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Abstract. To determine the Lie groups that admit a flat (eventually geodesically complete) left
invariant semi-Riemannian metric is an open and difficult problem. The main aim of this paper
is the study of the flatness of left invariant semi-Riemannian metrics on quadratic Lie groups i.e.
Lie groups endowed with a bi-invariant semi-Riemannian metric. We give a useful necessary and
sufficient condition that guarantees the flatness of a left invariant semi-Riemannian metric defined
on a quadratic Lie group. All these semi-Riemannian metrics are complete. We show that there
are no Riemannian flat left invariant metrics on non Abelian quadratic Lie groups. We study
the Jacobi fields of any left invariant semi-Riemannian metric on a Lie group, using the notion
of reflections. The case of Oscillator groups is addressed. This paper is a modification of a 2011
previous version due to the first two authors.
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1. Introduction

This article outlines some facts known by the authors about the semi Riemannian
geometry of a Lie group provided with a semi Riemannian metric invariant under
left translations.
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When the relations between curvature or (geodesically) completeness of a semi
Riemannian metric and other topological or geometrical properties are studied it
is very useful to have many examples. This paper describes a rich collection of
examples which are obtained by providing a Lie group G with a semi Riemannian
metric invariant under left translations. It is well known that every left Riemannian
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metric is complete and in [16] Milnor described the Lie groups with flat left invariant
Riemannian metrics. By contrast, the study of completeness and/or flatness of
a non definite metric is in general very difficult. Even in the 3 dimensional non
unimodular case, there is not in the literature a necessary and sufficient condition
that guarantees the completeness of a left invariant Lorentzian metric. When the 3
dimensional Lie group is unimodular, the completeness of a left invariant Lorentzian
metric is equivalent to the completeness of the geodesics of light type [6].

Our class of examples can be enlarged substantially, with no extra effort, as follows.
If T is any discrete subgroup of GG, then a left invariant semi Riemannian metric
on G gives rise to a metric on the quotient space ['\G with identical properties of
curvature and (in)completeness. The case where I'\G is compact is of particular
interest.

The first section will survey general old and new results on left invariant semi
Riemannian metrics on Lie groups. The principal and new result (Theorem 2.8)
gives necessary and sufficient conditions for the flatness of a left invariant semi
Riemannian metric on unimodular Lie groups. Under these conditions flatness
implies completeness.

In Section 2, necessary and sufficient conditions that guarantees the existence of
bi-invariant semi Riemannian metrics on Lie groups are given. These groups, called
quadratic or orthogonal Lie groups (see [12]), are the central objects of our study.

Section 3 is devoted to the Jacobi vector fields corresponding to a left invariant semi
Riemannian metric on Lie groups and on quadratic Lie groups in particular. The
equation that defines the reflection on the Lie algebra of G of a such vector field
is particularly simple when the metric is bi-invariant. The reflections of the Jacobi
vector fields corresponding to the Lorentzian bi-invariant metrics on the oscillator
Lie groups are determined.

Theorem 5.1, Theorem 5.12, and Theorem 5.15 are the main results of Section 4.
All these results appeared in version [7]. The first one specializes Theorem 2.8 to
the case of quadratic Lie groups. One of the consequences of Theorem 5.3 is that
every left invariant Riemannian metric on a non Abelian quadratic Lie group is non
flat. Theorem 5.12 shows the non existence of flat left invariant semi Riemannian
metric on any indecomposable quadratic Lie group of dimension 4. The case of
left invariant semi Riemannian metrics on quadratic nilpotent Lie groups is also
treated. Theorem 5.15 shows that every 3 step nilpotent Lie group admits a flat
left invariant connection given by an invertible f-derivation. This connection is
the Levi Civita connection of a semi Riemannian metric if the group is quadratic
(Theorem 5.16). A left semi Riemannian metric on a nilpotent quadratic Lie group
(G, k) defined by a k symmetric linear isomorphism wu is complete when u preserves
the descending central sequence of the Lie algebra G ( Proposition 9 ). If (G, k)
is 2 step nilpotent and its corank is 0 then G admits many non isometric flat left
invariant semi Riemannian metrics. If dim G > 8 there are infinitely many non
isometric such metrics (Theorem 6.1).

The following result is an important and final remark concerning the classical or
generalized solutions of the Yang-Baxter equation on quadratic Lie groups and the
relations with left invariant semi Riemannian metrics.
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Theorem 1.1. [3] Ewvery solution of the classical Yang-Baxter equation on a
quadratic Lie group induces a flat left invariant semi Riemannian metric on the
dual Lie groups associated to the solution. Furthermore a solution of the generalized
Yang-Baxter equation determines a left invariant semi Riemannian metric such that
the covariant derivative of its curvature tensor vanishes.

2. General results about left invariant semi Riemannian metrics
on Lie groups

Let G be a Lie group, € the unit element in G'. A non degenerate symmetric bilinear
form (,) on G := G, defines a left invariant semi Riemannian metric on G given by
the formula

<an wo’)a = <(La*1>*,ovoa (Lcr*1>*,awo>7 o c G,Uo, Wy € GO’

where L, : 7 — o7, and conversely.

The Levi-Civita connection V of a semi Riemannian left invariant metric is left
invariant, and defines a product on the Lie algebra given by the formula

{L‘y+ = vm+y+a

where x* stands for the left invariant vector field with infinitesimal generator x € G.
This product, called the Levi-Civita product, verifies the Koszul formula

2wy, 2) = ([z, ], 2) = ([, 2], ) + ([, 2], ).
By means of x(t) == (La(t)71>*70(t) o'(t),

the equation for the geodesics of the semi Riemannian metric becomes, in the Lie
algebra, i = —rr (1)

Since the Levi-Civita connection is torsion free, the Levi-Civita product satisfies

xy —yr = [z,y].

Moreover the Koszul formula implies that the map L, : y — zy is (,) skew
symmetric.

