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Abstract. The notion of Whittaker functions on quasi-split reductive groups over local fields is
usually defined for non-degenerate characters of the maximal unipotent subgroups. In this paper
the case of the real symplectic group of degree two is taken up. It is remarked for irreducible generic
representations that if Whittaker functions in the usual sense are of moderate growth, they are
always rapidly decreasing. The target of this paper is also Whittaker functions on the symplectic
group of degree two for degenerate characters, which have been out of the targets in many studies.
Motivated by the theory of the Fourier-Jacobi expansion of generic cusp forms, it is proved that
there is no such Whittaker functions of rapidly decay for irreducible generic representations.
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1. Introduction

In the representation theory of quasi-split reductive groups G over local fields
irreducible generic representations are recognized as a quite familiar class. Recall
that an irreducible admissible representation m of G is called generic if, with the
usual notation Ind§ () of the induced representation,

Homg (m, Ind$ () # 0

holds for some non-degenerate character ¢ of a maximal unipotent subgroup N,
namely 7 admits a Whittaker model. For a definition of the non-degenerate char-
acters see e.g. [28, Section 1], [30, Section 8.5] and [27, Section 3], in the latter two
of which they are also called generic characters. This notion is naturally extended
to irreducible admissible representations of adele groups for quasi-split group over a
global field. In the theory of automorphic representations of adele groups irreducible
generic automorphic representations have been studied in detail and drawn atten-
tion of experts since one can often discuss such representation in a general context
e.g. by Langlands-Shahidi method (cf. [15], [27]), which provides a strong tool to
investigate automorphic L-functions.

If such global Whittaker models are unique up to constant multiples, their studies
are reduced to those of local models. Regarding this we review the multiplicity free
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property of Whittaker models for irreducible admissible representations of quasi-split
real groups as follows (cf. [30, Theorem 8.8]):

dim Homeg (7, Ay (N\G)) < 1,

where Ay, (N\G) denotes the subspace of C*° sections of moderate growth in
Ind$ (1).

However, we should note that there remain fundamental questions as follows:
« For what 7 and v, dim Homg(m, Ay (N\G)) =17

o When dim Homeg(7, Ay, (N\G)) = 1, is the Whittaker model rapidly decreas-
ing?

As for the first question, we remark that even if 7 is generic, Homg(7, Ay (N\G))
can be zero depending on ¢ as known results (e.g. Oda [25], Miyazaki-Oda [17], Niwa
[24] and Ishii [12] et al.) indicate (cf. Section 4). The second question naturally arises
when one is interested in Whittaker models of cuspidal automorphic representations.
In this paper we think of these problems for the real symplectic group G = Sp(2,R)
of degree two. For this case we provide a complete answer to the second question
and point out that known results answer to the first question. In addition, we are
interested in Whittaker models for degenerate characters. We formulate the notion
of Whittaker models as intertwining operators for (g, K')-modules (cf. [31, Section
3.3.1]) with the Lie algebra g of Sp(2,R) and a maximal compact subgroup K.
The statement of our theorem is as follows (cf. Theorem 4.9):

Theorem 1.1.  (Main Theorem) Let G = Sp(2,R) and let us denote Sy,(N\G)
by the subspace of C'*°-sections with rapid decay in Indg(w).

(1) Let m be any irreducible generic representation of G, a (limit of) holomorphic
or a (limit of) anti-holomorphic discrete series representation. We have

Homg ) (m, Sy (N\G)) = {0}

for any degenerate character 1.

(2) Let m be any irreducible generic representation of G. Any moderate growth
Whittaker models for m in the usual sense (i.e. when v is non-degenerate) are
necessarily rapidly decreasing. We therefore see that if m admits a non-zero
Whittaker model of moderate growth for a non-degenerate character ¥ of N,

dim Homyg (7, Sy (N\G)) = 1.

This theorem is motivated by the Fourier-Jacobi expansion of automorphic forms on
Sp(2,R) (ct.[23]). Whittaker models contributes to the Fourier-Jacobi expansion
by Whittaker functions, which are images of the restriction map of the models
to a multiplicity one K-type (cf.Section 4.1). In fact, this study is based on a
detailed analysis of explicit formulas for the Whittaker functions. By virture of the
explicit formulas we know precisely when the dimension above is one or zero for
many irreducible generic representations in Theorems 4.2, 4.3, 4.4 and 4.5 (see also
Kostant [14, Theorems J, 6.6.2]). When an automorphic form is generic, we have to
consider the contributions to the Fourier expansion by Whittaker functions, which
can be neglected for holomorphic automorphic forms. However, we cannot avoid
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studying Whittaker functions for degenerate characters, which cannot be neglected
for holomorphic automorphic forms as well as non-holomorphic ones. From the
theorem above we know that we do not have to think of Whittaker functions for
degenerate characters when we consider the Fourier-Jacobi expansion of generic cusp
forms. We remark that Whittaker models for degenerate characters have been taken
up quite rarely. We cite [6] for instance. Different from Whittaker models for non-
degenerate characters, the multiplicity one property of moderate growth ones often
collapses for the case of degenerate characters (cf. [7, Theorem 8.2], [10, Theorems
5.6 and 5.7]).
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2. Basic notation

2.1. Basic notation for real groups

Let G = Sp(2,R) be the real symplectic group of degree two defined by

{g € GL4<R) | th4g = J4},

1
where Jy = (_Oi 0;

Jacobi (or Klingen) parabolic subgroup P; and the Siegel parabolic subgroup Pg
up to conjugation.

). This has two maximal parabolic subgroups called the

We first make a review on the group P; and its subgroups. The parabolic subgroup
P; has the Langlands decomposition P; = N;A;M; with

aiz 0 0 O e 0 0 O a b
oo o) e U)o a0 < d)GSLQ(R)
0 0 a;' 0 00 €0 & a1
O 0 0 1 0 ¢ 0 d
and
10 Ui Uo 1 Uo 0 0
{01 w O 01 0 O
Ny = ¢ n(ug, uy, us) := 00 1 0 00 1 0 Ug, U1, Uz ER
00 0 1 0 0 —up 1

The group N is the unipotent radical of P;, which is a Heisenberg group with the
center {n(0,u,0) | u; € R}.
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We next review another maximal parabolic subgroup Ps. Its Langlands decompo-
sition is given by Ps = NgAgMg with

Ag = {diag(a,a,a *,a™") | a € Roo}, Mg := { (Ei tjil) ‘ A€ SL;'E(]R)}

and Ng ;z{(éz i) ‘ X:tXeMQ(R)}.

Here we use the notation SLy(R) := {A € GLy(R) | det(A) = £1}. We obviously
have Mg ~ SL3(R).

We also need the minimal parabolic subgroup F of G with the unipotent radical
Ny, where Ny is defined by

10 Uy U2 1 Ug 0 0

0 1 u w 0 1 0 O .
n(ug, Ui, Ug, ug) = 00 12 03 0 0 1 0 u; € R (0<i<3)

00 0 1 0 0 —ug 1

We also review the Langlands decomposition Py = NyAgM, of the minimal parabolic
subgroup Py, where

Ao = {ap = diag(ay, as, a7t a5Y) | a1, as € Rug},

M, := {diag(e1, €2, €1, €2) | €1, €3 € {£1}}.
Let us introduce the Cartan involution 6 of G defined by 6(g) :=tg~! for g € G.

Then K::{g€G|9(g):g}:{(_AB ﬁ)ee‘ A,BEM2(]R)}

is a maximal compact subgroup of G. This is isomorphic to the unitary group U(2)
of degree two by the map

K> (_AB i) — A+V—-1B e U(2).

We should remark that G has an Iwasawa decomposition G = NyAgK with the
notation above.

2.2. Lie algebras and root system

Following the standard manner of the notation, we denote the Lie algebras of real
Lie groups by the corresponding German letters. For a real Lie algebra [ we denote
its complexification by I¢.

The Lie algebra g of G is given by {X € My(R) | *XJ; + J4X = 0,}. The Cartan
involution of g, denoted also by 6, is defined by 6(X) = —*X for X € g. Then g
has the eigen-space decomposition g =€ + p with

ez{Xegw(X):X}:{(jB ﬁ) ‘ A, B My(R), "A = —A4, tB:B},

p:{X€g|9(X):—X}:{(g _BA) ‘ A, B My(R), 'A = A, fB:B}.

The former is nothing but the Lie algebra of K.
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We consider the root space decomposition of g¢ with respect to the complexification
tc of the compact Cartan subalgebra t = RT} @ RT; (in £), where

0 010 0 0 00
0 000 0 0 01
Th:= -10 0 0} Ty:= 0 0 00
0 000 0 -1 0 0

The dual space t§ of t¢ has a basis {f, 52} given by
Bi(T;) = vV —1;.

