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The Affine Closure of T ∗(SLn/U)
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Abstract. We show that the affine closure T ∗(SLn/U) has symplectic singularities, in the sense
of Beauville. In the special case n = 3 , we show that the affine closure T ∗(SL3/U) is isomorphic
to the closure Omin of the minimal nilpotent orbit Omin in so8 . Moreover, the quasi-classical
Gelfand-Graev action of the Weyl group W on T ∗(SL3/U) can be identified with the restriction
to Omin of E. Cartan’s triality action on so8 .
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1. Introduction
Let G be a complex connected semisimple algebraic group, B a Borel subgroup of
G , and U the unipotent radical of B . For example, in the case G = SLn , we can
take U to be the collection of all upper triangular matrices with all diagonal entries
equal to 1 . The homogeneous space G/U is called the “basic affine space”. While
G/B is projective, the basic affine space G/U is a quasi-affine variety. It turns
out that many interesting problems in representation theory are related to the basic
affine space. In particular, the algebra D(G/U) of algebraic differential operators
on G/U is well-studied, for example in [3], [11]. In this paper, we study the total
space of the cotangent bundle T ∗(G/U) , of which the coordinate ring C[T ∗(G/U)]
is the quasi-classical counterpart of D(G/U) . From a result by Ginzburg and Riche
[12], the coordinate ring C[T ∗(G/U)] is finitely generated, and the affine closure of
the basic affine space is defined as

T ∗(G/U) := SpecC[T ∗(G/U)].

Symplectic singularities, a notion of which was first introduced by Beauville in [1],
play an important role in representation theory. For instance, conic symplectic
singularities (affine symplectic singularities with a good C∗ -action) admit universal
flat Poisson deformations and filtered quantizations. There are many examples of
symplectic singularities, for example, finite quotient singularities [1], normalization
of the closure of nilpotent coadjoint orbits [17], and Nakajima quiver varieties [2].
In [11], Ginzburg and Kazhdan conjectured that

Conjecture 1.1. The affine closure T ∗(G/U) has symplectic singularities.
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And we prove the conjecture in section 2 for the special case G = SLn .
In the Lie algebra so8 , there is a unique nilpotent adjoint orbit Omin ⊂ so8 of
minimal (positive) dimension 10 . The closure of the minimal orbit is Omin =
Omin ∪ {0}. In section 3, we show that there is an isomorphism of affine varieties

T ∗(SL3/U) → Omin. (1)

In [11], Ginzburg and Kazhdan constructed an action on T ∗(G/U) by the Weyl
group W of G , called the “Gelfand-Graev action”. So in the case G = SL3 we
have an S3 -action on T ∗(SL3/U) . On the other hand, the Lie algebra so8 has an
S3 -symmetry called the triality action [4], [16], and the restriction of the triality
action gives an S3 -action on Omin . In section 4, we give a new interpretation of this
triality action. In section 5, we show that the isomorphism (1) is S3 -equivariant. In
section 6, we show the map (1), when restricted on smooth points, is a symplectic
isomorphism.
Acknowledgments. The author is grateful to both his doctorate advisor Victor
Ginzburg and his postdoc advisor Peng Shan, for all their encouragement, sugges-
tions, and discussions. He would like to thank David Kazhdan, for the helpful
correspondence containing statements related to the affine closure T ∗(SL3/U) , the
minimal nilpotent orbit Omin in so8 and the triality action. He would also like to
thank Ana Balibanu, Sam Evens, Yu Li, Daniil Rudenko, Minh-Tam Trinh and the
referee for their useful suggestions and comments.

2. The affine closure T ∗(SLn/U) has symplectic singularities

We recall the following quiver theoretic construction of T ∗(SLn/U) in [7]. A quiver
Q is a finite directed graph consisting of a vertex set I and an edge set E . Write
Qop = (I, E) for the opposite quiver obtained from Q by reversing the orientation of
edges. The double quiver of Q is defined by Q = (I, E tE) . A representation of Q
assigns a vector space V (i) to each vertex i ∈ I and a linear map V (e) : V (i) → V (j)
to each arrow e ∈ E whose source and target are i and j respectively. Let Q be
the following Dynkin quiver of type An .

• −→ • −→ · · · −→ • −→ •

Let V =
⊕n−1

k=1 Hom(Ck,Ck+1) , so each element of V defines a representation of the
quiver Q . The cotangent space T ∗V is identified with

n−1⊕
k=1

Hom(Ck,Ck+1)⊕ Hom(Ck+1,Ck)

via the trace pairing n−1∑
k=1

Tr(βk ◦ αk),

for αk ∈ Hom(Ck,Ck+1) and βk ∈ Hom(Ck+1,Ck) . So each element of T ∗V gives a
representation of the double quiver Q

C
α1 // C2

β1

oo

α2 // · · ·
β2

oo

αn−2
// Cn−1

βn−2

oo

αn−1
// Cn

βn−1

oo (2)
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Throughout this paper, we use the expression (α, β) to denote an element
n−1⊕
k=1

(αk, βk) ∈
n−1⊕
k=1

Hom(Ck,Ck+1)⊕ Hom(Ck+1,Ck) = T ∗V.

There is a natural action of H :=
∏n−1

k=2 SLi(C) on V defined as follows. Let
g = (g2, · · · , gn−1) ∈ H , and α = (α1, · · · , αn−1) ∈ V . Then we define

g.α = (g2 ◦ α1, g3 ◦ α2 ◦ g−1
2 , · · · , gn−1 ◦ αn−2 ◦ g−1

n−2, αn−1 ◦ g−1
n−1). (3)

This H -action on V induces a Hamiltonian H -action on T ∗V , of which the moment
map µ : T ∗V −→ Lie(H)∗ is given by

µH(α, β)(X) =
n−1∑
k=2

Tr ((αk−1βk−1 − βkαk)Xk) ,

where (α, β) =
⊕n−1

k=1(αk, βk) ∈ T ∗V , and

X = (X2, X3, · · · , Xn−1) ∈ Lie(H) = sl2 × sl3 × · · · × sln−1 .

