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Abstract. We study the existence of certain characteristically nilpotent Lie algebras with
flat coadjoint orbits. Their connected, simply connected Lie groups admit square-integrable
representations modulo the center. There are many examples of nilpotent Lie groups admitting
families of dilations and square-integrable representations. Much less is known about examples
admitting square-integrable representations for which the quotient by the center does not admit a
family of dilations. In this paper we construct a two-parameter family of characteristically nilpotent
Lie groups G(α, β) in dimension 11 , admitting square-integrable representations modulo the center
Z , such that G(α, β)/Z does not admit a family of dilations.
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1. Introduction

Two classes of nilpotent Lie algebras that have been studied in different areas
of mathematics are the so-called characteristically nilpotent Lie algebras and the
Lie algebras admitting an expanding automorphism. Characteristically nilpotent
Lie algebras are Lie algebras for which all derivations are nilpotent. Such Lie
algebras are nilpotent. They have been studied in various contexts. Among other
things, they provide examples of nilpotent Lie groups not admitting left-invariant
affine structures, see, e.g., [6, 19]. On the other hand, Lie algebras admitting an
expanding automorphism, i.e., an automorphism all whose eigenvalues λ satisfy
|λ| > 1 , are of importance in harmonic analysis as they provide nilpotent Lie groups
admitting families of dilations, so-called homogeneous groups [15]. The classes
of characteristically nilpotent Lie algebras and Lie algebras admitting expanding
automorphisms are well-known to be disjoint from each other (see Section 2). As
a matter of fact, one of the first examples of a nilpotent Lie algebra not admitting
an expanding automorphism was a characteristically nilpotent Lie algebra [14]; see
also [13].
In the present paper we study the existence of certain characteristically nilpotent
Lie algebras with flat coadjoint orbits. Nilpotent Lie algebras with flat coadjoint
orbits form a key object of study in the representation theory of nilpotent Lie
groups [10] as they characterize precisely those Lie algebras whose connected, simply
connected nilpotent Lie groups admit square-integrable representations modulo the
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center (see Section 3). Whereas nilpotent Lie groups admitting both families of
dilations and square-integrable representations exist in abundance (see, e.g., [9]),
there appears to be little known in the literature about the existence of nilpotent
Lie groups admitting square-integrable representations but not a family of dilations.
In particular, examples of characteristically nilpotent Lie groups G with square-
integrable representations modulo the center Z for which the quotient G/Z is again
characteristically nilpotent appear to be rare, see Remark 4.6. The existence of such
examples is, however, of interest in view of recent papers [20, 17, 16] on orthonormal
bases in the orbit of square-integrable representations of nilpotent Lie groups as we
explain next.

In [17], it was asked, given an irreducible, square-integrable representation (π,Hπ)
of a connected, simply connected nilpotent Lie group G , whether there always
exists a vector η ∈ Hπ and a discrete set Γ ⊆ G such that {π(γ)η}γ∈Γ forms
an orthonormal basis for Hπ . This question was solved affirmatively in [17] for
graded Lie groups with a one-dimensional center and was solved in [20] for arbitrary
connected, simply connected nilpotent Lie groups. It should be mentioned that the
contruction of orthonormal bases {π(γ)η}γ∈Γ actually happens in G/Z , in the sense
that if {π(γ)η}γ∈Γ is an orthonormal basis for Hπ , then so is {π(γζγ)η}γ∈Γ for any
sequence {ζγ}γ∈Γ in Z . Therefore, the investigation of orthonormal bases in the
orbit of G under π is the same as investigating orthonormal bases in the orbit of
associated projective representations of G/Z (see Section 3). For such projective
representations, it was shown in [16] that, if the nilpotent group G/Z admits a
family of dilations, then orthonormal bases {π(γ)η}γ∈Γ for Hπ cannot consist of
smooth vectors, that is, the map x 7→ π(x)η cannot be smooth. Although it is
expected that smooth orthonormal bases do not exist for general connected, simply
connected nilpotent Lie groups (see [16, 21]), it appears that relevant examples of
groups G admitting square-integrable representations but such that G/Z does not
admit a family of dilations are rare in the literature. The aim of the present note is
to construct a family of such examples. More precisely, we will show the following
theorem.

Theorem 1.1. There exists a two-parameter family of characteristically nilpotent
Lie groups G(α, β) in dimension 11, admitting square-integrable representations
modulo the center Z , such that G(α, β)/Z is characteristically nilpotent, and hence
does not admit a family of dilations.