We denote 8 € t& by (a,b) if § = af51+b52. Hence the set of roots for the root space
decomposition (gc, tc) is given by A := {£(2,0), +(0,2), £(1,1), £(1,—-1)}. It has
the standard choice of positive roots given by A* := {(2,0),(0,2),(1,1),(1,—1)}.
The roots {£(1, —1)} forms the set of compact roots, whose roots vectors are in .
Each root in {£(2,0), £(0,2), +(1,1)} is called a non-compact root, whose root
vector is in the complexification pc of p.

3. Representations of real groups

3.1. Discrete series representations of SLy(R) and SLj (R)

We will need in the following discrete series representations of the groups SLo(R)
and SL; (R) := {h € GLy(R) | det(h) = 1} to introduce parabolic inductions from
maximal parabolic subgroups of Sp(2,R). For n > 1, by D, (respectively D, ), we
denote the discrete series representation with lowest weight n (respectively high-
est weight —n). A discrete series representation D) (respectively D; ) is called
holomorphic (respectively anti-holomorphic). When n = 1, D is called a limit of
holomorphic or anti-holomorphic discrete series representation. In addition to this,
we recall that (limits) of discrete series representations of SLF (R) are of the form

SLE(R) - SLE(R) y—
Indg,” &) D} ~ Indg,” &y Dy s
which is isomorphic to D, @ D, as unitary representations of SLs(R). We denote
this by D, .

3.2. Representations of the maximal compact subgroup K

It is a fundamental fact that irreducible finite dimensional representations of a com-
pact linear connected real reductive group are parametrized by dominant weights.
For the maximal compact subgroup K of G the set of equivalence classes of irre-
ducible finite dimensional representations of K are in bijection with the set of the
dominant weights {(A,Ay) € Z* | Ay > Ay}, where recall that (Aj, Ay) denotes
the root A1) + Ayfy (cf. Section 2.2). The dominance respects the compact pos-
itive root (1,—1). This is noting but the fact that the set of equivalence classes
of irreducible finite dimensional representations of U(2) ~ K is parametrized by
this set of dominant weights. For each dominant weight A = (A1, Ay), let 75 be
the irreducible representation of K parametrized by A, which is the pullback of the
irreducible representation det*? Sym™* =42 of U(2) via the isomorphism K ~ U(2).
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Here Sym®'~*2 denotes the (A1 — Ao)-th symmetric tensor representation of the
2-dimensional standard representation of U(2). This representation is realized on

Vi :={p € Clz1, 5] | p is homogeneous of degree A; — Ay}

by A (w)p((z1, 22)) = det(uw)22p((z1, 22)'u) (Vu € GLy(C)).

In what follows, we put dx := Ay — Ay. We have dim Vy = dy + 1. We will use two
bases of V), as follows:

{v, == m'fngfk |0 <k <d},
{up == (z1 + V—=122)%(xy — V=122) 7% | 0 < k < dp}.
(I+n,l

In addition to these, we also need the following basis {u, ) |0 <k <n}of Vi
for | € Z and n € Zsy: For k =2j with 0 < j < [n/2],

() _ (22 + 22)"/279 (22 — 22) (when n is even)
& Ty (2? + 22)"=V/273 (22 — 22)7  (when n is odd),

and for k =25+ 1 with 0 <j <[(n—1)/2],

(tng)  Jmiwa(ad + 23)"* 7 (23 — 23)7  (when n is even)
27t w1 (22 4+ 23)"V/273 (22 — 22)7 (when n is odd).

This basis is used only to describe the Whittaker functions for Pg-principal series in
Section 4.4. Though it is given in [12, Definition 1.3] for general dominant weights
A we limit ourselves to the case of A = (I 4 n,[) as above.

Let (7x,Vy) be the representation of K contragredient to (7p, V). The space Vj
has a basis {v}}o<k<d, dual to {v;}o<k<a,. Note that the highest weight of (73, V)
is (—=Az,—A;) and d, remains the same under such replacement of the highest
weights.

On the other hand, we introduce a basis {uj | 0 < k < dp} of Vy dual to
{ug | 0 < k < dp}. We write down the following formula

TA(Z ) ur = V=1(2k — dn)ur, TX(Z')up = V=1(2k — dp)uj, Z' = (32 (372) €t
2 2

where J; := (_01 é

and {u} | 0 < k < d,} are suitable to describe the infinitesimal action of 74 and 75
restricted to the Lie algebra of PsN K respectively. This is convenient to understand
the infinitesimal actions by Pg-principal series representations taken up in Sections
3.5. For this see also (iii) in the proof of Proposition 4.7.

) . This formula indicates that the two bases {uy | 0 < k < dp}

3.3. The (limits of) discrete series representations of G

We provide Harish-Chandra’s parametrization of discrete series representations for
GG, namely irreducible unitary representations of G whose matrix coefficients belong
to L?(G). More precisely we also include the limits of discrete series representations
for our later discussion. Our discussion is based on [3, Theorem 16] and [13,
Theorems 9.20, 12.21, 12.26, Corollary 12.27] with the help of [14] and [29].
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To parametrize the discrete series representations we need regular dominant analyti-
cally integral weights, namely regular dominant weights coming from the derivatives
of unitary characters of the compact Cartan subgroup exp(t), where see Section 2.2
for the notation t. Now note that unitary characters of exp(t) are parametrized by

{aB) +bBy | (a,b) € Z?}.

We have identified this set with Z?. With the set AT of positive roots (cf. Section
2.2) we then see that the set of the regular analytically integral weights is in bijection
with

= {A =\, ) €Z° | (N B) #0 VB € AT

Here (*,x) denotes the inner product induced by the Killing form of g¢, which can
be regarded as the standard inner product of the two dimensional Euclidean space
R? in terms of the identification {aB; + bBs | (a,b) € R?} = R?.

By Harish-Chandra’s parametrization we mean the classification of discrete series
representations in terms of the infinitesimal equivalence (which means the unitary
equivalence of discrete series). Let m, be the discrete series representation of G
parametrized by A € Z”. It is known that 7w, and 7y are infinitesimally equivalent
if and only if A and A are conjugate by the Weyl group of £. As a result we see
that the equivalence classes of discrete series representations of GG are in bijection
with
={ e [(A (1, -1) >0} = {(M, A2) €27 [ A > Ao},

each of which is called a Harish Chandra parameter (cf. [13, Terminology after
Theorem 9.20]).

Now we introduce the following four sets A% of positive roots system with capital
roman letters I < J < IV, together with the set A} := {(1,—1)} of the compact
positive root. We further need the sets A}in of non-compact positive roots with
I < J <1V, specified as follows:

AT = A;n UAF  with A}r’n ={(2,0), (0,2), (1,1)},
Afp = Af,, AT with Afy = {(2,0), (0,-2), (1, 1)},
A;FH = A}_II,n U Aj with A}rnn ={(2,0), (0,-2), (=1,-1)},
Afy = Afy, UAS  with Afy, = {(~2,0), (0,-2), (~1,~1)}.

For each J with I < J < IV we put
Zr={0eZ| (N\a)y>0Vae Al , (\f)>0VseAlst. 3issimple},
Z={eZ | {(Na)>0VYaecAj, }

These sets are explicitly given as follows:

Er={(\,\2) € Z2 S0l A >N} DE ={(A, ) € 720 | M > Ao},

Err={(M, ) EZ>0xZo} | M1 > =X} DEj = {(M, A2) €EZoo X Zco | M1 > — N2},
S = {(Al,A2)6Z>0xZ<O}M1 < =N} DE ={(AM, ) EZogXZo| M < — A2},
Erv ={(A\, M) € Z%y | A > A} DBy = {(A, M) € Z2, | A1 > A}
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Discrete series representations (respectively The limits of discrete series representa-
tions) are parametrized by Z'; (respectively Z; \ ;) for I < J < IV. Discrete
series representations of G parametrized by =’ (respectively =, ) are called holo-
morphic discrete series representations (respectively anti-holomorphic discrete series
representations). The (limits) of discrete series representations of G parametrized
by =7 U Z; are called large in the sense of Vogan [29, Section 6]. The (limits
of) large discrete series representations are characterized by the maximality of their
Gelfand Kirillov dimensions (or by having the minimal primitive ideals) among the
(limits of) discrete series representations. They are known to admit Whittaker mod-
els (cf. [14, Theorem 6.8.1]), and are therefore also called generic. In fact, we will
see that they admits rapidly decreasing Whittaker models (cf. Theorem 4.2).