We denote the zero fiber of the moment map by

N := µ−1
H (0) ⊂ T ∗V.

So N is the subvariety consists of all the (α, β) in T ∗V such that αk−1βk−1 − βkαk

is a k -by-k scalar matrix. Given (α, β) ∈ N , and k ∈ {1, 2, 3, · · · , n−1} , we define
λk as follows:

βkαk − αk−1βk−1 = λk IdCk . (4)

Remark 2.1. A similar construction was applied in [15] to show the normality
for the closure of every nilpotent orbit in gln . Note that the scalars λk depend on
the choice of (α, β) ∈ N , which is in contrast with the usual case of Nakajima quiver
varieties. This difference is due to the definition of H as the product of SL′s rather
than a product of GL′s as usual. The choice of such H also makes it much more
difficult to construct an explicit resolution of singularities of N//H using Geometric
Invariant Theory.

Theorem 2.2. (Theorem 7.18 in [7]) The affine closure T ∗(SLn/U) is isomorphic
to the categorical quotient N//H as affine varieties.

Lemma 2.3. Let 0 = m0 ≤ m1 ≤ m2 ≤ · · · ≤ mn−1 ≤ mn = n. Suppose mk ≤ k
for all k . Then

n−1∑
k=1

mk(mk+1 −mk) ≤
n−1∑
k=1

k,

and the equality holds if and only if mk = k for all k .

Proof. Since m0 = 0 , we show that
n−1∑
k=0

mk(mk+1 −mk) =
n−1∑
k=0

mk+1∑
j=mk+1

mk ≤
n−1∑
k=0

mk+1∑
j=mk+1

(j − 1) =
n−1∑
k=1

k.



86 Jia

Remark 2.4. In fact, the LHS is the dimension of some (partial) flag variety of
GLn , so it obtains maximum if and only if the flag variety is a complete flag variety,
which has dimension equals to the RHS.

Lemma 2.5. The singular locus of T ∗(SLn/U) has codimension at least 4.

Proof. Following [7], for each m = (m1, · · · ,mn−1) satisfying the condition of
Lemma 2, we set

H(m) :=
n−1∏
k=1

SLmk
(C), H̃(m) :=

n−1∏
k=1

GLmk
(C), V (m) :=

n−1⊕
k=1

Hom(Cmk ,Cmk+1).

Then we have an exact sequence

1 → H(m) → H̃(m)
φ−→ T (m) → 1,

where T (m) is a complex torus of rank n−1 , and ϕ is given by taking determinant
of each product factor in H̃(m) . Let n = (1, 2, 3, · · · , n − 1) . By Theorem 6.13 in
[7], the affine variety X can be written as disjoint union

X =
⊔
S,δ

Q(S,δ)

where each Q(S,δ) is a smooth hyperkähler manifold that is a locally closed subset
of X labeled by an injective subrelation S of ≤ on {1, 2, · · · , n− 1} and a function
δ : domS → Z>0 which tells us which dimension vector m to use in the hyperkähler
reduction construction of the strata Q(S,δ) , more precisely m = n−

∑
(i,j)∈S δ(i)eij,

where eij = (0, · · · , 0, 1, · · · , 1, 0, · · · , 0) is the (n − 1)-tuple with 1 ’s in positions
in-between i and j and 0 ’s otherwise.

Let x be a singular point of T ∗(SLn/U) . Then x lies in some strata Q(S,δ) other than
the open dense generic strata Q(≤,0) . To the subrelation S , we associate the subtorus
TS of T (m) whose Lie algebra is tS := span{eij | i ≤S j} . Now by Proposition 6.9
of [7], the strata Q(S,δ) has dimension the same as the Hamiltonian reduction of
T ∗V (m) by the subgroup HS := ϕ−1(TS) ≤ H̃(m) . Then dimHS ≥ dimH(m) + 1 .
Thus we have

dimQ(S,δ) = 2 (dimV (m)− dimHS) ≤ 2 (dimV (m)− dimH(m)− 1)

= 2
( n−1∑

k=1

mkmk+1 − (m2
k − 1)

)
− 2 = 2

(
n− 2 +

n−1∑
k=1

mk(mk+1 −mk)
)
.

Since m 6= (1, 2, 3, · · · , n− 1) , by the previous lemma, we have
n−1∑
k=1

mk(mk+1 −mk) ≤
( n−1∑

k=1

k
)
− 1.

Thus

dimQ(S,δ) ≤ 2
(
(n− 3) +

n−1∑
k=1

k
)
= 2

(
− 1 +

n∑
k=1

k
)
− 4 = dim(T ∗(SLn/U))− 4.
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Proposition 2.6. The smooth locus of T ∗(SLn/U) admits a holomorphic sym-
plectic form.

Proof. Let X = T ∗(SLn/U) . Let π : N → N//H = X be the categorical
quotient map. Let Xsm be the smooth locus of X . We define the injective part Ninj
of N as

Ninj := {(α, β) ∈ N | all the αk are injective}. (5)
Let (α, β) ∈ Ninj . Then the stabilizer Hα for the H -action on V defined in (2) at α
is trivial. So is the stabilizer H(α,β) for the induced Hamiltonian H -action on T ∗V
at (α, β) . Now by Proposition 3.2 of [13], (α, β) is a smooth point of N .
Moreover, by Theorem 4.5 of [7], the H -orbit of α in V is closed. Now the H -orbit
of (α, β) in N is the graph of the morphism between the orbits H.α → β.H given
by g ◦ α 7→ β ◦ g−1 , hence also a closed H -orbit. So, by a Corollary of Luna’s étale
slice theorem (cf. Proposition 5.7 in [8]), we have π(Ninj) ⊂ Xsm ⊂ X . From the
proof of Lemma 7.17 in [7], we know N \Ninj has codimension at least 2. So by the
upper semicontinuity of the dimensions of the fibers of π we have

codim(Xsm \ π(Ninj)) ≥ 2.

