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Abstract. The purpose of this paper is to give an elementary and explicit construction of the
embedding Dy < Fy < Fjg, over a field K of characteristic 2 and to show that the Chevalley group
of type Dy is isomorphic to Qf (K).
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1. Introduction

In this paper we give an elementary construction of the Lie algebras embedding
Dy < F, < Ejg over fields of characteristic 2. We say an elementary construction,
on the account that we follow an elementary approach consists of little more than
naive linear algebra notions. In [13, 14, 17], Jacobson studied the construction of F}
in detail and generalized the construction of Fg to arbitrary fields of characteristic
not 2 or 3. It is remarkable to mention that fields of characteristic 2 or 3 are still
problematic in Lie algebras and in particular in Jordan algebra context. In [12]
Chevalley and Schafer showed that the algebra of derivations of the real Albert
algebra is a Lie algebra of type Fj, and also showed how to extend this to FEg.
Exceptional Lie algebras of type D, were first constructed by C.L.Caroll [11].
Jacobson in [20] showed that the algebra of derivations of an exceptional simple
Jordan algebra which maps a cubic subfield K onto zero is an exceptional Lie algebra
of type Dy, and this class of algebras contains all of those constructed by Caroll.
In [24] R. Wilson proved the existence of a Lie algebra of type Eg independently
of the Chevalley construction and generalized it to arbitrary fields of characteristic
not 3, and expressed the subalgebra of type Fj in terms of the Hurwitz ring of
quaternions. The importance of this construction is to provide descriptions which
are sufficiently concrete to be used effectively in investigating subgroup structures
of Fg, Fy and D4. For more information about these Lie algebras, one may refer
Aschbacher [5, 6, 7, 8, 9], Vavilov et al. [21, 22], Wilson [23], Aldhafeeri and Bani-Ata
[1, 2], Jacobson [19, 20], and Freudenthal [16].
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2. Preliminaries and general setup

The construction starts with a 6-dimensional elliptic orthogonal space V' over the
field of two elements Fy and a non-degenerate quadratic form ) on V' of minimal
Witt-index. To @ belongs a bilinear form on V' defined as:

(v]w) =Qv+w)+Qv) + Qw).
Let B={0#2€V |Q(z)=0} and L={L <V |dim L=2 and Q(L) = 0}.
The elements of the quadric B are called points and the elements of £ are called
lines, and the vectors s € V' with Q(s) = 1 are called exterior or anisotropic vectors.

The incidence structure (B, £) is a generalized quadrangle with 27 isotropic points
and 45 lines. Each line contains 3 points and each point lies on exactly 5 lines [2].

Let W ={ge€GL(V) | Q(z%) = Q(z) for all z € V} be the automorphism group
of (V,Q), which is isomorphic to €5 (2).2 = Uy(2).2. The group W is isomorphic to
the Weyl group of type Es and has order 51840. W is a 3-transposition group with
respect to the 36-reflections o5 : V. — V', v% = v + (v | s)s for v € V| where s is
an anisotropic vector. It is obvious that the Weyl group W acts on the orthogonal
space V' (and hence on the quadrangle), where the reflections induce transvections
with an anisotropic center.

Definition 2.1. A subset B of B is a root base if

1. B is a Fy-base of V

2. For any two distinct elements =,y € B, (z |y) = 1.
The set of root bases contained in B is denoted by ®.

Remark 2.2.  Any set of six pairwise non-orthogonal points is a root base. If B
is a root base, then sgp =) _px is an anisotropic, and B* = B + sp is also a root
base. We call B and B* corresponding root bases. By = {v € B | (v |sg) =0}
then B = By U BU B*. A line is either contained in By or it is a transversal line i.e
it intersects each of B, B*, and By. [ |

Proposition 2.3. (1) B contains exactly 72 root bases, i.e |®| = 72.

(2) The group W acts transitively on ® with stabilizer Sg and imprimitively on
O with 36 blocks {B,B*},B € ®.