For (A1, A2) € = the discrete series representation parametrized by (—A2, —A;) is
contragredient to that parametrized by (A1, A2). We then see that the (limits of)
discrete series representations parametrized by =;; and Z;;; are in bijection with
contragredient representations of those parametrized by =Z;;; and Zj;; respectively.

For each \ € = we recall that
AN:=X+p, — pe

with the half sum p, (respectively p.) of non-compact positive roots (respec-
tively compact positive roots) is called the Blattner parameter (cf. [13, Terminol-
ogy after Theorem 9.20]), which provides the highest weight of the minimal K-
type (cf. [13, p626]) of the discrete series representation my. We should note that
the minimal K type is the most important multiplicity one K-type for a discrete
series representation. For A = (A, \y) € ) or Z}, we have A = (A; + 1, Ay + 2)
or (A1 —2,A — 1) respectively. When A = (A, \2) is in =}, or Z;;, we have
A= (A1 +1,)) or (A, Ay — 1) respectively. As for the limits of discrete series rep-
resentations the similar explanation in terms of the minimal K -type is also valid.

3.4. Pj-principal series representations of G

We introduce the generalized principal series representations induced from the Jacobi
parabolic subgroup Pj, which we call the P;-principal series representations.

Let 0 := (D, €) be a representation of M; ~ SLs(R)x{£15} with the sign character
¢ defined by e(£1y) = £1 and a (limit of) discrete series representation D = D
for n € Z>y (cf. Section 3.1). Given z € C we define the quasi character

v, : Ay D diag(ay, 1,a; ", 1) = af.

We then introduce the P;-principal series representation Inng(l N, @V, ®0) by the
standard manner of the normalized parabolic induction.

By the Frobenius reciprocity of compact groups we can study the branching rule for
the restriction of a P;-principal series representation to K. Among the K-types 7
of Ind%(l N, ®v,®0) the followings occur with multiplicity one (cf. [17, Proposition
2.1], [18]):

2. A=(l-1)(>n)and A= (n,l—1) (I <n, l=n mod 2)
for e(—15) = —(—=1)" and D = D;.
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(l,)( —n, [=n mod 2) and A= (I[,—n) (I > —n, [ =n mod 2)
for e(—1 (—1)” and D =D, .
=+

) =
I+1,0)(l<—n)and A=(l+1,—n) ({ > —n, [ =n mod 2)
for e(—13) = —(—=1)" and D,

For these formulas we remark that the argument to use the Frobenius reciprocity
works also for the case when D is a limit of discrete series Di though [17,
Proposition 2.1] and [18] state the formulas only when D is a usual discrete series.
We call the K -type 7y with A = (n,n) (resp. (n,n—1),(—n,—n) and (—n+1,—n))
the corner K -type of Ind]G;J(l N, ®v,®0) for the case 1 (respectively 2, 3 and 4). For
the cases 1 and 3 (respectively the cases 2 and 4) the dimension of the corner K -type
is one (respectively two). Following [17] we call the P;-principal series enumerated
as 1 and 3 (respectively 2 and 4) even (respectively odd).

3.5. Ps-principal series representation of G

We also introduce another generalized principal series representations induced from
the Siegel parabolic subgroup Ps, which we call the Pg-principal series representa-
tions.

Let us now recall that Pg has the Langlands decomposition Ps = NgAgMg (cf. Sec-
tion 2.1). As representations of Mg ~ SL3(R) we take discrete series representa-
tions D,, = Indgg(%)l);{ with a (limit of) holomorphic discrete series D, (cf.
Section 3.1), where n > 1. For z € C we introduce the quasi character

v, . Ag 3 diag(a,a,a™ ", a™ ") = a®.

We then introduce the Pg-principal series representation Indgs(l Ne @ v, @ D,,) by
the normalized parabolic induction. From [5, Chapter II, Proposition 1.2] we review
the distribution of the K-type of Indgs(l Ny ® v, ® D,,) as follows:

Proposition 3.1.  The multiplicity of 7o in the generalized principal series rep-
resentation above is given by

{[AI_Q‘F”]H (A — Ay — 1 € 2Z0)

0 otherwise.

We therefore see that the multiplicity of 75 is one if and only if (A1, Ay) = (I+n,1)
with [ € Z. We call this multiplicity one K-type peripheral, following [5]. We
remark that the explanation above is valid also for the limit D; of discrete series
representation.

3.6. Principal series representations of G (induced from the minimal
parabolic subgroup)

Recall that F, denotes the minimal parabolic subgroup with the Langlands decom-
position Py = NgAgM,, where

Ay = {ag = diag(a1, az,a;’,a5") | a1, az € Ry},
My = {diag(ey, €2, €1,€2) | €1, €2 € {£1}}
(cf. Section 2.1). Representations o of M, are the sign characters determined by
o1 :=o(diag(—1,1 —1,1)) € {£1}, 09 :=o(diag(l,-1,1,—1)) € {£1}.
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We introduce quasi characters of Ay by

v, Ao 3 ag = diag(ay, ag, a; ', a5 ') — aitai?
for 2 = (21, 2) € C?. With o and v, above we define the principal series represen-
tation by the normalized parabolic induction Indgo(l Ne @V, ®0).

From [16, Proposition 3.2] (see also [9, Proposition 2.1]) we have the list of the
K -types of Indgo(l No ® 1, ® o) with multiplicity one as follows:

1. A= (l,1) with [ € Z such that (—=1)! = oy = 0y for (01,09) = £(1,1).
2. A=(+1,l) with | € Z for (o1,09) = £(1,—1).

We call the principal series representations even (respectively odd) for the first
case (respectively the second case). We note that the minimal K -type(s) of the
principal series representation is/are given by 7o) (respectively {71y, 7—1,-1)},
and {710y, 70,-1)}) if (01,02) = (1,1) (resp. (—1,—1) and (£1,F1)). For the
definition of the minimal K -type we cite [13, p.626], as we also do in Section 3.3.

4. Whittaker functions for Sp(2,R)

4.1. A review on Whittaker functions

Let 7 be an admissible representation of G = Sp(2,R) with a multiplicity one K-
type 7 and let ¢ be a unitary character of the maximal unipotent subgroup Ny of
G. The Whittaker functions on G are defined as the elements in the image of the
restriction

HOIIl(g’K) (7T, Cf;o(NU\G)) — HOHlK(T, Cf;o(N[)\G))
to the K-type 7, where

Cr(No\G) := {9 € CF(G) | ¢(ng) = P(n)d(g) V(n,g) € No x G}.

Now recall that (7%,V*) is the notation for the contragredient representation of
(7,V). The image of the restriction map is contained in C7°.(No\G/K) :=

{C*>-function W:G — V* | W(ngk) = »(n)m*(k)"'W(g) V(n, g, k) e Ngx Gx K},

which is canonically identified with Hompg (7, C2°(No\G)). Now let us note that
we have to impose the multiplicity one property on the K-type 7 of 7 in order to
ensure that the notion of the Whittaker functions is well-defined. By Wy, »(7*) we
denote the image of the restriction map. We call an element in W, (7*) a Whittaker
function for 7 and K-type 7*. We will need

Wy (79) := {w € Wy (7%) | w is rapidly decreasing when % — 00, a3 — 0o},
2

Sy(No\G) := {9 € CF(No\G) | ¢ is rapidly decreasing when % — 00, a3 — 00}
2

since we are motivated by the Fourier expansion of cusp forms, which are rapidly
decreasing in the sense above (cf. [4, Chapter 1, Section 4], [2]). For a definition of the
rapidly decreasing condition, see [4, pp11, 12 and 13] for instance. For this we remark
that another explanation of a;/ay — 0o, a3 — oo is that ag = diag(ay, as,a;*, a5 ")
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sits inside a region in Ay sufficiently regular with respect to the standard simple
roots of Sp(2,R), which is related to the reduction theory of arithmetic groups.
Hereafter we call functions with the rapidly deceasing property in the above sense
simply rapidly decreasing.

Let dimV* =d+ 1 and {v}}{_, be a basis of V* consisting of weight vectors with
highest weight vector v} as in Section 3.2. When the highest weight of 7 is (A1, A2),
we have d = dy = Ay — Ay (cf. Section 3.2). We can express each Whittaker function
W e Wy .(7") as

with coefficient functions ¢, (g). For this we note that the notation for the coefficient
functions will vary depending on the choices of bases of V* etc., e.g. for the
case of Pg-principal series representations (see Section 4.4 and (iii) in the proof of
Proposition 4.7). Now recall that G admits the Iwasawa decomposition G = NoyAgK
(cf. Section 2.1), where Ay := {ao diag(ai,as, a7, a3t | a1, as € R>0} We then
see that the Whittaker function W is determined by the restriction to Ag.

