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1. Introduction

The generalized Chebyshev polynomials are polynomial mappings P k
g :Cn → Cn

with integer coefficients obtained from the exponential invariants of arbitrary semi-
simple Lie algebras g of rank n . From their definition, they naturally commute

P k
g ◦ P l

g = P l
g ◦ P k

g

and it is believed that they exhaust all commuting polynomials under certain addi-
tional assumptions [15]. They are orthogonal with respect to a certain measure and
can be extended to a complete set of orthogonal polynomials [7].
The present manuscript has its origin in an attempt to classify (arithmetically)
exceptional polynomial mappings with two or more variables. We recall that a poly-
nomial mapping P ∈ Z[x] in n variables is said to be (arithmetically) exceptional
if the reduced map P̄ : Fn

p → Fn
p is a permutation for infinitely many primes p .

The classification of exceptional polynomials with one variable is finished [5]. They
are the compositions of linear polynomials, power maps and Chebyshev polynomi-
als. The ideas of Fried can be extended to the projective setting by translating
exceptionality to a property of permutation groups [6].
The elementary symmetric polynomials and the power-sum symmetric polynomials
both generate the algebra of symmetric polynomials. Using this basic idea, Lidl
and Wells proved the existence of polynomial mappings of arbitrary rank which are
exceptional [12]. This basic construction of Lidl and Wells can be related to the
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simple complex Lie algebras An [7]. In a previous work of the second author, it
is proved that the generalized Chebyshev polynomials P k

g are exceptional for any
prime k > e+ 1 where e is the exponent of the Weyl group [10].
We hope to use the theory of Lie algebras to understand the classification problem
of exceptional polynomials by possibly eliminating the need for group theoretical
techniques not available for higher ranks. In that case, we believe that the Jacobian
matrices of generalized Chebyshev polynomials would be a key tool since they
determine the ramification locus.
The main result of this manuscript is a practical method to compute the Jacobian
matrices of P k

g : Cn → Cn , see Theorem 5.8. The entries of each Jacobian matrix
can be expressed as a linear combination of characters of irreducible representations
of the underlying Lie algebra with integer coefficients. These integer coefficients can
be obtained by basic computations in the fundamental Weyl chamber.
The organization of the paper is as follows. In the second section, we give some basic
notation and terminology about the root systems together with some basic results
that will be used in further sections. In the third section, we review the theory
of exponential invariants and provide a proof of a theorem of R. Steinberg that we
believe to have remained unpublished. In the fourth section, we give the definition
of generalized Chebyshev polynomials. In the fifth section, we state and prove our
main result. In the last section, we provide some examples of low rank.

2. Notation and terminology

In this section, we give some basic notation and terminology. We will also state
some results that are essential in the rest of the manuscript. The main references
are [8] and [9]. Let E be an n-dimensional (real) Euclidean vector space endowed
with a positive definite symmetric bilinear form. For any nonzero vector α ∈ E ,
let Hα be the hyperplane through the origin orthogonal to the line Lα = Rα . The
reflection in the hyperplane Hα is given by

σα(β) = β − 2(β, α)

(α, α)
α.

The number 2(β, α)/(α, α) appears frequently and it is abbreviated by 〈β, α〉 . A
subset Φ of E is called a root system in E if the following axioms are satisfied:
(R1) Φ is finite, spans E , and does not contain 0 .
(R2) If α ∈ Φ , the only multiples of α in Φ are ±α .
(R3) If α ∈ Φ , then the reflection σα leaves Φ invariant.
(R4) If α, β ∈ Φ , then 〈β, α〉 ∈ Z .
The elements of Φ are called roots because of their historical connection to the
semisimple Lie algebras. Let W be the subgroup of GL(E) generated by the
reflections σα, α ∈ Φ . This subgroup W is called the Weyl group of the root system
Φ and it is an example of a finite reflection group.
There are other examples of finite reflection groups which do not occur as Weyl
groups. The remaining cases become available by removing the axiom (R4) and
allowing non-crystallographic reflection groups. It is not essential to distinguish
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roots as longer or shorter to define a finite reflection group. On the other hand,
the Weyl group of different semisimple Lie algebras Bn and Cn turn out to be
isomorphic. In this manuscript, we will be focusing on the following finite reflection
groups: An, Bn/Cn, Dn, E6, E7, E8, F4, G2 .
The algebra of polynomial functions on E is the symmetric algebra S(E∗) of the dual
space E∗ . The symmetric algebra S(E∗) may be identified with the polynomial ring
R[x] = R[x1, . . . , xn] where the xi are the coordinate functions. A finite reflection
group W ⊂ GL(E) acts naturally on R[x] by the rule

(wf)(γ) = f(w−1γ)

where w ∈ W, γ ∈ E . We say that a polynomial f ∈ R[x] is W -invariant if wf = f
for all w ∈ W .

Theorem 2.1. (Chevalley’s Theorem [4]) The subalgebra R[x]W of W -invariants
is generated as an R-algebra by n homogeneous, algebraically independent elements
of positive degree (together with 1).

Even though a set of generators {f1, . . . , fn} for R[x]W is not unique, the degrees
{d1, . . . , dn} are independent of the choice of generators. It is well known that the
size of the Weyl group is obtained by the product of degrees di . See Table 1.

