ 0 ,

with m+ n = d− 4 . Assume at first that d is even, with d ≥ 6 . Hence,

f(x1, x2) =
∑

m,n≥0
m+n=d−4

cm,n[u, mx1, nx2, u]

=
∑

m≥n≥0
m+n=d−4

cm,n[u, mx1, nx2, u] +
∑

0≤m<n
m+n=d−4

cm,n[u, mx1, nx2, u]

=
∑

m≥n≥0
m+n=d−4

cm,n[u, mx1, nx2, u] +
∑

m>n≥0
m+n=d−4

cn,m[u, nx1, mx2, u]

=
∑

m≥n≥0
m+n=d−4

cm,n[u, mx1, nx2, u] +
∑

m>n≥0
m+n=d−4

cm,n[u, nx1, mx2, u]

= cm,m[u, mx1, mx2, u] +
∑

m>n≥0
m+n=d−4

cm,n([u, mx1, nx2, u] + [u, nx1, mx2, u])

=
1

2
cm,mwm,m +

∑
m>n

m+n=d−4

cm,nwm,n.
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Assume now that d is odd. By similar arguments as above, we get

f(x1, x2) =
∑
m>n

m+n=d−4

cm,nwm,n.

Hence, by the above, the set {wm,n : m ≥ n ≥ 0, m + n = d − 4} spans the
K -vector space ((R′′

2)
d)S2 . Furthermore, by Lemma 5.6(2), the elements wm,n , with

m ≥ n ≥ 0 and m+ n = d− 4 , are linearly independent over K . Therefore, we get
the required result.

Since (R′′
2)

S2 =
⊕

d≥1((R
′′
2)

d)S2 , the next result follows directly from Proposition 6.1.

Corollary 6.2. The set {wm,n : m ≥ n ≥ 0, m + n ≥ 1} is a basis of the
K -vector space (R′′

2)
S2 .

Proof of Theorem 2.1. Throughout the proof, we write

D = {x1 + x2, zm,n : m > n ≥ 0} and D′ = {wm,n : m ≥ n ≥ 0, m+ n ≥ 1}.

Since, by the notation in Section 5.1, π∗(x1 + x2) = y1 + y2 and π∗(zm,n) = tm,n ,
it follows from Proposition 5.2(1) that π∗(D) is a basis of MS2

2 . Furthermore,
by Corollary 6.2, D′ is a basis of the K -vector space (R′′

2)
S2 . Therefore, by

Proposition 3.1 (2), the set D ∪D′ is a basis of RS2
2 and so, we obtain the required

result.

Corollary 6.3. (1) The set {x1+x2} is a basis of the K -vector subspace (R1
2)

S2 .
(2) (R2

2)
S2 = {0}.

(3) For 3 ≤ d ≤ 4, the set {zm,n : m > n ≥ 0, m + n = d− 2} is a basis of the
K -vector subspace (Rd

2)
S2 .

(4) For d ≥ 5, the set

{zm1,n1 , wm2,n2 : m1 > n1 ≥ 0, m1+n1 = d−2, m2 > n2 ≥ 0, m2+n2 = d−4}

is a basis of the K -vector subspace (Rd
2)

S2 .

6.2. A minimal generating set of the Lie algebra RS2
2

Lemma 6.4. Let X1 = {x1+x2, z2m−1,0, wm,0 : m ≥ 1} and let L(X1) be the Lie
subalgebra of RS2

2 generated by the set X1 . Then, RS2
2 = L(X1).

Proof. Throughout the proof, we write X1 = D1 ∪D2 , where

D1 = {x1 + x2, z2m−1,0 : m ≥ 1} and D2 = {wm,0 : m ≥ 1}.

