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Lie Exponential Map for Connected Lie Groups

Reza Bidar

Communicated by P. J. Olver

Abstract. Let G be a real connected Lie group with a left invariant metric d , g its Lie algebra,
exp : g → G be the Lie exponential map, and ad be the adjoint representation of g . In this paper
we use matrix algebra and Jordan normal form to derive a set of upper and lower bounds for
|d expx(y)|, x, y ∈ g that generally are exponential type functions of the eigenvalues of adx . These
bounds provide useful information about the exponential map and the way it relates the Euclidean
metric of g and the left invariant metric of G . For Lie groups for which the exponential map is
a diffeomorphism, we investigate conditions under which the exponential map is a quasi-isometry.
This is obviously true if G is isomorphic to Rn . We prove that the exponential map is a quasi-
isometry only when G is isomorphic to Rn .
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1. Introduction

Let G be a connected real Lie group with a left invariant Riemannian metric d , g
its Lie algebra as an inner product space, and exp : g → G the Lie exponential map.
For g ∈ G , let lg denote the left multiplication by g . Given a non-zero element
x ∈ g , it is well known that the differential of the exponential map at x is given by

d expx = dlexp(x)
1− e−adx

adx

, (1)

Rossman [11, p.15]. Since the metric d is left invariant, it follows that for any y ∈ g

|d expx(y)| =
∣∣∣∣1− e−adx

adx

(y)

∣∣∣∣ .
Thus the problem of finding upper and lower bounds for |d expx(y)| would be
equivalent to finding estimates for the norm of the image of

1− e−adx

adx

.

We use matrix algebra and Jordan normal form to find these estimates. These
bounds are generally exponential type functions of the eigenvalues of adx as stated
in the next section.
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Given two metric spaces (X1, d1) and (X2, d2) a continuous map f : X1 → X2

is a (α, β)-quasi-isometery [4, Definition 8.14] if there exist constants α ≥ 1 , and
β, c ≥ 0 such that for all x, y ∈ X1

1

α
d1(x, y)− β ≤ d2(f(x), f(y)) ≤ αd1(x, y) + β , (2)

and every point of X2 lies in the c–neighbourhood of the image of f . In this paper
we consider a somewhat stronger definition of quasi-isometry as formulated in Attie
[1, Definition 1.12]. We say the exponential map is a (smooth) quasi-isometry or
simply quasi-isometry if it is diffeomorphism and there is a constant α ≥ 1 such
that for all x, y ∈ g :

α−1|y| ≤ |d expx(y)| ≤ α|y| . (3)
By using the Riemannian exponential map one can easily see that every smooth
quasi-isometry is a (α, 0) quasi-isometry. Knowing under which conditions the Lie
exponential map satisfies (3), or is a quasi-isometry may be useful in the study of
metric properties of Lie groups. Clearly if G is abelian then the exponential map
satisfies (3), and if G is isomorphic to Rn then the exponental map is quasi-isometry.
An element x ∈ g is a compact element if spec(adx) ⊆ iR . For a simply connected,
solvable Lie group G , if all elements of g are compact then G is a rigid Lie group.
Under this definition Rn and all simply connected nilpotent Lie groups are rigid.
To see some other examples of rigid Lie groups see Auslander [2]. As we will see
in Proposition 2.5, for a Lie group G homeomorphic to Rn , if there is a constant
α ≥ 1 such that

|d expx(y)| ≤ α|y| for all x, y ∈ g (4)
then G must be a rigid Lie group.
In Theorem 2.5, we prove that if the exponential map satisfies (3) then G must be
abelian, and if the exponential map is quasi-isometry, then G must be isomorphic
to Rn .

2. Results
For the purpose of the method we use here, throughout the paper we work with
gC = g⊗ C , the complexification of g as detailed in section (3.4), and we consider

1− e−adx

adx

,

as a linear transformation on gC as a complex inner product space. Let dim(gC) = n
and assume that x̂ = x/|x| has complex eigenvalues λ1, · · · , λn . By the Spectral
Mapping Theorem in Rudin [12, Theorem 10.33]) eigenvalues of (1 − e−adx)/adx

are (1 − e−λi|x|)/λi|x|, 1 ≤ i ≤ n . We use the Jordan normal form to bound the
differential of exponential map by the exponential terms related to the eigenvalues
of (1− e−adx)/adx as stated in Theorem 2.1.

