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1. Introduction

In 1972, I. G. Macdonald [11] obtained several identities involving products of the
Dedekind n-function in relation with affine root systems via some complicated
combinatorial method. Indeed, he first classified real affine root systems and tried
finding a generalization of the denominator identity for affine root systems, that is,
an identity of the form infinite product = infinite sum, where the product is taken
over roots in an affine root system and the sum is taken over the Weyl group of
the same affine root system. He found that it requires some ‘extra factors’ in the
product side. Later, V. Kac [6], R. Moody [13] and H. Garland and J. Lepowsky [5]
independently showed that these ‘extra factors’ can be interpreted as the factors
related with the imaginary roots. Starting from the denominator identity for each
affine root system, via specialization, Macdonald obtained the so-called Macdonald
identities. There are other known proofs of the Macdonald identities. For example,
these identities, except for B(Jl(z), were reproved in 1976 via some analysis on
modular forms by Van Asch [16], and H. D. Fegan [2] in 1978 reproved them only for
untwisted case via some analysis of the heat equation on compact simple Lie groups.
The latter work relies on the result of Kostant [10] where he rewrote the Macdonald
identities in such a way as to involve the heat kernel on the corresponding compact
Lie group. The reader may realize the richness of the subject.

In this note, after reviewing several facts, including the proof of Macdonald identities
for affine root systems of untwisted type, we present another proof of the Macdonald
identity associated with a twisted affine root system, not of type BCZ(Q), which uses
unusual folding considered by K. Saito in [15] and some facts from B.Kostant’s
beautiful paper [9]. For BC’I(2) case, we present one intermediate step and state the
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final result rapidly, as this case is too special and we believe that the reader who
followed other cases may find no difficulty to fill the detail. Thus, most of this note
is expository and our only modest contribution is §3.3.

Throughout this note, we don’t fix any normalization of the metric, for which there
is a price to pay in its presentation.

2. Affine root systems

Here, we recall some basic facts about finite and affine root systems, in particular,
two types of folding procedure. We adopt the formulations in [15] for later purpose.

2.1. Generalized root system

Let F' be a real vector space and I : ' x F' — R be a symmetric bilinear form
whose signature is (I, lo,[_) for some non negative integers [, ly,[_ such that not
all of them are zero. As usual, for any non-isotropic vector o € F', we set

Vv

2
= F
Q I(a’a)oze )

and define an isometry s, € O(F,I) by s,(A) =X —I(\,a")a.

Definition 2.1. A non-empty discrete subset R of F' is called a generalized root
system if it satisfies

(1) The lattice Q(R) (called the root lattice), spanned by the elements of R, is
full in F, ie, R®z Q(R) = F.

) For any « € R, one has I(a,a) # 0.
3) For any a, 8 € R, one has I(a¥,3) € Z.
) For any a € R, one has s,(R) = R.

)

Assume that there exists two subsets R, Ry of R which are orthogonal and
Ry U Ry = R, then either R; or Ry is empty.

The subgroup of O(F, I) generated by the reflections s, (a € R) is called the Weyl
group of R and is denoted by W (R).

A finite root system Ry is a generalized root system belonging to F with a positive
definite metric Iy, and an affine root system R,; is a generalized root system
belonging to F', containing F; as a subspace of codimension 1, equipped with a
positive semidefinite symmetric bilinear form I whose restriction to Fy x F is 5.
The image of R,y via the canonical projection F' — F/rad(I) = Fy, denoted by
R.¢/rad(1), is called a quotient root system which can be identified with a finite
root system R belonging to (Fy,Iy).

For a finite root system R; of reduced type, let (Rs)s and (Ry); be the set of
short and long roots, respectively. Here and after, we fix a set of simple roots
Iy = {aihicic of Ry, thus the set R} of positive roots of Ry. We also set
(R;?)* = (Ry)« N R]T (x € {s,1}).

For Ry of type BCj, the set of roots of middle length is denoted by (Rjy),,. We fix
a set of simple roots II; = {a;}1<i<; of Ry, hence of (Rf)sU (Ry),, which is of type
By, thus the set R;{ of positive roots of Ry. We assume that oy € (Ry)s.
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2.2. Affine root systems

Let R,y be a reduced affine root system belonging to (F, 1), and Ry be the finite
root system of type X; belonging to (Fy,Ir) which is isomorphic to the quotient
Raf/rad(l) .

