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Abstract. We investigate geodesic completeness of left-invariant Lorentzian metrics on a simple
Lie group G when there exists a left-invariant Killing vector field Z on G. Among other results,
it is proved that if Z is timelike, or G is strongly causal and Z is lightlike, then the metric is
complete. The situation is considerably elaborate when Z is spacelike, as our study of the special
complex Lie group SLz(C) illustrates. We show that the existence of a lightlike vector field Z
on SL,(C), implies geodesic completeness. When Z is spacelike and orthogonal to v/—17, we
characterize complete metrics on SL3(C).
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1. Introduction

Any invariant Riemannian metric on a homogeneous space G/H is known to be
geodesically complete (based on a distance argument, see [16], Remark 9.37). In-
variant non-Riemannian metrics, however, require additional conditions in general
to be geodesically complete. For example, any invariant semi-Riemannian metric on
a compact homogeneous space is complete [14, 16].

Alekseevskii and Putko [1] showed that the study of geodesic completeness of
invariant metrics on homogeneous spaces could be reduced to the study of Lie
groups equipped with a left-invariant semi-Riemannian metric, referred to as semi-
Riemannian Lie groups.

Equations that determine geodesics in a semi-Riemannian Lie group are known as
Euler equations. Arnold observed that the motion of a rigid body in R?® could be
described as a motion along geodesics in the group of rotations with an invariant
metric [2]. He then realized that the Euler equation could be extended to any Lie
group endowed with an invariant metric.

A curve 7 on a semi-Riemannian Lie group (G,q) is a geodesic if and only if
(dL,)7'(4'), as a curve on the Lie algebra g of G, satisfies a differential equation
called the Fuler equation. When G is semisimple (specially, simple), since the Killing
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form is non-degenerate, the Euler equation translates into a Lax equation by a linear
change of variables. This is called the dual Fuler equation. Lax equations have the
advantage that their first integrals are easy to express. The dual Euler equation
defines a homogeneous quadratic vector field F, on the Lie algebra g, called the
dual Euler field. The integral curves of [ are complete if and only if the geodesics
of q are complete.

In this paper we study left-invariant Lorentzian metrics on simple Lie groups. We
only consider non-compact Lie groups as invariant metrics on compact Lie groups
are always complete. Since there is no distance function associated to an indefinite
metric, we use the notion of completeness in the sense of geodesic completeness.

The dual space g* naturally admits a Poisson structure induced on g by identifying
g and g* via the corresponding non-degenerate Killing form ([12], Ch. 7). Then the
dual Euler equation on g represents a Hamiltonian system with the Hamiltonian
function %q* (x,x), where q* is the induced scalar product on g* and identifying
g* with g by the Killing form. In general, there is no systematic method to solve
a Hamiltonian system or examine completeness of its solutions. However, the more
first integrals for a Hamiltonian system are available, the better the system can be
described. The dual Euler equation primitively has the first integrals q*(z,x) and
tr(ad)'), m € N. On sl3(R), because of its low dimension, these first integrals (i.e.,
q*(z,r) and tr(ad?)) is enough to guarantee the total integrability of the system.
Using this fact, Bromberg and Medina [4] fully characterised the completeness of
invariant Lorentzian metrics on SLs(R) by proving that a left-invariant Lorentzian
metric q on SLo(R) is complete if and only if F, has no non-zero fixed point, i.e.
no point x # 0 where F,(z) = x. Such points are called idempotents.

Finding new first integrals in dimensions greater than 3, other than those mentioned
above, is a major challenge. In Proposition 3.3, we recall that if there exists a left-
invariant Killing vector field Z, then one can obtain an additional first integral for
the dual Euler equation. We then use this new first integral along with q*(z,x)
and tr(ad])') to prove that adz is neither diagonalizable nor nilpotent (Proposition
3.5). Moreover, we observe that if Z is lightlike, then ady is compact (Lemma 3.9),
allowing us to obtain a causal curve lying in a compact subspace. ‘Strongly causal’
manifolds do not accept such a causal curve. So, we get our first main result as
follows:

Theorem 1.1.  Let (G,q) be a Lorentzian simple Lie group with a left-invariant
Killing vector field Z on it. Then, q is complete in the following cases:

(1) when Z is timelike,

(17) when G is strongly causal and Z is lightlike.

Part (i) of the above theorem is a simple corollary of Proposition 2.1 of [18] where
the authors use a more direct approach to prove their result by showing that the
geodesics have bounded tangent vectors with respect to a Riemannian metric. In the
case of semi-Riemannian Lie groups this means that the solutions of the dual Euler
equation are bounded. Here we get Theorem 1.1 as a result of a general feature
of left-invariant Killing vector fields on semisimple Lie groups, which we prove in
Proposition 3.5. Theorem 1.1 holds for globally hyperbolic simple Lie groups as they
are known to be strongly causal.
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The case where Z is spacelike is much more challenging. To compare the situation
in dimensions greater than 3 with the case of SLy(R), we investigate left-invariant
Lorentzian metrics on SLy(C). To do so, we introduce a specific type of integral
curves of the dual Euler field F on the Lie algebra g. We call an integral curve
u(t) of Fy, a generalized conical spiral (GCS) if it satisfies u(s) = ru(0) for some
r,s € R with » > 0. It follows that the radial line generated by an idempotent
is the image of a special GCS. Moreover, on sly(R) such radial lines are the only
examples of GCS. In particular, the result of [4] for SLy(R) can be re-stated as:
a left-invariant Lorentzian metric q on SLs(R) is complete if and only if F;, has
no GCS. We show that when there exists a left-invariant Killing vector field on
SLsy(R), then the Lorentzian metric is complete (Proposition 3.4). We then prove
an analogous result for SLy(C) as follows.

Theorem 1.2.  Let q be a left-invariant Lorentzian metric on SLy(C). Suppose
that there ezists a left-invariant spacelike Killing vector field Z on SLo(C) such that
a(Z,v/—12Z) = 0. Then, q is complete if and only if Fy has no incomplete GCS.

If Z in Theorem 1.2 is lightlike, then q(Z,v/—1Z) # 0 and the metric q is complete.
Examples in both cases of Theorem 1.2 (complete and incomplete) follow easily from
Lemmas 4.10 and 4.11.

A different point of view was suggested in ([19], Theorem 1.2.8) to study and
characterize completeness of invariant Lorentzian metrics on semisimple Lie groups.
Let Ay and N denote, respectively, the null cone consisting of all null vectors in
g = g" w.r.t g%, and the nilpotent cone consisting of all nilpotent elements. In [19] it
is shown that a left-invariant Lorentzian metric on SLs(R) is incomplete if and only
if the intersection of A7 and N is transversal at some point. Using this approach,
Tholozan then shows that the set U_ of incomplete left-invariant metrics and U
of complete metrics with bounded integral curves of the dual Euler field, are open
subspaces of the space of all left-invariant semi-Riemannian metrics on SLs(R).

Moreover, the set of complete metrics with unbounded integral curves of the dual
Euler field is a semi-algebraic variety which together with U, and U_ makes a
partition of the space of all left-invariant semi-Riemannian metrics on SLo(R). It is
conjectured in [19] that there exists a similar partition for the space of left-invariant
semi-Riemannian metrics on any semisimple Lie group. We use Theorem 1.1 to give
an example (see Example 3.11) showing that U_ is not necessarily open in general.

The paper is organised as follows: In section 2, we provide preliminaries and set the
notations. Section 3 deals with the study of invariant Lorentzian metrics on simple
Lie groups and the proof of Theorem 1.1. We consider invariant Lorentzian metrics
on SLy(C), and prove Theorem 1.2, in Section 4.

2. Preliminaries

We refer the reader for details on the materials of this section to [1, 3, 4, 6, 7,
11, 12, 19, 20]. We begin by a brief review of some basic notions in Lorentzian
geometry, even though most of them are defined in the general setting of semi-
Riemannian manifolds. In this section we take (M,q) to be a (time-orientable)
Lorentzian manifold.

