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Abstract. To determine the Lie groups that admit a flat (eventually geodesically complete) left
invariant semi-Riemannian metric is an open and difficult problem. The main aim of this paper
is the study of the flatness of left invariant semi-Riemannian metrics on quadratic Lie groups i.e.
Lie groups endowed with a bi-invariant semi-Riemannian metric. We give a useful necessary and
sufficient condition that guarantees the flatness of a left invariant semi-Riemannian metric defined
on a quadratic Lie group. All these semi-Riemannian metrics are complete. We show that there
are no Riemannian flat left invariant metrics on non Abelian quadratic Lie groups. We study
the Jacobi fields of any left invariant semi-Riemannian metric on a Lie group, using the notion
of reflections. The case of Oscillator groups is addressed. This paper is a modification of a 2011
previous version due to the first two authors.
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1. Introduction

This article outlines some facts known by the authors about the semi Riemannian
geometry of a Lie group provided with a semi Riemannian metric invariant under
left translations.
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4. On flat left invariant semi Riemannian metrics on quadratic Lie groups.
5. The nilpotent quadratic case.

When the relations between curvature or (geodesically) completeness of a semi
Riemannian metric and other topological or geometrical properties are studied it
is very useful to have many examples. This paper describes a rich collection of
examples which are obtained by providing a Lie group G with a semi Riemannian
metric invariant under left translations. It is well known that every left Riemannian
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metric is complete and in [16] Milnor described the Lie groups with flat left invariant
Riemannian metrics. By contrast, the study of completeness and/or flatness of
a non definite metric is in general very difficult. Even in the 3 dimensional non
unimodular case, there is not in the literature a necessary and sufficient condition
that guarantees the completeness of a left invariant Lorentzian metric. When the 3
dimensional Lie group is unimodular, the completeness of a left invariant Lorentzian
metric is equivalent to the completeness of the geodesics of light type [6].

Our class of examples can be enlarged substantially, with no extra effort, as follows.
If Γ is any discrete subgroup of G , then a left invariant semi Riemannian metric
on G gives rise to a metric on the quotient space Γ\G with identical properties of
curvature and (in)completeness. The case where Γ\G is compact is of particular
interest.

The first section will survey general old and new results on left invariant semi
Riemannian metrics on Lie groups. The principal and new result (Theorem 2.8)
gives necessary and sufficient conditions for the flatness of a left invariant semi
Riemannian metric on unimodular Lie groups. Under these conditions flatness
implies completeness.

In Section 2, necessary and sufficient conditions that guarantees the existence of
bi-invariant semi Riemannian metrics on Lie groups are given. These groups, called
quadratic or orthogonal Lie groups (see [12]), are the central objects of our study.

Section 3 is devoted to the Jacobi vector fields corresponding to a left invariant semi
Riemannian metric on Lie groups and on quadratic Lie groups in particular. The
equation that defines the reflection on the Lie algebra of G of a such vector field
is particularly simple when the metric is bi-invariant. The reflections of the Jacobi
vector fields corresponding to the Lorentzian bi-invariant metrics on the oscillator
Lie groups are determined.

Theorem 5.1, Theorem 5.12, and Theorem 5.15 are the main results of Section 4.
All these results appeared in version [7]. The first one specializes Theorem 2.8 to
the case of quadratic Lie groups. One of the consequences of Theorem 5.3 is that
every left invariant Riemannian metric on a non Abelian quadratic Lie group is non
flat. Theorem 5.12 shows the non existence of flat left invariant semi Riemannian
metric on any indecomposable quadratic Lie group of dimension 4. The case of
left invariant semi Riemannian metrics on quadratic nilpotent Lie groups is also
treated. Theorem 5.15 shows that every 3 step nilpotent Lie group admits a flat
left invariant connection given by an invertible f -derivation. This connection is
the Levi Civita connection of a semi Riemannian metric if the group is quadratic
(Theorem 5.16). A left semi Riemannian metric on a nilpotent quadratic Lie group
(G, k) defined by a k symmetric linear isomorphism u is complete when u preserves
the descending central sequence of the Lie algebra G ( Proposition 9 ). If (G, k)
is 2 step nilpotent and its corank is 0 then G admits many non isometric flat left
invariant semi Riemannian metrics. If dimG > 8 there are infinitely many non
isometric such metrics (Theorem 6.1).

The following result is an important and final remark concerning the classical or
generalized solutions of the Yang-Baxter equation on quadratic Lie groups and the
relations with left invariant semi Riemannian metrics.
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Theorem 1.1. [3] Every solution of the classical Yang-Baxter equation on a
quadratic Lie group induces a flat left invariant semi Riemannian metric on the
dual Lie groups associated to the solution. Furthermore a solution of the generalized
Yang-Baxter equation determines a left invariant semi Riemannian metric such that
the covariant derivative of its curvature tensor vanishes.

2. General results about left invariant semi Riemannian metrics
on Lie groups

Let G be a Lie group, ε the unit element in G . A non degenerate symmetric bilinear
form 〈, 〉 on G := Gε defines a left invariant semi Riemannian metric on G given by
the formula

〈vσ, wσ〉σ := 〈(Lσ−1)∗,σvσ, (Lσ−1)∗,σwσ〉, σ ∈ G, vσ, wσ ∈ Gσ

where Lσ : τ 7→ στ , and conversely.
The Levi-Civita connection ∇ of a semi Riemannian left invariant metric is left
invariant, and defines a product on the Lie algebra given by the formula

xy+ := ∇x+y+,

where x+ stands for the left invariant vector field with infinitesimal generator x ∈ G .
This product, called the Levi-Civita product, verifies the Koszul formula

2〈xy, z〉 = 〈[x, y], z〉 − 〈[y, z], x〉+ 〈[z, x], y〉.

By means of x(t) :=
(
Lσ(t)−1

)
∗,σ(t) σ

′(t) ,
the equation for the geodesics of the semi Riemannian metric becomes, in the Lie
algebra, ẋ = −xx. (1)
Since the Levi-Civita connection is torsion free, the Levi-Civita product satisfies

xy − yx = [x, y].

Moreover the Koszul formula implies that the map Lx : y 7→ xy is 〈 , 〉 skew
symmetric.
Many features of the geometry of left invariant semi Riemannian metrics on Lie
groups can be studied in the Lie algebra.
A semi Riemannian metric is called complete when its geodesics are defined for all
t ∈ R . Notice that a left invariant semi Riemannian metric is complete if and only
if the solutions of equation (1) are defined for all values of the parameter.
The exponential map associated to a semi Riemannian metric with base point σ ∈ G
is denoted by Expσ . This map is defined on all of Gσ for all σ whenever the
semi Riemannian metric is complete. Notice that in general Expε differs from the
exponential map in Lie theory (see Remark 3.4 bellow).

Definition 2.1. A semi Riemannian metric is called flat if the curvature tensor
vanishes.
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The Levi-Civita product for a flat left invariant semi Riemannian metric on a Lie
Group G is a left symmetric product on G , compatible with the Lie bracket, that is

(xy)z − x(yz) = (yx)z − y(xz) ,
and xy − yx = [x, y] .
As a partial converse we have that a left symmetric product compatible with the
Lie bracket induces a flat left invariant connection on G.

