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Abstract. Lie algebras formed via semi-direct sums of the Witt algebra W = Der(C[t, t−1]) and
its modules have become increasingly prominent in both physics and mathematics in recent years.
In this paper, we complete the study of (Leibniz) central extensions, derivations and automorphisms
of the Lie algebras formed from the semi-direct sum of the Witt algebra and its indecomposable
intermediate series modules (that is, graded modules with one-dimensional graded components).
Our techniques exploit the internal grading of the Witt algebra, which can be applied to a wider
class of graded Lie algebras.
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1. Introduction

Throughout, we work over the field of complex numbers C . All vector spaces are
C-vector spaces.
The Witt algebra W := Der(C[t, t−1]) = C[t, t−1] d

dt
of vector fields on C× , and

its universal central extension, the Virasoro algebra, are ubiquitous in both mathe-
matics and theoretical physics. In this paper, we study Lie algebras obtained from
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taking semi-direct sums of the Witt algebra with its indecomposable intermediate
series modules (see Definition 2.7). Intermediate series modules of the Witt algebra
arise naturally, since they are precisely those modules which have the same Hilbert
series as the Witt algebra. In some sense, they are the simplest infinite-dimensional
representations of W . Defining an abelian Lie algebra structure on these modules,
one can then take the semi-direct sum of the Witt algebra with its intermediate
series modules to obtain new families of Lie algebras.
Indecomposable intermediate series modules of the Witt algebra were classified by
Kaplansky and Santharoubane [19] into three families – one parametrised by C2

and the other two parametrised by P1 . The modules parametrised by C2 are the
well-known tensor density modules I(a, b) , where a, b ∈ C . We denote the other
two families by A(λ) and B(λ) , where λ ∈ P1 (see (2.3) for the definitions of the
modules). These correspond to blowing up C2 at the points (0, 0) and (0, 1) . The
modules I(0, 0) and I(0, 1) are the only reducible tensor density modules. Indeed,
we have I(0, 0) ∼= B(0) and I(0, 1) ∼= A(0) . Thus, the indecomposable intermediate
series modules of the Witt algebra are parametrised by the plane blown up at two
points. In some sense, the A(λ)s and B(λ)s are infinitely close to I(0, 1) and I(0, 0)
respectively, in the moduli space of intermediate series modules of W . The resulting
semi-direct sums are denoted W(a, b) := W n I(a, b) and WX(λ) := W n X(λ) ,
where X = A or B .
The only reducible tensor density modules I(0, 0) and I(0, 1) are intimately linked
to the irreducible bounded modules of the Witt algebra, where we say that a Z-
graded module is bounded if its homogeneous components are all finite-dimensional.
The unique nontrivial proper submodule of I(0, 0) = C[t, t−1] is C . The quotient
Ĩ := I(0, 0)/C is irreducible, self-dual, and isomorphic to the nontrivial proper
submodule J̃ := span{tn dt | n ∈ Z \ {−1}} of I(0, 1) = C[t, t−1]dt . It was
shown independently by Mathieu [24], and Martin and Piard [22] that C , Ĩ and
{I(a, b) | (a, b) 6= (0, 0), (0, 1)} are the only irreducible bounded W -modules.
In [14], the authors computed central extensions, derivations, and automorphisms
of the Lie algebras W(a, b) . With such a strong interest in the properties of semi-
direct sums of the Witt algebra and its tensor density modules, it is only natural to
consider the algebras formed from the semi-direct sum with its two other families of
indecomposable intermediate series modules. In this paper, we commence the study
of the resulting two families of Lie algebras by computing their central extensions,
derivations, and automorphisms. We further compute the central extensions and
derivations of the Lie algebras W̃ := W n Ĩ , thereby completing the computation
of these properties for Lie algebras formed from the semi-direct sum of the Witt
algebra with its indecomposable intermediate series modules and with its irreducible
bounded modules.
Our strategy to compute cohomology heavily exploits the internally graded struc-
ture of WX(λ) (see Definition 3.8), which means that the cohomology of WX(λ) is
entirely supported in degree zero. In other words, the degree zero cohomology of
WX(λ) is isomorphic to its full cohomology. This significantly simplifies our compu-
tations, since we only have to consider cocycles of degree zero. These techniques can
be applied in many more cases, since most of the representations of the Witt algebra
that one might be interested in are internally graded. For example, our programme
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can be readily extended to semi-direct sums of the Virasoro algebra with its length
3 uniserial modules which were classified by Martin and Piard in [23].
For the interested reader, we note that special cases of W(a, b) have been of interest
in theoretical physics (see [7, 8, 10, 16, 3, 12] and references therein). Larger semi-
direct sums with the Witt algebra and multiple copies of its intermediate series
modules are also gaining interest [15, 4, 5], owing largely to their appearances in
modern non-Lorentzian physics [2, 1].
We present the organisation and main results of our paper. After introducing some
preliminaries in Section 2, we compute (Leibniz) central extensions of Wx(λ) in
Sections 3–6.

Theorem 1.1. (Theorems 3.5 and 6.3) Let λ ∈ P1 . Then the spaces of (Lie)
central extensions of WA(λ) and WB(λ) are given by

H2(WA(λ)) =

{
CΩVir ⊕ CΩA

0 ⊕ CΩA

Mix, if λ = 0.

