Journal of Lie Theory
Volume 35 (2025) 455-506
© 2025 Heldermann Verlag

Central Extensions, Derivations, and Automorphisms
of Semi-Direct Sums of the Witt Algebra with its
Intermediate Series Modules

Lucas Buzaglo and Girish S. Vishwa

Communicated by M. Schlichenmaier
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1. Introduction

Throughout, we work over the field of complex numbers C. All vector spaces are
C-vector spaces.

The Witt algebra W := Der(C[t,t™']) = C[t,t7']4 of vector fields on C*, and

its universal central extension, the Virasoro algebra, are ubiquitous in both mathe-
matics and theoretical physics. In this paper, we study Lie algebras obtained from
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taking semi-direct sums of the Witt algebra with its indecomposable intermediate
series modules (see Definition 2.7). Intermediate series modules of the Witt algebra
arise naturally, since they are precisely those modules which have the same Hilbert
series as the Witt algebra. In some sense, they are the simplest infinite-dimensional
representations of V. Defining an abelian Lie algebra structure on these modules,
one can then take the semi-direct sum of the Witt algebra with its intermediate
series modules to obtain new families of Lie algebras.

Indecomposable intermediate series modules of the Witt algebra were classified by
Kaplansky and Santharoubane [19] into three families — one parametrised by C?
and the other two parametrised by P'. The modules parametrised by C? are the
well-known tensor density modules I(a,b), where a,b € C. We denote the other
two families by A()\) and B()), where A € P! (see (2.3) for the definitions of the
modules). These correspond to blowing up C? at the points (0,0) and (0,1). The
modules 7(0,0) and 7(0,1) are the only reducible tensor density modules. Indeed,
we have 1(0,0) = B(0) and 1(0,1) = A(0). Thus, the indecomposable intermediate
series modules of the Witt algebra are parametrised by the plane blown up at two
points. In some sense, the A(\)s and B(\)s are infinitely close to (0, 1) and 1(0,0)
respectively, in the moduli space of intermediate series modules of WW. The resulting
semi-direct sums are denoted W(a,b) := W x I(a,b) and Wx () := W x X()),
where X = A or B.

The only reducible tensor density modules 7(0,0) and 7(0,1) are intimately linked
to the irreducible bounded modules of the Witt algebra, where we say that a Z-
graded module is bounded if its homogeneous components are all finite-dimensional.
The unique nontrivial proper submodule of 1(0,0) = C[t,t7!] is C. The quotient
I =1 (0,0)/C is irreducible, self-dual, and isomorphic to the nontrivial proper
submodule J := span{t" dt | n € Z\ {=1}} of 1(0,1) = C[t,t""]dt. It was
shown independently by Mathieu [24], and Martin and Piard [22] that C, I and
{I(a,b) | (a,b) # (0,0),(0,1)} are the only irreducible bounded W-modules.

In [14], the authors computed central extensions, derivations, and automorphisms
of the Lie algebras W(a,b). With such a strong interest in the properties of semi-
direct sums of the Witt algebra and its tensor density modules, it is only natural to
consider the algebras formed from the semi-direct sum with its two other families of
indecomposable intermediate series modules. In this paper, we commence the study
of the resulting two families of Lie algebras by computing their central extensions,
derivations, and automorphisms. We further compute the central extensions and
derivations of the Lie algebras W := W x I, thereby completing the computation
of these properties for Lie algebras formed from the semi-direct sum of the Witt
algebra with its indecomposable intermediate series modules and with its irreducible
bounded modules.

Our strategy to compute cohomology heavily exploits the internally graded struc-
ture of Wx () (see Definition 3.8), which means that the cohomology of Wx () is
entirely supported in degree zero. In other words, the degree zero cohomology of
Wx () is isomorphic to its full cohomology. This significantly simplifies our compu-
tations, since we only have to consider cocycles of degree zero. These techniques can
be applied in many more cases, since most of the representations of the Witt algebra
that one might be interested in are internally graded. For example, our programme
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can be readily extended to semi-direct sums of the Virasoro algebra with its length
3 uniserial modules which were classified by Martin and Piard in [23].

For the interested reader, we note that special cases of W(a, b) have been of interest
in theoretical physics (see [7, 8, 10, 16, 3, 12] and references therein). Larger semi-
direct sums with the Witt algebra and multiple copies of its intermediate series
modules are also gaining interest [15, 4, 5], owing largely to their appearances in
modern non-Lorentzian physics [2, 1].

We present the organisation and main results of our paper. After introducing some
preliminaries in Section 2, we compute (Leibniz) central extensions of W,()\) in
Sections 3—6.

Theorem 1.1. (Theorems 3.5 and 6.3) Let A € P'. Then the spaces of (Lie)
central extensions of Wa(A\) and Wg(X) are given by

COvie ® COL © CQyy if A= 0.
COvie & Cyie, if A #0.
HX(W;5(A)) = COyy, @ CTy, @ Clgy,

H*(Wa(N) = {

where the cocycles are defined in Theorem 3.5 and (3.7).

Furthermore, Wa(X) has one extra nontrivial Leibniz central extension (up to
multiplication by a scalar) given by the Leibniz 2-cocycle induced by the symmetric,
invariant bilinear form

1, ifn=m=0,

0, otherwise,

0a(An, Ay) = {

while Wg(\) does not have any Leibniz central extensions which are not already
extensions of Lie algebras. In other words,

HLQ(WA()\)) = H2(WA()\))) S¥) C@A,
HL*(Wp(N)) = H2(Ws(N)),

where 04 is the image of 64 in HL2(W4(N)).
We then move on to computing automorphisms of Wa(\) and Wg(A) in Section 7.

Theorem 1.2. (Theorem 7.8) Let X € {A, B} and \ € P'. Then

(C>® % (Z/2Z x (C x (C* x CX))), if X =A and X € {0,—1},
Ce x (Z)27Z x (C* x (C* x CX))), if X =B and \=0,
Aut(Wx (N)) =2 ¢ CF % (Z/2Z x (C x (C* x C*))), if X =B and A = —1,
C® x (Cx (C* x Cx)), if X = A and X\ ¢ {0, -1},
(CP % (Cx (C* x CX)), if X =B and A ¢ {0,—1},

where C>* and C¥ are defined in (7.2) and (7.3), and the explicit group structures
are given in Theorem 7.8.
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In Section 8, we compute derivations of W4(A) and Wg(A). Our computation of
automorphisms allows us to define derivations of W4 (\) and Wg(A) by differentiat-
ing one-parameter subgroups of the corresponding automorphism group. All outer
derivations of Wa(A) and Wg(A) can be obtained in this way.

Theorem 1.3. (Theorem 8.6) Let A € P'. Then

Der(W4(\)) = Inn(W4(\)) @ Cdypy, @ Cdy;
Inn(Wg(\)) & Cday, & Cd¥ @ COP, if XA =0,
Inn(Wg(N)) @ Cday, @ Cd¥, if A #£0,
where the derivations are defined in Notation 8.1 and Lemma 8.5. Consequently,
3, ifA=0,
2, if N#NO.

A key technique that we use throughout is the spitting of cohomology groups of
semi-direct sum Lie algebras, summarised in the following proposition:

Der(Wg())) = {

dim(H' WA A); Wa(N)) =2,  dim(H' Ws(A\); We(\)) = {

Proposition 1.4. (Proposition 3.1) For any Lie algebra g and g-module 9, the
cohomology groups of g x M, where M is endowed with an abelian Lie bracket, split

as follows: i ’
H"(g = 9M) = € H(g; A\ o),

k+l=n

where M* = Hom (M, C) is the dual of M.

In particular, we exploit the fact the cohomology of Wx(A) with values in the
trivial module can be split into sums over cohomology groups of W with values
in antisymmetric powers of the restricted dual of X. We need only consider the
restricted dual since the modules with which we are working are Z-graded. This
allows us to use the fact that A(\) is the restricted dual of B(\) to minimise the
number of computations required. For example, when computing derivations of
Wg(\), we encounter equations that appear when computing central extensions of
W4(A), so we only have to compute solutions to the equations once. This is not
surprising in light of Proposition 1.4: setting n = 2, we observe that one of the
components of H*(Wx(\)) is H'(W; X (\)), which is part of the computation of
derivations of Wy (X).

Finally, we end the paper by computing (Leibniz) central extensions and derivations

of W in Section 9. The techniques and proofs are almost identical to those for
Wx(A).

Theorem 1.5. (Theorems 9.1, 9.4, and 9.5) The space of central extensions of w
is given by 9, 9, — — — _
HL* (W) = H* (W) = CQy; @ CQy @ CQy & CQpp,

where Qi is the Gelfand-Fuchs cocycle in (3.7), and the other cocycles are defined
in Theorem 9.1. Furthermore,

—~ —~

Der(W) = Inn(W) @ Cé, © Cdy © Cday,

where 01 and 0y are defined in Section 2, and day, is defined in Theorem 9.5.

Consequently, dim(H*(W)) =4, dim(H'(W)) = 3.
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One of the ingredients in our computations of central extension and derivations is
the cohomology space H'(W; X (\)). Although we compute this directly, it is worth
noting that it could be analysed by using the long exact sequences in cohomology
arising from the short exact sequences

0—1— AN —=C—=0
0—C— B\ —1—0.
Together with work of Gao, Jiang, and Pei [14] (see Theorem 2.10),

1. Theorems 1.1, 1.2, and 1.3 complete the study of derivations, central exten-
sions and automorphisms of the Lie algebras formed from the semi-direct sum
of the Witt algebra with all its indecomposable intermediate series modules,
while

2. Theorem 1.5 completes the study of derivations and central extensions of the
Lie algebras formed from the semi-direct sum of the Witt algebra with all its
irreducible bounded modules.

We compile all these results into the following tables, where we have given simplified

forms of the groups of automorphisms for conciseness and for ease of comparison
with [14, Theorem 5.2].

Lie algebra g Value of parameters : Dlme2nslon Olf
H%(g) | HL"(g) | H'(g; 9)
(a,0) € C2\ {(1,0), (0, 1), . ' :
(0,2),(0,1),(0,0)}
W(a,b) a:%,b:() 2 2 1
a=0,b=—1 9 9 1
a = 07 b = 1 2 2
W(? _WA(()) @:O,b_l, A= 3 4 2)
W0,0) 2 W5(0) | a=0,b=0 = 3 3 3
Wa() AePh\ {0} 2 3 2
Wg(N) A e P\ {0} 3 3 5
W — 4 4 3

Table 1: The dimensions of the cohomology spaces of W(a,b), Wx(\), and w
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Lie algebra Value of parameters | Automorphism group
1 00 X X
W(a,b) acC\3ZbeC C™® x (C* x C~)
a€iZbeC C> x (Z/2Z x (C* x CX))

WO0,1) 2 W4(0) | a=0,b=1; A=0 | C®x (Z/2Z x (C* x CX))
W(0,0) =Wg5(0) | a=0,b=0; A=0 | C®x(Z/2Z x (C* x C*))

12

Wa(\) A e P {0,-1} C>® x (C* x C)
A=-1 C>® x (Z/2Z x (C* x C*))

Wa()) Ae P {0,-1} C>® x (C* x C)
A=-1 C>® x (Z/)2Z x (C* x C*))

Table 2: Structures (simplified) of the automorphism groups of W(a, b) and Wx ()

2. Preliminaries

In this section, we provide a brief review of Lie algebra cohomology. We refer the
reader to [13, Chapter 1] for a more thorough introduction to the subject. Let g be
a Lie algebra and p: g — End 91 be a g-module, both possibly infinite-dimensional.

Definition 2.1. Let p € N. The p-cochains of g with values in 99, denoted
CP(g;9M), are the M-valued alternating p-linear functionals on g. Under the

identification ) )
C?(g; M) = Hom (/\ g,im) =~ N o @M,

the space of cochains is a g-module by natural extension of the coadjoint action of g
on g*. For completeness, also note that CP(g;9M) =0 if p < 0 and C°(g; M) = M.
The Lie algebra cohomology of g with values in 9, denoted H*(g; M), is the
cohomology of the cochain complex

o= CP (g M) — CP(g; M) — O (g; M) — -+
with differential
p+1
do(z1, T2, . . . 795p+1) = Z(—l)iﬂp(l’z’)@(%h ey Ty Ty 1y - 7xp+1)
i=1 (2.1)
+ Z (—1)i+j(p([l‘i,$]‘],l‘17...,i’i7...,i’j,...,ZL‘p+1),

1<i<j<p+1
where ~ denotes omission, for all ¢ € CP(g; M) and 1, 29,...,Tp41 € @.

We denote the space of p-cocycles (respectively, p-coboundaries) of g with values
in M by ZP(g; M) (respectively, BP(g;M)), and so

HP(g; M) := Z7(g; M)/ B*(g; M).
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If M = C regarded as the trivial g-module, the first term in (2.1) vanishes. For
convenience, we write C?(g) := CP(g;C), ZP(g) := Z?(g;C), BP(g) := BP(g;C),
and H”(g) := HP(g;C).

We briefly discuss some interpretations of the low-dimensional cohomology spaces of
a Lie algebra. Firstly, it is easy to see from the definition of Lie algebra cohomology
that H'(g) = g/[g, g] is the abelianisation of the Lie algebra g.

The cohomology space H'(g;9) of g with coefficients in a g-module 9 also has
an interpretation: it is the space of outer derivations of g into 9. we have

H' (g; 9) = Der(g, 90)/ Inn(g, M).
We recall the notion of a derivation of a Lie algebra below.

Definition 2.2. A derivation of a Lie algebra g with values in a g-module 91 is
a linear map d: g — M such that

d([z,y]) = v -d(y) —y - d(x)

for z,y € g. We write Der(g, 9t) for the set of derivations g with values in 9t, and
simply write Der(g) instead of Der(g, g).

A derivation d € Der(g, M) is inner if there exists m € M such that d(z) = x - m.
We write Inn(g,9t) for the set of inner derivations of g with values in 9t. As
before, we write Inn(g) instead of Inn(g,g).

The second cohomology H?(g) classifies one-dimensional central extensions of g, as
we now explain.

Definition 2.3. Let 0 — a — g — g — 0 be a short exact sequence of Lie
algebras. We say that g is a central extension of g (by a) if a is contained in the
center of g.

It is easy to check that every one-dimensional central extension corresponds to a
2-cocycle (with values in C) and vice versa [26, Chapter 4]. Central extensions
corresponding to 2-coboundaries are always trivial (i.e. give rise to split exact
sequences), and wy,wy € Z2(g; a) generate equivalent central extensions if and only
if wy —wy € B%(g;a). Thus, the second cohomology group H?(g; a) is in one-to-one
correspondence with the set of equivalence classes of central extensions by a. Given
that any a can be written as a direct sum of one-dimensional Lie algebras, it is
natural to ask if studying the one-dimensional central extensions of g informs us
about the universal central extension of g, defined below.

Definition 2.4. A central extension 0 — a — g — g — 0 of a Lie algebra g
is universal if for every other central extension 0 — b — g — g — 0, there exist
unique maps g — g and a — b such that the following diagram commutes:

~

0 > a > g > g > 0
[
0 > b > g > g > 0

It is well-known that a Lie algebra g has a universal central extension if and only if
g is perfect [29, Theorem 7.9.2].