Throughout Sections 4.1-4.4 we assume that the Whittaker functions are attached
to a non-degenerate unitary character ¢ given by

(n(ug, ut, us, u3)) = exp(2mv/—1(moug + mauz)) € C*  with mgoms # 0

for any standard admissible representations in our concern.

For the case of Pg-principal series we review the explicit formula only in a rough
manner since the citation of [12, Theorems 3.1 and 3.2] is enough to know explicitly
all the Whittaker functions for some specified peripheral K-types. However, we
discuss the rapidly decreasing property of them, which is not taken up in [12,
Theorems 3.1 and 3.2]. For the cases of other admissible representations we give a
somewhat detailed account of the explicit formulas as well as their rapidly decreasing
property. To discuss the rapidly decreasing property it is convenient to introduce

the coordinate
a1 2
Yy = —, Y = a.

az

With this we provide the following key lemma:

Lemma 4.1.  For v,v;, p, i, 2,2z € C with i = 1,2 and A; € Rog with 1 <1 <4
we introduce functions on {(y1,y2) € R2,} by

2 ~ v - —2ydt
flyn o) = yi'ys?e” A””/ 1K (2mt) exp(—Ast’yy ' — Asyiyat %)=,

oy, s) = gy / / R K (2t 1) K (2t 1)

X exp(—AlylyQtl’ — A2y; tl A3y2t2 — Ay 2262 Pt

These are rapidly decreasing when y; — 00 and ys — 00.

Proof. We firstly verify the rapidly decreasing property of f(y1,y2). In the
integrand of f(y1,y2), Wo,.ja(t) = VK, (2rt) (cf. Theorem 4.2) is rapidly decreasing
and bounded.
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We therefore see that the integral in f(y;,y2) is bounded by a constant multiple of

b 2 2
v—1/2 I y1y2> dt
/0 t exp( As " Az 3 e

It suffices to verify the rapidly decreasing property of this integral. By the change

of variables ¢ — z = \/As/As( yt

1Y2

)2 this can be understood by the integral

expression of the K -Bessel function

K,(y) = /OooeXp<—y<x+ é))w”df

whose rapidly decreasing property for y — oo is well known. This implies the
rapidly decreasing property of f(y1,y2)-

We secondly take up ¢(y1,y2). The absolute value of the integral in g(y;,ys) is
bounded by the product of the following two:

00 oo t —2 —2 dty dt
J R O s N A L e
0 0 2

ti1 ta |
1
eXp(—g(v A1 Aoy + Az Agye)).

In fact, to obtain the first one, we make the change of variables t; — /y1y2t1, and
for the second one we note At? + Bt;* > 2v/AB with i =1, 2 and A, B € Ry.

Taking into account the rapidly decreasing property of the K -Bessel function K, (y)
for y — oo and the elementary formula exp(—b) < C,b* for b > 0 with a constant
C, dependent on o € R, the absolute value of the first one is estimated by a
polynomial of y; and ys.

As a result we verify that the absolute value of g(yi,¥2) is estimated by a product
of a polynomial of 3, y» and exp(— % (v A1 Asyr + / A3Ayys)) and have seen that
9(y1,y2) is rapidly decreasing. [

Furthermore, it is worthwhile to remark that, in Section 4.2, we often use an idea
of reducing problems for the explicit formulas by some change of variables. This
can be regarded as an analogue of “MVW-involution” (cf.[19], [26] et al.) or “real
Chevalley involution” (cf. [1] et al.). For instance we can reduce the explicit formulas
for (limits of) large discrete series mys with A\ € Z;;; to those with A € Z;; etc.

4.2. The case of (limits of) large discrete series and P;-principal series

These cases are settled by [25] and [17] (see also [18]). We first review the result
by Oda [25] for the case of large discrete series representations. For this we note
that 7, is replaced by its contragredient 75 with A € Z;; in [25, Theorem 9.1] and
further note that Moriyama [21, p913] pointed out that the result can be generalized
to the case of limits of large discrete series.

Theorem 4.2. (Oda, Moriyama) (1) (cf. 25, Theorem 9.1]) Let my be a (limit
of) discrete series representation with Harish Chandra parameter X € =, and Ty
be the minimal K -type of m\ with highest weight A = (Ay, Ay). We have

1 (m3 < O),
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For X\ € Zr11 \ 2%, we have
dim Wy (7)< 1 (mz <0), dimW,.(75)°=0 (msz > 0).

The coefficient function cq,(ag) of the restriction W4, of the rapidly decreasing

11A

Whittaker function W to Ay is given explicitly by yi~ AQy e?™msv2h, (ag) with
_ >~ —A1—3/2 t? 647r3m%m3yfy2> dt
s (ao) jﬁ NI, (0 exp (i + ST 3

up to constant multiples. Here, for y > 0, Wy,(y) denotes a unique rapidly
decreasing solution of the confluent hypergeometric equation by Whittaker (cf. [34,

Chapter XVI]):
d? 1/4 — p? o
—dy2W+{ —+ PR, }W_o.

The other coefficients ¢, for 0 < k < dA —1 are obtained from cq, by the recurrence
relation (E)g in [25, Section 8.

(2) For a discrete series representation my with A = (A1, A2) € =}, we have

1 (m3 > O),

dim%’W(N:{O(mgw)

For A € =21 \ 2%, we have
dim Wy (7)< 1 (mg >0), dimW,.(75)°=0 (ms<0).

When dim W, . (7%)° # 0 the rapidly decreasing Whittaker function W* for this case
is uniquely given by
W*(g) =W(dgd~'¢) (9€G)

. (I 0, (T 0, , (01
with 5— (02 ]2)7 5_ (02 Jé (JQ_ 10 )7

up to constant multiples, where the function W is the rapidly decreasing Whittaker
function for a (limit of ) discrete series representation with Harish Chandra parameter

(=2, — A1) € Epgr.

Proof.  The idea to obtain the explicit formula in (1) is explained in [17, Section
8.1], for which note that the characterizing differential equations of the Whittaker
functions for large discrete series (cf. [25, Lemma 8.1]) are similar to those for P;-
principal series as in [17]. From the calculation of the explicit formula we see that the
condition mg3 < 0 is necessary for the Whittaker function to be rapidly decreasing.
We mainly discuss the case of usual discrete series representations parametrized by
=777- The proof will end with a remark on the limits of discrete series.

We first check the rapidly decreasing property of the explicit Whittaker functions
for mg < 0. Though this is already pointed out in the proof of [25, Theorem 9.1]
we remark that this follows from such property of f(ai,as) in Lemma 4.1. More
precisely, Lemma 4.1 is directly applicable for ¢4, (ap). As for the other ¢, with
0 < k < dy — 1 the rapidly decreasing property also holds since the recurrence
relation (E), in [25, Section 8] preserves such property.
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We next explain how to get dim Wy (7*)°. In [25, Theorem 9.1] the result on
dim Wy, - (7%)° is formulated as

) 1 (m3<0

dim HOIIl(g,K)(W,\,S¢(No\G)) — { (m3 )

0 (m3 > O)

for A € Z;77. Here note that the obtained Whittaker function is rapidly decreasing as
we have seen. We can say that the formula for dim W, .(7%)" in the first assertion is
due to the result on the explicit formula for the Whittaker functions and Yamashita’s
characterization theorem [35, Theorem 2.4] of some general intertwining operators
for discrete series, the latter of which yields Homy i) (my, Sy (No\G)) = Wy (7%)°.
For [35, Theorem 2.4] we note that large discrete series representations satisfy the
condition “far from the wall” (for the definition see [35, Definition 1.7]), which is
necessary to use [35, Theorem 2.4].

To see the formula for dim Wy .(7*)? in the second assertion we have two remarks.
As the first remark we note that the Whittaker function W* satisfies the left-
equivariance with respect to Ny 3 n(ug, uy, us, uz) — (dn(ug, uy, ug, u3z)d~1) and
the right equivariance with respect to 74 (not 7x) when W is associated with the
unitary character ¢ of Ny and 7, is the minimal K -type of 7). In addition we
note that dgd 1€ € G for g € G and that the unitary character

NO > n(UOa Uy, Uz, Ug) = w(én(u()a Uy, U2, u3)571)
is parametrized by (mg, —ms) instead of (mg, mg).

As the second remark let us note that the differential equations characterizing
the Whittaker functions are induced by the infinitesimal action of the Schmid
operator (cf. [25, Section 5]). We should further note that the Schmid operator for
with A\ € Z;; is conjugate to that for w5 with A € Z;;; by 6~ 1¢. In fact, the Schmidt
operator for A\ € Zj; is associated with non-compact roots (1,1), (2,0), (0,—2) (for
the notation of the roots see Section 2.2). These three roots and their root vectors
are conjugate to (—1,—1), (0, —2), (2,0) and their root vectors by §~'¢ respectively.
The latter roots define the Schmid operator for A € Z;;. The Whittaker function
W™ is therefore annihilated by the Schmid operator for A € =;;. The Whittaker
function W* is a rapidly decreasing for ms > 0 as W is for mg < 0.