A family of examples yielding Theorem 1.1 is explicitly given in Section 4. It
consists of so-called filiform nilpotent Lie groups, meaning that the nilpotency
index is maximal with respect to the dimension. There are various obstructions
to constructing such examples with the properties asserted in Theorem 1.1. First,
if G admits a square-integrable representation modulo its center Z , then G/Z
is necessarily even-dimensional. Since a filiform nilpotent Lie group has a one-
dimensional center, this means that G needs to have an odd dimension. Second, if
dim(G) ≤ 7 , then G/Z cannot be characteristically nilpotent, so that necessarily
dim(G) ≥ 9 whenever G admits square-integrable representations and G/Z is
characteristically nilpotent. To find two-parameter families of Lie groups with such
properties, it is more convenient to require that dim(G) ≥ 11 as this allows for the
construction of examples for which the required properties are easier to verify.
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It should be noted that one could construct many more filiform nilpotent examples
in any odd dimension n ≥ 11 with the properties asserted in Theorem 1.1. In fact,
the filiform nilpotent Lie algebras fn for n ≥ 13 , defined in section 5 of [8], and
their Lie groups are good candidates for it. We expect that all Lie algebras fn and
their quotients fn/z are characteristically nilpotent.
For the variety Fn of filiform nilpotent Lie algebras of dimension n with n ≥ 7 it is
known, that every irreducible component contains a nonempty Zariski open dense
subset consisting of characteristically nilpotent Lie algebras. For a reference see
Theorem 11 in [2]. In other words, characteristically nilpotent filiform Lie algebras
are quite common.
The organization of this paper is as follows. Section 2 collects various notions
and facts on automorphisms, gradings and characteristically nilpotent Lie algebras.
Section 3 provides the relevant background on square-integrable representations of
nilpotent Lie groups. The flat coadjoint orbit condition is explained. In Section 4 we
construct the family of filiform nilpotent Lie groups and Lie algebras for Theorem
1.1, and prove our main result on the level of Lie algebras and their derivation
algebras.

2. Automorphisms and gradings
We will assume that all Lie groups and Lie algebras are finite-dimensional over the
field of real numbers. We recall some notions and results that have appeared in
different contexts for nilpotent Lie groups and Lie algebras.

Definition 2.1. An R-grading on a Lie algebra g is a decomposition of g as a
direct sum

g =
⊕
r∈R

gr

of subspaces gr ⊆ g such that [gr, gs] ⊆ gr+s for all r, s ∈ R . Here almost all of the
spaces gr are zero. We call such an R-grading positive, if gr = 0 for all r ≤ 0 .

In an analogous way one defines a Z-grading on g . Note that an automorphism
ϕ ∈ Aut(g) preserves a grading if ϕ(gr) = gr for every r . We call an automorphism
ϕ ∈ Aut(g) expanding, if all eigenvalues λi have absolute value |λi| > 1 . Every Lie
algebra g admits the trivial grading, which is given by g = g0 .

Definition 2.2. A Lie algebra g is called characteristically nilpotent, if all deriva-
tions D ∈ Der(g) are nilpotent.

In particular, a characteristically nilpotent Lie algebra g has only nilpotent inner
derivations D = ad(x) for all x ∈ g , and hence is nilpotent by Engel’s theorem.
Moreover the derivation algebra Der(g) of a characteristically nilpotent Lie algebra
g is nilpotent.
The following lemma is stated in Dyer’s paper [14], but without a proof. Since we
could not find a proof in the literature, we will give one here.

Lemma 2.3. Let g be a characteristically nilpotent Lie algebra. Then the eigen-
values of any automorphism in Aut(g) are roots of unity.

Proof. Denote by Aut(g) the automorphism group of g , and by Aut(g)0 the
connected component of the identity. Since Aut(g) is a linear algebraic group, it
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has only finitely many components in the standard topology. Hence Aut(g)0 has
finite index in Aut(g) . The Lie algebra of both Aut(g) and Aut(g)0 is given by
the derivation algebra Der(g) . The exponential map determines a bijection between
Der(g) and Aut(g)0 as Der(g) is nilpotent. Since g is characteristically nilpotent,
every derivation in Der(g) is nilpotent, so that every automorphism in Aut(g)0 will
only have eigenvalues equal to 1 . Now let ϕ ∈ Aut(g) . Since Aut(g)0 has finite
index in Aut(g) , there exists an integer k > 0 such that ϕk ∈ Aut(g)0 . For any
eigenvalue λ of ϕ it follows that λk = 1 .

