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Abstract. Let G be a real connected Lie group with a left invariant metric d, g its Lie algebra,
exp : g — G be the Lie exponential map, and ad be the adjoint representation of g. In this paper
we use matrix algebra and Jordan normal form to derive a set of upper and lower bounds for
|dexp, (y)|, x,y € g that generally are exponential type functions of the eigenvalues of ad,,. These
bounds provide useful information about the exponential map and the way it relates the Euclidean
metric of g and the left invariant metric of G. For Lie groups for which the exponential map is
a diffeomorphism, we investigate conditions under which the exponential map is a quasi-isometry.
This is obviously true if G is isomorphic to R™. We prove that the exponential map is a quasi-
isometry only when G is isomorphic to R™.
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1. Introduction

Let G be a connected real Lie group with a left invariant Riemannian metric d, g
its Lie algebra as an inner product space, and exp : g — G the Lie exponential map.
For g € G, let l; denote the left multiplication by g. Given a non-zero element
x € g, it is well known that the differential of the exponential map at x is given by

1 —e2de
deXpm = dleXp($)de’ (1)
Rossman [11, p.15]. Since the metric d is left invariant, it follows that for any y € g
1 — e 2de
d = |— .
desw. )] = | )

Thus the problem of finding upper and lower bounds for |dexp,(y)| would be
equivalent to finding estimates for the norm of the image of
1 — e 2de
ad,
We use matrix algebra and Jordan normal form to find these estimates. These

bounds are generally exponential type functions of the eigenvalues of ad, as stated
in the next section.
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Given two metric spaces (Xi,d;) and (Xs,dy) a continuous map f : X; — Xy
is a (o, B)-quasi-isometery [4, Definition 8.14] if there exist constants a > 1, and
B,c > 0 such that for all z,y € X;

édl(l',y)_ﬁng(f(x)vf@/)) Sadl(x7y>+ﬁ’ <2)

and every point of X5 lies in the c—neighbourhood of the image of f. In this paper
we consider a somewhat stronger definition of quasi-isometry as formulated in Attie
[1, Definition 1.12]. We say the exponential map is a (smooth) quasi-isometry or
simply quasi-isometry if it is diffeomorphism and there is a constant o > 1 such

that for all x,y € g: .
a |yl < |dexp,(y)] < aly| . (3)

By using the Riemannian exponential map one can easily see that every smooth
quasi-isometry is a («,0) quasi-isometry. Knowing under which conditions the Lie
exponential map satisfies (3), or is a quasi-isometry may be useful in the study of
metric properties of Lie groups. Clearly if G is abelian then the exponential map
satisfies (3), and if G is isomorphic to R™ then the exponental map is quasi-isometry.
An element x € g is a compact element if spec(ad,) C iR. For a simply connected,
solvable Lie group G, if all elements of g are compact then G is a rigid Lie group.
Under this definition R™ and all simply connected nilpotent Lie groups are rigid.
To see some other examples of rigid Lie groups see Auslander [2]. As we will see
in Proposition 2.5, for a Lie group G homeomorphic to R", if there is a constant

« > 1 such that
|dexp,(y)| < aly| forall z,y€g (4)

then G must be a rigid Lie group.

In Theorem 2.5, we prove that if the exponential map satisfies (3) then G must be
abelian, and if the exponential map is quasi-isometry, then G must be isomorphic
to R™.

2. Results

For the purpose of the method we use here, throughout the paper we work with
g¢ = g ® C, the complexification of g as detailed in section (3.4), and we consider

1— efadz
ad,

as a linear transformation on g° as a complex inner product space. Let dim(gc) = n
and assume that Z = z/|x| has complex eigenvalues A1, -+, \,. By the Spectral
Mapping Theorem in Rudin [12, Theorem 10.33]) eigenvalues of (1 — e~2d=)/ad,
are (1 —e ) /\j|z|, 1 <4 < n. We use the Jordan normal form to bound the
differential of exponential map by the exponential terms related to the eigenvalues
of (1 —e &) /ad, as stated in Theorem 2.1.