The change of the variables G > g + dgd ¢ € G therefore reduces the problem
to the first assertion. We can thus say that the second assertion on dim W, . (7*)"
follows from the first assertion.

We finally remark that almost all the argument so far goes similarly for limits of
discrete series representations. The only difference is the formula for dim Wy, .(7%)°.
This is due to the fact that Yamashita’s formula [35, Theorem 2.4] is not useful for
limits of discrete series. We can only verify by the irreducibility of a limit of discrete
series 7 that there is an injection Homy i) (my, Sy (No\G)) < Wy - (7%)°. ]

We next review the results by Miyazaki-Oda [17, Theorems 8.1, 8.2] (see also [18])
on the Whittaker functions for P;-principal series representations. Their results are
given only for the Pj-principal series representations IndIGJJ(l N, ® v, ® 0) with a
discrete series 0 = (D, , €). However, the Whittaker functions for these P;-principal
series are related to those for Pj-principal series with o = (D;, €) by the change
of variables G > g + dgd~1¢ € G. The results can be therefore stated for P;-
principal series with both choices of DF. According to [13, Theorem 14.15] we know
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that the P;-principal series just mentioned are irreducible when the parameters z
are non-zero and purely imaginary. However, such irreducibility is not assumed
for the coming theorem. Recall that the P;-principal series enumerated as 1 and
3 (respectively 2 and 4) are called even (respectively odd) (cf. Section 3.4).

Theorem 4.3. (Miyazaki-Oda) (1) Let m be a Pj-principal series representation
with a discrete series D in o.

(a) Let m be even and associated with o = (D, ,€), and let W be the rapidly
decreasing Whittaker function for ™ and Ty, where Tp is the corner K -type
of m with A = (—n,—n). When mg < 0 the restriction of W|a, to Ay of the
Whittaker function W is uniquely given by

nil nti Oo_n+(1/2) t? 647r3m(2)m3yfy2 @
it explmmagn) [ ORI expl gt St &

up to constant multiples. If ms > 0 there is no such Whittaker function.

When m is associated with (D;t,¢€) the corner K -type is replaced by Tp with
A = (n,n) and the explicit formula is obtained by replacing (mg, ms3) with
(mg, —m3) .

(b) Let 7 be odd and associated with o = (D, ,€), and let W(g) = co(g)vg+c1(g)vs
be the the rapidly decreasing Whittaker function for m and 71X, where Ta is

the corner K -type of m with A = (—n+1,—n). When ms < 0 the restriction
Wla, of W to Ay is uniquely given by

oo 2 3,2 2
_ o n+2, n+l —1/2— t 64 mgmsyiyz | dt
cola0) =y 25+ exp(mmana) | VA (0 exnlgr pnapie &
oo 2 3,2 2
4l 3/2_ t 64T mimsyiys | dt
er(a0) = o expCrmage) [ (O explrt pnapie ¥

up to constant multiples. If ms > 0 there is no such Whittaker function.
When 7 is associated with (D;,€) the corner K -type is replaced by 15 with
A = (n,n—1) and the explicit formula is obtained by replacing (mg, ms) with
(mg, —ms3).

(2) Let m be a Pj-principal series associated with o = (D, ,€) and the K -type Ta

above. We have
1
dim W, .(75)" = (ms < 0) .
0 (m3 > 0)

On the other hand, for m with o = (D, €) and the K -type 15 as above,

_ . 1 (m3>0)

Proof. First of all, we remark that how to check the rapidly decreasing property
of the explicit Whittaker functions is quite similar to the case of large discrete series
representations. We do not thus go into detail for this case.

The assertions for the case of 0 = (D, ,€) are stated as [17, Theorems 8.1 and 8.2]
(see also [18]). We can deduce the dimension formula for W, .(7*)° also from the fact
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that the multiplicity of the moderate growth Whittaker model for 7 coincides with
that for D;, , which is due to [33, Theorem 40] (see also [32, Theorem 15.6.7]). In fact
we have now known that both Whittaker functions are rapidly decreasing, where
note that the Whittaker function for D, with respect to the additive character
indexed by ms < 0 is given uniquely up to scalars in terms of the exponential
function and proved to be rapidly decreasing.

A Whittaker function for the case of 0 = (D, €) is written as W*(g) = W(dgd~1¢),
where g € G, with the Whittaker function W for the case of ¢ = (D~,¢). This
reduction of the problem is quite similar to the case of large discrete series repre-
sentations. To see this we now note that the Whitaker functions for P;-principal
series are characterized by the differential equations arising from the Casimir op-
erators and the shift operators (for the definition of the shift operators see [16,
Section 8, Definition (8.1), Section 9]). The shift operators for P;-principal series
with ¢ = (D}, ¢) and (D, ,¢) are related to each other by §~'¢-conjugate. The
Casimir operator remains unchanged by G-conjugate. We thereby see that W* sat-
isfies the characterizing differential equations for the case of P;-principal series with

o= (Dje). ]

4.3. The case of the principal series representations (induced from the
minimal parabolic subgroup)

Recall that Indgo(l No ® v, ® 0) has denoted a principal series representation. The
following theorem is essentially due to Ishii [11, Theorems 3.2, 3.3, 3.4] and Niwa
[24].

Theorem 4.4. Let 7 be a principal series representation and let (mg, m3) € R?
with moms # 0.

(1) Let m be an even principal series representation. Up to constant multiples, the
rapidly decreasing Whittaker functions with minimal K -type T restricted to Ay can
be expressed uniquely as

(Imolyn)(jmslya)*> / / K oy o (21 /£9) K (1m0 o (21 )

2 2 2
X exp ( _ 7T<mo|m3|y1y2 Loy [ms|ys 4 \m;;]yﬂ%))ﬁdﬁ

t% |m3\y2 t% tl t2

for A =1(0,0), and
(Imolys)*/2(Imslys)? / / K oy o201 /1)K (1100 (21 )
0 0

2 2 2
X <i — l?) exp < — 7r<m0‘m3|y1y2 + 1 + |m3|y2 + |m | ))@@
1

t1to 3 Ims|y2 ty to

for A= (1,1) = +(1,1).

(2) Let m be an odd principal series representations with (o1,09) = (1,—1). The
explicit formula for the rapidly decreasing Whittaker functions co(g)vg+c1(g)vy with
minimal K -type T 1is uniquely given as
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I
—~
—_
(=)
~—

o(ag) = P1(217Z2)((|m0|y17 Imsly2)) + Pg(zl’z2)((|m0|y1, Imsly2)) (A
QY (Imolyn, Imalya)) — Q5™ (Imolys, Imalyz)) (A = (0,~1).

() — LA (ol b)) + Q5 (ol fmsfy) (A= (1,0)),
=P (Imolyn, Imsly2)) + By (Imoly, Imslye) -~ (A= (0, -1)).

up to constant multiples. As for odd principal series representations with (o1, 09) =
(—1,1) the explicit formula for the Whittaker functions with minimal K -type Tp is
given similarly by exchanging z; and zo. Here

21,2 +1
P (y) = (111 / / 22 7Tylyz’)K<Z1-ZQ_1>/2(27T251/752)K(Z1+,m+1>/2(27ﬂfﬂt2)
X exp( <y1y2 + 2 + —|—y2t§>>%@7
t1 to

P2(Z1,22)(y) _ _Pl(Zl,—Z2)(y)7
nglv'z?)(y) = yfyg/ / K(zlszl)/z(27Tt1/752)K(Z1+zz+1)/2(27Tt1t2)

X exp ( (y1y2 + 3 —|— —i— y2t2>> Citl Cfo,
2

5 (y) = - T (),

(3) We have dim Wy, (75)° =1 for ¢ and (w,7a)s above.

_ _ -1
Proof. We put  amyms := diag(mo/|msl, v/|Imal|, (mo+/|mas|)~t, v/|Ims| ), and

recall that
_ (12 02 (5 0y . , (0 1
= <02 ]2> and ¢ := (02 J; with J, = 10

(cf. Theorem 4.2 (2)). The explicit formulas for the Whittaker functions in the first
and second assertions are obtained by considering

W (@meg,ms9) (m3 > 0),
W (0amgmsgdtE)  (m3 < 0),

for g € G, where W denotes the Whittaker functions attached to the character of
Ny with (mg,m3) = (1,1), whose explicit formula is given by Ishii [11, Theorems
3.2, 3.3, 3.4] and Niwa [24]. As we have remarked in the proof of Theorem 4.2 (2)
we note that 0d,,,m,g0 '€ € G for g € G. The differential equations character-
izing the Whittaker functions are induced by the infinitesimal actions of the two
generators of the center of the universal enveloping algebra for g, one of which is
the Casimir operator and another of which coincides with some composite of the
shift operators (cf. [11, Remark 3]). For the definition of the shift operators see [16,
Section 8, Definition (8.1), Section 9.

