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Abstract. We give a partial super analog of a result obtained by Sahi and Zhang relating
Shimura operators and certain interpolation symmetric polynomials. In particular, we study the
pair (gl(2p|2q), gl(plq) ® gl(p|q)), define the Shimura operators in 4(g)*, and using a new method,
prove that their images under the Harish-Chandra homomorphism are proportional to Sergeev
and Veselov’s Type BC' interpolation supersymmetric polynomials under the assumption that a
family of irreducible g-modules are spherical. We prove this conjecture using the notion of quasi-
sphericity for Kac modules when p = ¢ = 1, and give explicit coordinates of (quasi-)spherical
vectors.
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1. Introduction

In [31] Shimura introduced a basis for the algebra of invariant differential operators
on a Hermitian symmetric space, and formulated the problem of determining their
eigenvalues. These eigenvalues can be expressed in terms of the images of these
operators under the Harish-Chandra homomorphism, and Shimura’s problem was
solved in [19] where it was shown that such images are specializations of the inter-
polation polynomials of Type BC' introduced by Okounkov [14]. In this paper, we
propose the super analog (Theorem A) for the Hermitian symmetric superpair (g, €)
with g = gl(2p|2¢) and € = gl(p|q) ® gl(p|q). We show that this follows from a con-
jecture (Conjecture 1.1) on the €-sphericity of certain finite dimensional irreducible
g-modules V). We prove the conjecture when p = ¢ =1 (Theorem B).

Let 4 be the universal enveloping algebra of g, and U* be the centralizer of £
in 4. Definition 3.2 gives a basis D, (Shimura operators) of {* which involves
the Cartan decomposition g = ¢dp = £ d pt & p~, and multiplicity-free €-
decompositions of &(p™) and &(p~) into summands W, and W}, naturally indexed
by # = H(p,q) of (p,q)-hook partitions, which are partitions p satisfying
tpr1 < q. Next, we consider the Harish-Chandra homomorphism I' defined on
U associated with the pair (g,€). The kernel of T is (44€)* := e N U* and the
quotient 4*/(44€)* is isomorphic to the space of invariant differential operators on
the underlying symmetric superspace. Let a C py be the maximal toral subalgebra
that appears in the Iwasawa decomposition. The image of I' can then be identified
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with A°(a*), the algebra of even supersymmetric polynomials on a*, in which we
formulate a suitable specialization of the Type BC supersymmetric interpolation
polynomials by Sergeev and Veselov in [27]. These polynomials I, are characterized
by prescribed zeros (vanishing properties) and again parameterized by . We give
the following answer relating D, and I, for g = gl(2p|2¢) and € = gl(p|q) @ gl(p|q) .

Theorem A. Assuming Conjecture 1.1, for all p € A, we have I'(D,) = c,1,
for ¢, #0.

We briefly discuss the problem of sphericity here. Let V) be the irreducible g-module
of the same highest weight of Wy with respect to a compatible Borel subalgebra. In
the non-super classic scenario, the £-sphericity of such V) is completely determined
by the Cartan-Helgason theorem. Basically, a g-module is spherical if and only if its
highest weight vanishes on the #-fixed part of the Cartan subalgebra and satisfies
certain “even” integrality. The sphericity is crucial in the proof of the result in [19].
Yet in the super setting, such a result is only partially known, see [3].

Conjecture 1.1.  Every irreducible g-module V) for A\ € J# is spherical.

Theorem B. Conjecture 1.1 is true for p=q=1.

Let us point out that this problem has its historical roots in [11, 17] for usual
Lie algebras. Various constructions in this project also bear resemblance to other
theories, e.g. the super version of the Capelli eigenvalue problem presented in [18].
We hope to fully solve Conjecture 1.1 in future work. It is possible that the results
of this paper can be generalized to the Hermitian symmetric superpairs constructed
using Jordan superalgebras, c.f. [18, Theorem 1.4]. In [20], a different approach is
applied to circumvent the problem of sphericity. In the current paper, the main
ideas are closer to the classic method in [19] yet more “algebraic” as highlighted
below.

To prove Theorem A, we show that I'(D,,) satisfies the above characterization of I,,,
namely, (a) T'(D,) € A°(a*), and (b) it satisfies the vanishing properties. For (a),
we check that ImI" consists of even supersymmetric polynomials on a*. We explain
this in Section 3 (Proposition 3.6). This follows from the description in [1] which is
also independently proved in [20] for g = gl(2p|2¢) and & = gl(p|q) ® gl(p|q).

Proving (b) is considerably harder and requires the Conjecture. We consider the
generalized Verma modules M_, which are parabolic induced modules and quotients
of Verma modules. We show that M_) is cospherical (having a spherical functional)
in the “£-finite” sense. Then we show that D, annihilates the spherical functionals
on M_, and the spherical functionals x on V) precisely for those A where I,
vanishes (Proposition 5.2, c.f. Theorem 2.8). The existence of k is a consequence of
the sphericity of V) (Conjecture 1.1). This “vanishing action” of D,, leads to (b) in
the end. This new technique instantly provides a different approach to the classical
problem and sheds light on the potential applications of spherical representations.

We try to solve Conjecture 1.1 in Section 4 by using the concept of quasi-spherical

v

vectors in Kac modules K(\). Such vectors descend to spherical vectors in the
irreducible quotient. These K(A) are either V) or have irreducible quotients iso-

morphic to V). For p = ¢ = 1, we show that K(\) is always (quasi-)spherical
(Theorems 4.11 and 4.12) by identifying explicit coordinates of (quasi-)spherical
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vectors which descend to V), proving Theorem B. This method is purely algebraic.
Our paper is structured as follows. Section 2 gives an overview of the necessary tools
and background results. Section 3 gives a concrete construction of the superpair
(gl(2p|2¢), gl(plq) @ gl(p|q)) and the associated restricted root systems. We also
discuss the image of Harish-Chandra homomorphism I'. In Section 4, we discuss
the generalities of spherical representations and specialize the criteria in [3]. We then
introduce quasi-spherical vectors in Kac modules, with which we prove Theorem B.
Finally, in Section 5, we use the generalized Verma modules to prove Theorem A. We
give an example explaining why [3] is insufficient for the vanishing properties. In the
appendices, we discuss (1) admissible deformed root systems and Sergeev-Veselov
polynomials, (2) detailed computations in Section 4, and (8) a Weyl groupoid
invariance formulation of Im 1.

2. Preliminaries

In this section, we review the basic definitions and results that will be used later.
Most results are given without proofs as they can be found in the references. For
the remainder of this paper, we assume that the ground field is C. We include 0 in
N. All Lie superalgebras (except for universal enveloping algebras) are assumed to
be finite dimensional. We use the upper case (&, ) (including their subspaces) for
general discussion and the corresponding lower case frakturs when we specify.

2.1. The Harish-Chandra homomorphism

We let (8, R) be a symmetric superpair such that the Iwasawa decomposition exists.
We first recall some standard terminology for the definition of the Harish-Chandra
homomorphism. The Cartan decomposition & = & @ P is given by an (even)
involution € where R is the fixed point subalgebra and 9 is the (—1)-eigenspace
of . We choose a nondegenerate invariant form b on & that is #-invariant. We
assume the existence of toral subalgebra in P and let A be a maximal one. Let
Y= 3(®,20) be the restricted root system of & with respect to 2. It is well-known
that given any root system X, it is possible to choose a positive system X so that
¥ = X" UX" where X~ = —X7T denotes the set of negative roots. Let &, denote
the root space of @ € ¥, and (—,—) the form on 2* induced from b. If a € ¥,
but %a ¢ ¥, we say « is indivisible; on the other hand, if 2o ¢ 3, we say it is
unmultipliable and we denote the set of unmultipliable roots as ©. We let

Yog={aeX &,NBz#£0}, Sr:={aeX:6,NG; #0}

be the sets of even and odd roots respectively (subscripts 0 and 1 denote parities).
We denote the Weyl group of Y7 as W, which is generated by the reflections of
even simple roots. A restricted root may be both even and odd. A root « is said to
be isotropic if (a,a) = 0 and anisotropic otherwise. We use the superscript iso for
isotropic roots. We set m,, := dim(®8, )y — dim(&,)7. The Weyl vector is defined as

1
pi=; Z M.
aext

If we set p; == 1> cxv dim(B,);a for i = 0,1, then p = py — pr.

The Iwasawa decomposition depends on involutions 6 on Lie superalgebras which
are classified in [22, 23]. For an in-depth discussion and recent developments on
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Iwasawa decomposition, see [30]. We define the nilpotent subalgebra for Xt as
N = P s+ Ga, and it turns out that we will rely on the “opposite” Iwasawa

decomposition
=N oADK (1)

with the nilpotent subalgebra 91~ for —X*. The Weyl vector for negative restricted

roots is thus p~ = —p. The Poincaré-Birkhoff-Witt theorem applied to M~ G A S R
yields the following identity:

U= (UR+ 0T Y) & S().

Following [1], for D € 4, we define 7(D) € &(2) to be the unique element so that
D — (D) € UK +N~YU, and define T'(D)(A) = n(D)(A + p~) on U*. The map =
is called the Harish-Chandra projection and T" the Harish-Chandra homomorphism.
As p= —p~, we have

D(D)A + p) = m(D)(N). (2)

Note that this specializes to the well-known Harish-Chandra isomorphism [10] for
the “group case” pair (& © &, &).

In [1], Alldridge introduced certain subalgebra J, C &(2() for a € ©7 (odd and
unmultipliable) used in the following theorem ([1, Theorem 3.19]). Let (UK)% be
URNUR and

JA) =& @)™ ) Jo (3)

Theorem 2.1.  The kernel of T is (UR)* and the image of T is J(A).

When we specialize the discussion to the pair (gl(2p|2¢q), gl(p|q) ® gl(p|q)), we are
only going to need J, where a € @i:% (odd, unmultipliable and isotropic; see
Section 3). In such a case, we can easily describe J,. Theorem 2.1 is proved
independently using a different method in [20].

2.2. Highest weights and spherical representations

Following [13, Chapters 2, 3, 8 & 14] (c.f. [5]), we present the conditions on highest
weights a finite dimensional irreducible &-module, and how they change with respect
to different Borel subalgebras in terms of odd reflections. Then we introduce the
results in [3] on the highest weights of spherical representations.

Let & be a contragredient Lie superalgebra (see [13, Hypothesis 8.3.4]), and B be
a Borel subalgebra containing a Cartan subalgebra £ in &. Let (—, —) be the form
on $H* that is induced from the one on $. If « is odd non-isotropic, then 2« is an
even root. Thus it makes sense to set the coroot h, corresponding to the s((2)-triple
of 2a.. Otherwise when « is even, then h, is defined as usual. We say A € H* is
B -dominant if for any non-isotropic simple root a of B, A(h,) € N. Let V(\,B)
denote the irreducible &-module of B-highest weight .