The existence of a flat left invariant metric on a Lie group imposes serious restrictions
on the group as the following result shows

Theorem 2.2. (Theorem 1.5 [16]) A Lie group has a left invariant flat Riemannian
metric if and only if its Lie algebra decomposes as a semidirect product of an Abelian
Lie algebra with an Abelian ideal, the Abelian algebra acting on the Abelian ideal by
infinitesimal isometries.

The existence of a flat left invariant metric on a quadratic Lie group imposes even
more restrictive conditions on the group. In fact, under this hypothesis, the group
is Abelian (see Proposition 5.7). In the same line of thought Proposition 7 states
that on non Abelian quadratic Lie groups there are no flat left invariant Lorentzian
metrics.

Theorem 2.3. A flat left invariant semi Riemannian metric is complete if and
only if the Lie group is unimodular.

For the proof see [1].
In [9] the simply connected Lie groups with flat, complete left invariant Lorentz
metrics are characterized. The nilpotent case was treated alternaternatively by
means of the double extension in [1].
The Jacobi fields measure the variation of geodesics: If t 7→ τ(t) is a geodesic, the
vector field t 7→ Y (t) defined on the curve τ is a Jacobi vector field provided that
it satisfies the second order differential equation

D2Y

dt2
= RY τ ′(τ

′) (2)

where DY/dt stands for the affine covariant derivative of (G,∇) of the vector field
Y on the curve τ and R is the curvature tensor. Hence if the semi Riemannian
metric is flat, then a vector field Y on a geodesic is a Jacobi field if and only if the
vector field DY/dt is parallel along the geodesic, that is if and only if D2Y/dt2 = 0 .
Then a necessary condition for a left invariant semi Riemannian metric to be flat is
that the second covariant derivative of any right invariant vector field along every
geodesic vanishes.
Notice that every right invariant vector field is a Jacobi vector field along any
geodesic, because it is a Killing vector field ([10]).

Definition 2.4. Let τ : [a, b] → G a geodesic. The points τ(a) , τ(b) are called
conjugate points if there is a Jacobi field Y on τ such that Y (a) = Y (b) = 0.

Proposition 2.5. Let τ : [a, b] → G be a geodesic. Then τ(a) and τ(b) are
conjugate if and only if the rank of Expτ(a) at (b− a)τ ′(a) is less than dim G.
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Lemma 2.6. Let (M, 〈 , 〉) a flat semi Riemannian manifold. Let U be a
connected neighborhood of 0 ∈ Mσ where Expσ is defined. If the semi Riemannian
metric is flat then Expσ is a local isometry.

Proof. Let x ∈ Mσ, v, w ∈ (Mσ)x ≈ Mσ . Let Jv, Jw the unique Jacobi fields
along a geodesic τ : [0, 1] → G , τ(0) = σ, τ(1) = ρ such that

Jv(0) = Jw(0) = σ,
DJv
dt

(0) = v,
DJw
dt

(0) = w.

The derivatives of the map φ(t) := 〈Jv(t), Jw(t)〉 are

φ′(t) = 〈DJv
dt

(t), Jw(t)〉+ 〈Jv(t),
DJw
dt

(t)〉,

φ′′(t) = 2〈DJv
dt

,
DJw
dt

〉, φ′′′(t) = 0

since Jv, Jw are parallel along τ . In consequence φ′′(t) = 2〈v, w〉 , φ′(t) = 2t 〈v, w〉 ,
φ(t) = t2 〈v, w〉 , and

〈dExpσ(0)v, dExpσ(0)w〉 = φ(1) = 〈v, w〉.

As a corollary we have that a complete semi Riemannian flat metric has no conjugate
points. Furthermore

Lemma 2.7. Let (M, 〈 , 〉) be a flat semi Riemannian manifold. If Expp is
defined for all v ∈ Mp , then Expp : (Mp, 〈〈 , 〉〉) → (M, 〈 , 〉) is a semi Riemannian
covering, where 〈〈 , 〉〉 is the affine metric induced by 〈 , 〉p.

Proof. We have to show that Expp has the lifting property for geodesics. Let
τ : [0, 1] → M a geodesic and x0 ∈ Mp such that Expσ(x0) = τ(0) . By lemma
2.6, there are neighborhoods U and V of x0 in Mp and τ(0) in M such that Expp

defined on U onto V is an isometry. If t satisfies τ([0, t)) ⊂ V , then s 7→ Exp−1
p τ(s)

is a geodesic in Mp . By hypothesis this geodesic is defined in [0, 1] and it is a lifting
of σ . The conclusion follows from Theorem 28.7 in [18].

The following theorem puts together some scattered results.

Theorem 2.8. Let G be a connected unimodular Lie group and 〈 , 〉 a left invari-
ant semi Riemannian metric on G. Then the following assertions are equivalent:

(i) 〈 , 〉 is flat and complete.
(ii) Expε is a local isometry (hence, for every σ in G, Expσ is a local isometry).
(iii) 〈 , 〉 is flat.

In any case G is solvable, and (G, 〈 , 〉) has no conjugate points.

Proof. By Theorem 2.3 a flat left invariant semi Riemannian metric defined on
an unimodular Lie group is complete. The hypothesis of 〈 , 〉 being flat implies
that G is locally symmetric and that Expq is a local isometry that has the lifting
property for geodesics. Hence it is a semi Riemannian covering.
To prove that G is solvable notice that the hypothesis implies that the Levi-Civita
connection defined by the semi Riemannian metric is a left invariant affine structure.
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Then there is a representation θ of G by affine transformations of G with an open
orbit and discrete isotropy (see [11]). The action of G on G induced by θ is transitive
because the metric is complete. Hence the restriction of the representation to a Levi
subalgebra is completely reducible. This contradiction implies the solvability.

Example 2.9. Let G = R2 o SO(R2) be the connected component of the unit
element of the group of rigid motions of the plane. The product on G is given by

(x, y, α)(x′, y′, β) = (x+ x′ cosα− y′ sinα, y + x′ sinα + y′ cosα, α + β).

Let G=Span{e1, e2} o R e3 , where e1, e2 is an Abelian Lie ideal and [e3, e1] = e2 ,
[e3, e2] = −e1 . Define a left invariant semi Riemannian metric by the Lorentzian
quadratic form on G :

q(x1e1 + x2e2 + x3e3) = x21 + x22 − x23.

Some straightforward calculations show that

Le1 = Le2 = 0 Le3 = ade3 .

Then L[x,y] = 0 and LxLy = LyLx . Hence the Lorentzian metric is flat. Equation
(1) is in this case

ẋ1 = x2x3, ẋ2 = −x1x3, ẋ3 = 0.

The solution to this equation with initial condition (x1, x2, x3) is

x(t) = (x1 cos(x3t)− x2 sin(x3t), x1 sin(x3t) + x2 cos(x3t), x3) .