CΩVir ⊕ CΩA

Mix, if λ 6= 0.

H2(WB(λ)) = CΩVir ⊕ CΩB

Ab ⊕ CΩB

Mix,

where the cocycles are defined in Theorem 3.5 and (3.7).
Furthermore, WA(λ) has one extra nontrivial Leibniz central extension (up to
multiplication by a scalar) given by the Leibniz 2-cocycle induced by the symmetric,
invariant bilinear form

θA(An, Am) =

{
1, if n = m = 0,

0, otherwise,

while WB(λ) does not have any Leibniz central extensions which are not already
extensions of Lie algebras. In other words,

HL2(WA(λ)) ∼= H2(WA(λ)))⊕ CθA,

HL2(WB(λ)) ∼= H2(WB(λ)),

where θA is the image of θA in HL2(WA(λ)).

We then move on to computing automorphisms of WA(λ) and WB(λ) in Section 7.

Theorem 1.2. (Theorem 7.8) Let X ∈ {A,B} and λ ∈ P1 . Then

Aut(WX(λ)) ∼=



C∞ o (Z/2Z n (Co (C× × C×))), if X = A and λ ∈ {0,−1},
C∞

0 o (Z/2Z n (C2 o (C× × C×))), if X = B and λ = 0,

C∞
0 o (Z/2Z n (Co (C× × C×))), if X = B and λ = −1,

C∞ o (Co (C× × C×)), if X = A and λ /∈ {0,−1},
C∞

0 o (Co (C× × C×)), if X = B and λ /∈ {0,−1},

where C∞ and C∞
0 are defined in (7.2) and (7.3), and the explicit group structures

are given in Theorem 7.8.



458 Buzaglo and Vishwa

In Section 8, we compute derivations of WA(λ) and WB(λ) . Our computation of
automorphisms allows us to define derivations of WA(λ) and WB(λ) by differentiat-
ing one-parameter subgroups of the corresponding automorphism group. All outer
derivations of WA(λ) and WB(λ) can be obtained in this way.

Theorem 1.3. (Theorem 8.6) Let λ ∈ P1 . Then

Der(WA(λ)) = Inn(WA(λ))⊕ CdAb ⊕ CdAλ ;

Der(WB(λ)) =

{
Inn(WB(λ))⊕ CdAb ⊕ CdB0 ⊕ C∂B0 , if λ = 0,

Inn(WB(λ))⊕ CdAb ⊕ CdBλ , if λ 6= 0,

where the derivations are defined in Notation 8.1 and Lemma 8.5. Consequently,

dim(H1(WA(λ);WA(λ))) = 2, dim(H1(WB(λ);WB(λ))) =

{
3, if λ = 0,

2, if λ 6= 0.

A key technique that we use throughout is the spitting of cohomology groups of
semi-direct sum Lie algebras, summarised in the following proposition:

Proposition 1.4. (Proposition 3.1) For any Lie algebra g and g-module M, the
cohomology groups of gnM, where M is endowed with an abelian Lie bracket, split
as follows:

Hn(gnM) ∼=
⊕

k+ℓ=n

Hk(g;
∧ℓ

M∗),

where M∗ = Hom(M,C) is the dual of M.

In particular, we exploit the fact the cohomology of WX(λ) with values in the
trivial module can be split into sums over cohomology groups of W with values
in antisymmetric powers of the restricted dual of X . We need only consider the
restricted dual since the modules with which we are working are Z-graded. This
allows us to use the fact that A(λ) is the restricted dual of B(λ) to minimise the
number of computations required. For example, when computing derivations of
WB(λ) , we encounter equations that appear when computing central extensions of
WA(λ) , so we only have to compute solutions to the equations once. This is not
surprising in light of Proposition 1.4: setting n = 2 , we observe that one of the
components of H2(WX(λ)) is H1(W ;X(λ)′) , which is part of the computation of
derivations of WX(λ) .
Finally, we end the paper by computing (Leibniz) central extensions and derivations
of W̃ in Section 9. The techniques and proofs are almost identical to those for
WX(λ) .

Theorem 1.5. (Theorems 9.1, 9.4, and 9.5) The space of central extensions of W̃
is given by

HL2(W̃) ∼= H2(W̃) = CΩVir ⊕ CΩ1 ⊕ CΩ2 ⊕ CΩAb,

where ΩVir is the Gelfand-Fuchs cocycle in (3.7), and the other cocycles are defined
in Theorem 9.1. Furthermore,

Der(W̃) = Inn(W̃)⊕ Cδ1 ⊕ Cδ2 ⊕ CdAb,

where δ1 and δ2 are defined in Section 2, and dAb is defined in Theorem 9.5.
Consequently, dim(H2(W̃)) = 4, dim(H1(W̃)) = 3.
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One of the ingredients in our computations of central extension and derivations is
the cohomology space H1(W ;X(λ)) . Although we compute this directly, it is worth
noting that it could be analysed by using the long exact sequences in cohomology
arising from the short exact sequences

0 → Ĩ → A(λ) → C → 0

0 → C → B(λ) → Ĩ → 0.