Proof.  See [2]. ]

Remark 2.4. Root bases can be constructed as follows. For two points x and y
with (z |y) =1,set By, ={z}U{veB| (z|v) =1, (y|v)=0}. For aroot
base B and z € B one has B = B, ,1;,. It is obvious that for a point z, there
exist 16 points y with (2 | y) = 1. Hence again |®| = 2T1 = 72, Any root base
corresponds to an anisotropic vector sg = Zbe 5 b and every anisotropic vector s or
a reflection o, corresponds to two root bases By = By such that s = sg. Moreover,
By =B{*=By+sand BiUBy ={veB| (s,v) =1}. We denote o, by op and
BY* by Bf. ]

Proposition 2.5. [1] For root bases B and C' with sp # sc it holds
(1) If (sg | s¢) =0, then |BNC|=|BNC* =1 and B’ = B.
(2) If (sg | s¢) =1, then:
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(i) |BNC|=|B*NC*=3 and BNC*=B*NC = ¢ or

(ii) |BNC*=|B*NC|=3 and BNC =B*NC* = ¢.

(i) If BNC = ¢, then (B*NC)’2 U (C*N B)’¢ = B¢ = (78 is a root base
corresponding to sg + Sc .

3. Lie algebras of type Eg and of characteristic 2

Let K be a field of characteristic 2 and (B, L) a generalized quadrangle of type
Og (2) as defined above, and let A be a 27-dimensional vector space over K with
base {e, | x € B}. Let Endg(A) denote the Lie algebra consisting of all elements
of GL(A) with Lie product [X,Y] = XY —YX. For v € V define H, € End(A)
by ellv = (x| v)e,, x € B, and for a root base B define the Lie root Rg on A by

€T
RB_{engeersB, x € B,

e .
r 0, otherwise.

It is obvious that Rp has rank 6 and Rp, Rp+ are transposed to each other with
respect to the base {e, | z € B} and R% = 0.

Proposition 3.1.  For root bases B and C and for v,w € V' it holds:

(1) [H,, Hy| =0 and [H,,Rg] = (sp | v) Rp.

(2) [Rp,Rp:] =Hs,.

(3) If sp and sc¢ are distinct and orthogonal, then [Rp, Rc] = 0.

(4) If (sp|sc) =1 and BNC # ¢, then [Rp, Rc] = 0.

(5) If (sg| sc) =1 and BNC = ¢, then [Rp, Rc] = Rcos = Rpoc .

(6) If B+#C, then RgRcRg = Rp[Rp, Rc] = 0.

Proof.  For the proof see [1] and [3]. ]

Definition 3.2.  The Lie algebra E generated by the elements H,, v € V', and
the 72 Lie roots Rp, B € ® is a subalgebra of Endg(A) of dimension 78 over K.
Proposition 3.1 implies that the Lie algebra E is of type Eg. The group W acts
on A by eJ = e,s, W permutes the roots Rp and induces a Weyl group on the Lie
algebra E, normalizing the Cartan subalgebra H = (H, | v € V).

4. The Chevalley group E of type FEg

Definition 4.1. Let B be a root base. For k € K define the root elements
rp(k) =1+ kRp on A and define the root subgroups U = (rg(k) | k € K). The
following holds for root bases B and root elements rg(k).

Proposition 4.2. (1) The root group Ug is isomorphic to (K,+).
(2) If k #0, then Ca(rp(k)) = (e, | v € B*U By).
(3) [A,rp(k)] == {(a+a"#® | a € A) has dimension 6.
(4) For root bases B and C # B and k,m € K, it holds:
(i) [re(k),rc(m)] =1+ km[Rg,Rc].
(il) If BNC # ¢, then [rg(k),rc(m)] =1I.
(iii) If BNC'=¢, then [rp(k),rc(m)|=rp(km) fortheroot base D= B¢ = C?5.
(iv) The group (Up,Up+) is isomorphic to SLy (K).
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Proof. (1) Let rp (ki) and rg (k) be two root elements in Ug. Then
rp (ki) -1 (k) = (I + kyRg) (I + koRp) = I + kiRp + ks Rp + k1ko R%
=1+ (ki + ko) Rp, as RE = 0.
(2) This directly follows from the definition of rp(k).

(3) The commutator [A,r5(k)] := (a+a"#® |a € A) = (e, | x € B*) is of dimen-
sion 6.

(4)(i) Consider
re(k) re(m) rg(k) = (I + kRp) ({ + mR¢) (I + kRp)
= (I +mRc+ kRp +kmRgR¢) (I + kRp)
=1 +mRc+kRp+ kmRpRc + kRp +mkRcRp + k*R% + kK*>mRpRoRp
=1 +mRc +km|[Rp, Rc] as Ry = RgRcRp = 0,
by Proposition 3.1. As root elements are involutions, then it follows
rg(k) re(m) Rp(k) re(m) = I + km[Rp, Rc] + km[Rp, Rc| Re.
Hence [rg(k), Rc(m)]=I4+km [Rp, Rc| by Proposition 3.1(6), and this proves (4)(i).
The proofs of (4)(ii) and (iii) are direct consequences of 4(i) and Proposition 3.1.