Let ¢ € rad(I) be a generator of the lattice rad(l) N Q(Raf). It is known (cf. [§]
and/or [14]) that if

1. Ryisof type 4 (I > 1), D; (I >4) or Eg,E; or Eg, Ry is of type Xl(l)
defined by R.; = Ry +ZJ, if
2. Ry is of type By, C;, Fy or G, there exists t € {1,2} for Ry of type By, ()

or Fy and t € {1,3} for R; of type G such that R, is of type Xl(t) defined
by R.p = ((Rf)s + Z5) U ((Rf)l + tZ5), otherwise

3. Ry is of type BC; and R,y is of type BCZ(Q) defined by
Rap = ((Ry)s + Z6) U ((Rf)m + Z6) U ((Ry)i + (1 + 2Z)9).

An affine root system of type X l(t) is called untwisted type if t = 1 and twisted type
otherwise. The number t is called the tier number.

Here and after, we use the nomenclature for the reduced affine root systems due to

K. Saito [15], since they reflect the structure of root systems themselves more than
those of V. Kac [8].

Remark 2.2. There are several other known nomenclatures for reduced affine
root systems. For the sake of reader’s convenience, we clarify the relationships
between them in the following table:

K. Saito ([15]) x B® | ¢® | F® | G BC?
p® | 4@ (
V. Kac ([8]) xV e B D A
R. MOOdy ([12}) Xl71 Bl72 0172 F472 Gg,g ;52 e
12 1>1

Xl:le X: of type ADE

I. Macdonald ([11]) X, X of type BOFG

¢’ | B | FY | GY | BC = By

R. Carter ([1]) X 6} Ezt Fy | Gy 6;

In the rest of this subsection, we assume that the affineroot system R, is of type X l(t) :

o—10 =1,
Set ap=1 0—0, t # 1 and not of type BC’Z(Q),
§—20, Ry of type BC?,

where 0 € Ry and 05 € (Ry)s are highest roots. Then, the set
Haf = {Oéo} U Hf

is a set of simple roots, and the matrix 4 = (I(a}, a;))
alized Cartan matriz.

0<i < is called the gener-
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Let a;, a (0 <i <) be the positive integers such that

(1) the integers ag,ay,...,a; (resp. ay,af,...,q), called labels (resp. colabels),
are coprime to each other and

Qo 0
a 0

(2) they satisfy A :1 =|.| and (af af -+ @)A=(0 0 --- 0).
a; 0

The numbers h(Xl(t)) = 22:0 a; and hV(Xl(t)) = Zizo a; are called Cozeter and

1
dual Coxeter number, respectively.

Remark 2.3. (1) For R,y, not of type BCl(z),

(i) ap = ay = 1 and the vector Zi‘:l a;o; is equal to 6 if ¢ = 1 and to 6,
otherwise.

(ii) For ¢ = 1, the number h(Xl(l)) coincides with the Cozeter number h(X;) of
the finite root system of type X, i.e., the order of a Coxeter element.

(2) For R, of type BCl@),

(i) ap=1, ;=2 and af =2, ¢/ = 1.

2.3. Folding and mean-folding

Here we recall two types of folding procedures introduced by K. Saito [15]. Let R
be a finite or an affine reduced root system belonging to the pair (F,I) of a real
vector space with a symmetric bilinear form I, and let I'g be its Dynkin diagram,
whose nodes are identified with simple roots. Assume that the oriented graph I'g
admits a non-trivial finite order automorphism o which fixes at least one node of
I'r. Remark that the map o is a restriction of an isometry of (F,I), which we
denote by the same symbol o. Let (o) be the group generated by o. Let Tr') and
Tr(, be the linear maps from F' to its fixed point subspace F (@) defined by

T (2) = 3 ha,  Trg(z) = o > ha
heo)

The sets Tr'”’(R) and Tr(,y(R) are again finite or affine root systems, called the
folding and mean-folding of R, respectively. Their Dynkin diagrams can be obtained
by “folding” appropriately, with respect to o, the Dynkin diagram of I'g.

Remark 2.4. (1) Usually, the folding of R is defined as the image of R in the
(o) -coinvariant of F', and such a operation corresponds to the mean-folding Tr,.

