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1. Introduction

Parabolic subgroups play an important role in the structure theory of reductive
groups and their representations. Consider a reductive group G over an algebraically
closed field K of zero characteristic and a parabolic subgroup P in G. The
parabolic subgroup P acts on the nilpotent radical u of p = Lie(P) by the adjoint
representation. The problem of description of all orbits of this action is considered
an extremely complicated, "wild” problem as it includes the problem of classification
of all adjoint orbits of the triangular group.

It is well known that the action of P on u has an open dense orbit [11]. This orbit is
referred to as the Richardson orbit. Respectively, its elements are called Richardson
elements. There are different constructions of Richardson elements for simple Lie
algebras of classical type (see [1, 3]). In the ongoing researches, the different authors
study the complement of the Richardson orbit in u and its decomposition into
adjoint orbits [2, 4, 5, 6].

From the other hand, the parabolic subgroup P contains the maximal unipotent
subgroup N. The subgroup N also acts on the radical u by the adjoint action.
According to K. Miyata’s Theorem [8], the field of invariants of an arbitrary uni-
triangular transformation group action is rational (i.e. it is a pure transcendental
extension of the main field). So, the field of invariants K (u)" is rational. The
problem is to present a system of free generators of K (u)".

For G = GL(n), the subgroup N = UT(n) is a unitriangular group that con-
sists of upper triangular matrices with ones on the diagonal. For parabolic sub-
groups of GL(n), in the paper [9], A.N. Panov and V. V. Sevostyanova proposed the
hypothetical system of free generators of the field K(u)™. In the next paper of
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V. V. Sevostyanova [12], it was proved that the suggested system of invariants really
freely generates the field K (u)". However, the proof turned out to be quite com-
plicated. It can’t be generalized to the case of other root systems. Also, it doesn’t
contain any information on N-orbits of maximal dimension (call them N -regular
orbits).

These shortcomings are eliminated in the present paper. We construct the element
Rg in the radical u that is not only a Richardson element but also a N-regular
element (see Theorem 2.13). We refer to these elements as biregular elements.
As an application of this construction, we obtain a new, more simple proof of
V. V. Sevostyanova’s theorem (see Theorem 3.4).

The author is grateful to Victoria Sevostyanova who read the manuscript and made
comments. The author is also grateful to the referee whose comments helped to
correct the manuscript.

2. Construction of a biregular element

Let K be an algebraically closed field of zero characteristic. Consider the general
linear group GL(n) over K. Fix the partition [1,n| = I U...U I, where r > 1,
of the integer segment [1,n] into a system of consecutive segments Iy,..., 1. of
lengths nq,...,n, respectively. Consider the upper parabolic subgroup P defined
by the above partition of [1,n]. The subgroup P is a semidirect product P = LU
of the reductive part L and the unipotent radical U. The group P contains the
upper triangular subgroup N = UT(n). The Lie algebra n = ut(n) of the group N
consists of strictly upper triangular matrices.

The Lie algebra p of the group P decomposes into a direct sum p = [+ u, where
[ = Lie(L) and u = Lie(U). As mentioned above, the adjoint action of P on u has
the dense orbit (the Richardson orbit).

Definition 2.1. An element = in u is a biregular element if x is a Richardson
element and the N-orbit Adyz has the maximal dimension among all N-orbits
on u (i.e. x is a regular element with respect to the adjoint actions of P and N
simultaneously).

Denote by A the root system for A,,_; and by A" the subsystem of positive roots.
Each root a has the form a = «;; = ¢ — ¢;. We identify o with the pair (i, j),
where 1 <i, 7 <n, i#j. We write i = row(«) and j = col(a). The Lie algebra
gl(n) has the standard basis of matrix units {£;; : 1 <14,j < n}. We denote by
A and A[* the subsets of positive roots a;; such that Fj;; is contained in u and [
relatively.

We define the binary relation on the set of positive roots a = g if o« — 3 € A™T

(there was a misprint A[" instead of AT in the papers [9, 12]). We say that « and
[ are incomparable if both a > 8 and g > « are not true.

Definition 2.2. Let S C Af. We say that S is a base of A if each two roots
in S are incomparable and for each root « in Af\ S there exists a root £ € S such
that a > &.

The set A has a unique base which one can construct as follows. Choose the system
of minimal (in the sense of relation >) roots S; in A}. The subset S; consists of
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simple roots from A;. Then we delete from A} the system S; and such roots «
that a = £ for some £ € S;. In the obtained set we choose a subset of minimal
roots Sy and continue the process. We obtain the subset S which is a union of all
subsets {S;}.

We say that the positive roots oy, ag, ag form a chain if oy = (aq,a2), as = (as, as),
and a3 = (ag, ay).

Below we define a VS-pair. This term was introduced in [6]. In the early papers
9, 12], we used the term admissible pair.

Definition 2.3. We call a pair ¢ = (§,&’) of roots &, £ € S a VS-pair if there
exists a root a, € A[" such that the roots ¢, a,, & form a chain.

Observe that «, is uniquely defined by ¢. We denote by () the set of all VS pairs
{¢ =(&¢): & & €8}, Toeach VS pair ¢, we attach the root ¢, = a, + ¢'.
Denote ® = {p, : ¢ € @}. Consider the set of matrices ) of the form

Y= Z%E& + Zyququ (1)

ges q€qQ
where ye and y,, are from the field K.