The geodesic on G starting at ε with initial velocity (x1, x2, x3) is for x3 = 0

γ(t) = (tx1, tx2, 0),

and when x3 6= 0 : γ(t) =

=
(
− x2

2x3
+

x2

2x3
cos(2x3t) +

x1

2x3
sin(2x3t),

x1

2x3
− x1

2x3
cos(2x3t) +

x2

2x3
sin(2x3t), x3t

)
.

Hence the exponential map based at ε is, for x3 = 0,

Expε(x1, x2, x3) = (x1, x2, 0)

and for x3 6= 0,(
− x2

2x3
+

x2

2x3
cos(2x3) +

x1

2x3
sin(2x3),

x1

2x3
− x1

2x3
cos(2x3) +

x2

2x3
sin(2x3), x3

)
.

Hence Expε is a global isometry.

3. Quadratic Lie groups

Definition 3.1. A Lie group G with a bi-invariant semi Riemannian metric
k is called orthogonal or quadratic Lie group. The pair (G, k) , where G is the
corresponding Lie algebra and k is the restriction of k to G , is called orthogonal or
quadratic Lie algebra.
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Let (G, k) be a quadratic Lie algebra. Then k is a non degenerate quadratic form
and adx is k skew symmetric for all x ∈ G :

k(adx y, z) + k(y, adx z) = 0.

For every left invariant semi Riemannian metric 〈 , 〉 on G there is a k symmetric
isomorphism u of the vector space underlying G such that, for all x, y ∈ G

〈x, y〉 = k(u(x), y).

Equation (1) becomes in this case u(ẋ) = [u(x), x] .
The following propositions characterize quadratic Lie groups.

Proposition 3.2. [15] A Lie group is quadratic if and only if the adjoint and
co-adjoint actions are isomorphic.

Proposition 3.3. The Lie group G is quadratic if and only if the linear Poisson
structure on G∗ given by the Lie bracket of G has a quadratic, non degenerate
Casimir.

Proof. Let (G, k) be an orthonormal Lie algebra. Denote by Φ : G → G∗

the symmetric isomorphism Φ(x) := k(x, ·) . For x ∈ G , define x̂ ∈ (G∗)∗ by
x̂(ξ) = ξ(x) , ξ ∈ G∗ .
Let f : G∗ → R be given by f(ξ) = ξ(Φ−1(ξ)) . Clearly f is a non degenerate
quadratic form, hence its differential is (d f)ξ(ξ

′) = 2ξ′ (Φ−1(ξ)) or, equivalently,
(d f)ξ = 2Φ−1(ξ)∧ . If x0 = Φ−1(ξ) , we get, using the ad invariance of k , that

{f, x̂}ξ := ξ[2Φ−1(ξ), x] = Φ(x0)[2x0, x] = k(x0, [2x0, x]) = 0,

for all x ∈ G . Therefore f is a Casimir for the Lie-Poisson bracket {·, ·}.
Conversely, let f(α) = b(α, α) be a Casimir, b being a quadratic, symmetric, and
non degenerate quadratic form. Define k : G×G → R by k(x, y) := Ψ−1(x̂)y , where
Ψ(α) := b(α, ·) . Since Ψ is a symmetric isomorphism, so is k . Moreover, f being
a Casimir, we get that for all x ∈ G , {f, x̂} = 0 , that is,

∀α ∈ G∗, ∀x ∈ G, 0 = {(df)α, x̂}α = {Ψ(α), x̂}α.

Hence for all y, z ∈ G , k(z, [z, y]) = 0 .
Replacing z by a+ b , a, b ∈ G , we get that

∀ a, b, y ∈ G, k(a, [b, y]) + k(b, [a, y]) = 0.

Hence k is a quadratic structure on G .

Remark 3.4. The Levi-Civita product and the curvature of a bi-invariant semi
Riemannian metric on a Lie group are given (resp.) by:

xy =
1

2
[x, y], R(x, y) =

1

4
ad[x,y]

Hence every semi Riemannian bi-invariant metric is geodesically complete, the
geodesics through the unit element ε of G are the 1-parameter subgroups of G ,
and the bi-invariant metric is flat if and only if the group is 2-step nilpotent.
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4. Jacobi fields on quadratic Lie groups, conjugate points
Every vector field X on a Lie group G defines a map X̃ : G → G given by
σ 7→ (Lσ−1)∗,σXσ . Obviously, a vector field is left invariant if and only if the
associated map is constant.
Given a curve σ : [t0, t1] → G , every vector field Y on σ defines a curve in G :

Ỹ (t) =
(
Lσ(t)−1

)
∗,σ(t) Y (t)

and conversely, every curve in G defined on [0, 1] determines a vector field on σ . We
say that one is the reflection of the other and we write either y∼ = Y or Y ∼ = y .
Notice that y(t) = (Y (t))∼ is equivalent to y(t)+σ(t) = Y (t).

The following proposition describes the Jacobi fields for a left invariant semi Rie-
mannian metric defined on a Lie group.

Proposition 4.1. Let G be a Lie group, ∇ a left invariant torsion free connection
on G and let σ : [0, 1] → G be a geodesic such that σ(0) = ε. Then the vector field
on σ, t 7→ Y (t) is a Jacobi vector field if and only if its reflection y := Ỹ satisfies
the differential equation

ÿ + 2xẏ = [y, x]x+ x[y, x] + [xx, y] (3)

where, as before, x(t) =
(
Lσ−1(t)

)
∗,σ(t) σ

′(t).

This proposition is a consequence of the following technical result.

Lemma 4.2. With the notations introduced in the previous proposition, the first
and second covariant derivatives of the vector field Y on σ are given by

DY

dt
= (y′ + xy)∼,

D2Y

dt2
= (y′′ + 2xy′ + x′y + x(xy))∼

Proof. Let G be a n dimensional Lie with Lie algebra G and {ei, 1 ≤ i ≤ n}
be a basis for the vector space underlying G . Expressing Y by means of e+i
(i = 1, · · · , n) , as in proposition 4.1, we get

DY

dt
=

D

dt

n∑
i=1

yi(t)e
+
i,σ(t) =

n∑
i=1

y′i(t)e
+
i,σ(t) +

n∑
i=1

yi(t)∇σ′(t)e
+
i

= (y′(t))∼ +
n∑

i=1

yi(t)∇σ′(t)e
+
i .

Since ∇σ′(t)e
+
i = (x(t)ei)

+
σ(t),

n∑
i=1

yi(t)∇σ′(t)e
+
i =

n∑
i=1

yi(t)(x(t)ei)
+
σ(t) = (x(t)y(t))+σ(t) = (x(t)y(t))∼,

that is D

dt
(ỹ) = (y′ + xy)∼ .

Hence D2Y

dt2
=

D

dt
(y′ + xy)∼ = ((y′ + xy)′ + x(y′ + xy))

∼

= (y′′ + x′y + xy′ + xy′ + x(xy))
∼
= (y′′ + x′y + 2xy′ + x(xy))

∼
.
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Proof of Proposition 4.1. Recall that

Rx+y+z
+ = ([x, y]z − x(yz) + y(xz))+ .

A straightforward calculation shows that,

RY σ′(t)σ
′(t) = ([y, x]z − y(xz) + x(yz))∼.

