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Abstract. Let B(H") = Sp(n,1)/Sp(n) x Sp(1) be the quaternionic hyperbolic space. We
consider a generalized Poisson transform Py ; associated with a character of a class of irreducible
representations of Sp(n) x Sp(1). In this paper, we show that if f is a hyperfunction on the
boundary of B(H"), then f belongs to the space LP(0B(H")) if and only if either its generalized
Poisson transform P ;f satisfies a Hardy-type condition, or the modified admissible maximal
function of Py, f belongs to LP(OB(H")). In addition, we study the admissible convergence of
the generalized Poisson transform Py f for f € L'(0B(H")).
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1. Introduction and main results

Let G be a connected real semisimple noncompact Lie group with finite center and
let K be a maximal compact subgroup of G. Let G = KAN be an Iwasawa
decomposition of G and let M be the centralizer of A in K. Then X = G/K
is a Riemannian symmetric space of noncompact type, with Furstenberg boundary
K/M. A central result in harmonic analysis asserts that for A generic in af (the
complex dual of a := Lie(A)) the Poisson transform P, is an isomorphism from
A'(K/M) the space of hyperfunctions on K/M onto &,(X) the space of joint-
eigenfunctions on G/K (see [11]). After that, the authors characterized the image
of LP-functions on K/M under the Poisson transform (see e.g. [3, 19]). The
generalization of these results to the homogenous vector bundle case is more recent.
In [1], Ben Said characterized the range of the Poisson transform Py of LP-functions
(1 < p < +400) on the boundary K/M as a Hardy-type space on a homogeneous line
bundle over a Hermitian symmetric space, for A € af such that fRe(i)) lies in the
open positive Weyl chamber and the isotropy subgroup of A and Jm(\) in the Weyl
group coincide. Later on, Boussejra et al. gave a characterization of the Poisson
transform of L?-sections for some A € a*\{0}, on a homogeneous line bundle over
noncompact complex Grassmann manifolds (see [4]).

In [2], the authors characterized the LP-range (1 < p < 4o0) of the Poisson
transform for the vector bundle of p-forms. In this paper, we restrict ourselves to
the case where X is the quaternionic hyperbolic space B(H") = G/K, where G is
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the symplectic group Sp(n, 1) with maximal compact subgroup K = Sp(n) x Sp(1).
Let B, = G x,, K denote the homogeneous vector bundle over G/K associated to
the unitary irreducible representation 7, = 1 ® d; of Sp(n) x Sp(1), where ¢, is a
unitary irreducible representation of Sp(1) realized on a (2/+1)-dimensional Hilbert
space V;, where [ is either an integer or a half-integer (i.e. 2 € Z%).

In [5], we developed some aspects of the L?-harmonic analysis on the homogeneous
vector bundles FE,,. As an application, we obtained a characterization of the L2-
range of the vector-valued Poisson transform for A € R\{0}. Additionally, in [15], we
presented a characterization of the L2-range of the vector-valued Poisson transform,
along with an LP-Hardy-type estimate for A € C such that £(i\) > 0.

All the above studies leave out the case A = 0. The aim of this paper is to study
the LP-range (p > 2) of the generalized Poisson transform P, ; associated with the
character x; of 7, for A =0 or R(:\) > 0.

To introduce our main result, let us fix some notations (refer to section 2 for more
details). We denote by A'(0B(H™)) the space of hyperfunctions on the boundary
OB(H"™) of B(H"). For f € A(OB(H")) and A € C, we define the generalized
C-valued Poisson transform Py ;f on B(H") by

Prif(z) = / Pri(z,w) f(w)dw,
OB(HM)
where Py (-, -) is the generalized C-valued Poisson kernel defined on B(H"™)x0B(H")
by iA+2n+41

1— |z’ ’ 1 —(z,w)
Pulz,w)=|——73 Xi| ——— |-
‘1_<$7w>|2 ‘1_<wi>’
When y; =1, 1ie. I =0, Py coincides with the classical Poisson transform over
the unit ball B(H").

Recently, it is proved in [8] that for R(i\) > 0 and f € A'(0B(H")), f belongs to
the space LP(OB(H")) ( for p > 2) if and only if its generalized Poisson transform
Py f satisfies a Hardy-type growth condition.