Many features of the geometry of left invariant semi Riemannian metrics on Lie
groups can be studied in the Lie algebra.

A semi Riemannian metric is called complete when its geodesics are defined for all
t € R. Notice that a left invariant semi Riemannian metric is complete if and only
if the solutions of equation (1) are defined for all values of the parameter.

The exponential map associated to a semi Riemannian metric with base point ¢ € G
is denoted by Exp,. This map is defined on all of G, for all ¢ whenever the
semi Riemannian metric is complete. Notice that in general Exp, differs from the
exponential map in Lie theory (see Remark 3.4 bellow).

Definition 2.1. A semi Riemannian metric is called flat if the curvature tensor
vanishes. n
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The Levi-Civita product for a flat left invariant semi Riemannian metric on a Lie
Group G is a left symmetric product on G, compatible with the Lie bracket, that is

(zy)z —x(yz) = (yz)z — y(z2),
and zy —yz = [z,y].

As a partial converse we have that a left symmetric product compatible with the
Lie bracket induces a flat left invariant connection on G.

The existence of a flat left invariant metric on a Lie group imposes serious restrictions
on the group as the following result shows

Theorem 2.2. (Theorem 1.5 [16]) A Lie group has a left invariant flat Riemannian
metric if and only if its Lie algebra decomposes as a semidirect product of an Abelian
Lie algebra with an Abelian ideal, the Abelian algebra acting on the Abelian ideal by
infinitesimal isometries.

The existence of a flat left invariant metric on a quadratic Lie group imposes even
more restrictive conditions on the group. In fact, under this hypothesis, the group
is Abelian (see Proposition 5.7). In the same line of thought Proposition 7 states
that on non Abelian quadratic Lie groups there are no flat left invariant Lorentzian
metrics.

Theorem 2.3. A flat left invariant semi Riemannian metric is complete if and
only if the Lie group is unimodular.

For the proof see [1].

In [9] the simply connected Lie groups with flat, complete left invariant Lorentz
metrics are characterized. The nilpotent case was treated alternaternatively by
means of the double extension in [1].

The Jacobi fields measure the variation of geodesics: If ¢ +— 7(t) is a geodesic, the
vector field ¢ — Y(t) defined on the curve 7 is a Jacobi vector field provided that
it satisfies the second order differential equation
D%*Y
G = Rve(7) (2)
where DY/dt stands for the affine covariant derivative of (G, V) of the vector field
Y on the curve 7 and R is the curvature tensor. Hence if the semi Riemannian

metric is flat, then a vector field Y on a geodesic is a Jacobi field if and only if the
vector field DY/dt is parallel along the geodesic, that is if and only if D*Y/dt* = 0.

Then a necessary condition for a left invariant semi Riemannian metric to be flat is
that the second covariant derivative of any right invariant vector field along every
geodesic vanishes.

Notice that every right invariant vector field is a Jacobi vector field along any
geodesic, because it is a Killing vector field ([10]).

(b) are called

Definition 2.4.  Let 7 : [a,b] — G a geodesic. The points 7(a), T
=Y (b) = 0.

conjugate points if there is a Jacobi field Y on 7 such that Y (a)

Proposition 2.5.  Let 7 : [a,b] — G be a geodesic. Then T(a) and T(b) are
conjugate if and only if the rank of Exp, ) at (b—a)7'(a) is less than dim G .
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Lemma 2.6. Let (M,(,)) a flat semi Riemannian manifold. Let U be a
connected neighborhood of 0 € M, where Exp, is defined. If the semi Riemannian
metric is flat then Exp, is a local isometry.

Proof. Let z € M,, v,w € (M), =~ M,. Let J,,J, the unique Jacobi fields
along a geodesic 7:[0,1] — G, 7(0) = 0,7(1) = p such that

Jo(0) = Ju(0) = 7, 27 (0) =, o (0) =w

The derivatives of the map () := (J,(t), J,(t)) are

@(1) = (2 (8), 1)) + (D), 2o (1),

" _ DJ’U DJw " _
¥ (t)_2< dt 7?)7@ (t)_o

since J,, J,, are parallel along 7. In consequence ¢”(t) = 2(v,w), ¢'(t) = 2t (v, w),
p(t) = t* (v,w), and
(dExp, (0)v, dExp, (0)w) = ¢(1) = (v, w). m

As a corollary we have that a complete semi Riemannian flat metric has no conjugate
points. Furthermore

Lemma 2.7. Let (M,(,)) be a flat semi Riemannian manifold. If Exp, is
defined for all v € M,, then Exp, : (M,,{, ) — (M, (,)) is a semi Riemannian
covering, where ((, ) is the affine metric induced by (., ),.

Proof. = We have to show that Exp, has the lifting property for geodesics. Let
7 :[0,1] — M a geodesic and z, € M, such that Exp_ (z9) = 7(0). By lemma
2.6, there are neighborhoods U and V' of xy in M, and 7(0) in M such that Exp,
defined on U onto V is an isometry. If ¢ satisfies 7([0,¢)) C V, then s — Exp, '7(s)
is a geodesic in M,,. By hypothesis this geodesic is defined in [0, 1] and it is a lifting
of o. The conclusion follows from Theorem 28.7 in [18]. [

The following theorem puts together some scattered results.
Theorem 2.8.  Let G be a connected unimodular Lie group and (, ) a left invari-
ant semi Riemannian metric on G. Then the following assertions are equivalent:

(i) (,) s flat and complete.

(ii) Exp. is a local isometry (hence, for every o in G, Exp, is a local isometry).
(iii) (,) s flat.
In any case G is solvable, and (G, (, )) has no conjugate points.

Proof. By Theorem 2.3 a flat left invariant semi Riemannian metric defined on
an unimodular Lie group is complete. The hypothesis of (, ) being flat implies
that G is locally symmetric and that Exp, is a local isometry that has the lifting
property for geodesics. Hence it is a semi Riemannian covering.

