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Abstract. A local classification of semisimple Lie algebras of vector fields on CV that have a
Cartan subalgebra of dimension N is given. The proof uses basic representation theory and the
local canonical form of semisimple Lie algebras of vector fields.
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1. Introduction

All vector fields considered in this paper are assumed to be complex analytic. By
a Lie algebra of vector fields on CV Lie meant a Lie algebra of analytic vector
fields defined on some connected open subset U of CV. He considered two such
Lie algebras L; and Ly, defined on open subsets U; and U, respectively, to be
equivalent if there is an open set 4 C U; and an analytic map ¢ : U — Us,
which is a diffeomorphism between U and ¢(U) and qb*(Ll’M) = Lg}(b(u). This is
the same as saying that all Lie algebras obtained from a given Lie algebra L of
vector fields by a local change of coordinates are considered to be equivalent. Lie
gave, in this sense, a classification of all finite dimensional Lie algebras of vector
fields on C? [6]. This was later extended to vector fields on the real plane in [4].
In this paper we give a local classification of all finite dimensional complex semisim-
ple Lie algebras of vector fields on CV that have a Cartan subalgebra of dimension
N . The main result proved here is the following:

Theorem 1.1.  If G is a finite dimensional semisimple Lie algebra of vector fields
on CN which has a Cartan subalgebra of dimension N, then the simple factors of
G must be of type Ay, 1 < i < d, such that Z?Zl /; = N.

The proof of Theorem 1.1 uses the local canonical form of semisimple Lie algebras
of vector fields on RY given in [2, Theorem 2.1]. This result of [2] states that
if a semisimple Lie algebra of vector fields on R has a split Cartan subalgebra
then there are local coordinates xq, ---, xy with respect to which the Cartan
subalgebra is generated by 0,,, 1 < ¢ < r, where r is the dimension of the
Cartan subalgebra. If we have a complex semisimple Lie algebra of vector fields
on CV then all Cartan subalgebras of a complex semisimple Lie algebra are split.
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Thus we see, by repeating the arguments of [2, Theorem 2.1], that there are local
analytic coordinates xy, ---, xy with respect to which the Cartan subalgebra is
generated by 0,,, 1 < ¢ < r, where r is the dimension, over C, of a given Cartan
subalgebra. We refer the reader to [5] for results used from representation theory
and root systems in the proof of Theorem 1.1.

After seeing a preprint of this paper, V.Popov sent us Vinberg’s paper [8], where
a similar result is proved for algebraic groups over an algebraically closed field of
characteristic zero. In this paper we work with local analytic vector fields and do
not assume that the vector fields are complete. The result of Vinberg is therefore a
consequence of Theorem 1.1.

2. Structure of Lie algebras of vector fields

Lemma 2.1.  Let £ and £, be the Lie algebras of analytic vector fields on CFt™

of the form
k+m

k
Do filen - w)de and Y file - 2o,
i=1 =1

respectively, where f; are analytic functions of k wvariables. Then the linear map

k+m

k
0: L — L1, Y filwn - a)ds, — > filar, -, 2)0h,
=1

i=1

is a homomorphism of Lie algebras.

Proof.  For vector fields X and Y, and a smooth function h, we have
(X, h-Y] = h-[X, Y]+ X(h) Y.
Also, O, f(21,...,21) = 0 for k+1 < j < k4 m, implying the lemma. (]

Definition 2.2. Let L be a Lie algebra of vector fields defined on an open subset
U C CN. The rank of L is Max,g, dim{X(p) | X € L}. [

In general the rank and dimension are different: For example, the abelian Lie algebra
(Op, YOz, =+, y"0,) has rank 1 and dimension n + 1.
For a proof of the following basic fact see [3].

Theorem 2.3. If Xy, ---, X, are commuting vector fields defined on an open
subset U C CN and p € U a point such that Xi(p), ---, X.(p) are linearly
independent, then there are local coordinates xy, --- , xy defined near p such that
Xi=d, (1<i<r).