We point out that D2 ⊆ (R′′
2)

S2 and, by Proposition 5.2(2), π∗(D1) is a generating
set of MS2

2 . Hence, by Proposition 3.2, to complete the proof, it suffices to show
that u ∈ L(D1 ∪D2) = L(X1) for all u ∈ (R′′

2)
S2 . Since, by Corollary 6.2, the set

{wm,n : m ≥ n ≥ 0, m+ n ≥ 1} is a basis of the K -vector space (R′′
2)

S2 , it suffices
to show that wm,n ∈ L(X1) for all m , n , with m ≥ n ≥ 0 , m+ n ≥ 1 .
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By Lemma 5.6(3) we have [wm,0, x1 + x2] = wm+1,0 + wm,1 . Since, by definition,
[wm,0, x1 + x2] , wm+1,0 ∈ L(X1) , it follows that wm,1 ∈ L(X1) for all m ≥ 1 .
Similarly, by Lemma 5.6(3), [wm,1, x1 + x2] = wm+1,1 + wm,2 . Since, by the above,
[wm,1, x1 + x2], wm+1,1 ∈ L(X1) , it follows that wm,2 ∈ L(X1) for all m ≥ 1 . By
continuing the same process, wm,n ∈ L(X1) for all m , n , with m ≥ n ≥ 0 , m+n ≥ 1
and hence, we get the result.

Proposition 6.5. Let X2 = {x1 + x2, z2m−1,0, w1,0, w2m,0 : n ≥ 1} and let L(X2)
be the Lie subalgebra of RS2

2 generated by the set X2 . Then, RS2
2 = L(X2).

Proof. Since, by Lemma 6.4, the set X1 = {x1 + x2, z2m−1,0, wm,0 : m ≥ 1} is a
generating set of RS2

2 , it suffices to show that w2m+1,0 ∈ L(X2) for all m ≥ 1 . We
use induction on m . Since w1,0, w2,0, x1 + x2 ∈ L(X2) , by Lemma 5.6(3)

[w2,0, x1 + x2] = w3,0 + w2,1, [w1,0, 2x1 + x2] = w3,0 + 2w2,1 + w1,2

and by Lemma 5.6(2), w2,1 = w1,2 , it follows that

w3,0 + w2,1 ≡ 0 mod (L(X2)), w3,0 + 3w2,1 ≡ 0 mod (L(X2)).

Since char(K) = 0 , it follows that w3,0 ∈ L(X2) and thus, the result is true for
m = 1 . Let m > 1 and assume that w2k+1,0 ∈ L(X2) for all 1 ≤ k < m . We show
that w2m+1,0 ∈ L(X2) .
We claim that w2m−t,t+1 ≡ (−1)t+1w2m+1,0 mod (L(X2)) for all t = 0, . . . ,m . We
prove this claim by using the above inductive argument and by induction on t . Since,
by Lemma 5.6(3), [w2m,0, x1+x2] = w2m+1,0+w2m,1 and w2m,0, x1+x2 ∈ L(X2) , we
get w2m,1 ≡ −w2m+1,0 mod (L(X2)) , that is, our claim is true for t = 0 . Assume
that our claim is true for all 0 ≤ t < m , that is, assume that

w2m−t,t+1 ≡ (−1)t+1w2m+1,0 mod (L(X2)) for all 0 ≤ t < m. (1)

By Lemma 5.6(3),

[w2m−t−1,0, t+2x1 + x2] =
t+2∑
i=0

(
t+ 2

i

)
w2m+1−i,i.

Since 2m− t− 1 < 2m , by our inductive argument we get w2m−t−1,0 ∈ L(X2) and
therefore, [w2m−t−1,0, t+2x1 + x2] ∈ L(X2) . Thus, by working modulo L(X2) ,

t+2∑
i=0

(
t+ 2

i

)
w2m+1−i,i ≡ 0 mod (L(X2)),

that is,

w2m+1,0 +
t∑

i=0

(
t+ 2

i+ 1

)
w2m−i,i+1 + w2m−t−1,t+2 ≡ 0 mod (L(X2)),

Hence, by Equation (1),

w2m+1,0 +
t∑

i=0

(
t+ 2

i+ 1

)
(−1)i+1w2m+1,0 + w2m−t−1,t+2 ≡ 0 mod (L(X2)).
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But,
∑t

i=0

(
t+2
i+1

)
(−1)i+1 = −1− (−1)t+2 . Therefore, by the above equation,

w2m−t−1,t+2 ≡ (−1)t+2w2m+1,0 mod (L(X2)).