In this paper, we extend the main result in [[8], Theorem 2.1] to the case A =0 (see
Theorem 4.1), and we investigate the behaviour of the generalized Poisson transform
of LP-functions on dB(H™), in terms of the modified admissible maximal function.
We will deal with the following objects defined for a continuous function F' on B(H"):

(a) The modified admissible maximal function M2 [F], defined on dB(H") by

sup (1= ()" ) for d e C\o,
2€D (w
Ma’\[F](w) = e _ (@n+1)
sup —(1*|1Zf;(0,z) |F(2)| for A =0,
2€Dq(w)

where D, (w) is the admissible region given for o > 1 by
Do(w) ={z € BHE"); [1—(z0)| <51 —[)}. (1)

Note that as a — 400, the region D, (w) fills B (H") for every w € 0B (H"), and
for a« <1 the above region defines the empty set.
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(b) The Hardy-type norm

1

([ IF(thto)pds)” for A e C\{o},

Re(i\)—(2n+1)
2

sup (1 — th%t)

t20 dB(H")

1Py =3 =" e %
SUD 70 tht e) ( f | F(tht 6)|pd8) for A =0,
£20 dB(H")

where d(0,z) = %log(}jil) denotes the distance from the origin 0 to z in B(H"),

e = (1,0,...,0) is the unit vector of H", and "th” denotes the hyperbolic tangent
function ” tanh”. Let 7" be the set defined by

7t ={2eC: R(iz) >0} uU{0}.
Our first main result can be stated as follows.

Theorem 1.1.  Let a > 2 and let A € © be such that iA+2n =+ (21 + 1) & 27~ .
For f e A(B(H")), the following assertions are equivalent for p > 2:

(i) feLr(oB(H")),

(ii)  Ma[Px.f] € LP(OB(H™)),

(iii)  [[Praflap < +o0.

Remark 1.2.  The condition i\ +2n=+ (21+1) ¢ 2Z~ in Theorem 1.1 guarantees
the injectiveness of the generalized Poisson transform Py ;. [ ]

In [12], Koranyi introduced the admissible region (1) to ensure the existence of
the admissible convergence of Poisson-Szegé integrals. In [13], he extended the
concept of admissible convergence to the Poisson transform on rank one Riemannian
symmetric spaces of noncompact type. This has led to a wide range of studies
exploring extensions and generalizations of his result [12] (see e.g. [14, 18, 20, 21]).

Our second main result addresses the admissible convergence of the generalized
Poisson transform Py, f for f € L'(0B(H")).

For a C-valued function F' on B(H") and a function f on 0B(H") we say that F
converges to f admissibly almost everywhere if, for every a > 1,

lim F(z)= f(w) for almost all w e 0B(H").
zZ—w
2€Dq (w)

The second main result we prove in this paper can be stated as follows.

Theorem 1.3. Let f € L*(OB(H")) and let A€ C be such that iA+2n4(21+1) ¢ 27~

iA—2n—1

(i) If Re(iN) > 0, then (1 — |- )" 2  Paif(:) converges admissibly almost
everywhere to c;(\)f.

i _ (-]
(ii) If A\ =0, then 1 d0.)

to cof, where c;(\) is the analogue of the Harish-Chandra c-function given by

Pouf(-) converges admissibly almost everywhere

7(20 + DLEANT(2n — 2)
4F(z’)\+22n+1 + l)r(i)\+22n+1 - 1) ’

72l + 1)I'(2n — 2)

c(N) = .
1% AT(ZEEL 4 )r(2eEl 1)

and cg =
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Now, we describe the plan of the paper. In section 2, we recall some basic known
results of harmonic analysis on the quaternionc hyperbolic space and define the
generalized Poisson transform P,;. In section 3, we give a uniform asymptotic
behavior of the generalized spherical function CD(p 0 (|z]). In section 4, we show that
a hyperfunction f € A'(0B(H")) belongs to the space LP(OB(H")) for p > 2 if and
only if its Poisson transform Py;f satisfies a Hardy-type growth condition. Section
5 will be devoted to prove our main results.

2. Notation and Preliminaries

2.1. Generalities
We use the classical notation oF'(a,b;c; z) to denote the Gaussian hypergeometric

function
o0

oF (a,b;c;z) = Z z

with ¢ # 0,-1,-2,..., where

(a)g =1, (a)p =(a)(a+1)..(a+k—1) for k>1

We refer to [[7], Chapter II] for the properties of these functions. Here, we list those
that will be needed in the sequel. For (¢ —a — b) > 0, we have

I'(c)T(c—a—10)

ll_fg oI (a,b;c; 2) = T(e—a)l(c—b) (2)

. oF(a,bja+b;z)  —T(a+b)
Moreover, Zlig{ sl 2~ (a0’ (3)
and asFi(a+1,b5¢;2) —boFi(a,b+ 1;¢;2) = (b—a) oF(a, b; ¢; 2). (4)

We denote f(z) ~ g if f(z) — g(x) = o(g(x)). Additionally, we use the notation
a Tr—a
X SY if there exists some constant C' > 0 such that X < CY.

2.2. Bounded realization of Sp(n,1)/Sp(n) x Sp(1).

Let n > 2 be an integer. On H"™! considered as a right vector space over H, we
consider the following quadratic form:

n
J(w1, ., 0pp1) = Z ‘xj|2 — |z,

with |z|? = 2T, where z — T is the standard involution of H.