Now by the proof of Proposition 7.2 in [7], we know π(Ninj) is identified with

T ∗(SLn/U) ⊂ Xsm ⊂ X,

hence admitting a holomorphic symplectic form ω0 . Then by Hartogs’ lemma, we
can extend ω0 to a closed holomorphic 2-form ω on Xsm . By taking the top wedge
of ω , we have its points of degeneracy has codimension 1 , so ω has to be non-
degenerated on Xsm , hence symplectic.

Definition 2.7. A normal variety X is said to have symplectic singularities if
1. its smooth locus Xsm carries a symplectic 2-form ω ; and
2. if ν : X̃ → X is any resolution of singularities, then the pull-back

ν∗ω ∈ Ω2(ν−1(Xsm))

extends to a holomorphic 2-form on X̃ .

Theorem 2.8. The affine closure T ∗(SLn/U) has symplectic singularities.

Proof. It is well-known that X = T ∗(SLn/U) is normal (cf. the remark after
Definition 4.3 in [19]). By Flenner’s Theorem in [10], it suffices to show that the
smooth locus Xsm is a symplectic variety and codim(X\Xsm) ≥ 4 . So the statement
follows from Proposition 2.6 and Lemma 2.5.

3. Isomorphism between T ∗(SL3/U) and Omin ⊂ so8

Let m ≥ 4 . Let e1, e2, . . . , e2m be the natural basis of C2m . Define an Euclidean
inner product ( , ) on C2m by

(ei, ej) = δi,2m+1−j. (6)
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For v1 ∧ v2 ∈
∧2C2m , we define

ϕv1∧v2 : C2m −→ C2m (7)
u 7−→ (v1, u) v2 − (v2, u) v1.

Extend by linearity, we get the following isomorphism of so2m -representations:∧2C2m = so2m. (8)

Definition 3.1. We say that a subspace W ⊂ C2m is isotropic if (W,W ) = 0 .
An element f ∈ Hom(C2,C2m) is isotropic if its image is isotropic. An element
α ∈

∧2C2m is isotropic if for all v∗1, v∗2 ∈ (C2m)∗ ,

(ιv∗1α, ιv∗2α) = 0.

Definition 3.2. We say that α ∈
∧2C2m is decomposable if there exist some

v1, v2 ∈ C2m such that α = v1 ∧ v2 .

Remark 3.3. By Plücker’s Theorem we know that α ∈
∧2C2m is decomposable

if and only if
α ∧ α = 0 ∈

∧4C2m.

Lemma 3.4. Let v1 ∧ v2 ∈
∧2C2m be a nonzero decomposable element. Then

span(v1, v2) is isotropic ⇐⇒ v1 ∧ v2 is isotropic.

Proof. (=⇒) Clear.
(⇐=) It suffices to show that

(v1, v1) = (v1, v2) = (v2, v2) = 0.

Since v1 ∧ v2 6= 0 , we have v1 and v2 are linearly independent. So there exist
v∗1, v

∗
2 ∈ (C2m)∗ such that

v∗1(v1) = v∗2(v2) = 1 and v∗1(v2) = v∗2(v1) = 0.

Then v1 = −ιv∗2 (v1 ∧ v2) and v2 = ιv∗1 (v1 ∧ v2),

and our conclusion follows from the definition.

Proposition 3.5. We consider Omin , the closure of the minimal nilpotent orbit
Omin ⊂ so2m . Then under the identification (8),

Omin = {α ∈
∧2C2m |α is decomposable and isotropic}. (9)

Proof. Since Omin = Omin ∪ {0} , it suffices to show that

Omin = {α ∈
∧2C2m |α is a nonzero isotropic decomposable element}.

By Theorem 4.3.3 in [6], the minimal orbit Omin is the adjoint orbit of the highest
root vector e1 ∧ e2 ∈

∧2C2m = so2m . Since both decomposable and isotropic
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properties are invariant under the SO2m action, and e1∧e2 is isotropic decomposable,
so all elements in the minimal orbit are isotropic decomposable. But SO2m acts
transitively on the isotropic planes in C2m , and there is a scaling C∗ -action on Omin ,
so SO2m acts transitively on the nonzero isotropic decomposable elements.

Fix basis e1, e2 ∈ C2 , and define a symplectic bilinear form on Hom(C2,C2m) :

ω1(f1, f2) = (f1(e1), f2(e2))− (f1(e2), f2(e1)). (10)

The natural SL2 -action on Hom(C2,C2m) is Hamiltonian with moment map

µSL2 : Hom(C2,C2m) −→ sl∗2
∼= sl2,

µSL2(f) =

(f(e1), f(e2)) (f(e1), f(e1))

(f(e2), f(e2)) −(f(e1), f(e2))

 .

So the zero fiber of the SL2 -moment map on Hom(C2,C2m) is

N1 := µ−1
SL2

(0) = {f ∈ Hom(C2,C2m) | f is isotropic with respect to ( , )}. (11)

The following result is probably known to experts, but we still include a proof here
for completeness.

Proposition 3.6. The Hamiltonian reduction N1//SL2 is isomorphic to the
closure Omin of the minimal orbit in so2m as affine varieties.