Type d1, . . . , dn |W | = Πdi

An 2, 3, 4, . . . , n+ 1 (n+ 1)!

Bn/Cn 2, 4, 6 . . . , 2n 2nn!

Dn 2, 4, 6 . . . , 2n− 2, n 2(n−1)n!

E6 2, 5, 6, 8, 9, 12 27345

E7 2, 6, 8, 10, 12, 14, 18 210355 7

E8 2, 8, 12, 14, 18, 20, 24, 30 21435527

F4 2, 6, 8, 12 2732

G2 2, 6 12

Table 1: The degrees of polynomial invariants.

Another important quantity that is independent of the choice of generators is the
Jacobian determinant. For this purpose we need the notion of positive roots. A
subset ∆ of a root system Φ is called a base if ∆ is a vector space basis of E
and each root can be written as

∑
kαα, α ∈ ∆ with integral coefficients kα all

nonnegative or all nonpositive.The roots in ∆ are called simple. A base always
exists and the root system can be partitioned into two subsets, namely the positive
roots and the negative roots. The positive roots are denoted by Φ+ .

Theorem 2.2. Fix a set of generators {f1, . . . , fn} for the algebra R[x]W . For
each α ∈ Φ, let lα be a linear polynomial whose zero set is the hyperplane Hα . Then

det

([
∂fi
∂xj

])
= c

∏
α∈Φ+

lα

for some constant c ∈ R, depending on the choices of fi and lα .
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Let g be a complex finite semisimple Lie algebra. It is well known that g is a
direct sum of simple Lie algebras: An, Bn, Cn, Dn, E6, E7, E8, F4, G2 . The root space
decomposition of g comes with a natural root system Φ attached to g . The axiom
(R4) can be stated in a simpler fashion by introducing coroots. For any root α in
Φ , the associated coroot is defined by

α∨ =
2α

(α, α)
.

The axiom (R4) is equivalent to (β, α∨) ∈ Z for all α, β ∈ Φ .
Fix an ordering (α1, . . . , αn) of simple roots. The matrix [〈αi, αj〉] = [(αi, α

∨
j )] is

called the Cartan matrix of Φ . Its entries are called the Cartan integers. The
Dynkin diagram is an alternative object which includes the same information as the
Cartan matrix. We will be using the Cartan matrices and Dynkin diagrams of [8].
For example, the rank two simple Lie algebras are listed as follows:

A2 B2 G2
α1 α2

α1 α2 α1 α2[
2 −1
−1 2

] [
2 −2
−1 2

] [
2 −1
−3 2

]
The representation theory of Lie algebras has a central theme, namely the highest
weight. We will be using the Weyl character formula, Theorem 3.7, as a main tool.
Thus the fundamental weights ωi are essential for us. They are defined by the
equation (ωi, α

∨
j ) = δij . Here δij is the Kronecker delta function and 1 ≤ i, j ≤ n .

Note that the Cartan matrix transforms the fundamental weights into the simple
roots. The following basic fact will be used several times to manage some important
matrix multiplications.

Lemma 2.3. The inner product (λ, γ) can be computed by the identity

(λ, γ) =
n∑

m=1

(λ, α∨
m)(ωm, γ).

Proof. We write λ =
∑n

i=1 aiωi and γ =
∑n

j=1 bjα
∨
j . Using (ωi, α

∨
j ) = δij , we

see that am = (λ, α∨
m) and bm = (ωm, γ) . Therefore (λ, γ) =

∑n
m=1 ambm .

The hyperplanes Hα partition E into finitely many regions. One of them has a
special name. The fundamental Weyl chamber, relative to ∆ , denoted C , is the open
convex set consisting of all γ ∈ E which satisfy the inequalities (γ, α) > 0, α ∈ ∆ .
Let si be the size of the orbit W (ωi) . Since (ωi, α

∨
j ) = δij , the stabilizer group

Stab(ωi) is given by Wi = 〈σαj
| αj ∈ ∆ \ {αi}〉 . It turns out that Wi is the Weyl

group of the root system with base ∆ \ {αi} . The orbit-stabilizer formula implies
that si = |W |/|Wi| .
The length of w (relative to ∆) is the smallest integer r for which w can be expressed
as w = σ1 · · ·σr with simple reflections σαi

with αi ∈ ∆ . The number of positive
roots sent to the negative roots by w ∈ W is equal to the length of w .
There is a special weight ρ = ω1+. . .+ωn that appears frequently. It turns out that ρ
is equal to the half of the sum of positive roots. We observe that Stab(ρ) = {1} since
it can contain only elements of length zero. Similarly Stab(ρ−ωi) can contain only
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elements of length less than or equal to one. On the other hand σαi
(ρ−ωi) = ρ−ωi .

Thus we conclude that Stab(ρ− ωi) = {1, σαi
} .

The following fact enables us to realize the Weyl group as a subgroup of matrices
with integer entries.
Lemma 2.4. Set Tw = [(ωi, w(α

∨
j ))] for each w∈W . Then the map w 7→ Tw is an

injective group homomorphism from W into GL(n,Z). Moreover det(w) = det(Tw).
Proof. The map w 7→ Tw is a group homomorphism because

TwTw′ = [(ωi, w(α
∨
j ))][(ωi, w

′(α∨
j ))] = [(w−1(ωi), α

∨
j )][(ωi, w

′(α∨
j ))]

= [(w−1(ωi), w
′(α∨

j )] = [(ωi, ww
′(α∨

j )] = Tww′ .