For the following result see Lemma 2 in [7].

Lemma 2.4. Let g be a characteristically nilpotent Lie algebra. Then the only
Z-grading on g is the trivial grading.

Proof. Suppose that g =
⊕
i∈Z

gi is a grading.

Consider the bijective linear map ϕ : g → g defined by ϕ(x) = 2ix for all x ∈ gi .
The definition of a grading implies that ϕ is a Lie algebra automorphism of g . Since
the real eigenvalues are equal to 1 by Lemma 2.3 , we have i = 0 and g = g0 .
Note that the converse statement also holds. If g admits a nontrivial Z-grading,
then the linear map D : g → g defined by D(x) = ix for all x ∈ gi is a nonnilpotent
derivation.
Following [15], we define dilations as follows.

Definition 2.5. A Lie algebra g is said to admit a family of dilations, if there
exists a one-parameter family (δt)t>0 of automorphisms δt ∈ Aut(g) of the form

δt = exp(A log(t)), t > 0,

for a diagonalizable linear operator A : g → g with positive eigenvalues.

The following result relates the various notions introduced above. It can be found in
the literature among different references. We summarize it here for the convenience
of the reader.

Proposition 2.6. Let g be a Lie algebra. Then the following statements are
equivalent.
(1) g admits an expanding automorphism.
(2) g admits a nontrivial positive R-grading.
(3) g admits a nontrivial positive Z-grading.
(4) g admits a family of dilations.
If one of the conditions is satisfied then g is nilpotent.

Proof. By Theorem 2.7 in [12], (1) is equivalent to (3) . In addition, it is shown
in Proposition 2.9 of [12], that (1) implies that g is nilpotent. Hence it suffices to
prove the equivalence of (2), (3) and (4) . Assume that (4) holds and we have a
family of dilations (δt)t>0 with δt = exp(A log(t)) . Then we obtain a decomposition
g = g1 ⊕ · · · ⊕ gk , where gi denotes the eigenspace of A corresponding to the i-th
positive eigenvalue ri of A . For every r > 0 different from the eigenvalues of A set
gr = 0 . Then δt(x) = trx for any x ∈ gr .
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Let x ∈ gr, y ∈ gs with r, s > 0 . We have

δt([x, y]) = [δt(x), δt(y)] = tr+s[x, y],

which implies [gr, gs] ⊆ gr+s . Thus g admits a positive R-grading and (2) holds.
By Proposition 2.6 in [11] condition (2) implies condition (3) ; see also [18] for
another proof that (4) implies (3). Finally suppose that (3) holds, and g = ⊕i∈Zgi
is a positive Z-grading. Define the linear operator A by Ax = ix for x ∈ gi . This
yields a family of dilations (δt)t>0 given by δt = exp(A log(t)) for t > 0 , and (4) is
satisfied.

Corollary 2.7. Let g be a characteristically nilpotent Lie algebra. Then g does
not admit a family of dilations.

Proof. By Lemma 2.4, a characteristically nilpotent Lie algebra only admits the
trivial Z-grading. Hence, the claim follows from Proposition 2.6.
Let G be a connected, simply connected nilpotent Lie group with Lie algebra g .
Then exp: g → G is a diffeomorphism, and given a family of dilations (δt)t>0 on g
we define a corresponding family of dilations on G by exp ◦δt ◦ exp−1 . Then we say
that G admits a family of dilations, if g does admit one. Lie groups admitting a
family of dilations are often called homogeneous groups, see [15].

Remark 2.8. The positivity of the grading in Proposition 2.6 is needed for
the existence of a family of dilations. It is worth pointing out that the following
conditions are equivalent, see [12], Theorem 2.7 :

(i) g admits an R-grading with g0 = 0 .
(ii) g admits a Z-grading with g0 = 0 .
(iii) g admits either an expanding or a hyperbolic automorphism, or both.

Here an automorphism of g without eigenvalues of modulus 1 is called hyperbolic,
if it has at least one eigenvalue λ with |λ| > 1 and at least one eigenvalues µ with
|µ| < 1 . Over the complex numbers the conditions are equivalent to the fact that g
does not admit a nonsingular derivation. Each condition implies that g is nilpotent.
In this context it is interesting to note that there exist nilpotent Lie algebras, which
are neither characteristically nilpotent, nor admit a nonsingular derivation.