To prove that G is solvable notice that the hypothesis implies that the Levi-Civita
connection defined by the semi Riemannian metric is a left invariant affine structure.
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Then there is a representation 6 of G by affine transformations of G with an open
orbit and discrete isotropy (see [11]). The action of G on G induced by 6 is transitive
because the metric is complete. Hence the restriction of the representation to a Levi
subalgebra is completely reducible. This contradiction implies the solvability. u

Example 2.9. Let G = R? x SO(R?) be the connected component of the unit
element of the group of rigid motions of the plane. The product on G is given by

(z,y,a)(x',y, B) = (x + 2’ cosa — y sina, y + 2’ sina + ¢ cos a, a + f3).

Let G=Span{e;,es} x Res, where e, e is an Abelian Lie ideal and [es, e1] = e,
les, 2] = —ey. Define a left invariant semi Riemannian metric by the Lorentzian
quadratic form on G :

2 2 2
q(x1e1 + x9€90 + T3€3) = ] + 5 — T3.

Some straightforward calculations show that

L., =L, =0 L., = ad

es:

Then Ly, =0 and L,L, = L,L,. Hence the Lorentzian metric is flat. Equation
(1) is in this case
1:1 = X2T3, £L:2 = —T1T3, Zlfg = 0.

The solution to this equation with initial condition (x1,xs,z3) is
x(t) = (z1 cos(wst) — xosin(xst), x1 sin(xst) + xq cos(xst), x3) .
The geodesic on G starting at ¢ with initial velocity (xy, 22, x3) is for 3 =0

y(t) = (txy, tz,0),

and when z3 # 0: ~(t) =
— (=2 4 P2 o o P2 g
= ( 2s + 5 oS 2 cos(2x3t) +3 sm(2:1:3t), 2 o 2% L cos(2xst) + 52a s1n(2$3t),$3t>.

Hence the exponential map based at ¢ is, for 3 = 0,

EXPg($1,9€27CE3) = (55171’270)
and for x3 # 0,
$1 T

— —— cos(2x3) + ;—;3 sin(2x3),a:3> :

" 2xs 23

(—ﬂ + =2 cos(2x3) + 7 sin(2x3)

2.’E3 2%3

Hence Exp, is a global isometry.

3. Quadratic Lie groups

Definition 3.1. A Lie group G with a bi-invariant semi Riemannian metric
k is called orthogonal or quadratic Lie group. The pair (G,k), where G is the
corresponding Lie algebra and k is the restriction of k£ to G, is called orthogonal or
quadratic Lie algebra.
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Let (G,k) be a quadratic Lie algebra. Then k is a non degenerate quadratic form
and ad, is k skew symmetric for all z € G :

k(ad, vy, z) + k(y,ad, z) = 0.

For every left invariant semi Riemannian metric (,) on G there is a k symmetric
isomorphism u of the vector space underlying G such that, for all z,y € G

(z,y) = k(u(z),y).
Equation (1) becomes in this case (%) = [u(x),z].
The following propositions characterize quadratic Lie groups.

Proposition 3.2.  [15] A Lie group is quadratic if and only if the adjoint and
co-adjoint actions are isomorphic.

Proposition 3.3.  The Lie group G is quadratic if and only if the linear Poisson
structure on G* given by the Lie bracket of G has a quadratic, non degenerate
Casimir.

Proof. Let (G,k) be an orthonormal Lie algebra. Denote by ® : G — G*
the symmetric isomorphism ®(x) := k(x,-). For x € G, define & € (G*)* by
2(€) = &(x), £€ G
Let f : G* — R be given by f(§) = &(®71(€)). Clearly f is a non degenerate
quadratic form, hence its differential is (d f)¢(&') = 28" (P7(E)) or, equivalently,
(df)e =20 YN If g = P1(£), we get, using the ad invariance of k, that

{f? i}g = 5[2(1)71(5)7 I] = @(Io)[zl’g’l‘] = k(‘r()’ [2370, I]) = 07
for all © € G. Therefore f is a Casimir for the Lie-Poisson bracket {-,-}.

Conversely, let f(a) = b(a, @) be a Casimir, b being a quadratic, symmetric, and
non degenerate quadratic form. Define k : G x G — R by k(x,y) := V~1(2)y, where
V() := b(a,-). Since ¥ is a symmetric isomorphism, so is k. Moreover, f being
a Casimir, we get that for all z € G, {f,2} = 0, that is,

Vae G, VYoredg, 0={(df)a,2}a = {¥(),Z}a.
Hence for all y,z € G, k(z,[z,y]) = 0.
Replacing z by a+ b, a,b € G, we get that
Va,by €G, k(a,[by])+k(b,[a,y]) =0.
Hence k is a quadratic structure on G. [ ]

Remark 3.4. The Levi-Civita product and the curvature of a bi-invariant semi
Riemannian metric on a Lie group are given (resp.) by:

1 1
Ty = 5 [flf,y], R(I7y) = Zad[x,y]

Hence every semi Riemannian bi-invariant metric is geodesically complete, the
geodesics through the unit element ¢ of G are the 1-parameter subgroups of G,
and the bi-invariant metric is flat if and only if the group is 2-step nilpotent.
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4. Jacobi fields on quadratic Lie groups, conjugate points

Every vector field X on a Lie group G defines a map X : G — G given by
o — (Ly-1).0X,. Obviously, a vector field is left invariant if and only if the
associated map is constant.

Given a curve o : [tg, t1] — G, every vector field Y on o defines a curve in G :
?(t) = (La(t)il)*,a(t) Y(t)

and conversely, every curve in G defined on [0, 1] determines a vector field on o. We
say that one is the reflection of the other and we write either y~ =Y or Y~ =y.

Notice that y(t) = (Y (¢))~ is equivalent to y(¢)* o = Y (1)

The following proposition describes the Jacobi fields for a left invariant semi Rie-
mannian metric defined on a Lie group.