Let Xg be the set of positive roots of B and a € ¥y an odd isotropic root. Then
ro(2s) == (s \ {a}) U{—a} is a positive system in which —« is simple, and we
write r,(B) for the corresponding Borel subalgebra. We say 9B and r,(8) are
adjacent in this case. For any two Borel subalgebras with the same even part, there
is a sequence of adjacent Borel subalgebras connecting them. It is also clear that
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By =ra(B)y and &, CB,B_, Cr,(B). For an odd isotropic root a and A € H*,
we define the odd reflection of a on A as follows:

R if (A\,a)=0
Ta()\)_{)\—a if (\,a)#0 )

The following theorem tells us how to change the highest weight of an irreducible
module between two adjacent Borel subalgebras. It may be applied consecutively to
compute highest weights with respect to different Borel subalgebras.

Theorem 2.2.  Let V' be an irreducible module of B -highest weight X\, and o be
an odd simple root of B, then r4(\) is the ro(B)-highest weight of V. That is,
V(A B) =V(ra(A), 7a(B)).

Lemma 2.3.  For each simple root o of By, there exists a Borel subalgebra B*
obtained from B from a sequence of odd reflections such that either a or /2 is a
simple root of B* and By = By.

Theorem 2.4. Let B be as above for a simple root o of By. Let V be
V(A*,B*) where \* is calculated by consecutively applying (4). Then dimV s
finite dimensional if and only if \* is B*-dominant for all simple roots o of By.

Now following [3], let (&,8) be a reductive symmetric superpair of even type.
Suppose $) 2O 2 is a f-invariant Cartan subalgebra extended from 2. A &-module
V is said to be &-spherical if V% :={v € V : X.v =0 for all X € &} is non-zero. A

non-zero vector in V* is called a &-spherical vector. When the context is clear, we

A

simply say spherical instead of K-spherical. We set A\, := ((\m—,a) for anisotropic
a, o

«a € X as in [3]. Given a choice of positive system X7 of ¥ = X(®,2l) compatible

with a Borel subalgebra B, we say A € $* is high enough if
1. (A, ) > 0 for any isotropic root 5 € X,

2. Ao + Mgy + 2ma, > 0 and Ay + my + Moy + 1 > 0 for any odd anisotropic
indivisible root «.

In [3] the authors give a sufficient but not necessary condition for RK-sphericity,
partially generalizing the classical Cartan-Helgason theorem, c.f. [9, Theorem 4.1,
Chapter VJ.

Theorem 2.5. [3, Theorem 2.3, Corollary 2.7] If Ay € N for a € 87, Nyna =0,
and X\ is high enough, then V(\,B) is spherical.

2.3. The Cheng-Wang decomposition

We now recall a super analog of the Schmid decomposition [21, 8] from [4]. We intro-
duce notation first. A partition X is a sequence of non-negative integers (Ay, Ag, ... )
with only finitely many non-zero terms and X; > Ay (c.f. [12]). Let [A| := >, N
denote the size of A, and X for which X} := |{j : \; > i}| the transpose of .
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A (p, q)-hook partition is a partition A such that A\,1 < ¢. We write
H =)=\ N <qy, H1=Hp,q)={\eH(pq):|N=d}.
For A € 7 (p,q), we define a (p + q)-tuple

A= (A, A (M = D), (A=) (5)

where (x) := max{z,0} for x € Z. The last ¢ coordinates can be viewed as the
lengths of the remaining columns after discarding the first p rows of \.

We let E; ; denote the standard matrix with 1 in the (¢, j)-th entry, and 0 elsewhere.
For gl(alb), let t = {E;; : i = 1,...,a + b} be the standard diagonal Cartan
subalgebra, and set ¢; for ¢ = 1,...,a and 0; for 7 = 1,...,b as the standard
coordinates of t from top left to bottom right. Let 8 be any Borel subalgebra
of gl(p|g) containing a Cartan subalgebra §). Then B can be described by an €d
-chain, [Xj -+ X,44], a sequence consisting of characters X; € $* where X; — X,
exhaust all simple roots defining B. Therefore, the following two ed-chains

€1 €p|01-+-8,], [0+ Oilep---el]

respectively correspond to the standard Borel subalgebra b and the opposite one
b°P?. For an (p+ q)-tuple (a1,...,a,lb1,...,b,), we associate an irreducible gl(p|q)-
module of highest weight 77 | a;e; + > 7 b;d; with respect to b*, denoted as
L(ay,...,ap,b1,...,by).

Let V be a vector superspace and &(V') be the supersymmetric algebra on V. Then
&(V) has a natural N-grading @,y &"(V). Explicitly, as vector spaces,

&'(V)= P &'y @ N

i+j=d

The natural action of gl(plg) on CPl¢ gives an action of gl(plg) @ gl(p|g) on
CPle @ CPl9 | which extends to an action on &(CPl @ CPI7). We record the following
result regarding the gl(p|q) ® gl(p|q)-module structure on &(CPl4 @ CPl9). See [4,
Theorem 3.2].

Theorem 2.6.  The supersymmetric algebra S(CP1@CPI7) as a gl(plq) © al(plq) -
module is completely reducible and multiplicity-free. In particular,

&(CM o ) = @ LA @ L(\).
el

2.4. Type BC interpolation polynomials

Finally, we introduce a key result in Sergeev and Veselov’s paper regarding the
interpolation supersymmetric polynomials. Specifically, we need a suitable version
of Proposition 6.3 in [27], c.f. [15]. We will point out how one may obtain this
formulation using [27] in Appendix A. Set i« = 1,...,p and j = 1,...,q. Let
{e;} U{d;} be the standard basis for V' = CP*? with coordinates x; and y;.
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Definition 2.7. A polynomial f € P(V) = C|x;, y;] is said to be even supersym-
metric if :

(i) f is symmetric in z; and y; separately and invariant under sign changes of

x; and y;;
We denote the subring of even supersymmetric polynomials as A°(V). |

We denote ) \ie; + > (N; — p)d; by N cf (5). Fixing p,q, we write J# for
H(p,q). Set

pi=> (20p—i)+1-29)e;+ > (2(q— )+ 1)d;. (6)

We are now ready to introduce the Type BC' interpolation supersymmetric poly-
nomials in A°(V).

Theorem 2.8.  For each u € €, there exists a unique degree 2|u| polynomial

I, € A°(V) such that
L(2X\ + p) =0

for any \ € H such that |\ < |u|, A # u, and satisfies the normalization condition

Lut+p) = ] (w—d+uy—i+1) (m+j—p;—i+2p—2q).
(i.7)en
Moreover, they constitute a basis for A°(V).

The coordinates of p come from the restricted root system in Section 3, and the
appearance of 2 in the above vanishing properties is also a result of choice of
coordinates which is non-essential but convenient. For a detailed discussion on
how we obtain the above formulation, see Appendix A.

3. Realizations of the symmetric superpairs and root data

From now on, we fix g = gl(2p|2¢) and ¢ = gl(p|q) ® gl(p|q). We first describe the
pair (g,t) and important subspaces therein which are specified as the lower case
counterparts of those appearing in Section 2. We then define Shimura operators
and give specific root data. Finally, we formulate the image of I' as an algebra of
even supersymmetric polynomials.

3.1. Realization of (g,¢)
We fix the following embedding of £ into g

APXP OPXP Bqu Oqu

APXP ‘ BPXQ A;XP ‘ B;?Xq — OPXP A;:JXP OPX‘I B;?Xq (7)
Coxp ‘ Dyxq Cc/;x;; ‘ ‘D:]Xq Coxp Oq/Xp Dyxq OqIXq
0q><p qup Oqu Dq><q

and identify € with its image. We let J := %diag(]pxp,—Ipxp,quq,—]qxq), and
0 := Adexp(inJ). Then 6 has fixed point subalgebra € = gl(p|q) @ gl(p|q)-
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We also have the Harish-Chandra decomposition
g=p dtop’

where p* (respectively p~) consists of matrices with non-zero entries only in the
upper right (respectively bottom left) sub-blocks in each of the four blocks, that is,
non-zero entries of matrices in p* (respectively p~) are right to (respectively below)
X and above (respectively left to) X’ for X = A, B,C, D in (7), indices omitted.
Note p~ @ €@ pT is a grading by eigenvalues (—1,0,1) of ad J, also known as a
short grading. This pair is an example of a Hermitian symmetric superpair which
always admits the Harish-Chandra decomposition due to the existence of a complex
structure, c.f. [6]. Set p:=p~ & p*,s0 g=¢Hp with 6|, = —Id,.

In our theory, we need to work with a @-stable Cartan subalgebra h of g extended
from the toral subalgebra a C py. Note in [2, Section 4], it is shown that

(gl(r + pls +q), gl(r]s) @ gl(plq))

is of even type if and only if (r —p)(s — q) > 0, satisfied by our choice p =1,q = s.
We present a construction of h and a using a certain Cayley transform as follows.
Set i=1,...,pand j=1,...,q.

Recall that t denotes the diagonal Cartan subalgebra. On gl(2p|2q), we set € := ¢;,

€ = €ptis 5]* i=0j, and 0; :=d44; on t. Let

B._ + - F._ s+ -
V=€ — €, 7 .—(5j —(5j.

These are the Harish-Chandra strongly orthogonal roots.

We further denote X, := {VS/F} L. We set Ay == E;y for 1 <4, < 2p and
Dy i= Fapijopyy for 1 < 4,7 < 2q. Associated with each 7P is an s[(2)-triple
spanned by A;; — Apiipri, Aipri and A,y (similarly for ”y]F with D; ;). It is not
hard to see that all (p + ¢) sl(2)-triples commute. Define

c? := Adexp (%\/—1(—Ai,p+i — Ap+i,i)> )
¢j = Adexp (%\/—1(—Dj,q+j - DqHJ)) :

c::HC?HCf (8)

is thus a well-defined automorphism on g as all terms commute. We set

The product

1
T = V=1 Aipri — Aprii), @ = Aii + Apripri, T = 5(% + 7;);

1
Yi = V=UDjgti = Dasji)s Y5 = Dij + Dasjgrir Y= = 5 £ 45).
Then by a direct (rank 1) computation, we see that under c:

Aii = Thiy Apripri = Ty Djj = ysgy Dovjgri = Y—j (9)

! Here B indicates the Boson-Boson block (top left) and F the Fermion-Fermion block (bottom
right), c.f. [1].
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We define the following subspaces:

b:=c(t), a:=Spanc{z;y;}, t;:=Spanc{z},y;}. (Noteh=a@®t,) (10)

In t, the space t_ := Spanc{Ai; — Aptip+i, Dj; — Dgrjq+i} is the orthogonal
complement of t; with respect to the Killing form on g so we have t = t; @& t_.
Also, on § we let
f ol aJF, T; ,7' ep”
’o : B/F B/F .
be dual to w;,y;,2;,y; respectively. Then 7, and a;’  vanish on a and t;

B/F

respectively. We identify «,’ with its restriction to a. We also have

B_ 1, 4+, - F_ 1o+
T —5(@ +€ ), Tj §((5 +6;) (11)

and we identify them with their restrictions on t,. On a*, we set

(@517 O‘E) = _(O‘Ew ag) = Omn, (a?> O‘f) 0, (12)

for 1 < m,n <p or q. For future purposes, we also give a basis for h* defined by

Xai = TP £ aP, Naj = T]F + 04?. (13)

3.2. Shimura operators

Recall that we set ¢ = 1,...,p and j = 1,...,¢, and that the irreducible gl(p|q)-
module L()\") has highest weight

> N+ > (N -

with respect to b*, and is of Type M ([5]). In this case, Schur’s Lemma says
dim Endgipig) (L(X)) = 1, and L(A\) @ L()\¥) is irreducible as a €-module for
t = gl(plq) ®gl(plq). If we let gl(p|qg) act on the second component contragrediently
(via negative supertranspose), then we define the irreducible £-module L(AH)®@L*(\)
as Wy. Note both p~ and p™ are £-modules by the (—1,0,1)-grading. We identify
p~ as (p7)* via the supertrace form, which is non-degenerate.