Together with work of Gao, Jiang, and Pei [14] (see Theorem 2.10),

1. Theorems 1.1, 1.2, and 1.3 complete the study of derivations, central exten-
sions and automorphisms of the Lie algebras formed from the semi-direct sum
of the Witt algebra with all its indecomposable intermediate series modules,
while

2. Theorem 1.5 completes the study of derivations and central extensions of the
Lie algebras formed from the semi-direct sum of the Witt algebra with all its
irreducible bounded modules.

We compile all these results into the following tables, where we have given simplified
forms of the groups of automorphisms for conciseness and for ease of comparison
with [14, Theorem 5.2].

Lie algebra g Value of parameters Dimension of
H2(g) HL2(g) H1(g; g)

W(a, b)

(a, b) ∈ C2 \ {(1
2
, 0), (0, 1), 1 1 1

(0, 2), (0, 1), (0, 0)}
a = 1

2
, b = 0 2 2 1

a = 0, b = −1 2 2 1
a = 0, b = 2 1 2 2

W(0, 1) ∼= WA(0) a = 0, b = 1; λ = 0 3 4 2
W(0, 0) ∼= WB(0) a = 0, b = 0; λ = 0 3 3 3

WA(λ) λ ∈ P1 \ {0} 2 3 2

WB(λ) λ ∈ P1 \ {0} 3 3 2

W̃ − 4 4 3

Table 1: The dimensions of the cohomology spaces of W(a, b) , WX(λ) , and W̃
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Lie algebra Value of parameters Automorphism group

W(a, b)
a ∈ C \ 1

2
Z, b ∈ C C∞ o (C× × C×)

a ∈ 1
2
Z, b ∈ C C∞ o (Z/2Z n (C× × C×))

W(0, 1) ∼= WA(0) a = 0, b = 1; λ = 0 C∞ o (Z/2Z n (C× × C×))

W(0, 0) ∼= WB(0) a = 0, b = 0; λ = 0 C∞ o (Z/2Z n (C× × C×))

WA(λ)
λ ∈ P1 \ {0,−1} C∞ o (C× × C×)

λ = −1 C∞ o (Z/2Z n (C× × C×))

WB(λ)
λ ∈ P1 \ {0,−1} C∞ o (C× × C×)

λ = −1 C∞ o (Z/2Z n (C× × C×))

Table 2: Structures (simplified) of the automorphism groups of W(a, b) and WX(λ)

2. Preliminaries
In this section, we provide a brief review of Lie algebra cohomology. We refer the
reader to [13, Chapter 1] for a more thorough introduction to the subject. Let g be
a Lie algebra and ρ : g → EndM be a g-module, both possibly infinite-dimensional.

Definition 2.1. Let p ∈ N . The p-cochains of g with values in M , denoted
Cp(g;M) , are the M-valued alternating p-linear functionals on g . Under the
identification

Cp(g;M) = Hom
(∧p

g,M
)
∼=

∧p
g∗⊗M,

the space of cochains is a g-module by natural extension of the coadjoint action of g
on g∗ . For completeness, also note that Cp(g;M) = 0 if p < 0 and C0(g;M) ∼= M .
The Lie algebra cohomology of g with values in M , denoted H∗(g;M) , is the
cohomology of the cochain complex

· · · → Cp−1(g;M) → Cp(g;M) → Cp+1(g;M) → · · ·

with differential

dϕ(x1, x2, . . . , xp+1) =

p+1∑
i=1

(−1)i+1ρ(xi)ϕ(x1, . . . , x̂i, xi+1, . . . , xp+1)

+
∑

1≤i<j≤p+1

(−1)i+jϕ([xi, xj], x1, . . . , x̂i, . . . , x̂j, . . . , xp+1),

(2.1)

where ˆ denotes omission, for all ϕ ∈ Cp(g;M) and x1, x2, . . . , xp+1 ∈ g .
We denote the space of p-cocycles (respectively, p-coboundaries) of g with values
in M by Zp(g;M) (respectively, Bp(g;M)), and so

Hp(g;M) := Zp(g;M)/Bp(g;M).
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If M = C regarded as the trivial g-module, the first term in (2.1) vanishes. For
convenience, we write Cp(g) := Cp(g;C) , Zp(g) := Zp(g;C) , Bp(g) := Bp(g;C) ,
and Hp(g) := Hp(g;C) .
We briefly discuss some interpretations of the low-dimensional cohomology spaces of
a Lie algebra. Firstly, it is easy to see from the definition of Lie algebra cohomology
that H1(g) ∼= g/[g, g] is the abelianisation of the Lie algebra g .
The cohomology space H1(g;M) of g with coefficients in a g-module M also has
an interpretation: it is the space of outer derivations of g into M : we have

H1(g;M) ∼= Der(g,M)/ Inn(g,M).

We recall the notion of a derivation of a Lie algebra below.

Definition 2.2. A derivation of a Lie algebra g with values in a g-module M is
a linear map d : g →M such that

d([x, y]) = x · d(y)− y · d(x)

for x, y ∈ g . We write Der(g,M) for the set of derivations g with values in M , and
simply write Der(g) instead of Der(g, g) .
A derivation d ∈ Der(g,M) is inner if there exists m ∈ M such that d(x) = x ·m .
We write Inn(g,M) for the set of inner derivations of g with values in M . As
before, we write Inn(g) instead of Inn(g, g) .

