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Abstract. For a positive integer n, with n > 2, let L,, be the free Lie algebra over a field K
of characteristic 0 and let P, = L,,/Vi(L,) and Q,, = L, /Va(L,) be relatively free Lie algebras,
with Vi(L,) C Va(L,). For a non-trivial finite subgroup G of GL,(K), let PS¢ and Q¢ be the
Lie subalgebras of invariants in P, and Q,,, respectively. We give connections between PS¢ and
Q% . For G = Sy, we apply our methods to Lo/Ly and Ry = Lo/(v3(Lh) + (v3(L2))') (i-e., Ry is
a free (nilpotent of class 2)-by-abelian and abelian-by-(nilpotent of class 2) Lie algebra of rank 2).
We give a basis and a minimal infinite generating set for Rg 2 and we find a presentation of RQS 2,
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1. Introduction

For a positive integer n, with n > 2, let L,, be the free Lie algebra of rank n over a
field K of characteristic 0. Let G be a non-trivial finite subgroup of Aut(L,). We
say that an element a € L, is a G-invariant if a = 6(a) for all § € G. It is clear
enough that the set LS of all G-invariants in L,, is a Lie subalgebra of L,. We call
L& the Lie subalgebra of G-invariants in L,,. It has been proved in [3] that LS is
infinitely generated and the generating series for the number of free generators of L¢
is found in [14]. Let ¥ be a non-trivial variety of Lie algebras, that is, U(L,,) C L],
where U(L,) denotes the fully invariant ideal of L, corresponding to U, and let
B, = L,/U(L,). Thus, B, is a relatively free Lie algebra of rank n. As in the
case of the free Lie algebra, for a finite subgroup G of Aut(B,), we say that an
element a € B, is a G-invariant in B, if a = 0(a) for all # € G and we write BY
for the Lie subalgebra of G-invariants in B,,. It has been proved in [8] that if B, is
nilpotent, then B is finitely generated, whereas if B, is free in a variety containing
the metabelian variety, then BY is infinitely generated. Analogous results hold when
the field is of prime characteristic, see [3], [5], [8]. It is an interesting problem to
find a minimal generating set and a presentation in terms of generators and defining
relators of the Lie algebra of invariants BS of a relatively free Lie algebra B, .

Let Vi(L,) and V5(L,) be fully invariant ideals of L,, such that V;(L,) C Va(L,).
Let P, = L,/Vi(L,) and Q,, = L, /V5(L,) be relatively free Lie algebras of rank n.
Our main aim is to give a connection between PS¢ and Q¢ (see Section 3 below).
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In the special case that G = S,,, we call an S,,-invariant element in B,, a symmetric
polynomial in B,,. For M, = L,,/L! (that is, M, is the free metabelian Lie algebra),
a generating set for M5m is given in [10] for n = 2 and in [9] for n > 3. In particular,
in [10], a basis and a presentation for My? were given. In [11], a basis and a minimal
generating set for the Lie algebra of symmetric polynomials in a free centre-by-
metabelian Lie algebra of rank 2 were given. We apply our methods to extend
the results of [10] in the case of a free (nilpotent of class 2)-by-abelian and abe-
lian-by-(nilpotent of class 2) Lie algebra Ry = Lo/(73(L5) + (73(L2))") of rank 2. In
Section 6, we give a basis of R3?, we find an (infinite) minimal generating set of R5>2
and we find a presentation of R5* (see Theorem 2.1, Theorem 2.2 and Theorem 2.3).

2. Preliminaries

Let K be a field of characteristic zero. By a Lie algebra we mean a Lie algebra
over K. We also write K -vector (sub)space instead of vector (sub)space over K.
For any Lie algebra, we use the left-normed convention for Lie commutators. Let
L be a Lie algebra. For x,y € L and for a non-negative integer x, we use the
notation [z, ,y| for the Lie commutator of z and k copies of y (in the case k =0,
we write [z, oy] = x). For a positive integer ¢, we write ~.(L) for the c-th term
of the lower central series of L. We write L' = (L), that is, L' is the derived
algebra of L, and L” = (L'). The automorphism group of L is denoted Aut(L).
We write IA(L) for the normal subgroup of Aut(L) consisting of all automorphisms
of L which induce the identity automorphism on L/L’ (these are the so-called TA-
automorphisms of L). For a non-empty subset X of L, we write L(X) for the
Lie algebra generated by the set X . We say that X is a minimal (or irredundant)
generating set of L(X) if for any z € X, x ¢ L(X \ {z}).

For a positive integer n, with n > 2, let L, be the free Lie algebra of rank n freely
generated by the set {(1,...,¢,}. Let ¥ be a non-trivial variety of Lie algebras and
let B,, = L,/U(L,) be a relatively free Lie algebra of rank n freely generated by the
set {z1,...,2n}, where z; = ¢; + U(L,,) for i = 1,...,n. In the case V(L,) = L,
M, = L,/L! is the free metabelian Lie algebra of rank n. For further information
about varieties of Lie algebras, we refer to [1] or [2]. We point out that there is a
well-known dichotomy for varieties of Lie algebras: a variety is either nilpotent or it
contains the variety of all metabelian Lie algebras. (If U is a non-trivial variety of
Lie algebras which does not contain the variety of all metabelian Lie algebras and
B, = L,,/O(L,,) is the free Lie algebra in the variety U, then U(L,) € L.

Hence, B, satisfies an Engel identity (see, for example, [4, proof of Corollary 5.4]).
Therefore, by [12], B,, is locally nilpotent (see also [13, Theorem 7.4]). Since B, is
finitely generated, it follows that B, is nilpotent. (Since B, is a Lie algebra over a
field of characteristic 0 which satisfies an Engel identity, the required result follows
also from [16].))