(4)(iv) Consider the action of rg(k) and rg«(k) on the subspaces (e, €15, | © € B)
of dimension 12 and on the subspaces (e, | z € By) of dimension 15, the claim
follows. The group E = (Ug(k) | k € K, B € ®) with the above properties is the
Chevalley group of type FEjs in characteristic 2. [ |

Definition 4.3. We define the quadraticmap Q : A — A. Let z = Y ven Tvey € A.
Then Q(z) = > ven @v(T)ey, where Q,(x) is a quadratic form on A defined by

0= (11 =)
veLel weL\{v}
In particular @,(x) can also be written as:
Q. (z) = Z Talp.
L={abw}eLl

Lemma 4.1. (1) For a,b € A and g € E, a%¢ = (ab)? , where g* is the
transposed inverse of g with respect to the base {e, | x € B}.

(2) Forae A, ge E, Q(a?) = Q(a)?*.
(3) For ke K and g € A, Q(ka) = k*Q(a).
(4) For points z € B, Q (e;) = 0.

Proof. For 1 and 2, see [10] and 3 and 4 are obvious. ]

5. A construction of Lie algebras embedding D, < F; < Eg.

Definition 5.1.  An involution z € W is a Siegel involution if
L=[V,z] = {v*—v|veV}

is a singular line and the centralizer Cy(z) of z in L is L*.
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Remark 5.2.  For a transformation X in GL(A), let X* be the transpose of X
with respect to the base {e, | x € B}. For a Siegel involution z € W, the map
7i=7(2): X — ((X)*)™! = ((X*))~! is an automorphism of GL(A) as z acts
on A by permuting the base vectors e, i.e., e, = e,-, hence z € GL(A) and
induces an automorphism on GL(A) that is X — X*. In particular 7 normalizes
E as (Rg)" = Rp-, where Rp is a Lie root. Further if g € W, let 7(g) be the
automorphism g7 of E and note that 7g = g7.

Proposition 5.3.  Let z be a Siegel involution in W . Then
(1) ForallveV, (v*|v)=0.

(2) z fizes 12 anisotropic vectors and 12 orbits of length 2 on anisotropic vectors.

Proof. For L =[V,z] and v € V, one obtains v* = v+ w for w € L and thus
Q) = Q) = Q) + (v | w) + Q(w) = Qv) + (v | w). Hence (v |w) =0
and (v|v*) = (v | v+w) = 0. The fixed vectors of z are contained in L+ and all
anisotropic vectors in L1\ L are anisotropic vectors as () has minimal Witt-index.
Hence statement 2 holds. [ |

Remark 5.4. Let z be a Siegel involution. Define the automorphism v = ~, of
GL(A) by v(X) = (X?)", where 2 is the linear transformation of A with €2 = e, .
It is obvious that - normalizes E C GL(A), as

R}, = (R3)' = (Ry)" = (Rp.)* for Rp € E.

Definition 5.5. For a Siegel involution z in W, let F, = Cg(7,) be the fixed
space of v in E.

Theorem 5.6. . is a Lie algebra of dimension 52.

Proof. As « is an automorphism of GL(A) and E, this implies Cg(7) is a
Lie algebra. Let s be an anisotropic vector fixed by z. Then z leaves {Bs, BI}
invariant and thus B? = B, or B? = B?. Assume that B’ = B, and = € B,, it
follows 2 € B, and 0 = (x | z*) which implies By C Cy(2) = L*, a contradiction
as B, is a base of V. Hence B=B? and (Rp,)” = (RﬁBs)t = (RBS*)t = Rp,. This
means that z fixes 24 roots Rp with sg € Cy/(z). Hence

Ce(y) =Cu(y) & (Rp) @ (Rp+RE),
RL=Rp RL#Rp

where C(y) = (H, | v € L) of dimension 4, it is the Cartan Lie subalgebra and
dim (F,) = 4+ 24 + 24 = 52. ]