(2) This automorphism o is a restriction of an isometry of F', which also acts on
the dual root system RY and induces an action on its Dynkin diagram I'rv denoted
by ¢V. Two foldings are related as follows:

TR = (T (R)) Tre (RY) = (0(R))
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When a non-trivial diagram automorphism o,¢ of an affine root system R,; can
be obtained by extending trivially a diagram automorphism o of the finite root
system R; = R,s/rad(I), namely,

a; 1= 0,
Uaf(Oéi) = {

O'f(Oéi> 1§Z§l,

the (mean-)folding of (Ry,0f) and (R,yr,04f) are given in the following table: set
Hy = (oy) and Hoy = (0uf)-

Table 1: (Mean-)Folding

‘ Type of Ry H Ay ‘ Dy ‘ Eg ‘ Dy
A A T A~ T
af - O+<L
& -
Type of Tr'"7 (Ry) B, C
Type of Try, (Ry) C B
Type of Tr'e/ (R,;) BZ(Q) Cl(z)
Type of Try, , (Raf) ot B

We will use the fact that any twisted affine root system, except for BC’I(Q), can be
obtained as a folding of an ADFE-type affine root system.

Remark 2.5. Indeed, one can realize the root system R,y of type BCZ(Q) as
follows. Let o, be a diagram automorphism Dé}lQ of order 4. Then,

% (R(DG),)) = T,y (R(DY),)) = R(BCY).

This automorphism o,s, admitting exactly one fixed point, permutes the 4 extremal
nodes and hence is not of type described above.

2.4. Affine Weyl groups

Here we extend the pair (F,I) considered in §2.2 to the real vector space a by
adding the dual of rad(I); F := F @ rad(I)* and a symmetric bilincar form [
such that (rad([)*)L = Fy @rad(])* and its restriction to rad(/) x rad(l)* is the
dual pairing. A node «; of the Dynkin diagram of R, is called special index if
0 —ajo; € Ryy.

Let W(Raf) be the subgroup of O(F\ i ) generated by reflections §, defined by
50N =A—I(\a)a, a€RyCFCF, AeF.

It is clear that the finite subgroup generated by 5, (o € Ry) is isomorphic to
the finite Weyl group W (Ry). For a non-isotropic vector v € F C F, define
t, € O(F,I) (cf. [8, (6.5.2)]) by

L) = A+ T\, 6)y — (m, N+ L, i, 5))5.

N =
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By direct computation, it can be verified that

1. wtyw™" =ty for any w € W(Ry), and

2. tyty, =ty 4, for any vi,72 € F.

First, we consider the affine root systems R,;, where oy is a speical index, i.e., R4y
is not of type BCI(Z) . In this case, we describe the group /W(Ra £) under the splitting
F=Fyorad(]).

For an untwisted R,y, since 3,,55—a, = tov and 0 € Ry is a long root, it follows
that 6V € (RY)s and its W (Ry)-orbit generates the coroot lattice Q(R}). Thus we

have
W(Ras) = W(Ry) x Q(RY). (1)

Likewise, for a twisted R,f, not of type BCl(Q), as 8agSs—ao = tev and O, € Ry is
a short root, it follows that the W (Ry)-orbit of Y = (2/1(fs,0,) 0, generate the
lattice (2/1(6s,65)) Q(Ry), i.e.,

W(Ras) = W (Ry) (725 QR)). @)

Second, we consider the affine root systems R,s of type BCl(Q). In this case, as the
unique simple short root «; is the only special index, we shall set H’f ={a;}o<i<i-1,
R} = Roy NZI; = R(C)) and F} = @f;é Ra;, and describe the group W(Raf)
under the splitting F' = F; @ rad([).

As 54,85-24, = tgv, where 0 € R’f is a highest root hence is a long root, it follows
that 0V € (R}), and its W (R})-orbit generates the coroot lattice Q((R})"). Thus,

similarly to (1), we have

o~

W(Raop) = W(RY) x Q((R))")). (3)

Remark 2.6. Tt follows from the above isomorphisms that the Weyl group of
R, ¢, which is a subgroup of O(F, 1), is isomorphic to W (R,y).

Let M be the lattice in the right hand side of above isomorphism W(Ra 7)== Wrx M.
The above isomorphism is clearly given by associating (u,y) € Wy x M with

uty € W(Raf). It is clear that
det 5 (ut,) = det z(u) = det g, (u),

i.e., the determinant of an element ut, of I//V\(Ra ) depends only on its finite part.