According to [3], (M,q) is said to be strongly causal if each p € M admits a
neighborhood such that no causal curve crosses it.
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A causal curve v : [0,0) — M (i.e., v is non-spacelike, q(v',7) < 0) is future
directed if for every t € I, +'(t) belongs to the future cone in T, M. The curve
~ is said to be future imprisoned in a compact subset L C M if there exists some
0 < top < b, such that ~([to,b)) C L. It is partially future imprisoned in L if
v(tm) € L for some increasing sequence t,, /b in [0,D).

Proposition 2.1. (Easy, see [3]) If (M,q) is strongly causal, then no inectendible
causal curve can be partially future imprisoned in any compact set.

A smooth curve v : I — M is a geodesic if it satisfies the equation V.~ = 0, where
V stands for the Levi-Civita connection of ¢. If v is a geodesic then q(~(t),7(t))
is constant for all ¢ € I.

According to [5], a geodesic v : [0,b) — M, b < +o0, is extendible beyond b
if and only if |Y|r = qr(7'(t),7'(t)) is bounded for some, hence any, complete
Riemannian metric qp, equivalently, if there exists an increasing sequence t,, /b
such that {+/(t,,)} convergesin T'M .

A vector field X € X(M) is called spacelike, timelike, lightlike or causal, if X, has
that characteristic for every p € M. A Killing vector field on M is a vector field X
such that Lx q = 0, where Lx is the Lie derivation along X . Equivalently, X is
Killing if its local flows are isometries. If X is Killing and v : I — M is a geodesic
then q(X,),7/(t)) is constant for all ¢t € I.

Hereafter any Killing vector field will be non-zero. For a sequence {7,} of smooth
curves in a smooth manifold M, the notion of a limit curve is defined as follows: a
curve «y in M is called a limit curve of {,} if there exists a subsequence {~,,} such
that every neighbourhood of each point p € 7 intersects all, but a possibly finite
number, of the curves in {v,,} ([3], Ch. 3, 3.28).

In semi-Riemannian manifolds, a geodesic is uniquely determined by its initial
velocity. This fact leads to the existence of a distinguished limit curve for a sequence
of geodesics.

Proposition 2.2. ([17]) Let (M,q) be a Lorentzian manifold.

For m = 1,2,..., let vy @ [0,by) — M, by, < +00, be a sequence of geodesics
such that 7, is inextendible beyond b, . If 7. (0) converges to x in TM , then the
geodesic in M with initial velocity x is a limit curve of {Vm}.

The remainder of this section reviews key structures and results related to semisimple
Lie algebras and the dual Euler equation, which will be used in the following sections.

Let G be a (real) Lie group and g its Lie algebra, which is the vector space X (G)
of left-invariant vector fields on G, equipped with the Lie bracket of vector fields.
Given vector fields X, Y, Z,... € g, we use the lowercase letters x,y, z, ... to denote
the corresponding elements X.,Y., Z.,... € T,G. Since left-invariant vector fields
are uniquely determined by their values at the identity, i.e. T.G = g, throughout the
paper we identify any XY, 7, ... € g with x,y, 2z, ... and use them interchangeably
whenever needed.

Cartan’s criterion states that the algebra g is semisimple if and only if its Killing
form K:gxg — R defined by K(z,y) = tr(ad, o ad,) is non-degenerate. The Killing
form is a symmetric bilinear form invariant under all automorophisms of g. Another
equivalent condition on g to be semisimple is that g has no non-zero abelian ideal.
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If g has no proper ideal at all, then it is by definition a simple Lie algebra. The
following theorem, which is a special case of Corollary 2.3 in [20], states that, in
general, a real simple Lie algebra does not have ‘large’ subalgebras.

Theorem 2.3. ([20]) Let g be a real simple Lie algebra. Then g has a codimension
one subalgebra if and only if it is isomorphic to sly(R).

For the rest of the section g is a semisimple Lie algebra unless otherwise specified.
The Killing form allows us to identify g and its dual g* by using the correspondence
x — K(z,-). Here ad : g — gl(g) defined by ad,(z) := [z,z], is the adjoint
representation of g on itself. For each g € G, let C, : G — G be the function sending
each h € G to ghg™', C, is an inner automorphism, and since C;; = L, 0 R,-1 is a
diffeomorphism, it is an automorphism of the Lie group G. The differential of C,
at the identity is denoted by Ad,, it is also an automorphism of Lie algebra g of G,
adjoint representation of G is defined by Ad : G — Aut(g), g — Ad,. One can see
that ad is the differential of Ad at identity element e € G, acting on the tangent
space T.G, which is, by definition, g. Since the Killing form K is invariant under
all automorphism of g, it satisfies K(y, [z, z]) = K([y, z], z) for all z,y,z € g ([16],
p. 301-302).

An element x € g is called diagonalizable, respectively nilpotent, if the adjoint
operator ad, is diagonalizable, respectively nilpotent. Moreover, an element x € g
is called compact if the one-parameter subgroup Ad(exp(tz)) lies in a commutative
compact subgroup of Ad(G). Equivalently, = is compact if the eigenvalues of ad,
are all purely imaginary.

We recall some classical simple results from Linear Algebra that we will use hereafter.

Remark 2.4. Let E be a linear endomorphism of a real or complex finite-
dimensional vector space;

(i) if E is nilpotent or if it is diagonalizable, then so is adg;

(ii) if tr(E™) = 0 for every positive integer m, then F is nilpotent;

(iii) if there is a linear endomorphisem L such that adg L = FE, then E is
nilpotent. u

Also it will be useful to recall have the following classical facts on Lie algebras sly(RR)
and 5[2 ((C) .

Remark 2.5. (i) Up to conjugation, respectively up to the adjoint action of
SLy(C), elements of SLy(C) and sly(C) can be given as:

1 a e 0 d tivelv: m. — 0 a (A0
0 1) % | g o) andrespectively: po={ ] orsi=1, ]

with @ € C* and A € C. So elements of sly(C) are either diagonalizable (those
of type s)) or nilpotent (those of type p,). Then, by part (i) of Remark 2.4, ad,,
(resp. ads, ) is nilpotent (resp. diagonalizable). Therefore, elements of sly(R), a
subset of sly(C), are either semi-simple (i.e. diagonalizable on the algebraic closure)
or nilpotent. One should note that s, consists of several classes under the adjoint
action. We also see that any z € sly(C) is compact if and only if z = s, with

A€ v—1R.
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(ii) A useful basis of sly(F) for F=C and F =R is (z,y,&) with:

0 1 00 19
2

They satisfy in particular: [§,z] = x, [,y] = —y and [z,y] = 2. Furthermore,
we have cq,(r)(§) = Ker(ade) = spang{¢{}, [£,50(C)] = Im(ade) = spang{z,y}, and
[Im(ade), Im(ade)] C Ker(ade). For z,y € sly(F), [z,y] = 0 if and only if = and y
are [F-collinear

(iii) Consider sly(C) as a real Lie algebra and define its Killing form K by K(z,y) =
2Re(tr(z.y)), where Re(A) is the real part of a complex number A. Then sign (K) =
(3,3) and Mat(K) = diag(1,—1) on Ker(ads) = spang{¢, v/—1&}, and the direct
sum Im(ade) @ Ker(ade) is K-orthogonal. |

The subset of nilpotents in g, denoted by A/, is invariant under the adjoint action
of G on g defined by g-2 = Ad,(x) for every = € g. Therefore N is the union of all
the nilpotent orbits of the adjoint action. We refer to N as the nilpotent cone, for
it clearly contains the radial line Rz for any z € A'. One can see that the tangent
space to any orbit O(x) C N is given by

T,(0(x)) = T, Adg(x) = {ad,(2) : y € g} = [2,9], V€ A" (1)

Let g be a left-invariant semi-Riemannian metric on G. Using the correspondence
between left-invariant tensor fields on G and tensors on its tangent space at the
identity element, one may think of q as a non-degenerate symmetric bilinear form
on g. Then, associated to q, there is a unique K-symmetric isomorphism A, on g
such that q(z,y) = K(z, Aqy) for all z,y € g. We denote by q* the induced bilinear
form on g*. Identifying g and g* via the Killing form as above, the isomorphism
associated to q* is A", that is, *(z,y) = K(z, AJ'y) for all z,y € g.