Here, the second and the fourth equalities hold since w is an isometry. The third
equality is obtained by applying Lemma 2.3. If Tw = [(ωi, w(α

∨
j ))] = [δij] then

w(α∨
j ) = α∨

j for each j . Since coroots span E , we must have w = 1 . The Cartan
matrix transforms the fundamental weights into the simple roots, and σαi

(ωj) =
ωj − δijαi for each αi ∈ ∆ . Thus, the matrix Tw for w = σαi

is obtained by
subtracting the ith row of the Cartan matrix from the identity matrix. Such a
matrix has integer entries and has determinant minus one. The Weyl group is
generated by σαi

, and therefore Tw has integer entries for each w ∈ W .

Example 2.5. Suppose that the root system has type G2 with the Cartan matrix
above. In this case, the inverse of Cartan matrix has integer entries. We have

α1 = 2ω1 − ω2,
α2 = −3ω1 + 2ω2,

and ω1 = 2α1 + α2,
ω2 = 3α1 + 2α2.

The Weyl group W is generated by the reflections σα1 and σα2 and it has 12
elements. It can be realized as a subgroup of GL(2,Z) with the following generators:

Tσα1
=

[
−1 1
0 1

]
, and Tσα2

=

[
1 0
3 −1

]
.

α1

α2 ω1

ω2

Figure 1: The root system for G2 .
The orbits of ω1 and ω2 , both with six elements, are

W (ω1) = {ω1,−ω1, ω1 − ω2,−ω1 + ω2, 2ω1 − ω2,−2ω1 + ω2},
W (ω2) = {ω2,−ω2, 3ω1 − ω2,−3ω2 + ω2, 3ω1 − 2ω2,−3ω1 + 2ω2}.
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Note that Stab(ω1) = {1, σ2} and Stab(ω2) = {1, σ1} .
The fundamental Weyl chamber C relative to ∆ = {α1, α2} is highlighted with gray
color in Figure 1.

3. Exponential invariants
The main reference for this section is Bourbaki [2, Ch. 6, §3]. Let Λ be the free
abelian group generated by the fundamental weights. The group algebra of Λ over
a unique factorization domain A is denoted by A[Λ] . It consists of formal sums

a =
∑
λ∈Λ

aλe
λ

with coefficients aλ ∈ A . The exponential notation is used to distinguish two
different additive structures. We have

eλeλ
′
= eλ+λ′

, (eλ)−1 = e−λ, e0 = 1.

The Weyl group acts on Λ and therefore on the group algebra by w(eλ) = ew(λ) .
A fixed ordering of simple roots αi ∈ ∆ provides a partial order on E . If λ, λ′ ∈ Λ ,
then λ ≥ λ′ if and only if λ − λ′ is a linear combination of αi with nonnegative
coefficients. Let a =

∑
λ∈Λ aλe

λ be an element of A[Λ] . The set S of λ ∈ Λ such
that aλ 6= 0 is called the support of a and the set M of maximal terms of S is called
the maximal support of a . A term aλe

λ with λ ∈ M is called a maximal term of a .

Lemma 3.1. Let a be an element of A[Λ] with maximal terms Ma={aλeλ | λ∈X}.
If b is an element of A[Λ] with unique maximal term eµ , then the product ab has
maximal terms {aλeλ+µ | λ ∈ X}.

Recall that W is a subgroup of GL(E) . We have det(w) = ±1 for each w in W ,
since W is generated by reflections.

Definition 3.2. An element a ∈ A[Λ] is said to be anti-invariant under W if
w(a) = det(w)a for all w ∈ W .

The anti-invariant elements of A[Λ] form a submodule. For any a ∈ A[Λ] , put

J(a) =
∑
w∈W

det(w)w(a).

If |W | is invertible in A , then 1
|W |J is a projection from A[Λ] onto the submodule of

anti-invariant elements. The fundamental Weyl chamber C , relative to ∆ , enables
us to write a natural basis for the submodule of anti-invariant elements of A[Λ] .

Lemma 3.3. If λ ∈ Λ ∩ C, then w(λ) < λ for all w 6= 1 and eλ is the unique
maximal term of J(eλ). Moreover, the elements J(eλ) form a basis of the submodule
of anti-invariant elements of A[Λ].

Recall that ρ = ω1 + . . . + ωn . The element J(eρ) is a common divisor of anti-
invariant elements. Conversely, the multiplication by J(eρ) is a bijection from the
submodule of invariant elements A[Λ]W to the submodule of anti-invariant elements.
In particular, J(eρ+λ)/J(eρ) is a W -invariant element with unique maximal term eλ .
Alternatively, define S(eλ) =

∑
µ∈W (λ)

eµ.
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The element S(eλ) is also a W -invariant element with unique maximal term eλ .
Both families form a basis for the submodule A[Λ]W .

Lemma 3.4. If λ ∈ Λ ∩ C, then w(λ) ≤ λ for all w ∈ W , and eλ is the
unique maximal term of S(eλ) (or J(eρ+λ)/J(eρ)). Moreover, the elements S(eλ)
(or J(eρ+λ)/J(eρ)) for λ ∈ Λ ∩ C form a basis of the submodule A[Λ]W .