Proposition 4.1.  Let G be a Lie group, V a left invariant torsion free connection
on G and let o :[0,1] — G be a geodesic such that o(0) = e. Then the vector field
on o, t — Y (t) is a Jacobi vector field if and only if its reflection y = Y satisfies
the differential equation

G+ 22y = [y, xlx + x[y, x| + [z, y] (3)
where, as before, x(t) = (LU—I(t))*O_(t) o'(t).

This proposition is a consequence of the following technical result.

Lemma 4.2. With the notations introduced in the previous proposition, the first
and second covariant derivatives of the vector field Y on o are given by
Y Dy
dt dt?

Proof. Let G be a n dimensional Lie with Lie algebra G and {e;, 1 < i < n}
be a basis for the vector space underlying G. Expressing Y by means of e
(¢=1,---,n), as in proposition 4.1, we get

% Tt Zy’ €io(t) _Zyz za(t)+zyi(t)v
=1

= (y +zy)”, = (v + 2zy' + 'y + x(zy))™

Since Vg/(t)e;r = (ff(t>6i):(t)7

D ut)Veme =Y g (@(b)e) s = (@OyD)], = @Byt)™,

i=1 i=1

. D, N
that is T (7) = (v +zy)

D%y D ~ ~
Hence =5 = — (v +2y)” = (v + 2y) + 2(y' + zy))

= (' + 2y +ay +ay +x(xy)” = + 2y + 22y +2(xy)”. =
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Proof of Proposition 4.1. Recall that

Roryr 2™ = ([z,y]2 — x(y2) + y(z2))".

A straightforward calculation shows that,
Ryo o' (t) = ([y, ]z — y(az) + 2(y2))".
Thus Y =y~ is a Jacobi vector field if and only if
4wy + 2wy + x(ey) = [y, 2]z —y(ez) + 2(y2). (4)

Since o is a geodesic we have & = —zx, and since the connection is torsion free,
xy —yx = [x,y], then equation (4) becomes

§+2zy = [y, x|z + (v2)y — y(zz) + 2y, 7]
= [y, 2]z + 2[y, 2] + [(v2), Y] u

Remark 4.3. If 2y # 0 is a solution of xx = 0, then the geodesic o through e
with velocity x( is the one-parameter subgroup of G with infinitesimal generator
xo and the reflections of Jacobi fields on o are the solutions of the equation

i+ 220y = [y, 0|z + oy, xo).

Corollary 4.4. If V is the Levi-Civita connection defined by a bi-invariant semi
Riemannian metric, then a vector field Y on a geodesic o : [0,1] — G with o(0) = ¢,
is a Jacobi vector field is and only if its reflection curve y =Y~ is a solution of the
differential equation . )
Y= [y> .1'0],

where xy s the initial velocity of the geodesic.

The proof follows immediately from the fact that the Levi-Civita product of a bi-
invariant metric is given by xy = (1/2)[z,y].

Corollary 4.5. Let V be the Levi-Civita connection defined by a bi-invariant
semi Riemannian metric on a nilpotent Lie group. Then the reflection of Jacobi
fields along a geodesic o :[0,1] — G are polynomial.

Proof. Let Y be a Jacobi field along a geodesic o, and y its reflection. Then
by the previous corollary y®(t) = [¢/(t),zo]. Hence y**+V(t) = [y*)(¢), 2], and
y" ) = 0, where m is such that G(™ = 0. =

4.1. Jacobi fields on the oscillator groups

Consider the quadratic Lie algebra (R?", k), where kg is an Euclidean inner prod-
uct. Let A := (Aq,...,\,) where each ); is a positive real number and 6 the
antisymmetric isomorphism of (R?", ko) given by the matrix (with respect to an
orthonormal basis) B = {e1,...,e,,€1,...,¢,)

B 0 —diag(M1, ..., \n)
Mgt = ( diag(A1, ..., \p) 0 )

where diag(Aq,...,\,) stands for the diagonal matrix with Aq,..., A, on the main
diagonal.
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Obviously 6 defines a representation of the Lie algebra R by endomorphisms of G,
noted also by 6.

Let G(A) be Lie algebra obtained by a process of double extension (see for example
[13]) of (R*" ky) by R by means of §. This means that the algebra is obtained
by a central extension Reg x,, R?® of R*® by R by means of the scalar 2-cocycle
w(x,y) = ko(6(x),y), then by semi-direct product of Re_; by Reg x,, R*™ where
the action is given by

[e_1,e0] =0, [e_1,7] = 0z, for v € R*™.

This algebra has a quadratic structure k that extends ky and is given in the
Minkowski plane, V' = Span{e_;,e0}, by

k(eg,e0) = k(e_1,e_1) =0, k(e_1,e9) =1

and is orthogonal to R?".

Since the algebra G(\) is solvable, the connected and simply-connected Lie group
with Lie algebra G(\y, ..., \,) can be identified as a manifold to R*"*2 = RxC" xR
with product

(8,215 s 2y t) - (8,20, 20 1)

=(s+s+ % Z Imzj exp(itA;)2;, 21 + exp(itAi)zy, . .., 2 +exp(ithy) 2, t +1')
j=1
Definition 4.6. The groups G(\) are called Oscillator groups and the corre-
sponding Lie algebras G(\) are called Oscillator algebras.