Proposition 3.1.  The symmetric superalgebras S(p*) and S(p~) are completely
reducible and multiplicity free as €-modules. Specifically,

&‘ph = P W &)= P Wi (14)

AeA#4(p,q) AeA4(p,q)

Proof.  Because of the duality it suffices to show the first equation. First we have
pt = C"I" @ (C™)* | by identifying C™" and (C™")* as spaces of column and row
vectors respectively. The contragredient £-module structure on (C™")* is obtained
by applying the negative supertranspose on gl(p|g). Then Theorem 2.6 implies

&ph) = @ L)L\,

AEA A (p,q)

proving the claim, c.f. [18, Theorem 1.4] and the notation therein. [ |
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The highest weight of W) with respect to the Borel subalgebra b @ b°P of £ is
given by:

N =Y e+ D N =) = e = Y (N — )y (15)
=D AP N -, A e (16)

The weight )\E is indeed dominant since we choose b° for the second copy of gl(p|q)
in gl(p|q) @ gl(p|g). Such a choice of positivity appears in [18], and also in [7] in a
different context. We also record the highest weight of W3 with respect to b°° @ b%':

N =) AP =D (N =t (17)

As p* are supercommutative, the respective universal enveloping algebras are just
S(p*). Since p~ is identified with (p™)*, the direct summand W3 ®W) is embedded
in 6(p~) ® S(p*) and then multiplied into . We write 1, for the element in
(Wi @ W,)* corresponding to Idy, € Endy(W,) under the natural isomorphism.

Definition 3.2.  For each A\ € JZ(p,q), we let D) be the image corresponding
to 1, under the composition of the multiplication and the embedding
Wy oWy = (S(h) @ &(p*)) -
Iyt > D (18)

The element D, is called the Shimura operator associated with the partition . =

3.3. Restricted root data

In order to study the symmetry associated with a symmetric superpair, we need to
know its restricted root system. We now give the restricted root data of g = gl(2p|2q)
and € = gl(plq) ® gl(plg). At this point, it is desirable to define the deformed
multiplicity of a root in ¥ := X(g, a):

m(a) = — s ma = — 5 (dim(ga)g — dim(ga)y) (19)

In the following table, we give the superdimensions of the restricted root spaces
together with the corresponding m(«) denoted as the parameters p,q,k,r,s. Note
only the last column gives the odd restricted roots and clearly ©7 = @%“.

B B B B F F F F | -1| B F
a’,p | 207,9 | af af k| ai,r | 20,8 | o £aj,k a £aj,1

(R 7

00,0 | 10,—% | 2/0,—1 | 00,0 | 1]o,—L | 2J0, -1 02,1

Table: Positive restricted roots and deformed multiplicities

The Weyl group W, associated with all the above cases is of Type BC'; explicitly,
Wy is (S X (Z)2Z)?) x (S, x (Z/27)?), the direct product of two usual Type
BC Weyl groups, permuting and alternating the signs of a® and oY separately,
c.f. Definition A.1 and Definition 2.7. It is not hard to verify that all the above
k,p,q,r,s satisfy, as in [27], the two relations

p=kr, 2qg+1=k(2s+1).
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These parameters are used in defining deformed root systems (see Appendix A). We
also record the Weyl vector positive restricted roots:
p

p=> (20 —i)+1-2q)af + Y (2(g - j) + Daf (20)

i=1 j=1
and o := 3> - m(a)a is therefore —3p by (19) (c.f. (6)).
3.4. Highest weights and Cayley transforms

To relate the two different choices of Cartan subalgebra, t and b, we consider the
Cayley transform ¢ (see (8)) which allows us to send the positivity on one Cartan
subalgebra to that of the other Cartan subalgebra. Specifically, we have ¢! : f — t,
and the dual map ¢! : t* — bh*. It is then a direct computation to check that

et e e 5?[ /Iy (21)
First, we set the positive roots X1 (g,t) according to the chain (c.f. Section 2)

[ef - €0t 030, b ey €] (22)
which equivalently gives a Borel subalgebra of g, denoted as b;“. In fact, we have

br =06t @b @pt. (23)

By applying ¢! to each of the terms in a chain, we can transfer the positivity
corresponding to one Borel subalgebra to another. Thus, the ¢! induced choice of
positivity of (g, b) is given by

X1 X Mt Mrgl—q D=1 X—p - - - X—1]- (24)

We denote the corresponding Borel subalgebra as b™. Specifically, when restricted

B o F B B F F B P s +_ oy
to a*, 207, 2a;, of £ oy, a; £ aj, and «; £ a; are positive for X7 = ¥7(g, a).

Similarly, the opposite choices are:
e -, 10y 0,0, -0 ]ef €] «— b, =bP B Dp. (25)

Then ¢! induces the following chain and Borel subalgebra of g:

X1 Xpli—1 - Nglg -+ X - X = BT (26)
Now —20, —20f, —aP F o, —aj F af, and —a;’ F o} are all positive in
¥~ =%"(g,a). We will use this choice for generalized Verma modules in Section 5.

In order to write down the Cayley transform on a weight module of g, let us look
at a “rank 1”7 computation in the same spirit as the discussion in Section 3. Define

+ .
et O_ — a2, and a: A afor A= O v
0 =z —ia 0

and set v := e" —e . Let {X,H,Y} be the standard sl(2)-triple (see Appendix
B). Then y(H) = 2. We let ¢y := —/—15(X +Y), and Cp := expcy € SL(2).
Suppose (¢, D,,cz V) is a finite dimensional weight module of s[(2). Then there
is an SL(2) action ® on V so that ¢ = dP and P o exp = exp o¢.
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Lemma 3.3.  Let the notation be as above. Let v € V,, and w = ®(Cy)v. Then
d(A)w = 2na(A)w.

Proof. @ We compute the action of A on w:

P(A)w = 0(Co)(Cy ) d(A)w

= ®(Co) exp(p(—co))p(A) exp(¢(co))v [ o exp = exp og)]
O(Co)p(Ad exp(—cy)A)v [adjoint]
O(Coh)op (( _Oa)) v. [matrix exponentiall

The last expression is just 2na®(Cp)v = 2na(A)w, i.e. w has A-weight 2na. =

Proposition 3.4.  Let V() b;t) be a finite dimensional highest weight g-module
of highest weight A, = Y nPyP + 3 niyl. Then V(A, b)) = V(Xy, bE) where
=Y. 2nap + 3 2n)aj . In particular, Ayl =0,

Proof.  Apply the above rank-1 reduction repeatedly to the highest weight space
of V(A b%) by restricting the action of g to the corresponding s[(2)-triple. Since
(8) is well-defined, so is this process. Indeed, nf/ vk/ becomes an/ af/ " as a

weight by Lemma 3.3. [ |

3.5. Image of T
Finally, we specialize J(a) (see (3)), the image of I', in Theorem 2.1 to

(al(2p[2q), gl(plg) ® gl(plq))

and show that it consists of even supersymmetric polynomials. Note by the root data
above, O = O = {+a £aj}. For our a, J, affords an explicit description. Let
a € O7. Choose ho € a such that alhy) = 1 ,b(ho, ho) = 0. Let t, € a be unique
such that b(t,,a) = a(a) forall a € a. Note b(hg,t,) = 1. Let a, be Spanc {ho,t.},
and al be the orthogonal complement of a, in a. Then a = a, @ a’ since b is non-
degenerate when restricted to a,. In [1, Notation 3.7], the subalgebra J, is defined
as Iom,® (at) where I, , is given precisely as C [hfit,] for I > min {k, ¢t} in the
proof of [1, Lemma 3.11]. Following [1], we set

gy = (C[h’gtla]G(ai), with & € N, > min {k, ¢7}. (27)

Here g7 := 3 dim(g,)7 and is 1 by the root data above. Then [ > min{k, 1} implies
Jo = (CDt,S(ho,ta))S(at) = S(al) @ t,6(a). By definition of t,, we have

Ctl = kera and Ct. D al. Therefore, we obtain the following hg-independent

f lati
ormulation Jo = S(ker ) + t,6(a). (28)

Set i = 1,...,p and j = 1,...,q. In Definition 2.7, we set V = a*, ¢; := o,
dj := Oz]F as in X := (g, a). For X, the Weyl group W is of Type BC, from which
follows Condition (i). Using (12) and the symmetry in Condition (i), Condition (ii)
can be written as

(i) f(X+a)=f(X)if (X,a) =0 for a = +a £ a] € B*.



ZHU 389

We identify the symmetric algebra S(a) with the polynomial algebra B(a*) so that
[Ta; € &(a) corresponds to p € P(a*):

s p() = [ (), for amy p € o (29)
We set 7, by 74(p)(X) = p(X + «) for any function p defined on the hyperplane
Hy,={peca:(a,pu) =0} Ca".
Then Condition (ii’) can be rephrased as

fla, = 7a(flu,), for a € X*=°,

Lemma 3.5.  Let V be a vector space with basis {e;}Y., and standard coordinates
{x 3. If g € PB(V) = Clay|, satisfies g(X+e1) = g(X), then g € Clxa, ..., xN].
That is, g € S(ker Ey) where Ey : e; — 0y; is the evaluation at e .

Proof. Suppose on the contrary g = Zle czx’f'mZ for k; > 1, ¢; # 0, and

monomials m; € Clxg,...,zx|. Then g(z; +1,...,2x) — g(z1,...,25) = 0 if and
only if

> pl(z+1)F —af] =0
where pr = > cymir € Clza, ..., xy] with distinct my, for each & > 1.
Since distinct kx¥~' are linearly independent over the ring Clz,,...,zy], so are
(z1 + 1)* — 2% as their leading terms are kz¥~'. Hence all p; must be 0, and we
have ¢; = 0 for all 7. ]

The following proposition is also independently proved in [20].

Proposition 3.6.  Let ¥ = X(g,a) and ' : U(g) — S(a) = P(a*) be as above.
We have ImT" = A°(a*).