3. Nilpotent Lie groups admitting square-integrable representations
In this section we let G always be a connected, simply connected nilpotent Lie group
with Lie algebra g . Denote the dual vector space of g by g∗ and the center of g by
z . Let Ad: G → GL(g) denote the the adjoint representation of G . Then G acts
on g∗ by the coadjoint map Ad∗ : G → GL(g∗) defined by

(Ad∗(g)ℓ)(x) = ℓ(Ad(g)−1x), for x ∈ g , g ∈ G and ℓ ∈ g∗ .

Definition 3.1. The stabilizer of ℓ ∈ g∗ for the coadjoint map is the closed
connected subgroup G(ℓ) = {g ∈ G | Ad∗(g)ℓ = ℓ of G . Its Lie algebra is given by
the Lie subalgebra g(ℓ) = {y ∈ g | ℓ([x, y]) = 0 ∀x ∈ g} of g .
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Each ℓ ∈ g∗ determines a skew-symmetric bilinear form

Bℓ : g× g → R by Bℓ(x, y) = ℓ([x, y]).

The radical of Bℓ is given by g(ℓ) . Therefore g(ℓ) is sometimes called the radical of
ℓ . Note that g(ℓ) contains the center z of g . For any ℓ ∈ g∗ , the subalgebra g(ℓ)
has even codimension in g , see Lemma 1.3.2 in [10].

Remark 3.2. The radical g(ℓ) of ℓ ∈ g∗ is discussed in [10] with several examples.
It is also related to the index of a Lie algebra g , which is defined by

χ(g) = inf{dim ℓ(g) | ℓ ∈ g∗}.

For a discussion and a computation of the index see [1] and the references given
there.

Let (π,Hπ) be an irreducible unitary representation of G . Then there exists
ℓ ∈ g∗ and a polarization h of ℓ such that π is unitarily equivalent to an induced
representation πℓ := indG

H χℓ , where H = exp(h) and

χℓ(expX) = eiℓ(X), X ∈ h.

Two irreducible induced representations indG
H(χℓ) and indG

H(χℓ′) are unitarily equiv-
alent if and only if ℓ, ℓ′ ∈ g∗ belong to the same coadjoint orbit. The coadjoint orbit
Oℓ := Ad∗(G)ℓ associated with the equivalence class π ∈ Ĝ is often simply denoted
by Oπ . For more details see Section 2.2 in [10].

Definition 3.3. An irreducible unitary representation (π,Hπ) of G is said to be
square-integrable modulo Z if it admits a vector η ∈ Hπ \ {0} such that∫

G/Z

|〈η, π(x)η〉|2 dµG/Z(x) < ∞,

where x = xZ and µG/Z denotes the Haar measure on G/Z .

If (π,Hπ) is square-integrable modulo Z , then it can be treated as projective unitary
representation π of G/Z . Indeed, if s : G/Z → G is a continuous section for the
canonical projection q : G → G/Z , meaning that q ◦ s = idG/Z , then the map
π : G/Z → U(Hπ) defined by

π(x) = π(s(x)) for x = xZ ∈ G/Z,

is a projective unitary representation of G/Z that is irreducible and square-integrable.
The following characterization is a combination of Theorem 3.2.3 and Corollary
4.5.4 in [10].

Lemma 3.4. Let (π,Hπ) be an irreducible unitary representation of G. The
following assertions are equivalent:
(1) π is square-integrable modulo Z ;
(2) g(ℓ) = z for some (all) ℓ ∈ Oπ ;
(3) Oℓ = ℓ+ z⊥ for some (all) ℓ ∈ Oπ .

The condition (3) is often referred to as the flat orbit condition.
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4. A two-parameter family
In this section we will construct a two-parameter family of nilpotent Lie groups
yielding Theorem 1.1. In addition, this yields nilpotent Lie groups admitting square-
integrable projective unitary representations, but does not admit a family of dila-
tions. This follows from the following lemma, which transfers the question to the
level of Lie algebras.

Lemma 4.1. Let g be a nilpotent Lie algebra admitting a linear form ℓ ∈ g∗

such that g(ℓ) = z and such that g/z is characteristically nilpotent. Then the
associated connected, simply connected nilpotent Lie group with Lie algebra g/z
admits irreducible, square-integrable projective unitary representations but does not
admit a family of dilations.