Let w; be the permutation matrix, which represents the element of the greatest
length in the Weyl group for L. Recall that the Kostant cascade of L is the subset
of roots in A" of the form (i,wz(i)) in A", where i < wg().

Consider the subset ()1 C @ that consists of all VS-pairs ¢ = (£,£') such that a,
belongs to the Kostant cascade in A" (i.e. a, = (i,wr (7)) € Ar). Respectively, we
take @ = {p,: ¢ € Q1}.

Choose a system of non-zero constants {c, € K : ¢ € ®;}. Consider the element
Rg € Y defined by the system of constants

Rs = Rso+ Rg1, where Rgg=» FEe and Rgy= » c,E,.

£es ped;

Below we prove that Rg is a biregular element in u for some system of constants {c,}.

Example 2.4. Consider the parabolic subgroup of the type (2,4,1,3) in the
group GL(10). We draw the set ) on the matrix by marking the roots from S by
the symbol ® and the roots from ® by the symbol x; see Figure 1.

There is a standard method to construct a Richardson element in u. First we
construct a diagram D as follows. Let us place the columns of length ny,no...,n,
so that their upper levels coincide. Fill the columns sequentially from top to bottom
with 1 to n in ascending order. Connect the adjacent numbers lying on the same
level by lines. If ¢ < j are connected by a line, then we say that j is a successor of
© and ¢ is a predecessor of 7.

If the column number of ¢ in D is less than or equal to the column number of 7, then
the matrix unit F;; belongs to the parabolic subalgebra p. If the column numbers
are equal, then F;; € [. If the column number of ¢ is less than the column number
of j, then F;; € u.

We construct the element R = Z FE;; in the radical u.

'
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Proposition 2.5.

We refer to R as a standard Richardson element in u.
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[1, 3] The matriz R is a Richardson element in u.

Example 2.4 (continuation). For Example 2.4 we have the following diagram D
and the standard Richardson element R:

1 3 7 8
D= 2 4 9
> 10
6

Consider the coordinate n-dimensional space K™ = {(z1, ..
1 < i < n}. The matrix R acts on K™ by the right multiplication.

basis {e; :

Figure 2

1 2 3 4 5 6 7 8 9 10

1

1

—_
© 00 J O U = W N =

[
o

., %)} and its standard

Then e;R = ¢; if j is a successor of i, and e;R = 0 if ¢ has no successor.

Observe that the ones in each I,, block-row of matrices R and Rgy are placed
symmetrically with respect to the center of I,,,. It implies Rgo = wrR. The matrix
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Rgs; is a linear combination of the matrix units E;; over all pairs ¢—j such that
i <wr(i) and i has a predecessor. For pair i < wp (i), we have

e;Rs = e;(Rso+ Rs1) = eqw R+ €;Rs1 = ew )R + e;Rs 1,
Cwp () Rs = €w, (i) (Rso + Rs1) = €w, )WL R + €w, (i) Rs1 = e;R + ey, (i) Rs1-

Here e, iyRs1 = 0. For instance in Example 2.4, if i = 3 (respectively, i = 4),
then wp (i) = 6 (respectively, wy (i) =5) and egRg1 = 0 (respectively, esRs1 = 0).
We obtain
eiRs = ey, ()R + e Rg 1,
{ ewL(i)RS = eiR.

If i <wpg(i) and 4 has a predecessor, then e;Rg;1 = c,e; R, where ¢ corresponds to

the cascade root (i,wg (7)), and

eiRS = cweiR + €wL(Z')R, (2)
ewL(i)RS = eiR.

Remark that here if e;R = e; and e, ;)R = ey, then j < k. If i < w (i) and 7 has
no predecessor, then e;Rg; = 0 and

eiRs = ey, (i) R,
{ ewL(i)RS = eiR. <3)

If i =wp(i), then e;Rs = ¢;R.

We introduce a linear order on ®; as follows: 1 < s if row(p1) < row(ps). The
field K contains the subfield of rational numbers Q. For each ¢ € ®;, let K, be
the subfield in K generated over Q by the elements ¢, ¢ < 1.

Proposition 2.6. Suppose that the field K contains a system of elements {c,:p € ®1}
such that each c, is transcendental over the subfield K, (for example, K = C).
Then the matriz Rg defined by {c,} is a Richardson element in u.

Proof. Foreach 1 < m <r —1, we denote by M,,, the submatrix of Rg with
the system of rows [, and the system of columns col(£), where £ runs through the
elements of S belonging to the mth block-row. Observe that the number of rows
Ny, of the submatrix M,, is greater or equal to its number of columns.

For each 2 < m < r, we consider the submatrix N,, of Rs with the system of
columns I, and the system of rows row(¢), where ¢ runs through the elements
of S belonging to the mth block-column. The submatrix N, is an upper block-
triangular matrix with respect to the anti-diagonal. Its blocks are matrices that look
like {My} (i.e. they have ones on the anti-diagonal, some {c¢;} on the diagonal,
and zeros on the other places, see examples below).

ct 0 O

0 c 1 0 (&) 1
For instance, for Example 2.4, we have My = 0 12 E Neg=10 1 0

1 0 0 1 0 O
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Example 2.7. In Example 2.4, we replace the length of the first block n; = 2
by ny = 1. Then the submatrices will have the form

C

[y

08(1) 001

M)} = and Nj=[0 1 0
0 10 100
1 00

Item 1. Let us show that there exists a permutation matrix w € L such that for
the submatrices M,,, 1 < m <r —1, of Ry, = Ad,,Rg all left upper corner minors
{6;} are non-zero.