We now justify the above remark on the explicit formula. To be precise, the formula
in the assertion is W (ajmg|,ms@0) (08 W (apmg|ms@0&)) for ag € Ag. Now let us note
that ajmg|ms = mg,msdiag(e, 1,€,1) with some e € {£1}. Taking into account the
right equivariance of the Whittaker functions with respect to 75, we can then verify
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that the difference between W (ajmg|jms@0) and W(amgmsao) (08 W (ajmol,jms|@0E)
and W (ammsa0€)) is given at most as the multiples of the K-type vectors by
{£1}. We remark that the change of variables g — dgd~'¢ leads to switching
between the Whittaker function for an even principal series with minimal K -types
7(1,1) and that for an even principal series with minimal K-type 7(_; 1), and also to
switching between the Whittaker functions for odd principal series with the different
minimal K -types 7(1,0) and 7, _1y. For this note further that the change of variables
g (6717 1g(671€) induces the conjugation of the shift operators and the Casimir
operator as in the case of P;-principal series.

Regarding the third assertion we remark that the rapidly decreasing property of
9(y1,y2) in Lemma 4.1 is useful to see such property for the explicit given Whittaker
functions. The result of dim Wy, . (7%)° follows from [33, Theorem 40] (also from [32,
Theorem 15.6.7]), together with this remark. ]

4.4. The case of Pg-principal series representations

For the case of m = Indgs(l Ng @ v, ® D,,) we make a rather rough review on the
explicit formulas for Whittaker functions by Ishii [12, Theorems 3.1 and 3.2], which
were deduced from studying characterizing differential equations by Hasegawa [5,
Chapter II, Theorem 3.1]. To know the Whittaker functions explicitly we choose
the peripheral K-type 7(;1n4) (cf.Section 3.5, [5, p. 105]) such that

e niseven,and [ +n/2 =0,

e nisodd,and I+ (n+1)/2=0o0r [+ (n—1)/2=0.

To illustrate the explicit formulas Ishii chooses the basis {uEH”’l) | 0 <1 < n}

of Viigny in Section 3.2 (cf.[12, Definition 1.3]) or {gEHn’l) | 0 < i < n} in
[12, Definition 1.9]). By {u{"™"*}cic, we denote the basis of Viiiny dual to

{uan’D}ogign. In addition, for ¢ € R, we introduce the vertical path L(o) of

integration in the complex plane from o —/—100 to o + /—10c0.

We then state the explicit formula for the Whitaker functions attached to the Pg-
principal series in [12, Theorems 3.1 and 3.2]. More precisely, the formulas we need
are obtained by putting ¢ = 0 in the formula of [12, Theorems 3.1 and 3.2].

Theorem 4.5.  Suppose n > 1, which means that D,, is a discrete series repre-
sentation.
When n is even, namely | = —n/2, let W; be the coefficient function of ul(-Hn’l)’*

for the rapidly decreasing Whittaker function attached to the contragredient of the
peripheral K -type Tinyy. For an odd n, | = —(n+1)/2 or 1 = —(n —1)/2 by
assumption. When | = —(n + 1)/2 (respectively | = —(n — 1)/2) let W; (respec-
tively W! ) be the coefficient function of uglM’l)’* for the rapidly deceasing Whittaker
function as above.

(1) Suppose that n is even. The restriction of the function W; to Ag is explicitly
described as

2,3
Y1Ys / / V(81 52)(7r|m0| —s1 —59
7 y yl) (7r|m3|y2) dslds?)
V=12 Ji(o1) JL(os)
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where  Vo(s1,89) i=—F—— 27T\ﬁ / / -|— )F(# + g)
L(71) J L(72)

v F(Szftl + ﬁ)r(szftz + E>

2 4 2 4
t t t 1 t
+ 1 s1 —t1 — 1o n
Vi(st, sa) - / / (Ll mpEshst

27('\/7 Tl) T2 4 2 4
x (2t r(2 2 4 0

t t t 1 t 1
xT(5 + D05 = DTG + PG — Jdhdts,

and V;(s1,s2) with j > 2 are defined explicitly in terms of Viy(s1,s2) and j for even
J (respectively Vi(s1,82) and j for odd j). For the further detail on Vi(s1,s2), see
the statement of [12, Theorem 3.1|. Here o;,7; € R are taken so that

01> T+ T —n/2, 09 >max{m,n}, 71 > |Re(z)/2], 72 > 1/2.

(2) Suppose that n is odd. The restrictions of the functions W; and W/ to Ay are
explicitly described as

(27;”\1/?& /Lm /L(UI (51, 52) (T lmolyn) = (x|msln)~2dsidsy (I = —(n+1)/2),

ylyQ
V!(s1,s m m 2dsidsy (I = —(n—1)/2),
oot ) Vs almal) " (rhmslun)“dsudsy (1= ~(0=1)/2

where Vo(s1,s2) and Vi(s1,s2) denotes the functions defined by explicit linear com-
binations of the integrals

1 s1—t; —t n—1
U*(s1,89) i=— / / n+ p(—tr—=2 4
(1 2 27]_\/7 Lr) (r2) ) ( 9 4 )

xF(Q;tl—l—Z)F( 2t2+";1)

tq z ty z 1 ty ty 1
X F(5 + 1)I‘(5 Tt 5)F(;)F(; + 5) dtydts.
over L(m) x L(12) (Vi(s1,s2) and V{(s1,s2)) are defined similarly), and Vj(s1,s2)
(respectively V/(s1,s2)) with j > 2 are defined explicitly in terms of Vo(s1,82) or
Vi(s1,82), and j (respectively Vy(si,s2) or V/(s1,82), and j). For the notations
Vi(s1,82), Vi(s1,82), UX(s1,s9) and unexplained recurrence relations, see the state-
ment of [12, Theorem 3.2]. Here o;, T; are taken so that

o1>11+7—(n—=3)/2, o09>max{n,nn}, 71 > |Re(z)/2|, 7 > 0.

(3) We have dim Wy -(75)° =1 for ¢ and (7, Ta = T(n41,n)) $ above. In other words,
the Whittaker functions in the first and second assertion are unique, up to scalars.
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Proof.  We can say that the explicit formulas and the assertion on the uniqueness
are essentially included in [12, Theorems 3,1 and 3.2]. To be precise about the
uniqueness, the formula dim Wy .(75)® = 1 is verified by the rapidly decreasing
property of the Whittaker function and the argument using [33, Theorem 40] (see
also [32, Theorem 15.6.7]) as in the proof of Theorem 4.3. What remains is thus
to prove that the Whittaker functions in the first and second assertions are rapidly
decreasing. We see the essence of the proof by showing the rapidly decreasing
property of W, for an even n.

We now review the well known definition of the K -Bessel function together with its
Mellin-Barnes type integral as follows:

T 1
Ko =5 [ o expl(=blo+ D)da

= syt L W TEEIN s (0

the latter of which converges for Re(s) > |Re(r)|. Here ¢ denotes a positive number
satisfying ¢ > |Re(r)|. By this formula we see that the absolute value of Wy|a, is
estimated by that of

/ K s (2molyn) K s (2]malge)
L(71) J L(72) ?

t t 1 t 1
X r( + 05 = DPEG + UG — J)dhd,,

up to multiplication by a polynomial of a;, as. This integral is calculated as follows:

/ / / / t1+t2 1 to—ty t1 1
L(m1) 72)

L(
exp(—(|molys (a1 + =) + maya(a2 + -)))dardrz)

x (4 5 - Z)F(% n %)F(% — D,
e [ ] e

2 1 2
(3 + 502 - 52 + Z>r<’; >dt1dt2)

x exp(—7(|moly1(z1 + ) + |mslya (22 + )))dﬂhdﬂh

2
= 2% 2/ / T122) K0 (2 5U2/£U1)K1/2(\/x172)

1 1
exp(—7(|mo|y1 (21 + ) + |ma|ya (2 + )))d$1d172-

Here we take 7 and 7» so that 7 > max{n/?, |Re(z)/2|} and 7 > 1/2.