Proof.  We check Conditions (i, ii’) for f € J(a) (see (3) and (28)). Condition
(i) is equivalent to f € & (a)"® as W, is the Weyl group of Type BC. As for
Condition (ii’), it suffices to show

fedy,=6kera)+t,6(a) <= flu, (1) = flu, (p+a), peH, Ca*. (30)

Since the pairing between H, and Ct, is 0, it descends to a non-degenerate pairing
between H, and a/Ct,. Hence we can identify B(H,) with &S(a/Ct,). Since
ta € kera, a descends to @ : a/Ct, — C defined by a(A + Ct,) := a(A). Let
g € 6(a/Ct,) = PB(H,). Suppose g(u+ a) = g(u) for u € H,. Then g € S(ker &)
by Lemma 3.5. Therefore,

fla, (#) = flu, (0 + ) <= flu, € Gkera).

Let V O W be two finite dimensional vector spaces. Then the standard projection
V — V/W induces a projection &(V) — &(V/W) and the exact sequence

0—->WE(V)—=6(\V)—6&(V/IW)—=0.

Now take V = a and W = Ct,. Clearly we have ker & = ker a/Ct,,. Then we see
that flg, € S(ker &) must correspond to g + h with g € S(kera) C &(a) and
h € t,S(a). That is,

flo, € Skera) < f € Jg,
proving (30). [
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4. Spherical representations

We study finite dimensional irreducible highest weight modules of g = gl(2p|2q)
which are ¢-spherical for € = gl(p|q) ®gl(p|g). In this section, we discuss generalities,
specialize the criteria in [3], and prove Theorem B in the end.

4.1. Generalities

We first present certain general statements regarding spherical representations. Let
® be a Lie (super)algebra admitting the Iwasawa decomposition & = £ G A & N.
Here R is the subalgebra fixed by the Cartan involution 6, 2 C 5 is maximal toral
where B is the (—1)-eigenspace of 0, and 91 is a nilpotent subalgebra. Recall that
for a &-module V, if V¥ :={v eV : X =0foral X € 8 # {0}, then V is
called (8&-)spherical. We denote (&) as 4, the K-centralizer of 4 as 4%, and the
set of weights of a module V' as Supp (V).

Proposition 4.1. If V is a finite dimensional and irreducible & -module, then
dim V% < 1.

Proof. Let B = $H & I be a Borel subalgebra of & where £ O 2 is a #-stable
Cartan subalgebra. Denote the 28-highest weight vector of V' by v. Suppose on the
contrary that there are two linearly independent spherical v; and v, in V¥. Then
we may find a non-zero linear combination w = c;v; + cov, when expressed as a
combination of weight vectors, the coefficient of v is 0. Then the submodule

U(B)w = LT U U(K)w

does not contain v and is thus proper, contradicting the irreducibility of V. [ |

Lemma 4.2. IfV is a &-module with dimV*® = 1. Then u € U* acts by a
scalar on V&,

Proof. If v € VA then X.(u.v) = (—1)"¥ly.(X.v) = 0 for any homogeneous
X € & and u € YR, =

A &-module is said to be cospherical if V* is spherical. Equivalently, there exists a
non-zero functional on V' such that K acts by 0 contragrediently. We assume that
$ is an even Cartan subalgebra containing 2, and is stable under # which defines
the superpair (&, R). Let T = $HNRK. With slight abuse of notation, 6 also denotes
the involution on $* induced from 6.

Let U, denote a finite dimensional irreducible &-module of highest weight \ € $*
with respect to a Borel subalgebra 8 containing $ and 91. Let v € U, be a
non-zero highest weight vector.

Proposition 4.3.  Suppose U, is cospherical and k € (U;)*® is non-zero. Then
the canonical pairing (v, k) is non-zero.

Proof. Wehave & = R+°B from the [wasawa decomposition. We prove the claim
by contradiction. Suppose (v, k) = 0. Consider (u.v,k) for any u € . By the
Poincaré-Birkhoff-Witt theorem, we write u = ugup with ux € U(R),up € U(B).
Note that LU(B) acts on v via a character and so does () on k. Then

(uv, k) = (ugup.v, k) = clug.v, K)

where c is a scalar determined by ug.
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Notice that ugx € U(R) = C & RU(R). For any u € U(R) and K € K, we have
(Ku.v, k) = 0. Therefore, we get (u.v, k) = cd(v, k) for another scalar d determined
by up. Thus, x vanishes on .o = U, which implies x = 0, a contradiction. [ |

Lemma 4.4.  Suppose U, is cospherical. Then A = 0. That is, O\ = —\.

Proof. Let s be cospherical on Uy, and v € Uy be highest. Let ¢t € €. Then
(t.v,k) = A(t)(v, k). On the other hand, (t.v,k) = —(v,t.x) = 0 since T C K. By
Proposition 4.3, A(t) = 0. [

Proposition 4.5.  Suppose U, is cospherical, then Uy is also spherical. Thus
sphericity and cosphericity are equivalent for Uy,

Proof. Let U be the &-module with the same vector (super)space as U, but
the representation map be pre-composed by . Then as &-modules, U = U, since
0 fixes 8. Thus (U?)? =2 U, We also see that Supp (U;) = {—p : u € Supp (Uy)}.
By Lemma 4.4, we get OA = —\, and this implies Uy = U{. Then as (U})*% i

non-zero, (UY)%® = U} is also non-zero. We refer to [29, Proposition 6.4.2] for a
similar construction and argument. u

4.2. Finite dimensionality

Recall in the Cheng-Wang decomposition (Proposition 3.1), each component W3
has the following hlghest weight with respect to the Borel subalgebra boP @ b

—E:A E:M-—M( E:&% }: —p)yr €t (31)

J=1 J=1
Let us denote the above weight as —\* by a Shght abuse of notation. Recall
b, = bP@b Dp~ from (25). We are interested in g-modules V) := V(=N b, ) and
study which of them are €-spherical. We show that V) are always finite dimensional
using the results in Section 2.

We first introduce some notation. For gl(2p|2q), any highest weight in the form of

Z ref + Z yjiéji

are specified by (1) the coefficients z7 ,yj , and (2) the order of ¢ and 6% when
describing the Borel subalgebra. We write the above weight as

( ZL’i >il:
Ty Y )

where the coefficients are in the order of the e§-chain and we put a dot e (respectively
a cross x ) over a coefficient of an ¢ (respectively 5?[ ). Odd reflections only swap a
e with a x. As Borel subalgebras are conjugate under the usual (even) reflections,

swapping a e with a e or a x with a x will not change the order of these coefficients.

In this notation, if we take o = 5ji —€F in Theorem 2.2, we then have the following

rule. Let b and b® be adjacent. If the bM-highest weight A1) is given by

(- ,§:|§, --+) where z,y are the entries where the odd reflection is applied, then
the b® -highest weight A\ is given by

Lo(--,glz,---) if = —y (le. (\,a)=0),o0r
2 (o y iz 1) ifa#—y (ie (Aa)#0).
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By Theorem 2.2, an odd reflection applied on a highest weight produces another
highest weight with respect to the new Borel subalgebra. Therefore, we have the
following lemma.

Lemma 4.6.  Let (%, §|;;) be with x > y. If (&ﬁ;, 1>1<}) is the result of applying the
two odd reflections that switch z with y and then x, then v > w.

Theorem 4.7.  For any X\ € 5 (p,q), Vy is finite dimensional.

Proof. In view of Lemma 2.3, we may find certain Borel subalgebras (via odd
reflections) so that any even simple root is simple in some Borel subalgebra. If each
corresponding A% is dominant as in Theorem 2.4, then we have the desired result.

Recall the Borel subalgebra b, of g corresponds to the following chain (25)

[61_'"€;|51_"'5;5;"'5f|€;"'6ﬂ,

and all the simple roots of (b, )5 are e; —¢;,...,6, —€F, 65 —€)_4,...,6; —¢f and
6y =0y, 0,0, — 08,00 — (5;_1, ...,04 — ;. In the above chain, the only missing

even simple root is €, — e;;, which is present in the following chain:
e ey e |07 -0y ey 1+ €] (32)

Let us denote the Borel subalgebra and the highest weight with respect to (32) as
b* and \* respectively. We may choose the form (—,—) on t* to be induced from
the supertrace form on t. Then the b-dominance condition in Section 2 just means
the integral coefficients of adjacent ¢* (respectively 6%) are non-increasing. Note
there are no odd and non-isotropic roots in this case.

Clearly, the original —\® is b, -dominant. The question is now whether or not A
is b*-dominant. By Theorem 2.2, we can obtain A\ by a sequence of odd reflections
performed on:

u [ ° X X X X ° L]
N = (A, N, U =g = A = A)

where v; = (X —p) for A € 7(p, q). Denote the number of strictly positive entries
in (v1,...,v,) as [. Then A\, >l as A\, > q¢> A1 = 1.

Denote A = (\q,..., )\p77:1|0>_<17 - ,axgq|—)\p_1, ...,—A1). By Lemma 4.6, we know
that o; > o; for any ¢ > j by induction. Therefore, we only need to prove A\, > 7
for b*-dominance.

Case (i). Suppose A, > ¢, then the sequence of 2¢ odd reflections performed on
—Ap adds at most 2q to —\, and we have 7 < =\, +2¢ < g < A,.

X
Case (ii). Otherwise ¢ > A, > [ and 0 occurs in (...,|V><1,...,—V1, |...), and
h ® x X X X X X X o
N =(. v, ,0,...,0,0,0.00,0, =y, | — Ay, ).
\q,l_/\q,l_/
q— -

X

° X
We claim that 71 = 1. To get 71, we first push —\, through —v;,..., —vy.
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Since all of these numbers are negative, each of the | odd reflections adds 1 to —J,,
after which we get

% °

L] X X X X X o X X
(oMl o, 0,000,0,0, 00,0 | =X+ 1=y — 1,00 = — 1= Apq, o).

q—1 q—1
Notice —A, +1 < 0 by assumption. Now as we keep applying the odd reflections,

—A, + 1 will encounter the 2(¢ — ) zeros. But ¢ —1 > X\, — [ by the assumption.
This means there are more than enough zeros to make —\, +1[ zero, since each time

we have (..., 6]5:, ...) with < 0, the odd reflection adds 1 to =. If  becomes 0,
then the odd reflections just flip e with x after which we have the following:

X x ® X X X
R T N s ).
(...,v e l,—y—1,...)

Finally, we apply [ more odd reflections to push 0 through the x sequence to the
left. Each reflection adds 1 to it. This proves 7, =1 < \,.
Therefore, we always have \, > 71, and A* is b*-dominant. [ ]

4.3. The high enough constraints

We now specialize what the high enough condition (see Section 2) means in our case.
By Proposition 3.4, the highest weight of V), on h with respect to b~ (see (26)) is
precisely

p q
—20) ==Y 2haf = 2(N — p)al € b* (33)
i=1

j=1

which vanishes on t,. By slight abuse of notation, we denote its restriction on a as
—2X" i= —2M{],.