Theorem 5.7.  The Lie algebra ¥, is a Lie algebra of type Fy.
Proof.  We define the Lie roots Sg in F, by:

| Rs if Rp is fixed by 7,
B Rg+ R} if Rp is not fixed by 7,

and we show that F, is closed under the Lie multiplication. It is obvious that

F, = Cu(y) @ (Sp) and:
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(1) If Rg and R¢ are fixed by ~, then [Rp,Rc] = 0 or Rp = B = C"8 by
Proposition 3.1.
(2) [Rp, Rc+ R = [Rp, Re] + [Rp, RY] = [Rp, Re| + [Rp, R
= [Rp, Rc] + [Rp, Re]™.
(3) [Rp+ R}, Rc + RL] = [Rp, Rc] + [Rp, Rc]” + [Rp, RL] + [Rp, R
(4) [HU,RB] = (U | SB)RB if RB is fixed.
(5) [Hy, Rp+ Ryl = (H, | sp) Rp+ (H, | s3) Ry = (H, | sp) Rp + (H] | sp) R},
= (Hv + H) | SB) (RB + RE) = (HU + H) | SB) Sg.
This proves that F, is closed under the Lie multiplication and it is a Lie algebra of
type Fj. |

Definition 5.8.  The Lie roots {Rp | R} = Rp} are called long Lie roots.

Theorem 5.9.  The long Lie roots {Rp | R} = Rp} generate a Lie algebra Ej,
of type Dy.

Proof. Let L be a line and ¢, = {B €Ed|spe LL}. Then it suffices to prove
that E; is the subalgebra of E, generated by Rg, B € ®1. Solet B,C € &, we
discuss the following two cases:

(i) If B* = C, then it follows that [Rp, Rc| = [Rp,Rc] € H, the Cartan
subalgebra of E generated by H,, v € V.

(ii) If B* # C, then [Rp,Rc] = 0 or Rp for D € &, by Proposition 3.1 and
sp + sc € LY, this implies D € ®;. Hence

E,=H; & (Rg)=Cu(y) & (Rp),

Bed B'=B
where Hy = E;, NH = ([Rp, R}, B € ®1) of dimension 4.

As |®p| = 2|L+\L| = 24, then it follows that dimension Ej, is 28, and from
the relations in E and Fj, we see that [E; is of type D4. This completes the
proof of the theorem. [ |

6. The Chevalley group of type D,

Definition 6.1. The group E,=(Up | B € ®1) is defined to be the Chevalley
group of type Dy.

Theorem 6.2.  The group Ey, is isomorphic to Qg (K).

Proof. Let L = [V,z] € £ where z is a Siegel involution. If z € B, Let
Ve={yeB|y¢ L and (x| y) = 0}, then using the geometric properties of the
generalized quadrangle (B, £), one can easily see |V,| = 8, and for points x,y € V,
with (y | w) = 1, one has y + w is an anisotropic vector in Lt. Conversely any
anisotropic vector s € Lt is such a sum. Hence , let s € L*\L, s = w + y for
w,y € V, and B is a root base with sg = s =w+vy, y € B, w € B*. So if
r = rg(k), k € K, is an element in E, then r leaves the space (ep | P € V,)

invariant and induces a Siegel involution on this space, as e, = e, + ke, €, = €, as
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s € B*, Cyte = Cytas Coppy — Twtz+ ke, and e], = e, for all elements u € V. Hence
the four lines through x may be seen as {z,z;,v;}, i =1,2,3,4. Let A, := A (V)
be the space spanned by V,, then if a € A, = Z?Zl kies, + Z?:l m;e,, , where
ki,m; € K, then R

Q(CL) = Z?:l kimie, = Qx(a)el"

Hence (A, Q|4,) is an orthogonal space of “+7 type, as Ay = (€, €n 4a)®
€y xnta) D (Casy Cagin) D (€s,, €ryra). This means that ¢ induces a non-degenerate
quadratic form on A, and the restriction r|4, preserves @ as

Qa") = Qa)" = Qu(a)e; = Qula)es.
Moreover 7|4, preserves the restriction @|4, and hence induces a Siegel involution
on A, and all Siegel involutions with respect to the base {e, | y € V,} can thus be
obtained. Hence Ej; induces a group isomorphic to Qf (K) on (e, |y € V,) and
acts faithfully. Hence E7, = Qf (K). This completes the proof. [

Corollary 6.3.  Let Wy, be the stabilizer in W of L. Then Wy, permutes the roots
rg, B € ®1. This implies that Wi, normalizes the group Er and (Ep, W) = ELWy,
is the triality group of shape Qf (K). Ss where W, induces Sz on L. (Compare
with [10, Theorem 3.3].)

Acknowledgments. The authors would like to thank the editor Professor Dmitry
A. Timashev for handling this paper and the anonymous referee for his observation
about Remark 5.1.