For a positive integer ¢, write BS = (LS + U(L,))/B(L,). We point out that
B = L¢/(LS NYW(L,)) and B¢ is the K-vector subspace of B, spanned by
all Lie commutators of total degree ¢ in zy,...,z,. Since UV(L,) C L/, the set
{z1,...,2,} is a basis of the K-vector space B!. Since K is infinite, we may see
by a Vandermonde determinant argument that B, = @ .., B: (see, for example,
[2, Section 4.2, Theorem 4.6]). -
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The general linear group GL, (K) acts naturally on the K -vector subspace of L,
spanned by ¢,...,¢,. We extend this action so that GL,(K) becomes a group
of algebra automorphisms of L, . It is clear that the K -vector subspace U(L,) is
GL,(K)-invariant. Therefore, GL,(K) acts as a group of algebra automorphisms of
B,, such that each BF is a (left) KGL,(K)-module. Since GL,(K) acts faithfully
on B,, we may regard GL, (K) as a subgroup of Aut(B,,). The natural map from B,
onto B, /B induces a natural group homomorphism, say g, , from Aut(B,) into
Aut(B,/B]). Since, by [6], Aut(B,/B},) = GL,(K) as groups, it is clear that fp, is
onto. We point out that the kernel of 8p, is IA(B,,). Since GL,(K)NIA(B,) = {1},
Aut(B,,) is the split extension of IA(B,) by GL,(K). If B is a residually nilpotent
Lie algebra (that is, N;>17:(B) = {0}) over a field K of arbitrary characteristic
and G is a non-trivial finite subgroup of IA(B), then K has prime characteristic p
and G is a p-group (see [5, Lemma 2.1], [8, Lemma 2.1]). Hence, in what follows,
we study the Lie subalgebra of G-invariants in a relatively free Lie algebra for a
non-trivial finite subgroup G of GL,(K).

Let Ry = Lo/(v3(L%) 4+ (v3(L2))’) be the free (nilpotent of class 2)-by-abelian and
abelian-by-(nilpotent of class 2) Lie algebra of rank 2 over a field K of characteristic
0 freely generated by the set {z1,z2} and let R§ % be the Lie subalgebra of symmetric
polynomials in Ry,. We point out that R252 may be identified with the Lie algebra
of invariants of the Zs-action permuting x; and x,. For non-negative integers m
and n, we use the following notation:

Amn = (T2, T1, m®1, nT2] — [T2, 71, mT2, nT1],

wm,n - [x27x17 mL1, nl2, [x27$1]] + [x27x17 mT2, nl1, [x27xl]]-
It is straightforward to verify that 2, ,, W, € R§2 for all m,n > 0.
By the above notation, we prove the following results.

Theorem 2.1. The set
{1 4+ 2, Zmy g s Wingmy = M1 >nq >0, mg >ng >0, mg+mng > 1}

is a basis of R5?.

Theorem 2.2.  The set {x1 + %2, 2on—1,0, W10, Wano : N > 1} is a minimal
generating set of R§2.

Theorem 2.3.  R5* has a presentation (X|R), where
X = {x1 + 9, 20n-1,0, W10, Wano : 1 > 1},

R = {[u, ,x1 + x2,v] =0 :u,v € {[z2n-1,0, W10, Wano] : m > 1}, 7 > 0}.

3. The subalgebra of invariants in relatively free Lie algebras

Let W be a K -vector space and G be a group acting (from the left) on W. We say
that w € W is a G-invariant if g-w = w for all ¢ € G. We write W% for the set
of all G-invariants in W, that is, W€ ={w € W : g-w =w for all g € G} and we
point out that W% is a K-vector subspace of W. Let W be a finite dimensional
vector space and G be a finite group acting (from the left) on W.
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Then, the Reynolds operator

1
w — €] Z g-v
geqG
maps W on W& and acts identically on W (see [15, Proposition 2.1.2]). If W,
and W5 are finite dimensional K -vector spaces, with Wy C Wi, and G is a finite
group acting (from the left) on W, and such that G(W,) = Wy (where G(W3) =
{g-w:g € Gwe Wy}), then, by Maschke’s Theorem, W; = (W;/Wy) @ Wy and
WE = (W /Wo)¢ @ WE as (left) KG-modules.

For a positive integer n, with n > 2, let L, be the free Lie algebra of rank n,
let B, = L,/0(L,) be a relatively free Lie algebra freely generated by the set
{21,...,2,} and let G be a non-trivial finite subgroup of GL,(K). (B¢)Y = BéNB¢
is the K-vector subspace of BY spanned by all G-invariants of total degree ¢ in
Z1,...,2, and BS = @, (BS)C is the Lie algebra of G-invariants in B,,. By the
above arguments, for W = B¢, with ¢ > 1, we may deduce that

BY = {3y 0(u) s u € B,}.

Let Vi(L,) and V5(L,) be fully invariant ideals of L,, such that Vi(L,) C Va(L,).
Let P, = L,/Vi(L,) and Q, = L,/Va(L,) be relatively free Lie algebras freely
generated by the sets {ai,...a,} and {by,...b,}, respectively, and let P¢ and Q¢
be the Lie algebras of G-invariants in P, and @), , respectively. We point out that
Py = @.1(P))Y, QF = @1 (@), (Va(Ln)/Vi(La)) = P70 (Va(Ln)/Vi(Ly))
for all ¢ > 1 and (Va(L,)/Vi(Ln)Y = @D, ((Va(Ly,)/Vi(Ly)))¢. Since we have
Vi(L,) C Va(L,), there is a natural Lie algebra epimorphism 7p, o, from P, onto
Q. , defined by m(a;) = b;, i = 1,...,n. By the above arguments, for W; = P¢
and Wy = (Va(L,)/Vi(Ly))¢, with ¢ > 1, and for a non-trivial finite subgroup G of
GL,(K), we point out that G((Va(L,)/Vi(L,))¢) = (Va(Ly,)/Vi(Ly,))¢ and hence, it
follows that ¢ = Q%@ (Va(Ly)/Vi(La))® and (PE)C 2 (Q4)C (Va(La)/Vi (Ln))")C
as (left) K G-modules. Therefore, we may deduce the following result.

Proposition 3.1. (1) Let 7y, o, be the restriction of mp,q, on PS. Then,
T 0. (POY) = (Q5)Y forall ¢ > 1 and 7}, , is a Lie algebra epimorphism
from PS onto QS with kernel ker(n}, o ) = (Va(Ly)/Vi(Ln))“ .
(2) If the set C = {c;:i=1,2,...} is a basis of QY
D = {d; € PY Tp,on(di) =ci, i=1,2,...} C PY
and the set D' is a basis of ker(n}, o ), then DU D' is basis of PS .

In the following, we give conditions to extend a (minimal) generating set of Q% to
a (minimal) generating set of PY.