462 BUZAGLO AND VISHWA

The following well-known result makes explicit the relationship between H?(g)
(which classifies one-dimensional central extensions of g) and universal central ex-
tensions of a perfect Lie algebra.

Proposition 2.5. Let g be a perfect Lie algebra and let n = dimH?(g). Let
Q1,...,Q, € Z%g) be 2-cocycles whose images in cohomology form a basis for
H?(g). Define

=90 Cc; @ ... Ceq,,

where the c¢; are central, and the other brackets are given by
[x7y]§: [xay]g+ZQz(x7y)cz7 (22)
i=1

where x,y € g. Then @ is the universal central extension of g.

Proof.  This follows immediately from [29, Theorem 7.9.2] and the duality be-
tween Hs(g) and H?(g) (see [13, p.16]). u

We now introduce the Lie algebras of interest in this paper.

Definition 2.6.  Let W be the Witt algebra, with basis {L, },cz and Lie bracket
[Lpn, L) = (m —n) Ly .
The Witt algebra has a natural Z-grading, with deg(L,) = n. It is the Lie

algebra of derivations of the ring of Laurent polynomials. Under the identification
W = Der(C[t,t7']) = C[t,t7']%, we have L, = t""14

dt’ dt*

In this paper, we study semi-direct sums of VW with its intermediate series modules,
defined below.

Definition 2.7.  An intermediate series module of a Z-graded Lie algebra g =
D,.cz 9n is a Z-graded g-module M = @, ., M, such that dim M, = 1 for all
ne.

ne’

Indecomposable intermediate series modules of W were classified in [19]: they
consist of a family {I(a,b) | a,b € C}, whose elements are known as tensor density
modules, and two families {A(\) | A € P!} and {B()\) | A € P'}. An analogous
classification of the intermediate series modules of generalised (or higher rank) Witt
algebras was obtained in [28].
In this paper, we identify P! = C U {oo}, where, for a,b € C, the point [a : b] € P!
corresponds to ¢ if b # 0, or oo if b = 0. Fixing a,b,A € C and letting
{6 }nezs {Antnez, { Bn}nez be bases for I(a,b), A(N), B(\), respectively, the action
of W on these modules is given by
Ly I, = (a+bn+m)lnm,
Ly Ap = (n+m+n(n+ 1)) Anim, (2.3)
Ly By = (m—n(n+1)A2,,.)Buim,

where 40 is the Kronecker delta symbol. When A\ = oo, the n(n+1)\ term becomes

n?, in other words, the action of W on A(cc) and B(oo) is given by

Ly Ap = (n+m+n?0)Anim,

Ly, - By, = (m —n°0y...)Byim-
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Note that A(0) = 1(0,1) and B(0) = 1(0,0), while I(a,b) = I(a+k,b) for all k € Z
and I(3,0) = I(1,1) [14, Lemma 2.1]. For this reason, following the conventions of
[14], we always assume that a =0 in I(a,b) if a € Z.

Since the modules A(\) and B(\) seem much more mysterious than the tensor
density modules, we now spend some time explaining how they arise, and describe
their relationship to the other intermediate series modules. The tensor density
modules can be viewed as

I(a,b) = t"°C[t, t~"]dt".
Under this identification, the action of W on I(a,b) is the following:

fO- (g dt®) = (fg +bf'g)dt".

Thus, 1(0,0) is C[t,¢t™] with its usual action of W by derivations, I(0,—1) is
Clt,t])dt™! =2 W with the adjoint action of W, and I(0,1) is C[t, ¢ ']dt, the space
of 1-forms.

Recall that the tensor density modules I(a,b) are irreducible for all a,b € C, except
for the functions 7(0,0) and 1-forms 7(0,1). These two modules are mutually dual
with unique nontrivial proper submodules C and

J = span{t" dt | n € Z\ {—1}}, respectively.

Note that when we say “dual”, we mean that 1(0,0) is the restricted dual of 1(0,1),
and vice-versa. The restricted dual of a graded W-module MM = @, ., M, with
dim 9N, < oo for all n € Z is the graded W-module MM = &P, ., M, with

M = Home(M_,,C). Furthermore, the quotient I := I(0,0)/C is irreducible,
self-dual, and isomorphic to the nontrivial proper submodule J.

This relationship between 7(0,0) and (0,1) can be explained by introducing the
following natural W-maps. First, we have the de Rham differential

d: I(a,0) — I(a,1), f—df =f"dt.
Using this map, we see that the action of WW on I(0, 1) can be described as follows:

fO-(gdt)=(fg'+ fg)dt = (fg) dt = d(fg).

When a = 0, it is clear that the kernel of d consists of the constant functions C,

and that the image of d is J , which yields the isomorphism I~ J.
Another natural WW-map is the residue map, defined by

1
Res: 1(0,1) — C, fdtr—>—,ff dt.
2m J,

More concretely, the residue map extracts the coefficient of t~1 in the Laurent
polynomial f. It is clear that ker(Res) = J.

Additionally, we have the multiplication map

L I(al,bl) X ](ag,bg) — I(a1 + az,bl + bg)
fdt @ g dt” — fg dt™ T2,
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The self-duality of I is witnessed by the invariant skew-symmetric form

(F.g) = Res(f - dg) = £/ at (2.4)
0
where an invariant form is defined below.

Definition 2.8. Let g be a Lie algebra and 9t be a g-module. A bilinear form
f: M x M — C is said to be invariant if it satisfies

O(z-u,v)+0(u,z-v) =0 for all x € g and u,v € M.

Similarly, we can see the duality between 7(0,b) and I(0,1 — b) via the form

B(f dt®, g dt'™") := Res(f dt®- g dt'") = y{fg dt. (2.5)
0
Finally, we have the Lie bracket
[_7_]: I(a7b1) ®I(Cl,b2) - I(a?bl + by + 1)
fdt™ @ g dt” — (=bifg + by f'g)dt" T2t

The multiplication map and the Lie bracket equip the space F := @,., 1(0,b) with
a Poisson algebra structure. See [25, Theorem 2.10] for more details.

The modules A(X) and B()) arise as follows: H'(W; I) is two-dimensional. Noting
that H'(W; ) = Der(W, 1)/ Inn(W, I), we can view an element of H'(W; 1) as a
derivation of W with coefficients in I. Given § € Der(W, I I), we can form a new
W-module I; as follows: as a vector space, Iy = I & C§ with W-action given by
letting I be a submodule of L;, and defining

w-o=—0(w),

where w € W. This yields a family of extensions of C by I, but not all of these
are indecomposable. The indecomposable members of this family are the modules
A()), parametrised by P'. We then get the dual family B()\) of indecomposable
extensions of I by C [27, Remark 3.1].

Therefore, we may view A(\) and B()\) as the spaces of 1-forms Cl[t, ¢ !|d¢t and
functions C[t,t!] respectively, with deformed actions of WW. Under this perspective,
we have A, =t" ! dt and B, =1". For A € C, to define the cocycle giving rise to

A()) as an extension of C by I = J, we introduce the following derivation
S W = J, forsdf = f" dt.
We can then write the action of W on A(X\) = C[t, ¢ !]dt as
fO- (g dt) = (fg’ + f'g+ ARes(g dt)f”)dt =d(fg+ ARes(g dt)f').

It is easy to check that the above action coincides with the definition of A()) as a
deformation of I(0,1) given in (2.3), provided A # oco. For the case A = oo, we
must also use the derivation

G W—J, fOmdt " f)= (" f —t2f)dt
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Then the action of YW on A(oo) is

fo-(gdt)=(fg' + f'g+Res(g dt)(f" —t " f +17%f))dt
=d(fg+Res(g dt)(f' —t"f)),

which we get from the derivation §; — dy € Der(W, J). We can easily see that 0,
and d, are the compositions of the derivations
5: W — I(0,0), 62 W — I(0,0)
fo— f, fo—t'f
with the de Rham differential d. We note that the classes of 6; and d, span the
space H'(W; J) =2 H' (W; I) (see Corollary 9.2).
For A € C, the cocycle defining B()) is dual to ¢;, and the action of W on
B()\) = CJt,t7'] can be written as
fo-g="Fg +Mf9),
where (—, —) is the skew-symmetric bilinear form defined in (2.4). For A = oo, we
use the cocycle dual to d; — do, giving the formula

fo-g=Ffg+(f' =t f.9)
for the action of W on B(00).

By the discussion above, we see that the module A(\) has an irreducible submodule
W - A(\) = span{A, | n € Z\ {0}} = I with a one-dimensional trivial quotient
AN)/(W-A(N)) = C, while B(X) has a one-dimensional trivial submodule CBj with
an irreducible quotient B(\)/CB, isomorphic to I. This can be seen by noticing
that the de Rham differential is still a WW-map under the deformed WW-actions on
Cl[t,t™'] and C[t,t']dt, as we prove next.

Lemma 2.9. Let \,u € P'. Then the de Rham differential d: B(\) — A(u)
is a homomorphism of W -representations, where we view A(u) = C[t,t~dt and
B(\) = CJt,t7Y] as vector spaces. The map d induces an isomorphism

B(\)/CBy =W - A(u).

Proof. First, note that d(B,) = nA, for all n € Z. Let n,m € Z such that
n+m # 0. Then
d(Ly, - Bp) = md(Bpim) = m(n +m)A,m,

Ly -d(Bp) = mLy, - Ay =m(n+m+n(n+ 1D)pd’)Aprm = m(n +m)Anim,
where we used that md?, = 0 in the last equality, so we see that d(L, - B,,) =
L, - d(B,,) whenever n+ m # 0. We also have

d(L, - B_,) = —(n+n(n+ 1)\)d(By) =0,
Ly-d(B_y) = —nL, - A_, =0,
where we used that L, - A_, = 0 in the last equality. Combining the above, we

conclude that d(L,, - By,) = Ly, - d(B,,) for all n,m € Z, so d is a homomorphism
of W-modules, as required.

For the final sentence, we simply note that ker(d) = CBy, while
Im(d) = span{4,, | n € Z\ {0}} =W - A(n). ]
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Semi-direct sums of W with its tensor density modules I(a,b), which we denote
W(a,b) :=W x I(a,b),

have been studied in [14]. In particular, the authors computed (Leibniz) central
extensions, derivations, and automorphisms of W(a,b). We summarise their results
below.

Theorem 2.10. ([14], Theorems 2.3, 3.5, 4.7, and 5.2) Let a,b € C. The space
of central extensions of W(a,b) has the following dimension:

3, if(a,b) =(0,0) or (0,1),
dim(H*(W(a,b))) =< 2, if (a,b) = (0,—1) or (3,0),

1, otherwise.

Furthermore, there are only two values of (a,b) € C* for which W(a,b) has extra
non-trivial Leibniz central extensions:

(a,0))) +1, if (a,b) = (0,1) or (a,b) = (0,2),
(a,0))),
)

The space of outer derivations of W(a,b) has the following dimension:

dim (H?(

dim(HL*(W(a,b))) = {dim(Hz(x ij

otherwise.

3, if (a,b) =(0,0),
dim(H'(W(a, b); W(a,b))) = < 2, if (a,b) = (0,1) or (0,2),

1, otherwise.

Finally, the automorphism group of W(a,b) has the following structure:

C>® x (C* x CX), ifa ¢ 37,

Aut(W(a,b)) =
ut(W(a, b)) {Coo X (Z.)27 x (C* x C*)), otherwise.

Remark 2.11.  Note that the Leibniz cohomology result for W(0,1) in Theorem
2.10 is different to the one in [14, Theorem 3.5]. In particular, they claim that
dim(HL*(W(0,1))) = dim(H*(W(0,1))) + 2. This is due to an error in [14, Lemma
3.2], which we correct in Section 6. [

We focus on semi-direct sums of VW with the intermediate series modules A(A) and
B()) for A € P! and prove analogous results to those of Theorem 2.10. We denote
the resulting semi-direct sums by

WaA) =W x A(\), Wg(\) =W x B()),

spanned by {L,, An}tnez and {L,, B,}nez, respectively. For n,m € Z, the Lie
brackets are given by

[Lna Lm] = (m - n)Ln—l-m
[Lm Am] = (n +m+ n(n + 1))‘521)An+ma [Lm BM] = (m - n(n + 1)>‘(52+m)Bn+m
[An, Al =0, [B,, Bn] =0.
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Note that Wg(A) is perfect (in other words, [Wg(X\), Wp(A)] = Wpg(N)), while
W4 (A) is not: we have

WaA(N), Wa(N)] = span{Ln, Ay, | n€Z, meZ\ {03} =W x (W-AN) 2 W x 1.

When discussing W4 () and Wg(A) simultaneously, we write Wx (\), where X = A
or B. In such cases, we also write X,, instead of A, or B,, where n € Z.
Furthermore, we define

wapy(n,m) =n+m-+n(n+ 1A, wpn(n,m)=m—n(n+ 1)A5,

n+m-

Thus, when we discuss the brackets [L,, A,,] and [L,,, B,,] simultaneously, we write

[Lny Xm] = Wx(\) (n> m)Xn+m~

3. Central extensions

Our first goal is to compute H?*(Wx (X)) for A € P', which classifies central exten-
sions of these Lie algebras. In other words, we want to look for non-trivial 2-cocycles
on Wx(A), which are antisymmetric bilinear maps Wx () x Wx(A) — C.

Since Wp(A) is perfect, it follows by [29, Theorem 7.9.2] that Wg(\) has a universal
central extension, while Wy () does not. Regardless, we can still classify one-
dimensional central extensions of W4(A) by computing H*(Wa())), although there
is no universal one.

The computation of 2-cocycles is simplified by the decomposition formula given in
[15, Proposition 1]. We present a more general version of this result here.

Proposition 3.1.  Let M be a g-module over some Lie algebra g. The coho-
mology groups of g x M, where M is endowed with an abelian Lie bracket, split as

follows:
(g x M) = @Hkg,/\im* (3.1)

k+l=n

where IM* = Hom(IM, C) is the dual of M.

Proof. Given € C™(gx M) and k, (€N with k+¢=n, we define ¥y, € C"(g x M)
as follows:

¢k€($17"'axravla"-7vs) = {

V(xy, . Ty U1, ), ifr =k, s =1,

0, otherwise,

where r+s=mn, z; € g, and v; € 9. Then

Y=Yty forall ¢ € C™(gx M).

k+b=n
Define C*(g x M) := {¢pe | ¥ € C*(g x M)} .
It is clear that C%‘(g x 9) = Hom (/\kg @ N om, (C) :
The space of cochains C™(g x 9) = Hom ( A\"(g x 9M),C) splits as

C"(gx M) = EP CH(g = M).

k+l=n
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Now we show that d preserves £, leading to a subcomplex (C'*+*(gx 9), d) for each
¢ € N. Using the fact that [z;,z;] € g, [z;,v;] € M, [v;,v;] =0, the formula (2.1)
applied to 1y, € CH(g x M) reduces to

Are(x1, .o Ty V1, ., V)
= Z (—1)i+jwk5([l’i,l’j],l’1,...,.Z%Z‘,...,ij,...,.ﬁl}'r,’l)l,...,/l}s)
1<i<j<r
k+1
+ZZ D ([, 0], @1, By T V1, D 0s), (3.2)
i=1 j5=1

where r+s=n+1, z; € g, and v; € M. In both of the summations in (3.2), the
number of entries in g is reduced by one while the number of entries in 91 is left
the same. It follows by definition of vy, that (3.2) is non-trivial only if r = k£ + 1
and s = £. This proves that di,, € C*+14(g x OM), as claimed.