Proof. Recall from Proposition 3.5,

Omin = {α ∈
∧2C2m |α is decomposable and isotropic}.

Define (∧2C2m
)

dec := {α ∈
∧2C2m |α is decomposable},(∧2C2m

)
dec, iso := {α ∈

∧2C2m |α is decomposable and isotropic}.

By the First Fundamental Theorem of Invariant Theory for SL2 (Theorem 2 on
p. 387 of [18]), we have

C[(C2)∗ ⊗ C2m]SL2 = C
[(∧2C2m

)
dec

]
.

Since SL2 is reductive and N1 ⊂ Hom(C2,C2m) = (C2)∗ ⊗ C2m is an SL2 -invariant
sub-variety, the restriction from (C2)∗ ⊗ C2m to N1 gives a surjective map

C
[(∧2C2m

)
dec

]
−→ C[N1]

SL2 (12)
f 7−→ (e∗1 ⊗ v1 + e∗2 ⊗ v2 7→ f(v1 ∧ v2))

By Lemma 3.4 we have the kernel of (12) is precisely the ideal Iiso of functions on(∧2C2m
)

dec vanishing identically on the isotropic elements. Hence

C[N1]
SL2 = C

[(∧2C2m
)

dec

]
/Iiso = C

[(∧2C2m
)

dec, iso

]
.
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Let η : C3 ⊕ C⊕ C∗ ⊕ (C3)∗ −→ C8 be the isomorphism given by

η(z1, z2, z3, a, b, w1, w2, w3) = z1e2+z2e3−z3e8+ae4+be5−w3e1+w2e6+w1e7. (13)

Then η is an isometry with respect to the inner product on C4 ⊕ (C4)∗ given by
the natural pairing of C4 and (C4)∗ and the inner product ( , ) on C8 defined by
taking m = 4 in (6). We define a linear isomorphism

F : T ∗V −→ Hom(C2,C8) = Hom(C2,C4 ⊕ (C4)∗)

(α, β) 7−→
(
v 7→ (α2 ⊕−β1)(v)⊕

(β2 ⊕ α1) ∧ v

e1 ∧ e2

)
Proposition 3.7. The map F is an SL2 -equivariant symplectic isomorphism
between T ∗V and (Hom(C2,C8), ω1), where ω1 is given by (10).

Proof. First, we define F0 : T ∗V −→ T ∗(Hom(C2,C4)) which maps (α, β) to
the following element in Hom(C2,C4)⊕ Hom(C4,C2) :

C2
α2⊕−β1

// (C3 ⊕ C) = C4

β2⊕α1

oo

Then F0 is an SL2 -equivariant symplectic isomorphism. Next, under the identifica-
tions

T ∗(Hom(C2,C4)) = T ∗(C4 ⊕ C4) = (C4 ⊕ C4)⊕ ((C4)∗ ⊕ (C4)∗),

Hom(C2,C4 ⊕ (C4)∗) = (C4 ⊕ (C4)∗)⊕ (C4 ⊕ (C4)∗),

we define the map

F1 : T ∗(Hom(C2,C4)) −→ Hom(C2,C4 ⊕ (C4)∗)

(v1 ⊕ v2)⊕ (v∗1 ⊕ v∗2) 7−→ (v1 ⊕ (−v∗2))⊕ (v2 ⊕ v∗1).

And we check that F1 is a symplectic isomorphism:

F ∗
1ω1

(
(v1 ⊕ v2)⊕ (v∗1 ⊕ v∗2), (w1 ⊕ w2)⊕ (w∗

1 ⊕ w∗
2)
)

= ω1

(
(v1 ⊕ (−v∗2))⊕ (v2 ⊕ v∗1), (w1 ⊕ (−w∗

2))⊕ (w2 ⊕ w∗
1)
)

=
(
−v∗2(w2) + w∗

1(v1)
)
−

(
v∗1(w1)− w∗

2(v2)
)

= (w∗
1 ⊕ w∗

2)(v1 ⊕ v2)− (v∗1 ⊕ v∗2)(w1 ⊕ w2),

which is the natural symplectic form on T ∗(Hom(C2,C4)) . Notice that all three
spaces

T ∗V, T ∗(Hom(C2,C4)), Hom(C2,C4 ⊕ (C4)∗)

have natural Hamiltonian SL2 -actions. Since both F0 and F1 are SL2 -equivariant,
F is also an SL2 -equivariant symplectic isomorphism as

F = F1 ◦ F0.

Corollary 3.8. The map F induces an isomorphism between T ∗(SL3/U) and
Omin as affine varieties.

Proof. This is a direct corollary of Propositions 3.6 and 3.7.
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4. The triality action on so8

The triality action was first discovered by E. Cartan in his 1925 paper [4] in which
he constructed a certain S3 -subgroup of the automorphism group of so8 , such that
an order three element Aut(so8) is constructed from the following matrix

−1
2

−1
2

−1
2

−1
2

1
2

1
2

−1
2

−1
2

1
2

−1
2

1
2

−1
2

1
2

−1
2

−1
2

1
2

 .

Fix the following set of simple roots for the root system of type D4 .

α1 = (1,−1, 0, 0)

α2 = (0, 1,−1, 0)

α3 = (0, 0, 1,−1)

α4 = (0, 0, 1, 1)

So that the Dynkin Diagram D4 is labeled as follows.