The finite sets {S(eωi) | 1 ≤ i ≤ n} or {J(eρ+ωi)/J(eρ) | 1 ≤ i ≤ n} both generate
A[Λ]W as an algebra. We refer to the following theorem as the exponential form of
Theorem 2.1.

Theorem 3.5. [2, Ch. 6, §3, Th. 1] Let ω1, . . . , ωn be the fundamental weights
corresponding to the chamber C, and, for 1 ≤ i ≤ n, let xi be an element of A[Λ]W

with eωi as its unique maximal term. Let
φ : A[X1, . . . , Xn] → A[Λ]W

be the homomorphism from the polynomial algebra A[X1, . . . , Xn] to A[Λ]W that
takes Xi to xi . Then, the map φ is an isomorphism.

An exponential analogue of Theorem 2.2 also exists. In order to express this theorem,
we define a linear map on A[Λ] by the formula

Dj

(∑
λ

aλe
λ
)
=
∑
λ

(λ, α∨
j )aλe

λ.

It can be directly verified that Dj is a derivation of A[Λ] for each 1 ≤ j ≤ n . On the
other hand, we can consider a formal exponential sum as a complex-valued function
by putting eλ(γ) 7→ e−2πi(λ,γ) as in [7, Lemma 4.1]. In this regard, the operator Dj

becomes a partial derivative with respect to a certain coordinate function.
The following theorem was communicated to Bourbaki by R. Steinberg as it is stated
as a footnote for [2, Ch. 6, §3, Ex. 1]. To our knowledge, it has remained unpublished.

Theorem 3.6. Let x1, . . . , xn be a family of elements of A[Λ]W satisfying the
condition of Theorem 3.5. Then det ([Dj(xi)]) = J(eρ).

Proof. Let xi =
∑

λ∈Λ a
i
λe

λ . Then w(Dj(xi)) =
∑
λ∈Λ

aiλ(λ, α
∨
j )e

w(λ) .

Each w ∈ W is an isometry. Replacing (λ, α∨
j ) with (w(λ), w(α∨

j )) and applying
Lemma 2.3, we obtain

w([Dj(xi)]) =

[
n∑

m=1

(∑
λ∈Λ

aiλ(w(λ), α
∨
m)e

w(λ)

)
(ωm, w(α

∨
j ))

]
.

We want to express the right-hand side of the above equation as a product of two
matrices. If

A =

[(∑
λ∈Λ

aiλ(w(λ), α
∨
j )e

w(λ)

)]
, and B =

[
(ωi, w(α

∨
j ))
]

then the entries of the product AB = C are given by Cij =
∑n

m=1AimBmj . We
recall that B = Tw as in Lemma 2.4. Thus, we have

w([Dj(xi)]) = AB = [Dj(w(xi))]Tw.
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We have w(xi) = xi by the hypothesis. The determinant function is multiplicative,
and det(w) = det(Tw) by Lemma 2.4. It follows that det(Dj(xi)) is anti-invariant.
Secondly, we show that det(Dj(xi)) has unique maximal term eρ . We first note that
Dj(xi) has maximal terms less than or equal to eωi . Moreover, the derivation Dj

satisfies the property Dj(e
ωi) = δije

wi . It follows that Dj(xi) has unique maximal
term eωi if and only if i = j . Thus the diagonal summand

∏
Dj(xj) of det(Dj(xi))

has unique maximal term eρ = eω1+...+ωn by Lemma 3.1. The other summands of the
determinant come with maximal terms strictly less than eρ since they are products
of n terms in which there is at least one term Di(xj) with i 6= j .
The elements J(eλ) , with λ ∈ Λ∩C , form a basis of the submodule of anti-invariant
elements. Thus we must have det ([Dj(xi)]) = J(eρ) .

A well known identity for J(eρ) , which is true in A[1
2
Λ] , is the following

J(eρ) =
∏

α∈Φ+

(eα/2 − e−α/2).

Note that eα(γ) = e−2πi(α,γ) = 1 if and only if (α, γ) ∈ Z . It follows that the
zero locus of eα/2 − e−α/2 , regarded as a complex-valued function, is a union of the
hyperplanes of the affine Weyl group. This can be regarded as a generalization of
Theorem 2.2. The analogy between the polynomial and the exponential invariants
is proved to be beneficial. For example, the exponents of a reflection group based
on the height of roots in the crystallographic root systems can be computed in this
fashion [3, Chap. 10].
The generating sets {S(eωi) | 1 ≤ i ≤ n} and {J(eρ+ωi)/J(eρ) | 1 ≤ i ≤ n} of
A[Λ]W both have computational advantages. The S -type elements have simpler
expressions and they are used to define the generalized Chebyshev polynomials. On
the other hand the J -type quotients are the characters of irreducible representations.
We have the following celebrated theorem:

Theorem 3.7. (Weyl character formula) Let χλ be the character of an irreducible
representation of g with highest weight λ. Then χλ = J(eρ+λ)/J(eρ).

We finish this section by giving an example that illustrates the connection between
the polynomial and the exponential invariants.

Example 3.8. Consider the G2 case. We use the coordinate functions a and b
attached to the coroots in the symmetric algebra S(E∗) . More precisely, we define
a and b by γ = aα∨

1 + bα∨
2 . The Weyl group is generated by the transformations

σα1 : (a, b) 7→ (−a+ b, b) and σα2 : (a, b) 7→ (a, 3a− b).