Thus Y = y∼ is a Jacobi vector field if and only if

ÿ + ẋy + 2xẏ + x(xy) = [y, x]z − y(xz) + x(yz). (4)

Since σ is a geodesic we have ẋ = −xx , and since the connection is torsion free,
xy − yx = [x, y] , then equation (4) becomes

ÿ + 2xẏ = [y, x]x+ (xx)y − y(xx) + x[y, x]

= [y, x]x+ x[y, x] + [(xx), y]

Remark 4.3. If x0 6= 0 is a solution of xx = 0 , then the geodesic σ through ε
with velocity x0 is the one-parameter subgroup of G with infinitesimal generator
x0 and the reflections of Jacobi fields on σ are the solutions of the equation

ÿ + 2x0ẏ = [y, x0]x0 + x0[y, x0].

Corollary 4.4. If ∇ is the Levi-Civita connection defined by a bi-invariant semi
Riemannian metric, then a vector field Y on a geodesic σ : [0, 1] → G with σ(0) = ε,
is a Jacobi vector field is and only if its reflection curve y = Y ∼ is a solution of the
differential equation

ÿ = [ẏ, x0],

where x0 is the initial velocity of the geodesic.

The proof follows immediately from the fact that the Levi-Civita product of a bi-
invariant metric is given by xy = (1/2)[x, y].

Corollary 4.5. Let ∇ be the Levi-Civita connection defined by a bi-invariant
semi Riemannian metric on a nilpotent Lie group. Then the reflection of Jacobi
fields along a geodesic σ : [0, 1] → G are polynomial.

Proof. Let Y be a Jacobi field along a geodesic σ , and y its reflection. Then
by the previous corollary y(2)(t) = [y′(t), x0] . Hence y(k+1)(t) = [y(k)(t), x0] , and
y(m+1) ≡ 0 , where m is such that G(m) = 0 .

4.1. Jacobi fields on the oscillator groups
Consider the quadratic Lie algebra (R2n, k0) , where k0 is an Euclidean inner prod-
uct. Let λ := (λ1, . . . , λn) where each λi is a positive real number and θ the
antisymmetric isomorphism of (R2n, k0) given by the matrix (with respect to an
orthonormal basis) B = {e1, . . . , en, ě1, . . . , ěn)

MBθ =

(
0 −diag(λ1, . . . , λn)

diag(λ1, . . . , λn) 0

)
where diag(λ1, . . . , λn) stands for the diagonal matrix with λ1, . . . , λn on the main
diagonal.
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Obviously θ defines a representation of the Lie algebra R by endomorphisms of G ,
noted also by θ .
Let G(λ) be Lie algebra obtained by a process of double extension (see for example
[13]) of (R2n, k0) by R by means of θ . This means that the algebra is obtained
by a central extension R e0 ×ω R2n of R2n by R by means of the scalar 2-cocycle
ω(x, y) := k0(θ(x), y) , then by semi-direct product of R e−1 by R e0 ×ω R2n where
the action is given by

[e−1, e0] = 0, [e−1, x] = θx, for x ∈ R2n.

This algebra has a quadratic structure k that extends k0 and is given in the
Minkowski plane, V = Span{e−1, e0}, by

k(e0, e0) = k(e−1, e−1) = 0, k(e−1, e0) = 1

and is orthogonal to R2n.

Since the algebra G(λ) is solvable, the connected and simply-connected Lie group
with Lie algebra G(λ1, . . . , λn) can be identified as a manifold to R2n+2 ≡ R×Cn×R
with product

(s, z1, . . . , zn, t) · (s′, z′1, . . . , z′n, t′)

= (s+ s′ +
1

2

n∑
j=1

Imz̄j exp(i tλj)z
′
j, z1 + exp(i tλ1)z

′
1, . . . , zn + exp(i tλn)z

′
n, t+ t′)

Definition 4.6. The groups G(λ) are called Oscillator groups and the corre-
sponding Lie algebras G(λ) are called Oscillator algebras.

The equation that defines the reflection of a Jacobi field in the oscillator algebra is
given by

y′′−1 = 0

y′′0 = x̌1y
′
1 + · · ·+ x̌ny

′
n − x1y̌

′
1 − · · · − xny̌

′
n

y′′1 = −λ1x̌1y′−1 + x−1λ1y̌
′
1

. . .
y′′n = −λnx̌ny′−1 + x−1λny̌

′
n

y̌′′1 = λ1x1y
′
−1 − x−1λ1y

′
1

. . .
y̌′′n = λnxny

′
−1 − x−1λny

′
n,

where x(0) =
∑n

i=−1 xi ei +
∑n

i=1 x̌i ěi . In order to find the conjugate points to ε ,
it is also necessary that y(0) = 0 and y(t1) = 0 for some t1 6= 0 . This implies that
y−1 ≡ 0 and the system is equivalent to the system

y′′0 = x̌1y
′
1 + · · ·+ x̌ny

′
n − x1y̌

′
1 − · · · − xny̌

′
n

y′′j = x−1λj y̌
′
j

y̌′′j = −x−1λjy
′
j

,

1 ≤ j ≤ n . When x−1 6= 0 , the solutions are, since y(0) = 0 ,

yj(t) =
rj

x−1λj
sin(x−1λj t)

y̌j(t) =
rj

x−1λj
(1− cos(x−1λj t)) .
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In order to have y(t1) = 0 , it is necessary that

x−1λj t1 = 2πk, k ∈ Z, or rj = 0

for all 1 ≤ j ≤ n . Hence, letting rj = 0 for j 6= i , y0 must be a solution to the
equation

y′′0 = x̌iy
′
i − xiy̌

′
i = ri (x̌i cos(x−1λi t)− xi sin(x−1λi t))

which implies that

y′0(t) = c+
ri

x−1λi
(xi cos(x−1λi t) + x̌i sin(x−1λi t))

and thus y0(t) = d+ ct+
ri

(x−1λi)2
(xi sin(x−1λi t)− x̌i cos(x−1λi t)) .

Since y0(0) = y0(t1) = 0,

y0(t) =
ri

(x−1λi)2
(xi sin(x−1λi t) + x̌i(1− cos(x−1λi t)))

and the vector field Y = y∼ , where

y(t) = y0(t)e0 +
ri

x−1λi
sin(x−1λit)ei +

ri
x−1λi

(1− cos(x−1λi t)) ěi,

is a Jacobi field along the geodesic t 7→ exp(tx(0)) . The points

exp
(

πk

x−1λi
x(0)

)
, k ∈ Z, 1 ≤ i ≤ n,

are conjugate to ε . Notice that when x−1 = 0 then a Jacobi field along the geodesic
t 7→ exp(tx(0)) , with y(0) = 0 vanishes everywhere.
In what follows, G is a connected Lie group.