α1 α2

α3

α4

Choose a Chevalley basis {Xα}α∈∆+ , {Y−α}α∈∆+ , {Hαi
}i=1,2,3,4 of so8 =

∧2(C8) as
follows

Xα1 = e1 ∧ e7 Y−α1 = e2 ∧ e8

Xα2 = e2 ∧ e6 Y−α2 = e3 ∧ e7

Xα3 = e3 ∧ e5 Y−α3 = e4 ∧ e6

Xα4 = e3 ∧ e4 Y−α4 = e5 ∧ e6

Xα1+α2 = e1 ∧ e6 Y−α1−α2 = e3 ∧ e8

Xα2+α3 = e2 ∧ e5 Y−α2−α3 = e4 ∧ e7

Xα2+α4 = e2 ∧ e4 Y−α2−α4 = e5 ∧ e7

Xα2+α3+α4 = e2 ∧ e3 Y−α2−α3−α4 = e6 ∧ e7

Xα1+α2+α4 = e1 ∧ e4 Y−α1−α2−α4 = e5 ∧ e8

Xα1+α2+α3 = e1 ∧ e5 Y−α1−α2−α3 = e4 ∧ e8

Xα1+α2+α3+α4 = e1 ∧ e3 Y−α1−α2−α3−α4 = e6 ∧ e8

Xα1+2α2+α3+α4 = e1 ∧ e2 Y−α1−2α2−α3−α4 = e7 ∧ e8

Hα1 = e1 ∧ e8 − e2 ∧ e7 Hα3 = e3 ∧ e6 − e4 ∧ e5

Hα2 = e2 ∧ e7 − e3 ∧ e6 Hα4 = e3 ∧ e6 + e4 ∧ e5
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Since the Dynkin diagram D4 has an S3 -symmetry and each automorphism of the
Dynkin diagram does lift uniquely to a Lie algebra automorphism (cf. Theorem 2.108
in [14], and Lemma 2.6 in [9]), the existence of the triality action might seem easy at
first glance. But, a priori, it is not clear that the these lifts gives an S3 ↪→ Aut(so8) .
For example, not every lift of the cyclic permutation of the simple roots α1, α3, α4

has order three in Aut(so8) . In the work of [16], a lifted triality action on the Lie
algebra so(4, 4) is constructed, but the authors proved their result by an explicit
calculation in coordinates by computer. In this section, a new interpretation (see
Definition 4.2) of the triality action on so8 = so(4, 4)C is given by applying the
decomposition of so8 into irreducible sl3 -representations.

Lemma 4.1. The map η defined in (13) induces an isomorphism∧2η :
∧2(C3 ⊕ C⊕ C∗ ⊕ (C3)∗) −→

∧2(C8) = so8

of sl3 -representations, where so8 is viewed as an sl3 -representation with respect to
the adjoint action under the embedding

ϕ1 : sl3 −→ so8.

which restricts to an embedding ϕ1|hsl3 : hsl3 ↪→ hso8 such that

ϕ∗
1(α2) = α, and ϕ∗

1(α1 + α2 + α3 + α4) = β.

Proof. First, let V0 := C3 ⊕ C⊕ C∗ ⊕ (C3)∗ , and 〈 , 〉 denote the inner product
on V0 given by the natural pairing in between C3 ⊕ C and C∗ ⊕ (C3)∗ . Then∧2(C3 ⊕ C⊕ C∗ ⊕ (C3)∗) = so(V0, 〈 , 〉).

Since η is an isometry between (V0, 〈 , 〉) and (C8, ( , )) , the map
∧2η is a Lie

algebra isomorphism between so(V0, 〈 , 〉) and so8 . We identify

sl3 = {A ∈ C3 ⊗ (C3)∗ | tr(A) = 0} ⊂
∧2(C3 ⊕ C⊕ C∗ ⊕ (C3)∗).

Then sl3 becomes an Lie subalgebra of so(V0, 〈 , 〉) , and the sl3 -representation
structure on

∧2(C3 ⊕ C ⊕ C∗ ⊕ (C3)∗) is given by the adjoint action. Then we
have the restriction of

∧2η to sl3 equals to the embedding ϕ1 . For example, for
positive root vectors,∧2η (e1 ∧ e∗2) = e2 ∧ e6 = Xα2 ,∧2η (e2 ∧ e∗3) = e3 ∧ (−e1) = Xα1+α2+α3+α4 ,∧2η (e1 ∧ e∗3) = e2 ∧ (−e1) = Xα1+2α2+α3+α4 .

Since the sl3 -representation structure on so8 is given by the Lie algebra embedding
ϕ1 , our statement follows.

Decompose so8 =
∧2(C3 ⊕ C⊕ C∗ ⊕ (C3)∗) into irreducible sl3 -representations,

so8 = sl3 ⊕ Ctrace ⊕ C⊕ C3 ⊕ C3 ⊕ C3 ⊕ (C3)∗ ⊕ (C3)∗ ⊕ (C3)∗. (14)
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Let h = {(c1, c2, c3) ∈ C3 | c1 + c2 + c3 = 0} . Define ϕ2 : h → so8 by

ϕ2(c1, c2, c3) := c1Hα1 + c2Hα2 + c3Hα3

= c1(H1 −H2) + c2(H3 −H4) + c3(H3 +H4)

= − c1(H2 +H3 −H1) + (c3 − c2)H4 ∈ Ctrace ⊕ C,

where Hi := ei ∧ e9−i for each i . So the image of ϕ2 is precisely the sub-
representation Ctrace ⊕ C ⊂ so8 . Let V1, V2, V3 (resp. V ∗

1 , V
∗
2 , V

∗
3 ) be the three

copies of C3 (resp. (C3)∗ ) in the decomposition (14) whose highest weight vectors
are root vectors for so8 corresponding to the roots α1 + α2, α2 + α3, α2 + α4 (resp.
α2 + α3 + α4, α1 + α2 + α4, α1 + α2 + α3 ). Identify V1, V2, V3 (resp. V ∗

1 , V
∗
2 , V

∗
3 ) via

the unique sl3 -equivariant linear isomorphisms which map the above choice of high-
est weight vectors to each other. Explicitly,

V1 = C〈−Xα1+α2 , Xα1 , Y−α2−α3−α4〉 = C3,

V2 = C〈Xα2+α3 , Xα3 , Y−α1−α2−α4〉 = C3,

V3 = C〈Xα2+α4 , Xα4 , Y−α1−α2−α3〉 = C3,

V ∗
1 = C〈Xα2+α3+α4 , Y−α1 ,−Y−α1−α2〉 = (C3)∗,

V ∗
2 = C〈Xα1+α2+α4 , Y−α3 , Y−α2−α3〉 = (C3)∗,

V ∗
3 = C〈Xα1+α2+α3 , Y−α4 , Y−α2−α4〉 = (C3)∗.