Theorem 2.1. Let x ∈ g, |x| ≥ 1. Let x̂ = x/|x|, λi , 1 ≤ i ≤ q be eigenvalues
of adx̂ , counting geometric multiplicity. Let mi be the size of the Jordan block
associated with λi . In addition assume that the eigenvalues have been labeled so that
there is some p ≤ q , such that for each i > p, mi > 1, λi is non-zero and has zero
real part.
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Let λ̃1(|x|) = min

{
|x|1−m1

∣∣∣∣1− e−λ1|x|

λ1|x|

∣∣∣∣ , · · · , |x|1−mp

∣∣∣∣1− e−λp|x|

λp|x|

∣∣∣∣}
λ̃2(|x|) = min

{∣∣∣∣1− e−λp+1|x|

λp+1|x|

∣∣∣∣mp+1

, · · · ,
∣∣∣∣1− e−λq|x|

λq|x|

∣∣∣∣mq
}

λ̃3(|x|) = max

{
|x|m1−1

∣∣∣∣1− e−λ1|x|

λ1|x|

∣∣∣∣ , · · · , |x|mp−1

∣∣∣∣1− e−λp|x|

λp|x|

∣∣∣∣}
λ̃4(|x|) = max

{
|x|mp+1−2, · · · , |x|mq−2

}
λ̃min(|x|) = min(λ̃1(|x|), λ̃2(|x|)), λ̃max(|x|) = max(λ̃3(|x|), λ̃4(|x|))

Then there exist positive constants C,D , only depending on x̂, such that for any
unit y ∈ g

Cλ̃min(|x|) ≤ |d expx(y)| ≤ Dλ̃max(|x|) . (5)

Corollary 2.2. Let x ∈ g be non-zero and such that adx is diagonalizable. Let
x̂ = x/|x|, λ1 = 0, · · · , λp ∈ C be non-repeated eigenvalues of adx̂ , and

λ̃min(|x|) = min

{∣∣∣∣ 1− e−λ1|x|

λ1|x|

∣∣∣∣ , · · · , ∣∣∣∣ 1− e−λp|x|

λp|x|

∣∣∣∣} ,

λ̃max(|x|) = max

{∣∣∣∣ 1− e−λ1|x|

λ1|x|

∣∣∣∣ , · · · , ∣∣∣∣ 1− e−λp|x|

λp|x|

∣∣∣∣} .

Then there exist positive constants C,D , only depending on x̂, such that for any
unit y ∈ g

Cλ̃min(|x|) ≤ |d expx(y)| ≤ Dλ̃max(|x|) . (6)

When adx is p-step nilpotent, the only eigenvalue is 0 and the size of the largest
Jordan block is p , so we get the following corollary:

Corollary 2.3. Let g be p-step nilpotent. Given a non-zero x ∈ g,
C

|x|p−1
≤ |d expx(y)| ≤ D|x|p−1.

Let G be simply connected and solvable. In the late fifties Dixmier [5] and Saito
[13] independently proved that the exponential map is injective iff it is surjective iff
it is diffeomorphism, and all of these statements are equivalent to the following:

spec(adx) ∩ iR = {0}, for all x ∈ g . (7)

This leads us to the following proposition:

Proposition 2.4. Let G be a simply connected solvable Lie group with an injective
(or surjective) exponential map. Fix a unit element x̂ in g, and let x = |x|x̂ with
|x| ≥ 1. Let m be the size of the largest Jordan block associated with adx̂ . Then
there exist a positive constant C such that for all units y ∈ g

|d expx(y)| ≥
C

|x|m
. (8)

If in addition adx̂ is diagonalizable,

|d expx(y)| ≥
C

|x|
. (9)
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By using the exponential form of the eigenvalues for the differential of the exponen-
tial map we can conclude the following proposition and theorem:

Proposition 2.5. Let G be a real connected Lie group. Assume there is a
constant α ≥ 1 such that |d expx(y)| ≤ α|y| for all x, y ∈ g. Then for all x ∈ g,
spec(adx) ⊆ iR. If additionally G is homeomorphic to Rn then it is a rigid Lie
group.

Theorem 2.6. Let G be a real connected Lie group. Assume there is a constant
α ≥ 1 such that

α−1|y| ≤ |d expx(y)| ≤ α|y| ,

for all x, y ∈ g. Then G is abelian. If the exponential map is a quasi-isometry then
G is ismorphic to Rn .