We therefore define H" (g x 901) to be the cohomology of the cochain complex
(C**(g x M), d). Tt follows that

H'(gx M) = @ HY (g x M).

k+l=n

To prove the isomorphism in the statement of the proposition, we show that the
cochain complexes C* (g x M) and C" (g; \°9M*) are isomorphic, which will yield

HY (g 5 M) = H (g \ o).
This isomorphism is constructed as follows:
D1 CM (g M) = CH(g: J\ ),
defined by (@(wkg)(xl, . ,xk))(vl, ooy ) = Yge(Ty, ... T, V1, ..., 1),  Where

Ve €CFE(g x M), x;€g, and v; €M. Ttisclear that @ is bijective for all k, /€N.

We now show that ® is a chain map. To that end, let 1, € C*(g x 9M). The
definition of the differential in (2.1) gives

k+1
dO(Pre) (w1, per) = D (1) - B(Ype) (@, - By, gt
=1
+ Z H—J(I) wkg)([xi,xj],xl,...,i:i,...,ij,...,xkﬂ). (33)

1<i<j<k+1

We briefly remark that one should, strictly speaking, use a different symbol for
the differential in (3.3), since it is meant to refer to the differential of the cochain
complex whose cochains are given by C" (g; A" 91*). However, since it is constructed
canonically from the one defined in (2.1), we abuse notation by using the same
symbol, thereby also avoiding superfluous notation. On the other hand, using (3.2),
we get
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(‘b(d¢ke)($17 e >37k+1))(?11> ce ,Uz) = dwkz(ﬂvl, v Thy1, U1, - - >’Ue)
Z (—1)i+j¢kg([l’i,xj],l’1,...,.ffi,...,.@j,--.,$k+1,’(}1,...,1}5)
1<i<j<k+1
k+1
"—ZZ Z+]+k+1l/}kg([$i,vj],l‘1,...,ii,...,$k+1,?)1,...,’l7j,...,’l}g).
i=1 j5=1

In the second summation, we can move the [z;,v;] term to the right as follows

k+1 ¢
ZZ(_1)1+]+k+1¢k€([$iaUj]axb"'7£i7"'7xk+1avla'"77}]""'9”()
i=1 j=1
k+1
= ZZ RO (@1, oy Biy ooy Thg1, VL, - o Vj—1, [0, U], Vg1, -, V).
=1 j5=1
By definition of &, we get
<(I)(dl/1k[)<$1,...7$k+1>)(U1,...,Ug)
Z ( )H_]( (¢k4)([l’i,$]‘],l’1...i‘i,...,Zi‘j,...,[Ek+1)>(vl,...,vg)
1<i<j<k:+1
k41
+ZZ ( (Vke) flae--,fz'a~~-7$k+1)>(1}1,-~77}j—1,[$i7vj]avj+17---,w)-
=1 j5=1

The definition of the action of g on Hom(A’ 9, C) now gives
(IR ) [T

k+1

_Z H‘J( d]kf)([a:i;xj]aajl...i‘i,...,ffj .,ka))(vl,...,W)

k1
+ Z D (i @(r) (1, i) ) (01,0,
We conclude that
k1 N
@(d'{ﬁu)(l‘h e ;5(71434—1) = Z(_1>Z+]@(¢kzé)<[$ia (L‘j], Iq.. .JAZZ', e ,i’j, N 7xk+1)
i=1

k+1

—|—Z Z+1 wkg)(xl,...,.fi'i,...,karl). (34)

Combining (3.3) and (3.4), we see that ®(dipgy) = dP(¢y), which proves that ®

is a chain map. Since ® is bijective for all k,/ € N, we conclude that & is an
isomorphism of cochain complexes

C g x M) = C (g; /\ o)
for all ¢ € N. Tt follows that H*'(g x 9) = HF(g; A'9M*) for all k,¢ € N, as
claimed, which concludes the proof.
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As an immediate consequence of Proposition 3.1 in the case n = 2, we recover [15,
Proposition 1].

Corollary 3.2. [15, Proposition 1] Let g be a Lie algebra and 9 be a g-module.
Then H?(g x 9M) = H?(g) @ H' (g; M*) @ B, (M), (3.5)

where B4(IMN) is the space of g-invariant skew-symmetric bilinear forms on M. =

Remark 3.3. Proposition 3.1 does not hold when 9 is endowed with a non-
abelian Lie algebra structure. This failure is evidently seen when considering the
case n = 2 in the following situation: if [w,w’| were non-zero for some w,w’ € M,
Qe N(g x M)* is a 2-cocycle only if

Qw, [w',v]) + Q' [v,w]) + Q(v, [w,w']) =0

for all v € g. In particular, Q| A ¢ B,(M) in general. Consequently, the full

cohomology space does not split into direct sums of vector spaces described by the
proposition. In fact, in [15, Proposition 1] and its proof, it is implicitly assumed
that the module V' has an abelian Lie algebra structure. This result was also used
in [30]. n

To formulate the cohomology splitting given by Corollary 3.2 in terms of the gener-
ators of Wx (), we make the following definition.

Definition 3.4. A 2-cocycle Q on Wx(A) is called, for all n,m € Z,
o a Virasoro cocycle if Q(L,, X)) = Q(Xp, X;n) = 0;
 an abelian cocycle if Q(L,, L) = Q(Ln, X,) = 0;
« a mizing cocycle if Q(L,, L,,) = Q(X,, X,,) =0.
We now make the following identifications with the decomposition in Corollary 3.2:
H%/lr(WX()\)) = HQ(W)a
Hi(Wx (V) = HI(W; X (N)),
Hin(Wx (X)) 22 By (X (V).
where H3, (Wx())), Hi,(Wx()) and Hy;, (Wx(\)) denote the images of the
spaces of Virasoro, abelian and mixing cocycles in H*(Wx())), respectively. Note

that the second isomorphism simplifies the computation of outer derivations of
Wx(A). We elaborate on this in Section 8.

We therefore arrive at the following decomposition of H?*(Wx())) which we use
throughout this and the next two sections:

H*(Wx (V) = Hy; Wx (V) @ Hy, (Wx (V) @ Hygi (Wi (V) (3.6)
Proposition 3.1 implies that the Gelfand-Fuchs cocycle

QVir(Lm Lm) = in(nQ - 1)60

- 0 (3.7)

can always be pulled back to a non-trivial cocycle on Wx ().
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In terms of Laurent polynomials, the Gelfand-Fuchs cocycle has the following form:
given f,g € C[t,t7!], we have

Qie(f0,90) = 5 (.9} = 15 Res(f'g" dt).

It is a well-known fact that the Gelfand-Fuchs cocycle produces the Virasoro algebra
Vir, the universal central extension of the Witt algebra [26]. Since X (\) is an ideal
in Wx (), it follows that the Gelfand-Fuchs cocycle extends to the unique cohomo-
logically non-trivial Virasoro cocycle on Wy (\). Thus, dim(H3;,(Wx(\))) = 1, so
dim(H?2(Wx (X)) > 1 for all X € {A, B} and A € P'.

The main result of this section is the computation of central extensions of Wx ()
for X € {A, B} and \ € P!,

Theorem 3.5. Let A\ € P'. Then

dim(H* (W4 (A

if A =0,
if A0,
3.

More explicitly, for X = A and X\ € P' we define QY. € Z2(Wa(N)), for X = A
and X\ = 0 we define QU € Z2(W4(0)), and for X = B and X\ € P! we define
OB Q8. € Z2(Wg()\)) as follows, where we specify only the non-zero components
of the cocycles:

dim(H*(Wg ()

A+ 1)8° T d\
Qg‘(Ln’A ) - n62+m; Qlehx(LmAm) - {( ’ ) " an 0 an 7£ 0,

0% s otherwise;
noY s if A #0,
be(Bn7 B ) = n62+m7 Qﬁix(Ln’ Bm) = { (n++ 1)(50 Zf)\ _ 0
n+m» -

for all n,meZ. The spaces of one-dimensional central extensions are then given by

— —A —A
CQviy ®CQy & CQyy, if A=0.
H2 (WA () = § Covir @ O & T 1
CQyir ® COygiy. if A#0.
H2(Wg(\)) = CQyiy ® CQyy, @ Cyyi,

where Q denotes the image of the 2-cocycle Q € Z2(Wx()\)) in the cohomology space
H*(Wx(N\)). Here, Qv is the Gelfand-Fuchs cocycle in (3.7).

Remark 3.6. Under the identification B(\) = C[t,t"!] mentioned in Section
2, the cocycle QF, is the invariant skew-symmetric form (—,—) defined in (2.4).
Specifically, letting f,g € C[t,t7'] = B(\), we have

U (f.9) = (g, f) = Res(f'g dt).
On the other hand, the form (—, =) on I does not extend to A()).
The cocycle QF. is given by

Q&Af&gy:{@ﬁ*f% if X\ 0,

(g, ), ifA=0.
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Similarly, using the identification A(\) = CJt,t7!], we get a description of the
cocycles Q4 and Qg in terms of polynomials. We have

Q) (f0,g dt) = Res((f' —t " f)g dt),

QL (f0,g dt) = Res(t™1fg dt) + AM(t71, f) Res(g dt), if X\ # oo,
e Res(t~Lfg dt), if A = o0

Using the form B defined in (2.5), we can also write the above as

B(f =t f,g dt)

{B TN g db), i A # oo,
B

(t
(t71f, g dt), if A = oo,
B o 8(97 ( ))’ lf)\ 7é 07

Qf(f0, g dt)

Qﬁix(faa g dt)

Theorem 3.5 implies that we can define central extensions of the Lie algebras Wx ()
as follows: as vector spaces, let

Vir4(\) = Wa()\) @ Ceyiy @ Cegly, and Virg(\) = Wg(\) @ Ceyyr @ CcB, @ CeB,,
where A € P*\ {0}. The Lie brackets are then given by

1
(L, L) = (m —n) Ly + " n(n? — 1)5n+mc\/11‘7

LA mAm + (A + 1)62 s if n =0 and \ # oo,
a a (n+m+n(n+1)A0) Anrm + 52+mcMIX, otherwise,
[An’ A ] =

[Ln7 Bm] = ( - n(n + 1))\62+m)Bn+m + n5n+m61€[1x7

[Bm B ] - nég-i-chb’

with evir, Ciie, Coi, €5y, central. The central extension Virg(0) of Wg(0) is defined
similarly, but the bracket [L,, B,,] becomes [L,, By,] = mBy i + 165, chic. The
central extension Virg(\) of Wg()) is universal for all A € P!, while Vira()) is
not universal.

Remark 3.7.  Let A € P! and let B(A\) = B(A\)®CcB, . As a Lie algebra, B()\) is
the infinite-dimensional Heisenberg algebra $. It follows that the one-dimensional
central extension

Wg(A) & CcR, =W x B(A) = Wiy 5

is a semi-direct sum of the Witt algebra with the Heisenberg algebra, where the
symbol x, emphasises the dependence of the VW-module structure of § on the
parameter A. Similarly, the two-dimensional central extension

Wi(A) ® Ceyie ® CcB, = Vir x B(A) 22 Vir x, §)

is a semi-direct sum of the Virasoro algebra with the Heisenberg algebra. ]
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To prove Theorem 3.5, we proceed with the search for abelian and mixing cocycles
on Wx (A). First, we require a definition which will allow us to greatly simplify our
computations.

Definition 3.8. Let g be a Lie algebra. We say that g is internally graded if g
has an element x, and a basis consisting of eigenvectors for ad,,. The Lie algebra
g is then naturally graded as follows:

gr={r € g| [ro, 2] = Az}, where X\ € C.

If g is internally graded, we say that a g-module 9 is internally graded if N has
a basis consisting of eigenvectors for the action of 5. Then 91 is naturally graded
as follows:

My ={z€M|xy-2= Az}, where X € C.

Certainly, the Lie algebras Wx(\) are internally Z-graded, with homogeneous
components given by the eigenspaces of Ly: we have

Wx(\)n = CL, + CX,,

for all n € Z, since L, and X,, are eigenvectors of Ly with eigenvalue n. Through-
out this section, we will exploit this internal grading of Wx () to make our search
space significantly smaller.

Definition 3.9.  Let g = @, , 9, be a Z-graded Lie algebra and 9t = €, ., M,
be a Z-graded g-module. For p € Z, the degree 0 p-cochains of g with values in
M are defined as follows:

90(.%'1, - 7*%10) € mdeg(wl)-i-n--i-deg(f )5
Pl _ P( g »
Co(g: M) {(p € C7(g; M) ‘ where x; € g are homogeneous }
One can easily verify that d(C%(g;9M)) € C'(g;9M) for all p € Z. Thus, we
define the degree 0 cohomology of g as the cohomology of the cochain complex
(Ci(g; M), d), which we denote Hy(g;9). As usual, we write Cj(g) and H{(g)
instead of Cf(g;C) and H{(g; C).

In fact, when g is internally graded, the degree 0 cohomology of g is exactly the
same as the usual cohomology of g.

Theorem 3.10. [13, Theorem 1.5.2] Let g be an internally graded Lie algebra and
let M be an internally graded g-module. Then the inclusion Cg(g; M) — C*(g; M)
induces an isomorphism in cohomology Hf(g; ) = H*(g; ).

By Theorem 3.10, the internally graded structure of Wx(\) means that any 2-
cocycle with coefficients in C can only be non-trivial on the degree zero part of
Wx(A) X Wx(X). In other words, if Q € Z?(g), we may assume that

Q(Ly, L) = QULy, Xon) = AUX,, Xin) =0

for all n,m € Z such that n +m # 0.
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4. Abelian cocycles

The goal of this section is to compute H3,(Wx(\)) for A € P! and X = A or B.

Proposition 4.1.  Let A € P'. Then
H3,(Wa(N) =0, and dim(H3,(Wg(N))) = 1.

By the isomorphism H3,(Wx(\)) = By (X (N)), Proposition 4.1 implies that
Bw(AN) =0, and dim(By(B(N))) = 1.
By Theorem 3.10, we only need to compute abelian cocycles of degree 0 to prove

Proposition 4.1. In other words, we may assume that any abelian cocycle of Wx ()

is of the f
is of the form (X, X,) = a(n)o?

n—+m?

(4.1)

where «: Z — C. By the antisymmetry of €, the function o must satisfy a(—n) =

—a(n) for all n € Z, and in particular, «(0) = 0.

Definition 4.2. A function a: Z — C is called an abelian cocycle function on

Wx (A) if the antisymmetric bilinear map €Q: Wx(\) x Wx(A) — C defined by
(X, Xim) = a(n)d2,,

and Q(L,, L) = Q(L,, X,,) = 0 is a 2-cocycle, where n,m € Z. The space of all
abelian cocycle functions on Wx () is denoted Abx (), where X = A or B.