The equation that defines the reflection of a Jacobi field in the oscillator algebra is
given by

y/—/1 = 0

Yo = Bt Ey, — il — e — 2l
y{ = =My Ty

yg = _/\ninyl—l + x*lAng;L

37/1/ = /\1371Z/L1 - 513'71)\191

?]1’1/ - /\nxny,—l - x—l)\ny;m

where z(0) = > | z;e; + Y ., @; €. In order to find the conjugate points to ¢,
it is also necessary that y(0) = 0 and y(t;) = 0 for some ¢; # 0. This implies that
y_1 = 0 and the system is equivalent to the system

Yo = Tyt Tpy, — ol — o — Tl
yi = Ay ;
Ul = —xoiA\y;

1 <j<n. When x_; # 0, the solutions are, since y(0) =0,

y;(t) = Tj)\ sin(z_1A; t)

T_1Aj

g;(t) = " (1 —cos(z_1A;t)).

l‘_l)\j
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In order to have y(t1) = 0, it is necessary that
$,1)\jt1 = 27Tk’, ke Z, or r; = 0

for all 1 < 7 < n. Hence, letting r; = 0 for j # ¢, yo must be a solution to the
equation
vy = Ty — 29 = i (& cos(x_1 N t) — x;sin(x_1\; 1))

which implies that

yh(t) = ¢+ ri)\ (@;cos(x_1Ait) + Z;sin(x_1\; t))

T_1Aq

and thus  yo(t) =d+ ct + @;7171/\)2 (xisin(x_1 A\ t) — T; cos(z_1 A\ 1)).
—17g

Since yo(0) = yo(t1) =0,

yo(t) = (x,:i)\-)2 (@isin(x_1 A t) + &;(1 — cos(z_1A; 1))

and the vector field Y = y™, where

T Ti

sin(x_1\it)e; + ——

$_1)\i

y(t) = yo(t)eo + (1 —cos(z_1A;t)) ¢,

x—l)\i

is a Jacobi field along the geodesic ¢ — exp(tz(0)). The points

exp( x(O)), keZ,1<i<n,

T_1Aq

are conjugate to €. Notice that when x_; = 0 then a Jacobi field along the geodesic
t — exp(tz(0)), with y(0) = 0 vanishes everywhere.

In what follows, G is a connected Lie group.

5. On flat left invariant semi Riemannian metrics
on quadratic Lie groups

Let G be a quadratic Lie group and (,) a flat left invariant semi Riemannian metric.
Notice that a quadratic Lie group is unimodular because ad, is k skew-symmetric,
for all z € G, hence, by Theorem 2.3, every flat left invariant semi Riemannian
metric on a quadratic Lie group is complete, and we have a companion theorem of
Theorem 2.8,

Theorem 5.1.  Let G be a connected quadratic Lie group, (,) a left invariant
semi Riemannian metric on G. Then the following assertions are equivalent

() (,) is flat
(ii) the exponential map relative to (, ) is a local isometry.
(iii) (,) is flat and complete.

In any case, G is solvable, and (G, (,)) has no conjugate points.
Moreover G viewed as a group of transformations of G has non trivial central 1-
parameter subgroups of translations.
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Proof. A quadratic Lie group is unimodular, hence the first part of the theorem
follows from Theorem 2.8.

As for the existence of non-trivial 1-parameter subgroups of translations, since the
metric is complete, the Levi-Civita product has no non trivial idempotents, hence
there is an element z¢ € G, o # 0 such that zqzg = 0. The 1-parameter subgroup
with infinitesimal generator xy is a geodesic for the metric. ]

Definition 5.2. The index of a non degenerate quadratic form ¢ defined on a real
vector space V' is the maximal dimension of a ¢ totally isotropic subspace of V.

We have the following result

Theorem 5.3.  If a connected non Abelian quadratic Lie group (G, k) admits a
flat left invariant semi Riemannian metric (,), then (,) is geodesically complete,
G is solvable, the index of (,) is > 1 and the universal covering of G viewed as a
group of affine transformations contains central 1-parameter groups of translations.

The two first assertions of the theorem follow from Theorem 2.8. The other assertions
will follow from a series of lemmas and propositions.

Lemma 5.4.  The center of a quadratic Lie group with a flat left invariant semi
Riemannian metric is non trivial.

Proof. By Theorem 2.8 the Lie group is solvable. The result follows from the
observation that Z(G)** =[G, d]. =

Proposition 5.5.  Let (G, k) be a quadratic Lie group with a flat left invariant
semi Riemannian metric. Then then for all e € Z(G), V? = 0. If the metric is
either Riemannian or Lorentzian, then for all e € Z(G), V. = 0. In this case, if
u € Gl(G) is the k symmetric isomorphism induced by the semi Riemannian metric,
then Z(G) is invariant by u.

Proof. Consider the Levi-Civita product induced by the semi Riemannian metric.
It is immediate from the Koszul formula that ee’ = L./ = 0 for e,e’ € Z(G). The
following string of equalities

<L6L6$7 y> = —<L6x, Ley> = _<Le$7 Ly6> = <LyLexa 6)
= (L.Lyx,e) = —(Lyx, Lee) =0,
implies the first assertion and it also implies that the subspace Im (L) is totally
isotropic. If the metric is either Riemannian or Lorentzian dim Im (L.) < 1. Suppose
that there exists e € Z(G) such that L. # 0, and let x such that L.x # 0. Then

for every y € G, there is a A € R such that L.y = AL.z. Notice that (z, L.z) =0
because L. is (,) skew symmetric. Then

0= (Ley,x) + (y, Lex) = N Lex,x) + (y, Lex) = (y, L),

thus, for all y € G, we have (y, Lex) = 0.

This equality implies that L.x = 0, because the semi Riemannian metric is non
degenerate, contrary to the assumption.
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For the second part of the assertion, the Koszul formula
(([l’, y]a Z> - <[y7 Z]v I’> + <[27 JI], y>)
for x =€, e € Z(G), reduces to

(Ley,2) = =5y, 2], €)

for all y,z € G. Let u be the k£ symmetric isomorphism of the underlying vector
space of G induced by the semi Riemannian metric (,). Then, using that L. = 0,

0= (Lo(y), 2) = =5 [y, 2], €) = = 5 ((y, 2], ule)) = = 5h([ule), 9], 2)

The former equality implies that

DO =

(zy, 2) =

DN | =

0 = [u(e), y],

because k is non degenerate. Thus, for a flat left invariant semi Riemannian metric
of index < 2, u(e) € Z(G). |

Corollary 5.6.  Under the hypothesis of proposition 5.5 if G' is viewed as a group
of affine transformations of G, it has one-parameter subgroups of translations.