Proposition 3.2.  If C is a generating set of QS , D is a subset of PS such that
Th 0.,(D) = C and D' is a subset of (Va(Ly)/Vi(Lyn))“, then DUD' is a generating
set of PS if and only if u € L(DU D) for all uw € (Va(Ly)/Vi(Ly,))< .

Proof. For the non-trivial part of the proof, assume that v € L(D U D’) for
all u € (Vo(L,)/Vi(Ln))¥. We need to show that PS¢ = L(D U D'). Clearly, it
suffices to show that P¥ C L(DU D’). Let v € PY. Then, by Proposition 3.1(1),

W?%,Qn(v) €Qs.
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Since C is a generating set of Q¢, QY = L(C) and therefore, 75, 0, (V) € L(C).
Since 7}, o, (D) = C, it follows that 7}, o (v) € L(7}, o, (D)). Since, by Proposi-
tion 3.1(1), 7 o, is a homomorphism of Lie algebras, it follows that 7p, o (v) =
Tp, @, (2) for some z € L(D). Since D C DU D', we point out that z € L(DU D').
Furthermore, v = z + w for some w € Ker(rnp, o ). Hence, by Proposition 3.1(1),
w € (Va(Ly,)/Vi(Ly,))¢ and therefore, w € L(D U D'). Since z,w € L(DU D’) and
v=2z+w, weget v € L(DUD'). Therefore, P C L(DUD') and hence, we obtain
the required result. [ ]

Proposition 3.3. IfC = {c;:i=1,2,...} is a minimal generating set of Q%,
D = {d; € P{ : 7p o (di) = ¢, i = 1,2,...} C P and D' is a subset of
(Va(Ly) /VA(Lp))Y, then DU D' is a minimal generating set of PS if and only if the
following conditions hold:

(1) we L(DUD') for all ue (Vo(Lyn)/Vi(Ly))C.

(2) Foranyue D', u¢ L(DUD"\ {u}).

Proof.  Assume at first that D U D’ is a minimal generating set of PS. Then,
Condition (1) is satisfied by Proposition 3.2 and Condition (2) is trivially satisfied.
Conversely, assume that Conditions (1) and (2) are satisfied. Then, by Condition (1)
and Proposition 3.2, DUD’ is a generating set of PY. Suppose on the contrary that
DU D' is not a minimal generating set of PY. Therefore, there is some v € D U D’
such that v € L(D U D"\ {v}). It follows from Condition (2) that v ¢ D’. Hence,
we have v € D, say v = d; for some j > 1, such that d; € L(D U D'\ {d,}).
Then, ¢; = 75 o.(d;) € 7p, o, (L(D U D"\ {d;})). Since 7}, o (di) = ¢; for all
i > 1, D' C (Va(Ln)/Vi(Ly))¥ and, by Proposition 3.1(1), m}, . is a Lie algebra
homomorphism with ker(n}, o ) = (Va(Ln)/Vi(Ln))Y, it may be easily verified that
c; € L(C'\ {¢;}). Since C is a minimal generating set of Q% we get the required

n

contradiction. ]

For positive integers n and ¢, with n > 2, let B, . = B, /7c4+1(B,). Since we have
B, = L,/%(L,), we obtain B, .2 L,/(B(Ly,) +Yer1(Ly)) and (B,)? = (B,.)¢ for
all d > 1. Therefore, we may easily verify the following result.

Proposition 3.4. (1) If theset D is a basis of BY, then 73 g (D) is basis of By..
(2) If D is a generating set of BY , then w p (D) is a generating set of BS .
If, in addition, D is minimal, then 7p g (D) is minimal.
(3) If BY has a presentation BS = (D|R), then BS. has a presentation
By, = (75, 5,.(D) | 75, 5, .(R)).

4. The Lie algebra Ry = Lo/(v3(L}) + (v3(L2))")

At first, we show some identities in a Lie algebra and in a (nilpotent of class 2)-by-
abelian and abelian-by-(nilpotent of class 2) Lie algebra.

Lemma 4.1. Let L be a Lie algebra. Then, for any a,b,c € L and s > 0,

s

a,[b, o] = S (<1 (j) la, s¢,b, o).

J=0
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Proof.  We use induction on s. We point out that the result is trivially true for
s = 0 and we assume that the result is true for some s > 0, that is, we assume that

s

a b, el = S (1) (J) la, je,b, o_sc] for all a,b,c € L.

j=0
Let a,b,c € L. By using the Jacobi identity, we have
[av [bv 8+1CH = [a7 [b, SC], C] - [aa c, [ba SC]]'

Therefore, by our inductive argument,

[CL, [b7 s+1c]] = Z(_l)j (j) [aa jc7 ba 3+1,]’C] - <_1)] (j) [CL, j+lca b7 sfjc]
7=0 7=0
_Z J() y 36 b, st1- ]C +Z ]+1(j) a, j+16, b, s— ]C]
s+1

_Z J() , G b, sy1-jC] +Z ( > . G b, si1-4C]
—[a.b, i + Z(—nj{(j) L PR TR R R C Vi AN

1 s
CL b7 s+1c _'_Z (8+ > y 36 b7 erlij] + (_1> +1[CL, s+16, b]

s+1

_ Z(—l)j (S;1> [a, je, b, sr1—jC]

J=0

and hence, the result follows. [ ]

Lemma 4.2.  Let G be a (nilpotent of class 2)-by-abelian and abelian-by-(nilpotent
of class 2) Lie algebra, that is, v3(G') + (v3(G)) = {0}. Then:

(1) Forallm>2, z1,...,2. € G, 0 €S, and v,v3 € G,
[Ulazla s 7ZT7U2] = [Uluzo(l)a s 7ZU(7")7U2]‘

(2) Forall z € G, v1 € v3(GQ) and vy € G, [v1,v9, 2] = [v1, 2, v9].