3. Preliminaries

3.1. Jordan canonical form
Given a complex matrix A ∈ Mn(C) , let J be the Jordan normal form of A . Thus
there exists an invertible matrix P such that A = P−1JP , where

J =

J1

. . .
Jp

 , Ji =

λi 1

λi

1

λi




If f is an analytic matrix function on Mn(C) for any matrix A where its norm is
inside the radius of convergence of f , we have:

f(A) = P−1f(J)P , f(J) =

f(J1)
. . .

f(Jp)

 , (10)

where

f(Ji) =


f(λi) f ′(λi)

f ′′(λi)
2

. . . f (n−1)(λi)
(n−1)!

0 f(λi) f ′(λi) · · · f (n−2)(λi)
(n−2)!

... ... . . . . . . ...
0 0 0 f(λi) f ′(λi)
0 0 0 0 f(λi)

 (11)

Golub [6, Theorem 11.1.1] .

3.2. Singular values
Given a linear operator T , enumerate the singular values {σj(T)}, j = 1, 2, · · · in a
non-increasing order, and the eigenvalues {λj(T)}, j = 1, 2, · · · so that the moduli
are non-increasing. Assume that H is a finite dimensional Hilber space, dimH = n .
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Singular values of a linear operator defined on a finite dimensional Hilbert space
are related to the norm of the operator on some subspaces of H . This is known as
minimax principle for singular values (See Bhatia [3, Chapter III]):

Proposition 3.1 (The minimax principle for singular values). Given any operator
on a finite dimensional Hilbert space H , dimH = n, we have for 1 ≤ j ≤ n :

σj(T) = max
M:dimM=j

min
x∈M,|x|=1

|T(x)| = min
N :dimN=n−j+1

max
x∈N ,|x|=1

|T(x)|. (12)

In particular, the minimax principle implies that:

σ1(T) = max
|x|=1

|T(x)| = ∥T∥ , σn(T) = min
|x|=1

|T(x)| . (13)

3.3. Lie groups homeomorphic to Rn

Let S̃L2(R) be the universal cover of SL2(R) . Lie groups homeomorphic to Rn are
either solvable or a semidirect product of a solvable group and copies of S̃L2(R) as
stated in the following Theorem (See Onishchik [7, Theorem 3.2.]):

Theorem 3.2. Let G be connected Lie group. Then the following conditions are
euivalent:

(i) the Lie group G is diffeomorphic to Rn , n = dimG;
(ii) the Lie group G is contractible;
(iii) the maximal subgroup of G is trivial;
(iv) the Levi decomposition for the group G is of the form G = S n R , where the

radical R is simply connected, and the Levi subgroup S is isomorphic to
A× · · · × A︸ ︷︷ ︸

m

, A = S̃L2(R) for some m ≥ 0.

3.4. Complexification
Let G be a real Lie group, g its Lie algebra as the tangent space at identity with
the inner product ⟨·, ·⟩ induced by the left invariant Riemannian metric of G . The
tensor prodcut gC = g⊗CC is called the complexification of g . For further discussion
see Knapp [9, Chapter 1]. When working with inner product spaces it may be easier
to work with an alternative representation for gC , also called the complex hull of
g . For further discussions see Naimark [10, Chapter X]. Elements of gC can be
considered as u+ iv , u, v ∈ g . The operations in gC are then defined by:

1. (u1 + iv1) + (u2 + iv2) = (u1 + u2) + i(v1 + v2) ,

2. (α + iβ)(u+ iv) = αu− βv + i(αv + βu) , for any α + iβ ∈ C ,

3. [u1 + iv1, u2 + iv2] = [u1, u2]− [v1, v2] + i([u1, v2] + [v1, u2]) .

Certain important properties of an algebra are preserved under complexification: gC

is nilpotent, solvable or semi-simple if and only if g has this property. Any linear
transformation, or Lie algebra homomorphism T : g → g can be naturally extended
to T : gC → gC through

T(u+ iv) = T(u) + iT(v) .
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The real inner product ⟨·, ·⟩ can be naturally extended to a complex inner product;
that is a map ⟨·, ·⟩ : gC × gC → C which is positive definite, linear in the first
argument, and has conjugate symmetry: for all x, y ∈ gC , ⟨x, y⟩ = ⟨y, x⟩ . One can
easily verify that

|u+ iv|2 = |u|2 + |v|2 . (14)
It can be easily seen that an orthonormal Basis F in g as a real vector space, is
also an orthonormal basis of gC as a complex vector space.