As announced in Section 2, the existence of flat left invariant Riemannian metrics
on quadratic Lie groups imposes severe restrictions on the group:

Proposition 5.7. A quadratic Lie group with a flat left invariant Riemannian
metric is Abelian.

Proof. By Lemma 5.4, Z(G) # 0. Consider the map L : G — ¢l(G) defined by
x +— L,. The fact that [x,y] = L,y — L,x implies that ker (L) is an Abelian ideal
of G. By Proposition 5.5, Z(G) C ker (L). Since the metric is flat, by Theorem 1.5
in [16]

G=ker(L)®H

where H := ker (L)' and H acts on Ker(L) by adjoints. Hence [G,G] C ker (L).
Since [G, G] is orthogonal to Z(G) relative to (, ) (if e € Z(G), and z,y € G then
([z,9],e) = k([x,y],ule)) = k(x, [y, u(e)]) = 0, because Z(G) is invariant by u.
Since G is quadratic,

dimZ(G) + dim[G, G] = dimg.

Hence H = (0). ]

Corollary 5.8. A flat left invariant semi Riemannian metric on a non Abelian
quadratic Lie group has index > 1.

Proof of Theorem 5.3. Let GG be a quadratic non Abelian Lie group. By Theorem
5.1 every flat left invariant semi Riemannian metric on G is geodesically complete,
and by Theorem 2.8, G is solvable. By Proposition 5.5, the geodesic through the
unit of G with velocity eq is the 1-parameter subgroup of G with infinitesimal
generator eg, because egeg = 0. Finally, Corollary 5.8 states that the index of the
metric is > 1. [ ]
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The following corollaries are also consequences of Theorem 5.3

Corollary 5.9.  Fvery left invariant semi Riemannian metric on a quadratic Lie
group with non trivial Levi component (in particular when the group is reductive) is
non flat.

Definition 5.10. A quadratic Lie group (G, k) is called undecomposable if it has
no non trivial normal Lie subgroups N such that the restriction of the bi-invariant
metric k to N is non degenerate. At the algebra level, this means that every ideal
of G is k degenerate.

Corollary 5.11.  Let (G, k) be an undecomposable quadratic Lie group that admits
a flat left invariant semi Riemannian metric. Then the index of k is > 1.

Theorem 5.12.  Fvery undecomposable quadratic Lie group of dimension 4 has
(flat) affine left invariant structures and no flat left invariant semi Riemannian
melrics.

Proof. There are two undecomposable quadratic connected Lie groups. The first
one is the oscillator group of dimension 4 that was treated in [5]. The Lie algebra
of the second one is obtained as follows.

Let G be the Abelian Lie algebra obtained by quadratic double extension from the
Minkowski plane Span{ej, ey} (viewed as an Abelian Lie algebra) by a central line
Reg. This is a four-dimensional quadratic Lie algebra with an ad antisymmetric
scalar product of index 2. It has a basis e_1, eg, €1, 5 with bracket

[61, 62] = —€p, [6_1, 61] = €9, [6_1, 62] = €1
and quadratic structure
k(e—beo) = k(€1,€1) = —k(€27€2) =1,

the non stated products are either given by antisymmetry /symmetry or are 0. Note
that Z(G) = Rey.

We claim that G has no left invariant flat semi Riemannian metric. Suppose on
the contrary that there exists a k& symmetric isomorphism wu of the vector space
underlying G such that the metric

(z,y) = k(z, u(y))
is flat. By Proposition 5.5 , we have that
im L¢, C ker Le,.

Recall that, for a left invariant semi Riemannian metric, the Levi-Civita product is
given by:

22y = [z,y] +u ([z,u(y)] + [y, u(z)]).
Then 2Lcy = —u " 0 ady (e

hence im ady(e,) = u(im Le,) C u(ker L) = u(ker adye,)).
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This equation implies that rankad,, < 2.
Let u(eg) = z_1e_1 + xoeg + 161 + T2€90.

If x_1 #0, then ey and u(egy) are linearly independent and
im ady(ey) = u(ker adye,)) = Span{u(eg), u”(eg)}. (5)
It is easy to show that
im ady(e) = Span{u(er) = xaeq + r_169,u(e2) = —x1€0 + T_1€1}.
By Equation (5), there exist Aj, By, A2, By such that

Toeo +a_ 100 = Aju(eg) + Bru®(ep)

—T1eg+xr_161 = AQU(B()) + BQU,Q(G())
Then
0 = ]{3(13260 + x_1€9, 60) = /{:(Alu(eo) + B1u2(€0>, 60)
0 = k(—mieo+z_161,60) = k(Auleg) + Bau?(eg), ep).
and

0 = Aik(u(eg),eo) + Bik(u*(eg), €o)
0 = Ask(u(ep),eo) + Bak(u?(eg), €o)-

As a consequence, A1 = AAy, B; = ABsy, and
Toey + T_169 = Aju(eg) + BluQ(eo) = AMAsu(eg) + BQUQ(G())) = AN—m1e0 + T_1€1).

This equality contradicts the fact that eg, eq, es are linearly independent.
If 2_1=0, and 2423 # 0, then u(ey) = zoep+z1€1+T262, and dim (ker ady(e,)) = 2.

Hence dim (im ady,)) = 2, and
im (ady(ey)) = u(ker ady(e,))-

Moreover ker (ady(,)) = Span {eg, u(eg)} and ey € im ady(cy)-

By (5), eo = Au(eg)+pu?(eg) with p # 0, because we are supposing that u(eg) € Reg.
Then

0 = k(eg, e0) = k(Au(eg) + ,uu2(eo), eo) = Ak(u(eg), ep) + pk:(uQ(eo), €o)
and the hypothesis implies that
0= k(uz(eo), eo) = k(u(eg), u(eg)) = xf = x%

Then z; = +x5. Suppose first that x; = 29 = a (a # 0,because u(ey) ¢ Reyp).
Then u(eg) = aeg + a(e; + e2). Consider a new basis of G consisting of

€_1, €, V1 = €1 + €2, V2 = €1 — €.
Then V= ker ady(e,) = Span {eq, v1 }.