Note that there are no nonzero abelian coboundaries (that is, abelian cocycles which
are coboundaries): this is because if ¢: Wx(\) — C gives rise to an abelian cocycle

dy, then
d‘p(an Lm) = dSD(Lna Xm) = 07

and dp(X,, Xim) = ¢([Xn, Xim]) = ¢(0) =0 for all n,m € Z, so dp = 0. Therefore,

we see that )
Hy,(Wx () = Abx ().

If © is a cocycle on Wx (A), then, for all n,m € Z,
X, [Xon, Lonom]) + QKo (L, Xn]) 4+ UL, [Xn, Xin]) = 0. (4.2)
We first look for abelian cocycles of W4 (). We aim to prove the following:

Proposition 4.3.  Let A € P'. Then there are no non-trivial abelian cocycles on

Wa(A), in other words, Aba(A\) = 0. Consequently, Hi, (Wa())) = 0.
We split this into two cases: A # oo (in other words, A € C) and A = 0.

Lemma 4.4. Let A € C and o € Aba(\). Then o = 0.
Proof.  The cocycle condition (4.2) reads
(m+(m~+n)(1—m—n)A2)a(m)— (n+(m+n)(1—m—n)Ad>,)a(n) = 0, (4.3)
for all n,m € Z. Consider m # 0, n = 0. Then (4.3) gives
m(l+ (1 —m)A)a(m) =0 < (14 (1 —m)X)a(m) = 0. (4.4)

Setting m = 1 above forces a(1) = 0, and thus a(—1) = 0 due to the antisymmetry
of a: Z — C. Likewise, for any m € Z, we obtain a(m) = 0 from the above, which
finishes the proof. [ |
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Similarly to the case A € C, it is straightforward to prove that Wa(oco) also does
not have any non-trivial abelian cocycles.

Lemma 4.5. Let o € Abu(oc0). Then o =0.
Proof. The cocycle condition reads
(—n + (m +n)?0° )a(n) — (—=m + (m + n)*62)a(m) = 0, (4.5)
for all n,m € Z. Once again, we consider m # 0, n =0, so (4.5) gives
m(1l —m)a(m) = 0. (4.6)
By the same argument as for the A\ # oo case, the above tells us that a(m) =0 for

all me Z. n

This concludes the proof of Proposition 4.3.

The situation for Wg(A) is very different to that of Wa(\): we will see that there
is a non-trivial abelian cocycle, which we define below.

Notation 4.6. Define ¢: Z — C by «(n) =n for all n € Z.

We now prove that ¢ is an abelian cocycle function for Wg(\), and that Abg()\) is
one-dimensional, spanned by ¢.

Proposition 4.7.  Let A € P'. Then ¢ is the unique (up to scalar multiplication)
abelian cocycle function on Wg(X), in other words, Abg(\) = Cu. In particular,
if Q is an abelian cocycle on Wg(\) of degree zero, then, up to multiplication by a
scalar, we have

Q(By, By) = ndo, .
Consequently, dim(H3,(Wz(\))) = 1.

Proof. Let o € Abg()\). The cocycle condition (4.2) reads
(m+ (m+n)(1 —m—n)Ad)a(n) — (n+ (m+n)(1 —m —n)d,)a(m) =0 (4.7)

for A # oo, with —(m + n)? instead of (m +n)(1 —m —n)A for A = co. The only
non-trivial case to consider is m,n # 0, in which case, equation (4.7) gives

ma(n) — na(m) = 0. (4.8)

Any abelian cocycle on Wg(A) has to satisfy (4.8) for m,n # 0, with no other
constraints. To show that there is a unique (up to scalar multiplication) solution,
we set m = 1 in (4.8), which gives a(n) = na(1l). We split the rest of the proof in
two cases: «(1) =0 and a(l) # 0.

If a(1) = 0, the above gives a(n) = 0 for all n # 0. But the antisymmetry of
a: Z — C implies a(0) =0, so a(n) =0 for all n € Z.

If a(1) # 0, we obtain the nonzero solution o = «(1)¢. This concludes the proof. =

Proposition 4.1 now follows by combining Propositions 4.3 and 4.7.
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5. Mixing cocycles

In this section, we now turn our attention to mixing cocycles on Wx (), with the
goal of computing Hyy (Wx())).

Proposition 5.1.  Let A € P!. Then

o )2, ifa=0,
dim(Hyy, (Wa(N))) = {1, if A#0,

while dim(Hy,, Wp(\))) = 1.
By the isomorphism Hy;, (Wx(\)) =2 H*(W; X ()\)'), Proposition 4.1 implies that

dim(H'(W; A(N))) = 1,

92, if A =0,

dim(H'(W; B(\))) = {1 220,

Where we have used that A(\)' = B(A) and B(A)' = A(N).

Similarly to before, we may assume that a mixing cocycle Q: Wx(A) x Wx(\) —» C
is of the form

QL,, X)) = B(n)s°

n-+m?

(5.1)
where §: Z — C. Note that in this case, we no longer have f(—n) = —pf(n).

Definition 5.2. A function g: Z — C is called a mizing cocycle function on
Wx () if the antisymmetric bilinear map ©Q: Wx (X)) X Wx(A) = C defined by

QLy,, X)) = B(n)8°

n+m

and Q(L,, L,) = QX,,Xn) = 0 is a 2-cocycle, where n,m € Z. If 2 is a
coboundary, then we call 8 a mixing coboundary function.

The space of all mixing cocycle functions on Wy () is denoted ZMixx (), while
the space of mixing coboundary functions on Wx () is denoted BMixx ().

In this case, we have Hy;, (Wx(\)) =2 ZMixx(A)/ BMixx(A), by Theorem 3.10.

The cocycle condition gives
Q(Lna [Lm7 anfm]) + Q(Lma [anfnw Ln]) + Q<anfm7 [Lny Lm]) =0, (52)

where n,m € Z, which gives a condition that mixing cocycle functions must satisfy.
As we did for abelian cocycles, we begin by considering Wa(\). We first define a
mixing cocycle function for Wa(\).

Notation 5.3. For A € C, define §,: Z — C by

() = {)\+1, if n =0,

1, otherwise.

We define fo: Z — C by f(n) =1 for all n € Z.

Proposition 5.1 for Wy (A) will follow from the refinement in the next result.
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Proposition 5.4. Let A € P'. Then ZMix4(0) = CBy & Cv, where ¢ is as in
Notation 4.6, and ZMixs(X) = CBy if A # 0. In particular, if Q is a mizing cocycle
on Wa(\) of degree zero, then for X\ # 0 we have, up to multiplication by a scalar,

LA, (A+1)80,,,, ifn=0 and X # o,
v 09 s otherwise,

while for X =0, there exist a,b € C such that Q(L,, A,,) = (an + b)8°

n—+m -
Furthermore, BMix4(A) =0, so

dim(HZ,, (Wa())) = {2’ ¥r=0,

1, fA#£0.

Since it is not entirely obvious, we first explicitly prove that £, € ZMixa()).

Lemma 5.5. Let A\ € P'. Then the map [\ is a mixing cocycle function on
Wa(A). In other words, there is a mizing cocycle Q € Z*(Wa()\)) defined by

A+1)00. .., ifn=0 and A # o,
AL, A,) = A+ D)0, if 7#
09 s otherwise,

for all n,m € Z.

Proof. Consider A € C. In this case, the cocycle condition (5.2) gives

(—n 4+ m(m+ 1)A§2+m)6(n) — (=m+n(n+ 1)/\52+m)5(m)
+ (n—m)B(n+m) = 0. (5.3)

If n=0 or m =0, then (5.3) for 8, is trivially satisfied. Furthermore, if m # —n
with n,m € Z \ {0}, then (5.3) is once again easily checked.

Therefore, it suffices to check (5.3) for m = —n # 0. In this case, we have
(=n 4+ m(m + 1)ASY.,.)Bo(n) — (=m + n(n + 1)ASY,.,) Bo(m) + (n — m)Bo(n + m)
=-n+nn—LHA—(n+nn+1)A) +2A+1)n
=—-n+IP—In—n—I?—In+2n+2n=0,
as required. Now let A = oo. Here, the cocycle condition gives
(=n+m?6,.,,)8(n) — (=m+n*6,,,)B(m) + (n —m)B(n+m) =0.  (5.4)
We need to check that (., satisfies (5.4). For n,m € Z, we have

(=1 +m?6) ) Bee(n) = (=m + 0?6, ,,,) Boo(m) + (0 — m)Boc(n + m)

= —n 4+ m?5°

n+m <_m + 7’L252+m) +n—m

=(n+m)(m—n)s’,, =0,

n+m

as required. |



478 BUZAGLO AND VISHWA

We now prove that there are no nonzero mixing coboundary functions on Wa(\).

Lemma 5.6. Let A\ € P'. Then there does not exist any nonzero mizing
coboundary function on Wa(X). In other words, BMixa(\) = 0. Consequently,
Hyp Wa(N) =2 ZMixa(N) .

Proof. Let 8 € BMixa()\), so there exists some ¢: Wy(A) — C such that
dp(Ln, A_,) = p(n) for all n € Z. Then f(n) = do(Ly, A_y) = —p([Ln, A_y]) =0
forall n € Z,so g =0. [ |

We now complete the proof of Proposition 5.4 by proving that [, is the unique (up
to scalar multiplication) mixing cocycle function on Wy () for A # 0. Note that
when A = 0, we can apply [14, Theorem 2.3], since A(0) = (0, 1) as representations
of W.

Proof of Proposition 5.4.  Let § € ZMix4(A). As mentioned above, the proof
for A = 0 follows by [14, Theorem 2.3]: we have

dim(ZMix4(0)) = dim(H3p;, (Wa(0))) = dim(Hy;, (WV(0,1))) = 2.

Indeed, [y gives an element of ZMix4(0) by Lemma 5.5, while ¢ from Notation 4.6
is also a mixing cocycle function on W4 (0). Therefore, ZMix4(0) is spanned by Sy
and ¢.

Thus, we may assume that A\ # 0. We analyse the cases A € C\ {0} and A\ = 00
separately.

First, consider A € C\ {0}. Let 5’ = g — 3(1)B,, so that 5’ is still a mixing cocycle
function on Wy () and p'(1) = 0. We claim that g'(—1) = 0.

Assume, for a contradiction, that '(—1) # 0. Rescaling ' if necessary, we may
assume that ('(—1) = 1. Taking n =2 and m = —1 in (5.3), we get §'(2) = —3,
while n = —2 and m =1 gives #'(—=2) = 2. Now we have two ways of computing
p'(0): we can substitute n = 1,m = —1 or n = 2,m = —2 into (5.3). The former
gives #'(0) = A + 3, while the latter gives §'(0) = $(5X + 1). Combining these two
equations, we conclude that A = 0. But we assumed that A € C\ {0}, so this is a
contradiction. This proves the claim.

Since f'(—1) = 0, we can take n =1 and m = —1 in (5.3) to get §’(0) = 0. Letting
n > 2 and m = —1, it follows that

nf(n) = (n+1)8(n - 1).

By induction, we conclude that §'(n) = 0 for all » > 2. Similarly, taking n < —2
and m =1, we get

nB(n) = (n— DB (n+1),
so #'(n) = 0 for n < —2 by induction. Therefore, 5 = 0 and g = §(1)f5,, as
required. This concludes the proof for \ # oc.

Now consider A = oo, and let 8/ =  — (5(0)B. Then ' € ZMixs(co) and
p'(0) = 0. We claim that §'(1) = 0.

Assume, for a contradiction, that §’(1) # 0. Rescaling ' if necessary, we may
assume that (1) = 1. Taking n =1 and m = —1 in (5.4), we get —23'(—1) =0,
so that 3'(—1) = 0. Now, substituting n = 2 and m = —1 in (5.4) gives 3'(2) = 2

29
while taking n = —2 and m =1 gives §/(-2) = —1.
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Finally, consider n =2 and m = —2 in (5.4):
(=2+2)8'(2) — (2+2%)p(=2) +46'(0) =3+ 3+ 0 =6 # 0,
a contradiction. This proves the claim.

Since f'(1) =0, we can take n =1 and m = —1 in (5.4) to get —24'(—1) =0, so
that §'(—1) = 0. Taking n > 2 and m = —1 in (5.4), we get

n(n) = (n+1)8(n - 1).

Therefore, it follows by induction that £'(n) = 0 for all n > 2. Similarly, if we take
n<—-2and m=1in (5.4), we get

nf'(n) = (n—1)8'(n+1),

so we get #'(n) = 0 for all n < —2. We conclude that 5’ =0, so f = 5(0)f, as
required. [ |

The final goal of this section is to compute Hyy, (Wg())). Note that, unlike W4(\),
the Lie algebra Wpg(\) does have nonzero mixing coboundary functions for all
e Pl

We start by introducing notation for some mixing cocycle functions on Wg(\) and
stating the result on mixing cocycles of Wg(\).

Notation 5.7. Let A\ € P!. Define ny,v1,72: Z — C as follows:

m(n) =n+nn+1A  y(n)=n, () =n?

for all n € Z, where n(n + 1)\ is understood to be n? if A = co. In other words,
M= A+ Dm + Az if A # 00 and 1o =71 + 7.

Proposition 5.8.  Let A € P. Then ZMixg()\) = Cvy, ®Cry, while BMixg(\) =
Cny, where v1,7v2 and ny are as in Notation 5.7. In other words, if ) is a mizing
cocycle of degree 0 on Wg(X), then

Q(Ly, By) = (an® + bn)d°

n+m

for some a,b € C. Furthermore, if X # oo, then  is a coboundary if and only if
there ezists ¢ € C such that a = ¢\ and b = c(\ + 1), while if A = oo, then Q is a
coboundary if and only if a =b. Consequently,

dim(HZ;,, (Ws()\))) = dim(ZMixg(\)) — dim(BMixg(\)) = 1.

We first compute the space of mixing coboundary functions on Wg(\).

Lemma 5.9. Let A € P'. Then BMixg(\) = Cny, where ny is as in Notation
5.7. In particular, the mizing cocycle on Wg(X) defined by

Q(Lyn, B) = (n+n(n + 1))

is a coboundary. e

Proof. Let x € BMixg(\). Let ¢: Wg(A) — C be a linear map giving rise to
the mixing coboundary defined by x. In other words, ¢¥» € Wg(A)* has the property
that, for all n,m € Z,

di)(Ly, Lyy,) = di(Bp, By,) =0 and  di)(L,, B,,) = x(n)d°

n+m:*
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This implies that, for all n,m € Z,

0=dy(Ln, L) = (n—m)Y(Lyim),

so Y(L,) =0 for all n € Z. If n,m € Z with m # —n, we have

0= dw(Lm Bm) = _¢([Lna Bm]) = _mw(Bner)'

Therefore, ¢(B,) = 0 for all n € Z \ {0}. Hence, the only possibly nonzero value
of 1 is ¥)(By). Then, for all n € Z, we have

x(n) = dy(Ln, B-n) = =([Ln, Bn]) = (n 4+ n(n + 1)A)$(Bo) = ¢ (Bo)na(n),

where, as before, n(n + 1)\ is understood to be n? if A = oo. It follows that
X = ¥ (Bo)nx, which concludes the proof. n

We now compute ZMixg()\). For A € P! and 8 € ZMixg()), the cocycle condition
(5.2) gives

(—(n+m) —m(m+ DA)B(n) + (n +m +n(n + 1)A2)B3(m)
+ (n—m)B(n+m) =0, (5.5)

for all n,m € Z, where once again n(n + 1)\ is understood to be n? when A = co.
Suppose m = —n € Z \ {0}. Then (5.5) becomes 2nS(0) = 0, and thus §(0) = 0.
It follows that n(n + 1)A6%, B(m) = 0 for all n,m € Z, so (5.5) becomes

(n+m)(B(m) = B(n)) + (n —m)B(n+m) = 0. (5.6)

Therefore, the space of mixing cocycle functions of Wg(A) does not depend on A.
Given (5.6), we immediately get two possible forms that § can take.