4. Proof of the results
We use the following notations throughout this section:
Notations. Let g be a real finite-dimensional Lie algebra.

1. Norm on gC is defined by (14). End(gC) is the space of endomorphisms of gC
with the operator norm.

2. For any a ∈ C , x ∈ gC , T ∈ End(gC) , |a| , |x| , and ∥T∥ represent the absolute
value of a , the norm of the element x , and the operator norm of the linear
map T , respectively. ∥T∥g represents the norm of T|g and spec(T) is the
spectrum of T .

3. For a given basis F in gC [T]F is the matrix representation of T in basis F .
4. ∥A∥ and ∥A∥F are the 2-norm and Frobenius norm of A ∈ Mn(C) , respec-

tively (See Bhatia [3, Chapter I]).
5. For z ∈ C , A ∈ Mn(C) , T ∈ End(gC) , let

E(z) :=
1− e−z

z
, E(A) :=

1− e−A

A
, E(T) :=

1− e−T

T
.

In particular, E(0) = 1 and E(0) is the identity matrix or operator. Further,
σmin represents the smallest singular value of A or T .

6. For two real valued functions f(t) and g(t) defined on a real interval I , we
say “f(t) is bounded from above by g(t)”, or “g(t) is bounded from below by
f(t)” if there is M > 0 such that |f(t)| ≤ M |g(t)| for all t in I .

As detailed in subsection 3.4, the inner product of g induced by the metric d ,
may be extended to an inner product in gC . Moreover (1 − e−adx)/adx can be
regarded as a linear transformation on gC . Since the problem of estimating the
norm the exponential map reduces to estimating the norm of a linear map over the
Lie algebra, we can do estimates in gC and then derive the bounds for the real case.
In order to prove Theorem 2.1 we first introduce and prove the necessary lemmas:

Lemma 4.1. Let f(z) =
1− e−z

z
, z∈C. Given k > 0, and a complex number z0 :

(1) If z0 ̸= 0 and Re(z0) = 0, there is constant Ak > 0 such that for all real
numbers t ≥ 1,

∣∣f (k)(tz0)
∣∣ < Ak

t
.

(2) If z0 = 0, or Re(z0) ̸= 0, there is a constant Bk > 0 such that for all real
numbers t ≥ 0,

∣∣f (k)(tz0)
∣∣ < Bk|f(tz0)|.
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Proof. Noting f(0) = 1 , the case z0 = 0 is trivial. Assume k > 0 and a fixed
z0 ̸= 0 are given. Using the power series of the analytic function f(z) , the function∣∣f (k)(tz0)

∣∣ is continuous and takes a maximum over 0 ≤ t ≤ 1 . As well, when
Re(z0) ̸= 0 ,

∣∣f (k)(tz0)/f(tz0)
∣∣ is continuous and takes a maximum over 0 ≤ t ≤ 1 .

So without loss of generality we may assume t ≥ 1 . For simplifyng the notation let
z = tz0 . A quick induction shows that for any k > 0

f (k)(z) =
(−1)kk!

zk+1
+

zk + p(z)

zk+1
e−z =

1

t

(
(−1)kk!

tkzk+1
0

+
tkzk0 + p(tz0)

tkzk+1
0

e−tz0

)
,

where p(z) is a polynomial of degree k − 1 . When Re(z0) = 0 , the function in the
parenthesis has bounded norm on [1,∞) proving statement 1. When Re(z0) ̸= 0
we have: ∣∣∣∣fk(z)

f(z)

∣∣∣∣ = ∣∣∣∣( (−1)kk!

zk
+

zk + p(z)

zk
e−z

)
1

1− e−z

∣∣∣∣
≤
∣∣∣∣ (−1)kk!

zk

∣∣∣∣ ∣∣∣ ez

ez − 1

∣∣∣+ ∣∣∣∣zk + p(z)

zk

∣∣∣∣ ∣∣∣ 1

ez − 1

∣∣∣ .
As t → ∞ , we have (−1)kk!

zk
→ 0 , zk + p(z)

zk
→ 1 , and

Re(z0) > 0 :
ez

ez − 1
→ 1,

1

ez − 1
→ 0 Re(z0) < 0 :

ez

ez − 1
→ 0,

1

ez − 1
→ −1.