So we have an isomorphism of sl3 -representations

ϕ : sl3 ⊕ h⊕ V1 ⊕ V2 ⊕ V3 ⊕ V ∗
1 ⊕ V ∗

2 ⊕ V ∗
3 −→ so8 (15)

Definition 4.2. We define an S3 -action on sl3⊕h⊕V1⊕V2⊕V3⊕V ∗
1 ⊕V ∗

2 ⊕V ∗
3

by fixing sl3 , acting on h as the Weyl group S3 -action, and permuting subscripts
of Vi and V ∗

i . Then under the identification ϕ , we have an S3 -action act on so8 .

Theorem 4.3. The S3 -action act gives an embedding S3 ↪→ Aut(so8) which
coincides with the triality action.

Proof. Let (M, c, u, u∗) be an element in sl3⊕h⊕(C3)3⊕((C3)∗)3 . Express each
components in terms of the Chevalley basis, we see the S3 -action act does permutes
the root vectors accordingly (i.e. fixing α2 , and permutes α1, α3, α4 ). So it suffices
to show that this action preserves the Lie bracket of so8 . There is a linear action of
(M, c, u, u∗) on elements (v, a, b, v∗) ∈ C3 ⊕ C⊕ C∗ ⊕ (C3)∗ coming from the linear
action of so8 on C8 given by

(M, c, u, u∗).


v
a
b
v∗

 =


Mv + c1v + au2 + bu3 + v∗ ∧ u∗

1

u∗
2(v) + (c3 − c2)a− v∗(u3)

u∗
3(v)− (c3 − c2)b− v∗(u2)

−v∗M − c1v
∗ − au∗

3 − bu∗
2 + v ∧ u1

 ,

which can be applied to compute the Lie bracket structure on
sl3 ⊕ h⊕ (C3)3 ⊕ ((C3)∗)3 .
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Let A = (MA, cA, uA, u
∗
A), B = (MB, cB, uB, u

∗
B) ∈ sl3 ⊕ h⊕ (C3)3 ⊕ ((C∗)3)3 . Then

the Lie bracket can be written as [A,B] = (MC , cC , uC , u
∗
C) where

MC = [MA,MB] +
3∑

i=1

(uA,i ⊗ u∗
B,i − uB,i ⊗ u∗

A,i) +
1

3

3∑
i=1

(u∗
A,i(uB,i)−u∗

B,i(uA,i)) IdC3

cC =


−2/3 1/3 1/3

1/3 −2/3 1/3

1/3 1/3 −2/3



u∗
A,1(uB,1)− u∗

B,1(uA,1)

u∗
A,2(uB,2)− u∗

B,2(uA,2)

u∗
A,3(uB,3)− u∗

B,3(uA,3)



uC =


MA uA,1 −MB uB,1 + u∗

A,2 ∧ u∗
B,3 − u∗

B,2 ∧ u∗
A,3 + 2cA,1 uB,1 − 2cB,1 uA,1

MA uA,2 −MB uB,2 + u∗
A,3 ∧ u∗

B,1 − u∗
B,3 ∧ u∗

A,1 + 2cA,2 uB,2 − 2cB,2 uA,2

MA uA,3 −MB uB,3 + u∗
A,1 ∧ u∗

B,2 − u∗
B,1 ∧ u∗

A,2 + 2cA,3 uB,3 − 2cB,3 uA,3



u∗
C = −


u∗
A,1MA − u∗

B,1MA + uA,2 ∧ uB,3 − uB,2 ∧ uA,3 + 2cA,1 u
∗
B,1 − 2cB,1 u

∗
A,1

u∗
A,2MA − u∗

B,2MA + uA,3 ∧ uB,1 − uB,3 ∧ uA,1 + 2cA,2 u
∗
B,2 − 2cB,2 u

∗
A,2

u∗
A,3MA − u∗

B,3MA + uA,1 ∧ uB,2 − uB,1 ∧ uA,2 + 2cA,3 u
∗
B,3 − 2cB,3 u

∗
A,3


Then we see that the Lie bracket is manifestly equivariant under the lifted triality
action.

In fact, the embedding of T ∗(SL3/U) into the LHS of (15) is a special case of the
following conjecture due to Ginzburg and Kazhdan.

Conjecture 4.4. There is an W -equivariant embedding of the affine variety

T ∗(G/U) ↪→ g⊕ h⊕
⊕

ϖ∈Fund. Weights
V |the W -orbit of ϖ|
ϖ ,

such that it restricts to the embedding G/U ↪→
⊕

ϖ∈Fund. Weights Vϖ , where the Weyl
group W acts on T ∗(G/U) via the Gelfand-Graev action, acts on h as the Weyl
group, and permutes the copies of the fundamental representation Vϖ .

Remark 4.5. Fix the standard basis e1, e2, e3 of C3 , and identify

∧3C3 =
∧3(C3)∗ = C,

∧2C3 = (C3)∗,
∧2(C3)∗ = C3.