The second cohomology H2(g) classifies one-dimensional central extensions of g , as
we now explain.

Definition 2.3. Let 0 → a → ĝ → g → 0 be a short exact sequence of Lie
algebras. We say that ĝ is a central extension of g (by a) if a is contained in the
center of ĝ .

It is easy to check that every one-dimensional central extension corresponds to a
2-cocycle (with values in C) and vice versa [26, Chapter 4]. Central extensions
corresponding to 2-coboundaries are always trivial (i.e. give rise to split exact
sequences), and ω1, ω2 ∈ Z2(g; a) generate equivalent central extensions if and only
if ω1 − ω2 ∈ B2(g; a) . Thus, the second cohomology group H2(g; a) is in one-to-one
correspondence with the set of equivalence classes of central extensions by a . Given
that any a can be written as a direct sum of one-dimensional Lie algebras, it is
natural to ask if studying the one-dimensional central extensions of g informs us
about the universal central extension of g , defined below.

Definition 2.4. A central extension 0 → a → ĝ → g → 0 of a Lie algebra g
is universal if for every other central extension 0 → b → g̃ → g → 0 , there exist
unique maps ĝ → g̃ and a → b such that the following diagram commutes:

0 a ĝ g 0

0 b g̃ g 0

id
.

It is well-known that a Lie algebra g has a universal central extension if and only if
g is perfect [29, Theorem 7.9.2].
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The following well-known result makes explicit the relationship between H2(g)
(which classifies one-dimensional central extensions of g) and universal central ex-
tensions of a perfect Lie algebra.

Proposition 2.5. Let g be a perfect Lie algebra and let n = dimH2(g). Let
Ω1, . . . ,Ωn ∈ Z2(g) be 2-cocycles whose images in cohomology form a basis for
H2(g). Define

ĝ = g⊕ Cc1 ⊕ . . .⊕ Ccn,
where the ci are central, and the other brackets are given by

[x, y]ĝ = [x, y]g +
n∑

i=1

Ωi(x, y)ci, (2.2)

where x, y ∈ g. Then ĝ is the universal central extension of g.

Proof. This follows immediately from [29, Theorem 7.9.2] and the duality be-
tween H2(g) and H2(g) (see [13, p.16]).
We now introduce the Lie algebras of interest in this paper.

Definition 2.6. Let W be the Witt algebra, with basis {Ln}n∈Z and Lie bracket
[Ln, Lm] = (m− n)Ln+m.

The Witt algebra has a natural Z-grading, with deg(Ln) = n . It is the Lie
algebra of derivations of the ring of Laurent polynomials. Under the identification
W = Der(C[t, t−1]) = C[t, t−1] d

dt
, we have Ln = tn+1 d

dt
.

In this paper, we study semi-direct sums of W with its intermediate series modules,
defined below.

Definition 2.7. An intermediate series module of a Z-graded Lie algebra g =⊕
n∈Z gn is a Z-graded g-module M =

⊕
n∈ZMn such that dimMn = 1 for all

n ∈ Z .

Indecomposable intermediate series modules of W were classified in [19]: they
consist of a family {I(a, b) | a, b ∈ C} , whose elements are known as tensor density
modules, and two families {A(λ) | λ ∈ P1} and {B(λ) | λ ∈ P1} . An analogous
classification of the intermediate series modules of generalised (or higher rank) Witt
algebras was obtained in [28].
In this paper, we identify P1 = C ∪ {∞} , where, for a, b ∈ C , the point [a : b] ∈ P1

corresponds to a
b

if b 6= 0 , or ∞ if b = 0 . Fixing a, b, λ ∈ C and letting
{In}n∈Z, {An}n∈Z, {Bn}n∈Z be bases for I(a, b), A(λ), B(λ) , respectively, the action
of W on these modules is given by

Ln · Im = (a+ bn+m)In+m,

Ln · Am = (n+m+ n(n+ 1)λδ0m)An+m,

Ln ·Bm = (m− n(n+ 1)λδ0n+m)Bn+m,

(2.3)

where δ0n is the Kronecker delta symbol. When λ = ∞ , the n(n+1)λ term becomes
n2 , in other words, the action of W on A(∞) and B(∞) is given by

Ln · Am = (n+m+ n2δ0m)An+m,

Ln ·Bm = (m− n2δ0n+m)Bn+m.
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Note that A(0) ∼= I(0, 1) and B(0) ∼= I(0, 0) , while I(a, b) ∼= I(a+k, b) for all k ∈ Z
and I(1

2
, 0) ∼= I(1

2
, 1) [14, Lemma 2.1]. For this reason, following the conventions of

[14], we always assume that a = 0 in I(a, b) if a ∈ Z .
Since the modules A(λ) and B(λ) seem much more mysterious than the tensor
density modules, we now spend some time explaining how they arise, and describe
their relationship to the other intermediate series modules. The tensor density
modules can be viewed as

I(a, b) = ta−bC[t, t−1]dtb.

Under this identification, the action of W on I(a, b) is the following:

f∂ · (g dtb) = (fg′ + bf ′g)dtb.