We have that u(e_;) = —x9e; — x169 = —av;. Hence

im ady(c,) = Span {eg, u(e1)} = Span {eg, v1 }.
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This implies that u leaves V invariant. In particular, u(v;) € V. Hence we have
u(v1) = Aeg + Bvy, and

A = k(u(vy),e_1) = k(v,u(e_q)) = —ak(vy,v1) = 0.

Then u(v;) and u(e_;) are linearly dependent, which is not possible.
If x1 = —x5 = a, then the same proof applies, with v, playing the role of v;.

Finally, suppose that rankad,e,) = 0, that is u(eg) € Rey. Without loss of
generality, suppose that u(eg) = ep.

Some calculations show that

b(—1+a+d)

k(Re_yere-1,62) = b2 + ad

where b = k(u(es),e1), a = k(u(ey),e1), and d = —k(u(es), e2). The semi Rieman-
nian metric being flat, either b=0or a+d=1. If a+d =1 then

k (Re_hele_l, 61) =1.

Since the former equality contradicts the hypothesis, b = 0. Using this, we get

0=k (Re e 1,e1) = 10+ 2a(—1+d) — (=1 +d)(1+3d)),

and 0="k (Re_,er-1,€) = Eld(BaQ —2a(1+d) — (=1 +d)?).

Adding the two equations, we get
0=a’—a—d(—1+d)=(a—d)(a+d—1).

It is easy to check that neither a = d nor a + d = 1 satisfy

3a* — 2a(1+d) — (=1 +d)* =0.

In order to conclude the proof of Theorem 5.12, it is easy to check that the linear
map G — gl (G) given by

00 O 0
T =1T € +xe+xe+xe._>L_1 00 2 -m
=x_1eq 0€0 1€1 262 =31 00 0 2.,
00 2x; O
is a left symmetric product on G compatible with the Lie bracket. n

Remark 5.13. In fact, for this latter quadratic group there is a left invariant
affine structure which is holomorphic ([8]).

As a consequence, we have that for undecomposable quadratic Lie groups of dimen-
sion 4, no exponential map of a left invariant semi Riemannian metric is a local
isometry.
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The following results give flat left invariant semi Riemannian metrics on nilpotent
Lie groups. Let f be an endomorphism of the underlying vector space of a Lie
algebra G, such that

[z, y]) = [f (@), f(y)] € Z2(9)

for all x,y € G. Such an endomorphism is called a g-homomorphism of Lie algebras.
An endomorphism d of the linear space G is called an f derivation if

dz,y] = [dz, fy] + [fz, dy],

for all z,y € G. In particular a derivation is a Id derivation.

Proposition 5.14.  Let (G, k) a quadratic Lie algebra with an invertible f deriva-
tion d. Then the semi Riemannian metric defined by

(z,y) = k(dz, dy)
s flat and the Levi-Civita product is given by
vy =d'[fz,dy].
Proof. The Levi-Civita product is given by the Koszul formula:
2wy, 2) = ([z, 4], 2) = (ly, 2}, ) + ([, 2], )
By the definition of the metric,
2k(d(zy),dz) = k(d|z,y],dz) — k(d[y, 2], dx) + k(d[z, z], dy).
Using the fact that d is a f derivation,
2k(d(xy), dz) = k([dx, fy], dz) = k([dy, f=], dz) + k([dz, fx], dy)

= 2k([fx,dyl,dz).
Hence d(zy) = [fx,dy]

because k is non degenerate. A simple calculation shows that

(zy)z = d”"[fz, [fy,d2]].

Therefore,
(zy)z — (yx)z = d~' ([fz,[fy,dz]] — [fy. [fz, dz]])
= d7Y[[fx, fy], d] '
Finally,
[z, ylz = d7" ([f[z.y), d2]) = a7 ([[fx, fy], dz])
because d is a f derivation and f is a ¢-homomorphism of Lie algebras. [ |

Theorem 5.15.  FEvery 3 step nilpotent Lie group has an invertible f derivation
d that induces a flat left invariant connection on G.
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Proof. Every 3 step nilpotent can be decomposed as
G§G=G DG DG

where Gy = [G,[G,G]] € Z(G), G is a supplement of Gy in [G,G] and G, is a
supplement of [G,G] in G. Define

f(z) =ax for z€gq,
where a; =4/9, as = 2/3, and
d(z) =z for z € G,

with ag = aq. The conditions on the parameters in order that d is an f derivation
are:

(67018 %) 7£ 0
(&%) = (4/9)@2 + (674N
(6] = 1/3

The f derivation d is invertible and the product
vy = d"([fz, dy])

is left symmetric hence defines a flat left invariant connection on G. [ |

Theorem 5.16.  FEvery quadratic 3 step nilpotent Lie group admits a flat left
invariant semi Riemannian metric induced by an invertible f derivation on its Lie
algebra.

Another general situation with flat left invariant complete semi Riemannian metric
is for quadratic Lie groups with a left invariant symplectic form ([14]).

Proposition 5.17.  Let (G,k) be a nilpotent, quadratic Lie algebra and u a
k symmetric isomorphism of the vector space underlying G. If u preserves the
descending central sequence G (and hence the ascending central sequence of G ) then
the metric k, is complete. Moreover, the solutions of the Euler equation (1) are
polynomial.

The proposition follows from the following lemma.

Lemma 5.18. If (G, k) is a nilpotent, quadratic Lie algebra of degree m and
v € End(G) preserves the descending central sequence of G, then the mth derivative
of the vector field given by & = [x,v(x)]| is zero.