Let G = Sp(n,1) be the group of all H-linear transformations g on H"™! keeping
the quadratic form J invariant, then the group G acts on the unit ball B(H™) by
fractional transformations

gz = (Az+ B)(Cz +d)™ !,

for g = (é 5) € Sp(n,1), Ae H™" BeH™! 6 C e H>" and d € H.
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This action of G on B(H") is transitive and as a homogeneous space we have
the identification B(H") = G/K, where K is the stabilizer of 0 € B(H"). More
precisely,

k={(5 4) €splnn)f = 500 x Sp00),

where Sp(n) denotes the group of all n x n matrices over H keeping the inner
product (u,v) = > %;v; on H" invariant, and Sp(1) is identified with the group
of quaternions of norm equal to one.

The action of G mentioned above extends naturally to B(H") and under this action,
K is transitive on the boundary 0B(H") = {w € H"; |w| = 1} of B(H"). Let
e denote the unit vector of H" given by e = (1,0, ...,0), and M be the stabilizer
in K of e. Then, the group M can be identified to Sp(n — 1) x Sp(1) and as a
homogenous space we have 0B(H") = K/M.

2.3. The generalized Poisson transform P,

Let E; = G %, K be the homogencous vector bundle associated to the unitary
irreducible representation (7;,V;) of K. As usual we shall identify the space of
smooth sections of E. with

C>®IndS (1) = {F € C>(G,V)); F(gk)=mn(k)"'F(g), forall g€ G, ke K}.

Let C*Ind%(o) be the space of smooth sections of the homogeneous vector bundle
corresponding to the representation o = 7 1 ®a*PR1 of the minimal parabolic sub-
group P = M AN . The Poisson transform is the map Py defined from C*Ind% (o)
to C>®°Ind%(7;), by

PLIG) = [ nibr(ghid,
K
where A € afz ¥~ C and p=2n+1.
Let C™Ind};(mar) be the space of Vj-valued C*°-functions on K such that
f(km)=mn(m) ' f(k), foralke K, me M.

Then the restriction map from G to K gives an isomorphism from C*Ind%(o) onto
C>Ind};(mp). Lifting elements in C>Ind);(7pr) to elements in C*Ind$ (o), we
easily show that the Poisson transform of f € C*Ind}; (7 5r) is given by

PIf(g) = /K e~ G0 (o k) £ (k)

where H : G — a = Lie(A) and k: G — K are the projections with respect to the
Iwasawa decomposition of G = KAN.

As C*°Indl (1a) = C*(K/M,V}) via the trivialisation map Af(kM) = 7n(k)f(k),
it follows that the Poisson transform P{'f of f € C*(K/M,V;), is given by

PIf(g) = /K e~ AIH O (0 RYE) £ (),

Next, we shall write the Poisson transform P, ., f on G/K . To this end, we use the
Cartan decomposition G = (expp)K to define the map B,, from C*Ind%(7;) into
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C>*(G/K,V)) by B,o(gK) = 71(U(g))¢(g), where U(g) is the K-component of g
with respect to the Cartan decomposition G = (expp) K.

Using the isomorphism B, , the Poisson transform may be rewritten as a map
(denoted also by Py') from C*(K/M,V;) to the space C*(G/K,V,). Namely,

we have

PIf(gK) = /K SOl I KM S M)k,

where ICy;(gK, kM) is the vector-valued Poisson kernel defined on G/K x K/M by
Kai(gK, kM) = e 07 (1 (g))m k(g™ )k ™).

Using the identities U(gk) = U(g)k and k(kg) = kr(g), Vg € G and Vk € K,
we can easily see that the Poisson kernel is well defined on G/K x K/M.

We define the generalized Poisson kernel Py ;(gK, kM) on G/K x K/M by taking
the traces, namely

,PA,Z(QK, ]CM) = TT(’CAJ(QK, ]{/‘M))

A straightforward computation shows that the generalized Poisson kernel may be
realized on B(H") x 0B(H") as follows

) iAd2nt1
1— |zl 2 1—(z,w)
Pulz,w)=| ——— — ],
) (|1—<x,w>2> Xl(|1—<x,w>|)
where x; = Tr[n].
For f € A'(OB(H")), we define the generalized Poisson transform of f by

Prif(z) = /83(Hn) Pz, w) f(w)dw.