5. On flat left invariant semi Riemannian metrics
on quadratic Lie groups

Let G be a quadratic Lie group and 〈, 〉 a flat left invariant semi Riemannian metric.
Notice that a quadratic Lie group is unimodular because adx is k skew-symmetric,
for all x ∈ G , hence, by Theorem 2.3, every flat left invariant semi Riemannian
metric on a quadratic Lie group is complete, and we have a companion theorem of
Theorem 2.8,

Theorem 5.1. Let G be a connected quadratic Lie group, 〈 , 〉 a left invariant
semi Riemannian metric on G. Then the following assertions are equivalent

(i) 〈 , 〉 is flat.
(ii) the exponential map relative to 〈 , 〉 is a local isometry.
(iii) 〈 , 〉 is flat and complete.

In any case, G is solvable, and (G, 〈 , 〉) has no conjugate points.
Moreover G viewed as a group of transformations of G has non trivial central 1-
parameter subgroups of translations.
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Proof. A quadratic Lie group is unimodular, hence the first part of the theorem
follows from Theorem 2.8.
As for the existence of non-trivial 1-parameter subgroups of translations, since the
metric is complete, the Levi-Civita product has no non trivial idempotents, hence
there is an element x0 ∈ G , x0 6= 0 such that x0x0 = 0 . The 1-parameter subgroup
with infinitesimal generator x0 is a geodesic for the metric.

Definition 5.2. The index of a non degenerate quadratic form q defined on a real
vector space V is the maximal dimension of a q totally isotropic subspace of V.

We have the following result

Theorem 5.3. If a connected non Abelian quadratic Lie group (G, k) admits a
flat left invariant semi Riemannian metric 〈, 〉, then 〈, 〉 is geodesically complete,
G is solvable, the index of 〈, 〉 is ≥ 1 and the universal covering of G viewed as a
group of affine transformations contains central 1-parameter groups of translations.

The two first assertions of the theorem follow from Theorem 2.8. The other assertions
will follow from a series of lemmas and propositions.

Lemma 5.4. The center of a quadratic Lie group with a flat left invariant semi
Riemannian metric is non trivial.

Proof. By Theorem 2.8 the Lie group is solvable. The result follows from the
observation that Z(G)⊥k = [G,G] .

Proposition 5.5. Let (G, k) be a quadratic Lie group with a flat left invariant
semi Riemannian metric. Then then for all e ∈ Z (G), ∇2

e = 0. If the metric is
either Riemannian or Lorentzian, then for all e ∈ Z (G), ∇e = 0. In this case, if
u ∈ Gl(G) is the k symmetric isomorphism induced by the semi Riemannian metric,
then Z (G) is invariant by u.

Proof. Consider the Levi-Civita product induced by the semi Riemannian metric.
It is immediate from the Koszul formula that ee′ = Lee

′ = 0 for e, e′ ∈ Z(G) . The
following string of equalities

〈LeLex, y〉 = −〈Lex, Ley〉 = −〈Lex, Lye〉 = 〈LyLex, e〉
= 〈LeLyx, e〉 = −〈Lyx, Lee〉 = 0,

implies the first assertion and it also implies that the subspace Im (Le) is totally
isotropic. If the metric is either Riemannian or Lorentzian dim Im (Le) ≤ 1 . Suppose
that there exists e ∈ Z(G) such that Le 6= 0 , and let x such that Lex 6= 0 . Then
for every y ∈ G , there is a λ ∈ R such that Ley = λLex . Notice that 〈x, Lex〉 = 0
because Le is 〈 , 〉 skew symmetric. Then

0 = 〈Ley, x〉+ 〈y, Lex〉 = λ〈Lex, x〉+ 〈y, Lex〉 = 〈y, Lex〉,

thus, for all y ∈ G , we have 〈y, Lex〉 = 0 .

This equality implies that Lex = 0 , because the semi Riemannian metric is non
degenerate, contrary to the assumption.



Bromberg, Medina, Villabón 987

For the second part of the assertion, the Koszul formula

〈xy, z〉 = 1

2
(〈[x, y], z〉 − 〈[y, z], x〉+ 〈[z, x], y〉)

for x = e , e ∈ Z(G) , reduces to

〈Ley, z〉 = − 1

2
〈[y, z], e〉

for all y, z ∈ G . Let u be the k symmetric isomorphism of the underlying vector
space of G induced by the semi Riemannian metric 〈 , 〉 . Then, using that Le = 0,

0 = 〈Le(y), z〉 = − 1

2
〈[y, z], e〉 = − 1

2
k([y, z], u(e)) = − 1

2
k([u(e), y], z).

The former equality implies that

0 = [u(e), y],

because k is non degenerate. Thus, for a flat left invariant semi Riemannian metric
of index < 2 , u(e) ∈ Z(G).

Corollary 5.6. Under the hypothesis of proposition 5.5 if G is viewed as a group
of affine transformations of G , it has one-parameter subgroups of translations.

As announced in Section 2, the existence of flat left invariant Riemannian metrics
on quadratic Lie groups imposes severe restrictions on the group:

Proposition 5.7. A quadratic Lie group with a flat left invariant Riemannian
metric is Abelian.

Proof. By Lemma 5.4, Z(G) 6= 0 . Consider the map L : G → gl(G) defined by
x 7→ Lx . The fact that [x, y] = Lxy − Lyx implies that ker (L) is an Abelian ideal
of G . By Proposition 5.5, Z(G) ⊂ ker (L) . Since the metric is flat, by Theorem 1.5
in [16]

G = ker (L)⊕H
where H := ker (L)⊥ and H acts on Ker(L) by adjoints. Hence [G,G] ⊂ ker (L) .
Since [G,G] is orthogonal to Z(G) relative to 〈 , 〉 (if e ∈ Z(G) , and x, y ∈ G then
〈[x, y], e〉 = k([x, y], u(e)) = k(x, [y, u(e)]) = 0 , because Z(G) is invariant by u .
Since G is quadratic,

dimZ(G) + dim[G,G] = dimG.
Hence H = (0) .

Corollary 5.8. A flat left invariant semi Riemannian metric on a non Abelian
quadratic Lie group has index ≥ 1.

Proof of Theorem 5.3. Let G be a quadratic non Abelian Lie group. By Theorem
5.1 every flat left invariant semi Riemannian metric on G is geodesically complete,
and by Theorem 2.8, G is solvable. By Proposition 5.5, the geodesic through the
unit of G with velocity e0 is the 1-parameter subgroup of G with infinitesimal
generator e0 , because e0e0 = 0 . Finally, Corollary 5.8 states that the index of the
metric is ≥ 1 .
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The following corollaries are also consequences of Theorem 5.3 :

Corollary 5.9. Every left invariant semi Riemannian metric on a quadratic Lie
group with non trivial Levi component (in particular when the group is reductive) is
non flat.

Definition 5.10. A quadratic Lie group (G, k) is called undecomposable if it has
no non trivial normal Lie subgroups N such that the restriction of the bi-invariant
metric k to N is non degenerate. At the algebra level, this means that every ideal
of G is k degenerate.

Corollary 5.11. Let (G, k) be an undecomposable quadratic Lie group that admits
a flat left invariant semi Riemannian metric. Then the index of k is ≥ 1.

Theorem 5.12. Every undecomposable quadratic Lie group of dimension 4 has
(flat) affine left invariant structures and no flat left invariant semi Riemannian
metrics.