Proposition 4.8.  Let A € J€(p,q) and V\ be as above. If A\, > (N| —p), then
V\ is spherical.

Proof. Let us apply the sphericity condition given in Theorem 2.5 which pre-
scribes the following:

1. E259 o N where o € Y5 (g,a) (note that we picked b~ here),

(o)
2. (—2X\% 3) > 0 for any isotropic 8 € ¥ (g,qa).

Note that —2/\5) =0 as t; =hNE. The root data in Section 3 shows:

|t+

Y (g,a) = {—a? —ap, —af — ozg}l_l{—a}3 +ap, —a]F tap ] < k}l_l{—a? F al,j} )

Take o = —2a%, —2a¥, —aBF F a/F respectively. Then Condition (1) gives
J J J k
—9o\i —94B —oN\i B B
( )‘74 a):)\jzo, ( ’2Oéj$ak):Aj:|:)\k‘207
—2\1 —2aF (=28, —af Faf)
L LT N )+ (V) 20

by (12) and (33), and all of them are vacuously true for A\ € 7 (p,q).
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As for Condition (2), we write
(—2M%, —af Faf) =2) F2(\, —p) > 0
for any j, k& which implies A\; > --- > A\, > (A} —p) > --- > (A, —=p) > 0. [

Note this is only a sufficient condition for sphericity. In particular, we see that
such a partition must have a p-th part. Clearly, the trivial representation, albeit
spherical, is not high enough. We would like to point out that the above condition
is insufficient to show the vanishing properties for proving Theorem A. See Remark
5.6 for an example. This means a new approach is needed.

4.4. Sphericity and quasi-sphericity

The rest of this section is dedicated to the study of sphericity of V) when p=¢=1
(Theorem B) so we set g = gl(2]2) and ¢ = gl(1]1) @ gl(1]|1). Let us assume that
A # &. Denote the standard characters of the diagonal Cartan subalgebra t as
€, e,0",0" from top left to bottom right. We use the following matrix to show
our choice of coordinates:

X1 om1 M2

Yioox moa me2

En &2 x X

§a1 G2 Yo o o

Thus, a letter appearing above represents the matrix with 1 in the corresponding
entry and 0 elsewhere. We abbreviate diag(a, b, c,d) as (abed). Note £ is spanned
by the diagonal Cartan subalgebra together with 7;,&; for ¢« = 1,2. In what
follows, g (respectively g_;) is the subalgebra spanned by 7;; (respectively g_;),
and g =g-1 S gD g1-
For a non-empty (1, 1)-hook partition (a,1%), the weight of V) = V(=M b,) we
investigate is

— M= (al|b,=b| —a) =a(e —€") +b(6" =T
with respect to b, , or the chain [e7[6707|e"]. We apply two odd reflections
(swapping 01 with €™ and then 6~ with €7) to get [e"eT|d7 "] which is conjugate
to the standard Borel subalgebra b%® (corresponding to [ete™[07d7]). By computing
the odd reflections, we get the new highest weight

- (a,—a+2|b—1,—-b—1) %fb%a—l (34)
(a,—0blb, —a) ifo=a—-1
Jaet+(—a+2)e + (b-1)0T + (=b—1)0" ifbFa—-1 (35)
~ laet + (=b)e + b5 + (—a)d™ ifb=a—1

V)

Thus V) = V(A, b%). The advantage of using b%® (which is distinguished) is that it
allows us to construct the finite dimensional Kac module K(\) using an irreducible
highest weight gg-module W (A) (here g5 = gl(2) @ gl(2)). Specifically, we extend

the action of gy trivially to v = g5 @ g1, and define
K(A) := Ind® W(X).

v

Then Vj is its irreducible quotient. As a vector space, K(X) is A(g_1) @ W(A).
When A is clear from the context, we will just write W instead W ().
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Let us begin with the simplest example where A is given by a single box (1) = 0.
This is the second case in (34) so the Kac highest weight is (1,0[0,—1). In other
words, V((1]0,0] — 1),b;) = V((1,0[0,-1),6%), and V' := V((1]0,0] — 1),b,)
appears as a quotient of K := K(1,0[0,—1).

Proposition 4.9.  Following the above notation, V s spherical, while K is not.

Proof. The claim that V is spherical follows from Proposition 4.8. A more direct
way to see this is to observe that V' = psl(2|2) = s[(2]2)/C1, since psl(2]2) is simple
as a Lie superalgebra and as a g-module. Its highest weight is et —§~ = (1,0]0, —1)
as a quotient of the adjoint representation of g. Then ¢ acts trivially on the
equivalent class of w = (1(—1)1(—1)) in psl(2|2) since ;1 and 79 have weights
(1,0] —1,0) and (0, 1]0, —1) respectively under the adjoint action; the two &; have
opposite weights. All the basis vectors in £ act as 0 on (1(—1)1(—1)).

We show that K is not spherical by way of contradiction. Suppose a spherical vector
w =Y ¢E; @uw; exists, where Z; € \,w; € W, and ¢; are some constants. Then w
should be annihilated by &;; and &5 and have weight 0. Then each Z; must contain
both &1 and &» and hence its weight contains —et — e~ + 0T + ¢~ . In order to
have weight 0 for each Z; ® w;, the weight of w; must contain €™ + ¢~ —§t — .
However, such weights do not appear in W(l, 0/0,—1). [

The contrast between the two modules reveals an important fact: the Kac module
K must have a non-zero vector that descends to its irreducible quotient V' such that
the image is spherical. This motivates the following definition of a quasi-spherical
vector.

Definition 4.10. Let & and K be two Lie (super)algebras such that 8 C &.
Let U be a &-module with a unique maximal submodule M. A non-zero vector
v € U is said to be R-quasi-spherical if R0 C M and (B).v = U, and U is said
to be K-quasi-spherical. [ |

We suppress “R-7 if it is clear from the context. If U is a highest weight module,
then U has a unique maximal submodule. If v € U is cyclic (Y.v = U), then it
descends to the unique irreducible quotient of U. If we want to show that u € U is
in a proper submodule, it suffices to prove that $4(&).u does not contain any cyclic
vectors. Note that a quasi-spherical vector need not be cyclic.

We first prove that for typical A (b# a —1 in (34)), K()) is spherical (so trivially
quasi-spherical).

Theorem 4.11.  Let A be (a,1%) € 5 (1,1) with b+ a—1. Let v e W(A) be a
non-zero vector of weight (1,1| —1,—1). Then w = £;1€n Qv € K(X\) is spherical
in K(\) =Vy.

Proof. If b#a—1,then A = (a,—a+2|b—1,—b—1). Then the element Y;
(respectively Y5 ) lowers the first (respectively the third) entry by 1 all the way down
to —a + 2 (respectively —b — 1), while raises the second (respectively the fourth)
entry by 1 all the way up to a (respectively b — 1). Thus the weight (1,1| —1,—1)
occurs along the way. We show that w = &1&92 ® v is spherical, that is, the vector
w (a) has weight (0,0]0,0), (b) is annihilated by &;, and (¢) is annihilated by 7;;,
for i = 1,2. Then (a) follows from the fact that &;&2 has weight (—1,—1|1,1) and
(b) follows from &2 = 0.
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For (c¢), we use the following computations in . Since 7;; acts on 1 ® W by 0, we
use A = B for [A] = [B] in U/ (8g;) as equivalent classes. Thus, if A = B, the
actions of A, B on 1 ® W are the same. The explicit computations below follow
from the superbracket table in Appendix B:

7711511522 = ([7711,511] - 5117711)522 = <1010>522 + 5115227711 = 522<1010>, (36)
N22811822 = —E11M22802 = —511([77227522] - 5227722) = —511<0101>- (37)

Since v has weight (1,1] —1,—1), (1010).1 ® v = 0, and by (36), 711 acts on w by
0. Similarly, by (37), 722 acts on w as 0. Therefore w is spherical.

Note that the Weyl vector p has coordinate %(—1, —33,1), and direct computations
show that (A + 7, a) # 0 for isotropic « in

{(1,0] — 1,0), (1,0[0, —1), (0, 1| — 1,0), (0, 1|0, —1)}.
Thus X is typical, and K(A) = Vj is irreducible and spherical. n

The following discussion is needed for the second case. Suppose £ =£_; ® £ £
is a Type I Lie superalgebra. Let {&}, {X;}, {m} be bases for the three sum-
mands respectively. We recall that the Poincaré-Birkhoff-Witt theorem says that
the following set

{€i1"'€iij1"'lenlﬁ"'nk :il<"'<im7jlS"'Sjl7kl<"'<kn} (38)

n

is a basis for (L), called the PBW basis. Let deg¢; = —1, deg X; = 0,degn, = 1.
Let 49(£) be the span of PBW basis vectors with n —m = d as in (38), so

4(2) = Pu(g), with U (L)uf (€) C U™ ().

dez
This grading is well-defined since the Lie superbracket respects the short grading on
£, and the multiplication in (L) respects the Lie superbracket.

Now we let W be a £5-module and the action is extended to £, trivially. Consider
K(W) :=Indg_go, W. Then K(W) = U(L) @ W = A\(£.1) @ W as vector spaces.
Moreover, K (W) inherits the grading from (£) in the sense that

wieyNeyew=A\"cyew (39)

In particular, (39) is valid for our Kac module K(X).

Theorem 4.12.  Let A\ = (a,1°) € s(1,1) with b=a —1. If v € W()) is a
non-zero vector of weight (1,0| —1,0), then w := &1 ®v is quasi-spherical in K(\).

Proof. 1If b = a — 1, then W has highest weight A= (a,—a+ 1a — 1,—a)
and the weight (1,0] — 1,0) occurs in W, c.f. the first paragraph in the proof of
Theorem 4.11. To see w is cyclic, we note that

Mma2b11 = Xo — {iinie = Xo

50 M12.w = 1® Xov. Since Xov has weight (1,00, —1), which does appear for a > 1,
1 ® Xov is non-zero. By definition, W is simple. Hence w generates K(\).
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To show that w is quasi-spherical, we prove that .w lies in a submodule of K (5\),
thus in the maximal submodule. This is equivalent to showing that no cyclic vectors
exist in t.w. Let us compute t.w. Since w is a (0,0[0,0)-weight vector, it suffices
to consider the action of &; and n;; for i = 1,2. Direct computations in { show
that 7’]11511 = <]_0]_0> — 5117711,7722511 = _5117722 and they both y1€ld Oon 1 XK. So
niu-w = 0. Note &7.w = 0 by construction. The only non-trivial result comes from
&a0. By letting W’ := &11&22 ® v, we have t.w = Cuw'.

Suppose by contradiction that «’ is cychc Then there exists v € 4 such that
w' €1 W. As W' —511622®v e N (g 1)®W we see that w must be in U2
for uw’ € 1@ W = A’(g_1) ® W (39). This means u must be a linear combination
of degree 2 PBW basis vectors in $2. In particular, each basis vector has at least
2 n;;’s. When p = ¢ =1, g_; is spanned by 111,712, 721, 722 and there are (;L) =6
such combinations. It turns out that we need (36) and (37) as above.