Coordinates as in Theorem 2.3 are called canonical coordinates for the commuting
fields Xi, ---, X,. We will use Lemma 2.1 and Theorem 2.3 to derive the local
canonical form of Lie algebras of type A; x A; x -+ x A;. This is an essential
ingredient for the proof of Theorem 1.1.

Notation: If a Lie algebra g is generated as a Lie algebra by Xy, ---, X,,, we write
g = <X17 Ty Xn>
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N—times
Proposition 2.4. If L =A; x A; X --- x Ay is a Lie algebra of vector fields on
CN then there are local coordinates x1, --- , xn in which

L = <eXp(I1)azueXp(_x1)a:c1> X X <exp($N>awN7 eXp(_xN)azN>‘

Proof.  The Lie algebra L has generators X;, Y; (1 <i < N) such that if we set
H; = [X;,Y]], then
[H;, Xi] = X, [H, Yi] = =Y, (1)
forall 1 < i < Nand [X;, X;] =0 = [V, Y] forall 1 < 4,5 < N. The
subalgebra (Hi, ---, Hy) is a Cartan subalgebra of L. By Theorem 2.3 there
are local coordinates x1, -+, xy such that H; = 0,, (see also [2, Theorem 2.1]).
The eigenfields for 0,, for eigenvalue A are exp(Ax;)(f10s + ...+ fnOsy), Where
fi, --+, fn are functions independent of x;. As [H;, X;] =0 = [H;,Y;] for i # j, we
see that X; = exp(x;)(Ni1Opy - -+ ANinOuy ), Vi = exp(—x;) ((i10z, ++ - -+ pinOzy )
where \;; and p;; are constants.

We want to show that A\; and p; are not zeroforall 1 < ¢ < N and A\j; = 0 = 5
if © # 7. To show that )\; and p;; are not zero for all 1 < ¢ < N, it suffices to
show this for ¢ = 1 — as this amounts to relabeling of variables.

We first show that A;; # 0. Suppose A;; = 0. Then
X1 = exp(ml)(/\m@m + -4 AlNaxN) and Yi = eXp(—xl)(uH&El + -+ ulNﬁmN).

Using the formula

[exp()U, exp(¥)V] = exp(x + V)(U)V = V()U +[U, V]), (2)
where x and ¢ are analytic functions, we see, using that \;;, p;; are constants,
that H1 = [Xl, Yi] = —un()\m@m + -+ /\1N8xN). Thus [Hl, Xl] = 0, but this

contradicts (1). Therefore A3 # 0. Similarly 17 # 0. As mentioned above, this
means that \; # 0 and p; # 0 for all 7.

Now we want to show that \;; = 0 = p;; for all ¢« # j. Without loss of generality,
we may suppose that ¢ = 1 and 7 = 2. The Lie algebra

Sio = (exp(z1)(A110z, + -+ + AinOay ), exp(—21) (110, + -+ + panOey )
X (exp(22)(A210z, + -+ + AanOiy ), €xXp(—22) (2102, + -+ - + HanOzy))
is a Lie subalgebra of vector fields of the type
fi(x1, 22) 0y + fo(x1,22)00, + - -+ + fn(21,22) 04 -

Note that S is isomorphic to A; x A;. By Lemma 2.1, the linear map of vector
fields defined by

Zﬁ\ilfi(mlaxQ)axi — fl(x17$2)a$1 —|—f2($1,l‘2)8x2 (3)

is a homomorphism of Lie algebras. As A1, p11, Ag2, oo are all not zero, the Lie
algebra Sis is mapped isomorphically, by the map in (3), onto its image

(exp(21)(M10z, + M20sy), exp(—21)(p110s, + f1120s,))

X < exp(72)(A210s, + A220s,), exp(—r2)(p210:, + M228x2)>7
which is of type A; x A;.
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To prove the proposition, it therefore suffices to show that if
8 = (exp(2)(9, +A,), exp(—2)(@, +110,)) x (exp(y)(D, +3,), exp(—y)(D, +]id.)),

where A, pu, X and i are constants, is a Lie algebra of type A; x A; on C? with
Cartan subalgebra (0, d,), then

A=p=Xx=p=0. (4)
Now [exp(z)(0, + AO,), exp(—z)(0,; + p0,)] should be a non zero multiple of 0,.