We now see that the rapidly decreasing property of g(a;,as) in Lemma 4.1 is useful
for Wyla,. We can reduce the problem to the estimates of the integrals like the
above one, applying the fundamental formula I'(s + 1) = sI'(s) to V; and V; if
necessary. In fact, for both of even n and odd n, W; and W/ can be written as
linear combinations of integrals similar to g(a;, as) for a general 7. |
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Remark 4.6. The explicit integral expressions of the Whittaker functions in The-
orem 4.5 are referred to as “Mellin-Barnes type integrals”, which are more suitable
to the archimdean local theory of automorphic L-functions. For the cases of large
discrete series, Pj-principal series and the principal series, the Mellin-Barnes type
integrals are also obtained. For this we cite Moriyama [20] and Ishii [11], [12].

4.5. Whittaker functions attached to degenerate characters of N,
and a general consequence

The Whittaker functions we have studied are proved to be rapidly decreasing. They
are attached to non-degenerate characters of Ny. However, towards the Fourier
Jacobi expansion of automorphic forms on Sp(2,R), we have to also study the
Whittaker functions attached to degenerate characters of Ny, i.e. unitary characters
1 of Ny parametrized by (mg, m3) with mgms = 0. For the following proposition we
remark that the case of ms = 0 for principal series and the case of the Ps-principal
series are due to Taku Ishii.

Proposition 4.7. Let © be a (limit of) large discrete series representation, a Pj-
principal series representation, a Ps-principal series representation or a principal
series representation, where DE and D, are taken as usual discrete series (i.e. n >
1) for Py- and Ps-principal series. Let T be the minimal K -type of m when 7 is a
large discrete series representation or a principal series representation. When 7 is a
Pj-principal series representation (respectively a Ps principal series representation)
let T be the corner K -type of m in the sense of Section 3.4 (respectively the peripheral
K -type in the sense of Section 3.5).

For degenerate characters 1 of Ny the Whittaker functions for m above with respect
to T is not rapidly decreasing.

Proof. We divide the proof into three cases.
(i) The case of (limits of) large discrete series and P;-principal series.

For this we omit the case of P;-principal series representations. In fact, following
the coming argument for the case of large discrete series representations, the case of
Pj-principal series representations is settled similarly by the differential equations
in [17, Propositions 7.1, 7.3] (see also [18]).

Let 7 be a (limit of) large discrete series representation and A = (Ay, Ay) be the
highest weight of the minimal K-type 7o of m. We think only of = with Harish-
Chandra parameter in =77 since the argument for the case of =;; is reduced to this
by the reasoning to prove Theorem 4.2 (2). We put dj := A; — As as in Section 3.2.
Recall that the Whittaker function W is written as W(g) = ZZ’; o ck(g)vp. Here
note that W satisfies the right K-equivariance with respect to 75, whose highest
weight is (—Ag, —A;). Following [25, Section 8| (see also Theorem 4.2) we put

k
crlag) = a7y e (00) ey (o)

for ap € Ag. According to [25, Section 8, (G-1), Lemma 8.1] hg, (ag) satisfies the
following differential equations:

O1hg, (ao) + 2#\/—1%mohdﬁ1(ao) =0, (1)
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2
((91(92 -+ 47r22—§m8)hdA (CL()) = O, (2)

((81 + 82)2 + (—2A1 — 2)(81 + 82) + (2A1 + ]_) — 47r\/—_1a§m382)hdA(a0) = O, (3)

where 0; = ai% for i = 1,2. Here we note that the condition mgy # 0 is necessary
to obtain (4.2) and (4.3). For this differential equations we remark that Moriyama
[21, p913] pointed out that they hold also for the case of the limits of large discrete

series representations.

Suppose first that mg = 0. Then, due to (4.1), hg,(ag) is constant with respect
to ap, which implies that ¢y, (ag) is not rapidly decreasing. We next assume that
ms = 0, for which we may assume that my # 0. Then the equation (4.3) admits
the following decomposition:

(01 + 02 — 1)(01 + 02 — 2A1 — 1)hg, (ag) = 0.
We now note that yga%Q = %(81 + 05), and then see that

0 1 0 1
(3/2372 - 5)(92372 — (A1 + 5))hdA<a0) =0.

That is, hg, (ag) is the eigen-function with respect to QQ% with the eigenvalues %

or Ay + % We therefore see that cg, (ag) is not rapidly decreasing with respect to
y2 since it differs from hg, (ap) only by a polynomial of y; and y,.

(ii) The case of principal series.

For this case recall that the differential equations characterizing the Whittaker
function W are given in [16, Theorems 10.1, 11.3] (see also [11, Theorems 1.5, 1.6]).
Furthermore recall that we have used the coordinate (y1,2) := (a1/az,a3) for the
case of principal series. With the notation 9; = yia%i for © = 1, 2 the characterizing
differential equations are written for

wlao) =y Py W ag)  (ap € Ap).

The differential equations just mentioned in [16] and [12] are those for the case of
(mg, m3) = (1,1). The characterizing differential equation for a general (mg,ms) is
obtained by replacing 27y; and 27wy, with 27mmoy; and 2mmgys respectively. This
has led to Theorem 4.4 essentially by Ishii [12] and Niwa [24]. The characterizing
differential equation for a degenerate (mg, ms3) is obtained by specializing (mq, ms3)
with mg =0 or mg = 0 for that of the general (mq,m3).

We first explain only the consequences. For the case of an even principal series
representation we deduce

@ - D@ -He=0 (mo = 0),
(03 - B2y @ - B2 he =0 (my = 0),

from [11, Theorem 1.5] or [16, Theorem 10.1]. For the case of an odd principal
series representation we write g (ao)vg + w1(ag)vi for p(ag). We deduce from [11,
Theorem 1.6] or [16, Theorem 11.3] that

(812 - 28)900 =0, (6% - (Z% + Z% - Zg))gpl =0 (mo = 0)7
o (mn+2)%\ a2  (;1—2)* - _ (4)
(03 = =)0 — =" )pi=0fori=0,1 (m3=0).

4 4
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Here we put zy := 2 (respectively zp := z5) if the pair of ¢ and the minimal K
type is (o1,02) = (1,—1) and 7(9_1) or (01,02) = (—1,1) and 71 (respectively
(01,02) = (1,—1) and 7(1,9) or (01,02) = (—1,1) and 7(9_1)).

As a result we see that W is an eigenfunction of 0, or 0, for both of even and
odd principal series representations. From this we deduce that W is of polynomial
order but not of rapid decay with respect to y; or yo when mg = 0 or m3 = 0
respectively.

We next explain how to verify this. The case of my = 0 is not difficult to prove.
We therefore write down the outline of the proof for the case of an odd principal
series representation with mg = 0, which is more difficult to verify than the case of
an even principal series with mz = 0. We put

Ji=wo+V—=1p1, g:= 00— V—1p1.
With the notation we have

2 2
:8f+28§—28182—21;z2, D2:8f—z(2), D32(81—282)2—Z(2), Y1:27Tm0y1,

so that the characterizing differential equations in [11, Theorem 1.6] or [16, Theorem
11.3] can be rewritten as

(Dy =Y =Y1)f =0,

(D; Y +Y1)g =0,
(Dy — 4mz>f+ (Dy + D3 — 2Yf +2Y1)g = 0.

From these differential equations we see that

(D2 + D3 — 2D1)f + (DQ — D3 + 4}/182)9 = O,
(Dy — D3 —4Y105) f + (D2 + D3 — 2D4)g = 0,

which leads to (27 4 25 — 220) [ + 4(0105 — 05 + Y102)g = 0,
40102 — O0F = Y10a) f + (21 + 23 — 220)g = 0.

From this and the relations 0105(Y10s) = Y1(0; + 1)03, 05D, f = (Y7 + Y1)03f,
02D1g = (Y2 — Y1)g we then deduce

{(0,0, — 93)* — 93D, — (21 + 25 — 22(2))2}11 =0

for both of h = f and h = ¢g. From this we see that f and ¢ satisfy the same
differential equation as (4). As a result we have the desired differential equations
for ¢y and ¢ .

(iii) The case of Ps-principal series.

Different from the case of non-degenerate characters we use {uf | 0 < i < n} as
basis of Vjj,, ) as in Section 3.2, instead of {u (FFmb), 10 < i< n} for the case
of non-degenerate characters as in Section 4.4. The basis {uf | 0 < i < n} or
{u; | 0 < i < n} corresponds to {fi(H"’l)}OSiSn given in [12, p.294]). For this case
let W; be the coefficient function of u; for the Whittaker function of this case and
put 0; := aia%i for i =1,2.
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We first consider the case of my = 0. For this case we review the characterizing
differential equations in [12, (2.4), (2.5), (2.6)] as follows:

(0L +1—i—2)W; + (0 — dmmgas +1+n —i—2)Wio =0, (0§z’§n—2),
(Oy 4+ drmaza; — 1 —n+)W; + (0) — 1 —2n+ )W =0, (0<1i —2),
{07405 — 40, —20,—16(mmsa3)* +8(l+n—i)wmszas }W; = %( ( ) —10)W;,
with 0 <7 < n in the last equation. From the first and second equation we deduce

{(81 — 82 — n)(al + 82 —n — 2) + 16(71'7713@%)2 + 87Tm3a§(—l —n -+ Z)}Wl =0

for 0 <i <n. Adding this equation to the third equation above we have

(0 — n+;’>+z)<al_ %H)Wi:() (0 <i<n),

which implies that W; is of moderate growth but not rapidly decreasing with respect
to ay or yiys (= a?).