Observe that if the element g € L has the mth component g,, and all other
compotents are the identity matrices, then the transformation Rs — Ad,Rg implies
the transformations of the submatrices M,, — ¢, M,, and N,, — N,g. 1.

Let s,, be the number of elements from S that belong to the mth block-column of
Rs, ¢, is the number of roots a, € A*(n,,) that are defined by the VS-pairs (it is
equal to the number of ¢, in the mth block-row).

If s, > [”7’”} , then each left upper corner minor 9; of M,, is non-zero. For instance,

in the Example 2.4 and the submatrix My, we have

c 0 C1 0 0
51:C1§é0, 62: 01 62'7&0, 53: 0 (&) 1 7&0
0 1 0

If s, < [”Tm} , then n,,, > 2¢,,+1. Decompose the segment I,,, into three consecutive
segments J;UJoUJ3 of lengths |Ji| = |J3] = ¢,,. Observe that there are no elements
of ®; in the J,-rows and there are no elements of S in the Jy-columns. Let w? be
the permutation matrix of the greatest length of the block Js x Jy. We put ones on
the diagonal in all other rows (and columns) and obtain the element w® € L. The
transformation Rg — w2, Rg (w?n)_l implies the transformations of the submatrices
M, — WO M, and N, — N, (w?n)fl. Since there are no elements of S in the
Jo-columns, the matrix N, has zeros in Jy-columns. Then N, (wgl)*1 =N,.

Observe that each left upper corner minor d§; of w® M,, is non-zero. For instance,
in Example 2.7, we have

001 (1) 8 ci 0O e 00
ngé: 0 0 1 3 (512617&0, (52: 01 1‘7&0, 53: 0 1 0 %O
1 0 0 0 01

Let w be a product of all w?, over all m such that s, < ["7’"} . Then R, = Ad,Rg
satisfies the conditions of Item 1.

Item 2. Decompose the linear space V' = K™ into a direct sum of subspaces
V = EBTm:l‘/mv

where each V,, is a subspace spanned by the vectors of the standard basis e;,
j € I,,. Observe that the numbers of I, fill the mth column in the diagram.

For each 0 < k < m, we consider the subspace V,,; of V,, defined as follows. The
subspace V,, is spanned by all vectors e; such that j has no a predecessor. For
k # 0, the subspace V,  is spanned by all e; such that j has a predecessor in Ij.
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We denote by Vk,(m) the subspace spanned by all {e;}, where i € I, is a predecessor
of some j € I,,,. We have R : Vk(m) — Vi Define the subspace

Wm,k: - (@SZka,s) ¥ (@t>m%) .

In Item 2, we show that there exists g € L such that the element RY = Ad,(RY)

sends Vk(m) — Vir mod W, 111 by an upper triangular transformation for each
1<k<m<r.

We start a construction of g from the block r—1. Consider the field K,_; generated
over Q by the elements c,, where ¢ € ®; and it lies in the (r — 1)th block-row.
The submatrix M, _; has size n,_; x £ with n,_; > £. Since the left upper corner
minors {J;} of M,_; are non-zero, the submatrix M, _; decomposes over the field
K, into a product V,_;B;" | of the lower triangular (n,_; x n,_;)-matrix V,_;
and the upper triangular (n,_; x ¢)-matrix B,” ;. Replacing R to Ad;.l_ (RY),
the submatrix M, _; changes to the upper triangular matrix B, ;. o

At the same time, in the submatrix A,_; the anti-diagonal blocks M, change
to MU, where U~ is the lower triangular matrix. Since each c,, ¢ € &y,
is transcendental over K, the left upper corner minors {d;} of MU~ are non-
zero. We decompose the submatrix M, »,U~ into a product V,_,B} , and act by
AdV; . Continuing the process untill m = 2, we obtain the matrix R¢ satisfying
the condition of Item 2.

Ttem 3. We show that there exists g € L such that the element Rg = Ad,(R%)
obeys the property: if +—j and e; € V,,,x, then

e;Rs = e; mod Wi, j11.

The matrix R obeys the property of Item 3 for m = 1 and m = 2. For m = 3
acting by the upper triangular matrix B; , we change B3 to the matrix with ones
in the diagonal. Continuing the process for m = 4, ..., 7, we obtain the matrix Rg.

Item 4. For each 1 < j < n, we denote by p(j) the greatest number such that
ej € ImRPY) . The number p(j) coincides with the length of the chain of predecessors
of j in the diagram. Denote

Wm = Wm,O = EBth‘/t-

In Ttem 4 let us show that for each 1 < m < r and each j € I, there exists a vector
é; =e; +a, where a € W, belonging to TmREY)

J J ) m+1; gmg 1o Imivg™ .
We shall prove by the induction method on j. In the case j =1, the vector e; does
not lie in ImR (and does not lie in ImRg). We take é; = e;.

Suppose that the statement is proved for all numbers < j. We shall prove for j. Let
j € I,. We denote p = p(j). Suppose that ¢ is a predecessor of j in the diagram
and ¢ € I, where k <m. Then e; € V1, € € Vk,(m) and e; € ImRP~!. According
to the induction assumption, there exists ¢; = e; + a, where a € Wy, belonging
to Imfi’é_l. Therefore & Rg € Imfig.