The following polynomials are invariant under the action of W = 〈σα1 , σα2〉 :

f1 = 3a2 − 3ab+ b2,

f2 = 4a6 − 12ba5 + 13b2a4 − 6b3a3 + b4a2.

Moreover, the polynomials f1 and f2 generate R[a, b]W as a polynomial algebra.
The degrees of f1 and f2 form the set {d1, d2} = {2, 6} as it is stated in Table 1.
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Now let us consider the exponential analogue. The functions S(eω1)(γ) and S(eω2)(γ)
obtained by eλ(γ) 7→ e(λ,γ) are also invariant under the action of the Weyl group
(the term −2πi is omitted for simplicity). Their series expansions come with homo-
geneous polynomials that can be written in terms of f1 and f2 . We give the first
few terms of these infinite series:

S(eω1)(γ) = (eω1 + e−ω1 + eω1−ω2 + e−ω1+ω2 + e2ω1−ω2 + e−2ω1+ω2)(γ)

= 6 + 2f1 +
f2
1

6
+

f3
1

180
+

f2
120

+ . . . ,

S(eω2)(γ) = (eω2 + e−ω2 + e3ω1−ω2 + e−3ω2+ω2 + e3ω1−2ω2 + e−3ω1+2ω2)(γ)

= 6 + 6f1 +
3f2

1

2
+

11f3
1

60
− 9f2

40
+ . . . .

Similar expansions can be written for χω1 = S(eω1)+1 and χω2 = S(eω1)+S(eω2)+2 .

4. Generalized Chebyshev polynomials
The main reference for this section is [7]. The formal exponential sums are considered
as complex-valued functions by putting eλ(γ) 7→ e−2πi(λ,γ) as in [7, Lemma 4.1].
Moreover, the generalized cosine function is defined as

yi(γ) = S(eωi)(γ) =
∑

µ∈W (ωi)

e−2πi(µ,γ).

Set y = (y1, . . . , yn) . The exponential form of Chevalley’s theorem has the following
consequence.

Theorem 4.1. ([7], [14]) With each semisimple complex Lie algebra g of rank
n, there is an associated infinite sequence of polynomial mappings P k

g , k ∈ N
determined from the conditions

y(kγ) = P k
g (y(γ)).

All coefficients of the polynomials defining P k
g are integers.

Proof. Apply Theorem 3.5, with A = Z , and xi = S(eωi) .

Recall that the Chebyshev polynomials Tk act on cosine values in a manner that is
very similar to the statement of the above theorem. For compatibility with the Lie
algebra constructions, we consider a normalized version of Chebyshev polynomials
that satisfy the following functional equation Tk(2 cos(θ)) = 2 cos(kθ) . We call the
polynomials P k

g of Theorem 4.1 as generalized Chebyshev polynomials because they
coincide with Tk if g is the unique simple Lie algebra of rank n = 1 . More precisely,
we have P k

A1
= Tk for each nonnegative integer k . We note that W (ω1) = {ω1,−ω1}

and y1(γ) = 2 cos(2πu1) where γ = u1α
∨
1 . The Chebyshev polynomials can be

computed by the recurrence relation Tk(x) = xTk−1(x) − Tk−2(x) for k ≥ 2 .
There are similar recurrence relations for the generalized Chebyshev polynomials
[16]. There is an explicit formula for the coefficients of Tk :

Tk(x) =

⌊k/2⌋∑
j=0

k

k − j

(
k − j

j

)
(−1)jxk−2j.



10 İleri̇ and Küçüksakallı

This formula can be proved by using Waring’s formula [11, Equation (7.5)]. More-
over, this idea can be generalized to write the coefficients of P k

g . The computations
for the rank two cases, namely A2 , B2 , and G2 , are done in [1].

Example 4.2. Consider the G2 case. We set y1 = S(eω1) and y2 = S(eω2) . The
exponential invariants S(e2ω1) and S(e2ω2) can be written as polynomials in y1 and
y2 by Theorem 4.1. A lengthy but straightforward computation gives that

S(e2ω1) = g1(y1, y2) = y21 − 2y2 − 2y1 − 6,

S(e2ω2) = g2(y1, y2) = y22 − 2y31 + 6y1y2 + 10y2 + 18y1 + 18.

The Jacobian matrix of P 2
G2

= (g1, g2) is given by

∂(g1, g2)

∂(y1, y2)
=

[
2y1 − 2 −2

−6y21 + 6y2 + 18 6y1 + 2y2 + 10

]
.

Our main result, namely Theorem 5.8, gives a practical method to write this matrix
in the following form

J(P 2
G2
) =

[
2χω1 − 4χ0 −2χ0

−6χ2ω1 4χω1 + 2χω2 + 2χ0

]
.

without finding the polynomials gi . Recall that χλ is the character of an irreducible
representation with highest weight λ . It can be computed with the help of the
Weyl character formula. For instance χ0 = 1 , χω1 = y1 + 1 , χω2 = y1 + y2 + 2 ,
χ2ω1 = y21 − y2 − 3 . The determinant of the above matrix then turns out to be
4χω1+ω2 = 4(y1y2 + 2y1 + 2y2 + 4) . This is a special case of Theorem 5.2.