Theorem 2.1. Letx € g, x| > 1. Let & = z/|z|, N;, 1 <i < q be eigenvalues
of adz, counting geometric multiplicity. Let m; be the size of the Jordan block
associated with \;. In addition assume that the eigenvalues have been labeled so that
there is some p < q, such that for each © > p, m; > 1, \; is non-zero and has zero
real part.
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5 o 1—my |1 —e Ml o 1-m, |1 — e~ Hrlel
bt Auel) = min o[BS e [

. (|1 = e denalel [ | e halel ™

A = - - e =

2<|ﬂ?|) mln{ /\p+1|$| ) ) )‘qlx|
~ _ p—Alz] _ e~ ol7l
Aol = mase { a1 [ 2ot [
1 P
lfal) = ma a1, o)

Auin(|2]) = min(Ay(|2]), Ae(la])), Amax(|2]) = max(As(|z]), A(la]))

Then there exist positive constants C, D, only depending on Z, such that for any

unit Yy € g - -
Chmin(|2]) < |dexp,(y)| < DAnax(|7]) - (5)

Corollary 2.2. Let x € g be non-zero and such that ad, is diagonalizable. Let
z=uaflz|, M1 =0,---,\, € C be non-repeated eigenvalues of ad;, and

~ . 1— 6*)\1|€1?‘ 1— 67/\17@'
)\mln(|x|) _mln{ )\1|l‘| s T )\p|x| } Y
~ 1— e—)\1|1‘ 1— e_Ap‘m‘
Amax(‘x’) = maX{ W ) W } .

Then there exist positive constants C, D, only depending on &, such that for any

unit y € g . -
CAmin(|2]) < [d exp,(y)| < DAmax((2]) - (6)

When ad, is p-step nilpotent, the only eigenvalue is 0 and the size of the largest
Jordan block is p, so we get the following corollary:

Corollary 2.3.  Let g be p-step nilpotent. Given a non-zero x € g,
C

[Pt

< |dexp, (y)| < Dl

Let G be simply connected and solvable. In the late fifties Dixmier [5] and Saito
[13] independently proved that the exponential map is injective iff it is surjective iff
it is diffeomorphism, and all of these statements are equivalent to the following:

spec(ad,) NiR = {0}, forallzeg. (7)
This leads us to the following proposition:

Proposition 2.4.  Let G be a simply connected solvable Lie group with an injective
(or surjective) exponential map. Fir a unit element T in g, and let © = |x|T with
|z| > 1. Let m be the size of the largest Jordan block associated with ad;. Then
there exist a positive constant C' such that for all units y € g

C
|dexp,(y)| > [ (8)
If in addition ad; is diagonalizable,
C
|dexp,(y)| = 7 - (9)

]
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By using the exponential form of the eigenvalues for the differential of the exponen-
tial map we can conclude the following proposition and theorem:

Proposition 2.5. Let G be a real connected Lie group. Assume there is a
constant o > 1 such that |dexp,(y)| < aly| for all x,y € g. Then for all x € g,
spec(ad,) C iR. If additionally G is homeomorphic to R™ then it is a rigid Lie
group.

Theorem 2.6.  Let G be a real connected Lie group. Assume there is a constant

a > 1 such that o
ay| < |dexp,(y)| < aly|,

forall x,y € g. Then G is abelian. If the exponential map is a quasi-isometry then

G is ismorphic to R™.

3. Preliminaries

3.1. Jordan canonical form

Given a complex matrix A € M,,(C), let J be the Jordan normal form of A. Thus
there exists an invertible matrix P such that A = P~'J P, where

If f is an analytic matrix function on M,,(C) for any matrix A where its norm is
inside the radius of convergence of f, we have:

f(Jh)
f(A) =P f()P, [(J)= : (10)
f(Jp)
where [ £() 76\ £ () AR CON
A N =)
i i (n—2)!

o 1)
0 0 0 fN)  f'()
o 0 0 0  fn

Golub [6, Theorem 11.1.1] .