Next let mg =0 and my # 0. We put y; := 47r\m0|2—; and ¥y := ajas. By abuse of
notation we denote sgn(mo)Wl also by W, with the signature sgn(mg) of my. In
this setting we mean 0; by ;7 a - for i = 1, 2. The differential equations [12, (2.4),
(2.5), (2.6)] are then written as

(A) D1+ 0+1—i=2)Wi = V-1yWip1 + (=01 + O+ 1+n—i—2)W; 5 =0
(0<i<n-2),

(Bi) (=01 +0a—=l—n+i)W;+vV-1yuWip1 + (01 +0s =1 —=2n+i)Wiy2 =0
(0<i<n-—2),

(€) {208 +208 20— 60— LyP— L (24 (n=1) = 10)} Wi —v“T(n— )y Wis
+ Vv —1’iy1Wi_1 =0 (0 S 1 S n)

Consider (A4;) + (B;), which leads to

We can thus replace the system (A;), (B;), (C;) by (4;), (Cy), (D;).

To go further we define Bz'(,?') € C by

(21 4+ V—1x) (21 — vV —1a)"" Zﬁ :Clxg J (5)

for 0 <i,7 <n and put h; ::ZB,L»(Z)Wi (0<i<n).

In addition, applying the differential operator :1:28%1 — 1 ai to (5), we get
DB (0 = Wi + Wy} = V=1(n — 20)h.
j=0

Consider > 7, B ( ;), and we can then rewrite (C;) as

L2 (n-1)2-10)—

1 (n—=2i)y1 }h; =0 (0 <i<n).

7

(Ch) {03 +03—0n—302— {yi—

N | =
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By a direct calculation we see Z;:OQ 51»(3_2)(1/[@ + W42) = hit1, whence

)

As a result we see that h; is of moderate growth but not rapidly decreasing with
respect to yo for 1 < i <mn — 1. We are done. ]

Remark 4.8. (1) According to [7, Theorem 8.2 (2)] and [8, Theorem 7.2] the
multiplicities of the moderate growth Whittaker functions (or models) for non-trivial
degenerate characters with m3 = 0 are two or at most two for the cases of large
discrete series or Pj-principal series respectively. For the case of large discrete
series representations the moderate growth Whittaker functions for all degenerate
characters are written down explicitly in [10, Theorems 5.6, 5.7 and 5.9].

(2) As for the case of Pg-principal series with m3 = 0 and mg # 0, some further
effort enables us to obtain

n+2
hi<ylay2> =Ciyy? Wi_n Z(yl)

=93

for 0 <7 <n+ 1, where C; is a constant determined by some recurrence relation
from Cy and Cf. [ ]

As a result of this proposition and the explicit formulas in Theorems 4.2, 4.3, 4.4,
4.5 we obtain a general consequence as follows:

Theorem 4.9. (1) Let 7 be any irreducible generic representation of G, a (limit of)
holomorphic ora (limit of) anti-holomorphic discrete series representation. We have

Homg, i) (7, Sy (No\G)) = {0}

for any degenerate character v of No. In particular, © chosen as above satisfies
dim Wy, - (7%)°=0 for any multiplicity one K -type T.

(2) Let w be any irreducible generic representation of G. Any moderate growth
Whittaker functions for m in the usual sense (i.e. when 1) is non-degenerate) are
necessarily rapidly decreasing. We have

dim Homg x) (7, Sy (No\G)) < 1

for any non-degenerate character v of Ny. This implies that © as above satisfies
dim Wy, (79)° < 1 for any multiplicity one K -type 7. In particular, for T admitting
a non-zero moderate growth Whittaker model,

dim Homg ) (7, Sy (No\G)) = 1.

Proof. @ We mainly give a proof for the first assertion. This proof ends with a
brief explanation of the second assertion, which is settled in a manner quite similar
to the first one.

When 7 is a holomorphic discrete series the assertion is nothing but [22, Proposition
7.1(1), (2), Theorems 7.2, 7.3]. The case of an anti-holomorphic discrete series is
settled by a similar calculation since the characterizing differential equations of this
case are deduced from the complex conjugate of the Cauchy Riemann condition.
Or the idea to prove Theorem 4.2 (2) reduces the problem of the anti-holomorphic
discrete series to that of holomorphic ones. The argument for holomorphic or anti-
holomorphic discrete series can be extended to limits of them since their minimal K -
types are characterized by the Cauchy Riemann condition or its complex conjugate.
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Let m be generic. By [14, Theorem 6.8.1] and [29, Theorem 6.2 f)], such 7 is a
(limit of) large discrete series representation or a parabolic induction induced from
a cuspidal parabolic subgroup. All the parabolic subgroups F,, P; and Ps are
cuspidal. Regarding the parabolic induction from P; and Ps the representations of
My and Mg (modulo centers of M; and Mg) are taken as limits of discrete series
as well as usual discrete series.

Recall that, to define the Whittaker functions for 7, we consider the restriction map
Homg 10y (7, Sy (No\G)) = Homp (7, Sp(No\G)) =~ Wy - (7%)°

to a multiplicity one K-type 7 (see the beginning of Section 4.1). Proposition 4.7
implies that dim Wy .(7%)® = 0 when 7 is a (limit of) large discrete series or a
parabolic induction whose representation of M,, M; or Mg is a discrete series.
Here, as 7, we take the minimal K -type, the corner K-type or a peripheral K -type
as in Proposition 4.7. By the irreducibility of 7 the restriction map is injective, and
we thus have Homy i) (7, Sy (No\G)) = {0}, which yields Wy, .(7%)° = {0} for any
multiplicity one K-type 7.

We are left with the case where 7 is a parabolic induction from P; or Ps whose
representation of M; or Mg is a limit of discrete series (modulo center). It is
known that a limit of discrete series of SLy(R) or SL3(R) is a summand of a
principal series representation. By the double induction (cf. [13, p.170-171]) we
see that 7 is embedded into a principal series of G. When 7 is a Pg-principal
series representation and its representation of Mg is a limit of discrete series, the
set of the K -types of 7 includes all the minimal K -types {7(1,0), 7(0,—1)} of an odd
principal series (see Proposition 3.1 and Section 3.6). For this we note that there
is no possibility that even principal series includes the K-types {710y, T(0,-1)},
which is verified by the distribution of K -types of even principal series (see e.g. [16,
Proposition 3.2] and [9, Proposition 2.1]). This and the multiplicity free property of
minimal K -types verify that 7 occurs in an odd principal series with multiplicity
one. The restriction map of Homy k) (7, Sy(No\G)) to such a minimal K-type
gives rise to the Whittaker functions for an odd principal series with respect to
the minimal K -type since such restriction factors through the odd principal series.
Namely the problem is reduced to that for the case of a principal series. When 7 is
a Pj-principal series induced from a limit of discrete series we see that the corner
K -types of 7 coincides with a minimal K -type of an even or odd principal series (for
this see Sections 3.4 and 3.6). We can then do a similar reduction of the problem to
the case of a principal series. We have proved the first assertion.

Finally we explain the proof of the second assertion briefly. Let 1) be non-degenerate
and suppose first that 7 is an irreducible generic representation except for Pj-
principal series and Pg-principal series induced from limits of discrete series of M
and Mg. For these representations Theorems 4.2, 4.3, 4.4 and 4.5 tell us the rapidly
decreasing property of the moderate growth Whittaker functions, for which note
that all the Whittaker functions we have reviewed are referred to as moderate
growth ones in all the papers cited in Sections 4.1-4.4. Now note the injectivity
of Homg k) (7, Sp(No\G)) < Wy»(7%)? remarked above. The four theorems men-
tioned above also show that

dim Hom g x) (7, Sy (No\G)) < 1
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since dim Wy, »(7%)? < 1 is verified for the similar specific choices of multiplicity one
K-types. As for the aforementioned remaining two parabolic inductions for P; and
Pg induced from limits of discrete series of M; and Mg we can reduce the problem
to the case of principal series representations in a manner similar to the previous

discussion for degenerate 1. As a result we are done for all the assertions. ]
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