Since 7 is connected by a line with j in the diagram, the lengths of the columns
between I, and I,, are strictly less than the lengths n; and n,, of columns I
and I,,. Let t € I, U...U L, 1. According to the induction assumption, there
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exists a vector & € Imfi’;(t). The number p(t) is greater than p — 1. Therefore
é € Ing_l. Observe that the vectors {é;}, where t € I;,; U ... U I, 1, form a
basis in W1 mod W, .

Recall that €; = e; + a, Whgre a € Wiy1. Write the vector a € ~VVkH in the form
a = a+ ay, where a € ImR’;1 and a; € W,,. Then aRs = aRs + a1Rg, where
aRs € ImRY and a1Rs € Wipi1 .

Item 3 implies that e,f%s =ej + v, where v € Wy, py1. Accorging to the induction
assumption, foNr cach e5 € @Bs>pi1Vins there exists é;, € ImRY. There exists the
vector ¥ € ImRY, such that v = 0+ b, where b € W,,,41. We obtain

éz'RS = (Gi + CL)RS = eiRS + CLRS = €j + v+ b + &RS + alﬁg.

Then the vector €; = e; + b+ a1Rg = é;Rg — aRg — ¥ lies in Ing and b+ a1 Rg
lies in W,,+1. The statement of Item 4 is proved.

Item 5. Let us show that Rg is similar to R. It is sufficient to prove that }és is
similar to R. The system of vectors {e;}, where j has the length p of the chain of
predecessors, form a basis in ImRP. It follows from Item 4 that the system of vectors
€;, where e; € ImRP, is linear independent. Therefore dim Imlfig > dim ImR?. On
the other hand, dim Ing < dim ImRP because R is a Richardson element and Rg
lies in the closure of P-orbit of R. Finally, dim Im}ég = dim ImR? for each p. The
matrix Rg similar to R, and Ry is a Richardson element. [ |

Corollary 2.8.  There exists a nonempty open subset {c, € K : ¢ € &1} in
K%l such that Rs is a Richardson element.

The proof is similar to the proof of Proposition 2.6. The nonempty open subset is
defined by the conditions {0; # 0}, where {J;} are the left upper corner minors
encountered in Item 2.

Example 2.9. If n =6 and the parabolic subgroup of the type (1,2,2,1), then

01000 0
000 ¢ 1 0
000 1 0 0

Rs = 000 0 0 c
000 00 1
000 00 O

is a Richardson element iff ¢ico +1 # 0.

Conjecture 2.10. If ¢, =1 for each ¢ € ®;, then Ry is a Richardson element.

In what follows the matrix Rg is constructed by the system of constants {c,} that
obeys the condition of Proposition 2.6 or belongs to the open subset from Corollary
2.8. So, Ry is a Richardson element in u.

For every element A € u and every subalgebra p O m DO u, we introduce the
following notations: Cn(A) = {z € m : [z, A] = 0} is a stabilizer of A in m,
Cw(A) is the factor algebra of Cy(A) modulo Cy(A), €n(A) = dim Cyy(A), for each
1 <m <7 let nyere = max{n; : 1 <i<m}, and Ny, ygne = max{n; : m <i <r}.
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In the following we calculate the dimensions ¢,(Rs) and ¢,(R). We begin with
tu(Rs). Let col(S) (respectively, row(.S)) stand for the set of columns (respectively,
rows) of S. Let Vg be the subset of roots @ = (4,7) € A{", where i ¢ col(S) and
J ¢ row(S). Decompose Vg =117, Vg,,, where Vg,, is the subset of all roots from
the mth block, which belong to Vg.

Consider the subspace Vg spanned by all E;;, where (7, j) € Vg. We have

Vg =®,,—1Vsm, where Vg, = span; ey, Eij-

Lemma 2.11. (1) The subspace Vs is a subalgebra in Cy(Rg) and
Cu(Rs) = Vs @ Cu(Rg).
(2) EH<R5) =dim Vg = |V5’

(3) If mazimum of {n,, : 1 <m <r} is not unique, then Vg = @ (respectively,
Vs = {0}). Suppose that n,,, is greater than each n,, m # mg. Then
Vsm = {0} for each m # my and

07 Zf Ny S Mg left + nmo,righta

dim ut(nmo — Mg left — nmo,right>7 Zf Timyg > Mg left + Timg,right -

dim Vg, = {

Proof. Easy to see that if € Vg, then [z, Rg] = 0 and therefore x € Cy(Ry).
From the other side, let x € n such that [z, Rg] =0 and = = x; + x,, where z( € [
and z, € u. Let us show that z; € Vs.

The element z; decomposes into a sum of representatives of blocks in the form
= (z)1+ ...+ (). Let us prove that each component belongs to Vg beginning
with the first one. If the first block-row of the matrix Rg contains d roots from S,
then (z;)1 = (59), where B € ut(ny — d). Therefore (z(); € Vs.

Suppose that for all k& < i the components (z(); belong to Vs. Let us prove that
(x1); € Vs. Indeed, if the ith block-row of Rg contains d roots from S, and the
1th block-column contains b roots from S, then the ith component has the form
(1); = (§ 189 §), where B € ut(n; — b —d) (in the case n; < b+ d we have B =0).
Then (x(); € Vs. This proves (1) and (2).