Thus the continuous function t →
∣∣∣∣ fk(tz0)

f(tz0)

∣∣∣∣ is bounded on [0,∞) proving the
second statement.

Lemma 4.2. Let

A =


a0 ta1 t2a2 . . . tnan
0 a0 ta1 · · · tn−1an−1
... ... . . . . . . ...
0 0 · · · a0 ta1
0 0 · · · 0 a0


where t ≥ 0 is a real number and a0 = a0(t), · · · , an = an(t) are complex valued
functions of t. When a0 ̸= 0, the inverse of A has the form

A−1 =


1
a0

tb1 t2b2 . . . tnbn
0 1

a0
tb1 · · · tn−1bn−1

... ... . . . . . . ...
0 0 · · · 1

a0
tb1

0 0 · · · 0 1
a0


where bi = bi(t) are complex valued functions of t. Let I = {t|t ≥ 1, a0(t) ̸= 0}.

1. Assume that for i = 1, · · · , n there exist ki > 0 such that |ai(t)| ≤ ki|a0(t)|
for all t. Then there exists li > 0 such that bi(t) ≤ li|a0(t)|−1 for all t ∈ I .
In addition, there is a constant l > 0 such that ∥A−1∥F ≤ ltn|a0(t)|−1 for all
t ∈ I .
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2. Assume that for i = 0, · · · , n there exist ki > 0 such that |ai(t)| ≤ ki/t for all
t > 0. Then there exists li > 0 such that bi(t) ≤ lit

−i|a0(t)|−(i+1) for all t ∈ I .
In addition, there is a constant l > 0 such that ∥A−1∥F ≤ l|a0(t)|−(n+1) for
all t ∈ I .

Proof. Let b0 = 1/a0 and l0 = 1 , and to simplify the notation let ãi = tiai ,
b̃i = tibi . Let

J =

0 1

1

0




be the (n+ 1)× (n+ 1) Jordan block with the eigenvalues zero. Then

A =
n∑

i=0

ãiJ
i,

where J0 = I is the identity matrix. If AB is another matrix that form as

AB =
n∑

i=1

b̃iJ
i, b̃0 ̸= 0,

re-indexing by powers of J , and using the fact that Jn = 0 , we get

AB =
n∑

i=1

ãiJ
i

n∑
j=0

b̃jJ
j =

n∑
m=0

(
m∑
i=0

ãib̃m−i

)
Jm.

So, the condition that AB is the inverse of A , i.e., that AB = I , is that the inner
sum is 1 for m = 0 and 0 for m > 0 . In terms of the coefficients,

1 = ã0b̃0

0 = ã0b̃1 + ã1b̃0

0 = ã0b̃2 + ã1b̃1 + ã2b̃0
...

0 = ã0b̃n + ã1b̃n−1 + · · ·+ ãn−1b̃1 + ãnb̃0

Proof of (1). b̃0 = 1/ã0 = 1/a0 , b̃1 = −ã1b̃0/ã0 = t(−a1/a
2
0) , so b1 = −a1/a

2
0 ,

and |b1| = |a1/a20| ≤ k11/|a0| , defining l1 = k1 . From the last equation, and using
induction we get

b̃n = − 1

a0

n∑
i=1

ãib̃n−i = − 1

a0

n∑
i=1

tiait
n−ibn−i =

(
− 1

a0

n∑
i=1

aibn−i

)
tn. (15)

Setting bn the term in the parenthesis, and using induction we get:

|bn| ≤
1

|a0|

n∑
i=1

|ai||bn−i| ≤
1

|a0|

n∑
i=1

ki|a0|ln−i
1

|a0|
=

(
n∑

i=1

kiln−i

)
1

|a0|
,

defining ln =
∑n

i=1 kiln−i .
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Since all entries of A−1 are bounded by tn|a0(t)|−1 , so ∥A−1∥F is also bounded by
tn|a0(t)|−1 .

Proof of (2). |b1| = |a1/a20| ≤ k1/(t|a0|2) , defining l1 = k1 . From equation 15 and
using induction it follows that:

|b̃n| ≤
1

|a0|

n∑
i=1

|ãi||b̃n−i| ≤
1

|a0|

n∑
i=1

kit
i−1 ln−i

|a0|n−i+1

=
1

|a0|n+1

n∑
i=1

kiln−it
i−1|a0|i−1 ≤ 1

|a0|n+1

n∑
i=1

kik
i−1
0 ln−i,

defining ln =
∑n

i=1 kik
i−1
0 ln−i . Finally,

tibi ≤ li|a0(t)|−(i+1) = li|a0(t)|−(n+1)|a0(t)|n−i

≤ li|a0(t)|−(n+1)(k0/t)
n−i ≤ lik

n
0 |a0(t)|−(n+1),

thus all entries of A−1 are bounded by |a0(t)|−(n+1) , so is ∥A−1∥F .