(3) Forallu,ve G, z,y € G and k > 1,
k

[u, rx+y,v] = Z (Ij) [, p_iz, y,v].

i=0
(4) Forallu,ve G, z,y € G, k>1 and m,n >0, with m+n>1,

k
k
[U, mT; nY,V, KT+ y] - ZO (’L) [U,, m+k—iT; Tb+iyuv]'
Proof. (1) By the Jacobi identity in the form [a,b,c] = [a,c,b] + [a, [b, ¢]] and
since v3(G’) = {0}, the result may be easily obtained.
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(2) By the Jacobi identity in the form [a,b,c] = |a,c,b] + [a,[b,c]] and since
(13(G)) = {0}, we get the result.
(
t

3) Let u,v € G" and z,y € G. We use induction on k. For k = 1, the result is
rivially true. Assume that the result is true for some k& > 1, that is, assume that
[u, 1z +y,0] = S° o (D, i, wy,v]. By Lemma 4.2(2), U, gz +y,v] =
[u kT + y,v,z + y| and hence, by our inductive argument, [u, pi1z + y,v] =
S ("Y[u, k—sz, y,v,2 +y]. Therefore, by Lemma 4.2(1)-(2),

k
k
[U, k41T + yav] = Z (Z> ([U, k—i+1T, iy,U] + [Ua k—iT, i+1?/,v])-

i=0
Thus,
i k k k
(U, g2 +y,v] = Z{; (Z) (U, p—it1, Y,v] + Z: (Z> (U, p—i, i1y, ]
k By k+1 By
= Z <Z) [U, k—i+1T, Y, U] + Z (Z _ 1> [U,, k—i+1T, Y, U]
i=0 =1

k
k k
=l pmanol o O] (2 Pl sy 0]+ s
:[uklxvh—z kol (U, ki1, Y, 0] + (U, k1Y, ]
s k+14 - i y k—it+14Ly 10 s k+1d5

k+1
k+1
= E ( i )[U, k+1—i, iyav]
i=0

and the result follows.

(4) Let u,v € G, z,y € G and let m,n > 0, with m+n > 1, and £k > 1. By
Lemma 4.2(2),

[U, mLy nY, U, k37‘|‘y] = [u7 mLy nY, kx+yuv]'
Therefore, by Lemma 4.2(3) and Lemma 4.2(1),

[u7 mT, nY, v, kx+y] =

M-

k
<Z)[U7 mT, nlY, k—iT, iyvv]

1=0

> |l

k
(Z) [U, m+k—il; ntilf, U]
0

7

and hence, we get the result. [ ]

Recall that Ry = Lo/(v3(L5) + (v3(La))") is freely generated by the set {z1,z2}.
Since Lo/L), = Ry/R, in a natural way, the set {zx; + R}, xo + R} is a basis of
the quotient Ry/Rj. Since L,/L4 = R,/RY in a natural way, it follows from [2,
Section 2.4.2, p. 64] that the set {[x2, T1, m, 1, myT2] + Ry : m1,mg > 0} is a basis
of the quotient Rj/R}. For a positive integer ¢, with ¢ > 4, we write (R})¢ for the
K -vector subspace of R) spanned by all Lie commutators of R} of homogeneous
degree c.
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By [7, Lemma 2.1], (R})¢ has a basis
{[l’27x17 m1x17 m2$2,[$27$1]] LMy, mo Z 07 m1+m2 20_4}

In the following result, we summarize the aforementioned results.

Proposition 4.3. (1) The set {x1,x2} is a basis of the K -vector subspace R}.

(2) For 2 <d <4, the set {[x2,x1, mT1, nTa]: m,n >0, m+n=d—2} isa
basis of the K -vector subspace R3.

(3) For d > 5, the set {[x2, 21, mT1, n¥2, |2, 21]]: myn >0, m+n=d—4} is
a basis of the K -vector subspace (RY)? and the set

{[1‘2,1'1, m1L1, nle]a [I27$1a mall, n2$27[m27x1]]: }

ml,nl,mg,n220, m1+n1:d—2, m2+n2:d—4

is a basis of the K -vector subspace RS.
(4) The set
{z1, @2, [22, 21, @1, ny 2], (B2, 015 mo®1, ng2, (X2, 21]] 1 1, N1 Mg, My > 0}

is a basis of Ry. In particular, the set {x1 + Ry, x9 + Ry} is a basis of the
quotient Ry/ Ry, the set {[x9,T1, mT1, nx2] + Ry :m,n > 0} is a basis of the
quotient Ry/ Ry and the set {[xe,T1, m, X1, myT2,|T2,21]] : m1,me > 0} is a
basis of RY.

By Proposition 4.3, we may give a proof of the following useful result.

Lemma 4.4. If [w,z1 + 23] =0 for some w € Ry, then w = 0.

Proof.  Since Ry = @,.5(R3)?, it suffices to show the result for w € (R3)?, with
d > 5. Throughout the proof, we write u = [x2, 21]. By Proposition 4.3(3), we may
write

d—4
W= Cmnlty T, n2,u] =D Cmdsom[Uy mT1, doa-mT2, U]
m,n>0 m=0
m+n=d—4
Hence, by Lemma 4.2(2),
d—4
(W, x1 + x2] = Z Cmd—d—m (U, m41%1, d—a—m@2, U] + (U, mT1, d—3-mT2,u])
m=0
d-3 d—4
= Cm-1,d-3-m[Us mT1, d—3-mT2, U] + Zcm,d—4—m[u7 mT1, d—3-mT2, U).
m=1 m=0

Since [w, z1 + 23] = 0, it follows from Proposition 4.3(3) that
cod—1=0, ¢m-1,d-3-m + Cmda—a—m =0 forall m=1,....d — 4, and c4_40 = 0.

Hence, it follows that ¢, 44—, = 0 for all m = 0,...,d — 4 and therefore, w = 0
as required. |



KOFINAS 965

5. The Lie algebra of symmetric polynomials in

Ry = L2 /(vs(L3) + (7vs(L2)))-
5.1. The Lie algebra M§2

Let My = Lo/ LY be a free metabelian Lie algebra of rank 2 freely generated by the
set {y1,y2}. We write m for the natural Lie algebra epimorphism from Ry onto Mo,
defined by m(z;) = v;, ¢ = 1,2. By Proposition 3.1(1), the restriction 7* of 7 on
R3? is a Lie algebra epimorphism from R5? onto M3?. Since

L3/ (v3(Ly) + (43(L2))") = (L2/(3(L3) + (13(L2))")" = R3,
it follows from Proposition 3.1(1) that ker(r*) = (RY)2.