Lemma 5.10. Let A € P'. Then vy, % € ZMixg(\). In other words, there are
mizing cocycles Q1,0 € Z2(Wp (X)) defined by

(L, Bp) = né.

n+m?

Qy(Ly, Bp) = n6°

n+m

for all n,m € 7Z.

Proof.  Follows immediately from (5.6). u

We now prove Proposition 5.8 by showing that v; and v, span ZMixpg(A).

Recall that there is a linear combination of v; and 7, which gives a coboundary
function: we have (A + 1)y + Ay = ny € BMixg(\) for A € C, while v + v =
Neo € BMixp(00).

Proof of Proposition 5.8. As mentioned above, it is enough to prove that
ZMixpg(\) is two-dimensional. We claim that 7, and ~, form a basis for ZMixpg(A).

Let € ZMixg(\) and define
B =B+ B(1)(n — 2m) — X2 (3 — ),

so ' € ZMixg(A). Note that g'(1) = '(2) = 0.
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Since [’ is a mixing cocycle function for Wg(A), the function g’ satisfies (5.6).
Substituting m = 1 into (5.6) for ', we get

(n—1p0Mn+1)=(Mn+1)p5n) (5.7)
for all n € Z. Since 5'(2) = 0, applying (5.7) inductively implies that 5'(n) = 0 for
all n e N.

Now, substituting n = —1,m = 2 into (5.6) for §’, we get f'(—1) = 0. Therefore,
applying (5.7) inductively, we get 5'(n) = 0 for all n € Z. Therefore, 8’ = 0, which
means that [ is a linear combination of 7; and 75, proving the claim. ]

Combining Propositions 5.4 and 5.8, we have proved Proposition 5.1. We now put
together all our previous computations to prove Theorem 3.5.

Proof of Theorem 3.5. We will use the decomposition
HY(Wx (V) = Hy;, (Wx (X)) @ Hy, (Wx (V) @ Hyp (Wi (X))
As stated before, H3;, (Wx(A)) is one-dimensional, spanned by the Virasoro cocycle
ﬁVir .
We now analyse W4()\). By Proposition 4.3, H3,(Wa()\)) = 0. Note that, for

n,m € Z, we have QML,, A,) = «(n)dl,,, and Qi (Ln, Ay) = Ba(n)dd,,,.
Therefore, Proposition 5.4 implies that

COp ® Cy, if A= 0.

H Wa(N) =4
M COL.. if \ 0.

This completes the proof for W4 (\). We now move on to Wg(\).

Note that QF, (B, By) = ¢(n)d2,,,, so Proposition 4.7 implies that H3, (W5(\)) =
—B

CQAb .

For the mixing cocycle, we can take the 2-cocycle induced by the function

n, if A £ 0,

0\:7Z —C, n— .
n(n+1), if A=0,

as the representative in cohomology, since Proposition 5.8 implies 6, ¢ BMixpg(\).
Now, 6, is a mixing cocycle function which is not a coboundary function and

Qﬁix<Ln7 Bn) = Qk(n)éo

n+m?

so Q. has nonzero image in H*(W3p(\)). Since Hy;, (W35(A)) is one-dimensional by
Proposition 5.8, it follows that H3; (W5(\)) = Cﬁﬁix, which finishes the proof. =

6. Leibniz central extensions

The study of Leibniz cohomology was pioneered by the works of Loday and Pirashvili
[21, 20] as a non-commutative analogue of Chevalley-Eilenberg cohomology. Leibniz
cohomology can be defined for a more general class of objects called Leibniz algebras,
of which Lie algebras are a special case. Analogously to Lie central extensions, the
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second Leibniz cohomology HL? with coefficients in C is in one-to-one correspon-
dence with equivalence classes of one-dimensional Leibniz central extensions. We
refer the reader to [21] and [11] for a more thorough introduction to Leibniz algebras
than the one presented here.

Definition 6.1. A right Leibniz algebra | is a vector space with a bilinear map
[—,—]: I x [ = C satisfying the Leibniz identity

[z, 9], 2] = [#, [y, 2]] + [[=, 2], 9] forall z,y,z €l
In other words, taking brackets on the right with an element z €[ is a derivation of [.
A Leibniz 2-cocycle on [ is a bilinear map «: [ x [ — C such that

a([z,y], z) = a(z, [y, 2]) + o[z, 2],y) for all z,y,z € I. (6.1)

Remark 6.2. An analogous definition exists for left Leibniz algebras, but we
only consider right Leibniz algebras to maintain consistency with [14]. When the
product is alternating (i.e. [z,2] = 0 for all « € [), then the Leibniz identity is
equivalent to the Jacobi identity and [ is a Lie algebra.

Note that if a Leibniz 2-cocycle is alternating (in other words, if o€ Hom( /\2 [,C)),
then the Leibniz cocycle condition (6.1) is equivalent to the Chevalley-Eilenberg
cocycle condition of Lie algebra cohomology. ]

In this section, we compute the inequivalent Leibniz central extensions of Wy (),
given by the second Leibniz cohomology HL?*(Wx())). The main result of this
section is summarised in the following theorem.

Theorem 6.3. Let A € P'. We have
dim(HLE(WA(A)) = dim(HEWa(N))) + 1 = {4’ A0
dim(HLA(Wp(A))) = dim(H2(W5 (1)) = 3.
In particular,
HLA(W4(\) = HAOV4(\) & T and HLA(Wp(N) = BX(Wp(\)),

where 04 is the image of the Leibniz 2-cocycle defined by the symmetric, invariant

bilinear form
1, n=m=0,

0, otherwise

HA(Am Am) - {
in HL*(W4(N)).
We start by stating a useful result for computing Leibniz cohomology of Lie algebras.

Proposition 6.4. [17, Proposition 3.2] Let Inv(g) be the space of symmetric
invariant bilinear forms on a Lie algebra g. Then there exists an exact sequence

0 —— HY(g) — HL%(g) —— Inv(g) —— H(g),

where $(x)(w,y)=x(z, y)+x(y,x) and h(0)(z,y,2)=0([z,y],2) for all x €HL*(g),
0 € Inv(g), and x,y € g. The map h is known as the Cartan-Koszul map.
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Thus, it suffices to look for symmetric invariant bilinear forms on Wx(\) and then
check which of these satisfy the Leibniz cocycle condition (6.1).

Lemma 6.5. Let X €{A, B} and N€P'. Then, for all 6 € Inv(Wx(\)), we have
O(Ln, L) =0 foralln,m € Z;
O0(Ly, X)) =0 if n+m #0;
0(X,, X)) =0 for all (n,m) € Z*\ {(0,0)}.

Proof. Let n,m € Z. We repeatedly use the invariance of § on specific combi-
nations of generators. First,

0([Lo, L], Lim) = —0([Ln, Lo}, L) = —0(Ln, [Lo, Ln])-
Since [Lg, L,] = nL, and [Lg, L,,] = mL,,, we get
nl(Ly,, Ly,) = —mO(Ly,, Ly,).
Therefore, (n + m)0(L,, L,,) = 0, which implies that
O(Ly, Ly,) =0 if n+m #0. (6.2)
On the other hand, 0([Lg, Ly, L) = 0(Lo, [Ln, L)), so
nl(Ly, Ly,) = (m —n)0(Lo, Lyyy,) forall mn € Z. (6.3)
Letting m = —n # 0 in (6.3) gives
O(Ly, L_,) = —20(Lo, Lo). (6.4)

Furthermore, 6([Lo,L_4],L_1) = —30(L1,L_1) = 60(Lo, Ly), where we used (6.4)
for the last equality. On the other hand,

O([Lo, L_1],L_1) = 0(Lo, [L_1,L_1]) = 0(Ls,0) = 0.
It follows that 6(Lo, L) = 0. (6.5)

Thus, (6.2), (6.4) and (6.5) imply that 6(L,, L,,) = 0 for all n,m € Z, as required.

Next, proceeding as above and using the fact that [Lg, X,,] = mX,, for both X = A
and X = B, we get 0(L,, X,,) =0 if n4+m #0.

Finally, we have 6([Lg, X,], X;n) = 0(Lo, [Xn, Xin]) = 0(Lo,0) = 0, and thus
nb(X,, X,n) =0 forall n,m € Z.

Since 6 is symmetric, this proves the last statement of the lemma, and thereby
completes the proof. [ |

Lemma 6.5 narrows down which components of any symmetric invariant bilinear
form on Wx(\) can be non-zero.



484 BUZAGLO AND VISHWA

Proposition 6.6. Let X € {A,B} and A\ € P'. We have

| 1, X =A,
dim(Inv(Wx (X)) =
0, if X = B.
Proof. Equipped with Lemma 6.5, we now treat X =A and X = B as separate cases.
Case 1: X = A.

For any 6 € Inv(W4 (X)) and n € Z\ {0}, we have
nb(Ly, A_,) = 60([Lo, L], A_) = 0(Lo, [Ln, A_,]) = 0,
where the last equality follows from the fact that [L,,, A_,] =0 for all n € Z. Thus,
O(L,,A_p,) =0 forallneZ)\{0}. (6.6)
Now, for all n € Z \ {0},
20(Lo, Ag) = O0([L_1, L], Ag) = O(L_1, [L1, Ao]) = wan)(1,0)0(L_1, Ay) =0,
where we used (6.6) for the final equality. Thus 6(Lg, Ag) = 0, so we conclude that

O(Ly, Am) =0 for all n,m € Z, by Lemma 6.5.

The only component that is unconstrained is 6(Ag, Ag). Hence, 0(Ag, Ag) = 1
defines the unique symmetric invariant bilinear form on Wx(\), up to rescaling. In
other words, dim(Inv(W4(A))) = 1.

Case 2: X =B.
Again, for any 0 € Inv(Wpg(A)) and n € Z\ {0}, we have

TL@(Ln, B—n) = 9([.[/0, Ln]; B—n) = Q(Lo, [Ln, B—n]) = wB()\)<TL, —n)Q(LO, Bo),

and thus, choosing N € Z\ {0} such that wp)(N,—N) = =(N+N(N+1)A\) #0,

t
we ge N

H(LO’BO) - WB(A)(N>_N)

O0(Ly,B_n). (6.7)
Furthermore,
_2n9(Bna Lfn) = 9([32n7 Lfn]7 Lfn> = G(BZm [L*TH L*n]) = O’

which implies that
0(By,L_n,) =0 forallneZ)\{0}. (6.8)

Letting n = —N in (6.8), we get 6(Ly, B_n) =0, so (6.7) becomes 6(Lgy, By) = 0.
Hence, 0(L,, B,,) = 0 for all n,m € Z, by Lemma 6.5.

Again, the only component left to determine is 6(By, By). Unlike the case where
X = A, this component can be constrained because By € [Wg(\), Wg(\)]. As
before, choose N € Z\ {0} such that wg)(N,—N) # 0. Then 0([Ly, B_y], Bo) =
wB()\)(N, —N)Q(Bo, Bo), SO

0([Ln,B-n],Bo) _ 6(Ln,[B-n,Bo])

OB0 B) = = ®mM) ~ wmy (- W)

=0.
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Together with Lemma 6.5, we have shown that for any 0 € Inv(Wg(A)), we have
0(L,, L) = 0(Ly,, B,) = 6(B,, B,) =0

for all n,m € Z, meaning dim(Inv(Wg(\))) = 0, as required. This completes the
proof. [ |

It follows from Propositions 6.4 and 6.6 that
HL*(Wg (X)) = B (Ws(V);
dim(H*(Wa(\)) < dim(HL*(Wa(A))) < dim(H*(Wa(A)) + 1.
We now finish the proof of Theorem 6.3 by constructing a nontrivial Leibniz 2-

cocycle on W4(\) which maps to a nonzero element of Inv(W,(A)), proving that
dim(HL*(Wa(N))) = dim(H*(Wa(N))) + 1.

Proof of Theorem 6.3. As mentioned above, we have already shown the result
for X = B, so assume that X = A.

It is straightforward to check that 6, satisfies the Leibniz cocycle condition (6.1).
Since 04 maps to a nonzero element of Inv(Wy(A)) under the map ¢ of Proposition
6.4, it follows that 6, gives an element of HL*(W4 (X)) \H*(W4())). This completes
the proof. [ ]

Remark 6.7. Theorem 6.3 is consistent with the analogous results for W(0, 1)
and W(0,0) (see Theorem 2.10), which are the A = 0 cases of Wa(\) and Wg()),
respectively. As pointed out in Remark 2.11, our result for W(0, 1) is different to
that of [14, Theorem 3.5]. This is because the map f%! from [14, Lemma 3.2] is
not an invariant bilinear form, which can be seen in the proof of Proposition 6.6 for

X =Aand A=0.
7. Automorphisms

In this section, we compute the automorphism groups of the Lie algebras Wx ().
We start by defining some automorphisms.

Notation 7.1. Let X € {A, B} and A € P'. For o € C*, define o, € Aut(Wx()))
as follows: GalLn) = "Ly, 0u(X,) = a"X,,.

Define 79 € Aut(Wx(0)) as follows: 74(L,) = —L_,, 7o(X,) =X_,.

Define 7_1 € Aut(Wx(—1)) as follows:

—Xg, ifn=0,
Ta(Ly) = —L_p, 74(X,)= { 0

X_p, ifn#0.
For £ € C*, we define e € Aut(Wx(\)) as follows:
pe(Ln) = L, pre(Xn) = £Xn.
_ AN AR '
For X = A and a € C, we define @, 7, ¢~ € Aut(Wa(A)) as follows:
PN (Ly) = Ly + an*A,,  ¢iM(4,) = Ay
YAN(L,) = L, +and,, 12N(4A,) = A,.
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For X = B and a € C, we define 2™ € Aut(Wg()N)) and w20 ¢ Aut(Wg(0))

as follows:

Lo+ (A4 1)aBy, ifn=0and \ # oo,
GEO(L,) = § Pt (el . o™ (By) = Bu;
L, + aB,, otherwise,

YBO(L,) = L, + anB,, ¢P9(B,) = B,.

a

Finally, letting k € Z/27Z, a,b € C, and «a,& € C*, we define
(I)é(c(z/\b)ag =Ty ot owl‘f{(/\)oaaoug, (7.1)

where we let 7y = idpy (o if A ¢ {0, =1} and 7Y = idyy, ) if A #£ 0. n

Although it is not entirely obvious from the definitions that the linear maps defined
above are automorphisms, it will become clear that they preserve the Lie brackets
in the proof of Proposition 7.14.