Thus, I(0, 0) is C[t, t−1] with its usual action of W by derivations, I(0,−1) is
C[t, t−1]dt−1 ∼= W with the adjoint action of W , and I(0, 1) is C[t, t−1]dt , the space
of 1-forms.
Recall that the tensor density modules I(a, b) are irreducible for all a, b ∈ C , except
for the functions I(0, 0) and 1-forms I(0, 1) . These two modules are mutually dual
with unique nontrivial proper submodules C and

J̃ := span{tn dt | n ∈ Z \ {−1}} , respectively.

Note that when we say “dual”, we mean that I(0, 0) is the restricted dual of I(0, 1) ,
and vice-versa. The restricted dual of a graded W -module M =

⊕
n∈ZMn with

dimMn < ∞ for all n ∈ Z is the graded W -module M′ =
⊕

n∈ZM
′
n with

M′
n = HomC(M−n,C) . Furthermore, the quotient Ĩ := I(0, 0)/C is irreducible,

self-dual, and isomorphic to the nontrivial proper submodule J̃ .
This relationship between I(0, 0) and I(0, 1) can be explained by introducing the
following natural W -maps. First, we have the de Rham differential

d : I(a, 0) → I(a, 1), f 7→ df = f ′ dt.

Using this map, we see that the action of W on I(0, 1) can be described as follows:

f∂ · (g dt) = (fg′ + f ′g)dt = (fg)′ dt = d(fg).

When a = 0 , it is clear that the kernel of d consists of the constant functions C ,
and that the image of d is J̃ , which yields the isomorphism Ĩ ∼= J̃ .
Another natural W -map is the residue map, defined by

Res: I(0, 1) → C, f dt 7→ 1

2πi

∮
0

f dt.

More concretely, the residue map extracts the coefficient of t−1 in the Laurent
polynomial f . It is clear that ker(Res) = J̃ .
Additionally, we have the multiplication map

· : I(a1, b1)⊗ I(a2, b2) → I(a1 + a2, b1 + b2)

f dtb1 ⊗ g dtb2 7→ fg dtb1+b2 .
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The self-duality of Ĩ is witnessed by the invariant skew-symmetric form

〈f, g〉 := Res(f · dg) =
∮
0

fg′ dt, (2.4)

where an invariant form is defined below.

Definition 2.8. Let g be a Lie algebra and M be a g-module. A bilinear form
θ : M×M → C is said to be invariant if it satisfies

θ(x · u, v) + θ(u, x · v) = 0 for all x ∈ g and u, v ∈ M .

Similarly, we can see the duality between I(0, b) and I(0, 1− b) via the form

B(f dtb, g dt1−b) := Res(f dtb · g dt1−b) =

∮
0

fg dt. (2.5)

Finally, we have the Lie bracket

[−,−] : I(a, b1)⊗ I(a, b2) → I(a, b1 + b2 + 1)

f dtb1 ⊗ g dtb2 7→ (−b1fg′ + b2f
′g)dtb1+b2+1.

The multiplication map and the Lie bracket equip the space F :=
⊕

b∈Z I(0, b) with
a Poisson algebra structure. See [25, Theorem 2.10] for more details.
The modules A(λ) and B(λ) arise as follows: H1(W ; Ĩ) is two-dimensional. Noting
that H1(W ; Ĩ) ∼= Der(W , Ĩ)/ Inn(W , Ĩ) , we can view an element of H1(W ; Ĩ) as a
derivation of W with coefficients in Ĩ . Given δ ∈ Der(W , Ĩ) , we can form a new
W -module Ĩδ as follows: as a vector space, Ĩδ = Ĩ ⊕ Cδ with W -action given by
letting Ĩ be a submodule of Ĩδ , and defining

w · δ = −δ(w),

where w ∈ W . This yields a family of extensions of C by Ĩ , but not all of these
are indecomposable. The indecomposable members of this family are the modules
A(λ) , parametrised by P1 . We then get the dual family B(λ) of indecomposable
extensions of Ĩ by C [27, Remark 3.1].
Therefore, we may view A(λ) and B(λ) as the spaces of 1-forms C[t, t−1]dt and
functions C[t, t−1] respectively, with deformed actions of W . Under this perspective,
we have An = tn−1 dt and Bn = tn . For λ ∈ C , to define the cocycle giving rise to
A(λ) as an extension of C by Ĩ ∼= J̃ , we introduce the following derivation

δ1 : W → J̃ , f∂ 7→ df ′ = f ′′ dt.

We can then write the action of W on A(λ) = C[t, t−1]dt as

f∂ · (g dt) =
(
fg′ + f ′g + λRes(g dt)f ′′)dt = d(fg + λRes(g dt)f ′).