3. The Macdonald identities

In this section, after recalling the denominator identity for finite and affine root
systems and the Macdonald identity for untwisted affine root systems, we prove the
Macdonald identity for twisted affine root systems, which is not of type BC’Z(Q), in
a unified manner. The BC’l(Q) case will be treated separately. We often use the
symbols introduced in the previous section without reintroducing them.
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3.1. Denominator identity

Here, we recall the denominator identity for finite and affine root systems, separately.
First we recall the so-called Weyl vector. Let R; be a reduced finite root system
belonging to (Fy, Iy), Iy = {ai}1<i<i C Ry the set of simple roots of Ry and R}
the set of positive roots. Define the Weyl vector py € Fy by
1
1y
oceRJr

It can be checked that I;(pf, @) =1 for any 1 <4 <[. For an affine root system
R, belonging to (F,I) Whose quotient root system R,f/rad(l) is isomorphic to
Ry (not of type BCZ) let II,; be the set of simple roots recalled in §2.2. Regard
R,; as a subset of F.For0<i< l,let A; € Fy@rad(l)* be the vector satisfying
I(Al, ; 7) = 0; ;. The Weyl vector p € F is defined by

l
p1=1§£:1\p
=0

It appears that p — p; € rad(/)*. Notice that this construction depends on the
splitting F' = Fy @ rad({).

For the case when R, is of type BCZ(Z), we use another splitting F' = F} & rad(/)
defined in §2.4. Let I,y be the set of simple roots recalled in §2.2. For 0 <14 <[,
let A} € Fy ©rad(l)" be the vector satisfying I(Aj, o)) = d;;. The Weyl vector

pE F is defined by !
=N,
=0

Recall the subset 11’ of Il,; defined in §2.4. The Weyl vector p; of R satisfies
p—pf €rad(l)”.

Second, we recall a certain algebra £ over C. For X\ € F , set

!
l)CX>ZZA‘—:ZZQIUf::{AL€ Pj|37niEEZZQE&t.A-—[L::jz:TnﬂM.}
i=0
The algebra £ consists of the elements of the form ), 5 cxe® such that there exists
a finite number of vectors puq, po, - -+ , 1 € F satisfying

{/\Eﬁ‘cA#O}CUD(M).

The algebra structure on £ is defined by e* - e# = eM*,

Now, we recall the so-called denominator identity. The denominator identity of a
finite root system Ry is

el H (1—e) Z det g, (u )eues), (4)

aGR}F ueW( Rf

Notice that the left hand side can be rewritten as follows:

elf H (1—e) = H (e%o‘ — e_%o‘).

+ +
aERf aERf
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For an affine root system R, of untwisted type, it is

[(p,p)
€p_21f(pp,p6)5 H 1 — e~ H ( _ fné H (1 . ean6)>
aeR* n=1 acRy
) )
w(p)— (p:p) s
= Y detp(w)e” 20",
weW (Ray)

For a twisted affine root system R, not of type BCI(Q),

[(p.p) >
G [T -] ((1 — emmo)eel(y — gmtmay
aGR? n=1
% H —a—né) H (1 . e—a—tn6>> (6)
a€(Ry)s ae(Ry)
Z detl;(w)ew(p)*211?((2,;:5))67
wGW(Raf)
where we set Iy, = II; N (Ry), an%( H)f,l = II; N (Ry);. Here, the right hand side
pp

is a W(Raf) alternating sum of e” I <P»5>5, instead of e”. This shift is made so that
the vector K
IO/ =p— IA(Pap) 5

21(p,0)
satisfies I(p/, p') = 0. In this way, one may expect that the right hand side of (5)
and (6) can be expressed in terms of an alternating sum involving 6 constants which
is the case as we will see in the next subsections.
3.2. Macdonald identity I: untwisted case
Here, we recall how one can derive the Macdonald identity for an untwisted affine
root system R,; of type Xl(l).
First, we divide the both side of (5) by e” HQGR?(l —e™ ). Its left hand side simply

becomes
I(pp)
e 21(p) H( —e ™) H (1—6‘0“”5)).