Thus, our claim is also true for t + 1 and therefore, our claim is true for all
t = 0, . . . ,m , that is,

w2m−t,t+1 ≡ (−1)t+1w2m+1,0 for all t = 0, . . . ,m.

Hence, for t = m− 1 ,
wm+1,m ≡ (−1)mw2m+1,0 mod (L(X2))

and for t = m ,
wm,m+1 ≡ (−1)m+1w2m+1,0 mod (L(X2)).

Since, by Lemma 5.6(2), wm+1,m = wm,m+1 , it follows from the above equations that
2w2m+1,0 ≡ 0 mod (L(X2)) . Hence, w2m+1,0 ≡ 0 mod (L(X2)) and thus, we get
the result.

Proof of Theorem 2.2. Throughout the proof, we write

D1 = {x1 + x2, z2n−1,0 : n ≥ 1} and D2 = {w1,0, w2n,0 : n ≥ 1}.

We point out that by Proposition 6.5 the set D1 ∪D2 is a generating set of RS2
2 , by

Corollary 5.3 π∗(D1) is a minimal generating set of MS2
2 and by Proposition 6.5,

D1 ∪ D2 is a generating set of RS2
2 . Hence, to show that D1 ∪ D2 is minimal, by

Proposition 3.3 it suffices to show that for any u ∈ D2 , u /∈ L(D1 ∪D2 \ {u}) .
Since (R′′

2)
S2 =

⊕
d≥1((R

′′
2)

d)S2 , it suffices to show that

w1,0 /∈L(D1∪D2\{w1,0})∩((R′′
2)

5)S2 and w2n,0 /∈L(D1 ∪D2\{w2n,0}) ∩ ((R′′
2)

2n+4)S2

for all n ≥ 1 . By Lemma 5.7, it is straightforward to verify that

w1,0 /∈ L(D1 ∪D2 \ {w1,0}) ∩ ((R′′
2)

5)S2 .

Assume that n ≥ 1 and suppose on the contrary that

w2n,0 ∈ L(D1 ∪D2 \ {w2n,0}) ∩ ((R′′
2)

2n+4)S2 .

In consequence of Lemma 5.7 and Lemma 5.4, the only nontrivial elements in
L(D1 ∪D2 \ {w2n,0})∩ ((R′′

2)
2n+4)S2 are the elements of the form [w1,0, 2n−1x1 + x2]

and [w2n−2k,0, 2kx1 + x2] , with 1 ≤ k ≤ n− 1 (with n ≥ 2). Therefore, w2n,0 may
be written as a K -linear combination of such elements. Hence, by Lemma 5.6(4b),
w2n,0 belongs to the K -vector subspace spanned by the set

{W2n−k,k = w2n−k,k + w2n−k−1,k+1 : k = 0, . . . , 2n− 2}.

Hence, by Lemma 5.6(4a), w2n,0 belongs to the K -vector subspace spanned by the
set {W2n−k,k : k = 0, . . . , n− 1} . Thus, we may write

w2n,0 =
n−1∑
k=0

λkW2n−k,k =
n−1∑
k=0

λk(w2n−k,k + w2n−k−1,k+1).