We denote by A7 the null cone determined by q* in g:
* . _ _ . -1\ —
ANo={z€g:q"(r,7) =0} ={zr €g:K(z,A  'z) =0}
The null cone is a hypersurface of g and its tangent space at 0 # x € Aj is given by

T.A,={y €g:q(z,y) = 0}. (2)

By (1) and (2) and using the K-symmetry of A" one can see that the two cones
N and A} are transversal at = € A NN if and only if K([z,y], A'z) # 0 for
some y € g, and by the non-degeneracy of K, and as ad, is K-skew symmetric, it
is equivalent to [z, A x] # 0.

The position of the cones N and A} with respect to each other is related to the
metric completeness:

Proposition 2.6. ([19], Lemma 1.2.6) Let q be a left-invariant semi-Riemannian
metric on a semisimple Lie group G. If A NN = {0}, then q is complete.

Given a curve (t) in G, one can define a curve u(t) in g by u(t) := (dLy) ' (7'(t))
where, L, is the left multiplication by ¢ in G. We may sometimes refer to u(t) as the
reflection of y(t) in g, or, call v(¢) the reflection geodesic of u(t). For any vector field
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Y along v the covariant derivative V.Y (t) of Y with respect to the Levi-Civita
connection V of q on G, and the differential of the curve v(t) = (dL,) (Y (¢))
in g are related by the following formula:

(ALyw) ™" (VoY (1) = v'(t) + Vuu(t). (3)

where, for z,y € g, V,y is defined by considering z and y as left-invariant vector
fields on G and then evaluating V,y at e € G. So, in particular, the curve 7(¢) is a
geodesic of G (w.r.t q) if and only if /() = =V, u(t). Using the Koszul formula

1

SAlzyl = (ade)'y — (ady)"2},  z,y €, (4)

Y,y =
v=3

with (ad,)* = —Agl o ad, oA, being the transpose of ad, w.r.t q, Vypu(t) =
AN [Aqu(t),u(t)], and by a linear change of variable w(t) = Aqu(t) (obtained
by pushing the vector field on the dual g* by z +— q(z,.), and pulling it back
on g by z — K(z,.), which is possible as K is non-degenerate), the equation

u'(t) = =Vypu(t) turns into

w'(t) = [w(t), A7 w(t)] . (5)

Thus, 7(t) is a geodesic in G if and only if w(t) and A 'w(t) satisfy (5). Equation
(5) is referred to as the dual Euler equation (but sometimes also itself as the Euler
(-Arnold) equation in the literature) and, accordingly, the vector field on g defined
by Fy:z — [z, A;lx], which is a homogeneous quadratic vector field, is called the
dual Fuler field. Hence the completeness of the metric q can be reformulated as
follows.

Theorem 2.7. (Easy, see [1]) Let (G,q) be a semi-Riemannian semisimple Lie
group. Then, the following are equivalent:

(i) the metric q is (geodesically) complete,
(i) the solutions of the (dual) Euler equation (5) are complete,
(iii) the (dual) Euler field Fy is complete.

In particular, if solutions of (5), or equivalently, integral curves of Fy are bounded,
then q is complete.

By Theorem 2.7 and the equivalent conditions mentioned in Section 2 for geodesic
completeness, one gets:

Proposition 2.8.  Let (G,q) be a semi-Riemannian semisimple Lie group. Sup-
pose that u : [0,b) — g, b < 400, is a solution of the dual Euler equation. Then,
the following are equivalent:

(i) w is extendible beyond b,

(i) |lu(t)|| is bounded for some, hence any, norm ||.|| obtained from a positive
definite scalar product on g,

(iii) there exists a sequence t,, /b in [0,b) such that {u(t,)} converges in g.

Speaking in terms of dynamical systems, if v" = f(v) is a dynamical system, where
f:UCR" = R"isa C' map, and v(t) is a trajectory of the system, then a point
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y € R™ is called an w-limit point of v(t), if there exists a diverging increasing
sequence {t,,} such that v(t,,) — y. In particular, if v(¢) has no w-limit point,
then it is unbounded. The w-limit set of a system is the set of all its w-limit points.
So the solution u(t) of the dual Euler equation in Proposition 2.8 is extendible if
and only if it has an w-limit point.

In the proof of Proposition 4.8, we project the dual Euler equation on a hypersurface
to obtain a linear system. The w-limit set of a linear system is computable, [11].
An special case is the following.

Proposition 2.9. ([11]) Let X' = AX be a linear dynamical system on R™ with
A e R™"™ . If an eigenvalue of A has positive real part, then the w-limit set of the
system is empty.

An idempotent of the dual Euler field F is by definition an element x € g such that
Fy(z) = x. If v isa geodesic in G starting at e € G such that 4/(0) is an idempotent,
then v runs on a one-parameter subgroup of G, namely, v is a reparametrization
of exp(tx). It turns out that v is always incomplete. Indeed, v is explicitly given
as follows: the integral curve u(t) of the dual Euler field F, with initial condition
u(0) = z is u(t) = a(t)x, where a(t) = 1/(1 —t). The corresponding geodesic of
u(t) in G is (t) = exp(B(t)A;'z) where j satisfies §'(t) = a(t) and 5(0) = 1.
Clearly, v is incomplete because u is incomplete.

Remark 2.10. Any semisimple Lie algebra g endowed with the Lie Poisson
bracket obtained from the Lie bracket is a (linear) Poisson manifold and the dual
Euler equation (5) is a Hamiltonian system of differential equations with Hamil-
tonian function q*(z,z) = K(z, A7'z). A function f : g — R is called a first
integral or, as physicists wish to call, a constant of the motion for the dual Euler
equation if it is constant on each solution of the equation. The functions tr(ad.'),
for m=1,2,..., and q*(x, z) are first integrals of (5).

If the dual Euler equation has an unbounded solution « : [0,b) — g, then there is
a non-zero element # in g that is a zero for all homogenuous first integrals of any
degree k > 1. Indeed, taking an arbitrary norm ||.|| on g, we can choose a sequence
{t;n} in [0,b) such that |u(t,)| tends to +oo and that w(t,,)/||u(t,)| tends to
some 0. Let f be a homogeneous first integral of degree £ > 1 and C its constant
value on {u(t;,),t € R}, by continuity of f,

1 1

f6) = lim e/ (wlin)) =l o S € =0
In particular, this holds with f = q*(.,.) and f = tr(ad}') for all m > 0. ]

3. Lorentzian simple Lie groups

It is well known that the isometry group of a semi-Riemannian manifold is a Lie
group whose Lie algebra is anti-isomorphic to the Lie algebra of complete Killing
vector fields on the manifold ([16], Proposition 9.33). On a Riemannian simple Lie
group (G,q) any Killing vector field Z can be written as Z = Z; + Zr with Z|
a left- and Zp a right-invariant vector field on G, [10, 15]. Any right-invariant
vector field on a semi-Riemannian Lie group is Killing as its flow is given by left
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translations of one-parameter subgroups ([9], p. 257). Therefore, in this case, the set
of left-invariant Killing vector fields determines how rich is the supply of all Killing
vector fields. In the non-Riemannian case, an analogous result [8] states that if
(G,q) is a compact Lorentzian simple Lie group then Is0°(G,q) C G x G, implies
that a Killing vector field on G admits a similar decomposition as a sum of a pair
of left- and right- invariant vector fields. Even though a similar decomposition for
Killing vector fields does not hold in general on an arbitrary semi-Riemannian Lie
group, knowing the effects of the existence of a left-invariant Killing vector field is
interesting. For instance, it is classical that each left-invariant Killing vector field on
a simple Lorentzian (in fact, (semi-)Riemannian) Lie group provides an additional
first integral for the corresponding dual Euler equation.

In this section we study the geodesic completeness of simple Lorentzian Lie groups
admitting a left-invariant Killing vector field, such that

dim(Iso(G,q) N InnAut(G)) > 1.