Lemma 4.3. Let

Ji =

λi 1

λi

1

λi




be a Jordan block of size n > 1, and Ji = [λi] be the Jordan block of size n = 1.

1. Let n > 1, λi ̸= 0 and Re(λi) = 0. Then there are constants Ci, Di > 0 such
that ∥E(tJi)∥ ≤ Cit

n−2 , and σmin(E(tJi)) ≥ Di |E(tλi)|n for all t ≥ 1.

2. Let n = 1, or λi = 0, or Re(λi) ̸= 0. Then there are constants Ci, Di > 0

such that ∥E(tJi)∥ ≤ Cit
n−1 |E(tλi)| and σmin(E(tJi)) ≥ Di |E(tλi)|

tn−1
for all

t ≥ 1.

Proof. If n = 1 , ∥E(tJi)∥ = |E(tλi)| so the case is trivial. For n > 1 we have:

E(tJi) =


E(tλi) tE′(tλi) t2 E

′′(tλi)
2

. . . tn−1 E
(n−1)(tλi)
(n−1)!

0 E(tλi) tE′(tλi) · · · tn−2 E
(n−2)(tλi)
(n−2)!

... ... . . . . . . ...
0 0 0 E(tλi) tE′(tλi)
0 0 0 0 E(tλi)


If Re(λi) = 0 we obtain by Lemma 4.1∣∣∣∣tk E(k)(tλi)

k!

∣∣∣∣ ≤ Ak

t

tk

k!
≤ Akt

n−2, k = 1, · · · , n− 1.
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Thus there is a constant Ci such that

∥E(tJi)∥ ≤ ∥E(tJi)∥F ≤ Cit
n−2.

When E(tλi) = 0 , σmin(E(tJi) = 0 and the case is trivial. Assume E(tλi) ̸= 0 . By
Lemma 4.1, E(k)(tλi)

(k−1)!
, k = 0, 1, · · · , n − 1 are bounded by 1/t , thus statement 2 of

Lemma 4.2 implies that

σmin(E(tJi)) =
1

∥E(tJi)−1∥
≥ 1

∥E(tJi)−1∥F
≥ 1

l |E(tλi)|−n ,

proving the first statement.
If λi = 0 or Re(λi) ̸= 0 , By Lemma 4.1,∣∣∣∣tk E(k)(tλi)

k!

∣∣∣∣ ≤ Bk |E(tλi)|
tk

k!
≤ Bkt

n−1 |E(tλi)| , k = 1, · · · , n− 1.

Thus there is a constant Ci such that

∥E(tJi)∥ ≤ ∥E(tJi)∥F ≤ Cit
n−1 |E(tλi)| .

By Lemma 4.1, E(k)(tλi)
(k−1)!

, k = 0, 1, · · · , n−1 are bounded by |E(tλi)| , thus statement
1 of Lemma 4.2 implies that

σmin(E(tJi)) =
1

∥E(tJi)−1∥
≥ 1

∥E(tJi)−1∥F
≥ 1

ltn−1 |E(tλi)|−1 ,

proving the second statement.

Lemma 4.4. Let

A =

A1

. . .
Aq


be a diagonal block matrix. Let σi1 ≥ σi2 · · · ≥ σini

, i = 1, · · · , q be the singular
values of Ai in non-ascending order. Singular values of A is the collection

{σij | 1 ≤ i ≤ q, 1 ≤ j ≤ ni} .

In particular ∥A∥ = max {∥A1∥, · · · , ∥Aq∥}.