Now, we describe in brief the Peter-Weyl decomposition of L*(OB(H")), the space of
all square integrable C-valued functions on B(H") with respect to the normalized
superficial measure o of dB(H"). For simplification, do(w) will be noted by dw.
The group K acts on L*(OB(H")) by composition f — fok,k € K. The Peter-
Weyl decomposition of L?*(0B(H")) is given by

L*(OBH") = Y Vi,

(p,g)ER

where V,, ; is the finite linear span of ¢, , 0 k, k € K, the ¢, , are the zonal spherical
functions, and the parameter set €2 is given by Q = {(p,q) € (ZT)?>: q—p € 22"}
(for instance see [9, 10]).

We finish this section by recalling the action of the Poisson transform Py; on

L2(0B(H")).
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Proposition 2.1. [8] If f € V,,, then for (t,0) € RT x 0B(H") we have
Pauf (tht 0) = @7 (tht) £ (6), (5)
v

where the generalized spherical function @37} is given by

24\s
T Ty (1~ (1) x

(54D prg . (s—1—1DapoF (s+14+1+ 278 s 1 -1+ 972 g4 op:th?)
+1 2 2 2
2

—(s = 1= Dogayy (s + Dazz o (s + 1+ L s — 1+ q;p;q—i—Zn;tth)},

with s = 22kl
3. Asymptotic behavior of the generalized spherical function @g{’l’q)(|z|)

In this section, we will establish an asymptotic behavior of some linear combination
of two Gaussian hypergeometric functions. As a consequence, we will get a uniform
asymptotic behavior of the generalized spherical function CI)((){’ l’q)(|z\) on p,q, which
is the key of the proof of Theorem 4.4.

Theorem 3.1. Let o, € N and a,b € C\Z~ with
(a —b)e N.
at+a,a+Pf¢Z andb+a ,b+p ¢ 7.
a+bta+B—-1¢7Z .

We have

(@)a(b) g2 F1(a+a, b+0; a+b+a+p—1;2) — (a)p(b)azF(a+p, b+a; at+b+a+L—1; 2)

. —Tlatbtat+p-1) B -
R ()T (0) (a —b)(a— f)log(1 — z).

Proof. Denote by F, 3~(2) the hypergeometric functions o F'y (a+a, b+ 3;c+7; 2),
then we have the following identities (see [16], page 407):

b+
Fop(2) = Fart o (2) + ot 2Fupia i (2). (6)

Put c=a+b+a+ [ —1. Then, by (6),
(@)a(B)sFas0(2) = (@a(b)sFa1p0(z) + LoD 2E o1 (2).

Using again (6), we get

b)

(@)a(B)sFa50(2) = (@)a(B)sFacr polz) + 22O oyi(2)

+ o @a®)sraFapioa()
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By repeating this process (a — b) times, we obtain

(@)a(b)sFap0(z)= . Z (@)a(b)griFa—1,pvii(2)+ - (@)a(b)gra—bFopra—bab(2)-

(@)p(b)aFsa0(2) = (;i ()5 (b)atiFo-10+ii(2)+ 5— (@)s(B)ata-bFpata-ba-b(2).

The last terms on the right-hand side of the two expressions above are equal, leading
us to

(@)a(b)g oF1(a+a, b+, a+b+a+B—1;2)—(a)5(b)a 2 F1(a+5, b+a; a+b+a+5—1; 2)
a—b—1

=D M (=ONCRE SNE RN URU N SNE) )

)i )i

i=

By (3), for each i € [0,a — b — 1], we find

2 I(c)
(©); (a)a(b)ﬁ+iFa—1,ﬂ+i,i<Z> ; - T(a)T'(b) (CL +oa— 1) lOg(l - Z)? (7)

and similarly

2t ‘ ) Tl _ —
(C)i (a)ﬁ(b)a-HFﬁ—LOH-Z,Z(Z) - F(a)F(b) (CL + B 1) log(l Z) (8)
By combining (7) and (8), we get the desired asymptotics. [

As an immediate consequence of the above theorem, we get a uniform asymptotic
behavior of the generalized spherical function <I>((f 9(|2]).

Lemma 3.2.  Let (p,q) € N? such that ¢ — p € 2N. Then

oPN(|2)) ~ T _LCn=2CHL gy g0, ), 9
GO~ T - a0, )

uniformly in p,q.

Proof.  We recall the expression of the generalized spherical function

1 h24\S+lP
4(erl)F(qu%)(l th°t)*thPt x

{(s+l)p;q+1(s—l—1)q?2F1(s+1+l+p;q,s—l—1+q;p;q+2n;th2t)

—(s—l—l)p#ﬂ(sq%)% oF (s+1+ q;p,s—l—l— q—;p;q—i—Zn;tth)},

where s = 2”—2“
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According to Theorem 3.1 with a = 2”2—“ +1,b=21_ ] o=2M41 and

B = 45F, we find that

L(2n —2)(20 +1)
D(25E + P (25 — 1)
I'(2n —2)(20 + 1)

2
rE s —p L D)

2nt1
oF(|2]) ~ (1= |22 log(1 — |2%)

1-

s
2
s
2

=
uniformly in p,q. [ |
Let B(0,t) be the geodesic ball of radius ¢ centred at 0 and let du be the Sp(n,1)-
invariant metric on B(H") (explicitly, du(z) = (1 — |2]?)72"2dm(z), where dm/(z)

is the Lebesgue measure). From (9), we easily get a uniform asymptotic behavior of

the integral of the generalized spherical function (IDgf Z’Q).