For non-negative integers m and n, write %,,, for the element of M3? defined by

tmn = (Y2, Y1, mU1s n¥2] — (Y2, Y1, mY2s ol

Since M, is metabelian, it is easily verified that

b = (Y2, Y1, m¥U1, n¥2] — (Y2, Y15 nY1s m¥ol-

The Lie algebra Mj” has been studied in [10]. Tt has been proved in [10, Corol-
lary 3.2] that the set {y; + yo,tmn : m > n > 0} is a basis of My? and in [10,
Theorem 3.4] that the set {y1 + y2,t2n—10 : > 1} is a generating set of MﬁgQ.

Remark 5.1.  Since M, is metabelian, it is readily verified that
(tom—1,0, +¥1 + Y2, [tan—1,0 sy1 +32)] = 0 for all m,n >1 and r,5 > 0.

Since, in a Lie algebra L, [a,[b, sc|]] = —[b, sc,a] for all a,b,c € L and s > 0, and
by Lemma 4.1, for a,b,c € L and r,s > 0,

s

a. v b ) = 31 (3) 0 raserb aoyel

=0
we point out that the relations of the form [tam-10, +¥1 + Y2, [t2n-10, s¥1 +y2]] =0

in M2S2 follow from the relations of the form [ton—10, +y1 + ¥2,t2n—10] = 0. By [10,
proof of Theorem 3.5], there are no other non-trivial relations in M>.

We summarize the aforementioned results.
Proposition 5.2. (1) The set {y1 + Yo, tyn : m >n >0} is a basis of My>. In
particular, for a positive integer d, with d > 3, the set

{tmm: m>n>0, m+n=d—2}

is a basis of the K -vector subspace (Mg)%2.

(2) M52 has a presentation
Hyr +y2,ton—10 0 > 1} | [toic1, 1+ 2, t951] =0, 4,5 > 1, 7> 0).
By Proposition 5.2(2), we get directly the next result.

Corollary 5.3. The set {y1 + yo,ton—10 : m > 1} is a minimal generating set
of M3>.
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5.2. Relations in R5’
Since [zZmn »T1 + Ta|, Wnyn € ¥3(R2) for all m,n >0, with m+mn > 1, and r > 0,
and (y3(R,)) = {0}, we get directly the following relations in R52.

Lemma 5.4.  For all u,v € {[zmn, Wmnn: m,n >0, m+n>1} and r,s >0,

[u, ;21 + X2, [V 521 + x2]] = 0.

Remark 5.5. By similar arguments as in Remark 5.1, we point out that the
relations of the form [u, ,x; + 2, [v, s¥1 + 23]] = 0 in Lemma 5.4 follow from the
relations of the form [u, ,x1 + x2,v] = 0.

Lemma 5.6. (1) For non-negative integers m and n, with m+mn > 1, Wy, = Wy -

’

(2) For non-negative integers m and n, with m > n and m-+n > 1, the elements
Wi are linearly independent over K .

(3) For non-negative integers v, m and n, with m+n > 1,

r

T
(Wi s »21 + 2] = E ;) Wmtr—inti-

i=0
(4) For m>1 and n >0, write Wy, = Wiy + Wi—1,n11. Then:
(a) Wm,n = Wn+1,m71 .
(b) For positive integers r and m, [Wpo, »T1 + 2| belongs to the K -vector
space spanned by the set {Wy,qr_;;:7=0,...,7r—1}.
Proof. (1) By Lemma 4.2(1),

wm,n - [‘r27x17 mL1y, nl2, [$27x1]] + [I27x17 mL2, nd1, [x27x1]]

= [T2, 1, nT2, w1, (T2, 1)) + [T2, T1, n¥1, mT2, [T2, T1]] = Whm.
(2) Since, by Lemma 4.2(2), for m >n >0, with m+n > 1,
Wmn = [U7 ma1, nl’z,lb] + [u, mL2, nxlau]
= [U, ma1, nanu] + [Uw nL1, ml‘27u]

and by Proposition 4.3(4), the elements [u, nZ1, n%2,u], with m > n > 0 and
m +n > 1, are linearly independent over K, the result follows.

(3) Throughout the proof, we write u = [x9,21]. Since, by Lemma 4.2(2),
Wmn = [u> mL1, nx27u] + [u7 nZ1, m$2>u]7
it follows from Lemma 4.2(4) that

[wm,na 1+ :UQ] =
T T
T T
= Uy mAr—iT1, ntil2, U Uy npr—iT1, m4il2, U
() 1+ () ]

1
=0 i=0
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r

=

r
r
. [u7 m4r—ill, n+il‘27u] + § i [U, n+il1, m+r—ix2vu]
=0

~

0

)

<

Il
'M*

<>([U7 m4r—ill, n+i$2,u] + [U, n+ill, m+r—ix27u])

r
(Z) merrfi,nJri .

(4a) By Lemma 5.6(1) we have

~

=0

Il
=< |l

[en]

1=

Wm,n = Wm,n + Wm—1,n+1 = Wnm + Wn4+1,m—-1 = Wn—i—l,m—l'

(4b) For i € {0,...,r}, write \; = (}) — (.”,) + ...+ (=1)(;) and observe that
A =

7 i—1

0and \; + A1 = (:), i=1,...,r. Since, by Lemma 5.6(3),

T
r
[Win0, »T1 + T3] = 5 <i>wm+r—i,i7

i=0
r—1

(Wm0, +T1 + T2] = NoWiiro + g (N + Nic ) Winr—ii + Ar—1 Wiy
i=1

[y

r—

r—1
MW r—ii + Wingr—io1,i41) = g ANiWngr—ii
i=0

I
o

i

and hence, we get the result. [ |

Lemma 5.7.  Let B be the Lie subalgebra of R§2 generated by the set
{1 + 22, 2om—10 - m > 1},
Then, BN Ry = {0} forall d > 1.
Proof. The result is trivially true for 1 < d < 4 and hence, we may assume
that d > 5. Furthermore, we assume that d is odd and we point out that similar

arguments may be applied in the case that d is even. Let d = 2s+ 1 for some s > 2
and suppose on the contrary that there exists some u € B4 N R} such that u # 0.

It follows from Lemma 5.4 that « has the form
U = Aos—1225-1,0 + Aas—3[225-3.0, 21 + T2] + ... + Mi[210, 25271 + T2].

Since u € (R5)*2, 7*(u) = 0. Hence, by applying 7* on the above equation and by
the notation in Section 5.1, we get

0 = Xos—1tas—1,0 + Aas—sltos—3.0, 2y1 + Yo + ... + Mi[t10, 25—2U1 + Yol.