References

[1] S.Aldhafeeri, M. Bani-Ata: On the construction of Lie algebras of type Eg(K), J.
Beitrage Algebra Geometrie 58 (2017) 529-534.

[2] S.Aldhafeeri, M. Bani-Ata: On Lie algebras of type Fy and Chevalley groups Fy(K),
E¢(K) and 2Eg(K) for fields K of characteristic 2, Comm. Algebra 47 (2019) 516
922.

[3] Y.Alkhezi, M.Bani-Ata: A geometry of the generalized quadrangle (0, L) of type
w and Lie algebras of type Eg with characteristic two, J. Algebra Appl. 19 (2020),
art.no. 2050016.

[4] M. Aschbacher: The 27-dimensional module for Eg, I, Invent. Math. 89 (1987) 159
195.

[5] M. Aschbacher: The 27-dimensional module for Eg, II, J. London Math. Soc. 37
(1988) 275-293.

[6] M. Aschbacher: Some multilinear forms with large isometry groups, Geom. Dedicata
25 (1988) 417-465.

[7] M. Aschbacher: The 27-dimensional module for Eg, III, Trans. Amer. Math. Soc.
321 (1990) 45 84.

[8] M. Aschbacher: The 27-dimensional module for Eg, IV, J. Algebra 131 (1990) 23-39.
[9] M. Aschbacher: The 27-dimensional module for Eg, V, unpublished.

[10] M. Bani-Ata: Quadratic forms on the 27-dimensional modules for Eg in characteristic
two, J. Lie Theory 32 (2022) 75-86.

[11] C.L.Caroll Jr.: Normal simple Lie algebras of type D and order 28 over a field of
characteristic zero, Dissertation, University of North Carolina (1943).



164

ALRWAJFEH AND AL-ALI BANI-ATA

C. Chevalley, R.D. Schafer: The exceptional simple Lie algebras Fy and Eg, Proc.
Nat. Acad. Sci. U.S.A. 36 (1950) 137-141.

L.E. Dickson: A class of groups in arbitrary realm connected with the configuration
of the 27-lines on a cubic surface, Quart. J. Pure Appl. Math. 33 (1901) 145-173.

L. E. Dickson: A class of groups in arbitrary realm connected with the configuration of
the 27-lines on a cubic surface (second paper), Quart. J. Pure Appl. Math. 33 (1908)
205-209.

C.Draper, A.Elduque: Fine gradings on the simple Lie algebras of type E, Note di
Matematica 34 (2014) 53-88.

H. Freudenthal: Oktaven, Ausnahmegruppen und Oktavengeometrie, mimeographed
notes, Utrecht (1951, 1960), reprinted in Geom. Dedicata 19 (1985) 7-63.

N. Jacobson: Some groups of transformations defined by Jordan algebras I, J. Reine
Angew. Math. 201 (1959) 178-195.

N. Jacobson: Some groups of transformations defined by Jordan algebras I1I, Group
of type Eg, J. Reine Angew. Math. 204 (1960) 74-98.

N. Jacobson: Some groups of transformations defined by Jordan algebras 111, Group
of type Eg, J. Reine Angew. Math. 207 (1961) 61-85.

N. Jacobson: Ezxceptional Lie Algebras, Lecture Notes in Pure and Applied Mathe-
matics Vol. 1, Marcel Dekker, New York (1971).

N. A. Vavilov, A.Yu.Luzgarev: Normalizer of the Chevalley group of type Eg, St.
Petersburg Math. J. 19 (2008) 699-718.

N. A. Vavilov, A.Yu.Luzgarev, 1. M. Pevzner: Chevalley groups of type Eg in the
27-dimensional representation, J. Math. Sci. (N.Y.) 145 (2007) 4697-4736.

R. Wilson: Albert algebras and construction of the finite simple groups Fy(q), Eg(q)
and 2Eg(q) and their generic covers, arXiv: 1310.5886 (2013).

R. Wilson: On the compact real forms of the Lie algebras of type Eg and Fy, Sib.
Math. J. 54 (2013) 159-172.

Malik Alrwajfeh, Mashhour Al-Ali Bani-Ata, Department of Mathematics, Faculty of Basic

Education, Public Authority for Applied Education and Traininig, Ardiya, Kuwait;
malik_ alrwajfeh@yahoo.com, mashhour_ ibrahim@yahoo.com.

Received August 8, 2024
and in final form December 24, 2024