3.2. Singular values

Given a linear operator T, enumerate the singular values {o;(T)}, 7 =1,2,--- ina
non-increasing order, and the eigenvalues {\;(T)}, j =1,2,--- so that the moduli
are non-increasing. Assume that # is a finite dimensional Hilber space, dimH = n.
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Singular values of a linear operator defined on a finite dimensional Hilbert space
are related to the norm of the operator on some subspaces of H. This is known as
minimax principle for singular values (See Bhatia [3, Chapter III]):

Proposition 3.1 (The minimax principle for singular values).  Given any operator
on a finite dimensional Hilbert space H, dimH = n, we have for 1 < j <n:

7D = B T = i e [T ()
In particular, the minimax principle implies that:
o1(T) = masx T(a)| = [T, ,(T) = min [T(2)]. (13)

3.3. Lie groups homeomorphic to R”

Let éig(R) be the universal cover of SLy(R). Lie groups homeomorphic to R™ are

either solvable or a semidirect product of a solvable group and copies of éiQ(R) as
stated in the following Theorem (See Onishchik [7, Theorem 3.2.]):

Theorem 3.2.  Let G be connected Lie group. Then the following conditions are
eutvalent:
(i) the Lie group G is diffeomorphic to R™, n = dimG;
) the Lie group G is contractible;
(iii) the mazximal subgroup of G is trivial;
) the Levi decomposition for the group G is of the form G = S x R, where the
radical R is simply connected, and the Levi subgroup S is isomorphic to
Ax - x A A=SLy(R) for some m > 0.
—_——

m

3.4. Complexification

Let G be a real Lie group, g its Lie algebra as the tangent space at identity with
the inner product (-,-) induced by the left invariant Riemannian metric of G'. The
tensor prodcut g© = g®cC is called the complexification of g. For further discussion
see Knapp [9, Chapter 1]. When working with inner product spaces it may be easier
to work with an alternative representation for g©, also called the complex hull of
g. For further discussions see Naimark [10, Chapter X]. Elements of g© can be
considered as u +iv, u,v € g. The operations in g© are then defined by:

1. (u1 + iUl) + (UQ —+ Z"UQ) = (U1 -+ UQ) + i(Ul —+ UQ),
2. (a+if)(u+iv) = au— Pv+i(av + pu), for any a+ i € C,
3. [ur + vy, ug + ivg| = [ug, us] — [v1, va] + i([ug, vo] + [v1, uz]).

Certain important properties of an algebra are preserved under complexification: g©
is nilpotent, solvable or semi-simple if and only if g has this property. Any linear
transformation, or Lie algebra homomorphism T : g — g can be naturally extended
to T : g — g© through

T(u+ i) =T(u) +iT(v).
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The real inner product (-,-) can be naturally extended to a complex inner product;
that is a map (-,-) : g© x g¢ — C which is positive definite, linear in the first
argument, and has conjugate symmetry: for all z,y € g%, (z,y) = (y,z). One can
easily verify that

lu+iv|? = |ul* + |v|?. (14)

It can be easily seen that an orthonormal Basis JF in g as a real vector space, is
also an orthonormal basis of g* as a complex vector space.

4. Proof of the results
We use the following notations throughout this section:
Notations. Let g be a real finite-dimensional Lie algebra.

1. Norm on g® is defined by (14). End(g®) is the space of endomorphisms of g©
with the operator norm.

2. Forany a € C, x € g°, T € End(g®), |al, |z|, and ||T|| represent the absolute
value of a, the norm of the element x, and the operator norm of the linear
map T, respectively. ||T||; represents the norm of T|; and spec(T) is the
spectrum of T'.

3. For a given basis F in g© [T]# is the matrix representation of T in basis F.

4. ||A|l and ||Al|r are the 2-norm and Frobenius norm of A € M, (C), respec-
tively (See Bhatia [3, Chapter I}).

5. For € C, A € M,(C), T € End(g®), let
1—e7%

B(z) =, B(A) =,

1—eT

E(T) := T

In particular, E(0) = 1 and E(0) is the identity matrix or operator. Further,
Omin Tepresents the smallest singular value of A or T.