For each 1 < m < r, the number of roots from S in the mth block-column
of Rg equals to min{n,,, n, e}, and the number of roots from S in the mth
block-row equals to min{n,, Ny ight } . Let mo be a number from [1,7] such that
Ny = max{n,, : 1 < m < r}. For each m # mg, the number of roots from S
from the mth block-column or the number of roots from S in the mth block-row
equals to mg. Then Vg,, = @ (respectively, Vs,, = {0}). For m = my, we have
dim Vg my = |Vem,| = dimut(n,,, — b — d), where b = Ny 1ot and d = Ny right -
This proves (3). n

We turn to a description of C,(R) and calculation of ¢,(R). Let (-,-) be the Killing
form of gl(n). The parabolic subalgebra p is a polarization for R in gl(n) (i.e. it
is a subalgebra and maximal totall y isotropic subspace with respect to the skew-
symmetric bilinear form (R, [z,y]) on gl(n)). Indeed, if p is extended to some
totally isotropic subspace m, then (R, [p,m]) = 0. Since R is a Richardson element,
[p, R =u. Then 0 = (R, [p,m]) = ([p, R],m) = (u,m) and therefore m C p.
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Since p is a polarization for R, then stabiliser C(R) = {z € gl(n) : [z, R] = 0} of
R in gl(n) is contained in p and coincides with Cy(R).

The subalgebra C(R) = C,(R) is spanned by the elements of the form decribed
below (see [7, 8.2]). Let us agree that we count the rows in the diagram D from top
down. For the rows i and j in the diagram D, let £(i) and ¢(j) be their lengths
respectively. Let & < min{¢(i),¢(j)}. The subalgebra C,(R) has the basis £ that
consists of the elements

k
(k) _
Ey =Y Eijo, (4)
a=1
where iy — 195 — ... — 1 is the system of the first £ numbers in the row i, and

J1 —> J2 = ... — Ji is the system of the last £ numbers in the row j.
We depict the element El(lj) on the diagram connecting the numbers i,, j, by arrows
1a = Jo. 1f 1 <j, the arrows will be from top down or along the rows of the diagram

_ k) s s
D. Denote & = {E;y, i <j}.
If i > j, then the arrows will be from bottom up. Denote & = {ElJ ,
have

E=E UE&.

For instance, the diagram D of the Example (2.4) has the rows 1, 2, 3. Depict the
basic elements E:(l?’; and E( i on the diagram:

i>j}. We

E®) = Eyy + Esy + Erg E{) = Esr + Euog

1 3 7 8 1 3 7 8 .

NG , o/
5) 10 9 10
6 6

Let £ be the subset of £ that consists of all elements E( ) such that there exists a
pair {iq,jo} (see (4)) from a common column in the dlagram D ( or in other words
from a common segment I, 1 <b < r). Analogously to the previous, we define
E¢ and z¢. We obtain

E = Ei L ET'

Then Cy(R) = span{E}; € £} and G,(R) = [€].

Remark 2.12. (1) Let El(lj) € &, (i.e. i <j). Then in the sum (4) each of the
several first pairs (i1, 1), -, (%, J»), where b < /(i), is lying in a common column,
and the next arrows i, — j, are inclined. The basic element El(];) is uniquely
determined by the first pair (iy,7;) such that both i; and j; has no predecessors

(see the above diagram for Ef’%)
Observe that if i = j, the basic element E belongs to €& whenever k = £(i).

(2) Let E ) e &; (i.e. i>j). Then in the sum (4) each of the several last pairs

(b, Jb),s - (Zk,jk) where k = ((i), is lying in a common column, and the previous

(k)

arrows ia — Jo are inclined. The basic element E;;” is uniquely determined by the
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last pair (ig, jx), such that both i, and ji has no successors (see the above diagram
for E:(f) ).

Theorem 2.13.  Suppose that the system of constants {c, € K : ¢ € ®1} obeys
the condition of Proposition 2.6 or belongs to the open subset from Corollary 2.8.
Then Rg is a biregular element in .

Proof. Since Rg is a Richardson element (see Proposition 2.6 and Corollary 2.8),
it is sufficient to prove that Rg is a IN-regular element in u. For every x € u, we

have
dim ad,z = dim Adyz < dimu — dim Y

(see Proposition 3.2, which do not depend on the present theorem). In particular,
dimad,Rs < dimu — dim ). Then our goal is to prove that

dim ad,Rs = dimu — dim ), (5)

which implies the statement of the present theorem.

Since Rg is a Richardson element, we have u = ady,Rg. Then
dimad,Rg = dimad,Rg — dim Y.
Substituting the formulas

dimad,Rs = dim p — dim Cy(Rs),
dimad,Rs = dimn — dim Cy(Rgs),

we obtain that the equality (5) is equivalent to
dimn — dim Cy(Rg) = dimp — dim C,(Rg) — dim ).
The equality (5) has the form
dim Y + dim Cy,(Rg) — dim C(Rg) = dimp/n.

The subalgebras C,(Rs) and C,(Rs) have common intersection with u, which
coincides with the stabilizer C,(Rg) of Rg in u. Recall the notations

Up(RS) = Cp(Rs) mod Ou<RS),
Cw(Rs) = Cy(Rg) mod Cy(Ryg),

Ep(RS) = dlmap(Rs), En(RS) = dlman(Rs)
We get dim Y +¢,(Rs) — ¢a(Rg) = dimp/n.

Since Rg is a Richardson element, the element Rg is Adp-conjugate to the standard
Richardson element R. Their stabilizers Cy(Rg) and Cy(R) are Adpconjugate.
Their intersections with the radical u are also Adp-conjugate. The dimension
Gy(Rs) coincides with the dimension ¢,(R) of the subalgebra Cy,(R) modulo u.
Denote y := dim ). We obtain the equality that is equivalent to (5):

Y+ G (R) — Cu(Rg) = dimp/n. (6)
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Observe that y = |S]| + |®], &,(R) = |€| and ¢,(Rs) = |[Vs| by Lemma 2.11.
The Levi subalgebra [ decomposes into adirect sum [ = &7 _;[,,, where [, = gl(n,,).
So, [Nn =" _n,, where n, = ut(n,) with the subset of positive roots A™(n,,).