We obtain some characterizations of left-invariant Killing vector fields and prove
Theorem 1.1 via Proposition 3.6 and Corollary 3.10.

Unless otherwise stated, in this section G denotes a semisimple Lie group equipped
with a left-invariant Lorentzian metric q.

We begin with stating an equivalent algebraic condition on a left-invariant vector
field on G to be Killing.

Lemma 3.1. A wvector field z € g is Killing if and only if (ad,)* = —ad,, which
amounts to: Aqoad, = ad, oA,. In particular, this implies [z, Aqz] = Aqlz, 2] = 0.

Proof. Let z be a Killing vector field. Then for every pair of left-invariant vector
fields x,y on G one has

0= ('Cz Q)(%y) = zq(x,y) - Q([va]vy) - q([zay]wx)v (6)

where L, is the Lie tensor derivation in the z-direction. The function q(z,y) is
constant, so we have 0 = z q(x,y) which yields q(ad, z,y) = q(—ad, y,x). It then
follows that

(ad,)* = —ad, . (7)
On the other hand, one has (ad.)* = —A;" o ad.oAy. Comparing the last two
equalities, one can see that ad, oA, = A4 0 ad, is equivalent to (6) on X.(G). One
can extend this equivalence to X(G) using a global frame on G obtained from any
basis for X.(G). [

Remark 3.2.  The property Ajoad, = ad, oA, means that Im(ad,) and Ker(ad,)
are Ay-stable, and Im(ad,) L, Ker(ad,). Since for every z € Ker(ad, ) and y € g,
we have q(l’, [Zvy]) :K(Aql', [Z7y]> :K([Aqilj',Z]’y) :K( [ ] ) u

On a semi-Riemannian manifold (M,q) with a Killing vector field Z, q(Z,7/(t))
is constant along a given geodesic y(¢) ([16], Lemma 9.26). In the case of a semi-
Riemannian Lie group with a left-invariant Killing vector field Z € X (G), this first
integral, translated in the setting of the dual Euler equation, becomes the function
K(-, z). Proposition 3.3 proves directly that the latter is a first integral.
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Proposition 3.3. Let z€g be a Killing vector field. Then, K(-, z) is a first integral
of the dual Euler equation of q. Equivalently: K([y, A;ly], 2) =0 forall yeg.

Proof.  We need to show that K(u(t), z) is constant for any solution u(t) of the
dual Euler equation of q. Let y € g, then, we have

K([y, A3y, 2) = K(y, [A5 1y, ),

since At oad, = ad, 0A;" (Lemma 3.1) and A_' is K-symmetric,
K(y. [Ag'y: 2]) = K(y, A3 [y, 2]) = K(A'y, [y, 2)).
Hence K([y, A"y, 2) = K(AJ'y, [y, 2]) = K([AS My, 9], 2),
and thus 0=K([y,A;'y],2), forallyeg. (8)
In particular, %K(u(t), z) = K(W/'(t),2) = K([u(t), A u(t)], z) = 0,
which implies that K(u(t), z) is constant. ]

The Lie algebra sly(R) has the lowest dimension among all (non-compact) simple Lie
algebras and, up to isomorphism, it is the only three-dimensional simple Lie algebra
of non-compact type. In the following proposition and subsequent examples, we
see that, in the presence of a left-invariant Killing vector field, the behavior of a
left-invariant Lorentzian metric in dimension three is different from that in higher
dimensions. For this reason, we consider the case of dimension three separately and
for the rest of the section we assume that dim(G) > 3.

We show that in dimension three, the existence of a Killing vector field implies
metric completeness.

Proposition 3.4.  Let (G,q) be a non-compact 3-dimensional Lorentzian simple
Lie group. If there exists a left-invariant Killing vector field on G, then q is
geodesically complete.

Proof.  Since the geodesic equation is presented in terms of the dual Euler equa-
tion on the Lie algebra g = sly(R), we may, for simplicity, take G = SLy(R) as the
corresponding Lie group of sly(R).

Let z € sly(R) be a Killing vector field. If q is not complete, then according to
Theorem 2 in [4] there exists a nilpotent 0 # = € sly(R) such that [z, A 'z] = z.
Take the basis (x,y,&) as in Remark 2.5, that is,

[Sax] =, [gay] =Y [ﬁ,y] :25

The above bracket relations can be used to check that (z, y, &) is a pseudo-
orthogonal basis for sly(R) with respect to the Killing form K. By Proposition
3.3 one gets K(z,z) = K(z, [z, A;'z]) = 0, yielding z = az + b¢ for some a,b € R,
and [z, z] = bx. We then obtain
ba = [z,2] = [z, [z, AJ'a]] = [[2,2], AT 2] + [z, [z, A o]
= blx, A ' a] + [z, Az, 7]] = 2bx.

which gives b = 0 and z = ax, implying that 0 = [z, A'2] = a®[z, A 2] = a’x.
Hence, a = 0 and, consequently, z = 0; a contradiction. [ |
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Suppose that (x, y, ) is a basis for sly(R) as in the proof of Proposition 3.4. Let
q be the left-invariant Lorentzian metric on SLy(R) whose associated isomorphism

is given by 0 b 0
A(;l =10 a O
0 0 a

with 0 # a,b, in the basis (z, y, ). Then one can see that ad, commutes with
A, and, thus, by Lemma 3.1, the nilpotent element x defines a left-invariant Killing
vector field on SLy(R). Similarly, if the metric q is associated to

Al =

o O
o @ O
> O O

then the left-invariant vector field obtained from the diagonalizable element ¢ is
Killing. As the following proposition shows, such examples, namely, Killing vector
fields generated by nilpotent or diagonalizable elements, exist just on SLy(R).

We denote by ¢4(z) the centralizer of z in g; ¢4(z) = Ker(ad,) = {z € g: [2,2] =0}
and [z,g] = ad.(g) = {[z,2] : x € g} = Im(ad,).

Proposition 3.5. Let G be a simple Lorentzian Lie group with dim(G) > 3.
If z € g is a non-zero Killing vector field, then, ad, is neither diagonalizable nor
nilpotent.

Proof. Suppose that ad, is diagonalizable. Then, one has the decomposition
g = ¢4(2) @ [2,9]. The operator ad, is skew-adjoint with respect to K and thus
the decomposition is K-orthogonal. Hence, K is non-degenerate on c4(z) and [z, g].
Moreover, by Remark 3.2, the decomposition is also orthogonal with respect to the
Lorentzian metric ¢, which also shows that q is non-degenerate on c4(2) and |z, g].

Let A and p be two non-zero eigenvalues of ad, with eigenspaces Wy and W,
respectively. Then for every x € Wy and y € W, we have, using Lemma 3.1

Aq(z,y) = q(ad, z,y) = q(z,ad} y) = —q(z,ad. y) = —pq(z,y). 9)

If A= u, it follows that q(x,y) =0 and q(z,x) =0 for any z,y € W). This shows
that W), is one-dimensional and also that ¢ is Lorentzian on [z, g].

On the other hand, if A\ # u, then as above one gets 0 = q(z,z) = q(y,y) for any
x € Wy and y € W,, which since q is Lorentzian yields q(z,y) # 0 and hence
i = —A. So, either ad, has just one non-zero eigenvalue and, then, ¢4(z) is a
codimension one subalgebra of g, or it has two non-zero eigenvalues +A. In the
latter case one can see that Rz @ ¢4(z), with ad, z = Az, is a subalgebra of g of
codimension one. It then follows from Theorem 2.3 that g is isomorphic to sly(R).
This contradicts our assumption that dim(G) > 3.

Now suppose that ad, is nilpotent. Then, there exists some m > 3 so that
adl " # 0 and ad? = 0. Let k = 2 if m is even and k = [2] + 1 when m
is odd. Then for every x,y € g:

q(ad? z,ad? y) = q(z, (ad%)* 0 adt y) = q(x, (—1)" ad2* y) = 0.