But, by Proposition 5.2(2), there are no non-trivial relations among the elements of
the set {y1 + y2, tam—1,0 : m > 1}. Hence, it follows that

)\2571 - )\2ng = ... = )\1 == 0

Therefore, u = 0, which is the required contradiction and hence, we obtain the
required result. [ ]
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6. The main results

6.1. A basis of the Lie algebra Rj”

Proposition 6.1.  For a positive integer d, with d > 5, the set
{Wmn: m>n>0, m+n=d-—4}
is a basis of the K -vector space ((Ry)%)%2.

Proof.  Throughout the proof, we write [z9,21] = u. Let f(x1,22) be a sym-
metric polynomial in ((R)%)%2, with d > 5. Since ((R})%)%2 C (R4)?, by Proposi-
tion 4.3(3) we may write

f(xlva) = Z Cm,n[u mT1, nT2, u]7

m,n>0
m+n=d—4
where ¢, ,, € K. Hence,
f(fﬂg,l'l) = E Cm,n[xla T2, mT2, nl1, [.Tl, xZH = E Cman|U, mT2, nT1,U
m,n>0 m,n>0
m+n=d—4 m+n=d—4

and hence, by Lemma 4.2(1),

f(x271:1) = Z Cm,n[uu nl1, m'rQ;u] = Z Cn,m[u7 maL1, nx27u]'

m,n>0 m,n>0
m+n=d—4 m+n=d—4

Since f(z1,22) = f(z2,21), we get

E Cmn Uy, mT1, nTo,u| = E Com U, m1, nT2,ul.
m,n>0 m,n>0
m+n=d—4 m+n=d—4

Since, by Proposition 4.3(3), the set {[u, ,,x1, nz2,u] : m,n >0, m+n =d—4} isa
basis of (R5)%, it follows from the above equation that ¢, ,, = ¢, for all m,n >0,
with m +n =d — 4. Assume at first that d is even, with d > 6. Hence,

f(331>332) = Z Cm,n[u; mL1, n£172,U]

m,n>0
m-+n=d—4
= § Cm,n[uu mL1, n$27u] + E Cm,n[uu mL1, nx2>u]
m>n>0 0<m<n
m+n=d—4 m+n=d—4
- E Cm,n[ua mI1, nx27u] + E cn,m[uu nL1, mx2au]
m>n>0 m>n>0
m+n=d—4 m+n=d—4
= Y Cmnlty T az2ul Y Cmnltty 021, w2l
m>n>0 m>n>0
m+n=d—4 m+n=d—4

= Comlt, mT1, mT2 ]+ > Gt @1, 2]+ [ W21, w22, u)

m>n>0
m+n=d—4
1
= §Cm,mwm,m + § CmnWm,n-

m>n
m+n=d—4
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Assume now that d is odd. By similar arguments as above, we get

f(xla l’z) = Z CmnWm,n-
m>n

m+n=d—4

Hence, by the above, the set {w,,, : m >mn >0, m+n = d — 4} spans the
K -vector space ((Rj)?)%. Furthermore, by Lemma 5.6(2), the elements w,y, ,, , with
m >mn >0 and m+n =d— 4, are linearly independent over K. Therefore, we get
the required result. [ ]

Since (R5)% = @45, ((R5)?)%, the next result follows directly from Proposition 6.1,

Corollary 6.2.  The set {wy, : m >n >0, m+n > 1} is a basis of the
K -vector space (RY)%2.

Proof of Theorem 2.1. Throughout the proof, we write
D={x1+w2,2mn: m>n>0} and D' ={wn,: m>n>0, m+n>1}

Since, by the notation in Section 5.1, 7*(x; + x2) = y1 + y2 and 7 (2mn) = tmn,
it follows from Proposition 5.2(1) that 7*(D) is a basis of M5>. Furthermore,
by Corollary 6.2, D’ is a basis of the K-vector space (Rj)%2. Therefore, by
Proposition 3.1 (2), the set DU D’ is a basis of R5* and so, we obtain the required
result. [

Corollary 6.3. (1) The set {x1+ x5} is a basis of the K -vector subspace (R3)%2.

(2) (R3)* = {0}.
(3) For 3<d <4, the set {zm,: m>n>0, m+n=d—2} is a basis of the
K -vector subspace (R9)%.

(4) For d > 5, the set
{Zmy mas Wingmy = M1 >nq >0, my+n; =d—2, mg >ny >0, mag+ny =d—4}

is a basis of the K -vector subspace (R3)%.

6.2. A minimal generating set of the Lie algebra R‘;?

Lemma 6.4.  Let X; = {x1 + 22, 2am—1,0, Wimo : m > 1} and let L(X,) be the Lie
subalgebra of R3* generated by the set Xy. Then, RS? = L(X,).

Proof.  Throughout the proof, we write X; = Dy U Dy, where
Dy ={z1 4+ x9, 29m-10:m>1} and Dy = {wyo:m > 1}.

We point out that Dy C (RY)%2 and, by Proposition 5.2(2), 7*(D;) is a generating
set of MQSQ. Hence, by Proposition 3.2, to complete the proof, it suffices to show
that uw € L(Dy U Dy) = L(X;) for all u € (R5)*2. Since, by Corollary 6.2, the set
{Wmpn: m>n>0, m+n>1} is a basis of the K-vector space (Rjy)%?, it suffices
to show that w,,, € L(X;) for all m, n, with m >n >0, m+n > 1.
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By Lemma 5.6(3) we have [wi, 0,21 + Z2] = Wpy10 + W1 Since, by definition,
(Wm0, %1 + 2], Wmi10 € L(Xy), it follows that w,,; € L(X;) for all m > 1.
Similarly, by Lemma 5.6(3), [wym.1,%1 + T2] = Wpmi11 + wme. Since, by the above,
(Wi 1, %1 + T2], Wi11 € L(X4), it follows that w,,» € L(X;) for all m > 1. By
continuing the same process, W, , € L(X;) forall m, n, with m >n >0, m+n > 1
and hence, we get the result. [ ]

Proposition 6.5.  Let Xy = {x1 + 22, 2am—1,0, W10, Wamp : 7 > 1} and let L(X5)
be the Lie subalgebra of RY? generated by the set Xo. Then, R5* = L(X5).