Corollary 3.3.  Let (p,q) € N? such that ¢ —p € 2N. Then

i 5 [ w00 = 5 (e g ) )

uniformly in p,q.

4. Characterisation of the LP-range by the generalized
Poisson transform Py,

In this section, we will establish the equivalence between assertions (i) and (iii) in
the case A = 0 of the main result (Theorem 1.1). The central result established in
this section is as follows.

Theorem 4.1.  Let p > 2 and 2n+ (20 + 1) ¢ 2Z~. Then, for f € A(0B(H"))

we have

f e LP(0B(H"))

L (1—tn%)~ AT
< [ Poifllop = ilzlg 5 d(0. thie) < | Po,uf(tht )] d@) < +o00. (11)

dB(H")

Moreover, for every f € LP(OB(H"™)) the following estimates hold.

1l @@y S 1Poifllop S Wfllr@pamy-

This extends the result of Ghanimi [[8], Theorem 2.1} to the case A = 0.

The proof of the necessary condition follows from the following result.

Proposition 4.2.  Let f € LP(OB(H")) with p > 1. Then

(1 — th%)— 25 v
SUPTT4(0, thte) < / |7’o,zf(tht9)\pd9) S |z @B am)- (12)

>0
dB(H")

Proof. Let f € LP(OB(H")). Since K acts transitively on 0B(H"), for any
0 € OB(H"), we may write § = h-e with h € K and e = (1,0,...,0) € 0B(H").
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We take a Haar measure dk on K so that

/ g(0)do = /g(k -e)dk, for all g € L'(OB(H")).
OB(Hm) K
Next, we define the function Pj; on K by P§;(h) = Pos(h - (tht e),e).

Then, the Poisson transform Py, f can be written as a convolution over the compact
group K, namely

Pouf (thtd) = Po, f(th(t) (h-€)) = / Pou(h- (tht e),k-e)f(k-e)dk = f =Py, (h).

K

By applying the Hausdorff-Young inequality, we obtain || f  Pg[l, < |||,/ -

Next, we estimate

| PSall 1y = [ |Poa(h- (thte),e)|dh = | Pos(thth, e)|db.
HILHE) K oB(HP)

Using the Poisson kernel estimate

2n+1
1—th?¢ 2
|1 — (tht6,e)|? ’

’POJ (th t9, €)| 5 (

we obtain

2n+1

1—th?¢ 2 o |\ 2t il 2nil , >
_ < _ 2 1. )
/BB(H”)<|1_<tht97€>|2) de ~ (1 th t) 2F1 ( 9 9 9 1,2n7th t]).

Now, by the known property of the hypergeometric function (3), we find that

2n+1 2n+1
2 72

o F 4 ( — 1;2n;th*) < (1 +d(0, thte)), for all ¢ > 0.

Thus, for all ¢ > 0, it follows that

1
P

1 — th2)~ 5
e | [ Pasaoras| <1,
dB(H")
This completes the proof. =

By combining Proposition 4.2 and (5), we deduce a uniform pointwise estimate for
the generalized spherical function @é’: 9 (|2]).

Corollary 4.3.  There exists a positive constant C, depending only on n, such
that i)
sup &3 (|2])] < C(1 = [2) "= (1+d(0, 2)). (13)
(p,9)e2

The main difficulty of Theorem 4.1 lies in establishing the sufficient condition. In
order to prove it, we first address the case p = 2, and we establish an L?-type
inversion formula for the generalized Poisson transform P .
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Theorem 4.4.  Let 2n+ (2l + 1) ¢ 27~ .
(1) Let f e A(OB(H")). The following equivalence holds:

f e L*(0B(H"))

( th2 ) @nt+1) n+1> 1
< || Poifllo2 = Stg%)) T d(0, thie) ( / |Po, f(tht 0)] d9> < 4oo. (14)

HB(Hn)

Moreover, the L?-boundary value is given by the following formula:

f(@) = lim A(n,0)" / Pos(z,w)Posf(2)du(z) in LHOB(HEY),  (15)

t—+o00
B(O t)

where y(n,l) = —

48 (F(2n2+1 + Z)F(Qn—l _

72, D(2n—2)(2l+1) )2
=07

(2) Let f € L*(OB(H")). Then we have the asymptotic formula

i 5 [ 1Poaf ) Pdn(2) = 20Dl o
B(0,t)
Proof. (1) The necessary condition follows from Proposition 4.2.
Let F' =Py, f with f e A (O(H")), such that

th2e)— 25
1 F 10,2 =stl>110>( 1+d(0?tht6) ( / [ Po...f(tht 0)]| d@) < +o00.