Recall that as in the proof of Proposition 2.6 s, is the number of roots from S that
belong to the mth block-column of Rg, ¢y, is the number of roots a, € A*(n,,)
that are defined by the VS-pairs.

For each 1 < m < r we introduce the notations: vy, = s, + Om, ng is the subset
off all elements from £, such that its first pair (i, j;) belongs to the mth column
in diagram D (see Remark 2.12(1)), &+, is the subset off all elements from &; such
that its last pair (i, ji) belongs to the mth column in diagram D (see Remark
212(2)), Em = Epm U E -

As usual, t(n) denotes the Lie algebra of upper triangular matrices of size n.

The equality (6) is equivalent to the following equality

T

> Y+ €| + [Ernl = [Vsnl) =D dimt(n,y).
m=1

m=1

It is sufficient to prove that for each 1 < m < r the following equality holds:
Ym + |g¢,m’ + |ET,m| — [Vgm| = dim t(n,y,). (7)

Item 1. Let m = 1. In this case y,, = y1 = 0. The number |€, ;| equals to the
sum of the number of arrows from top down ¢; — j; of the first column, and the
number elements of the first column of D. We have |£| ;| = dim t(n,).

If 7y < My yignt, then |E4] = [Vgi1| = 0 by Lemma 2.11. It implies equality (7).

Suppose that n; > d, where d = 1y yign;. The number d coincides v_vith the number
of lines in the diagram D passing the first column. We have |41 = [Vgi| =
dimut(n; — d). Then

i+ €l +[Era] = Vsl
=0+ dimt(ny) + dimut(n; — d) — dimut(n; — d) = dimt(n,).

We obtain equality (7) for m = 1.

Ezample 1. Let the parabolic subalgebra p be of the type (6,2,2) and m = 1. On
the matrix Rg, we fill the squares from Vg = Vg by the symbol . In this case
yi =0, (Sl = (i) 1<0<j <6} =21, [Epal = {(irj): 3<i<j<6} =
|Vg1] = 6. Equality (7) has the form 0+21+6 — 6 = 21 = dim ¢(6).

1 2 3 45 6 7 8 9 10
o oo 1
o0 2
° 3
1—7—39 4
D = 2—8—10 Rs = 1 5
3 1 6
4 Cll 7
) 1 8
6 9
10
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Item 2. Consider the case m = r (the number of the last column of diagram D).
The number |&4,| equals to the number of arrows from bottom up i, — j, of the

last column. We get |E;,.| = dimut(n,).
If n, < nyjets, then y, = n, and |€,| = [Vs,| = 0. It implies equality (7).

Suppose that n, > b, where b = n, 1ot . The number b coincides with the number of
lines in the diagram D passing the last column. Then

yr = b, &, = dimt(n, — b) = n, — b+ dimut(n, — b),
E1rl = dimut(n,),  |Vg,| = dimut(n, —b).
We obtain
Yo+ 1E0l + €4 = Vs,
=b+ (n, — b) + dimut(n, — b) + dimut(n,) — dimut(n, — b) = dim t(n,.).
This proves (7) for m =r.

Example 2. Let the parabolic subalgebra p be of the type (3,1,6) and m = 3. On
the matriic Rg, we fill the squares from Vg :_V573 by the symbol . In this case
ys =3, [E,a] = {(6,5):8<i<j <10} = 6, [Eral = [{(5,5):5<i<j<10}| = 15,
Vs3] = 3. Equality (7) has the form 3 +6 + 15 — 3 = 21 = dim ¢(6).

1 2 3 4 5 6 7 8 9 10

1 1
1 2

1 3

1—4—>5 1 4

D = 2——6 Rg = 5
3 7 6

8 7

9 ° 8

10 9

10

Item 3. Let 1 < m < r. In this item, we suppose that the mth column is not the
strongly greatest column in D that is, 7, < My jefe O 1 < Ny right -

Case 3a. Suppose that 7, < Ny, et a0 Ny right < M. Denote d = 1y, pighe . The
number of roots of S inthe mth block-row equals min(rn,, My, right) =min(n,,, d) =d
(we use this fact in the proof of Lemma 2.11). The positive roots o, € AT (n,,) fill
all squares in A*(n,,) apart from the left upper (n,, — d,n,, — d)-block. Then

Om = dimut(n,,) — dimut(n,, — d).

We have s, = N, Y = Sm + G = Ny + dimut(n,,,) — dim wt(n,,, — d), 1E1m| =0,
E4m| = dimut(n,, — d), [Vg,.| = 0. We obtain

Y + |Esml + [Erm] = [Vl
= Ny +dim ut(n,,) —dim ut(n,, —d)+dim ut(n,, — d) = n,,+dimut(n,,) = dim t(n,,).

This proves (7).
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Ezample 3a. Let the parabolic subalgebra p be of the type (4,4,2) and m = 2.
On the diagram ), we depict elements from S by the symbol ®, the elements from
® by the symbol x, the elements {a,} for VS-pairs by the symbol +. Recall
that |{a,}| = |®|. In this example sy = 4, ¢ = 5, yo = 9, |E,2] = 0,
&) = {(i,5) : T<i<j<8 =1, Vgl =0. Equality (7) has the form
94+0+1—0=10=dimt(4).