Proof. There are two undecomposable quadratic connected Lie groups. The first
one is the oscillator group of dimension 4 that was treated in [5]. The Lie algebra
of the second one is obtained as follows.
Let G be the Abelian Lie algebra obtained by quadratic double extension from the
Minkowski plane Span {e1, e2} (viewed as an Abelian Lie algebra) by a central line
R e0 . This is a four-dimensional quadratic Lie algebra with an ad antisymmetric
scalar product of index 2. It has a basis e−1, e0, e1, e2 with bracket

[e1, e2] = −e0, [e−1, e1] = e2, [e−1, e2] = e1

and quadratic structure

k(e−1, e0) = k(e1, e1) = −k(e2, e2) = 1,

the non stated products are either given by antisymmetry/symmetry or are 0. Note
that Z(G) = Re0.
We claim that G has no left invariant flat semi Riemannian metric. Suppose on
the contrary that there exists a k symmetric isomorphism u of the vector space
underlying G such that the metric

〈x, y〉 := k(x, u(y))

is flat. By Proposition 5.5 , we have that

imLe0 ⊂ kerLe0 .

Recall that, for a left invariant semi Riemannian metric, the Levi-Civita product is
given by:

2xy = [x, y] + u−1([x, u(y)] + [y, u(x)]).

Then 2Le0 = −u−1 ◦ adu(e0)

hence im adu(e0) = u(imLe0) ⊂ u(kerLe0) = u(ker adu(e0)).
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This equation implies that rank adu(e0) ≤ 2 .
Let u(e0) = x−1e−1 + x0e0 + x1e1 + x2e2.

If x−1 6= 0 , then e0 and u(e0) are linearly independent and

im adu(e0) = u(ker adu(e0)) = Span{u(e0), u2(e0)}. (5)

It is easy to show that

im adu(e0) = Span{u(e1) = x2e0 + x−1e2, u(e2) = −x1e0 + x−1e1}.

By Equation (5), there exist A1, B1, A2, B2 such that

x2e0 + x−1e2 = A1u(e0) +B1u
2(e0)

−x1e0 + x−1e1 = A2u(e0) +B2u
2(e0)

Then
0 = k(x2e0 + x−1e2, e0) = k(A1u(e0) +B1u

2(e0), e0)

0 = k(−x1e0 + x−1e1, e0) = k(A2u(e0) +B2u
2(e0), e0).

and
0 = A1k(u(e0), e0) +B1k(u

2(e0), e0)

0 = A2k(u(e0), e0) +B2k(u
2(e0), e0).

As a consequence, A1 = λA2 , B1 = λB2 , and

x2e0 + x−1e2 = A1u(e0) +B1u
2(e0) = λ(A2u(e0) +B2u

2(e0)) = λ(−x1e0 + x−1e1).

This equality contradicts the fact that e0, e1, e2 are linearly independent.
If x−1=0 , and x21+x22 6= 0 , then u(e0) = x0e0+x1e1+x2e2 , and dim (ker adu(e0)) = 2 .
Hence dim (im adu(e0)) = 2 , and

im (adu(e0)) = u(ker adu(e0)).

Moreover ker (adu(e0)) = Span {e0, u(e0)} and e0 ∈ im adu(e0).

By (5), e0 = λu(e0)+µu
2(e0) with µ 6= 0 , because we are supposing that u(e0) /∈Re0 .

Then

0 = k(e0, e0) = k(λu(e0) + µu2(e0), e0) = λk(u(e0), e0) + µk(u2(e0), e0)

and the hypothesis implies that

0 = k(u2(e0), e0) = k(u(e0), u(e0)) = x21 − x22.

Then x1 = ±x2 . Suppose first that x1 = x2 = a (a 6= 0,because u(e0) /∈ Re0) .
Then u(e0) = αe0 + a(e1 + e2) . Consider a new basis of G consisting of

e−1, e0, v1 = e1 + e2, v2 = e1 − e2.

Then V := ker adu(e0) = Span {e0, v1}.

We have that u(e−1) = −x2e1 − x1e2 = −av1 . Hence

im adu(e0) = Span {e0, u(e1)} = Span {e0, v1}.
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This implies that u leaves V invariant. In particular, u(v1) ∈ V . Hence we have
u(v1) = Ae0 +Bv1 , and

A = k(u(v1), e−1) = k(v1, u(e−1)) = −ak(v1, v1) = 0.

Then u(v1) and u(e−1) are linearly dependent, which is not possible.
If x1 = −x2 = a , then the same proof applies, with v2 playing the role of v1.
Finally, suppose that rank adu(e0) = 0 , that is u(e0) ∈ Re0 . Without loss of
generality, suppose that u(e0) = e0.

Some calculations show that

k
(
Re−1,e1e−1, e2

)
=

b(−1 + a+ d)

b2 + ad

where b = k(u(e2), e1) , a = k(u(e1), e1) , and d = −k(u(e2), e2). The semi Rieman-
nian metric being flat, either b = 0 or a+ d = 1 . If a+ d = 1 then

k
(
Re−1,e1e−1, e1

)
= 1.

Since the former equality contradicts the hypothesis, b = 0 . Using this, we get

0 = k
(
Re−1,e1e−1, e1

)
=

1

4ad
(a2 + 2a(−1 + d)− (−1 + d)(1 + 3d)),

and 0 = k
(
Re−1,e2e−1, e2

)
=

1

4ad
(3a2 − 2a(1 + d)− (−1 + d)2).

Adding the two equations, we get

0 = a2 − a− d(−1 + d) = (a− d)(a+ d− 1).

It is easy to check that neither a = d nor a+ d = 1 satisfy

3a2 − 2a(1 + d)− (−1 + d)2 = 0.

In order to conclude the proof of Theorem 5.12, it is easy to check that the linear
map G → gl (G) given by

x = x−1e−1 + x0e0 + x1e1 + x2e2 7→ Lx =
1

2


0 0 0 0
0 0 x2 −x1
0 0 0 2x−1

0 0 2x−1 0


is a left symmetric product on G compatible with the Lie bracket.

Remark 5.13. In fact, for this latter quadratic group there is a left invariant
affine structure which is holomorphic ([8]).

As a consequence, we have that for undecomposable quadratic Lie groups of dimen-
sion 4, no exponential map of a left invariant semi Riemannian metric is a local
isometry.
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The following results give flat left invariant semi Riemannian metrics on nilpotent
Lie groups. Let f be an endomorphism of the underlying vector space of a Lie
algebra G , such that

f([x, y])− [f(x), f(y)] ∈ Z (G)
for all x, y ∈ G . Such an endomorphism is called a q-homomorphism of Lie algebras.
An endomorphism d of the linear space G is called an f derivation if

d[x, y] = [dx, fy] + [fx, dy],

for all x, y ∈ G . In particular a derivation is a Id derivation.

Proposition 5.14. Let (G, k) a quadratic Lie algebra with an invertible f deriva-
tion d. Then the semi Riemannian metric defined by

〈x, y〉 = k(dx, dy)

is flat and the Levi-Civita product is given by

xy = d−1[fx, dy].