OéERf

As for its right hand side, a direct computation shows

I(p+1(p,0)7.p+ 1(p,6)7)0

(p+1(p.6)y.p+ L(p.6)7)0,

ut(p)—p—2LLL5 — u(p+ [(p, 5)7) — p—

21(p, ) 21(p, 6)
1

=u(ps+1(p, 5)7)—pf—2f(p 5

for w € W(Ry) and v € Q(R}), by (1), it becomes

Z (ZUGW deth (u)e" (pfﬂ(p’éh) o ) e*m'lf (p+f(p75)%p+f(p,5)7) 5‘
HanRj[ (1 - e—oz)

YEQ(RY)
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Hence, we obtain

. 21;(;;%)) H( _ 7n5 H (1_6(1715))

CVERf

u(ps+7)
= Z (ZUEW(Rf) deti, (u)e®™ )621”(1;),5)'If(/0+%p+7)6,
ePs HaeR}r (1 - e_a)

(7)

v€l(p,6)Q(RY)

Second, we consider the specialization e* — 1 (1 <4 <1). For this purpose, let
us calculate I(p,d) and I(p, p). By definition, we have

Dpvx™), (8

~ l
1(p,8) = 1(p,c0) + I(p,0) = 1(92’9)<1+Za¥) =
=1

from which it follows from Freudenthal de Vries’ strange formula (cf. §47.10 of [4],
[3] or Exercise 6.4 of [14]) that

(o) _ 2 Ipppp) _ dimg(Ry)
21(p,6)  17(6.0) 2pv(xV) 24 7

where g(Ry) is the simple Lie algebra of type X;. Thus, the left hand side of (7)
becomes

d1m g(Rf)

5 H _ —n6 I+|Rg| <6_i5 H (1 _ e-n5)>dimg(Rf) _ n(e_(;)dimg(Rf)7
n=1

where 7(q) is the Dedekind eta function: 7(q) = g2 [[2,(1—¢") (usually, viewed
as a function on 7 in the upper half plane, where ¢ = €*™7). Recalled that the

weight lattice of Ry is defined by
P(Ry)={Xe F|;(\ o)) €Z 1< vz'gz}.

For the right hand side, since Q([}) is a sublattice of 506.0) 9 9 Q(Ry) C Fy, it follows

from (8) that I(p, §)Q(RY) C hv(Xl(1 JQ(Ry). Hence, it is sufficient to compute the
specialization e® +— 1 (1 <i <) of

ZUGW(Rf) deth (u)eu(Pf-‘r)\)

RP«
oMy - < D B

for any A € P(Ry). Regard e* (u € P(Ry)) as a function on Fy defined by
e'(z) = el " and evaluate the above fraction at tp; (t € R). As

( > detp, “(“pf)) (tpy)

UEW Rf
= Z det g, (u ( A+pf)tpf = Z detFf(u_l)elf(“_I(Pf)’t()\JrPf))
u€W (Ry) ueW (Ry)

- ( Z det r, (u U(ﬂf)) (tA + pp)),

UEW Rf
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it follows from (4) that

ZUGW(Rf) deth (u)eu(p,f+)\) 631f(>\+pf’a) o @_%If(A""Pfaa)
t = . t
ePs HaeR+ (1 - eia) (1) BT ( eslilpra) _ o=51f(ppsc) )
! aER]

[f()\ + pf,Oé)
[(pfaa)

i

a€ER

<3

Setting dx,(\) = H LA+ pp )

n I(pfva)

aeRf

for A € P(Ry), we see that the right hand side of (7) becomes

_Tplpptrppt) 2 s

Z dx,(y)e 2Vt RACO)
: .
v€l(p,6)Q(RY)

Thus, we obtain the so-called Macdonald identity:

Theorem 3.1 (cf. Theorem 8.7 in [11]).  Let Ry be a finite root system of type

X; and R,y be an affine root system of type Xl(l).

CIplpptrvppt) o

im v od . 6
n(e—é)d o(Ry) _ Z Xm (")/)6 anV(xy  17(0,0) ' (9)
v€l(p8)Q(RY)

Notice that dim g(Ry) = (h(X;) -+ 1)|II;| by Corollary 6.8 and Theorem 8.4 of [9].

3.3. Macdonald identity II: twisted case

Here, we basically follow the same idea as in the last subsection to obtain the Mac-
donald identity for a twisted affine root system R, = R(X l(t>) not of type BC’l(2).