5. Main results
Let P k

g = (g1, . . . , gn) be the generalized Chebyshev polynomials defined in the
previous section. Our purpose is to understand the Jacobian matrix

J(P k
g ) =

∂(g1, . . . , gn)

∂(y1, . . . , yn)
=


∂g1
∂y1

· · · ∂g1
∂yn... . . . ...

∂gn
∂y1

· · · ∂gn
∂yn

 .

Recall that the derivation Dj can be regarded as a multiple of ∂uj by using the
coordinates uj = (γ, α∨

j ) and putting eλ(γ) 7→ e−2πi(λ,γ) . Applying the chain rule,
we get

∂(y1(kγ), . . . , yn(kγ))

∂(u1, . . . , un)
=

∂(y1(kγ), . . . , yn(kγ))

∂(y1(γ), . . . , yn(γ))

y1(γ), . . . , yn(γ))

∂(u1, . . . , un)
.

The following matrix appears frequently in our computations.

Definition 5.1. We define Jac(k) = Dj(S(e
kωi)) for each k ∈ N .

According to the chain rule above, we have Jac(k) = J(P k
g )Jac(1) . It follows that

the Jacobian matrix for P k
g = (g1, . . . , gn) is given by

J(P k
g ) = Jac(k)Jac(1)−1.

The Weyl character formula has the following consequence.
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Theorem 5.2. We have det(J(P k
g )) = knχ(k−1)ρ.

Proof. Recall that det(Jac(1)) = J(eρ) by Theorem 3.6. Applying the chain
rule, we see that det(Jac(k)) = knJ(ekρ) . Finally, we have J(ekρ)/J(eρ) = χ(k−1)ρ

by Theorem 3.7.

Example 5.3. The Chebyshev polynomials of the first kind, denoted Tk and of
the second kind, denoted by Uk , can be defined by the following equations:

Tk(2 cos(θ)) = 2 cos(kθ), and Uk−1(2 cos(θ)) = 2 sin(kθ)/2 sin(θ).

Recall that we have the equality P k
A1

= Tk . The Chebyshev polynomials of different
kinds are related to each other by the identity

d

dx
(Tk(x)) = kUk−1(x).

Thus Theorem 5.2 can be thought as a generalization of this identity, to the higher
ranks.

The adjugate matrix is the transpose of the cofactor matrix by definition. The
product of a matrix with its adjugate gives a diagonal matrix whose diagonal entries
are the determinant of the original matrix. For instance, we have

Jac(1)Adj(Jac(1)) = J(eρ)I

where I is the n× n identity matrix. The computation of the cofactor matrix, and
therefore the adjugate matrix, is difficult in general. In our context, the adjugate
matrix Adj(Jac(1)) is rather easy to find. For this purpose, we start with writing
Jac(1) explicity.

Theorem 5.4. The Jacobian matrix Jac(1) = Dj(S(e
ωi)) is given by

Jac(1) =
[

1

si

∑
w∈W

(w(ωi), α
∨
j )e

w(ωi)

]
where si is the size of the stabilizer group Stab(ωi).

Proof. The result follows immediately, once the derivation Dj is applied to

S(eωi) =
∑

µ∈W (ωi)

eµ =
1

si

∑
w∈W

ew(ωi).

Our next step is the computation of the adjugate matrix Adj(Jac(1)) which is crucial
for the main result, Theorem 5.8. In the proof, we will need the following lemma.

Lemma 5.5. Let λ = w1(ωi)+w2(ρ−ωj) for some w1, w2 ∈ W . The element λ
is in the fundamental Weyl chamber C if and only if λ = ρ. This is possible if only
if ωi = ωj , w1 ∈ Stab(ωi), and w2 ∈ Stab(ρ− ωi).

Proof. Recall that ρ = ω1 + . . . + ωn . The element λ = w1(ωi) + w2(ρ − ωj) is
integral by definition. If λ ∈ C , then we have ρ ≤ λ .
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On the other hand, we have w(µ) ≤ µ for µ ∈ C , w ∈ W . Thus

ρ ≤ λ = w1(ωi) + w2(ρ− ωj) ≤ ωi + ρ− ωj.

Using the inequalities ρ ≤ λ ≤ ωi + ρ − ωj and the fact that λ ∈ C , we conclude
that ωi = ωj and λ = ρ .
If ρ = w1(ωi)+w2(ρ−ωi) , then w1(ωi) ≤ ωi implies that w2(ρ−ωi) ≥ ρ−ωi . This
is possible only if w2 leaves ρ − ωi unchanged. It follows that w2 ∈ Stab(ρ − ωi) .
Moreover, we must have w1(ωi) = ωi . This means that w1 ∈ Stab(ωi) .

Theorem 5.6. The adjugate matrix of Jac(1) is given by

Adj(Jac(1)) =
[
1

2

∑
w∈W

det(w)(ωi, w(α
∨
j ))e

w(ρ−ωj)

]
.

Proof. Let A = Jac(1) and let B be the matrix in the hypothesis. We rewrite
the indices of their entries in a suitable way for the matrix multiplication

Aim =
1

si

∑
w1∈W

(w1(ωi), α
∨
m)e

w1(ωi), and

Bmj =
1

2

∑
w2∈W

det(w2)(ωm, w2(α
∨
j ))e

w2(ρ−ωj).