Next, we consider inner automorphisms of Wx (), defined below.

Definition 7.2. Let g be a Lie algebra and let © € g such that ad, is locally
nilpotent (in other words, for all y € g, there exists n € N such that ad(y) = 0).
The ezponential exp(ad,) € Aut(g) of ad, is defined by

exp(ad,) = Z — ad" id —I—Z ad;f.

n=0

The subgroup of Aut(g) generated by
{exp(ad;) | z € g such that ad, is locally nilpotent}

is called the group of inner automorphisms of g, denoted InnAut(g).

Given a Lie algebra g, the group of inner automorphisms of g is a normal subgroup
of Aut(g). This is because

ooexp(ady) 00! (y) = o Y adio M) = D adi,(y) = exp(adse) ()

for all z,y € g and o € Aut(g), so o oexp(ad,) 0 07" = exp(ady(,)) € InnAut(g).

Remark 7.3. Even though we only defined the exponential of a locally nilpotent
adjoint map, we can sometimes define exponentials of adjoint maps even when they
are not locally nilpotent. For example, this is the case for ady,, which is not locally
nilpotent, but if t € C, then exp(tady,) = 0., where o, is defined in Notation 7.1.
On the other hand, exp(ady,) is not defined for n € Z\ {0}, because the infinite

sum
exp(adyg, )(L Z s n L)

is not defined for any m € Z \ {n}.

We now compute InnAut(Wx(\)).
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Lemma 7.4. Let X € {A,B} and X\ € P'. Then the locally nilpotent adjoint
maps of Wx(\) are ad,, for we X (\). Therefore, InnAut(Wx (\)) is generated by
{exp(cadx,) | n € Z,c € C}.

Letting ¢ € C and n,m € Z the action of InnAut(Wx (X)) on Wx () is given by

exp(caan)’X(/\) =idx ),
exp(cadyx, )(Lm) = Lm — cwx ) (m, 1) Xonim
L —c(n+mA4m(m+ 1)AY) Apim,  if X = A,
| Ly — ¢(n —m(m + DAY ) B, if X = B.
Proof. Let w € Wx(A) be such that ad, is locally nilpotent. Then we have

w =Y ., (L; + B;X;) for some oy, 3; € C. It is clear that if o; # 0 for some
i € Z, then ad,, is not locally nilpotent. Thus, w € X()).

Conversely, let w € X (). Since X ()) is an ideal of Wx (), we get in consequence
ad,(Wx (X)) C X(X). Now, X()) is an abelian Lie algebra, so ad? is the zero map
on Wx(\). It follows that ad,, is locally nilpotent, as required.

For the final sentence, note that exp(cady,) = idw, () +cadx, forall n € Z, since
all the higher powers of ady, are zero. The result now follows by the definition of
the bracket on Wx (). |

By Lemma 7.4, the action of an arbitrary element of InnAut(Wx(\)) on Wx(A) is
given by ‘

Hexp(cl- ady,)(Ly) = L, — Z ciwx () (1, 1) X,

iel il
where [ is a finite subset of Z and ¢; € C.

Furthermore, since X () is an abelian subalgebra of Wx (), it follows from Lemma
7.4 that InnAut(Wx(\)) is an abelian normal subgroup of Aut(Wx(A)). We now
compute the group structure of the group of inner automorphisms of Wx ().

Lemma 7.5. Let X € {A, B} and A\ € P'. Then InnAut(Wx()\)) = C>, where
C* :={(2i)iez | z: € C, all but finitely many z; are zero} (7.2)
is the additive group of finite Z -sequences over C.

Proof. Let e, be the element of C* with zeros everywhere except for a one in
the n'" coordinate. The map

InnAut(Wu(A)) — C*, exp(cady,) — ce,

is easily seen to be an isomorphism in the case X = A.

In the case X = B, we need a slightly different argument, since By is central, so
exp(cadp,) = idy, ) for all ¢ € C. Therefore, the map

InnAut(Wg(\)) — C*, exp(cadg,) — ce, (n€Z\{0})

is not an isomorphism, since ey is not in the image. However, the image of the map
is the group

Ce® :={(2i)iez | z: € C, all but finitely many z; are zero, zy = 0}, (7.3)

which is easily seen to be isomorphic to C*>. [ |
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Lemma 7.6. Let A € P'. Then, given a € C, we have
Apa™ 4 (A + D™ € InnAut(Wa(N))

if X # 00, while gpf(oo) + @DGA(OO) € InnAut(Wa(o0)) if A = o0o. Defining

A\

, fAFD,
WZ?(A) = A(0) =0 (7.4)
9004 9 Zf )

then wi™ ¢ InnAut(Wa(X)) for all X € P*.

Furthermore, none of the automorphisms of Wg(\) from Notation 7.1 are inner.

Proof. Given a € C, we have
exp(—aada,)(Ln) = L, +a(n +n(n+1)N\)A,

for all n € Z. Therefore, Apa™ + (A + 1)1%1(,\) = exp(—aady,) if A # oo,
while 5™ 4+ 2 = exp(—aady,) if A = co. Since ady, is the unique (up
to multiplication by a scalar) locally nilpotent adjoint map of Wx(A), it follows
that ;™ is not inner for all A € P'.

On the other hand, By is central in Wg(A), so exp(aadp,) = idyy, ) forall A € C
and a € C. Therefore, there are no inner derivations of Wg(A) of degree zero, so
the result follows. [

De?gite the results of Lemma 7.6, it will still be useful to consider both gof(/\) and
A

Given the observations of Lemma 7.6, we introduce the following notation.

Notation 7.7. Let X € {A, B} and X € P'. Define

AN Lk A(A
\Dk;a;a,g =T\© wa( )

0 00 0 e (7.5)

where k € Z/27, a € C, and «,§ € C*, and as before, we let 7\ = idyy, () if
A ¢ {0,—1}. In other words,

AN .
k;a;on€ (I);j;g):());a@ N

(U | k€Z/2Z,aeC a6 €T}, i X =4,

Define Gx(\) = s
(0.0) ¢ | k€ Z/2Z,ab € C,a,€ € C*}, if X =B,

where ‘I’?;Ejz;a,g is defined in (7.5), and @ﬁfjg;ai is defined in (7.1). ]

Note that, by Lemma 7.4, we have InnAut(Wx (X)) N Gx(A) = {idw,(n} for all
X € {A,B} and \ € P.
Having introduced all the necessary notation, we now state the main result of this
section, which computes the group structure of Aut(Wx(\)).
Theorem 7.8. Let X € {A, B} and A € P'. Then Gx(\) from Notation 7.7 is
a subgroup of Aut(Wx(\)) and

Aut(Wx(N)) = InnAut(Wx (X)) x Gx(N).
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Consequently,
X (Z)27 x (Cx (C* x C*))), if X =Aand X € {0,-1},
X (Z)27 x (C* x (C* x C*))), if X =B and A\=0,
Aut(Wx (V) = X (Z)2Z x (Cx (C* xC))), if X =B and A= —1,
X (Cx (C* x Cx)), if X = A and X ¢ {0,—1},

k<cg<> (C x (C* x C)), if X = B and A ¢ {0,—1},

where C* and C3° are defined in (7.2), (7.3). Given k,{ € Z/2Z, a,b,c,d,y;, z; € C
for i € Z with only finitely many y; and z; being nonzero, and o, 3,&,( € C*, the
structures of the groups above are as follows:

Wr(0): ((9:), k,a,b,0,8) - ((2), £, ¢,d, B,¢)
= ((ys + @"€22,), k + £ 200+ Ec, b + £d, 072 B, £C);
Wa(0), Wa(=1): (1), k, 0,0, €) - ((2), £, ¢, 8,C)
= ((gi + a™'€ze0) k + L e2a 4 e, a7 5, £();
Wa(=1): (i), k,0,0,8) - ((2:), £, d, B, €)
= (g + & a7 €200), b+ £, b+ 6, 0™, £C);
Wx(A): (), a,0,8) - ((20), ¢, 8,€)
= ((yi + &'€z), a + £, a3, £0);
where &1 = (—=1)F, ey = (=1)%, and X\ ¢ {0, -1}, and we assume that yo = 2o = 0 if
X =1B.

Remark 7.9. Certainly, we have C* x C @ C* x C? @ C®* x C = C~. We
have chosen to leave these products of groups in the unsimplified forms to make the
group structure clearer. Indeed, the automorphism groups of Theorem 7.8 are all
isomorphic to Z/2Z x (C* x (C* x C*)) or C* x (C* x C*) with appropriate
semi-direct product structures, but writing the groups this way makes the group
structure less clear. [ |

We have already considered inner automorphisms, so we now move on to computing
arbitrary automorphisms of Wx () to complete the proof of Theorem 7.8. We begin
by analysing the action of an automorphism of Wx () on the abelian ideal X (\)
of Wx ().

Lemma 7.10. Let X € {A, B}, A € P!, and 0 € Aut(Wx(\)). Then we have
a(X(A) € X(A).

Proof.  Note that o(X()\)) is an infinite-dimensional abelian ideal of Wx (), and
therefore must be contained in X (). n

The next result shows that we can exploit the structure of the automorphism group
of the Witt algebra to get information about automorphisms of Wx ().

Lemma 7.11. Let X € {A,B}, A€ P!, and 0 € Aut(Wx()\)). Write & for the
composition W 2 Wx(A) = Wx(\)/X(\) 2W. Then & € Aut(W).
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Proof. It is straightforward to check that o~ is the inverse of 7. |

Given Lemma 7.11, it will be useful to consider automorphisms of the Witt algebra.
These are well-known.

Proposition 7.12. [6, Theorem 1.1] For a € C*, define the automorphisms
Oy T W =W by o4(L,) =a"L, and 7(L,) = —L_, forn € Z.

Then Aut(W) = {0, | a € C*} x {idyy, 7} = C* X Z/2Z.

The next result shows that, after composing with an inner automorphism, we can
greatly simplify the form which an automorphism of Wx(\) can take.

Proposition 7.13.  Let X € {A,B}, A € P!, and 0 € Aut(Wx(\)). Then there
exists p € InnAut(Wx (\)) such that, for all n € Z,

(p © U)(Ln) =ea" Lep + nXen, (/) © U) (Xn) = &, Xen,
for some € € {£1}, o, &, € C*, ~, € C. Furthermore, if X = A, then v = 0.

Proof. By Lemma 7.11 and Proposition 7.12, we have & = 7% o 0, for some

a € C* and k € {0,1} (where we write & as in the notation of Lemma 7.11).
Letting e = (—1)*, we therefore see that

0(Ly) =ea"Ley + Yy BVX;, (7.6)
1€EZ

for some BZ-(") € C, where, for each n € Z, only finitely many BZ-(”) are NonNzero.

(0)
Let p= H exp(% ady,) € InnAut(Wx (N)).
1€Z\{0}

By Lemma 7.4, it follows that p(X,) = X,, for all n € Z and

,O(Lo) = LO — & Z ﬁl(o)XZ, (77)
1€Z\{0}

since [Lo, X,,] = nX,, for both X = A and X = B. Now, (7.6) and (7.7) imply that

plo(La)) = ep(o) + 3 B0 X, = <Ly~ 3 40X+ Y0 6X,

i€Z i€Z\{0} i€Z

= Lo+ BV X,.
Letting 0’ = p o o, we can proceed as before to conclude that

0'(Ly) =ea"Len + > 7" X, (7.8)
€L
(n)

for some ,Yz(n) € C, where, for each n € Z, only finitely many v, ' are nonzero. By

construction, we have v\ = 8 and ¥ =0 for i € Z\ {0}.
We have no'(L,) = o'([Lo, L,]) = [0/(Lo), 0’ (L,)] and thus, using (7.8) to expand,

ena" L., +n Z 71.(")X,~ =ena"L,, +¢ Z z'%-(n)Xi — sanvéo)wx()\) (en,0)Xe,. (7.9)

1€EZL 1EZ
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It follows that, for m € Z \ {en}, we have nye) = emAl | so (m — 6n)%(,?) = 0.

Therefore, v = 0 for all m € Z \ {en}. Furthermore, comparing coefficients of
X in (7.9), we see that

w(n, 0 =0 (7.10)
for all n € Z. Note that wp(n,0) = 0 for all n € Z, so (7.10) does not give

anything in the case X = B. On the other hand, if X = A, then (7.10) implies

that 7[()0) = 0. Letting v, = 'yg(:i), we have shown that

o' (Ly) = ea" Lep + Y0 Xen. (7.11)
Now, by Lemma 7.10, we have
o'(X,) =Y &"x, (7.12)
i€Z

for some §l~(n) € C, where, for each n € Z, only finitely many fi(”) are nonzero. Since
[Lo, X,] = nX,, we have [0/(Lg),0'(X,)] = no’(X,). Therefore, it follows from

(7.11) and (7.12) that

1€EZL €L
Hence, (m — en)él) =0 for all m € Z, so &%) = 0 for all m € Z\ {en}. Thus,
letting &, = éz), we have o/(X,,) = £, X.,. This concludes the proof. [ |

We now show that, together with inner automorphisms, the automorphisms defined
in Notation 7.1 generate the whole automorphism group of Wx ().

Proposition 7.14. Let X € {A, B}, A € P!, and o € Aut(Wx()\)). Then there
exists p € InnAut(Wx () such that poo = @ﬁgfb’;a,g for some k € /27, a,b € C,
and o, & € C*, where (Pifij\b);aé is defined in (7.1).

Proof. Let o0 € Aut(Wx())). By Proposition 7.13, possibly by replacing o with
poo for some p € InnAut(Wx(A)), we may assume that

0(Ly) = & (eLen + 1 Xen), (X)) = "6 Xen, (7.13)

for some ¢ € {£1}, a,§, € C*, v, € C, with o =0 if X = A.

Since [Ly, L] = (m —n)Lyym, we have [0(Ly,),0(Ly)] = (m —n)o(Lyym). There-
fore, applying (7.13) and comparing coefficients of X.,, we deduce that

e(wx o (En, em)ym — wx ) (Em, en)yn) = (M — 1) Yntm (7.14)

for all n,m € Z. Similarly, we have [0(Ly),0(X:m)] = wx)(n, m)o(Xnim), so we
can apply (7.13) and simplify to get

cwx (€N, em)&n = wx () (1, M)&ngm (7.15)

for all n,m € Z. Furthermore, any bijective linear map o defined as in (7.13) which
satisfies (7.14) and (7.15) is an automorphism of Wx (\).

We now consider the cases X = A and X = B separately.
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Case 1: X =A.