Proof.  Since, by Lemma 6.4, the set X; = {21 + %2, 229m—1,0, Wmo : m > 1} is a
generating set of R*zgz, it suffices to show that wa,,+10 € L(X2) for all m > 1. We
use induction on m. Since wy g, wa g, 1 + T2 € L(X3), by Lemma 5.6(3)

[Wa,0, T1 + Xa] = w30 + Wa 1, (w10, 21 + Xa] = w30 + 2wy + w12
and by Lemma 5.6(2), wq; = w2, it follows that
wso+we1 =0 mod (L(Xy)), ws o+ 3wz =0 mod (L(Xy)).

Since char(K) = 0, it follows that wso € L(X3) and thus, the result is true for
m = 1. Let m > 1 and assume that w10 € L(X3) for all 1 <k < m. We show
that Wom+1,0 € L(XQ)

We claim that wan, 41 = (—1) way,i10 mod (L(Xy)) for all ¢ =0,...,m. We
prove this claim by using the above inductive argument and by induction on ¢. Since,
by Lemma 5.6(3), [Wam.0, T1 + T2] = Wamt1,0 + Wam1 and w0, T1 + 22 € L(X3), we
get Wom1 = —Wamt10 mod (L(X3)), that is, our claim is true for ¢ = 0. Assume
that our claim is true for all 0 <t < m, that is, assume that

Wom 1441 = (—1) Mgy 10 mod (L(Xy)) forall 0<t<m. (1)

By Lemma 5.6(3),

t+2
t+2
[Wam—t-1,0, t4+2%1 + Za] = E ;) Wemi-ii-
i=0

Since 2m —t — 1 < 2m, by our inductive argument we get wa,,—+—10 € L(X2) and
therefore, [wom—t-10, t+221 + 2] € L(X2). Thus, by working modulo L(Xs),

t+2

Z (tt2> Wamy1—i; =0 mod (L(Xy)),

i—0
that is,
t
Wom41,0 T Z <: I i) Wom—ii41 + Wam—t—14+2 =0 mod (L(X3)),
i=0

Hence, by Equation (1),

t
t+ 2 i _
Wom+1,0 T Z ( * ) (—1) +1w2m+1,O + Wam—¢-1442 =0 mod (L(X2))-
i=0
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But, ', (Zﬁ)(—l)”l = —1 — (—=1)""2. Therefore, by the above equation,
Wom—t—1,4+2 = (_1)t+2w2m+1,0 mod (L(XQ))-

Thus, our claim is also true for ¢ + 1 and therefore, our claim is true for all
t=0,...,m, that is,

Wom—ti41 = (—1)t+1w2m+1,0 forallt=0,...,m.
Hence, for t =m — 1,
Wins1m = (—1)"Wapmt1,0 mod (L(Xs))

and for t =m, .
wm7m+1 = (—1)WL+ U)Qerl’o mod (L(XQ))

Since, by Lemma 5.6(2), Wy+1,m = Wm,m+1, it follows from the above equations that
2Womi10 = 0 mod (L(X3)). Hence, wami10 = 0 mod (L(X2)) and thus, we get
the result. [ ]

Proof of Theorem 2.2. Throughout the proof, we write
D1 = {Il + Q?Q,ZQn,LO n Z 1} and D2 = {’wl,o,’wgmo n Z 1}

We point out that by Proposition 6.5 the set Dy U D5 is a generating set of R§2 , by
Corollary 5.3 7*(D;) is a minimal generating set of MJ? and by Proposition 6.5,
Dy U Dy is a generating set of sz. Hence, to show that D; U D, is minimal, by
Proposition 3.3 it suffices to show that for any u € Dy, u ¢ L(Dy U Dy \ {u}).

Since (RY)%2 = @d21((R’2’)d)SQ, it suffices to show that
w0 & L(DyUDy\{wi0})N((R5)°)* and wapo ¢ L(Dy U Do\ {wan0}) N ((Ry)* )%
for all n > 1. By Lemma 5.7, it is straightforward to verify that
wio ¢ L(D1 U D2\ {wio}) N ((Ry)°)™.
Assume that n > 1 and suppose on the contrary that
wWan,0 € L(Dy U Dy \ {wan0}) N ((R3)* )%,

In consequence of Lemma 5.7 and Lemma 5.4, the only nontrivial elements in
L(Dy U Do\ {wano}) N ((RY)*14)52 are the elements of the form [wy g, 2,171 + 2]
and [Waop—ok 0, 2xT1 + T2), with 1 <k <n —1 (with n > 2). Therefore, ws,( may
be written as a K -linear combination of such elements. Hence, by Lemma 5.6(4b),
Way 0 belongs to the K -vector subspace spanned by the set

{Wank,k = Wan—k,k -+ Won—k—1,k+1 - k= O7 . ,27”L — 2}

Hence, by Lemma 5.6(4a), wa, o belongs to the K -vector subspace spanned by the
set {Wap—pr:k=0,...,n—1}. Thus, we may write

n—1 n—1
W0 = E MNeWon i = g Mo (Won—k & + Won—k—1k+1)-

k=0 k=0

Therefore, by Proposition 6.1, we get
)\0: 1;)\k+>\k+1 :0,k:O,...,n—2,)\n_1 =0

and so, we get the required contradiction. [ ]
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6.3. A presentation of the Lie algebra R252

Proof of Theorem 2.3. By Theorem 2.2, X is a generating set of R*;Q and, by
Lemma 5.4, R is a set of relations in R3*. We show that there is no other non-
trivial relation among the elements of X. Write Dy = {x; + 22, 290,10 : 7 > 1}
and Dy = {x; + %9, won_10 : n > 1}. If there is another non-trivial relation in
L(Dy), then, (by the notation in Section 5.1) by applying the mapping 7, we get
a non-trivial relation among the elements y; 4+ y2, t10,...,t2n—1,0 In MfQ, which,
by Proposition 5.2(2) is the required contradiction. By Lemma 5.7, by Remark 5.5
and by the set of relations R, it is clear enough that it suffices to show that there is
no other non-trivial relation in L(D,). Since R3? is a graded Lie algebra, it suffices
to show that there is no non-trivial relation among the elements of (L(D))? for all
d > 5. Since this is trivially true for d = 5, we may assume that d > 6.