HB(Hn)

Expanding f into K-type series f(0) = >_, cq fpq(0) and using (5), we see that
F' may be written as

F(thtd) = > @%2(tht) f,,(6). (16)
(p,a)EQ
Furthermore / |F(tht0)|?d = Z <I> tht) ||qu||L2 OB(Hn)) -
dB(HM) (p,9) €

Given that || Fl/o2 < 400, for each t > 0 we obtain

th2 —(2n+1)
(( 1+ d(0, thte Z q) tht ||qu||L2 O(BH™)) < ||F||32 < 400.

Let A be a finite subset in 2. By using the asymptotic behavior of the generalized
spherical function (9), we deduce that

37(n,1) Z 1 fpallzz@m@Emy) < IFI52 < +oo.
(p.g)eA
Since A is arbitrary, we get

I 1 Zeom@ny = Y fndliz@seny)

(p,g)ER

<
< 3’ynl HFH02<+OO

Thus f € L*(OB(H")).
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Next for ¢ > 0, we define the following C-valued function on 0B(H")
1
3 / F(z)Py(z,w)du(z).

B(0,t)

gt (w) =

By expanding f into K-type series f = Z(p €0 fpg and replacing F' by its
series expansion from (16), also using the property Po;(thrf,w) = Py, (thrw, ),
the function g; can be written as

1
a)= Y (5 [ $00e0u) o).
(p,9)EQ B(0,t)
The L?*(OB(H"))-norm of g; is given by

1
lolnan = 3 [& [ 082 0eD duta)]

(p,9)€Q B(0,t)

(H™))*

Now, the uniform pointwise estimate of <I> (\ |) given in (13) shows that the family
(gt)t>0 becomes a bounded subset of L2(8B (H™)). Furthermore, we have

2
[v(n, l>_lgt - f”%Z(aB(Hn)) = q)épzq (I21) dﬂ z)—1 prﬂ”%/?(aB(H”))'

(p ‘I)EQ B(0,t
Using the uniform asymptotic behavior (10), we obtain
Jim (ly(n, D)7 g = fllz2@pn) = 0.
(2) Let f e L*(OB(H")). By (5), we have

Pouf(thtd) = Y 02 (tht) f,,(0).

(pyg)ER
It follows that

lim / Posf (2)Pdu(z) = lim 1/ S (B2 pallomny ) ),

By applying Beppo-Levi’s theorem, we obtain

i [ PP = i Y ([ OGP palomn ),

t——+o00
B(0,t) P2 g

By the uniform pointwise boundedness of CI)((f l’q) (|z|) given in (13) we can interchange
the limit and the summation

. 1 1
din 5 [ PP = X (i [ #8000 ) alon
B(0,t)

(p,g) € B(0,¢)
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By using (10), we ultimately obtain

t——+oo 13

lim / Posf (2)Pu=) = A DL B .
B(0,t)

Now, we are able to prove Theorem 4.1.

Proof.  The necessary condition follows from Proposition 4.2.
For the sufficient condition, let F' =Py, f with f € A'(0B(H")), such that

(n2g)— Gt -
IEllp = sup S < / |Po,lf<tht9>|pd9> <too.  (17)

dB(HM)

It is clear that || Po.fllo2 S [Poufllop < +o0.

Thus, by (14) we have f € L?*(0B(H")). Moreover, by the L?-inversion formula
(15), f is expressed as

f() = Jim_y(n,1) " gi(w) in L(OB(H"))
%3 / F(2)Po(z,w)dp(z).

B(0,)
Next we claim that fe€ LP(O0B(H")). Indeed, for ¢ € L4(0B(H")) and with %+% =1,
we have

where ¢;(w) =

[ @ = tm 2w [ pe)ew)de

t—+o00
OB(H) OB(H™)
Furthermore
1
/gt(w)¢(w)dw: / (tg/F(z)Po,z(z,w)du(z))¢(w)dw
OB(H") OB(H") ~ B(0,)
¢
= / ;/0 /F(thr@)?o,z(thﬂ?,w)dﬁ(l—th27")(2”+1)th4"1rdr¢(w)dw
OB(H") OB(H")

By applying Fubini’s theorem, we obtain

| sl

dB(H™)

=5 /Ot (/aB(Hn) p07l¢(thr0)F(thT0)d9> (1— th2r ) 2n+1)(thr)4n 1y (18)