Recall that in this case, we have 7o = 0. It follows from (7.14) and the definition of
WA that

(n+m+n(en + DA )Ym — (n+m +mem + DAY, = (m — n)Ynim. (7.16)

Since vo = 0, we have 62y, = 0 for all n € Z. Therefore, we can simplify (7.16) as
follows:
(n+m)(Ym — V) = (M — 1) V4m (7.17)

for all n € Z. Note that (7.17) has the same form as (5.6), which we already solved
in the proof of Proposition 5.8: we have v, = an? + bn for some a,b € C (in fact,
a= %72 —m and b= 2y — %72)'

We now compute &,. By (7.15), we have

(n+m+n(en+ DAL = (n+m +n(n 4+ DA rim (7.18)

for all n,m € Z. It follows from (7.18) that &, = &,4m for all m € Z \ {0} and
n € Z\{—m}. Letting £ = &, we therefore conclude that &, = ¢ for all n € Z\ {0}.
To compute &, we substitute n € Z\ {0} and m = 0 into (7.18) to get

(n+nen+ DA = (n+n(n+ 1)AN)E (7.19)

for all n € Z. If we have € = 1, then (7.19) implies that { = &. It follows that
o= i™ o @bf()‘) 004 0 fte (in other words, o = (I)éé/,\g,a,g)-

Now assume that ¢ = —1. In this case, if A\ # oo, (7.19) becomes

(E+ &M+ (€ —&)A+1)=0

for all n € Z \ {0}. Therefore, (£ + &)X =0 and (£ — &)(A + 1) = 0. Similarly,
if A\ = oo, then (7.19) gives (§ + & )n+ & — & = 0 for all n € Z \ {0}, from
which it follows that £, = & = 0. We conclude that, when € = —1, there are three
possibilities:

(a) A=0and & =¢;

(b) A=-1and & =—¢;

(c) AeP'\{0,—1} and & =€ =0.

However, ¢ is an automorphism, so we cannot have & = 0. Therefore, the case
e = —1 is not possible if A € P'\ {0, —1}. Therefore, in the two cases where ¢ = —1
is possible (A=0or A = —1), we get 0 = T\ 0 cpf(’\) 01/1;)40\) 0040 e (in other words,

o= @ﬁg”\z;af). This concludes the proof when X = A.

Case 2: X =B.
Let 7/, = Ven, and k = en, £ =em. Then (7.14) becomes

wpoy (k, 07 — wpey (4 k)ve = (€= k) Ve, (7.20)
for all k,¢ € Z. By (7.20) and the definition of wp(y), we have

(€= k(k + DA e — (k = €0+ DA )7k = (€= K)oy (7.21)
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Note that (7.21) has the same form as (5.3), so we already know the solutions, thanks
to the proof of Proposition 5.4: if A =0, then v/, = a'n+b for some a’,b € C, while
for A ¢ {0,000}, we get
;) (AFTD)e, ifn=0;
Tn = c, if n #£ 0.

for some ¢ € C. For A = oo, we get 7/, = ¢ for all n € Z. Therefore, letting
a = ea’, we conclude that v, = an + b if A =0, while

_J A+ 1), ifn=0;
Tn= ¢, if n # 0.

if A ¢ {0,00}, and v, =c forall n € Z if A = 0.
We finish by computing &,. By (7.15), we get

(m = n(en + DA, )€n = (m — n(n+ DA )6nim (7.22)

for all n,m € Z. Similarly to before, letting £ = &, (7.22) immediately implies that
&n=¢ forall ne Z\ {0}.

Finally, in order to compute &y, we substitute m € Z\ {0} and n = —m into (7.22):
(m—m(em —1)AN)E = (m —m(m — 1)N)& (7.23)

for all m € Z\ {0}. If e = 1, then it follows from (7.23) that & = £. Hence,

{¢5m0¢f®ooa0Ma if A =0,
0’:

QOCB(/\) 00y O g, if A #0.
In other words, o = @32?2%5 if A=0, while 0 = ‘1)59(3;&,5 if A#0.
Therefore, it remains to consider € = —1. In this case, if A\ # 0o, (7.23) becomes

(E+&)Am+(E=&)(A+1)=0

for all m € Z\ {0}. For A = oo, we instead get (£ + &)m + & — & = 0 for all
m € Z \ {0}. Proceeding as we did in Case 1, we conclude that there are three
possibilities when € = —1:

(a) A=0and & =¢;

(b) A=-1and &= —¢;

(c) AeP'\{0,—1} and & =€ =0.

It follows that, as before, the case ¢ = —1 is not possible if A\ € P\ {0,—1}.
Therefore, in the cases where € = —1 is possible (A =0 or A = —1), we get

To © gof(o) ) w;’a(o) ooq0 e, ifA=0,
7= B(-1)

T_10 (g O 04 O [lg, if \=—1.
In other words, ¢ = @ﬁg;mg if A = 0, while 0 = (1)55;13«5 if A = —1, which

concludes the proof. [ |
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Remark 7.15. As we saw before when we noted that A(\) is the adjoint of
B()), once again we see the close relationship between Wa(A) and Wg(A) in the
proof of Proposition 7.14: when computing automorphisms of Wa(\), we got an
equation (7.17) that we already saw when we computed central extensions of Wg(\)
(5.6), and similarly for automorphisms of Wg(\) with (7.21) and (5.3). We will see
this once again when we compute derivations of Wx () in Section 8. [

The next result computes the group structure of the subgroup of Aut(Wx(A))
generated by the automorphisms defined in Notation 7.1.

Proposition 7.16.  Let X € {A, B} and A € P'. Let Gx()\) be as in Notation
7.7. Then Gx()\) is a subgroup of Aut(Wx (X)) and
7,27 x (C? % (C* x C¥)), if X = B and A =0,
~ o y if X =Aand A € {0, -1
Gx(N) = Z/2Z x (C x (C* x C¥)), oer — B and A :{_1, J
C % (C* x C¥), i\ ¢ {0, -1},

Given k.0 € /27, a,b,c,d € C, and «, 3,£,( € C*, the structure of the groups
above is the following:

Gp(0):  (k,a,b,a,&) - (¢, c,d, 0, 3,0) = (k+ {,ea+ Ec,b+ &d, a3, £C);
Ga(0),Gp(-1) (k,a,0,8) - ({,c,B,¢) = (k + {,ea + e, a7 B, £C);
Ga(—1): (k,b, 0, €) - (0,d, B,¢) = (k+ £,b+&d, o B, £Q);
Gx(N): (a,a,8) - (¢, 8,¢) = (a+ &c, ap, £0);

where € = (=1)* and \ ¢ {0,—1}. Furthermore,

Aut(Wx(A)) = InnAut(Wx (M) x Gx(N).
Proof. Let k.0 € Z/2Z, a,b,c,d € C, and «a,3,£,( € C*, where we assume
that k=¢=0if A ¢ {0,—1}. We claim that

X(\) XN _ o F5XM»W
<blﬂ;étl};a,ﬁ © (I)f;c,d;ﬁﬁ - (I)k+e;(_1)£a+gc,b+5d;a(—1)45,54' (7'24)

We will only prove the claim in the case X = A, since the case X = B is similar.

Let g1 = (—1)%, g9 = (—1)", and & = (—=1)¥** (recall the assumption that k = ¢ =0

if A ¢{0,—1},80 e =¢e9 =¢ =1 in these cases). We have, for all n € Z,
(I)?;Ez),\lz;a,ﬁ(l’n) = a"(e1Leyn + (an2 +bn)Acin),

N (A,) = —& Ao, itA=—-1,n=0, and k =1,
riabiog a€A. ., otherwise.
Therefore,

A A n A
Qk;i%g;a,ﬁ(QE;ﬁfg;ﬁ,C(Ln)) = 5 <€2(I)A121;51>,\2;a,§(L52n) + (C7l2 + dn)q)k;fz),\g;a,f(Aé‘zn))
= (a®B)" (eLen + e2(an® 4 e2bn) A,y + (cn® 4 dn)éA.,)
= ()" (eLen + ((e2a + Ec)n® + (b+ Ed)n) ALy

—_ &40
— (I)k+€;52a+£c,b+£d;oﬁ2,8,§c(Ln)’
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o) (Ag),  ifA=-1n=0, and £ =1,
ﬁncq)ﬁ%;a,g(flezn)v otherwise.

—&C Ao, ifA=—-1,n=0, and k+/¢=1,
(a®2B)"¢CAsy, otherwise.

_ AW
- (I)k+€;€2a+§c,b+fd;a52 B,EC(An) :

This proves the the claim.

The computation of the group structures now follows immediately from the claim,
the definition of Gx(A) in the statement of Theorem 7.8, and the definitions of
@géﬁ‘&a ¢ and W AN from Notation 7.1 and Lemma 7.4. The difference in the group

k;a;a,&

structures of G A( ) and G 4(0) comes from the fact that, by definition, G4(—1)
is generated by \I/k aa& @‘,:E)’_al;)a’g, while G 4(0) is generated by \1/7320)065 (I):;g?());a,@
where k € Z/27Z, a € C, and «a,§ € C*.

For the final sentence, note that Aut(Wx(A)) = InnAut(Wx(A\))Gx(A\) by Propo-
sition 7.14. Since InnAut(Wx (X)) N Gx(A) = {idy,(n} by Lemma 7.4, it follows
that this is a semi-direct product. This concludes the proof. ]

We are now ready to prove Theorem 7.8.

Proof of Theorem 7.8. By Proposition 7.16, we have
Aut(Wx (N)) = InnAut(Wx (N)) x Gx(N).

Let a,b,c,d,y;,z; € C for i € Z, and «,3,£,( € C*, where we assume that only
finitely many y; and z; are nonzero. These parameters allow us to take the product
of two elements of Aut(Wx(\)): we will compute the product

(H exp(y; adx, )Py, aba&) (Hexp zj ady; )(I)éfc(,/}i);ﬁ,g)' (7.25)

Recall that if X = B, we may assume that yo = 29 = 0 since By is central. Note
that

X(A X(A X(A — X(A
(PO;(E,,I));&,E eXp(zj ade) = H (CI)O;C(L,b);a,f eXp(Zj ade)(q)O;zg,b);a,f) 1) CI)O;zg,b);a,g’ (726)
JEL JEZL

Letting 2 € C and n € Z, we have

P, C(L/\b)a.g exp(z aan)(<I>gfc($));a7£)_1 = exp (z adgxo (Xn)> = exp(za™€ady,). (7.27)

0 a,b;a, €
Therefore, @gfé?;));ayé exp(zjady,) = Hexp(ozjgzj ade)@gféj\b);a,g, (7.28)
jez ez
by (7.26) and (7.27). Using (7.28), the product (7.25) becomes

X(A X (A
H exp(y; adx;) H exp(z;a’¢ adx,)® 0;a, b)a f(I)O.;(c,c)l;ﬁ,C
1€EZL JEZL

= H exp((y; + 521) adx, )‘I)o a-l—)fc b+&d;aB,EC
i€EZL

where we used (7.24) for the final equality.
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In summary, we have

<Hexp y; ady, )<I>0aba£> (Hexp zjadx, )‘béfc(il);ﬁ,g)

1€EZL JEZL
: X(A
= H exp ((?Jz +a'€z;) adXi) q)0;£+)£c,b+£d;aﬁ,§§'
i€z
This proves the result in the case A ¢ {0, —1}.

To complete the proof, assume that A € {0, —1}. For these values of A\, we need to
consider how 7, interacts with the other automorphisms. We proceed similarly to
above to deduce that

T ( H exp(y; adXi)) = H (Taexp(y; adx,)Ta) Th = ( H exp(y; adU(Xi))>T,\

1€ =/ 7
. HiEZ exp(y—; adx,) 7o, if A\=0,
[Licz eXp((_l)é?y—i ady,)T—1, if A=-—1,

Therefore, if we multiply two arbitrary elements of Aut(Wx(\)), we get
(Hexp y; ady, )@kébM) (Hexp ziady, )®é§d)ﬂ C)

i X(A .
HieZ exp((yi + a6 2,4) adXi)q)k%gf;)€2a+§c,b+§d§a52575C’ if A =0,
8 e X(A )
HiEZ exp((yi + E.1 asl 52’/811;) adXi>¢k£&)€2a+fc,b+£d;a52ﬁ,g(? lf )\ — —17

where k, ¢ € Z/27 and g, = (—1)*, g5 = (—1)*. This concludes the proof. n

8. Derivations

Next, we compute derivations of Wx(\). As remarked in Section 2, computing
derivations of g is equivalent to computing H'(g;g). There is a close relation-
ship between the automorphisms of a Lie algebra g and its derivations: if we
have a (smooth) one-parameter subgroup of Aut(g), differentiating it at 0 gives
a derivation of g. In other words, derivations of g can be seen as “infinitesimal
automorphisms”.  We now introduce notation for the derivations that arise from
one-parameter subgroups of Aut(Wx(\)).

Notation 8.1. Let X € {A, B} and \ € P!. Recall the automorphisms defined in
Notation 7.1;

For both X = A and X = B, define  day, = d

dt)t:o et € Der(Wx (A)).

For X = A, define o = % gpf‘(’\), and
t—
o8 = LI AN e Der(W,a(N)).
dt |+=0
For X = B, define dy = jt Oth()‘) € Der(Wg(N)).
t—
For X = B and A = 0, define oF = jt ¢t ) € Der(W(0)).
t=
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Remark 8.2. Certainly, there is another one-parameter subgroup o of Aut(Wx(\))
giving rise to another derivation. However, the derivation we obtain from this one-
parameter subgroup is inner: we have

d
@l Te = adr, € Inn(Wx(X)).
Indeed, we can immediately see this from the observations of Remark 7.3. |

Having defined these derivations that arise from automorphisms, we now compute
their actions on Wx (A).

Lemma 8.3. Let X € {A, B} and A € P*. Then, for all n € Z,

dap(Ly) =0, dan(Xn) = Xo;
ML ) = nd,, 03 (An) = 0;
(9/\ =nn+1)A (93\4(14):07
{ (A1) By, z'fn:()'and A # 00, d5(B,) = 0:
otherwise,
=nB oF(B,) = 0.

Proof. Follows immediately from the definitions of the automorphisms in Nota-
tion 7.1. |

Remark 8.4.  Using the identifications A(\) = C[t,t']dt and B(\) = C[t, ¢t '],
we now give formulas for the derivations of Notation 8.1 in terms of polynomials.
We have

03 (f0) =d(t™'f) = (' f' =t f)dt,

O3 (f0) = d(f') = f" dt,
-1 At if A
g = {1 A

O (fo)=f —t7'f.

By the observations of Remark 3.6, it is now clear that, under the isomorphism
H2 ., (Wx (M) = HY(W; X()\)'), we have the following correspondences:

0 Qe (A#0),
0 ¢ N (A=0),
d¥ < Q.

o Q)

where we have used that A(\)' = B(A) and B(A\)' = A(\) under the form B.

We now consider the question of when the derivations defined in Notation 8.1 are
inner.
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Lemma 8.5. Let A € PL. If A # oo, then (A+ 1) + A9 € Inn(Wa(N)), while
if A\ =00, then 024 + 04 =ad_4, € Inn(Wa(0)). Defining
o= [ TAAO
', ifA=0,
then dif ¢ Tnn(Wa (X)) for all X € P*. Certainly, we have

4
dt

=

A
dy =
t=0

where @'Y is defined in (7.4).
Furthermore, d% ¢ Inn(Wg())), and there is no nonzero linear combination of d¥
and OF which produces an inner derivation of Wg(0).