1 2 3 45 6 7 8 9 10

X 1

X 2

X 3

1—5—9 ® 4

D = 2—6—10 Y = | A X X5
3—7 —+| 4| X| X|6
4—8 +| x| |7

X 8

9

10

Case 3b. Suppose that n, < Nguehe and Ny jere < Nn. Denote b = 1y, et -
The number of roots from S in the mth block-column equals min(n,,, Nm ) =
min(n,,b) = b (we use this fact in the proof of Lemma 2.11). The positive roots
a, € AT (n,,) fill all squares in A*(n,,) apart from the right lower (n,, —b,n,, —b)-
block. Then ¢, = dimut(n,,) — dimut(n,, — b).

We have s, = b, Ym = Sm + ém = b+ dimut(n,,) — dimut(n, —b), [Epml =
dimt(n, —b), |E+.m| = |Vsm| = 0. We obtain

Y + 1€ m| + [Erm] = [Vl
= b+dim ut(n,,) —dim ut(n,, —b)+dim t(n,, —b) = n,, +dimut(n,,) = dim t(n,,).

This proves (7).

Ezample 3b. Let the parabolic subalgebra p be of the type (2,4,4) and m = 2. On
the diagram ), we depict elements from S by the symbol ®, the elements from &
by the symbol X, the elements {a,} for VS-pairs by the symbol +. Recall that
{ag}|=|®|. In this example s =2, ¢po =5, yo =7, |E 2| =3, [E42] = [Vm| =0,
dim t(ng) = 10. The equality (7) has the form 74+3 — 0+ 0 = 10 = dim ¢(4).

1 2 3 4 5 6 7 8 9 10

® 1

® 2

+ | 4| x| x| x| ®|3

1—3—7 X XI® |4

D = 2—4—38 y = ® e
5—9 ® 6

6— 10 7

3

9

10




PAaNOV 51

Case 3c. The case b > n,, and d > n,, is treated similarly to Case 3a by letting
dim ut(n,, —d) =0 (or by Case 3b by letting dim ut(n,, —b) =0).

Item 4. Suppose that 1 < m < r and the mth column is strongly the greatest
one. That is n,, > b and n,, > d, where b = 1y, e and d = Ny, right -

Case 4a. Let n,, > b+d. As we mentioned above, the number of roots of S in the
mth block-row is equal to d and the number of ones in the mth block-column equal
to b. The positive roots «, € AT(n,,) fill all squares in A*(n,,) apart from the
left upper (n,, — d, n,, — d)-block and the right lower (n,, — b, n,, — b)-block. Since
nm > b+ d, the intersection of these blocks is the square block of size n,, — b — d.
The positive roots of this intersection form Vg, and |Vg,,| = dimut(n,, — b — d)
(see Lemma 2.11). The roots a, € A*™(n,,) fill the rectangle of b x d size in the
right upper corner of A*(n,,). Then ¢,, = bd. We have

Sm =b, Ym = Sm + Om = b+ bd,
Ym = b+ bd, & 1.m| = dim t(n,, —b), |E4.m| = dimut(n,, — d).

Finally we obtain

Ym + [ELm| + [Erm] = [Vsml
= b+ bd + dim t(n,, — b) + dimut(n,, — d) — dimut(n,, — b — d) = dim t(n,,).

This proves (7).

Ezxample ja. Let the parabolic subalgebra p be of the type (2,8,3) and m = 2.
On the diagram ), we depict elements from S by the symbol ®, the elements
from ® by the symbol x, the elements {«,} for VS-pairs by the symbol +, and
the squares from Vg = Vg, by the symbol «. Recall that |{a,}| = |®|. In this
example sy = 2, ¢p = 6, 4 =8, |E5 = [{(5,5) : 5 <4 < j <10} = 21,
Eral = {(i,j) : 6 <i<j <10} =10, |Vsa| = 3. The equality (7) has the form
8421+ 10—3 =36 =dim¢t8) = 36.

1 2 3 4 5 6 7 8 9 101112 13

X 1

X 2

+| 4|+ X| X| X|3

1—3—11 +| +| +| X| X| X|4
D = 2—4—12 y = LR 5
5—13 6

6 7

7 ®|8

8 ® 19

9 X 10

10 11

12

13

Case 4b. Let n,, < b+ d. As we mentioned above, the number of roots of S in
the mth block-row equals to d and the number of ones in the mth block-column
equal to b. The positive roots a, € AT (n,,) fill all squares in A*(n,,) apart from
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the left upper (n,, — d,n,, — d)-block and the right lower (n,, — b,n,, — b)-block.
Since 1y, — (N —b) — (N, —d) = —ny, +b+d > 0, these two blocks do not intersect.
We have

Sm =10, ¢ =dimut(n,,) — dimut(n,, —b) — dimut(n,, — d),
Ym = b+ dimut(n,,) — dimut(n,, — b) — dimut(n,, — d),
Em| = dimt(n, —b), |Erm| = dimut(n,, —d), [Vl =0.
Finally we obtain
ywlﬁ_|zlﬂn|_k|z%ﬂn|__|§]&WA
= b+dim ut(n,,) —dim ut(n,, — b) —dim ut(n,, —d)+dim t(n,, —b) +dim ut(n,, — d)
= ny + dimut(n,,) = dimt(n,,).
This proves (7).