It is easy to check that the above action coincides with the definition of A(λ) as a
deformation of I(0, 1) given in (2.3), provided λ 6= ∞ . For the case λ = ∞ , we
must also use the derivation

δ2 : W → J̃ , f∂ 7→ d(t−1f) = (t−1f − t−2f)dt.
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Then the action of W on A(∞) is
f∂ · (g dt) =

(
fg′ + f ′g +Res(g dt)(f ′′ − t−1f ′ + t−2f)

)
dt

= d
(
fg +Res(g dt)(f ′ − t−1f)

)
,

which we get from the derivation δ1 − δ2 ∈ Der(W , J̃) . We can easily see that δ1
and δ2 are the compositions of the derivations

δ̃1 : W → I(0, 0), δ̃2 : W → I(0, 0)

f∂ 7→ f ′, f∂ 7→ t−1f

with the de Rham differential d . We note that the classes of δ1 and δ2 span the
space H1(W ; J̃) ∼= H1(W ; Ĩ) (see Corollary 9.2).
For λ ∈ C , the cocycle defining B(λ) is dual to δ1 , and the action of W on
B(λ) = C[t, t−1] can be written as

f∂ · g = fg′ + λ〈f ′, g〉,
where 〈−,−〉 is the skew-symmetric bilinear form defined in (2.4). For λ = ∞ , we
use the cocycle dual to δ1 − δ2 , giving the formula

f∂ · g = fg′ + 〈f ′ − t−1f, g〉
for the action of W on B(∞) .
By the discussion above, we see that the module A(λ) has an irreducible submodule
W · A(λ) = span{An | n ∈ Z \ {0}} ∼= Ĩ with a one-dimensional trivial quotient
A(λ)/(W·A(λ)) ∼= C , while B(λ) has a one-dimensional trivial submodule CB0 with
an irreducible quotient B(λ)/CB0 isomorphic to Ĩ . This can be seen by noticing
that the de Rham differential is still a W -map under the deformed W -actions on
C[t, t−1] and C[t, t−1]dt , as we prove next.

Lemma 2.9. Let λ, µ ∈ P1 . Then the de Rham differential d : B(λ) → A(µ)
is a homomorphism of W -representations, where we view A(µ) = C[t, t−1]dt and
B(λ) = C[t, t−1] as vector spaces. The map d induces an isomorphism

B(λ)/CB0
∼= W · A(µ).

Proof. First, note that d(Bn) = nAn for all n ∈ Z . Let n,m ∈ Z such that
n+m 6= 0 . Then

d(Ln ·Bm) = md(Bn+m) = m(n+m)An+m,

Ln · d(Bm) = mLn · Am = m(n+m+ n(n+ 1)µδ0m)An+m = m(n+m)An+m,

where we used that mδ0m = 0 in the last equality, so we see that d(Ln · Bm) =
Ln · d(Bm) whenever n+m 6= 0 . We also have

d(Ln ·B−n) = −(n+ n(n+ 1)λ)d(B0) = 0,

Ln · d(B−n) = −nLn · A−n = 0,

where we used that Ln · A−n = 0 in the last equality. Combining the above, we
conclude that d(Ln · Bm) = Ln · d(Bm) for all n,m ∈ Z , so d is a homomorphism
of W -modules, as required.
For the final sentence, we simply note that ker(d) = CB0 , while

Im(d) = span{An | n ∈ Z \ {0}} = W · A(µ) .
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Semi-direct sums of W with its tensor density modules I(a, b) , which we denote

W(a, b) := W n I(a, b),

have been studied in [14]. In particular, the authors computed (Leibniz) central
extensions, derivations, and automorphisms of W(a, b) . We summarise their results
below.

Theorem 2.10. ([14], Theorems 2.3, 3.5, 4.7, and 5.2) Let a, b ∈ C. The space
of central extensions of W(a, b) has the following dimension:

dim(H2(W(a, b))) =


3, if (a, b) = (0, 0) or (0, 1),

2, if (a, b) = (0,−1) or (1
2
, 0),

1, otherwise.

Furthermore, there are only two values of (a, b) ∈ C2 for which W(a, b) has extra
non-trivial Leibniz central extensions:

dim(HL2(W(a, b))) =

{
dim(H2(W(a, b))) + 1, if (a, b) = (0, 1) or (a, b) = (0, 2),

dim(H2(W(a, b))), otherwise.

The space of outer derivations of W(a, b) has the following dimension:

dim(H1(W(a, b);W(a, b))) =


3, if (a, b) = (0, 0),

2, if (a, b) = (0, 1) or (0, 2),

1, otherwise.

Finally, the automorphism group of W(a, b) has the following structure:

Aut(W(a, b)) ∼=

{
C∞ o (C× × C×), if a /∈ 1

2
Z,

C∞ o (Z/2Z n (C× × C×)), otherwise.

Remark 2.11. Note that the Leibniz cohomology result for W(0, 1) in Theorem
2.10 is different to the one in [14, Theorem 3.5]. In particular, they claim that
dim(HL2(W(0, 1))) = dim(H2(W(0, 1))) + 2 . This is due to an error in [14, Lemma
3.2], which we correct in Section 6.

We focus on semi-direct sums of W with the intermediate series modules A(λ) and
B(λ) for λ ∈ P1 , and prove analogous results to those of Theorem 2.10. We denote
the resulting semi-direct sums by

WA(λ) := W n A(λ), WB(λ) := W nB(λ),

spanned by {Ln, An}n∈Z and {Ln, Bn}n∈Z , respectively. For n,m ∈ Z , the Lie
brackets are given by

[Ln, Lm] = (m− n)Ln+m

[Ln, Am] = (n+m+ n(n+ 1)λδ0m)An+m, [Ln, Bm] = (m− n(n+ 1)λδ0n+m)Bn+m

[An, Am] = 0, [Bn, Bm] = 0.
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Note that WB(λ) is perfect (in other words, [WB(λ),WB(λ)] = WB(λ)), while
WA(λ) is not: we have

[WA(λ),WA(λ)] = span{Ln, Am | n∈Z, m∈Z \ {0}} = W n (W · A(λ)) ∼= W n Ĩ .