Using Holder’s inequality, we find

1/q 1/p
‘ /Po,l¢(thr9) (thro) d@‘ </|7301gb thr0)|qd0) </|F(thr@)|pd9> i

dB(H") dB(H") dB(HM)
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On the one hand, by (12) we have for every ¢ € LY (0B(H"))

1/q
( / \770,[¢(th7°9)]qd6) < (14 d(0,thte))(1 — tht ) ). (19)
OB(HM)

On the other hand, by (17) we have

1/p
( / ]F(thr6)|pd6) < (1+d(0, thte))(1 — th?)™ (20)

OB(HM)
From the estimates in (19), (20) and (18), we deduce that for every ¢ € L4(0B(H"))
/ £@)0(w)dw| S [Flloplléllron
dB(HM)
Next, taking the supremum over all continuous ¢ with ||¢[|e@p@n)) = 1 in the
above inequality, we get
1fllr @@y S [1Fllop < +oo.

Thus, the proof is finished. [ |

5. Proof of the main result

First, we briefly study the LP-boundedness of the modified admissible maximal
function of the generalized Poisson transform. Specifically, we establish the following
estimate.

Proposition 5.1.  Let A e " and p > 1. If f € LP(OB(H")), then the following
estimate holds

IM2[PAS rona) S L |e@s.- (21)

To proceed, we introduce the non-isotropic metric p on B (H"). For any two points
21,22 € B(H"), we define p as:

p(z1,22) = |1 — (21, 22) |2

For § >0 and w € 0B(H"), let B(w,d) denotes the non-isotropic metric ball at w
with radius ¢, i.e.;

B(w,0) ={0 € 0B(H") : p(f,w) < 6}.
It is clear that B(w,d) = 0B(H") when § > /2.

The properties of the non-isotropic metric p are collected in the following proposi-
tion.

Proposition 5.2. (i)  The triangle inequality p(a,c) < p(a,b) + p(b,c) holds
for every a,b and ¢ in B(H").

(ii) p is a metric on OB(H").
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(iii) For every w € OB(H") and 0 < & < /2, the superficial measure of B(w,d)
satisfies the estimate
o(B(w,d)) =< 52+, (22)

To prove this proposition, we will need the following standard calculus lemma (see

[6])-

Lemma 5.3. Let f be a C-valued integrable function on OB(H™) with the
property f(01,..,0,) = g(01). Then

[ teaw=c [ g P tam),

OB(H") {z€H; |z|<1}
for some positive constant c.

Now we come back to the proof of Proposition 5.2.
Proof. The properties (i) and (ii) being proved in [6], it remains to show iii).

Since both the metric p(f,w) and the superficial measure ¢ are invariant under
the action of Sp(n), we reduce the problem to the calculation of o(B(e,d)), where
e=(1,0,...,0). Hence, we write

7(B(w,8)) = o(B(e,8)) = / do,
{0cOB(H");|1—0,|<52}

Using Lemma 5.3, we express the measure in integral form

o(B(w.9)) = ¢ / (1= [ Sdmz).
{z€H; |z|<1 and |1—z|<62}

Next, we apply a coordinate transformation. Set 1—z = r( cos(f) +sin(f)y), where
r>0,0¢€[0,7] and y € H with R(y) =0, |y| = 1. The measure dm(z) becomes

dm(z) = r® sin®(0)drdb.

Substituting this into the previous integral, we obtain

o(B(w,d)) =c / (2cos(f) — 7)*"r*" sin®(6)drd6.
{(r,0)€]0,62[x]0,7[; |1—rei?|<1}
To simplify, we perform the change of variable ¢ = J; we get r = t6* and dr = 0°dt.
This yields

o(Bw,9)) _
§52@2n+1)

(2cos(f) — t6%)** sin?(0)dtd6.

{(¢,0)€]0,1[x]0,7[; t62<2cos(9)}

As § decreases from /2 to 0, both the integrand and the domain of integration

increase. By applying Lebesgue theorem, we deduce that the normalized measure
% increases from A, to a finite limit A; as 6 decreases from v/2 to 0, where

| 22na(3/2)0 (2L _o2n—aT(3/2)T(n—1)
A2— (n—l)I‘(n+1) and Al =c2 W u
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From (22), it is easy to see that o is doubling. As a consequence, it is well known
that the Hardy-Littlewood maximal function satisfies the following L”-boundedness
estimate (see e.g. [22]).

| M fllzr@BEny) S I fllr@B@En)), (23)

where M f is the Hardy-Littlewood maximal function of a C-valued function f from
L'(OB(H™)), defined on 9B(H") by

M) =swp b [ 17(0)1de.

>0
B(w,d)

Next, we establish estimates for the generalized Poisson kernel P ;(z,w).