250 EBRAHIMI, KASHANI AND VANAEI

So, Im(ad];) is a isotropic subspace of g and, since q is Lorentzian, it must be a
one-dimensional subspace. Note also that by Lemma 3.1, q(z,ad’lzC x) = 0 for all
rcg.

On the other hand, since [z, Aqz] = 0 (Lemma 3.1), [ad;,ad4 .] = ad; 4., = 0, we
see that ad. and ad, . commute and, therefore, (ad, oad qu)m =ad]'o ad’}qz =0.
Then ad, oad,,. is nilpotent. One then gets

Q(Z, Z) = K(Z, AqZ) = tr(adz Oa‘quZ) — 0

Thus, z is a lightlike element which is also orthogonal to Im(ad®) and, hence,
Im(ad®) = Rz. This, in particular, yields ad®™ = 0 which, according to the
definitions of k£ and m, concludes that m = k + 1 and, consequently, we get k = 2
and m = 3. As a result, we get that the kernel of (the operator) adi cg — g isof
codimension one.

Now we show that Ker(ad?) is a subalgebra of g. Again by Lemma 3.1, for any
y € Ker(ad?), we have q(ad,y,ad.y) = —q(ad’y,y) = 0, and q(z,ad.y) =
—q(ad z,y) = 0. This, together with the fact that z is lightlike, gives ad,y = Az
for some real number \. Let ad, y; = \;y; for i = 1,2. Then by the Jacobi identity,
we have
ad.[y1, 12] = [ad; y1, 2] + [y1, ad; yo] = 2A1 A9z

So, [y1,v2] € Ker(ad?) for every y1,y, € Ker(ad?), hence Ker(ad?) is a subalgebra
of codimension one in g.

Now, having a codimension one subalgebra, Theorem 2.3 implies that g is isomorphic
to sly(R), which is a contradiction. [

The following proposition gives Part (i) of Theorem 1.1.

Proposition 3.6.  Let (G, q) be a Lorentzian simple Lie group with dim(G) > 3.
If there exists a timelike Killing vector field z € g, then solutions of the corresponding
Euler equation are bounded. In particular, q is geodesically complete.

Proof. Any orbit O of the Euler field remains in a quadric Q = {z:q(z,x)=cst};
moreover, if z is a Killing field, by the remark before Proposition 3.3, it remains
in a hyperplane H = {z : q(z,z) = cst}. Now if z is timelike, H is spacelike, so
() N H is a sphere. Hence O is bounded, thus complete and the metric is complete
as well by Theorem 2.7. [ ]

We now turn to the case where z is lightlike.

Lemma 3.7.  Let (G,q) be a Lorentzian simple Lie group with dim(G) > 3. If
there exists a lightlike Killing vector field z € g, such that Aqz is lightlike, then, the
solutions of the corresponding dual Euler equation are bounded. In particular, q is
geodesically complete.

Proof. Suppose that z € g is a Killing vector field and z and A,z are both
lightlike and the dual Euler equation has an unbounded solution. By Remark 2.10,
there is a non-zero 6 € g such that q*(6,0) = tr(ady') = 0 for all m, in particular
ady is nilpotent. Also by Proposition 3.3, K(z,.) is a first integral, then K(z,0) = 0.
So we have q(A;'0, A;'0) = q*(0,0) = 0 and q(A;'0,2) = K(0,2) =0, thus A;'0
is lightlike in 2z*. Now ¢ is Lorentzian and z is lightlike, therefore A(?@ = Az for
some A € R* ie. 0= AAqz.
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Since q(Aqz,2) = K(Aqz, Agz) = A2K(0,0) = A\2tr(ad;) = 0, z and Ayz are
orthogonal to each other and lightlike vectors. As q is Lorentzian, they are collinear.
Therefore z and 6 are collinear, so that z is nilpotent, contradicting Proposition 3.5.
Thus, all solutions of the dual Euler equation are bounded and by Theorem 2.7, q
is complete. [ |

An immediate consequence of the above proposition is the following corollary.

Corollary 3.8. Let (G,q) be a Lorentzian simple Lie group with dim(G) > 3.
If there exists a lightlike Killing vector field z € g such that z is an eigenvector of
Ay, then q is geodesically complete.

As we saw in Proposition 3.5, diagonalizable and nilpotent vectors in 7,G can not
be extended to a left-invaraint Killing vector field on GG. In the next result we see
that only compact elements can generate a left-invariant lightlike Killing vector field.

Lemma 3.9. Let (G,q) be a Lorentzian simple Lie group with dim(G) > 3. If
z € g is a non-spacelike Killing vector field, then z is a compact element.

Proof. Recall that the centralizer ¢y(2) and Im(ad.) = [z, g] are perpendicular
with respect to the Killing form, i.e. ¢,(2)™ = [2,g]. We also know from Propo-
sition 3.5 that z is not nilpotent. Hence by part (iii) in Remark 2.4, z ¢ [z, g]. Then
there is an xg € ¢4(2) such that 0 # K(zo, 2) = q(A, 'z, 2). Since z is non-space-
like, span{A, 'z, z} is Lorentzian. By Remark 3.2, [2,g] C (span{A, 'z, 2})*a,
thus the subspace [z, g is spacelike.

The metric q is positive definite on [z,g] and the operator ad,, being skew-
symmetric with respect to ¢, has only purely imaginary eigenvalues on [z,g], so
it is compact. u

The following corollary proves the second part of Theorem 1.1.

Corollary 3.10.  Let (G,q) be a Lorentzian simple Lie group with dim(G) > 3.
If G s strongly causal and there exists a left-invariant lightlike Killing vector field
z on G, then q is geodesically complete.

Proof. If q is incomplete then it follows from Lemma 3.9 that z is a compact
element, that is, the one-parameter subgroup Ad(exp(tz)) is included in a compact
subgroup of Ad(G). Since G is simple, it is a finite covering group of Ad(G), ([7],
Ch. 1, 1.3). Therefore the causal curve exp(tz) is also included in a compact subset
of GG, which is a contradiction by Proposition 2.1, since G is strongly causal. |

The sole existence of a left-invariant lightlike Killing vector field does not imply the
completeness of the metric. In the following example we define an incomplete metric
which has a left-invariant lightlike Killing vector field. This shows that the space
of incomplete left-invariant metrics as a subspace of all left-invariant metrics on a
simple Lie group is not open in general.

Example 3.11. Let g = 0(4,1) be the Lie algebra of the isometry group of
the 4-dimensional hyperbolic space and z € g a unit compact element. Then
cg(2) Z0(2,1) @Rz = slh(R) &Rz and [z, g] has a decomposition [z, g] = W, & W,
where W, and W, are ad,-invariant subspaces and the Killing form is positive
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definite on W) and negative definite on W,. Take the basis (x,y,&) for sly(R) as
in Remark 2.5. Then the Killing form on ¢4(2) is given by

0 0 1
K|r.oryoRzoRre = 0 1 0
0 00

Define q, to be the left-invariant Lorentzian metric on G = O(4,1) with the
associated operator Ay given by
-1

= o O

AO|W1 = Id, A0|W2 = - Id, AO|RZ€BRy€BRx®RE =

o O O
o O = O
_ o O O

0

The system of the dual Euler equations on the invariant subspace span{zx,y,¢&, z},
in the coordinates (xg, yo, o, 20) corresponding to the basis (x,y, &, ), reduces to

2o(t) = o () (Yo (t) — zo(t)),
Yo(t) = &o(t) (yo(t) + 20(t)),
Eo(t) = —2xo(t)20(t) — 205(1),
() =0,

with an incomplete solution as follows

nolt) = 1= gogm W)= —al) =1 &) = =5

Note that z is a left-invariant lightlike Killing vector field with respect to qy.

The space M of all left-invariant semi-Riemannian metrics for which z is a Killing
vector field can be described as the space of matrices A, satisfying [ad,, A,] = 0 and
thus M is a submanifold of the space of all left-invariant semi-Riemannian metrics
on G. We show that the space U_ of all incomplete left-invariant metrics on G, is
not an open subset. We do this by showing that U_ N M is not open in M.