At first, assume that d is even, d = 2k, with & > 3. We show the result by
induction on k. For k = 3, we may consider a relation cjws g+ 2wy g, 1 +22] =0,
where ¢1, ¢, € K. By Lemma 5.6(3), we get (¢ + c2)wao + cowy; = 0. Hence, by
Proposition 6.1, ¢; = ¢o = 0, as required. Assume that the result is true for some
k > 3, that is, assume that there is no other non-trivial relation among the elements
of (L(D,))%. Suppose that there is a non-trivial relation in (L(D3))***2. Hence,
by the set of relations R and by Remark 5.5, such a relation has the form

k—1

Aok—1[w,0, 2k—3T1 + 2] + Z Aoj—2[Wak—2j0, 2j—2&1 + x2] = 0.
j=1

It follows from Theorem 2.2 that A\g = 0 and hence, we have

k—1
Aok—1[W1,0, 26—3T1 + Ta] + Z Aoj_o|Wak—2j0, 2j—2%1 + T2] = 0,
=2
that is,
k—1
[Aok—1[wi,0, 2k—5T1 + 2] + Z Aoj_aWak—2j0, 2j—a%1 + T2|, 271 + 23] = 0.
=2
Hence, by Lemma 4.4, we get
k—1
Aog—1[W1,0, 2k—5T1 + T2| + Z Ngj_a[Wak_2j0, 2j-aT1 + To] = 0in (L(Dy))*".
j=2
Thus, by our inductive argument,
Aok—1 = A= ... = Agpga = 0

and therefore, we get the required contradiction. Hence, it follows that the result is
true for all d, with d even.

Assume now that d is odd, d = 2k + 1, with £ > 3 and suppose on the contrary
that there is a non-trivial relation in (L(Dy))?**!. By the set of relations R and by
Remark 5.5, such a relation has the form

k—1

Pok—a[W10, 2k—a%1 + Za] + E Paj—3[Wak—2j0, 2j-3%1 + 2] = 0.
=2
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Thus,
k—1
[Mok—a[wi0, 2k—5T1 + X2] + Zﬂ2j73[w2k72j,07 2j—4T1 + Ta], 1 + x2] = 0.

Jj=2

Therefore, by Lemma 4.4, we get

k—1
Hok—aW1,0, 2k—5%1 + T2] + Z Hoj—3(Wak—2j0, 2j—aT1 + Z2] =0 in (L<D2))2k-
j=2
Hence, as shown above,
Mok—a = fl1 = ... = fop—5 = 0
and thus, we obtain the required result. [ |

Remark 6.6.  Let Ry, = Lo/(v3(L5)+(73(L2)) +7e41(L2)) be the free (nilpotent
of class 2)-by-abelian and abelian-by-(nilpotent of class 2) and nilpotent Lie algebra
of rank 2 and class ¢, with ¢ > 1. Then, by Proposition 3.4 and Theorem 2.1,
Theorem 2.2 and Theorem 2.3, we get a basis, a minimal generating set and a
presentation of R‘;?C

Acknowledgements. The author would like to thank the referee for valuable
comments and suggestions during the preparation of this paper.

References

[1] R.K.Amayo, I. Stewart: Infinite Dimensional Lie Algebras, Noordhoff International
Publishing, Leyden (1974).

[2]  Yu.A.Bakhturin: Identical Relations in Lie Algebras, 2nd ed., De Gruyter Exposi-
tions in Mathematics Vol. 68, De Gruyter, Berlin (2021).

[3] R.M.Bryant: On the fized points of a finite group acting on a free Lie algebra, J.
London Math. Soc. (2) 43 (1991) 215-224.

[4] R.M.Bryant, V.Drensky: Obstructions to lifting automorphisms of free algebras,
Comm. Algebra 21 (1993) 4361-4389.

[5] R.M.Bryant, A.1. Papistas: On the fixed points of a finite group acting on a relatively
free Lie algebra, Glasgow Math. J. 42 (2000) 167-181.

[6] P.M.Cohn: Subalgebras of free associative algebras, Proc. Lond. Math. Soc. 14 (1964)
618-632.

[7] V.Drensky: Representations of the symmetric group and varieties of linear algebras
(Russian), Mat. Sb. 115 (1981) 98-115; English translation: Math. USSR Sbh. 43
(1982) 85-101.

[8] V.Drensky: Fized algebras of residually nilpotent Lie algebras, Proc. Amer. Math.
Soc. 120 (1994) 1021-1028.

[9] V.Drensky, S.Findik, N. Ogiislii: Symmetric polynomials in the free metabelian Lie
algebras, Mediterranean J. Math. 17 (2020), art. no. 151.

[10] S.Findik, N.Ogiislii: Palindromes in the free metabelian Lie agebras, Internat. J.
Algebra Comp. 29 (2019) 885-891.



974

[11]
[12]

[13]

[14]

[15]

[16]

KOFINAS

C.E. Kofinas: Symmetric polynomials in free centre-by-metabelian Lie algebras of
rank 2, Internat. J. Algebra Comp. 34 (2024) 1-21.

A. 1. Kostrikin: The Burnside problem (Russian), Izv. Akad. Nauk SSSR Ser. Mat. 23
(1959) 3-34; English translation: Amer. Math. Soc. Transl. Ser. II 36 (1964) 63-99.

A. 1. Kostrikin: Around Burnside (Russian), Nauka, Moscow (1986); English transla-
tion: Ergebnisse der Mathematik und ihrer Grenzgebiete, 3. Folge, Band 20, Springer,
Berlin (1990).

V.M. Petrogradskii: Invariants of the action of a finite group on a free Lie algebra
(Russian), Sibirsk. Mat. Zh. 41 (2000) 917-925; English translation: Sib. Math. J.
41 (2000) 763-770.

B. Sturmfels: Algorithms in Invariant Theory, 2nd ed., Texts and Monographs in
Symbolic Computation, Springer, Wien (2008).

E.I. ZeI'manov: On Engel Lie algebras (Russian), Sibirsk. Mat. Zh. 29 (1988) 112—
117; English translation: Sib. Math. J. 29 (1988) 777-781.

Constantinos E. Kofinas, Department of Mathematics, University of the Aegean, Karlovassi,

Samos, Greece; kkofinas@aegean.gr.

Received February 3, 2024
and in final form October 15, 2024