Using the formula (2), we see that A+ = 0. Similarly, we have X+ = 0.
Consequently, we have

8 = (exp()(D.+Ay), exp(—2)(0: = A3,)) X (exp(y) (9 +AD.), exp(—y) (9, — Ad.)).
As [exp(2)(0; + Ay), exp(y)(9y + 29,)] = 0 we see using the formula (2) that
MOy + A0y) — MOy + A0y) = 0. Therefore,

A=A = A (5)
On the other hand, as [exp(z)(0,+A0,), eXp(—y)(ﬁy—Xax)] = 0, from (2) it follows
that A0, — 30.) + M0, +20,) = 0,

So considering the coefficient of d, we conclude that A\ 4+ A = 0. This and (5)
together imply that A = 0 and A = 0. This proves (4). As noted before, (4)
completes the proof of the proposition. [ |

Lemma 2.5.  Any simple Lie algebra which is not of type Ay for some { contains
a subalgebra of type By, G or Dy.

Proof. If the Dynkin diagram of a given simple Lie algebra g contains a multiple
bond, then g contains a subalgebra of type By or G5. Assume that there is no
multiple bond in the Dynkin diagram of g.

If g is of type D,,, with n > 4, then it must contain a subalgebra of type Dj,.

If g is exceptional, it contains a subalgebra of type Eg whose Dynkin diagram is

N

Removing the two extreme vertices of the row we get the Dynkin diagram of Djy.
So g contains a subalgebra of type Dj. [ |

Part (1) of the following proposition is due originally to Lie in the sense that it
is a consequence of Lie’s classification of finite dimensional subalgebras of vector
fields on C? [6]. This classification is also listed in [1, p. 369-372], [4, p. 3] and |7,
pp. 472-475].

Proposition 2.6. (1) There is no faithful representation of a Lie algebra of type
By or Gy as analytic vector fields on C?.

(2) There is no faithful representation of a Lie algebra of type Dy as analytic vector
fields on C*.
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Proof. We will first show that there is no faithful representation of a Lie algebra
of type B, and G5 in vector fields on C2. To see this, if the positive roots of By
are a, 8, a+ f and «a + 203, then subalgebra of B, with roots

(o, o + 26, —a, —a — 2[3)

is of type A; x A;. Similarly, if G5 is a Lie subalgebra of Lie algebra of vector fields
on C? and the positive roots are o, 8, a + 3, a + 28, a+ 38 and 2a + 33, then
the Lie subalgebra of G5 with roots

(o, a+ 20, —a, —a — 2[3)

is of type A; x A;. By Proposition 2.4, any Lie algebra of vector fields on C? of
type A; x A; is equivalent to

S = (exp(x)0,, exp(—x)0;, 0y) X (exp(y)0y, exp(—y)0y, Oy).

Therefore, (exp(x)0,, exp(y)d,) is a rank two abelian Lie subalgebra in the derived
algebra of a unique Borel subalgebra of S, which is denoted by b. Thus if S is
contained in a Lie subalgebra g of vector fields on C2?, then g must have a highest
weight vector v in an S-invariant complement of S in g.

The derived algebra of the above Borel subalgebra b of S is
(exp(7)0s, exp(y)0,).
In the coordinates z, ¥ in which
exp(z)0, = 07 and exp(y)d, = 0y

we see that [0z, v] = 0 = [0y, v], as v is the above highest weight vector and a
highest weight vector is, by definition, in the null space of the derived algebra of a
Borel subalgebra b. Now v is of the form

v = f(?i’@ai + g(?i’@aﬂ

Therefore, [0z, v] = 0 = [0y, v] implies that f and g are constant functions. Hence
v € (03, Oy), which is a contradiction. Thus the only semisimple Lie algebras of
vector fields on C? are of the type A;, A; x A; and As,.