Define A, := Ay +€dz® z, for each € > 0. A, represents a left-invariant Lorentzian
metric q, = q, —€dz? on G for which z is a left-invariant timelike Killing vector
field and by Theorem 1.1, q. € Uy N M (U, the space of all complete left-invariant
metrics on G with bounded integral curves of the Euler field). On the other hand,
from its definition q, € U- N M and q: — g, which implies that U_ "M C M is
not open. ! ]

We conclude this section with the following remark.

Remark 3.12.  Suppose that there exists a left-invariant lightlike Killing vector
field z on a Lorentzian simple Lie group (G, q). Then by Lemma 3.1, F(Aq(2)) =
[z, Aqz] = 0. Hence, Ayz is an equilibrium point of the Hamiltonian dynamical
system associated with the metric q on g. Moreover, it can be seen from the
proof of Lemma 3.7 that every unbounded trajectory of the dual Euler equation is
‘asymptotically’ tangent to the line spanned by A,z. [ |
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4. Left-invariant Lorentzian metrics on SL,(C)

In this section, we study completeness of left-invariant Lorentzian metrics on S Ly (C)
and prove Theorem 1.2 via Proposition 4.8.

The real Lie algebra sly(C) is the real vector space

s1,(C) = {(i _ba) | a,b,c € c},

equipped with the Lie bracket [z,y] = xy — yxz. We begin by proving the following
proposition which shows that Corollary 3.10 holds for SL,(C) without the assump-
tion of strong causality.

Proposition 4.1.  Let q be a left-invariant Lorentzian metric on SLo(C). If
there exists a left-invariant causal Killing vector field on SLo(C), then solutions of
the dual Fuler equation are bounded and, in particular, q is geodesically complete.

Proof. Let z € sl(C) be a Killing vector field such that q(z,z) < 0. By
Proposition 3.6, we just need to consider the case q(z,z) = 0. In this case, as
in the proof of Lemma 3.7, it follows that if there exists an unbounded solution
for the dual Euler equation, then A,z is nilpotent. On the other hand, since, by
Lemma 3.1, A, o0ad, = ad, oAy, we get [z, Aqz] = 0, which means that A,z = Az
for some A € C, since in sl3(C) only C-linearly dependent elements commute. So, z
is also nilpotent; contrary to Proposition 3.5. Hence, any solution of the dual Euler
equation is bounded and q is geodesically complete by Theorem 2.7. [ |

Remark 4.2. When investigating the completeness of a left-invariant metric q,
one can study C;(q), the pullback of q by an inner automorphism Cy of G, where
Cy(h) = ghg™". If x(t) is a solution of the dual Euler field of q, then Ad,-1 z(t) is
a solution of the dual Euler field of C(q). u

In the following lemma we obtain representations for A(;l and ad, which are more
convenient to use. In particular, Lemma 3.9 holds for any Killing vector field on
SLy(C).

Lemma 4.3. Let z be a left-invariant Killing vector field on (SLs(C),q) and
cg(2) be the centralizer of z in g =sly(C). Then one has,

(i) sla(C) is decomposed orthogonally as cq(z) @ [z, 8l(C)] with respect to K and
q. In particular, q is positive definite on [z,5l3(C)] and z is a compact element

of s,(C), ie. 2= e/=I€ = ey/=T (é

(ii) In a basis (e, [v/—1&, e], pe, u[v/—1&, €]) for [z,8l(C)], where wu is an appropri-

ate unit complex number, K reads diag(1,1,—1,—1) and ad, and Aal read:

with ¢ € R*.

N =

0 —c
c 0

0 a 0

ab < 0. (10)

ad: | = o

b )



254 EBRAHIMI, KASHANI AND VANAEI

Moreover, in the basis (§,v/—1E) of c4(2), Aal reads:

-1 [ di do
Aq |cﬂ(z) _ (_d2 dS)’ (11)

where di < 0 (resp. di = 0, di > 0) when z is spacelike (resp. lightlike,
timelike. )

Proof. From Proposition 3.5 we know that ad, is not nilpotent as an R-linear
transformation, therefore, is not nilpotent as a C-linear transformation. So, by
part (i) of Remark 2.5 and by Remark 4.2, up to conjugation by some element g

of SLy(C), one may assume that z is represented by z = s, = (3 _0)\), where
A € C*. Then one has

515(C) = ¢4(2) @ [2,8L(C)] = ¢4(§) @ [€,5L(C)].

Hence, by part (iii) of Remark 2.5, and Remark 3.2, the decomposition is K- and
q-orthogonal.

It can be seen that ad? = A?adi = A?1d on [z,sl5(C)]. Also ad? is symmetric with
respct to . Thus, for every x,y € [z,5l(C)], q(A\%z,y) = q(z, \?y). Now suppose
that Tm(A\?) # 0, i.e. A? ¢ R, then by Remark 2.5(iii), we have

K(z,vV=1Ag) = K(V—=1z, Agy) = a(V—1z,y) = q(z, V—-1y) = K(z, AV~ 1y),

—1loA,=A,0+v—1 on [2,5l3(C)]. Besides, ¢4(z) is A,-stable (Remark 3.2)
and on it, ad ;/—7, = 0, hence on sl3(C), we have

ad /7,04 =vV—1 cad, 04, =v—-1loAjoad, = Ajov—load, = Ajoad .

By Lemma 3.1, this is equivalent to v/—1Z being a Killing vector field, and so is
¢ € spang{z,v/—1z}. But £ is also diagonal, which is a contradiction by Proposition
3.5. Therefore, A\? € R, and again by Proposition 3.5, A can not be a real number,
so A € v/—IR and z is compact.

Now we show that q is positive definite on [z,8l3(C)]. Let x be a timelike vector
on [z,sl,(C)]. Since (ad,)* = —ad, and A\* € —R™, we have

a(ad, z,ad, z) = —q(ad®z,z) = —4X*q(z,7) <0 and q(ad,z,z) = 0.
So one can see that ¢ is negative definite on spang{z,ad,z}, which is a two

dimensional subspace of [z,sl(C)]. This can’t happen because index of q is at
most one on |[z,5l(C)]. Hence for every z € [z,sl3(C)], q(z,z) > 0. This proves

part (i).
Since Agl is g¢-symmetric and ¢ is positive definite on [z,sl(C)], there is an
orthogonal basis (e, €2, e3,¢e4) of [2,8l3(C)] such that A;l = diag(ay, as, as,ay).

Let W; be the eigenspace associated with the eigenvalue a;. For any x € W; ~\ {0},
e have
e a; K(z,z) = K(=, Aglm) = q(Aglx, Aglm) >0

On the other hand, since Aqoad, = ad, oAy, we get A [z, 2] = [z, AL 2] = a;[2, 2],
which implies that [z, 2] € W;. The vectors x and [z, z| are linearly independent, for
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otherwise, x is nilpotent (Remark 2.4, (iii)) and one has K(z,x) = 0. In particular,
dim(W;) is at least 2. Therefore A;' = diag(a,a,b,b) or A" = diag(a,a,a,a).
Since sign(q) = (0,4) (q is positive definite) and sign(K) = (2,2) on [€,sly(C)],
A;l = diag(a,a,b,b) with ab < 0, in an orthogonal basis (eq, ey, e3,e4) with

es = [vV/—1&,e1] and ey = [v/—1€,e3]. Thus
[61+€3,A(;1<61+63)] = (b—a)[el, 63], [61+€4,A(;1<61+64)] = (b—a)[el, 64]. (12)

From part (ii) of Remark 2.5, we know that for any .,y € [£,sl:(C)], [z,y] € ¢4(§) =
spang{&,v/—1€}, and from (8) and (12), we get 0 = K(z, [e1, e3]) = K(2,[e1, e4]).
This together with the non-degeneracy of K on ¢;(§) implies that [eq, e3] and [eq, 4]
are R-linearly dependent. Thus, [ej,cses + cueq] = 0 for some (c3,¢q) € R?,
and it follows (Remark 2.5, (ii)) that pe; € spang{es,es} for some unit element
p= 1 ++v/—1ps € C R, in particular K(ey, pei) = 0.