6. For two real valued functions f(¢) and g(t) defined on a real interval I, we
say “ f(t) is bounded from above by ¢(t)”, or “g¢(t) is bounded from below by
f(t)” if there is M > 0 such that |f(¢)] < M|g(t)| for all ¢ in I.

As detailed in subsection 3.4, the inner product of g induced by the metric d,
may be extended to an inner product in g¢. Moreover (1 — e 2d=)/ad, can be
regarded as a linear transformation on g©. Since the problem of estimating the
norm the exponential map reduces to estimating the norm of a linear map over the
Lie algebra, we can do estimates in g€ and then derive the bounds for the real case.

In order to prove Theorem 2.1 we first introduce and prove the necessary lemmas:

Lemma 4.1. Let f(z)= 1_7;_2 , 2€C. Given k >0, and a complex number zy :

(1) If z9 # 0 and Re(zp) = 0, there is constant Ay > 0 such that for all real
numbers t > 1, | f®)(tz)] < %

(2) If zo = 0, or Re(zy) # 0, there is a constant By > 0 such that for all real
numbers t > 0, | f®)(tz0)| < Byl f(tzo)|.
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Proof. Noting f(0) = 1, the case zgp = 0 is trivial. Assume k > 0 and a fixed
2o # 0 are given. Using the power series of the analytic function f(z), the function
} k) (tzo)‘ is continuous and takes a maximum over 0 < ¢t < 1. As well, when
Re(z9) # 0, | f®(tz0)/ f(tz0)| is continuous and takes a maximum over 0 <t < 1.
So without loss of generality we may assume ¢ > 1. For simplifyng the notation let
z =tzg. A quick induction shows that for any &£ > 0

zht1 t

P | BN S T P (S Vo BN R e
k+1 th R+ th AT )
0 0

where p(z) is a polynomial of degree kK — 1. When Re(zy) = 0, the function in the
parenthesis has bounded norm on [1,00) proving statement 1. When Re(zg) # 0

we have:
P | DR 2 p(2) e 1
flz) | 2k + & © 1—e2
< (—1)*k! e* ‘ 2% 4+ p(z) 1 ‘
- P e* —1 2k e — 1|
_1\k 11 k
Ast—)oo,wehave(iik'% , %I;p(z)—)l, and
Re(z) > 0: ——— 1 L 00 Re(z)<0: - 50 L |
et -1 oer—1 et -1 Toer—1 '
. . fk(tZO) . .
Thus the continuous function t — F(tzo) is bounded on [0,00) proving the
0

second statement. [ |
Lemma 4.2.  Let

_(I() ta1 tQCLQ Ce t"an 1

0 Qg ta1 cee tn_l&n,1
A=|: : : :
0 0 s ap tCLl

o0 - 0 ap |

where t > 0 is a real number and ay = ao(t), - ,a, = a,(t) are complex valued

functions of t. When ag # 0, the inverse of A has the form

(L thy t%by ... t"b,, ]
ag
0 a_lo thy - tnilbn_l
A=t
o o --- 1 thy
aop 1
o0 -0 a0

where b; = b;(t) are complex valued functions of t. Let I = {t|t > 1,a0(t) # 0}.

1. Assume that for i = 1,--- ,n there exist k; > 0 such that |a;(t)| < ki|ao(t)]
for all t. Then there exists l; > 0 such that b;(t) < l;lag(t)|™" for all t € I.
In addition, there is a constant | > 0 such that ||A™Y||p < 1t"|ao(t)|™! for all
tel.
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2. Assume that for i = 0,--- ,n there exist k; > 0 such that |a;(t)| < k;/t for all
t > 0. Then there exists I; > 0 such that b;(t) < l;t"|ag(t)|~V forallt € I.
In addition, there is a constant | > 0 such that |A7Y|r < lao(t)|""V for
allteI.