Now we will prove that there is no faithful representation of a Lie algebra of type
D, as vector fields on C*.

We note that if a, 5, v, 6 are the simple roots of Dy
)

[ J

|

|
e —— — e —— — o
o B gl
with «, 7, 6 orthogonal and (o, ) = (B, v) = (5, 0) = —1, the highest root is
a+28+v+0 = ap and ag is orthogonal to «, v, ¢, and thus the collection

{Oé, e 57 Qp, —Q, =7, _57 _050}
corresponds to a Lie subalgebra of type A; x A1 x A} X Aj.
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Its realization as vector fields on C* is
4

S = H(exp(mi)axi, exp(—x;)0u;, O, ),

i=1

with respect to some coordinates x1, xo, x3, 24, and

(exp(21)0z,, exp(22)0sy, exp(w3)0n;, exp(r4)0r,)

is a rank 4 abelian Lie subalgebra in the derived algebra of a Borel subalgebra of S.
By the same argument as before, there is no highest weight vector in its complement

in D,. This proves that there is no faithful representation of D, in vector fields on
Ct. n

The following proposition is also due to Lie in the sense that it is a consequence of
Lie’s classification of finite dimensional subalgebras of vector fields on C? [6]; see
the lists in [1, p.369-372], [4, p. 3] and [7, pp. 472-475].

Proposition 2.7.  All simple Lie algebras of vector fields on C* must be of type
Al or AQ .

Proof. By the main result of [2], the rank of such a Lie algebra can be at most
two. Now Lemma 2.5 and Proposition 2.6 together complete the proof. [ ]

3. Proof of Theorem 1.1

By [2, Theorem 2.1], if G is a semisimple Lie algebra of vector fields on C,
and C C @ is a Cartan subalgebra of dimension n of G, then there are co-
ordinates x1, ---, xny so that the root spaces corresponding to a simple set of
roots and their negatives are of the form exp(z;)V;, exp(—z;))W;, i = 1, -+, n,
where V; and W, are vector fields whose coefficients with respect to the basis
Oy, *++ , Oy, are independent of x4, - - -, x,, and the linear span of the vector fields
lexp(z;) Vi, exp(—z;))W;], 1 < i < n is that of 0,,, ---, 0., , and the Lie algebra
generated by exp(x;)V;, exp(—x;)W; is a copy of sl(2,C) for every i = 1, --- | n.

Thus in case the Cartan subalgebra is of dimension N, the vector fields V;, W, are
constant ones. Consequently, if aq, - -+, apy are the simple roots, the corresponding
root vectors are vector fields of the form

Xo, = exp(:pi)<§:)\i’j8@j>, X o, = exp(—xﬂ(iuivj@x‘j), (6)
j=1

J=1

where \;j and p;;, 1 <4, j < N, are constants with \;; # 0 # p,; for every i
as shown in the proof of Proposition 2.4.

Now suppose J is a set of simple roots. By permuting «;, - -+, ay we may assume
that J = {ay, -+, ag.}. Note that {X,,, X _,.}F, (see (6)) generate a semisimple
Lie algebra

g; C G. (7)
Moreover, g; = b;@c; D b_;, where ¢; is a Cartan subalgebra of g; and by, b_;

are Lie subalgebras obtained by taking commutators of all possible order starting
from the root vectors corresponding to the simple roots and their negatives.
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The formula

[exp(x)V, exp()W] = exp(x +¥)([V, W]+ V()W — W(x)V)
implies [exp(x)V, exp()W] = exp(x +¢)(V(¥) - W =W(x) V)

if V' and W are constant vector fields. Consequently, G, in (7) is a Lie subalgebra
of the Lie algebra of all vector fields of the type

N
> filwr, oo, w)0s,
=1

N k
and the projection Zfi(xl, s, Tp) Oy Zfi(xl, oo, T) Oy s
i=1 =1

is a homomorphism of Lie algebras by Lemma 2.1. Consequently, G; in (7) is
isomorphic to a Lie subalgebra of Lie algebra of vector fields on C*.