Proof. Let G be the connected, simply connected Lie group with Lie algebra
g . If there exists ℓ ∈ g∗ such that g(ℓ) = z , then the irreducible representation
π = πℓ of G associated to ℓ is square-integrable modulo the center Z of G by
Lemma 3.4. As such, it gives rise to an irreducible, square-integrable projective
representation π of G/Z as indicated above. However, since the Lie algebra g/z
of G/Z is characteristically nilpotent, it does not admit a family of dilations by
Corollary 2.7 . Thus, G/Z does not admit a family of dilations.
In order to find examples yielding Theorem 1.1, we need to construct nilpotent Lie
algebras g together with ℓ ∈ g∗ such that g(ℓ) = z , so that the quotient algebra
g/g(ℓ) is characteristically nilpotent. Note that g/g(ℓ) has to be even-dimensional.
A natural choice here for g are so called filiform nilpotent Lie algebras, i.e., nilpotent
Lie algebras of dimension n with nilpotency index n − 1 . For filiform nilpotent
Lie algebras the center is one-dimensional, so that dim(g) needs to be odd. Note
that we need dim g ≥ 9 , because for dim g ≤ 7 the quotient Lie algebra g/z has
dimension less than 7 , and hence admits a nonsingular derivation and cannot be
characteristically nilpotent. In order to find multi-parameter families we even would
like to assume that dim g ≥ 11 . We have already studied filiform nilpotent Lie
algebras of dimension 10 and 11 in [6] in the context of affinely-flat structures. This
was helpful for the construction of the following two-parameter family g = g(α, β) of
filiform nilpotent Lie algebras of dimension 11 , with an adapted basis {e1, . . . , e11} .
It is defined by the following Lie brackets:

[e1, ei] = ei+1 for all 1 ≤ i ≤ 10,

[e2, e3] = e5 + αe6,

[e2, e4] = e6 + αe7,

[e2, e5] = −e7 + (α− β)e8,

[e2, e6] = −3e8 + (α− 2β)e9,

[e2, e7] = −2e9 − 1
4
(5α + 7β)e10 +

1
16
(27α2 + 12αβ + β2)e11,

[e2, e8] = 2e10 − 1
4
(23α + β)e11,

[e2, e9] = −e11,

[e3, e4] = 2e7 + βe8,

[e3, e5] = 2e8 + βe9,

[e3, e6] = −e9 +
1
4
(9α− β)e10 − 1

16
(27α2 + 12αβ + β2)e11,
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[e3, e7] = −4e10 +
3
2
(3α− β)e11,

[e3, e8] = 3e11,

[e4, e5] = 3e9 − 1
4
(9α− 5β)e10 +

1
16
(27α2 + 12αβ + β2)e11

[e4, e6] = 3e10 − 1
4
(9α− 5β)e11,

[e4, e7] = −7e11,

[e5, e6] = 10e11.

The Jacobi identity holds for all parameters α, β . The Lie brackets, which are not
implied by skew-symmetry, or bilinearity, are zero. Denote by z the center of these
Lie algebras. We have z = span{e11} for all pairs (α, β) .

Proposition 4.2. The Lie algebras g(α, β) are pairwise nonisomorphic, i.e., we
have g(α, β) ∼= g(α′, β′) if and only if (α, β) = (α′, β′). They are characteristically
nilpotent if and only if (α, β) 6= (0, 0).

Proof. Let ϕ : g(α, β) → g(α′, β′) be a Lie algebra homomorphism. Then the
conditions easily imply that the matrix of ϕ is lower-triangular with diagonal
(ξ, ξ2, . . . , ξ11) for some ξ , with respect to the adapted basis {e1, . . . , e11} . The equa-
tions in the entries of the matrix for ϕ immediately imply that α′ = α and β′ = β .
A computation shows that the derivation algebra of g(α, β) is 13-dimensional for all
(α, β) with 3α+ β 6= 0 , or with 3α+ β = 0 , α 6= 0 . All derivations are represented
by a strictly lower-triangular matrix in this case, and hence are all nilpotent. A
basis of derivations can be written down as in the proof of Proposition 4.4 .

Proposition 4.3. Let g = g(α, β) and ℓ = e∗11 ∈ g∗ . Then we have g(ℓ) = z for
all pairs (α, β).