In (36), note &a9 has weight (0, —1]0,1) so & ® v has weight (1, —1| —1,1). Then
(1010)&99 ® v = 0. Hence un;.w’ =0 for any u € 4.

In (37), the Cartan subalgebra element (0101) acts on 1 ® v by 0, and ny.w” = 0.
Hence ung.w’ =0 for any u € 4. In addition, we have

Ma&11§22 = (XQ - 5117712)522 = Xl — 511(X1 - 5227712) = &2 +EnXo — §n Xy,

from which we get

N21112811822 = N21&12 + N21822Xo — N21é11 X

= (0110> — &12m1 + (Y2 - 5227721)X2 - (Yl - 5117]21)X1

= (0110) — &12ma1 + Y2 Xo — &aa(ma2 — Xomor) — Y1 X1 + & (—m1 — Xama)

= (0110) + Y2X5, — Y1 X5 (40)

The situation in (40) requires some sl(2) calculations. In (40), the first term gives
—1®w. The module W (a, —b|b, —a) is L(a, —a+1)® L(a—1, —a) as an irreducible
gl(2) ® gl(2)-module (see Appendix B). Standard s[(2) computations show that
the second term gives Y2 Xov = a(2a — a)v = a®v. Similarly, the third term gives
Y1 Xiv=—(a+1)(2a —a—1)v = (1 —a®)v. All three terms sum up to 0. Hence
Na1mz2-w’ = 0.

Any of the 6 combinations of two 7;;’s is either 71712, or a combination that ends in
711 Or 7)25. These computations imply that any u € U of degree 2 satisfies u.w’ = 0.
Hence w' is not cyclic. [

Remark 4.13. Any choice of quasi-spherical vector has the same image up to
some constant in the quotient due to the uniqueness of spherical vectors (Proposi-
tion 4.1). In particular, the argument still works if one chooses w = & ® v’ for a
non-zero vector v' of weight (0, 1|0, —1).

Remark 4.14. By the discussion in Section 3, V) is guaranteed to be spherical
given a = A\; > (] — 1) = b which of course covers the case b = a — 1 (missing
“half” of the “ab-quadrant”). However, we believe it is beneficial to record a different
approach to Theorem 4.12 which requires minimal algebraic machinery and is unified
with Theorem 4.11.
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Proof of Theorem B. Let A = (a,1°) € 5(1,1). If A = &, then V) the
trivial module which is spherical. Suppose A # @. If b # a — 1, Theorem 4.11

says that V) has a spherical vector; if b = a — 1, Theorem 4.12 says that K(\) is
quasi-spherical, indicating that V), is spherical. [ |

5. Generalized Verma modules and proof of Theorem A

In this section, we present an algebraic proof of Theorem A assuming Conjecture 1.1.
We construct the generalized Verma modules M_, and study their cosphericity. We
then utilize the grading on M_, to show the “vanishing action” of D,, for suitable
A which eventually proves Theorem A.

5.1. Generalized Verma modules

Recall that W, the component of the Cheng-Wang decomposition, is a £-module
with highest weight —A! (see (17)) with respect to b & b%. We may extend the
£-action on the finite dimensional irreducible W7 trivially to p~ and define

M_, = Ind§+p_ Wy, (41)
This is a parabolic induction and we call this the generalized Verma module. Note
as £-modules, N . .
M, =67 ) @ Wy = P W, 0 W] (42)
HEH

where the sum is taken over all the hook partitions. The upshot of this construction
is threefold:

1. The irreducible quotient of M_y is Vi = V(=M% b;) = V(—2/\E), b7);

2. M_y has a unique cospherical functional ¢ in the restricted dual;

3. This ¢ descends to x € (V) if (Vi¥)t #£ {0}.
Point (1) is clear from the construction. Point (2) is Proposition 5.1. Point (3),
proved in Proposition 5.3, eventually leads to Theorem A (see Theorem 5.5).
To study the (co)sphericity of M_,, we introduce a natural grading on M_, com-
patible with the g-action as follows. Recall that

g=p @tdp"

isa (1,0, —1)-grading defined on g. Since the Lie superbracket respects this grading,
it induces well-defined grading on 4 by setting degn=1, deg X =0, and degé&=—1
for nept, X €, and £ € p~, c.f. (38) and the discussion there. By taking bases
{ni}, {X;}, and {&} for pT, €, and p~ respectively, we may set

@ Soan Moy = i Xy Xy -+
TP < i < <Gk <o <kpm—n=d

on i so U=@PuUe Let |A\| =1. Now on M_y, we define a grading such that
M= =6 pt) @ Wy

s0o M_y = @Dy M~itF (42). We set M™, = {0} for n < —I so the lowest degree
for which M™, is non-zero is n = —l. We have

ud.M:i*HC g M:;\+k+d. (43)
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The full dual M*, is way too large to get hold of. However, we may equip the
restricted dual

M =P, 0 W) =P W, e Wy (44)

(c.f. (42)) with the contragredient g-action. Explicitly, for homogeneous X € 8¢,
feW;@Wy, v, e W,@Wy, (v, X.f) = £(X.v,, f) = 0 for all but finite v’s, and
thus X.f € M. Note every functional in M™* vanishes on all but finitely many
summands W, ® Wy.

Proposition 5.1.  The generalized Verma module M _y is cospherical. Moreover,
dim(Mfin )t = 1.

Proof. Note that for each constituent in (42), we have
(W, @ W3)")* = (W Wa)* = Home(Wh, 7).
By Schur’s Lemma, this space is one-dimensional if and only if © = A. Thus we

obtain a unique ¢ corresponding to Idy, € Hom(W,, W)). We now define

Proj

¢: M_\ =5 W, @W; 5 C.

Here the projection map Proj is defined with respect to (44) which is a €-module
decomposition. All maps involved are €-maps and ¢ € M™* is thus spherical and
unique up to constant. [ |

By Definition 3.2, the Shimura operator D, € {4* can be defined explicitly as

Dy= &™) (45)
where {n}'} is a basis for W, C &/(p™) aéd its dual basis {¢, "} for W* C &l(p~).
Proposition 5.2.  For all X # p, |A < |p|, D,.¢ =0 on M_,.

Proof. Since D, € *, this action is a scalar multiplication by Lemma 4.2, and
thus it suffices to prove that D,.¢ vanishes on W) ®@ W (of degree 0) for all X # p
with [ := || < |pl, that is,

(Wa @ W3, Dyp) = Y _(Wh @ W3, & nf.¢) = {0}

If || > I, we use the following degree argument. Each &, ", of degree —|u|, acts
contragrediently on W, ®@ W5, of degree 0. By (43) £, "W, @ Wy is in M__)|\“| = {0}.
Thus all pairings in the summation are 0.

If however |u| =1, then the actions of &, " followed by 7} move W, ® W5 up into
W, @ W5. But ¢ vanishes on W, ® W5 whenever X # p by definition of ¢. Thus
the pairing again gives 0. [ |

5.2. The vanishing properties

Assuming Conjecture 1.1, together with Proposition 4.5, we see that there exists a
unique up to constant spherical functional x on V). The next result relates x and
¢ on M_, introduced above.

Proposition 5.3.  The spherical functional ¢ € M™* descends to  on Vi, up
to a constant.
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Proof. Let U C M_, be the maximal submodule. Denote by proj the projection
M_y — M_,/U = V). Define § := ko proj on M_,. Since proj is a €-map, % is
also spherical. This &, by default, is in the full dual. We prove that & € M"*.

Recall M1 = &F(p+)@W;. We first show that for k > |\| = [, Ej, := (€)M _1*
is all of M_i**. For the sake of contradiction, we pick a non-zero T € (M_{tF)*
that vanishes on Ej. Since T'(Ej) = 0, we have T'(X.v) = 0 for all X € ¢ and

v € M~I*%. So T is cospherical. Thus
T € Homg(M~it* C) = Hom,(&*(p*) @ W5, C) = Hom(&*(p*), Wy).

But this space is zero whenever k > |\| by the Cheng-Wang decomposition (Propo-
sition 3.1). Contradiction.

Now as By = M 4% for k > [, for any v € M™% there exists X € £8(€) and
v' € M_I™* such that v = X.v'. Hence R(v) = R(X.v') = 0, which implies that &
vanishes on all M~ for large k (k > ). Thus & € M™*. Consequently, % is a
constant multiple of ¢ by Proposition 5.1. Therefore, up to a constant, ¢ vanishes
on U and descends to k on V). [ |

We now introduce a result that computes the eigenvalue of the action of 4 on
modules. Assuming Conjecture 1.1, then V) is also cospherical by Proposition 4.5.

Theorem 5.4. If D € ¢, then D acts on k € (Vy¥)t by the scalar T(D)(2\*+p).

Proof. For an arbitrary D € 4%, we write D = uK + N~u' + p € U* where
p=m(D) and K € ¢, N~ € n,u,v € . Let us consider the pairing (v, D.k),
where v is now of b~ -highest weight —2)\5) (33) by Proposition 3.4.

On one hand, by Lemma 4.2, this pairing equals C(v,k) for some constant C
depending on D. On the other hand, we have

(v, D.K) = (v,uK.k) + (v, N"u'.k) + (v, p.K) [D =uK + N~u' + p]
= (v,0) + (0, u'K) + (v, p.K) [contragredient action]
=0+0+ (v,p.K).

Let us write p = > [[a!" as a polynomial in &(a) = PB(a*) (c.f. (29)). Then
(v,p.ry = O TI(=1)™a} v, k) as all a;’s are even and commute. This gives

(v, D.K) ZH "l v, K) ZH 2)\h] )" (v, k)
=> JJ=D"(=1)"a:@X\)" (v, k) = p(2)\h)<v, ).
Since (v, k) # 0 by Proposition 4.3, the calculation yields C' = p(2A\f) = 7(D)(2)%).
Finally, (2) says C' = T'(D)(2)\ + p). ]
Theorem 5.5.  Forall A # p, |\ < |u|, T(D,)(2X +p) = 0, where 2)\* = 2)\2]&.

Proof. By Proposition 5.2, D, acts on ¢ € M™* by 0. By Proposition 5.3, ¢
descends to (up to a constant) £ on V), and (v,D,.¢) = (v+ M, D,.k) =0 on V.
Therefore, D, acts on x by 0. By Theorem 5.4, we obtain the desired result. |

Recall the Shimura operator D,, (45) associated with p, can be written as ) &, ).
In particular, we see that deg D, < 2|u|. Define a scalar ¢, so that

el (21 + p) = T(D,) (24" + p).
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Proof of Theorem A. In Proposition 3.6, we see that the I" image of D,, does
land in A°(a*). By definition of I', we have degI'(D,) < 2|p|. Theorem 5.5 and
the uniqueness of I, imply that I'(D,) is proportional to ,,.