Suppose G; is not of type Ay.

By Lemma 2.5, either G is of type G5 or it has a Lie subalgebra of type By or Djy.
Now applying Lemma 2.1 we see that either we have a faithful representation of a Lie
algebra of type Gy or B, as a Lie algebra of vector fields on C? of rank two, or we
have a faithful representation of a Lie algebra of type D, as a Lie algebra of vector
fields on C* of rank four. But by Proposition 2.6 none of these representations exist.
Thus every simple components of G must of type Ay.

The faithful representations of A; in the Lie algebra of vector fields on CF are
already given in Corollary 3.2 of [2]. This describes all faithful representations of
maximal rank in the Lie algebra of vector fields on CV.

4. An application

A corollary of Theorem 1.1 is the following; it is due originally to Lie in the sense
that it can be obtained by inspection of the lists in [1, p.369-372] and [4, p. 3].
Recall that every finite dimensional Lie algebra g has a Levi decomposition g =
S X R, where S — the Levi complement — is semisimple and R — the radical —is a
solvable ideal.

Corollary 4.1. If g is a Lie algebra of vector fields on C* with a proper Levi
decomposition, then the Levi complement must be sl(2,C).

Proof. Let g C V(C?) be a finite dimensional Lie algebra of vector fields on
C? with Levi decomposition g = S x R. Assume that both S and R are not
zero. By adopting the arguments given in the proof of [2, Theorem 2.1], as all
Cartan subalgebras of a complex semisimple Lie algebra are split, we see that for
any complex semisimple Lie algebra of vector fields on C¥V, its Cartan subalgebra
can be of dimension at most N.

Thus S is of rank 1 or 2. If S is of rank 2, then it is of type A; x A; or Ay — by
Proposition 2.7. We have already seen that any Lie algebra of type A; x A; in C?
contains the abelian Lie algebra (exp(z)0,, exp(y)d,) — for suitable local coordinates
x, y — in the derived algebra of a Borel subalgebra.
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A Lie algebra of type A, is isomorphic to sl(3,C) and the Lie subalgebra of upper
triangular matrices is a Borel subalgebra of sl(3,C). The derived algebra of this
Borel subalgebra of sl(3,C) has generators X, Y, Z such that [X, Y] = Z with
Z commuting with both X and Y. Choose coordinates in which Z = 0,. Thus
X = fily)oy + ¢1(y)0y, and Y = f5(y)0r + ¢2(y)0,. If both the Lie algebras
(Z, X) and (Z,Y) are of rank 1, say X = fi(y)0:, Y = fo(y)0., then we have
[X, Y] = 0. Thus, one of (Z, X) or (Z,Y) must be of rank 2. Consequently,
the derived algebra of a Borel subalgebra of both the Lie algebras of type A; x A;
and As contains an abelian Lie algebra of rank 2. In the canonical coordinates x,y
of this abelian Lie algebra, any highest weight vector in V(C?) must be in the Lie
algebra (0,, 0,).

Thus the Levi complement S must be of type A;. Therefore, the only Lie algebras
on C? with a proper Levi decomposition must be of the form si(2,C) x R, where
R is the radical of the Lie algebra. [ |

Theorem 1.1 reduces the classification of semisimple Lie algebras of vector fields on
C3 and those Lie algebras with a proper Levi decomposition to the representations
of ranks one and two in the vector fields on C?; proofs of this classification will
appear elsewhere. (Here by rank we mean the dimension of a Cartan subalgebra of
a given semisimple Lie algebra.)
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