Proof. Let x = (x1, . . . , x11) ∈ g(ℓ) , which means ℓ([x, y]) = 0 for all y ∈ g . This
is equivalent to the conditions ℓ([x, ei]) = 0 for i = 1, . . . 11 . For each 1 ≤ i ≤ 10
we obtain a linear equation in the variables x1, . . . , x11 . For i = 11 we only have
0 = 0 . Thus we obtain the following system of linear equations.

0 = x10,

0 = γx7 − 4(23α + β)x8 − 16x9,

0 = γx6 − 24(3α− β)x7 − 48x8,

0 = γx5 − 4(9α− 5β)x6 − 112x7,

0 = γx4 − 160x6,

0 = γx3 + 4(9α− 5β)x4 − 160x5,

0 = γx2 + 24(3α− β)x3 − 112x4,

0 = (23α + β)x2 − 12x3,

0 = x2,

0 = x1,

where γ = 27α2 + 12αβ + β2 . It follows that x1 = · · · = x10 = 0 and x ∈ z . So we
have g(ℓ) ⊆ z . The converse inclusion is clear.
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Proposition 4.4. The quotient Lie algebras g(α, β)/z of dimension 10 are char-
acteristically nilpotent if and only if (α, β) 6= (0, 0).

Proof. A direct computation shows that for (α, β) 6= (0, 0) all derivations are
strictly lower-triangular with respect to the basis {e1, . . . , e10} . Hence all derivations
are nilpotent and the quotient algebra is characteristically nilpotent. For the explicit
computation of all derivations we make a case distinction. Assume that 3α+β 6= 0 .
Then the derivation algebra has dimension 12 , and a basis of derivations D1, . . . D12

is given as follows. Here Eij denotes the matrix of size 10 with entry 1 at position
(i, j) and all other entries equal to zero.

D1 = E3,1−E5,3−αE6,3−E6,4−αE7,4 + E7,5 + (β − α)E8,5 + 3E8,6 + (2β − α)E9,6

+ 2E9,7 +
5α+7β

4
E10,7 − 2E10,8

D2 = E4,1+E5,2+αE6,2−2E7,4−βE8,4 − 2E8,5 − βE9,5 + E9,6 +
β−9α

4
E10,6 + 4E10,7

D3 = E5,1 + E6,2 + αE7,2 + 2E7,3 + βE8,3 − 3E9,5 +
9α−5β

4
E10,5 − 3E10,6

D4 = E6,1 − E7,2 + 2E8,3 + (2β − α)E9,3 + 3E9,4 +
9β−13α

4
E10,4

D5 = E7,1 + 2E9,3 +
5α+7β

4
E10,3

D6 = E8,1 − 2E10,3

D7 = E9,1

D8 = E10,1

D9 = E3,2 + E4,3 + E5,4 + E6,5 + E7,6 + E8,7 + E9,8 + E10,9

D10 = E8,2 + E9,3 + E10,4

D11 = E9,2 + E10,3

D12 = E10,2

For 3α+β = 0 with α 6= 0 again all derivations are nilpotent and a basis is given as
above. For (α, β) = (0, 0) however, the derivation algebra has dimension 13 , and the
additional basis vector is given by the invertible derivation D = diag(1, 2, 3, . . . , 10) .
Hence the quotient algebra is not characteristically nilpotent in this case.

Denote by G(α, β) the connected, simply connected nilpotent Lie groups of dimen-
sion 11 with Lie algebra g(α, β) . We denote by Z the center of G(α, β) , and by z
the center of g(α, β) . With this notation, a combination of Lemma 3.4, Proposition
4.2, Proposition 4.3 and Proposition 4.4 directly yields Theorem 1.1. In addition,
the following is a direct consequence of Lemma 4.1.

Theorem 4.5. The nilpotent Lie groups G(α, β)/Z admit irreducible, square-
integrable projective unitary representations, but do not admit a family of dilations
for all pairs (α, β) 6= (0, 0).

Remark 4.6. After submitting this paper, we were informed by Ingrid Beltiţă
about an arXiv preprint [3] in which an example is given of an 8-dimensional filiform
symplectic Lie algebra that is characteristically nilpotent, cf. [3, Example 7.5]. This
yields a 9-dimensional example of a Lie algebra with properties as in our main
theorem, see, e.g., [3, Remark 7.2]. The example [3, Example 7.5] is, however, not
included in the journal publications [5, 4] of the arXiv preprint [3].
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