Proof. Singular values of A are the square roots of the eigenvalues of

A∗A =

A
∗
1A1

. . .
A∗

qAq


which are the collection of eigenvalues of A∗

iAi , 1 ≤ i ≤ q .
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Lemma 4.5. Let

J =

J1

. . .
Jq


be a Jordan normal form, λi the eigenvalue of Ji so that for i ≥ p, Ji has size
> 1, λi is non-zero and has zero real part. Let

λ̃1(t) =min
{
t1−m1|E(tλ1)|, · · · , t1−mp−1|E(tλp−1)|

}
λ̃2(t) =min {|E(tλp)|mp , · · · , |E(tλq)|mq}

λ̃3(t) =max
{
tm1−1 |E(tλ1)| , · · · , tmp−1−1 |E(tλp−1)|

}
λ̃4(t) =max

{
tmp−2, · · · , tmq−2

}
λ̃min(t) =min(λ̃1(t), λ̃2(t))

λ̃max(t) =max(λ̃3(t), λ̃4(t))

Then there exist positive constants C ′, D′ , such that

∥E(tJ)∥ ≤ C ′λ̃max(t) and σmin(E(tJ)) ≥ D′λ̃min(t)

Proof. We have:

E(tJ) =

E(tJ1)
. . .

E(tJq)

 .

From Lemma 4.4 it follows that

∥E(tJ)∥ = max{∥E(tJ1)∥, · · · , ∥E(tJq)∥}

and thus by lemma 4.3 it is bounded by λ̃max(t) for all t ≥ 1 . Similarly, from
Lemma 4.4 it follows that

σmin(E(tJ)) = min{σmin(E(tJ1)), · · · , σmin(E(tJq))}

so by Lemma 4.3 it is bounded from below by λ̃min(t) for all t ≥ 1 .

Lemma 4.6. Let V be a finite dimensional complex inner product space, and
P,Q,T ∈ EndC(V ), P and Q invertible. Then

σmin(PTQ) ≥ σmin(P)σmin(T)σmin(Q). (16)

Proof. Without loss of generality we can assume T is invertible (otherwise the
right side of inequality is zero). We have:

min
|y|=1

|TQ(y)| = min
|y|=1

∣∣∣∣T( Q(y)

|Q(y)|

)
|Q(y)|

∣∣∣∣ ≥ min
|y|=1

|T(y)| ·min
|y|=1

|Q(y)| ,

repeating the argument one more time it follows that

min
|y|=1

|PTQ(y)| ≥ min
|y|=1

|P(y)| ·min
|y|=1

|T(y)| ·min
|y|=1

|Q(y)| ,

which gives the desired inequality.
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We may proceed to prove Theorem 2.1:

Proof of Theorem 2.1. Let F be an arbitray orthonormal basis for gC . Let J
be the Jordan normal form for adx̂ ; so there is an invertible complex matrix P such
that [adx̂]F = P−1JP , [adx]F = P−1|x|JP and thus[

1− e−adx

adx

]
F
= P−1E (|x|J)P .

So using Lemma 4.5 we have:

|d expx(y)| ≤
∥∥∥∥1− e−adx

adx

∥∥∥∥ = ∥P−1E (|x|J)P ∥

≤ ∥P−1∥ ∥E (|x|J)∥ ∥P ∥ ≤ ∥P−1∥∥P ∥D′λ̃max(|x|) ,

defining D = ∥P−1∥∥P ∥C ′ . In addition, using Lemma 4.6 it follows that:

|d expx(y)| ≥ min
|y|=1, y∈gC

∣∣∣∣1− e−adx

adx
(y)

∣∣∣∣ = σmin

(
1− e−adx

adx

)
= σmin

(
P−1E (|x|J)P

)
≥ σmin

(
P−1

)
σmin(E (|x|J))σmin(P )

≥ σmin

(
P−1

)
σmin(P )C ′λ̃min(|x|) ,

defining C = σmin (P
−1)σmin(P )C ′ .

Proof of Proposition 2.4. We follow the notations of Theorem 2.1. In ad-
dition, assume that the eigenvalues of adx̂ are labeled so that for some r ≥ 0 ,
λ1 = · · · = λr = 0 . By (7) all non-zero eigenvalues of adx̂ have non-zero real part.
Notice that for non-zero λj ,

∣∣1− e−λj |x|
∣∣ is strictly positive, and as |x| → ∞ ,

Re(λj) < 0 :
∣∣1− e−λj |x|

∣∣→ ∞ Re(λj) > 0 :
∣∣1− e−λj |x|

∣∣→ 1 .