Proof. The Levi-Civita product is given by the Koszul formula:

2〈xy, z〉 = 〈[x, y], z〉 − 〈[y, z], x〉+ 〈[z, x], y〉

By the definition of the metric,

2k(d(xy), dz) = k(d[x, y], dz)− k(d[y, z], dx) + k(d[z, x], dy).

Using the fact that d is a f derivation,

2k(d(xy), dz) = k([dx, fy], dz)− k([dy, fz], dx) + k([dz, fx], dy)

+ k([fx, dy], dz)− k([fy, dz], dx) + k([fz, dx], dy)

= 2k([fx, dy], dz).

Hence d(xy) = [fx, dy]

because k is non degenerate. A simple calculation shows that

(xy)z = d−1[fx, [fy, dz]].

Therefore,

(xy)z − (yx)z = d−1 ([fx, [fy, dz]]− [fy, [fx, dz]])

= d−1[[fx, fy], dz]
.

Finally,
[x, y]z = d−1 ([f [x, y], dz]) = d−1 ([[fx, fy], dz])

because d is a f derivation and f is a q-homomorphism of Lie algebras.

Theorem 5.15. Every 3 step nilpotent Lie group has an invertible f derivation
d that induces a flat left invariant connection on G.
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Proof. Every 3 step nilpotent can be decomposed as

G = G0 ⊕ G1 ⊕ G2

where G0 = [G, [G,G]] ⊂ Z(G) , G1 is a supplement of G0 in [G,G] and G2 is a
supplement of [G,G] in G . Define

f(x) = aix for x ∈ Gi,

where a1 = 4/9 , a2 = 2/3 , and

d(x) = αix for x ∈ Gi,

with α0 = α1 . The conditions on the parameters in order that d is an f derivation
are:

α0α2 6= 0

α0 = (4/9)α2 + α0a0

α2 = 1/3.

The f derivation d is invertible and the product

xy := d−1([fx, dy])

is left symmetric hence defines a flat left invariant connection on G .

Theorem 5.16. Every quadratic 3 step nilpotent Lie group admits a flat left
invariant semi Riemannian metric induced by an invertible f derivation on its Lie
algebra.

Another general situation with flat left invariant complete semi Riemannian metric
is for quadratic Lie groups with a left invariant symplectic form ([14]).

Proposition 5.17. Let (G, k) be a nilpotent, quadratic Lie algebra and u a
k symmetric isomorphism of the vector space underlying G . If u preserves the
descending central sequence G (and hence the ascending central sequence of G ) then
the metric ku is complete. Moreover, the solutions of the Euler equation (1) are
polynomial.

The proposition follows from the following lemma.

Lemma 5.18. If (G, k) is a nilpotent, quadratic Lie algebra of degree m and
v ∈ End(G) preserves the descending central sequence of G , then the mth derivative
of the vector field given by ẋ = [x, v(x)] is zero.

Proof. Let t 7→ α(t) be a curve in G . Define β(t) := [α(t), v(α(t))] . Then

∀ i ∈ N \ {0}, β(i)(t) =
i∑

j=0

Ci
j [α

(j)(t), v(α(i−j)(t))]

and β(i) ∈ C(i+1)(G) . Hence, if x : t 7→ x(t) is a solution of (1) and if we
have β(t) := [x(t), v(x(t))] , then β(i)(t) = x(i+1)(t), ∀i ∈ N . It follows that
x(m) ∈ Cm(G) = {0} .
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Proof of Proposition 5.17. Simply consider in Lemma 5.18 the vector field
ẋ = [x, u−1(x)] .

Remark 5.19. There are incomplete left invariant semi Riemannian metrics on
nilpotent quadratic Lie groups.

The following is an example of this situation.

Example 5.20. Let G = Span{e0, e1, e2, e3, e4} with Lie bracket
[e4, e1] = e2; [e4, e2] = e3; [e1, e2] = e0,

the non stated products are obtained either by antisymmetry or are zero. For x ∈ G ,
let x = x0e0 + x1e1 + x2e2 + x3e3 + x4e4 . The Lie algebra G is 3 step nilpotent and
for k given by

k(x, x) := 2(x0 x4 − x1 x3) + x22,

(G, k) is quadratic. Let u ∈ GL(G) with the following matrix given in the basis
B = {e0, e1, e2, e3, e4} ,

MB(u) =


0 1 0 0 0
1 0 0 0 0
0 0 1 0 0
0 0 0 0 −1
0 0 0 −1 0

 .

It is easy to check that u is k symmetric. Equation (1) is (in the same coordinate
system)

ẋ0 = −x2x0 + x1x2

ẋ1 = 0

ẋ2 = x4x0 + x1x3

ẋ3 = x2x4 + x2x3

ẋ4 = 0.

The curve
x0(t) =

−2

(1 + t)2
, x1(t) = 0, x2(t) =

2

1 + t
, x3(t) = c(1 + t)2 − 1, x4(t) = 1

is a non complete solution of Equation (1), see [4]. Hence the semi Riemannian
metric defined by u is not flat.
Notice that the quadratic Lie algebra (G, k) given in the example above is a 3 step
nilpotent quadratic algebra. The flat metric given by Theorem 5.16 is of signature
(2, 3) . This algebra is undecomposable.

Proof of the undecomposability. We remark that Z(G) is totally isotropic
and that any ideal of dimension 1 is central. Let I be an ideal of dimension 2.
Since I ∩ Z(G) 6= (0) we have I = Span{x, y} , where x = x0e0 + x3e3 and
y = y0e0 + y1e1 + y2e2 + y3e3 + y4e4 . The following vectors are in I :

x0e0 + x3e3

y2e0 − y4e2 = [e1, y]

−y1e0 − y4e3 = [e2, y]

y1e2 + y2e3 = [e4, y].
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Since we are assuming that the ideal is of dimension 2, the matrix
x0 0 x3
y2 −y4 0
−y1 0 −y4
0 y1 y2


has rank at most 2. This implies that

y4(x3y1 − x0y4) = 0

y2(x3y1 − x0y4) = 0

y1(x3y1 − x0y4) = 0

If x3y1 − x0y4 6= 0 , y1 = y2 = y4 = 0 and y ∈ Z(G) . If x3y1 − x0y4 = 0 , then

k(x, x) = 0

k(x, y) = k(x0e0 + x3e3, y0e0 + y1e1 + y2e2 + y3e3 + y4e4)
= x0y4 − x3y1 = 0.

and the ideal I is degenerate.

6. Quadratic 2-step nilpotent Lie groups
Let (G, k) be a quadratic 2-step nilpotent Lie algebra with 0 corank, that is such
that [G,G] = Z(G) . Under this hypothesis the Lie algebra (G, k) is isomorphic to a
quadratic Lie algebra (V ⊕V ∗, θ, k) where V ∗ = [G,G] , θ ∈ Λ3(V ) , rank θ = dimV ,
the bracket is given by

[(x, α), (y, β)] = (0, θ(x, y, ·)),

and k((x, α), (y, β)) = α(y) + β(x).