We show that I'(D,) is non-zero. It suffices to prove that D, ¢ €, which con-
tains kerI' by Theorem 2.1. We notice that D,,, by definition, is an element in
S(p7)S(pT). Since g = p~ @ pT @ ¢, by the Poincaré-Birkhoff-Witt theorem, we

it
may write U= S(p)S(pt) & Lt

and since D, is clearly non-zero, I'(D,) is also non-zero. Finally, by definition of
¢, , we see that I'(D,,) = ¢,{,, where ¢, # 0. [

Remark 5.6. We explain why the condition for sphericity given in [3] (Proposi-
tion 4.8) is insufficient. Consider the case p = ¢ =1, and let pu be (2) € 5(1,1).
Thus, |A| < |pg| means A = (1") for n = 0,1,2. By (20), p = (—1,1), and
2\ 4+ p = (1,2n —1). Then I,(1,2n — 1) = 0 for n = 0,1,2. By Proposition 4.8,
the only partition in the form of (1") guaranteed to give a spherical V) is A = (1).
By the proof of Theorem 5.5 without assuming Theorem B (Conjecture 1.1), we see
I'(D,)(1,1) = 0. But any degree 4 even supersymmetric polynomial in two variables
is proportional to f(z,y) = (z* — y*)(2* + ay* + b) and f(1,1) = 0 automatically.
Thus I'(D,) cannot be pinned down by one single partition A = (1). In fact, we
have I'(D,,) proportional to (z* — y*)(2® — 1) which indeed vanishes at (1,2n — 1)
for all n > 0 (see the eztra vanishing properties in Appendix A).
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A. Deformed root system and interpolation polynomials
We introduce the deformed root systems studied by Sergeev and Veselov in [26,
27]. These root systems are based on the generalized root systems introduced by
Serganova [24].
Let V = C™" be a vector space with basis {€1,...,€énin}. Set Iz :={1,...,m},
I :={m+1,....m+n}, and [ := [U ;. Define 6; = €,4; for 1 <i <n. A
bilinear form on V' is given by
B(u,v) = Zuivi — Zujvj
icly jely
where x; denotes the ¢-th coordinate of x = Zie[ zrie; € V. We say a vector v is
isotropic (respectively anisotropic) if B(v,v) = 0 (respectively # 0). Following [26],
we set
1. C(m,n): Let C(I) .= {£2¢;,te; € 10,5 € I,1# j}. We define
Zani = C(I@) U C([T) and Eiso = {:}:Q + € - 1€ Iﬁ,j € IT}
for anisotropic and isotropic roots respectively. Then C(m,n) is defined as
Zani U Eiso .
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2. BC(m,n): Let BC(I) = {£e;,+2¢,+€;,+¢€;:4,5€1,i# j}. We define
Y .= BC(I3) U BC(I7) and ¥y = {+£¢; £ ¢ : i € I, j € I7} for anisotropic
and isotropic roots respectively. Then BC(m,n) is defined as > U Xi=°.

The associated Weyl group is of Type BC, isomorphic to
(S X (Z)27)") X (S & (Z)27)™).

In [26], an admissible deformation of these generalized root systems is introduced.
This appears in the study of the Calogero-Moser-Sutherland problem in which
the root system stays the same while the bilinear form and the multiplicities are
“tweaked”. The deformed bilinear form is

Bk(u, U) = Z U;V; + k Z U;0;.
iely iely
Five parameters regarding the multiplicities of the roots are presented as follows:

m(te; £€;) =k, m(Le) =p,m(£2¢) =q, 1,7 € I
m(£6; £0;) =k ', m (£6;) =r,m (£25) =s, 1<i,j<n.

They satisfy the following two relations: p =kr, 29+ 1=k(2s+1).

The multiplicities of isotropic roots (£e; = 0;) are set to be 1 (c.f. the parameter ¢y
in Section 3), and the form and all multiplicities stay W, invariant. In particular,
the restricted root system in Section 3 is indeed a special case.

We now explain how we obtain our version of the Type BC' interpolation polyno-
mials from the ones that appear in Section 6, [27].

Let {€;,0,} be the standard basis for C**?, z; and w; be the coordinates of ¢; and
§; for i =1,...,p, j=1,...,q. Let k and h be two parameters. Following [27],
we assume k ¢ Qo (called generic). Define o =Y~ oP¢; + Y 05 d; where

B._ . F._ -1 1 _} .
0% = —(h+ki), of =k <h+2k 2+]+kp>.

J

Definition A.1 (c.f. Definition 2.7). Let P,, := Clz,..., 2y, w1,...,w,] be the
polynomial ring on CP*?. Define A? to be the subalgebra of polynomials f € P,,
which

1. are symmetric separately in variables (z; — o) and (w; — ¢} ), and invariant
under their sign changes;

2. satisfy the condition f(X —¢;+9;) = f(X) on the hyperplane z;+k(i—1—p) =

We equip CP* with an inner product defined by
(€is€5) = i gy (04,05) = kdyj, (€;,05) =0
where 0, ; is the Kronecker delta. Then Condition (2) can be rephrased as:

(2) f(X 4+ a)= f(X) when X is in the hyperplane defined by the equation
(X —po,a)+ %(a,a) =0

foral a=¢ —0; fori=1,...,p,7=1,...,q.
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The following table compares the notation used in [27] and this paper. Since we will
alter the constructions and proofs in [27], in what follows, we will use the notation
given on the left.

[27] Z.
m,n D, q
k,p,q,7,s,h k,p,q,r,s,h
m(=),e,0, R*,p | m(=),al, o, 3T o
Agijg),w,z Az, y

The origin of the discrepancy lies in a different choice of positivity of the root system.
Formula (71) in [27] reads “ R}, = {0, & ¢;}". That is, they require o & o} in this
paper to be positive. The Weyl vector in [27] is p := 1 > gt m(a)a.

In the proof of [27, Proposition 6.3], they used the following restriction map res,, .
from A®")  the ring of symmetric functions of Type BC, to P,,, = Clwy, ..., z,].
For any A € 2 (m,n), let v be the transpose of the first n columns and p
the remaining part. Let x : J#(m,n) — C™ be the map which sends A\ to

/

(1 -y fm, vy, - .., V). The image of y is Zariski dense and any symmetric function

in A" can be restricted to a function on % (m,n). Denote this restriction map
as resp,, : AWM — P . More precisely, given f € A®M  res, . (f) is the
unique polynomial such that f(\) = res,,,(f)(x()\)) for any A € 5 (m,n). Then
[27, Theorem 6.1] was shown using the even Bernoulli polynomials. Recall that if
k ¢ Q, it is called generic.

Theorem A.2 ([27, Theorem 6.1]).  If k is generic, then Imres,, , = AED

Proposition 6.3 in [27] then follows from Theorem A.2 by applying res,,, to the
Okounkov interpolation polynomials in A®" . That is,

Sergeev-Veselov Interpolation Polynomial = res,, ,,(Okounkov Polynomial)

The readers may recall that A is used in our paper consistently rather than y()).
This subtlety is merely a combinatorial consequence of different choices of positivity.
We present how to adapt Theorem A.2 with our choice of positivity:

1. In [27, (71)], change R;, = {0, +¢€} to R, = {e;+d,}, so p [27, (72)]
becomes

Nt ki)e — kY (h+ Sk +j+km>(5j.
i=1 j=1

2. Consequently, the definition of the ring Aﬁ,’f;ﬁ) is now the subalgebra consisting
of polynomials symmetric separately in

2
(w; + h + ki)? and (zj L e m)

and satisfying the same supersymmetry condition, changing o to €; —9,.



404 ZHU

3. For A, bisect it by taking the first m rows and the rest n columns, so that
we get A* =: x(\). Equivalently, w; = \; and z; = (A; —m). Again, this
new version of x has a Zariski dense image and res,,, is well-defined. Here
a partition A is regarded as a collection of boxes with coordinates (i, ;) for
1<i</l(N) and 1 <j <\

4. The statement of [27, Theorem 6.1] remains verbatim, while in the proof, the
polynomial f/™" is now changed to

" (w, 2) :i (Bo (bt b 3) = Ba (ki + )
i=1

+ g2l Z (le (zj +hkt — %k‘l + kT 41+ m>

j=1
— By (hk—l — %k—l e m)> .
where By, denotes the even Bernoulli polynomial (pp.125-127 [32]). This

version has value at (w,z) = A\? exactly equal to f;(A). The rest of the proof
is the same.

Switching back to the notation in this paper, we see that the map res,,, becomes
res,, : A" — A2 By the above adaptation of Theorem A.2, we obtain:

Theorem A.3.  For each p € J, there exists a unique degree 2|u| polynomial
T € A% such that TNk h) =0, forallA P p (46)
and satisfies the normalization condition
Tupfskoh) = T (=5 — k(i — i) + 1) (s + j + k(uty +4) + 2h = 1) .
(i.5)ep
Moreover, they constitute a basis for A°.

It is not hard to see that for a degree 2|u| symmetric polynomial, the above vanishing
properties (46), namely, all A that do not contain p, overdetermine J,. Indeed, it
is entirely possible to reduce this extra vanishing property. Define

AN:={f e :degf<2d}, = Ude,%”k, 2%ﬂ = {2\ X e ) C O
Proposition A.4.  Every f € Aj is determined by its values on 2%@“.
Proof.  Let V,; be the space of functions on 227, Then dim A% = dim V,; = |.7].

In particular, V,; has a Kronecker-delta basis
{8y 1 06(20%) =1, 0,(24°) = 0, A\, ju € 5}
Next, the evaluation of f € A on 7 gives a restriction map
res: Af — V.
To prove the statement, we show that res is an isomorphism.

Fix a total order > on . such that p > A implies || > |A|. Let R be the matrix
for res with respect to the bases {.J,} for Aj and {6,} for V,; arranged by >.
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Since J,(2u%) # 0, and J,(2\%) = 0 for any A such that p = X, we see that R is
upper triangular with non-zero diagonal entries. Therefore R is invertible, proving
the statement. |

As a direct consequence of Proposition A.4, we can reduce the extra vanishing
properties (46) in Theorem A.3 to

J.(A%k h) =0, forall |\ < |ul, A # p. (47)

Proof of Theorem 2.8. We specify the parameters k, h for the ring A? (Def-
inition A.1) and J, in Theorem A.3 with the restricted root data of ¥ := X(g, a)
(see Section 3). Then k = —1. For h:= —kp — ¢ — 3p — q (following [27]), we have
h=p—q+ %

Also, o = —1p (see (20)). Thus we consider J, in A~z as in Theorem A.3 (with
(47)). Define the change of variables 7 : A=2° — PB(V) by z — (z; — pB) and

2
w;j > 5(y; —pj). Then 7 preserves the ring structures and is bijective onto its image.

Indeed, for f € A~27, 7(f) is a polynomial symmetric in (3(z; — pP) + %p?)Q = x?