The entries of the product AB = C are given by Cij =
∑n

m=1AimBmj . By
Lemma 2.3, we have

n∑
m=1

(w1(ωi), α
∨
m)(ωm, w2(α

∨
j )) = (w1(ωi), w2(α

∨
j )).

Therefore, the entries of the matrix C are given by

Cij =
1

2si

∑
w1∈W

∑
w2∈W

det(w2)(w1(ωi), w2(α
∨
j ))e

w1(ωi)+w2(ρ−ωj).

We claim that each Cij is anti-invariant. To see this, we set w′
1 = ww1 and w′

2 = ww2

for w ∈ W . We have

w(Cij) =
1

2si

∑
w′

1∈W

∑
w′

2∈W

det(w2)(w1(ωi), w2(α
∨
j ))e

w′
1(ωi)+w′

2(ρ−ωj).

We observe two things. Firstly, the element w ∈ W is an isometry, and we have

(w1(ωi), w2(α
∨
j )) = (ww1(ωi), ww2(α

∨
j )) = (w′

1(ωi), w
′
2(α

∨
j )).

Secondly, det(w) is either one or minus one. Thus

det(w2) = det(w′
2)/ det(w) = det(w′

2) det(w).

It follows that w(Cij) = det(w)Cij . This finishes the proof of the fact that Cij is
anti-invariant.
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The elements J(eλ) with λ ∈ Λ∩C form a basis for the submodule of anti-invariant
elements. The element λ = w1(ωi)+w2(ρ−ωj) is in the fundamental Weyl chamber
C if and only if λ = ρ and ωi = ωj by Lemma 5.5. It follows immediately that
Cij = 0 if i 6= j .
The significance of the division by si and 2 comes from the fact that λ = ρ if only
if ωi = ωj , w1 ∈ Stab(ωi) , and w2 ∈ Stab(ρ − ωi) . Recall that si = |Stab(ωi)|
and 2 = |Stab(ρ− ωi)| . It follows that Cii is an anti-invariant element with unique
maximal term eρ . We must have Cii = J(eρ) .

We want to express our main result for the entries ∂gi/∂yj of the matrix J(P k
g ) in

a simple form. For this purpose, we make the following definition.

Definition 5.7. For each pair (w1, w2) ∈ W 2 , we define

dkij(w1, w2) =

{
det(w2)(w1(kωi), w2(α

∨
j )) if w1(kωi) + w2(ρ− ωj) ∈ Λ ∩ C,

0 otherwise.

If k = 1 , the integer dkij(w1, w2) is rather well understood by Lemma 5.5. We have
d1ij(w1, w2) = 1 if and only if ωi = ωj , w1 ∈ Stab(ωi) , and w2 ∈ Stab(ρ − ωi) .
Moreover, d1ij(w1, w2) = 0 , otherwise. The situation changes dramatically if k > 1 .
In that case, the linear combination w1(kωi) + w2(ρ− ωj) may take place in C for
various (w1, w2) ∈ W 2 , thanks to a wider gap in between kωi and ρ − ωj . See
Example 5.9 for an illustration of this phenomenon. Note that the computation of
dkij can be done practically with the help of a computer by using the matrices Tw of
Lemma 2.4.
We now state our main result.

Theorem 5.8. The entries of the Jacobian matrix J(P k
g ) are given by

∂gi
∂yj

=
∑
w1∈W

∑
w2∈W

dkij(w1, w2)

2si
χw1(kωi)+w2(ρ−ωj)−ρ.

Proof. Recall that J(P k
g )=Jac(k)Jac(1)−1 . Moreover, Jac(1)Adj(Jac(1))=J(eρ)I .

It follows that J(P k
g ) =

1

J(eρ)
Jac(k)Adj(Jac(1)).

All entries of the matrix J(P k
g ) are invariant under W since they can be expressed

in terms of the invariant elements y1, . . . , yn . On the other hand, each entry of the
matrix Jac(k)Adj(Jac(1)) is anti-invariant since it is obtained by multiplying the
matrix J(P k

g ) with the anti-invariant element J(eρ) .
We want to understand the entries of the matrix Jac(k)Adj(Jac(1)) in terms of the
anti-invariant basis elements J(eλ) , with λ ∈ Λ∩C . We have an explicit description
for Jac(1) by Theorem 5.4. Moreover, the chain rule implies that

Jac(k) =
[

1

si

∑
w∈W

(w(kωi), α
∨
j )e

w(kωi)

]
.
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On the other hand, by Theorem 5.6, we have

Adj(Jac(1)) =
[
1

2

∑
w∈W

det(w)(ωi, w(α
∨
j ))e

w(ρ−ωj)

]
.

The rest of the proof follows closely the pattern of the proof of Theorem 5.6.
Applying Lemma 2.3 to the product of these two matrices, we see that the ij -th
entry of the product is given by

1

2si

∑
w1∈W

∑
w2∈W

det(w2)(w1(kωi), w2(α
∨
j ))e

w1(kωi)+w2(ρ−ωj).

Each entry is anti-invariant and can be expressed as a linear combination of J -
type basis elements J(eλ) , with λ ∈ Λ ∩ C . The coefficients are captured by using
the function dkij . We finally divide everything by J(eρ) , a common divisor of anti-
invariant elements. Using the Weyl character formula, i.e. Theorem 3.7, we get the
desired expression.