Proof. By Lemma 8.3, we can easily see that (A+1)03 4+ A9 = ad_,, if A # oo,
while 62 + 04 = ad_4, if A = oo. Since ad,, and ady, span the space of inner

derivations of W4 () of degree zero, it follows immediately that d5 is not inner for
all X € PL.

The only nonzero (up to multiplication by a scalar) inner derivation of Wg(A) of
degree zero is ady,. This is because By is central in Wg(\), so adg, = 0. The
result follows. [

The main goal of this section is to prove that, together with inner derivations, the
derivations defined in Notation 8.1 span the entire space of derivations of Wx ().

Theorem 8.6. Let A\ € P'. Then
Der(W4(A)) = Inn(W4(N)) @ Cday, @ Cdy’;

Der(Wg()\)) = Inn(Wg(\)) @ Cday, & CdS & COP, if X\ =0,
B - IDH(WB()\)) @D CdAb b (Cdﬁ’ Zf}\ 7é 0’

where the derivations are defined in Notation 8.1 and Lemma 8.5. Consequently,

3, ifA=0,
2, if AF#0.
Remark 8.7. Theorem 8.6 says that all derivations of W(0,1) extend to the
one-parameter family W4(A). On the other hand, all derivations in

Inn(W(0,0)) @ Cday, ® CdF C Der(W(0,0))

extend to the one-parameter family Wg (), while 9F does not. ]

dim(H' (Wa(A); Wa(N)) = 2, dim(H' (W5 (A); Ws(N))) = {

The next result greatly simplifies the computation of derivations of Wx ().

Proposition 8.8. Let g be a Lie algebra with H'(g;g) = 0, and let M be a
g-module such that Homg(9M,g) = 0. Then

H'(g x Mg x M) = H'(g; M) @ Endy (M),

where we endow MM with an abelian Lie algebra structure.
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Proof.
Define a: Der(g, M) — Der(g x M), [: Endy(9) — Der(g x M)
by a(D)(z) = D(z), a(D)(v) =0, Blp)(x) =0, f(p)(v) = ¢(v),

where D € Der(g,M), ¢ € Endy(M), = € g, and v € M. It is straightforward to
check that a(D) and () are elements of Der(g x 9t).

Let D € Der(g x 9M). Let D be the composition
g g x M —» (g x M)/M=g.

It is easy to see that D € Der(g). But H'(g;g) = 0, so Der(g) = Inn(g). Therefore,

D € Inn(g), so there exists w € g such that D = ad,,. Define
D' := D —ad, € Der(g x ).

By construction, D'(z) € 9 for all z € g. In other words, D’|g € Der(g, ).

We claim that D’
v € I, we have

‘aﬁ is a homomorphism of g-modules. Indeed, for x € g and

D'(x-v) = D'([x,v]) = [z, D'(v)] + [D'(x),v] = [z, D'(v)] = x - D'(v),

where we used that D'(z) € M to deduce that [D'(z),v] = 0. Now let D’ be the
composition D
M —gxM—>g.

Since D' is the composition of two g-module homomorphisms, D' is also a g-module

homomorphism. But since Homgy(9,g) = 0 by assumption, we have D" = 0.
Therefore, D'(v) € 9 for all v € M, and thus D/’zm € Endy(9M).

Define D, := a(D’}g) and Dy := 6(D’}Em). Certainly, D = ad,, +D1+ D,. It follows
that

. Der(g x M) = (Inn(g x M) + Der(g, M)) & Endy (M), (8.1)
where we view Der(g,9t) and Endy(9t) as subsets of Der(g x 9t). Note that
Der(g, %) N Inn(g x 9) = Inn(g, M), and thus

Inn(g x ) + Der(g, M) ~, Der(g, ) _ Der(g,M) o

~ L
Tnn(g < 9M) ~ Dex(g.9) N Inn(g < 0%)  Tom(g,0m) (g; 00).

Therefore, taking the quotient by Inn(g x 9t) on both sides of (8.1), we get
H'(g x Mg x M) = H'(g; M) & Endy (M),
which concludes the proof. [ |

We now show that Proposition 8.8 applies to Wx ().
Lemma 8.9. Let X € {A,B} and X\ € P'. Then Homy(X(\), W) =0.

Proof. The internally graded structures of W and X(\) immediately imply
that any element of Homyy(X(A),W) must be graded of degree 0. Therefore, if
pE HomW(X()‘)> W), then @(Xn) = NnLn.
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We now split the proof into the cases X = A and X = B.
Case 1: X = A.
The equality @([Ln, Am]) = [Ln, ©(A)] gives

(m —n)nm = (n+m+n(n + 1A )lnim (8.2)

for all n,m € Z. Letting m € Z\ {0} and n = —m in (8.2), we get n,, = 0 for all
m € Z\ {0}. If we set m = 0,n € Z\ {0} in (8.2), we also deduce that ny = 0.
This proves the case X = A.

Case 2: X =B.
The equality ©([Ly, Bi]) = [Ln, p(Bm)| gives
(10 = 1)t = (= 0+ DA s (53)

for all n,m € Z. Setting m = 0 and n € Z \ {0} (8.3), we get 1o = 0. If we let
m € Z\ {0} and n = —m in (8.3), we also deduce that 7,, = 0 for m # 0. This
concludes the proof. [ ]

Proposition 8.8, Lemma 8.9, and the well-known fact that H'(W; W) = 0 (see [9,
Proposition 7.2] or [18]), imply the following.

Corollary 8.10. Let X € {A, B} and A € P'. Then
Der(Wx(A)) = Inn(Wx (X)) + Der(W, X (\)) 4+ Endy, (X (N)),
and thus H' (Wx(\) = H(W; X (A)) @ Endyy (X (N)). n

To prove Theorem 8.6 it suffices now to compute Der(W, X (A)) and Endyy(X())).
For Der(W), X()\)), we have the isomorphism

HYW; X(V)) = Hy Wx (M),

so we do not need to perform any further computations, since Hyy (Wx())) was
already computed in Proposition 5.1.

Proposition 8.11.  Let A € P'. Then
Der(W, A()\)) = Inn(W, A(\)) @ d,
InnOWV, B(\)) @ CdB @ CoB, if A\ =0,
Der(W. B())) = (W, B(A)) 0 o, i
Inn(W, B(\)) @ CdPF, if A#0,

where the derivations are defined in Notation 8.1 and Lemma 8.5.

Proof. By Propositions 5.1 and 5.8, we know that Hy;, (Wg()\)) is spanned by
ﬁﬁix, where ﬁﬁix is defined in Theorem 3.5. By the isomorphism

Hi(Ws(X) = H'(W; B(A)') = H' (W3 A(V), (8.4)

it follows that H'(W; A())) is also one-dimensional.



BuUzZAGLO AND VISHWA 501

By Remark 8.4, the image of ﬁﬁix under the isomorphism (8.4) is Zlf, where Ef is
the class of df in H'(W; A()\)). Therefore, as required,

Der(W, A(\)) = Inn(W, A(\)) @ Cdy.

The computation of Der(W, B())) follows similarly by applying Propositions 5.1
and 5.4, and the isomorphism

Hy Wa(V)) = H'(W; A(N)) = H (W3 B(X)),
using the correspondences in Remark 8.4. [ |

We now proceed with the computation of Endyy(X (X)), which is the last step in
the proof of Theorem 8.6.

Proposition 8.12.  Let X € {A, B} and X\ € P'. Then
Endyy (X (X)) = Cdap,
where day s defined in Notation 8.1.
Proof. The internally graded structures of YW and X(\) imply that any W-
endomorphism of X(\) is graded of degree 0. Letting ¢ € Endy(X(\)), this

means that
(X)) = 0, Xy

for some 6, € C. Replacing ¢ with ¢ — 6yday,, we may assume that 8, = 0. To
prove the result, it suffices to show that ¢ = 0. We now analyse the cases X = A
and X = B separately.

Case 1: X = A.
The equality ¢(L, - Ay) = Ly - o(Ap) gives
(n+m+n(n+ 1AL, = (n+m+nn+ 1)A2)0nim

for all n,m € Z. Therefore, 6,, = 6y = 0 for all n € Z. This completes the proof in
the case X = A.

Case 2: X =B,
The equality ¢(L, - By) = Ly, - ©(B,y,) gives
(m = n(n -+ DA, )00 = (m = 1+ VAT, )i
for all n,m € Z. Therefore, 6, = 0y = 0 for all n € Z, so we are done. [ |
We are now ready to prove Theorem 8.6.
Proof of Theorem 8.6. By Corollary 8.10, we have
H (W (A); W (M) = HE(W; X(A)) & Endyy(X ().

Proposition 8.11 computes the cohomology space H'(W; X())), and Proposition
8.12 computes Endy (X (). n
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9. Cohomology of w

We finish the paper by computing one-dimensional central extensions and derivations
of W := W I. For ease of notation, we view I as the space of Laurent polynomials
with no constant term. Furthermore, thanks to the isomorphism = J, we will
often switch between I and J depending on the situation.

We start with the computation of one-dimensional central extensions.

Theorem 9.1.  We have dim(H*(W)) = 4. Specifically,
H2(W) = CQyy, @ CQy & CQy & Cay,
where Qi is the Gelfand-Fuchs cocycle in (3.7), and the other cocycles are defined
as follows: ) )
0(f0,9) = B(df',9) = Res(g df'),
Da(f0.g) = B(d(t™'f), 9) = Res(g d(t™" [)),

QAb(ny) = <fag>7

where (—,—) and B are defined in (2.4) and (2.5) respectively, and we have only
specified the non-zero components of the cocycles.

To prove Theorem 9.1, we use the decomposition
H2(W) = H2 (W) @ H'W; 1) & Byw(I)

from Proposition 3.1, recalling the self-duality I=ys
As mentioned in Section 2, the classes of ¢; and &, span H'(W; I ). The proof of
this follows as an immediate consequence of Proposition 8.11.

Corollary 9.2.  We have Der(W, I) = Inn(W, I) & C&; & Cd,, where 8, and &
are defined in Section 2. Consequently,

dim(H'(W; 1)) =
Proof. Recall the isomorphism
1] =W-A(0)=span{A, | n € Z\ {0}}.

Since J C A(0), we have Der(W,.J) C Der(W, A(0)).

Therefore, Der(W, J) consists of the elements of Der(W, A(0)) whose images are
contained in J. By Proposition 8.11, all elements of Der(W, A(0)) have this
property, in other words,

Der(W, A(0)) = Der(W, J).
Noting that 92 = 6; and 5(‘]4 = 0, it follows that
Der(W, J) = Inn(W, J) & C8; & C5,.

It is easy to see that the sum is direct, because Inn(W, J ) does not contain any
elements of degree zero. [ |

To complete the proof of Theorem 9.1, it remains to compute %W(T ), which we do
next.
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Lemma 9.3.  The unique (up to multiplication by a scalar) W -invariant skew-
symmetric form on I is (—,—), where (—, —) is defined in (2.4). Consequently,

dim(Byy (1)) = 1.

Proof.  Suppose Q2 € By (J) \ {0}. By Theorem 3.10,
Q(A,, Ap) = a(n)s°

n+m

for all n,m € Z\ {0}, where a: Z \ {0} — C. By the W-invariance of Q, we have
QA Lo - An) + QUL - Any A) =0
for all n,m € Z\ {0}. Therefore,
na(n) —ma(m) =0

for all n,m € Z\ {0}. Setting m = 1, we get a(n) = % for all n € Z \ {0}.

By assumption, © # 0, so «(1) # 0. Rescaling if necessary, we may assume that

a(1) = 1. Therefore, 1
Q(A,, Ay) = Edo

n+m

is the unique (up to multiplication by a scalar) W-invariant skew-symmetric form
on J. Under the isomorphism J = I, the form (2 is precisely (—, —). [

The computation of H2(17V/) follows easily.

Proof of Theorem 9.1. We use the decomposition

H2 (W) = H2 (W) & H'W: 1) ® Byy(1)
from Proposition 3.1, and the correspondences between H'(W; I ) and mixing cocy-
cles, and between By, () and abelian cocycles.

It is easy to see that d; and 0 give rise to the cocycles €y and (25, respectively.
Therefore, 2; and s span the space of mixing cocycles of W, by Corollary 9.2.

Certainly Qay, is simply the form (—,—) trivially extended to the whole of W.
Therefore, by Lemma 9.3, 4}, is the unique (up to scalar multiplication) abelian

cocycle on W. [ |

Next, we compute Leibniz central extensions of W. As ~we did in Section 6, we do
this by computing Inv(W). The computation of Inv(W) follows easily from the
computation of Inv(Wx(A)) from Section 6.

Theorem 9.4.  We have HL2(W) = HX(W).

Proof.  Following Proposition 6.4, it suffices to show that Inv(W) = 0. Letting
6 € Inv(W), the proof of Lemma 6.5 implies that

O(Ly, Ly,) =0 for all n,m € Z;
O(Lyn, A) =0 ifneZ,meZ\{0}, and n+ m # 0;
0(An, Ap) =0 forall n,m e Z\ {0},

where we view W as W x J € W4(0).



504 BUZAGLO AND VISHWA

Therefore, it remains to show that 6(L,, A_,) =0 for all n € Z\ {0}. This is done
in the proof of Proposition 6.6. [ |

We end with the computation of derivations of w.

Theorem 9.5.  We have Der(W) = Inn(W) & Cd; & Coy @ Cdyy,, where & and
0o are defined in Section 2, and dpy, is defined as:

dan(f0) =0, dap|; = idy,
for all f € C[t,t7']. Consequently, dim(Hl()/NV; VNV)) = 3.

To prove Theorem 9.5, we would like to apply Proposition 8.8, which requires us to
prove that Homyy (I, W) = 0.

Lemma 9.6.  We have Homyy (I, W) = 0.

Proof. Let ¢ € Homyy(J,W) = 0. The internally graded structures of J and
W imply that there exist n, € C such that

@(An) = NnLn
for all n € Z\ {0}. Since ¢([Ln, Am]) = [Ln, p(An)], we get

(1 + M)t = (M — n)m
for all n,m € Z\{0}. Setting n = —m,, we deduce that n,, = 0 for all m € Z\ {0},
so ¢ = 0. [ ]

—~

By Proposition 8.8 and Lemma 9.6, we know that H'(W}) decomposes into
H' (W) = H' (W; I) & Endyy ().

Since H'(W; I ) was already computed in Corollary 9.2, it only remains to compute

Lemma 9.7.  We have Endy (/) = Cid;.

Proof. Let ¢ € Endy(J) \ {0}. By the internally graded structures of W and

J, there exist #,, € C such that
p(An) = 0,4,

for all n € Z\{0}. Since ¢ is a map of W-modules, we have ¢(L,-A.,) = Ly p(An),
and thus

(n4+m)bpim = (n+m)b,
for all n,m € Z\ {0}. It follows that 6, = 6, for all n € Z\ {0}. Since ¢ # 0

by assumption, we know that #; # 0. Rescaling if necessary, we may assume that
¢, = 1. Therefore, ¢(A,) = A, for all n € Z\ {0}, so ¢ =idj5. ]

Proof of Theorem 9.5. Follows immediately from the decomposition
H' (W) = H'(W; I) & Endyy (1)

combined with Corollary 9.2 and Lemma 9.7. [
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