Proof. Let by = 1/ag and ly = 1, and to simplify the notation let a; = t'a;,

.. .
0

be the (n+ 1) x (n+ 1) Jordan block with the eigenvalues zero. Then
A=) ad'
i=0
where J? = I is the identity matrix. If AB is another matrix that form as
AB=3 0. 40
i=1

re-indexing by powers of J, and using the fact that J" = 0, we get

TEE WD SRS o DS B
i=1 5=0 m=0 \i=0
So, the condition that AB is the inverse of A, i.e., that AB = I, is that the inner
sum is 1 for m =0 and 0 for m > 0. In terms of the coefficients,
1 = agbo
0 - &061 + dlgo
0 - aogg + 611161 + ELQ[;O

O - &Ogn + &157171 + -+ &n,151 + &nl;()

Proof of (1) b~0 = 1/650 = 1/&0, b~1 = —&180/d0 = t(—al/ag), SO bl = —al/ag,
and |by| = |a1/a3| < k11/|ag|, defining l; = k;. From the last equation, and using
induction we get

- L\~ Lxyioeip (1% 0
bn = — — a'ibn—i = —— t ait bn—i = <_CLO Zaibn_i> t. (15)

ag < ag < -
=1 =1 =1

Setting b,, the term in the parenthesis, and using induction we get:

n n n
1 1 1 1
b,| < — a;||bp—i| < — kilagll—i — = kil—i | —
| n| = ‘a0| ;| z|| n z| = |a0| ; z| 0| n Z‘ao| (; iln z) |a0‘ 5

defining 1, = > 7" | kil
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Since all entries of A™! are bounded by "|ao(t)|™!, so ||A™!|# is also bounded by

t"ao(t) 7"

Proof of (2). |bi]| = |a1/ad| < ki/(tlag|?), defining I; = k;. From equation 15 and
using induction it follows that:

n
1 ~ ~
Tao] Z ;[ bn—i <
i=1

n
_ 1 i1 |i—1
= Jageer 2 it ™Mool ™! <

b, | <

Z tl 1|a0|71 zz+1
Zkkg Ui,

defining 1, = >, kiki 'l,_;. Finally,
t'0; < Lilag ()]0 = Lilag ()~ Vao ()"
< Lifao(8)| 7D (ko /)" < Likglao(t)| Y,
thus all entries of A~! are bounded by |ag(t)|~™*V, so is ||[A7Y|x. m
Lemma 4.3. Let r .
N1
i
J; = L
Ai

be a Jordan block of size n > 1, and J; = [N;] be the Jordan block of size n = 1.

1. Let n>1, \; #0 and Re(\;) = 0. Then there are constants C;, D; > 0 such
that |E(tJ;)|| < Cit" 2, and omm(E(tJ;)) > D; [E(tN)|" for all t > 1.

2. Let n =1, or \; =0, or Re(X\;) # 0. Then there are constants C;, D; > 0

such that ||E(tJ;)]| < Cit" M |E(tN)] and owmn(E(tJ;)) > w for all
t>1.
Proof. If n=1, ||[E(tJ;)| = |E(t\;)| so the case is trivial. For n > 1 we have:
(B(N) (1)) 221 o |
0 E@\)  tE(tN) - 2Er(bn2—>2(§“
0 0 0 E(\) tE’(t)\i)
0 0 0 0 E(t))
If Re(A\;) = 0 we obtain by Lemma 4.1
k E®(1\) Ay tF n-2 o
t i < tk'<At k=1, ,n—1
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Thus there is a constant C; such that
[E@T:)|| < [[E@tT)]p < Cit" 2.