When discussing WA(λ) and WB(λ) simultaneously, we write WX(λ) , where X = A
or B . In such cases, we also write Xn instead of An or Bn , where n ∈ Z .
Furthermore, we define

ωA(λ)(n,m) = n+m+ n(n+ 1)λδ0m, ωB(λ)(n,m) = m− n(n+ 1)λδ0n+m.

Thus, when we discuss the brackets [Ln, Am] and [Ln, Bm] simultaneously, we write

[Ln, Xm] = ωX(λ)(n,m)Xn+m.

3. Central extensions
Our first goal is to compute H2(WX(λ)) for λ ∈ P1 , which classifies central exten-
sions of these Lie algebras. In other words, we want to look for non-trivial 2-cocycles
on WX(λ) , which are antisymmetric bilinear maps WX(λ)×WX(λ) → C .
Since WB(λ) is perfect, it follows by [29, Theorem 7.9.2] that WB(λ) has a universal
central extension, while WA(λ) does not. Regardless, we can still classify one-
dimensional central extensions of WA(λ) by computing H2(WA(λ)) , although there
is no universal one.
The computation of 2-cocycles is simplified by the decomposition formula given in
[15, Proposition 1]. We present a more general version of this result here.

Proposition 3.1. Let M be a g-module over some Lie algebra g. The coho-
mology groups of gnM, where M is endowed with an abelian Lie bracket, split as
follows:

Hn(gnM) ∼=
⊕

k+ℓ=n

Hk(g;
∧ℓ

M∗), (3.1)

where M∗ = Hom(M,C) is the dual of M.

Proof. Given ψ∈Cn(gnM) and k, `∈N with k+`=n , we define ψkℓ∈Cn(gnM)
as follows:

ψkℓ(x1, . . . , xr, v1, . . . , vs) :=

{
ψ(x1, . . . , xk, v1, . . . , vℓ), if r = k, s = `,

0, otherwise,

where r + s = n , xi ∈ g , and vi ∈ M . Then

ψ =
∑

k+ℓ=n

ψkℓ for all ψ ∈ Cn(gnM) .

Define Ck,ℓ(gnM) := {ψkℓ | ψ ∈ Ck+ℓ(gnM)} .

It is clear that Ck,ℓ(gnM) ∼= Hom
(∧k g⊗

∧ℓ M,C
)

.

The space of cochains Cn(gnM) = Hom
(∧n(gnM),C

)
splits as

Cn(gnM) =
⊕

k+ℓ=n

Ck,ℓ(gnM).
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Now we show that d preserves ` , leading to a subcomplex (C · ,ℓ(gnM), d) for each
` ∈ N . Using the fact that [xi, xj] ∈ g , [xi, vj] ∈ M , [vi, vj] = 0 , the formula (2.1)
applied to ψkℓ ∈ Ck,ℓ(gnM) reduces to

dψkℓ(x1, . . . , xr, v1, . . . , vs)

=
∑

1≤i<j≤r

(−1)i+jψkℓ([xi, xj], x1, . . . , x̂i, . . . , x̂j, . . . , xr, v1, . . . , vs)

+
k+1∑
i=1

ℓ∑
j=1

(−1)i+j+rψkℓ([xi, vj], x1, . . . , x̂i, . . . , xr, v1, . . . , v̂j, . . . , vs), (3.2)

where r + s = n+ 1 , xi ∈ g , and vi ∈ M . In both of the summations in (3.2), the
number of entries in g is reduced by one while the number of entries in M is left
the same. It follows by definition of ψkℓ that (3.2) is non-trivial only if r = k + 1
and s = ` . This proves that dψkℓ ∈ Ck+1,ℓ(gnM) , as claimed.
We therefore define H· ,ℓ(g n M) to be the cohomology of the cochain complex
(C · ,ℓ(gnM), d) . It follows that

Hn(gnM) ∼=
⊕

k+ℓ=n

Hk,ℓ(gnM).

To prove the isomorphism in the statement of the proposition, we show that the
cochain complexes C · ,ℓ(gnM) and C · (g;

∧ℓ M∗) are isomorphic, which will yield

Hk,ℓ(gnM) ∼= Hk(g;
∧ℓ

M∗).