First, we divide the both side of (6) by e” ] (1 —e®). Its left hand side simply

aGR;
becomes
6—2’§€;?>5H((1_enﬁ)'ﬂfvs@_etné)'“f’l' [T a-e=) I] (1—e°‘t”5)).
n=1 a€(Ry)s a€(Ry),

As for its right hand side, by a similar computation in the last subsection together
with (2), it becomes

Zuew(Rf) deth (u)eu (Pf+f(P:5)“{) —Pf

Z ( ) e mlf (P”(Pﬁ)%pﬁ(p,a)y) 5.
Mocrr (1—e7)

2
V€ Foa0m) G Fr)




IOHARA AND SAITO 201

Hence, we obtain

e zlz((pp?) H( e IHfs\(l_e—tné)IHf,zl H (1_e—a—n6) H (1_e—a—tn5>)
ac(Ry)s a€(Rf)
= Y (Z“EWmf) Aoty (e ) il (10)
ers HaeR}L (1 - e_a)

,0
VEZI(IQ" 9>)Q(Rf)

Second, we consider the specialization e* — 1 (1 <i <). For this purpose, let
us calculate I(p,p), and I(p,d). A similar computation to (8) yields

; (05,05
(p,8) = L0 v (x0), (11)
- 1(p, p) 2 Iy (py: py)
In particular, we have 2 = . .
P 20(p.8)  Lr(0:.62) 2pv(x)
Let us compute IJC(L’ZH.
2h (X,")

For this purpose, we realize Ry and R,; as the image of a folding, explained
in §2.3. Let F '+ be a real vector space, containing F; as a subspace, equlpped
with positive definite metric I # whose restriction to Fy x Iy gives I;. Let Rf
be the finite root system belonging to (F ol f) with a set of simple roots Il L1y whose
Dynkin diagram admits a non-trivial automorphism o such that one has FH v = Fy,
TrH(ﬁf) = Ry and TrH(ﬁf) = II;, where we set H = (G¢). In particular, it implies
TrH (ﬁ}r) = R} . Hence, in particular, we have the following;

1. (Ry)s = {T"(a)|ac (BR)"} and (Ry) = {Tr(a)|ac Ry\ (Ry)"}.

2. Set py = %Zae§+ a. Then,

EHPIETED> );<za+z>

ae(R})H aeRT\(R))H a€(R} )

3. Let f ¢ ]5;* be the highest root. One has 6 = Tr () = 4.
Consider the real vector space F=F f@rad(I ) equipped with a positive semidefinite
metric I such that I\F Py = = I; and I|pxp = I, where F = Fy @ rad(I) is clearly

a subspace of F. The automorphism oy extends to the automorphism o,5 of the
affine root system fiaf = }N%f + Z¢, fixing 6 € rad(l). By definition, one has
TrH(éaf) = R,;. Let Yy be the type of the root system Ef. Then, the type of the
affine root system }N%af is Ylffl) and

Lemma 3.2.  hY(X") =nv(v)).

Proof. Let Haf = {8, }o<j<n be the set of simple roots of Raf containing Hf and
satisfying Tr (Haf) = Iloy. Let {(a;)vyto<j<n and {(a})yy fo<j<n be the labels
and colabels, respectively, of Haf
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By definition, hV(YJ\(, )= ZN: (a))yy - Since Ef hence f{af is of simply-laced type,
it follows that (aj)y, = (a;)y, for any 0 <j < N, whereas for Ry, one has

0y = If(ei,es)e 9579 (Zaz@z> = Z a;e + Z ta;a

oaz‘EHﬂs OéiGHfJ
which implies
a; o; € Hf,s,
aV =
tCLi o; € Hf,l-
As § = Tr!(8) = 6, it follows that (a;)yy = a; if Tr(B;) = .
Since, t = |(64)| = |H.f| 1fB€Rf\RH,Weobta1n
hY X(t —1—1-2@ =1+ Zaz Zta,;
1<i<l 1<i<l
aZEHfS O(iEHf’l
1
=14+ > (vt Y () =), .
L<j<N 1<j<N
giely el \TH

By this lemma and Freudenthal de Vries’ strange formula for Ef, we obtain

Li(psspr) _ Ip(ps.pp) _ dimg(Ya) 1(6,6)
(X7 emv(yy) A 2

which implies

Lp.p) _ 2 dimg(Yn) I;(6.0) dimg(Yy)

20(p,8)  I;(0s,065) 24 2 24
Now, we compute |(Ry)s| and |(Ry):|. Let ¢ € W(Ry) be a Coxeter element, and
(c) the group generated by c¢. Consider the action of (¢) on R;. By Theorem 8.1 in

[9], each (c)-orbit contains a positive root, say «, which is sent to a negative root,
ie., cla) € —R}“. Such a positive root can be expressed as follows.