So, we can use (ey, [vV—1&,e1], per, u[v/—1&, e1]) as a K-orthonormal basis for
[2,515(C)]. Thus, in this basis ad, and A;" admit the representations in (10).

In the basis (&, v/ —1&) of ¢4(2), in which Mat(K ‘Cg(z)) = diag(1, —1) (see Remark
2.5 (iii)), one has:

1 . d1 d2 . 1 d3 —dg _ 1 d3 —dg
Aq }CB(Z) o (—dg d3 ’ Aq‘cg(z) o S d2 d1 ’ q|cﬂ(z) o 5 —dQ —dl

where ¢ denotes det(Ag" )
cg(z

the determinant of Mat(q*) = Mat(K). Mat(A;"') on c¢4(2) is negative, namely:

§ det(diag(1,—1)) < 0. So § > 0. Now we read on Mat(q) that q(z,2) = —%; its

sign is opposite to that of d;, which gives the result. |

). As ¢, hence also q*, is Lorentzian on ¢;(z),

Remark 4.4. Take the decomposition

spanp{&, v/ —1€} @ spang{e, [V —1&, €]} @ spang{ue, [v/—1&, e}

of sly(c) as in Lemma 4.3, we observed that its components are (i) invariant under
A, and (ii) orthogonal to each other with respect to K and . As a matter of fact,
for any pair of symmetric (or alternate) bilinear form {A, B} with A non-degenerate
on a vector space V', there is a unique and maximal decomposition on V' satisfying
properties (i), (ii) and more (see [13]). ]

Corollary 4.5.  Let q be a left-invariant Lorentzian metric on SLy(C). Then the
dimension of the Lie algebra of the left-invariant Killing vector fields on (SLs(C),q)
15 at most one.

Proof. Denote the Lie algebra of the left-invariant Killing vector fields by b.
The signature of the Killing form K is (3,3) on sly(C) and, by Lemma 4.3, K is
negative definite on b, so dim(h) < 3. The Lie algebra sl3(C) does not have any
compact subalgebra with dimension 2. Now suppose dim(h) = 3. Three dimen-
sional compact Lie algebras are isomorphic to 0(3), [4]. So without loss of generality
we can assume

V=1 0 0 1 0 V-1
:spanR{61:< 0 m), 62=<_1 0), 63:<\/T1 0 )}
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One can see that hix = /=1h, 5l,(C) = h & /—1h and [z,y] # 0 for every
non collinear z,y € h. By Lemma 3.1 we obtain [z, A.z] = Aqlzr,z] = 0 and

[z, Apv/—1z] = Ay[z,v/—1x] = 0 for every = € h. Hence
Aq(2), Ag(V—1z) € co(x) = spang {z, v =1z},
ie. Agx = A\x and Av/—1z = yv/—1z for some (A7) € C?. Thus the decompo-

sition sly(C) = ®2_,¢,(e;) is q-orthogonal, and also by Lemma 4.3, q is Lorentzian
on each ¢4(e;). Therefore sign(q) = (3,3) on sl,(C), and q is not Lorentzian.  m

As mentioned in Section 2, an idempotent of the dual Euler field F{ is an element
x € g = T.G which is the initial velocity of a non-constant geodesic v starting at
e € G and running on a one parameter subgroup of G. In this case, the graph of
the reflected curve wu(t) of ~(t) is just the radial half-line R*z.

To establish our next result, we introduce a family of curves which includes the
above mentioned reflected curves as special cases.

Definition 4.6.  Let F' be a homogeneous quadratic vector field on a vector space
V, and u(t) be an integral curve of F'. Then, u(t) is called a generalized conical
spiral (GCS) of F, if there exist r,s € R with r > 0, so that u(s) = ru(0). ]

Note that since F is homogeneous quadratic, one gets u(ks) = r*u(0) for any

positive integer k. Here are some features of GCS curves.

Proposition 4.7. Let F be a homogeneous quadratic vector field on a vector
space V. Let x € Vand u: I CR =V be a GCS of F with u(s) = ru(0) for some
r,s € R. Then:

(i) if F(z) =z, then Rz is a GCS for any s > 0, with r = 1% ,
(ii) of r = 1, the curve u(t) is an ordinary s-periodic curve and, therefore,
complete,

(iii) if r # 1, the curve u(t) is incomplete.

Moreover, when V = g is a Lie algebra with Lie group G' and F' = Fy is the dual
Euler field of a left-invariant Lorentzian metric q on G, we have

(iv) if r # 1, the curve u(t) is nilpotent and q*(u(t),u(t)) =0 for any t € I.

Proof. Parts (i) and (ii) are trivial. For part (iii), let » > 1 and [0,b) be the
maximal domain of the curve wu(t). For each positive integer k, define @ := u‘[o q
and let s;, = Z;:é(s/rj). Then wu(t) = r*a(r¥(t — sz)), where t € [sy, sp + (s/77)].
This yields b = sr/(r — 1). So, u(t) is incomplete.

Similarly, if 7 < 1 then one can see that u(t) cannot be extended beyond a finite
time in the negative direction.

Finally, to prove (iv) let u(t) be a GCS curve of the dual Euler field Fi(z) = [z, Aqx].
We have q*(u(s),u(s)) = r? q*(u(0),u(0)). On the other hand, since q*(x,z) is a
first integral, one gets q*(u(s), u(s)) = q*(u(0),u(0)). Putting together, we conclude
that (r? — 1) q*(u(0),u(0)) = 0. Since r # 1, one has q*(u(0),u(0)) = 0. Since
q*(u(t),u(t)) is constant, we get q*(u(t),u(t)) =0 for any t € I.

In a similar way, one can use the first integrals tr(ady,) to show that w(t) is
nilpotent. [ |
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By Lemma 4.3, if q(z,v/—1z2) = 0, then dy = 0 and A" = diag(dy,ds, a,a,b,b)

in the basis (&, vV—1&, e, [V —1&, €], pe, u[v/—1&, €]). Now we restate Theorem 1.2 in
the setting of Lemma 4.3.

Proposition 4.8.  Let q be a left-invariant Lorentzian metric on SLo(C) with
vV —1& as a compact spacelike Killing vector field, and A;lx/—lﬁ = dsv/—1&. Then
q 1s geodesically complete if and only if its dual Fuler field has no incomplete GCS.

We prove Proposition 4.8 via Lemmas 4.9-4.11. First in Lemma 4.9 we consider
solutions of the dual Euler equation in the zero level set K(x,/—1¢) = 0, which is
decomposed as RED[€, s[2(C)]. Such a solution can be written as u(t) = f(t)é+v(t)
where f: I C R — R is a smooth function and v : I — [, 5l5(C)] is the projection
of u(t) on [£,sl2(C)] by the projection map 7 : RE @ [, sl2(C)] — [€, sl(C)].

Lemma 4.9.  The dual Euler equation of q on the hyperplane K(v/—1&,x) = 0
(that is stable under the dual Euler flow by Proposition 3.3) can be written as

[u, Ag ] = p(v)€ + fV(v), (13)

where ¢ : [£,80,(C)] = R, v=n(u), f=K(u,&)/K(E) and V is a linear operator
on [£,sla(C)]. Furthermore, if the system y' =V (y) has unbounded solutions, then
the solutions of the dual Euler equation on the hyperplane K(x,/—1£) =0 are also
unbounded.

Proof.  Given a solution u(t) = f(t)¢ + v(t) of the dual Euler equation, we have
[u, Ag'u] = 216 AN + flv, AJ'E] + flE AG ] + [v, Ag ). (14)

In equation (14) one has [£, A;'¢] = 0 and [v, A;'¢], [€, A '] € [€,56(C)] = ¢()*
with respect to K and [v, A;'v] € ¢g(§) = spang{,v/—1&} (that comes from
Remark 2.5(ii) and Ag-stability of [¢,5l(C)] by Lemma 4.3). Since /—1¢ is
a Killing vector field, by Proposition 3.3 we have 0 = K(v/-1¢, [u, AJ'u]) =
K(v—1¢, [v, Ag'v]) which yields [v, A;'v] = @(v)€ for some ¢ : [€,51,(C)] — R.
Thus, (14) could be rewritten as

[u, A7 u) = (V)€ + f ([v, AJ'E] + [€, A ]) - (15)

We denote by V' the linear vector field on [€, sl5(C)] obtained from the second term
of (15), that is,

Vi [€5L(C)] = [6,5L(C)], yw [6 (AT — dild)y] + [V-1€, day], (16)

in which AJ'¢ = (di — v/—1d3)¢. In the above formula, Id : [¢,5l;(C)] — [€, s13(C)]
is the identity map.