When E(tA;) =0, omn(E(tJ;) = 0 and the case is trivial. Assume E(¢);) # 0. By

Lemma 4.1, E(;)_(i’\f), k=0,1,--- ,n—1 are bounded by 1/¢, thus statement 2 of

Lemma 4.2 implies that

O S —
BT = TB@T) e = 1B

O'min(E<tJi))

proving the first statement.
If \; =0 or Re()\;) # 0, By Lemma 4.1,

ok E®F) (t);)
k!

k

Thus there is a constant C; such that
IEET) < [[BET)]p < Ct™ [E(E)]-

By Lemma 4.1, %, k=0,1,--- ,n—1 are bounded by |E(t)\;)|, thus statement

1 of Lemma 4.2 implies that

1 1 S 1

min E t']z = 2 = —
Tmin(E(8]3)) IET) = = IE@T) " e = ur-t|E@EA)]

proving the second statement. [ |

Lemma 4.4. Let

A:
A

q

be a diagonal block matriz. Let o, > oi-++ > O, © = 1,---,q be the singular
values of A; in non-ascending order. Singular values of A is the collection

{oij[1<i<q, 1<j<mn}.
In particular | Al = max {||A4],--- , || Aql|}-
Proof. Singular values of A are the square roots of the eigenvalues of

AL A,
A*A =
AL A,

which are the collection of eigenvalues of A7A; , 1 <i<gq. |
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Lemma 4.5. Let
J —
p

be a Jordan normal form, \; the eigenvalue of J; so that for 1 > p, J; has size
> 1, \; is non-zero and has zero real part. Let

Ai(t) =min {17 B(EA)], o 7 B(EA,-) [}
Aa(t) = min {[E(tA,)[™ -+, [E(tA)|™}
Aa(t) = max {11~ 1|E<M1)I T E (A1)}
A(t) =max {72 .. M)

Aumin (£) = min(A; (1), As(1))

Amax (t) = max(A3(1), Ma(t))

Then there exist positive constants C', D', such that

IBtT)|| < C'Amax(t)  and  omin(BE(ET)) > D' Ain (t)

Proof. We have:

E(tJy)
E(tJ) =
E(th)
From Lemma 4.4 it follows that
[E@I)|| = max{[|[E@¢J1)|, -, [E(tT)|}

and thus by lemma 4.3 it is bounded by Amax(t) for all ¢ > 1. Similarly, from
Lemma 4.4 it follows that

Jrrlill(E(tJ)) = min{o-min(E(t'Jl))a U 7arrlin(E(th)>}
so by Lemma 4.3 it is bounded from below by S\min(t) forall t > 1. n

Lemma 4.6. Let V be a finite dimensional complex inner product space, and
P,Q, T € Endc(V), P and Q invertible. Then

Umin(PTQ> Z Jmin(P)Umin(T)amin<Q)' (16)

Proof.  Without loss of generality we can assume T is invertible (otherwise the
right side of inequality is zero). We have:

T (&9 01| > win 7)) - min Q)

min |TQ(y)| = min 01 min min

lyl=1 ly[=1

repeating the argument one more time it follows that

min |[PTQ(y)| > min [P(y)| - min |T(y)| - min |Q(y)],

ly|=1 lyl=1 ly|=1 ly|=1

which gives the desired inequality. [ |
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We may proceed to prove Theorem 2.1:

Proof of Theorem 2.1. Let F be an arbitray orthonormal basis for g&. Let J
be the Jordan normal form for ad;; so there is an invertible complex matrix P such
that [ad;]r = P7'JP, [ad,]r = P~!|z|JP and thus

[ 1 — ¢ ade

= P E J)P
- L (le|)

So using Lemma 4.5 we have:

|dexp,(y)] <

1— e 2da . 1
< =1 a1 P
< P E (2 D) 1PY < |12 1PID R

defining D = ||P7Y|||P||C’. In addition, using Lemma 4.6 it follows that:

1—e2de ( ) o 1 — e 2de
ad, Y)| = Omin ad,

(P_l) Tumin (E (|2[J)) 0min (P)
(\$|)

defining C' = o (P71 o (P)C”. ]

|dexp,(y)] > min
ly|=1,yeg®

= Owin (P'E (|2|J) P)
Z Omin (Pil) Umm( )C

>0
Ami

Proof of Proposition 2.4. We follow the notations of Theorem 2.1. In ad-
dition, assume that the eigenvalues of ad; are labeled so that for some r > 0,
A = -+ =\ = 0. By (7) all non-zero eigenvalues of ad; have non-zero real part.
Notice that for non-zero J;, |1 — e"\jml is strictly positive, and as |z| — oo,

Re(\;) <0: 1 —e_’\j‘x|| — 00 Re(\;)>0:]1 —e_’\flmw — 1.