Thus C0 defined by

C0 = min
j=1,··· ,q

{
inf
∣∣1− e−λj |x|

∣∣ , |x| ≥ 1
}

is positive which leads to the inequalities

λ̃1(|x|) ≥ min

{
1

|x|m1−1
, · · · , 1

|x|mr−1
,

C0

|λr+1||x|mr+1
, · · · , C0

|λp||x|mp

}
,

λ̃2(|x|) ≥ min

{
C

mp+1

0

|λp+1x|mp+1
, · · · , C

mq

0

|λqx|mq

}
.

Consequently, for some C1 > 0 , λ̃min(|x|) ≥ C1/|x|m , proving (8). When adx̂ is
diagonalizable, m = 1 so (9) follows.

Proof of Proposition 2.5. Assume that there is some non-zero x ∈ g such that
spec(adx)  iR . Let x̂ = x/|x| . Then adx̂ has an eigenvalue λ1 = α + iβ where
α ̸= 0 . Switching x to −x if necessary we may assume α < 0 . Then E(λ1|x|) is an
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eigenvalue of E(adx) . Let y = y1 + iy2 ∈ gC be an eigenvector associated with λ1 ,
so that adx̂(y) = λ1y . Using the power series for E(adx) it follows that

E(adx)(y) = E(λ1|x|)y .

Thus |E(adx)(y)| → ∞ , as |x| → ∞ . Since

|E(adx)(y)| = |E(adx)(y1) + iE(adx)(y2)| ≤ |E(adx)(y1)|+ |E(adx)(y2)| ,

it follows that as |x| → ∞ :

|E(adx)(y1)| = |d expx(y1)| → ∞ or |E(adx)(y2)| = |d expx(y2)| → ∞ ,

contradicting (4).
Let K be the maximal compact subgroup of G . By Cartan-Iwasawa-Malcev theorem
detailed in [14], a connected real Lie group is homeomorphic to Rm×K . This implies
that if G is homeomorphic to Rn , then K must have the homotopy type of a point,
so it must be contractible. But the only contractible connected compact Lie group
is the trivial group [8]. Hence K is trivial. By Theorem 3.2, G = S nR , where the
radical R is simply connected, and the Levi subgroup S is isomorphic to

A× · · · × A︸ ︷︷ ︸
m

, A = S̃L2(R), m ≥ 0 .

Assume m > 0 . Then S̃L2(R) is a subgroup of G , thus its Lie algebra which
is isomorphic to sl2(R) , the Lie algebra of SL2(R) , is a subalgebra of g . But
sl2(R) contains elements for which adx has eigenvalues with non-zero real parts.
For example, a quick calculation shows for

x =

[
1 0
0 −1

]
adx has the eigenvalue λ1 = 2 , contradicting the fact all elements of g must be
compact. Thus m = 0 and G is solvable.

Proof of Theorem 2.6. By Proposition 2.5, for all x ∈ g , spec(adx) ⊆ iR . By
(3) for all x ∈ g , d expx must be invertible. We claim there is no element in g with
a non-zero purely imaginary eigenvalue. To the contrary assume that x1 ∈ g has a
non-zero eigenvalue λ1 = iθ . Then x2 = (2π/θ)x1 has the eigenvalue λ2 = 2πi
implying E(adx2) and thus d expx2

are not invertible which is a contradiction.
Therefore for all x ∈ g , spec(adx) = {0} and g must be nilpotent.
We claim that g is one-step nilpotent so is abelian. Assume to the contrary that
g is p-step nilpotent, p > 1 , and consider fixed unit elements x̂, y ∈ g , such that
adp−1

x̂ (y) ̸= 0 . Let x = |x|x̂ . Then we have

|d expx(y)| =
∣∣∣∣1− e−adx

adx
(y)

∣∣∣∣ =
∣∣∣∣∣
p−1∑
k=0

(−1)k

(k + 1)!
|x|kadk

x̂(y)

∣∣∣∣∣
=

∣∣∣∣∣
p−1∑
k=0

(−1)k|x|k−p+1

(k + 1)!
adk

x̂(y)

∣∣∣∣∣ |x|p−1 .
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Thus |d expx(y)| → ∞ , as |x| → ∞ , contradicting the fact that the exponential
map is a quasi-isometry. Since G is connected, it also must be abelian.
Finally, when the exponential map is a quasi-isometry G is diffeomorphic to Rn ,
so by Theorem 3.2 the maximal compact subgroup of G is trivial. It is well known
that a connected abelian Lie group is isomorphic to Rn × (S1)k for some n, k ≥ 0 .
Therefore G must be isomorphic to Rn .
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