Let ©(t) be the solution of ¥'(t) = V(0(¢)) with initial condition ©(0) = yq.
Suppose that u(t) = f(¢)€ + v(t) is the solution of the dual Euler equation with
u(0) = f(0)€ + yo, then by (13), v'(t) = f(t)V(v(t)). And, each orbit u(R) of the
dual Euler flow is contained in one of the two open half-spaces separated by the
hyperplane f~1(0), and its projection v(R) = m(u(R)) is contained in an orbit o(R)
of the vector field V' with a possibly different parametrization: o( [ f(¢)dt) = v(t).
In particular, if a solution of ¥'(t) = V(9(t)) are unbounded, then the corresponding
solution of the dual Euler equation is unbounded as well. [ ]
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Let g = puy +v/—1pg with (u1, u2) € R? be the constants in Part (ii) of Lemma 4.3
and V' be the operator in (16) with dy = 0. To simplify the calculations we consider
1oV instead of V' in the following. The operator psV has the representation

0 —,ul(a—dl) 0 —(b—dl)
m(a—dl) 0 (b—dl) 0

0 (a—dl) 0 /J,l(b—dl)
—((l—dl) 0 —/Ll(b—dl) 0

in the K-orthonormal basis (e, [v/—1¢, €], ne, u[v/—1&,€]), and its characteristic
polynomial is given by

Py(x) = (a® + (i — 1)d)* + pi(a — b)*a?,

where d = (dy — b)(dy — a). In what follows we consider different possibilities for d
and in each case we examine the intersection of the nilpotent cone

N = {z € 5,(C) : tr(2?) = 0}
(Remark 2.5, part (i)) and the null cone A? in the hyperplane K(z,v—1¢§) = 0.

Lemma 4.10. Ifd < 0, then the solutions of the dual Euler equation are complete.
Proof. Let A;l = diag(dy, ds, a,a,b,b) and (f1, fo, z1, T2, Y1, y2) denote the coor-

dinates in the basis (§,v/—1¢, ¢, [v/—1&, €], ne, p[v/—1&, ¢]). Since K(z,/—1&) =0,
f2 = 0. Using K(z,z) = 2Re(tr(2?)) = 0 and K(z,v/—1z) = —2Im(tr(2?)) = 0
for v € N, and q*(z,2) = K(a:,A;l xz) =0 for z € A*, one obtains the following
system of equations:
ita -y~ =0
211 + Tays + g (af + x5+ yi +y35) =0 (17)
ar? +ars —by? —bys +d fE =0

from which we get (a —dy)(2? + 23) + (dy — b)(y? + y3) = 0, having only the trivial
solution for d < 0. Hence, by Remark 2.10, when d < 0, the solutions of dual Euler
equation are bounded.

Now suppose that d = 0. The constants a and b in (10) have different signs. There
is no loss of generality in assuming a > 0 and b < 0. One then obtains d; = b. So
(@ —b)(x3 + 23) = 0, hence x; = x5 = 0, which by the last equation in (17) implies
pi(y?+y3) = 0. If g # 0, the system of equations (17) has just the trivial solution.
Solet puy =0 and z = f1€ + fo/—1€ +y with y = (21,72, y1,%2) Tepresenting an
element of [¢,5l5(C)] in the basis (e, [v/—1€, €], pe, u[v/—1€, €]), then

[, AN = fi ([, AL+ 1€ AT ) + F ([y, ALV =1E) + V=16, AT N) + (v, ALl
where [y, A7ly] = i(a—b)(@yl — 21)¢ and
6 A )+ [y A = (- (a = b)ra)pse — (- (a = b )ulV/=1¢ ],
V=16 ALy + [y, ALV -1 = (& (a—ds)xz)eJr( (a—ds)wl)[\/_ﬁ ]
(M (b—dg)yz)ue+( ~(b— d3)yn)n [\/—_ﬁ,e]-
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Therefore, the dual Euler equation is given by

/ 1 /
fi=—(a—b) (w21 — yo11), Jo =0,

H2
—1 1 1

7 = —(a — d3) fa22, Yo = —(a =) fiza — —(b—ds) fays,
2 H2 H2
1 -1 1

rh = —(a—ds3)foxy, Yo = —(a —b) frv1 + —(b— d3) foy.
2 H2 H2

The above equations give z} = ;—:(a — d3) forg and zf, = i(a — d3) fary, which

vields #{x; + zhzy = 0. Thus, z% + 22 = r? for some constant r. Also from the
first integral K(x,v/—1x), we have —fi fo + x1y1 + 22y2 = ¢o for some constant cq.
From the above system we get

(auf ) | = Thy1 — YhT1 + Tayy — Y1)
= (a —b) fi(z] + 23) + (a — b) fo(x1y1 + T2y2)
= (a=b)(r* + f3) fi + (a = b) foco,

Hence, for any solution u(t) = fi(t)¢ + f2(0)v/—1& + v(t) of the dual Euler equa-
tion, fi(t) is complete. Since f; is the coefficient in the timelike direction and
q*(u(t),u(t)) is constant, the curve v(t) = (x1(t), x2(t), y1(t), y2(t)) also turns out
to be complete. [ ]

Next, we consider the case d > 0.

Lemma 4.11.  If d > 0, then q is complete if and only if F, has no incomplete
GCS.

Proof. First we show that when p? > d(a + b — 2d;)™2, the system of equa-
tions (17) has only the trivial solution. From (17) we get

—d 2d1 —a—0b
? bl f127 96’1?/1+9C2y2:%f12ﬂ1- (18)

b—d
L ity =

2 2
]+ x, =
1 2 a—>b a—

Then by the Schwarz inequality we have p? < d(a+b—2d;)™%. On the other hand,
from the discriminant of Py (z) one can see that if u? < 4d(a + b — 2d;)~2, the
cigenvalues of V' are complex with non-zero real parts. Since Py(z) = Py(—x),
two of them have a positive real part. So by Proposition 2.9 the w-limit of the
system ¢y = V(y) is empty and its solutions are unbounded, hence by Lemma 4.9
the solutions of F, are unbounded in the hyperplane K(v/—1¢,z) = 0. Now let
x = (21,22), ¥ = (y1,¥2), by (18) we have

b—d —d 2d1 —a—b
HXHZ = fbl f2> H}’H2 = L_bl f2, <X7Y> = % f2,ul-

a a

(x,y) < Ix <yl xt . where x
[1x]| x|

Thus we have two copies of S! x R which intersect each other only at the origin
point, so NN A} N {x : K(z,v—1§) = 0} \ {0} is diffeomorphic to four disjoint
copy of S! x R. Therefore every unbounded solution u(t) with

0#u(0) € (NNA) N {z: K(z,vV-1¢) = 0}

So we can determine y by (x, f), y = L= (—x9,11).
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must lie in one of these components. So, either the projection of u(t) on S covers
the whole S', or we have an idempotent. In either case u(t) is an incomplete GCS.
In fact the idempotent occurs when p; = 0, since just in this case the eigenvalues
of V(x) are real and F; can have a radial solution. n

Lemmas 4.10 and 4.11 together with Theorem 2.7 complete the proof of Proposition
4.8.

Remark 4.12.  In the proof of Lemma 4.11, when p; # 0, one obtains an incom-
plete solution of the dual Euler equation which is not generated by an idempotent. In
particular, unlike on SLo(R), there are incomplete left-invariant Lorentzian metrics
on SLy(C) with no idempotent. ]
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