For any given A ∈ End(C3) and v ∈ C3 we define A ∧ v ∈ Sym2(C3)∗ by

(A ∧ v)(w1, w2) = (Aw1) ∧ v ∧ w2 + (Aw2) ∧ v ∧ w1.

Similarly we can define A ∧ v∗ ∈ Sym2C3 for v∗ ∈ (C3)∗ . Let (M, c, u, u∗) be an
element in sl3 ⊕ h⊕ (C3)3 ⊕ ((C3)∗)3 .
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Then ϕ(M, c, u, u∗) ∈ Omin if and only if:

u∗
i (uj) = 0 for all distinct i, j ∈ {1, 2, 3},

u∗
1(u1) = (c1 − c2)(c1 − c3), and its cyclic permutations (“c.p.” in short),

u1 ∧ u2 = (c1 − c2)u
∗
3, and its c.p.,

u∗
1 ∧ u∗

2 = (c1 − c2)u3, and its c.p.,
(M − c3 IdC3) ∧ u3 + u∗

1 · u∗
2 = 0, and its c.p.,

(M − c3 IdC3) ∧ u∗
3 + u1 · u2 = 0, and its c.p.,

(M − c3 IdC3)2 + u1 ⊗ u∗
1 + u2 ⊗ u∗

2 − u3 ⊗ u∗
3 + u∗

3(u3) IdC3 = 0, and its c.p.

It would be interesting to find all the analogous relations for T ∗(SLn/U) if the
conjecture holds.

5. The Gelfand-Graev action

We first recall the reconstruction in [19] of the Gelfand-Graev action in Corollary
1.3.4 of [11]. Let B = (α, β) ∈ N := µ−1

H (0) . Let k ∈ {1, 2, 3, · · · , n− 1} . Define

outk(B) := αk ⊕ βk−1 ∈ Hom(Ck,Ck+1 ⊕ Ck−1),

ink(B) := βk ⊕ (−αk−1) ∈ Hom(Ck+1 ⊕ Ck−1,Ck).

Then ink(B) outk(B) = λk IdCk .
We also define Zk to be a subvariety of N ×N consisting of pairs

(B,B′) = ((α, β), (α′, β′)),

such that
(1) ∀j /∈ {k − 1, k}, αj = α′

j, and βj = β′
j.

(2) The following short sequence is exact

0 // Ck outk(B
′)

// Ck+1 ⊕ Ck−1 ink(B)
// Ck // 0 .

Moreover, for each j we fix some volume form volj ∈
∧jCj , and require

outk(B
′)(volk) ∧ ink(B)−1(volk) = volk−1 ∧ volk+1 ∈

∧2k(Ck+1 ⊕ Ck−1).

(Since the short sequence is exact, we may take any element of ink(B)−1(volk) .)
(3) outk(B

′) ink(B
′) = outk(B) ink(B)− λk IdCk+1⊕Ck−1 .

Theorem 5.1. [19] For any simple reflection sk ∈ W , we can construct an
automorphism Sk on N//H , such that for all (B,B′) ∈ Zk ,

Sk(π(B)) = π(B′).

And the automorphisms Sk satisfy the braid relations, hence we constructed a W -
action on N//H . This W -action coincides with the quasi-classical Gelfand-Graev
action for T ∗(SLn/U).
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Theorem 5.2. In the case of n = 3, and under the identification

T ∗(SL3/U) = Omin ⊂ so8,

the Gelfand-Graev action coincides with the triality S3 -action act on so8 restricted
on Omin .

Proof. Since Lie algebra automorphism preserves the minimal orbit, so the tri-
ality action can be restricted to an S3 action on Omin . It suffices to check for two
of the simple transpositions s1 = (23), s2 = (13) ∈ S3 , the triality action satisfies
the condition that for each k ∈ {1, 2} , and (B,B′) ∈ Zk , we have

Sk(π(B)) = π(B′).

Since the Gelfand-Graev action is uniquely determined by its restriction on the
regular semisimple open part, we take (M, c, u, u∗) to be an element in

Omin ⊂ sl3 ⊕ h⊕ (C3)3 ⊕ ((C3)∗)3

with distinct c1, c2, c3 . Then the corresponding isotropic decomposable element in∧2(C3 ⊕ C⊕ C∗ ⊕ (C3)∗) is

(u3 ⊕ 0⊕−(c3 − c2)⊕−u∗
2) ∧

(
u2

c3 − c2
⊕ 1⊕ 0⊕− u∗

3

c3 − c2

)
.

So with this choice of representative, we have a lift B = (α, β) ∈ N :

α1 =

(
0

c3 − c2

)
, β1 =

(
0 1

)
,

α2 = u3
u2

c3−c2




, β2 =

− u∗
3

c3 − c2

u∗
2


 .

First, for k = 1 , we have

out1(B) =

(
0

c3 − c2

)
, in1(B) =

(
0 1

)
, λ1 = c3 − c2.

Apply the action by s1 = (23) , and rewrite the bivector so that the first defining
property of Z1 holds.

(u2 ⊕ 0⊕−(c2 − c3)⊕−u∗
3) ∧

(
u3

c2 − c3
⊕ 1⊕ 0⊕− u∗

2

c2 − c3

)
= (u3 ⊕ (c2 − c3)⊕ 0⊕−u∗

2) ∧
(

u2

c3 − c2
⊕ 0⊕ 1⊕− u∗

3

c3 − c2

)
.

So we have out1(B
′) =

(
1
0

)
, in1(B

′) =
(
c2−c3 0

)
.

Hence, out1(B
′) in1(B

′) = out1(B) in1(B)− λ1 IdC2 .
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So (B,B′) ∈ Z1 , and the action of s1 on Omin coincides with the action of S1 on
T ∗(SL3/U) .