2
and (3(yi —p¥) +3p0)" =42, Also, f(u) = f(pn+a) when (u+3p,«) =0 for
a = ¢ — d;. Hence, 7(f)(X +€; —d;) = 7(f)(X) when z; +y; = 0, seen by
substituting X — 2u + p. Therefore Im(7) = A°(V). Theorem 2.8 now follows by

setting ,
Lu(i, y5) ::7-(‘]# (Ziaij_lap_q_ 5)) : m

B. Section 4 computations
In this appendix, we first give the table of superbrackets on gl(2|2) with the notation
in Section 4, then show the detailed s[(2)-computations in the same section.

In the following table, the value of the superbracket of the i-th entry in the far left
column and the j-th entry in the top row is given by the (i, j)-th entry.

B! &12 21 €22 X1 Xo Y Ys
m1 | (1010) X1 Y, 0 0 M2 —T721 0
M2 X5 0 (1001) X, 0 0 —122 M1
721 Y (0110) 0 Yo =111 22 0 0
ma |0 X, Yi o (0101)  —nu 0 0 -
X1 | —&i2 0 —&22 0 0 0 (1(—1)00) 0
Xo| 0 0 fn i 0 0 0 (001(=1))
vi| o n 0 —&n  ((—1)100) 0 0
Y | &a €22 0 0 0 (00(—1)1) 0 0

Next, we present the sl(2)-computations. Let {z,h,y} be an sl(2)-triple with the
standard relations [h,z] = 2z, [h,y] = —2y, [z,y] = h. Let L(m) be the (m + 1)-
dimensional irreducible sl(2)-module spanned by the weight vectors

hv_pgai = (=M + 20)V_ 12
{’U_m, ey Uem2iy - - - ,Um} with LT UV_m42i = Vm4-2i+2 . (48)

YV_gmgoi = 1M+ 1 —9)V_pj0i2

Since dim L(m) = m + 1, the scalar in the action of y is i(dim L(m) — 7).
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Using the natural representation of gl(2), we write

0 1 00 10 10
oa)r=Ga) G 5) -6,

which give a basis for gl(2) and {X, H,Y} is an sl(2)-triple. Denote the standard
characters on the diagonal Cartan algebra b = Span{H, Z} as

+
E:t . <£L'0 IO_) — {L':t.

Let a > b be two integers. Let L(a,b) be the irreducible gl(2)-module of highest
weight ae™ 4+ be~ with respect to the standard Borel subalgebra Span{X,h}. A
weight vector basis of L(a,b) can be described by the set of symbols

{(b,a),(b+1,a—1),...,(a,b)}

such that h.(m,n) = (me*+ne”)(h)(m,n) for h € h and X.(m,n) = (m+1,n—1),
whenever (m-+1,n—1) is a weight, and 0 otherwise. As an sl(2)-module, L(a,b) is
isomorphic to L(a—b) by identifying (b+i,a—1) with v_(,_p)42 for i =0,1,...,a—b.
For gl(2) @ gl(2), we use subscripts ¢ = 1,2 for X,Y, H, Z in the i-th copy of gl(2).
The standard characters on the second copy are denoted as §*.

Consider the irreducible gl(2)&gl(2)-module L(a,b)® L(c, d) with the highest weight
aet +be” +cdt +dd~ with respect to the standard Borel subalgebra in both copies.
Denote it as W(a,b|c,d). Now each weight space in W (a,ble,d) is 1-dimensional,
so there is no ambiguity by setting

1. (b,ald,c) as the lowest weight vector (b,a) ® (d,c) (identified as vy_, @ V4_.),
2. XiXL.(b,ald,c) = (b+ k,a—k|ld+1,c—1) (identified as vy 4 op @ Vg_cra1)-

Then Y;,Ys act accordingly. Moreover, Y; X; acts as a constant determined by (48)
on any weight space. The following is a detailed discussion that accounts for the
proofs in Section 4.

1. In the proof of Theorem 4.11, the module is
W(a,—a+2b—1,-b—1) = L(a,—a+2) @ L(b—1,—b—1).
We are interested in Y3 X;.(1,1] —1,—1) and Y2X5.(1,1] — 1, —1):
(a) In the first component L(a,—a + 2) = L(2a — 2), Y1 X3.(1,1] — 1,-1)
corresponds to
Vo K Vg = V_garoisa = a(2a — 24+ 1 — a)vy = (a® — a)vy.

(b) In the second component L(b—1,—b—1) = L(2b), Y>X5.(1,1| —1,-1)
corresponds to

Vo li) Vg = U—2b+2(b+1) li> (b + 1)(2() +1-— b— 1)1)() = (b2 + b)Ug.

Together, (YoXo — V1 X1)(1,1| —1,-1) = (V* +b—a®*+a)(1,1| - 1,-1) =
(b+a)(b—a+1)(1,1|—1,—1). Here, (1,1| —1, —1) represents v in the proof.
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2. In the proof of Theorem 4.12, the module is W(a, —a + 1ja — 1, —a). We are
interested in ¥1X;.(1,0] —1,0) and Y2X5.(1,0] —1,0):

(a) In the first component L(a,—a + 1) = L(2a — 1), Y1X;.(1,0,—1,0)
corresponds to

V1 vy = V_244142(a+1) AN (a+1)(2a—1+1—a—1v = (a® — ;.

(b) In the second component L(a —1,—a) = L(2a — 1), Y2X5.(1,0] — 1,0)
corresponds to

Vi1 P U1 = U_ggi142a P a(2a —1+1—a)v_; = a’v_;.

Together, ((0110)+Y5X5—Y1X7).(1,0/—1,0) = 0. Here, (1,0|—1,0) represents
v in the proof.

C. The Weyl groupoid invariance

In this section, we provide a direct proof of the independence of hy in the description
of J, (27), and a further digression on Weyl groupoid invariance studied by Sergeev
and Veselov [27], and Serganova [25]. We show that Proposition 3.6 is equivalent to
a Weyl groupoid action formulation.

Lemma C.1.  The subspace J, is independent of choice of hg.

Proof. Let {A;} be a basis for al. Suppose gy # ho so that b(go,g0) = 0
and «a(go) = 1. Denote Spanc{go,to} as U. Let {B;} be a basis for Ut. Let
J!,, = C|gfth] 6 (U*) as in (27). Given any monomial gft!, [[B/™ € J!, with
[ > min{k, 1}, we show that it is contained in .J,,.

Suppose gy = cho+cita+ ) ¢;A; for some ¢, ¢; and ¢;. Note a(A4;) = b(ta, A;) =0,
and «(t,) = (a,a) = 0. Applying « on gg, we get ¢ =1, and

9o =ho+ cita + > cjA;. (49)

Similarly, we write B; = C;hg + D;to + > C;;A; for some C;, D; and C;;. Then
a(B;) = 0. Applying a on B;, we get C; = 0:

B; = Dito + Y CyjA;. (50)

We expand gkt [T, BI™ using (49) and (50) to see that the degree of hg is exactly
k while the degree of t,, is at least [. Therefore, J!, C J,. The converse is similar. m

Following Sergeev and Vesolov [28] (c.f. [25, 16]), we give the following definitions.
A category C is said to be small if its collections of objects Obj(C) and morphisms
Hom(C) are both sets. A groupoid is a small category in which every morphism is
invertible. For two groupoids, the disjoint unions of their objects and morphisms
constitute another groupoid. Let W be a group. An action of W on a groupoid G is
a group homomorphism from W to Aut(G), the group of automorphisms (invertible
endofunctors) of G. Let W be a group, G a groupoid and W acts on G. The
semidirect product of W and G, denoted as W x G, is given as follows:
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1. Obj(W x G) := Obj(G);

2. Holexg<O‘a6) = {(Ua f) : f € HOIIlg(O'(Oé),ﬁ)};
3. For (o, f) € Homwyg(a, 5) and (7,9) € Homwg(B,7), we define
(7—7 g) © (07 f) = (7—0-79 o T(f)) S Homeg(a77>‘

Note that the composition is realized in G as in the diagram 7o(«) 7, 85 .

Suppose > C V is a generalized root system as in [24]. Denote the set of isotropic
roots as X*°. Let W, be the Weyl group which acts on X*° naturally. The
isotropic roots groupoid S**° is a groupoid with objects Obj(S§**°) = ¥**° and with
non-trivial morphisms 7, : @« — —a. Thus

o it B+ +a
Homgiso(a,ﬁ) = {71&} if ﬁ = — .
{idy} ifB=a

To extend the Weyl group action to morphisms in §**°, we set 0(7,) = Ty(a) and
o(idy) = idy(a) for o € Wy. We view W, as a groupoid with one single object *
whose morphisms are elements in W;. Then the Weyl groupoid 2T is defined as the
disjoint union :
0 =Wy U Wy x S*°.

Let V' be a vector space. The affine groupoid AF (V') is defined as the category
whose objects are V' and all its affine subspaces, and its morphisms are all the affine
isomorphisms between the affine subspaces of V.

Definition C.2. Let G be a groupoid and V' a vector space. We say G acts on
V' if there is a functor C: G — AF (V). For F' € B(V), we say F is G-invariant

if for all 2 %> y in G, we have Flg) = Fle) o C(f). If G has only one object
and C(x) = V', then this degenerates to the usual definition of group invariance. We
denote the set of G-invariant polynomials as B(V)9. u

We specialize ¥ = 3(g,a) and V = a*. Thus W is of Type BC. In [28], an action
of 2 on V is described. Recall H, = {p € V : (4, @) = 0} and set 7, : H, — H,
by @+ u+ «. The action is given by the functor I : 20 — AF(a*) that maps
x € Obj(Wp) to a*, o € Obj(Wp x §*%°) = X*=° to H,, and

—

(0)=(0:a"—a"), o€ Homy,(x,*)
)= (Ta00 :Hy10) = Hy), (0,7a)€ Homyy, xs100 (0 (), —a)
)=(Idaoo:Hy1a) = Hy), (0,ida) € Homypyyusio (07 (@), ).

Proposition C.3.  We have ImT" = B(a*)%.

Proof. By Proposition 3.6, we have ImI" = A°(a*). Then we have also that
() = (") 01

Indeed, Condition (i) in Definition 2.7, the usual even symmetry, is captured by the
natural action of W, by permuting z; and y;. Thus F satisfying Condition (i) is
equivalent to F' € PB(a*)"0.
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Condition (ii’) (specified from (ii) to our root system) says F|g_ (X) = Flg, (X + )
for any a € ¥*°. The Wy x §**° invariance means
Flie1(0)(X) = Fla-a) (T((0:7a))X)

for any X € H,-1(,). We observe that the right hand side is Flg,(¢cX + a). By
specifying o = 1, we recover Condition (ii’). If F' satisfies both (i) and (ii’), then
one may take X € Hy-1q s0 Flu, _, (X) = Flg, ., (X + o~ !(a)). But the right
side is equal to Flg, (60X + «) by Condition (i).

Thus, F € A°(a*) is equivalent to F' € PB(a*)¥. m

e
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