Ezample 4b. Let the parabolic subalgebra p be of the type (3,6,4) and m = 2.
On the diagram ), we depict elements from S by the symbol ®, the elements from
® by the symbol X, the elements {a,} for VS-pairs by the symbol +. Recall that
[{agt] = [®[. Here su=3, po=11, yo=14, [€ o] = [{(i,j) : T<i<j <9} =6,
Erol = {(4,7): 8<i<j<9} =1, |Vge =0, dimt(ny) =21. The equality (7)
has the form 1446+ 1 —0 = 21 = dim ¢(6). ]

1 2 3 4 5 6 7 8 9 1011 12 13

& 1

& 2

(9 3

1——4—10 +| 4|+ | X X| x| X|4
D = 2—5—11 Yy = | | ] A XX X]X]5
3—6—12 | 4] | X X| X[ ®)]6
7T—13 ® |7

8 ® 8

9 ® 9

10

11

12

13

3. Field of N-invariants

The unitriangular group UT(n) acts on the radical u by the adjoint representation.
In this section, we present the system of free generators for the field of Ady-
invariants K (u)". Following the papers [9, 12], we construct two systems of Ady-
invariants: {M}, where & runs through S, and {L,}, where ¢ runs through the
set of VS-pairs Q).

For each v € AJ, we denote by S, the subset of all roots o € S such that
row(a) > row(y) and col(a) < col(y). Roughly speaking S, is the subset of all
roots of S that are lying below and on the left side from the root ~.

Let « € u. We denote by M., the minor of z with the system of rows row(S,U{v})
and columns col(S, U {7}).
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For each VS-pair ¢ = (&,¢’), we define the polynomial

Lq = Z M£+a1Ma2+€"
1,09 € Ai_ (] {O}
Q)+ a2 = oy

The polynomials U={M: cStU{L,: ¢€Q} (8)

are Ady-invariants [9, Theorem 1]. Observe that the restriction of M and L, on
the element y € Y from (1) are calculated by the formulas (see formulas (3) and (4)
from [9]):

Me(w) = #ve- [T ver Law) = #e v ([T ) (T[T ) ©

OzESg OéESg ,3655/

Consider the open subset uy = {z € u: Me(z) # 0 forall £ € S} and its
intersection )y = ug N ), which is an nonempty open subset in Y.

Proposition 3.1. (1) Ewvery element yo € Yy is uniquely determinated by the
system of the values V(yo) at yo.

(2) For every yo € Yy the intersection Adn(yo) N'Y consists of the only yo.

Proof. Recall that the system of roots S is constructed consecutively by the induc-
tion process: first we define Sy, then Sy and so on. If & € Sy, then M, (yo) = ve, -
If &€ 5, then M, (yo) = £ye, Hglesg Me, (yo) for some subset S7 C S;. We have

ve, = Mg (w) ( TT M)

£&1€5]

Given the system of numbers ¥(yo) = {Me(yo), Lq(yo)}, we obtain the system of
coordinates {ye # 0, ¥,,} applying formulas (9). This proves 1) and 2). [

Define the regular map p : uy — Yy such that p(xg) = yo if Me(xo) = Me(yo) and
Ly(x0) = Ly(yo) for each € € S and ¢ € ). The regular map p is surjective. Since
M, and L, are Ady-invariants, the fibers of p are invariant with respect to Ady.
It follows from the fiber dimension theorem that for every y, € ), the dimension of
p 1(yo) is greater than or equal to dimu — dim ). There exists an nonempty open
subset V) € )y such that dimp~'(y;) = dimu — dim ) for every y; € ). n

Proposition 3.2.  For every x € u the dimension Ady(x) is less than or equal
to dimu —dim ).

Proof. The set of Ady-orbits of maximal dimension u,, is open in u. The
intersection of two nonempty open subsets i, Np~ (Y1) is also open and nonempty.
There exists Tyeg € pH (Y1) MUy for some y; € Vi. Then Adyareg C p~*(y1) and

dim Ady ey < dimp~t(y1) = dimu — dim Y.
For every = € u, we have dimAdyz < dim AdyZye, < dimu —dim Y. ]
Proposition 3.3. The subset Ady)Y is dense in u.

Proof. According to Theorem 2.13, the element Rg is Ady-regular, i.e. Rg € g
The subset u,, is open in u. The intersection u,, N Y is open in )Y and
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nonempty (it contains Rg). The subset e, MY is an intersection of two nonempty
open subsets Vi and u,, N'Y. Therefore, u,, NY; is open and nonempty. For
every yi € Upeg N V1, we have dim Adyy; = dimp~'(y;) = dimu—dim Y. An orbit
of every unipotent group action on an affine variety is closed (see [10, §1.3]). So,
the orbit Adyy; is closed. Two closed subsets Adyy; C p~!(y1) have a common
dimension. Hence Adyy; = p~'(y1). The subset Ady); coincides with p~'())),
and therefore it is open in u. This implies the statement. [ |

Theorem 3.4.  The system (8) freely generates the field of N -invariants K (u)V.

Proof.  Consider the restriction map 7 : K[u]Y — K[Y], which corresponds for
every polynomial from K[u]V its restriction on ). Since Ady) is dense in u, we
have Kerm = 0. The map 7 is extended to an embedding of fields 7 : K(u)V <
K(Y). By formulas (9), the polynomials 7(W) freely generate the field K()). The
map 7 is an isomorphism of fields and the system of polynomials W freely generate

the field of Ady-invariants. ]
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