Thus Cy defined by

Co = ]:rrlunq {inf|1 — e*)‘jm’ |z > 1}

is positive which leads to the inequalities

N . 1 1 C() Co
Malfe) 2 min { e Rl T el A||a:|m}
~ Mp4+1 e
Mo(jz]) >mind o ... G L

o [Ap1| Mt |Aq|™a

Consequently, for some C; > 0, Apin(|z|) > C1/|2|™, proving (8). When ad; is
diagonalizable, m = 1 so (9) follows. ]

Proof of Proposition 2.5. Assume that there is some non-zero x € g such that
spec(ad,) & iR. Let £ = z/|z|. Then ad; has an eigenvalue A\; = a + i3 where
a # 0. Switching x to —z if necessary we may assume « < 0. Then E(\;|z|) is an
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eigenvalue of E(ad,). Let y = y; + iy € g© be an eigenvector associated with ),
so that adz(y) = A1y. Using the power series for E(ad,) it follows that

E(ad;)(y) = E(Mz])y
Thus |E(ad,)(y)| — 00, as |z| — co. Since
[E(ads)(y)] = [E(ads)(y1) + iE(ads) (y2)| < [E(ads)(y1)| + [E(ads)(y2)]
it follows that as |z| — oo
[E(ads)(y1)] = |dexp,(y1)] = 00 or |E(ads)(y2)| = |dexp,(y2)| — oo,

contradicting (4).

Let K be the maximal compact subgroup of G. By Cartan-Iwasawa-Malcev theorem
detailed in [14], a connected real Lie group is homeomorphic to R™ x K. This implies
that if G is homeomorphic to R™, then K must have the homotopy type of a point,
so it must be contractible. But the only contractible connected compact Lie group
is the trivial group [8]. Hence K is trivial. By Theorem 3.2, G = S x R, where the
radical R is simply connected, and the Levi subgroup S is isomorphic to

Ax--x A  A=SLyR), m=>0.
N———

m

Assume m > 0. Then éig(]R) is a subgroup of G, thus its Lie algebra which
is isomorphic to sly(R), the Lie algebra of SLy(R), is a subalgebra of g. But
sl3(R) contains elements for which ad, has eigenvalues with non-zero real parts.
For example, a quick calculation shows for

|10

Tl -1
ad, has the eigenvalue \; = 2, contradicting the fact all elements of g must be
compact. Thus m = 0 and G is solvable. [ |

Proof of Theorem 2.6. By Proposition 2.5, for all z € g, spec(ad,) C iR. By
(3) for all x € g, dexp, must be invertible. We claim there is no element in g with
a non-zero purely imaginary eigenvalue. To the contrary assume that x; € g has a
non-zero eigenvalue A\; = if. Then zy = (27/0)x; has the eigenvalue Ay = 2mi
implying E(ad,,) and thus dexp,, are not invertible which is a contradiction.
Therefore for all = € g, spec(ad,) = {0} and g must be nilpotent.

We claim that g is one-step nilpotent so is abelian. Assume to the contrary that
g is p-step nilpotent, p > 1, and consider fixed unit elements z,y € g, such that
ad?'(y) # 0. Let = = |z|Z. Then we have

dexp, (y)] = |22 ()| = S oy 2 Fad® (y)
P = | W) = 2 i+ 1! Y
p—1 e
|k—ptl _
= k:|+‘1 adi(y)| =[P
k=0
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Thus |dexp,(y)| — oo, as |x| — oo, contradicting the fact that the exponential
map is a quasi-isometry. Since G is connected, it also must be abelian.

Finally, when the exponential map is a quasi-isometry G is diffeomorphic to R",
so by Theorem 3.2 the maximal compact subgroup of G is trivial. It is well known
that a connected abelian Lie group is isomorphic to R™ x (S)* for some n,k > 0.
Therefore G must be isomorphic to R"™. [ |
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