Next, for k = 2 , we have λ2 = c1 − c3, and

out2(B) =
u3

u2

c3−c2

0 1




, in2(B) =

− u∗
3

c3 − c2
0

u∗
2 c2−c3


 .

Applying the triality action by element s2 = (13) ∈ S3 , we get B′′ such that

out2(B
′′)=

u1
u2

c1−c2

0 1




, in2(B

′′)=

− u∗
1

c1 − c2
0

u∗
2 c2−c1


.

Then we can check

out2(B) in2(B) =
−M + c1IdC3 u2

u∗
2 c2−c3




,

out2(B
′′) in2(B

′′) =
−M + c3IdC3 u2

u∗
2 c2−c1




,

where we have used the relations:
u2 ∧ u∗

2 − u3 ∧ u∗
3

c3 − c2
= −M + c1IdC3 ,

u2 ∧ u∗
2 − u1 ∧ u∗

1

c1 − c2
= −M + c3IdC3 .

So out2(B
′′) in2(B

′′) = out2(B) in2(B)− λ2 IdC4 .

Hence (B,B′′) ∈ Z2 . This shows that the Gelfand-Graev action on T ∗(SL3/U)
coincides with the restriction of the triality action on Omin .
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6. Symplectic form on the smooth locus

Let us recall the following known results from [5]. Let Onilp be a nilpotent adjoint
orbit in g . Since Onilp is a nilpotent orbit, there is a C∗ -action on it such that
ωKKS = LEuω

KKS, where Eu is the Euler vector field on Onilp . Define

λKKS := ιEuω
KKS.

So we have dλKKS = dιEuω
KKS = LEuω

KKS = ωKKS .

Proposition 6.1. Let X ∈ Onilp and Y ∈ g. Then

λKKS
X (ξY ) = κ(X,Y ).

Proof. Since X is nilpotent, we have Y ∈ gX if and only if κ(X,Y ) = 0 . So the
RHS of the formula only depends on ξY (i.e. independent of the choice of Y ). Let
E ∈ Onilp . Fix some sl2 -triple (E,H, F ) in g . Then we have

(ξH)E = 2EuE ∈ TEOnilp.

Since λKKS is invariant under the G-action, it suffices to prove the statement for
X = E . Let Y ∈ g . We compute

(ιEuω
KKS
E )(ξY ) =

1

2
ωKKS
E (ξY , ξH) =

1

2
κ(E, [Y,H]) =

1

2
κ([H,E], Y ) = κ(E, Y ).

Theorem 6.2. The symplectic form on T ∗(SL3/U)sm coincides (up to a scalar
multiple) with ωKKS on Omin ⊂ so8 .

Proof. Since the symplectic form on T ∗(SL3/U)sm constructed in Proposition
2.6 is the extension of the symplectic form given by the Hamiltonian reduction of
Ninj by H , it coincides with the pull-back of the symplectic form on (N1//SL2)sm
by the restriction of the isomorphism in Corollary 3.8 to the smooth points:

F :
(
T ∗(SL3/U)

)
sm

→ Omin.

So it suffices to show that the symplectic form on (N1//SL2)sm coming from the
Hamiltonian reduction coincides (up to a scalar multiple) with ωKKS . It suffices to
check for one forms.
Let v1 ∧ v2 ∈ Omin ⊂

∧2C8 . Recall the element ϕv1∧v2 ∈ so8 is defined in (7) by the
formula

ϕv1∧v2(u) = (v1, u)v2 − (v2, u)v1.

Observe that the tangent space Tv1∧v2Omin is spanned by vectors given by infinites-
imal actions of some w1 ∧ w2 ∈ so8 . Let

ξw1∧w2 = [w1 ∧ w2, v1 ∧ v2]

be such a tangent vector.
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To calculate ξw1∧w2 we first we compute

(ϕv1∧v2 ◦ ϕw1∧w2)(u) = [(w2, u)(v2, w1)− (w1, u)(v2, w2)]v1

+ [(w1, u)(v1, w2)− (w2, u)(v1, w1)]v2,

(ϕw1∧w2 ◦ ϕv1∧v2)(u) = [(v2, u)(w2, v1)− (v1, u)(w2, v2)]w1

+ [(v1, u)(w1, v2)− (v2, u)(w1, v1)]w2.

Then we compute the Lie bracket [ϕv1∧v2 , ϕw1∧w2 ] and get

ξw1∧w2 = (v2, w2)w1 ∧ v1 − (v1, w2)w1 ∧ v2 − (v2, w1)w2 ∧ v1 + (v1, w1)w2 ∧ v2

= ϕw1∧w2(v1) ∧ v2 + v1 ∧ ϕw1∧w2(v2).

The value of the one form λKKS on Omin at v1 ∧ v2 is

λKKS
v1∧v2(ξw1∧w2) = Tr(ϕv1∧v2 ◦ ϕw1∧w2) = 2((v2, w1)(v1, w2)− (v1, w1)(v2, w2)).

Recall from (10), we have ω1 = (1/2)dλ′ , where λ′ is the SL2 -invariant one form on
Hom(C2,C8) = C8 ⊕ C8 defined by

λ′
v1⊕v2

(x1 ⊕ x2) = (v1, x2)− (v2, x1).

Lift the tangent vector ξw1∧w2 to (x1 ⊕ x2) ∈ Tv1⊕v2(C8 ⊕ C8) , where

x1 = ϕw1∧w2(v1) = (w1, v1)w2 − (w2, v1)w1,

x2 = ϕw1∧w2(v2) = (w1, v2)w2 − (w2, v2)w1.

So we have

λ′
v1⊕v2

(x1 ⊕ x2) = 2((w1, v2)(v1, w2)− (w2, v2)(v1, w1)) = λKKS
v1∧v2(ξw1∧w2).
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