Proof. Let t — «(t) be a curve in G. Define f(t) := [a(t),v(a(t))]. Then
vie N\ {0}, 8Y(t)= Z C; [P (), (@ (1))

and % ¢ CU*V(G). Hence, if z : t — x(t) is a solution of (1) and if we
have B(t) = [z(t),v(x(t))], then BW(t) = 20*D(¢), Vi € N. It follows that
2™ e Cm(G) = {0}. m
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Proof of Proposition 5.17. Simply consider in Lemma 5.18 the vector field
i = [r. 0 ()] "

Remark 5.19. There are incomplete left invariant semi Riemannian metrics on
nilpotent quadratic Lie groups.

The following is an example of this situation.

Example 5.20. Let G = Span{eg, e, €9, €3, €4} with Lie bracket

les, e1] = ea; e, €2] = €35 [en, €2] = ey,
the non stated products are obtained either by antisymmetry or are zero. For x € G,
let © = xgeq + x1€1 + T9€9 + 1363 + 24€4. The Lie algebra G is 3 step nilpotent and

for k£ given b
SR Y k(z, ) := 2(xg x4y — 2, 73) + 23,

(G, k) is quadratic. Let u € GL(G) with the following matrix given in the basis
B - {607 €1, €2, €3, 64}7

010 0 0
100 0 0
Mg(uw)=] 001 0 0
000 0 —1
000 -1 0

It is easy to check that w is k symmetric. Equation (1) is (in the same coordinate
system)

To = —TaTo+ T1Zo
1 = 0
Ty = X4To+ T173
T3 = XoTy + ToT3
iy = 0.
The curve
2o(t) = ﬁ 21(t) =0, wo(t) = 1%]5 w(t) = c(l+1)2 =1, au(t) =1

is a non complete solution of Equation (1), see [4]. Hence the semi Riemannian
metric defined by wu is not flat.

Notice that the quadratic Lie algebra (G, k) given in the example above is a 3 step
nilpotent quadratic algebra. The flat metric given by Theorem 5.16 is of signature
(2,3). This algebra is undecomposable.

Proof of the undecomposability. We remark that Z(G) is totally isotropic
and that any ideal of dimension 1 is central. Let Z be an ideal of dimension 2.
Since Z N Z2(G) # (0) we have Z = Span{z,y}, where = = x¢ey + z3e3 and
Y = Yoo + y1€1 + yoes + yszes + yseq. The following vectors are in Z:

Tp€o + X3e3
Y2€0 — Ya2 = [617 1/]
—t1e0 — Yses = [e2, Y]

yr1e2 +yoe3s = e,y
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Since we are assuming that the ideal is of dimension 2, the matrix

Zo 0 T3
Y2 —ys O
-y 0 -y
0 Y1 Y2

has rank at most 2. This implies that
ya(zsyr — voys) = O
Ya(z3y1 — woys) = O
yi(zsyr — woys) = 0
If 231 —2oys # 0, y1 =y2 = ya = 0 and y € 2(G). If x3y1 — woya = 0, then
k(x,z) = 0

k(x,y) = k(xzoeo + x3€3, Yoo + y1€1 + Yae2 + Yses + yaey)
= xoYys — x3y1 = 0.

and the ideal Z is degenerate. [ |

6. Quadratic 2-step nilpotent Lie groups

Let (G, k) be a quadratic 2-step nilpotent Lie algebra with 0 corank, that is such
that [G,G] = Z(G). Under this hypothesis the Lie algebra (G, k) is isomorphic to a
quadratic Lie algebra (V@& V* 60, k) where V* =[G, G|, § € A3(V), rank = dim V,
the bracket is given by

[(z, @), (y, 8)] = (0, 6(z, y,-)),
and k((z,q), (y, 8)) = aly) + B(z).
Let ¢ € GI(V) and define v : V& V* -V & V* by

u(z, a) = (6(z), p(a)) = (¢(z), 0 @).

It is easily verified that v € GL(V @ V™). Denote by (), the bilinear form induced
on V@& V* via k by u (hence by 0). Then (,), is non degenerate and w is ()
symmetric. We have

Theorem 6.1. Let (G, k) be a quadratic Lie group with Lie algebra G:=(VoV* 0, k),
as above. Then for every ¢ € GI(V') the metric (), defines a flat and geodesically
complete semi Riemannian metric on G, and (G, (,)s), G,(,)e) are isometric if
and only if ¢ = Y= for some b € GI(V). Moreover, if dimV > 9 there are
infinitely many non isometric such metrics.

Proof. The Levi-Civita product associated to (), is given by
2ab := 2L,b = [a,b] + u~*([a, u(b)] + [b, u(a)]).

In order to prove that L,y = [La, L] notice that, since V* = [G,G] = Z(G) and

u™! invariant, then

a(bc) = b(ac) = [a,b]lc =0, forall a,b,c€G.



BROMBERG, MEDINA, VILLABON 995

Hence (,), is flat, and geodesically complete because G is unimodular.

A straightforward calculation shows that (G,0,k,¢) and (G, 60, k,¢') are isometric
if and only if there exists ¢ € GI(V) such that ¢ = ¢~ .

Finally the Vinberg-Elashvili Classification Theorem (see [20]) implies that there
are infinitely many non degenerate and non conjugate 3-linear forms on V' when
dimV > 9. Consequently, there are infinitely many non isometric flat left invariant
semi Riemannian metrics on G. |

Theorem 6.1 can be used to construct flat compact semi Riemannian nilmanifolds
as is shown by the following example.

Example 6.2.  Consider the Lie algebra A, with basis {e1, es, €3, f1, fo} and Lie
bracket

[61762] = fa, [63764] = fo, [61763] = fi, [62764] = df;

where d is a square free integer. It is clear that A, is a 2-step nilpotent Lie algebra
of 0 corank. Moreover if d # d' the Q algebras A, and Ay are not isomorphic (see
[19]). Hence the simply connected Lie group G of Lie algebra “tA; := A% Xcoaqj Ad
has lattices. Consequently the manifold M = I'\G, where I' is a lattice, has many
flat semi Riemannian metrics.

For more details on 2-step nilpotent quadratic Lie algebras, see [17].
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