Therefore, by Proposition 6.1, we get

λ0 = 1, λk + λk+1 = 0, k = 0, . . . , n− 2, λn−1 = 0

and so, we get the required contradiction.
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6.3. A presentation of the Lie algebra RS2
2

Proof of Theorem 2.3. By Theorem 2.2, X is a generating set of RS2
2 and, by

Lemma 5.4, R is a set of relations in RS2
2 . We show that there is no other non-

trivial relation among the elements of X . Write D1 = {x1 + x2, z2n−1,0 : n ≥ 1}
and D2 = {x1 + x2, w2n−1,0 : n ≥ 1} . If there is another non-trivial relation in
L(D1) , then, (by the notation in Section 5.1) by applying the mapping π∗ , we get
a non-trivial relation among the elements y1 + y2 , t1,0, . . . , t2n−1,0 in MS2

2 , which,
by Proposition 5.2(2) is the required contradiction. By Lemma 5.7, by Remark 5.5
and by the set of relations R , it is clear enough that it suffices to show that there is
no other non-trivial relation in L(D2) . Since RS2

2 is a graded Lie algebra, it suffices
to show that there is no non-trivial relation among the elements of (L(D2))

d for all
d ≥ 5 . Since this is trivially true for d = 5 , we may assume that d ≥ 6 .
At first, assume that d is even, d = 2k , with k ≥ 3 . We show the result by
induction on k . For k = 3 , we may consider a relation c1w2,0+ c2[w1,0, x1+x2] = 0 ,
where c1, c2 ∈ K . By Lemma 5.6(3), we get (c1 + c2)w2,0 + c2w1,1 = 0 . Hence, by
Proposition 6.1, c1 = c2 = 0 , as required. Assume that the result is true for some
k ≥ 3 , that is, assume that there is no other non-trivial relation among the elements
of (L(D2))

2k . Suppose that there is a non-trivial relation in (L(D2))
2k+2 . Hence,

by the set of relations R and by Remark 5.5, such a relation has the form

λ2k−1[w1,0, 2k−3x1 + x2] +
k−1∑
j=1

λ2j−2[w2k−2j,0, 2j−2x1 + x2] = 0.

It follows from Theorem 2.2 that λ0 = 0 and hence, we have

λ2k−1[w1,0, 2k−3x1 + x2] +
k−1∑
j=2

λ2j−2[w2k−2j,0, 2j−2x1 + x2] = 0,

that is,

[λ2k−1[w1,0, 2k−5x1 + x2] +
k−1∑
j=2

λ2j−2[w2k−2j,0, 2j−4x1 + x2], 2x1 + x2] = 0.

Hence, by Lemma 4.4, we get

λ2k−1[w1,0, 2k−5x1 + x2] +
k−1∑
j=2

λ2j−2[w2k−2j,0, 2j−4x1 + x2] = 0 in (L(D2))
2k.

Thus, by our inductive argument,

λ2k−1 = λ2 = . . . = λ2k−4 = 0

and therefore, we get the required contradiction. Hence, it follows that the result is
true for all d , with d even.
Assume now that d is odd, d = 2k + 1 , with k ≥ 3 and suppose on the contrary
that there is a non-trivial relation in (L(D2))

2k+1 . By the set of relations R and by
Remark 5.5, such a relation has the form

µ2k−4[w1,0, 2k−4x1 + x2] +
k−1∑
j=2

µ2j−3[w2k−2j,0, 2j−3x1 + x2] = 0.
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Thus,

[µ2k−4[w1,0, 2k−5x1 + x2] +
k−1∑
j=2

µ2j−3[w2k−2j,0, 2j−4x1 + x2], x1 + x2] = 0.

Therefore, by Lemma 4.4, we get

µ2k−4[w1,0, 2k−5x1 + x2] +
k−1∑
j=2

µ2j−3[w2k−2j,0, 2j−4x1 + x2] = 0 in (L(D2))
2k.

Hence, as shown above,

µ2k−4 = µ1 = . . . = µ2k−5 = 0

and thus, we obtain the required result.

Remark 6.6. Let R2,c = L2/(γ3(L
′
2)+(γ3(L2))

′+γc+1(L2)) be the free (nilpotent
of class 2)-by-abelian and abelian-by-(nilpotent of class 2) and nilpotent Lie algebra
of rank 2 and class c , with c ≥ 1 . Then, by Proposition 3.4 and Theorem 2.1,
Theorem 2.2 and Theorem 2.3, we get a basis, a minimal generating set and a
presentation of RS2

2,c .
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