The appearance of the determinant in Definition 5.7 is essential. It occurs as a
balancing factor between the action of the Weyl group on weights and coroots. If

(τ1, τ2) ∈ w1Stab(ωi)× w2Stab(ρ− ωj),

then w1(kωi)+w2(ρ−ωj) = τ1(kωi)+τ2(ρ−ωj) . Recall that Stab(ρ−ωj) = {1, σαj
} .

If we pick τ2 = w2σαj
, then τ2(α

∨
j ) = −w2(α

∨
j ) . On the other hand we have

det(τ2) = − det(w2) . The minus signs cancel each other and there are 2si pairs
(w1, w2) in W 2 which give the same quantity. We illustrate this situation with the
following example.

Example 5.9. Consider the G2 case with i = j = 1 and k = 2 . Note that
ρ = ω1 + ω2 and ρ− ω1 = ω2 . Recall that ω1 = 2α1 + α2 and ω2 = 3α1 + 2α2 . We
look for elements of the form λ = w1(2ω1)+w2(ω2) in Λ∩C between ρ = 5α1+3α2

and 2ω1 + ω2 = 7α1 + 4α2 . It turns out that there are precisely two.
We start with λ1 = 2ω1 + ω2 . In this case (w1, w2) ∈ {1, σα2} × {1, σα1} . We have
λ1 = w1(2ω1) + w2(ω2) , trivially. We have

d211(w1, w2) = det(w2)(2ω1,±α∨
1 ) = 2.

Secondly, λ2 = ω1 + ω2 . In this case, (w1, w2) ∈ {σα1 , σα1σα2} × {σα2 , σα2σα1} . For
these pairs (w1, w2) , we note that w1(2ω1) = −2ω1 + 2ω2 and w2(ω2) = 3ω1 − ω2

whose sum is equal to λ2 . We have

d211(w1, w2) = det(w2)(−2ω1 + 2ω2,∓(α∨
1 + 3α∨

2 )) = −4.

Our main result, namely Theorem 5.8, implies that ∂g1/∂y1 = 2χω1 − 4χ0 as ex-
pected from Example 4.2. This result is obtained without computing the polynomi-
als g1 and g2 .
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6. Examples of low rank

We finish this manuscript by giving some examples of low rank for arbitrary k . For
this purpose, we need to use the notion of highest root.
Recall that the matrices Tw of Lemma 2.4 have integer entries. The matrices Tw

have a symmetric nature when they act on the coordinate vectors of weights and
coroots due to the following equation

Tw = [(ωi, w(α
∨
j ))] = [(w−1(ωi), α

∨
j )].

If we fix the basis A = {ω1, . . . , ωn} , then W acts on the row vector [λ]A by the right
multiplication [λ]A · Tw . On the other hand, if we fix the basis B = {α∨

1 , . . . , α
∨
n} ,

then W acts on the column vector [γ]B by the left multiplication T−1
w [γ]B .

Type An Bn Cn Dn E6 E7 E8 F4 G2

mg 1 2 2 2 3 4 6 4 3

Table 2: The highest coefficient of the highest root.

Let mg be the maximum of the absolute values of the entries of Tw . The integer
mg turns out to be the highest coefficient of the highest root. These integers can be
found in [13] and are listed in Table 2.
If k ≥ mg , then we claim that the term w1(kωi) in Theorem 5.8 must be of the form
kωi with w1 ∈ Stab(ωi) . To see this, we first note that the row vector [ρ − ωj]A
has entries all one except a single zero. The largest coordinate we can get from the
computation of [ρ − ωj]A · Tw2 is the integer (n − 1)mg . If k ≥ mg , the negative
coordinates brought by w1(kωi) cannot be canceled by w2(ρ−ωj) , and the resulting
λ = w1(kωi) + w2(ρ − ωj) cannot be in the chamber C . Observe that the below
formula for G2 is true for k ≥ 3 but not for k = 2 .
We use the shorter expressions χa , χa,b , and χa,b,c instead of χaω1 , χaω1+bω2 , and
χaω1+bω2+cω3 to save some space. The expressions with negative values of a ,b , or c
are simply zero. For k = 1 , we have the identity matrix.

J(P k
A1
) = kχk−1, k ≥ 1.

J(P k
A2
) = k

[
χk−1,0 −χk−2,0

−χ0,k−2 χ0,k−1

]
, k ≥ 1.

J(P k
B2
) = k

[
χk−1,0 + χk−2,0 −2χk−2,1

−χ0,k−2 χ0,k−1 + χ0,k−3

]
, k ≥ 1.

J(P k
G2
) = k

[
χk−1,0 + χk−4,0 + 2χk−4,1 −χk−2,0 − χk−3,0

−3χ2,k−2 − 3χ2,k−3 χ0,k−1 + χ0,k−2 + 2χ1,k−2

]
, k ≥ 3.

J(P k
A3
) = k

 χk−1,0,0 −χk−2,0,0 χk−3,0,0

χ1,k−3,0 − χ0,k−2,1 χ0,k−1,0 − χ0,k−3,0 χ0,k−3,1 − χ1,k−2,0

χ0,0,k−3 −χ0,0,k−2 χ0,0,k−1

 , k ≥ 1.
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