Suppose that we have ¢ = 54,54, , - - Sa, - Then, there exists 1 < j < such that
QO = 84,50y " Sa;_, (). Moreover, by Corollay 8.2, ibid., each (c)-orbit contains
exactly h(X;) elements. Thus, we have

Lemma 3.3. |(Rf)8| = h(Xl)|Hf75| and |(Rf)l| = h(Xl)|Hf7l|.

We now express dim g(Yy) in terms of [II;,| and |II;,|. Since t = [(G/)| = |H.B| if
B € Ry \ RY, one has

Ryl = (B9 | + |Rp \ BY7| = |(Rp)a] + t](Rp)i],
N = || = [T | 4 [T \ 7| = |0y + ¢ [T
Hence, Lemma 3.3 implies

dimg(Yy) = N + [Ry| = (h(X)) + 1) (|| + ¢|TL5)).
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Hence, the left hand side of (10) becomes

o= 2 e+ (|11 [+ p o ﬁ <(1 B efna)<h<xl>+1>|nf,s .

n=1

(e‘t5) |Hf,l ‘ ) h(Xl)-i-l'

(1- mzs)(h<xz)+1>lnf,z|)

n

~(n(e?) i

As for the right hand side of (10), (11) implies

I(p,6) 2 T50,,0) v/ vy vs ol
ST ' R(X0) = hY(X
I(Hsaas) If(asaes) 2 ( l ) ( l )

from which a similar argument to the last subsection implies that the right hand
side of (10) becomes

_Iglpptrppt) 2

. )
Z dx,(y)e —2Vx() @00
vehV (X{)Q(Ry)

Thus, we obtain the so-called Macdonald identity:

Theorem 3.4 (cf. Theorem 8.11 in [11]).  Let R,y be a twisted affine root system

of type Xl(t) with t # 1 and Ry be its finite quotient system. Assume that R,y is
(2)

not of type BC;™ .

(n(e) s,

Iplpptrps ) 2
o Ll D R M P LS
vehv (X{")Q(Ry)

3.4. Type BCI(Z)

Here we treat the case when R,y is of type BCl@) rapidly. As in the last subsections,
we assume that R, belongs to (F,I) C (F,I).

Let (Raf)s, (Raf)m and (Rqr); be the subset of short, middle length and long roots
of R,f, respectively. Set (R}). = R} N (Rap)« (* € {m,l}). By definition,

(Raf)s = { (ot (20— 1)9) )a € (R, ne }
(Raf)m = <R3“)m + Zo, (Raf)l = (R})l + 27Z..

The denominator identity of type B 01(2) gives

ep_;i((pé,%‘s H (1—e) H ((1 _ efné)l
ocE(R})7L n=1
X H (1 _ ea—né) (1 . ea—Qn(S) (1 . 6%(04—(271—1)(5)))
O‘G(R})m OLE(R})Z
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Dividing the both sides by e” HaE(R})Jr(l —e~ %) and specializing e~ (0 <7 <[—1)
to 1, we obtain the so-called the Macdonald identity:

Theorem 3.5 (cf. Type BC; (6)(b) of Appendix 1 in [11]). Let R,s be an affine
root system of type BC’l(Q) and R'f be a finite root subsystem of type Cj.

! L
(n(€—§6>2n<6—5)213n(e—25>2) _ Z de, (we*ml(pﬂ,pﬂ)f (13)

el (p.3)QUR,Y)

Details are left to the reader.

3.5. Postscript

The article [11] contains quite intriguing computations.

For example, 1. Macdonald has classified affine root systems even of non-reduced
type and he obtained 4 types: R(BCC;), R(CYBC;), R(BB)’) and R(CY(C}), but
its denominator identities were not given. In 1978, V. Kac [7] considered a certain

class of infinite dimensional Lie superalgebras which contains 4 types of affine Lie
superalgebras: B (0,1), A®(0,21), A®(0,2] — 1) and C? (I +1). Indeed, up to
7./27-structure, we have the next correspondence:

Non-reduced type | BCC, CVB(, BB/ CcV(C,
Affine super BW(0,1) | A®(0,21) | A@(0,21 —1) | CO(I +1)

where those in the same column are the same root system ! Moreover, their
Macdonald identities coincides with those for types BC’I(Q), BZ(Q), Bl(l) and BZ(Q),
respectively. Notice that these 4 affine root systems of reduced type are root
subsystems of the corresponding non-reduced consisting of the indivisible roots (cf.
[11]). There still seems to have many hidden structures to be explored in [11].
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