Let ϕ ∈ Gl(V ) and define u : V ⊕ V ∗ → V ⊕ V ∗ by

u(x, α) := (ϕ(x),t ϕ(α)) = (ϕ(x), α ◦ ϕ).

It is easily verified that u ∈ GL(V ⊕V ∗) . Denote by 〈 , 〉ϕ the bilinear form induced
on V ⊕ V ∗ via k by u (hence by δ ). Then 〈 , 〉ϕ is non degenerate and u is 〈 , 〉ϕ
symmetric. We have

Theorem 6.1. Let (G, k) be a quadratic Lie group with Lie algebra G :=(V ⊕V ∗, θ, k),
as above. Then for every ϕ ∈ Gl(V ) the metric 〈 , 〉ϕ defines a flat and geodesically
complete semi Riemannian metric on G, and (G, 〈 , 〉ϕ), G, 〈 , 〉ϕ′) are isometric if
and only if ϕ′ = ψ−1ϕψ for some ψ ∈ Gl(V ). Moreover, if dimV ≥ 9 there are
infinitely many non isometric such metrics.

Proof. The Levi-Civita product associated to 〈 , 〉ϕ is given by

2ab := 2Lab = [a, b] + u−1([a, u(b)] + [b, u(a)]).

In order to prove that L[a,b] = [La, Lb] notice that, since V ∗ = [G,G] = Z(G) and
u−1 invariant, then

a(bc) = b(ac) = [a, b]c = 0, for all a, b, c ∈ G .
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Hence 〈 , 〉ϕ is flat, and geodesically complete because G is unimodular.
A straightforward calculation shows that (G, θ, k, ϕ) and (G, θ, k, ϕ′) are isometric
if and only if there exists ψ ∈ Gl(V ) such that ϕ′ = ψ−1ϕψ.

Finally the Vinberg-Elashvili Classification Theorem (see [20]) implies that there
are infinitely many non degenerate and non conjugate 3-linear forms on V when
dimV ≥ 9. Consequently, there are infinitely many non isometric flat left invariant
semi Riemannian metrics on G.

Theorem 6.1 can be used to construct flat compact semi Riemannian nilmanifolds
as is shown by the following example.

Example 6.2. Consider the Lie algebra Ad with basis {e1, e2, e3, f1, f2} and Lie
bracket

[e1, e2] = f2, [e3, e4] = f2, [e1, e3] = f1, [e2, e4] = df2

where d is a square free integer. It is clear that Ad is a 2-step nilpotent Lie algebra
of 0 corank. Moreover if d 6= d′ the Q algebras Ad and Ad′ are not isomorphic (see
[19]). Hence the simply connected Lie group G of Lie algebra ∗tAd := A∗

d ocoadj Ad

has lattices. Consequently the manifold M = Γ\G , where Γ is a lattice, has many
flat semi Riemannian metrics.

For more details on 2-step nilpotent quadratic Lie algebras, see [17].

Acknowledgments. In loving memory of Ph. Revoy, we honor his invaluable
contributions to the theory of quadratic Lie groups.
The authors thank the referee for assisting with numerical calculation to improve
the Theorem (5.3) in the reference [7] and to point out the reference [2].

References
[1] A. Aubert, A. Medina: Groupes de Lie pseudo-riemanniens plats, Tohoku Math. J.

(2) 55/4 (2003) 487–596.
[2] S. Benayadi, H. Lebzioui: Flat left-invariant pseudo-Riemannian metrics on quadratic

Lie groups, J. Algebra 593l (2022) 1–25.
[3] M. Boucetta, A. Medina: Solutions of the Yang-Baxter equations on orthogonal

groups: the case of oscillator groups, arXiv: 1008.2435 (2010).
[4] S. Bromberg, A. Medina: Complétude de l’équation d’Euler, in: Algebra and Operator

Theory, Tashkent 1997, Kluwer Academic Publishers, Dordrecht (1998) 127–144.
[5] S. Bromberg, A. Medina: A homogeneous space-time model with singularities, J.

Math. Phys. 41/12 (2000) 8190–8195.
[6] S. Bromberg, A. Medina: Geodesically complete Lorentzian metrics on some homoge-

neous 3 manifolds, Symm. Int. Geom. Methods Appl. 4 (2008), art. no. 88.
[7] S. Bromberg, A. Medina: Left invariant semi Riemannian metrics on quadratic Lie

groups, arXiv: 1103.1356 (2011).
[8] A. Diatta, A. Medina: Classical Yang-Baxter equation and left invariant affine geom-

etry on Lie groups, Manuscripta Math. 114/4 (2004) 477–486.
[9] F. Grunewald, G. Margulis: Transitive and quasitransitive actions of affine groups

preserving a generalized Lorentz-structure, J. Geom. Physics 5/4 (1988) 493–531.



996 Bromberg, Medina, Villabón

[10] S. Kobayashi, K. Nomizu: Foundations of Differential Geometry I, Interscience Pub-
lishers, New York (1963).

[11] A. Medina: Flat left invariant connections adapted to the automorphism structure of
a Lie group, J. Diff. Geometry 16/3 (1982) 445–474.

[12] A. Medina, Ph. Revoy: Algèbres de Lie et produit scalaire invariant, Ann. Sci. École
Norm. Sup. Sér. 4, 18/3 (1985) 553–561.

[13] A. Medina, Ph. Revoy: Les groupes oscillateurs et leurs reseaux, Manuscripta Math.
52/1-3 (1985) 81–95.

[14] A. Medina, Ph. Revoy: Groupes de Lie à structure symplectique invariante à gauche,
MSRI Publications 20 (1991) 247–266.

[15] A. Medina, Ph. Revoy: Algèbres de Lie orthogonales. Modules orthogonaux, Comm.
Algebra 21/7 (1993) 2295–2315.

[16] J. Milnor: Curvatures of left invariant metrics on Lie groups, Advances in Math. 21/3
(1976) 293–329.

[17] L. Noui, Ph. Revoy: Algèbres de Lie orthogonales et formes trilinéaires alternées,
Comm. Algebra 25/2 (1997) 617–622.

[18] B. O’Neil: Semi-Riemannian Geometry. With Applications to Relativity, Pure and
Applied Mathematics 103, Academic Press, New York (1983).

[19] J. Scheuneman: Two-step nilpotent Lie algebras, J. Algebra 7 (1967) 152–159.
[20] E. B. Vinberg, A. G. Elashvili: A classification of the three-vectors in nine-dimensional

space, Tr. Semin. Vektor. Tenzor. Anal. Prilozh. Geom. Mekh. Fiz. 18 (1978) 197–233.

Shirley Bromberg, Departamento de Matemáticas, Universidad Autónoma Metropolitana-Izta-
palapa, México D.F., México; stbs@xanum.uam.mx.

Alberto Medina, Institut A. Grothendieck, Université Montpellier CNRS, France;
alberto.medina@umontpellier.fr.

Andrés Villabón, Escuela de Ciencias Básicas, Tecnología e Ingeniería, Universidad Nacional
Abierta y a Distancia, Medellín, Colombia; edgar.villabon@unad.edu.co.

Received August 17, 2024
and in final form October 30, 2024