Lemma 5.4. Let A € 1. The generalized Poisson kernel satisfies the following
estimates:

(1) For every z € B(H"), we have

Re(i))+2n+1

Prlzw)f <272 (1= [2])

_ Re(iN)+2n+1)
2

(24)

(2) For every z € D,(0), we have

Re(i\)+2n+1

Pz, w)| < (8a(l—|z)) 7 (25)

‘1_ < e’w > |Re(i/\)+2n+1 .

Proof. (1) For z € B(H"), we use the standard estimates 1 — |z]? < 2(1 — |z|)
and 1—|z| < |1— < z,w > |, along with the fact that 7; is unitary. So (24) follows.

(2) Let z € D,y(0) and w € OB(H™). We have
- < 2,0 >]|< %(1 — 2 < a(l —|z) € all— < z,w > |.
This gives us p(z,0) < \/ap(z,0) and, since o > 1, we obtain
p(0,w) < p(0,2) + p(z,w) < Vap(z,w) + p(z,w) < 2vap(z,w).
Thus, we have 1- < 0,w>| <4da|l— < z,w>|. (26)
Combining this with 1 — |z|> < 2(1 — |z|), we derive (25). n
Now, we proceed with the proof of Proposition 5.1.

Proof.  Using the Poisson kernel estimates (24) and (25), we may follow the same
method as in the proof of Theorem 5.4.5 in [17] and find that the modified admissible
maximal function of the generalized Poisson transform M2[Py,f] is dominated by
the Hardy-Littlewood maximal function M f. Precisely, for every w € dB(H"), we

have
Mp[Prfl(w) S Mf(w). (27)
As a consequence of the LP-bound of the maximal function M f (see (23)), we get
IMZ P S ronn) S 1M Fllzrosay) S Ifllzr@pae),
and the proof is finished. [ ]
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Now, we are able to give the proof of our first main result (Theorem 1.1).

Proof. (i)=-(ii) This follows directly from Proposition 5.1.
(ii)= (iii) For (i) > 0, we have

3 =

IPrifliag < ( / (sup(l — th%)%

t>0
dB(Hn)

|Paif (tht@)])pcw) .

Since a > 2, for every t > 0 and w € 0B(H")), we have thtw € D,(w). This
implies that

Sup(l _ cht) Re(i)\);(2n+1)
>0

[Paaf (tht 0)] < M[Pr.f1(0).

Consequently, we get ||P)\,lf||)\,p < ||M§[7DA,lf]||Lp(aB(Hn)) < +00.
The proof for A = 0 follows similarly.

(iii)= (i) The result for A = 0 follows from (11). Similarly, for R(i\) > 0, the
result follows from Theorem 2.1 in [§]. n

In order to prove Theorem 1.3, we need the following Lebesgue differentiation type
result (see e.g. [22]).

Lemma 5.5. Let f € Ll((‘?B(H")), then for almost every w € OB(H"), we have

6—0 O'

lim ————— B@.9) / |£(6) w)|df = 0. (28)
(w,0)

Now, we proceed with the proof of Theorem 1.3.

Proof. We will prove the theorem for the case (i) > 0, while the case A =0
follows similarly.

Step 1. Let f € LY(OB(H")) be such that
(1512(1]0 B(w,9)) / |/(9)ld6 =0,

for some point w € IB(H"). Because of the estimate (27), we may follow the same
method as in the proof of (Theorem 5.4.7 in [17]) and get

IA— 2n 17)/\lf()

(1 [2P)
2€Dq (w)

Step 2. Now, let f € L'(OB(H")) and define the function hy on B(H") by
ha(z) = (1 — |2]%) "2 . We can write hy(2)Paf(2) — c(N) f(w) as

ha(2)Pasto(2) + ha(2) / Pas(z,0)d0f (w) — ci(N) f(w),

dB(HM)
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Using the triangle inequality, we obtain

(2P (2) = i) F )
< P+ @) [ Paatei0)ab - )

dB(HM)

Thus, it suffices to show that the right-hand side above tends to 0 as z tends to w
with z € D,(w). According to the Lemma 5.5, we have for almost every w € 0 B(H")

. 1
gl_ﬂ%m / | fu(0)df = 0.
B(w,0)

From Step 1, we conclude that

lgn h)\(Z),P)\’lfw(Z) =0.

2€Dq (w)

On the other hand, by (5) and (4), we find

i) [ Paale,0)d0 = (280 2 )

OB (H")
w2+ 1)I'(2n — 2) —iA+2n+1 o —iA+2n+1 o 112
— 4F(2n) 2F1< 2 l 17 2 +la2n7|2’ )
By (2), we get |li‘m1h,\(z) / Pri(z,0)d0 = c;(N).
z|—
OB(H")
Therefore lim  |hy(2) / Pri(z,0)d0 — c;(N)] =0,
Z—w
2€Da(w) dB(H")
and the proof is finished. [ ]
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