This isomorphism is constructed as follows:

Φ: Ck,ℓ(gnM) → Ck(g;
∧ℓ

M∗),

defined by
(
Φ(ψkℓ)(x1, . . . , xk)

)
(v1, . . . , vℓ) = ψkℓ(x1, . . . , xk, v1, . . . , vℓ) , where

ψkℓ∈Ck,ℓ(gnM) , xi∈g , and vi∈M . It is clear that Φ is bijective for all k, `∈N .
We now show that Φ is a chain map. To that end, let ψkℓ ∈ Ck,ℓ(g n M) . The
definition of the differential in (2.1) gives

dΦ(ψkℓ)(x1, . . . , xk+1) =
k+1∑
i=1

(−1)i+1xi · Φ(ψkℓ)(x1, . . . , x̂i, . . . , xk+1)

+
∑

1≤i<j≤k+1

(−1)i+jΦ(ψkℓ)([xi, xj], x1, . . . , x̂i, . . . , x̂j, . . . , xk+1). (3.3)

We briefly remark that one should, strictly speaking, use a different symbol for
the differential in (3.3), since it is meant to refer to the differential of the cochain
complex whose cochains are given by C · (g;

∧ℓ M∗) . However, since it is constructed
canonically from the one defined in (2.1), we abuse notation by using the same
symbol, thereby also avoiding superfluous notation. On the other hand, using (3.2),
we get
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Φ(dψkℓ)(x1, . . . , xk+1)

)
(v1, . . . , vℓ) = dψkℓ(x1, . . . , xk+1, v1, . . . , vℓ)

=
∑

1≤i<j≤k+1

(−1)i+jψkℓ([xi, xj], x1, . . . , x̂i, . . . , x̂j, . . . , xk+1, v1, . . . , vℓ)

+
k+1∑
i=1

ℓ∑
j=1

(−1)i+j+k+1ψkℓ([xi, vj], x1, . . . , x̂i, . . . , xk+1, v1, . . . , v̂j, . . . , vℓ).

In the second summation, we can move the [xi, vj] term to the right as follows:
k+1∑
i=1

ℓ∑
j=1

(−1)i+j+k+1ψkℓ([xi, vj], x1, . . . , x̂i, . . . , xk+1, v1, . . . , v̂j, . . . , vℓ)

=
k+1∑
i=1

ℓ∑
j=1

(−1)iψkℓ(x1, . . . , x̂i, . . . , xk+1, v1, . . . , vj−1, [xi, vj], vj+1, . . . , vℓ).

By definition of Φ , we get(
Φ(dψkℓ)(x1, . . . , xk+1)

)
(v1, . . . , vℓ)

=
∑

1≤i<j≤k+1

(−1)i+j
(
Φ(ψkℓ)([xi, xj], x1 . . . x̂i, . . . , x̂j, . . . , xk+1)

)
(v1, . . . , vℓ)

+
k+1∑
i=1

ℓ∑
j=1

(−1)i
(
Φ(ψkℓ)(x1, . . . , x̂i, . . . , xk+1)

)
(v1, . . . , vj−1, [xi, vj], vj+1, . . . , vℓ).

The definition of the action of g on Hom(
∧ℓM,C) now gives(

Φ(dψkℓ)(x1, . . . , xk+1)
)
(v1, . . . , vℓ)

=
k+1∑
i=1

(−1)i+j
(
Φ(ψkℓ)([xi, xj], x1 . . . x̂i, . . . , x̂j, . . . , xk+1)

)
(v1, . . . , vℓ)

+
k+1∑
i=1

(−1)i+1
(
xi · Φ(ψkℓ)(x1, . . . , x̂i, . . . , xk+1)

)
(v1, . . . , vℓ).

We conclude that

Φ(dψkℓ)(x1, . . . , xk+1) =
k+1∑
i=1

(−1)i+jΦ(ψkℓ)([xi, xj], x1 . . . x̂i, . . . , x̂j, . . . , xk+1)

+
k+1∑
i=1

(−1)i+1xi · Φ(ψkℓ)(x1, . . . , x̂i, . . . , xk+1). (3.4)

Combining (3.3) and (3.4), we see that Φ(dψkℓ) = dΦ(ψkℓ) , which proves that Φ
is a chain map. Since Φ is bijective for all k, ` ∈ N , we conclude that Φ is an
isomorphism of cochain complexes

C · ,ℓ(gnM)
Φ∼= C · (g;

∧ℓ
M∗)

for all ` ∈ N . It follows that Hk,ℓ(g n M) ∼= Hk(g;
∧ℓ M∗) for all k, ` ∈ N , as

claimed, which concludes the proof.
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As an immediate consequence of Proposition 3.1 in the case n = 2 , we recover [15,
Proposition 1].

Corollary 3.2. [15, Proposition 1] Let g be a Lie algebra and M be a g-module.

Then H2(gnM) ∼= H2(g)⊕ H1(g;M∗)⊕Bg(M), (3.5)

where Bg(M) is the space of g-invariant skew-symmetric bilinear forms on M.

Remark 3.3. Proposition 3.1 does not hold when M is endowed with a non-
abelian Lie algebra structure. This failure is evidently seen when considering the
case n = 2 in the following situation: if [w,w′] were non-zero for some w,w′ ∈ M ,
Ω ∈

∧2(gnM)∗ is a 2-cocycle only if

Ω(w, [w′, v]) + Ω(w′, [v, w]) + Ω(v, [w,w′]) = 0

for all v ∈ g . In particular, Ω
∣∣∧2 M

/∈ Bg(M) in general. Consequently, the full
cohomology space does not split into direct sums of vector spaces described by the
proposition. In fact, in [15, Proposition 1] and its proof, it is implicitly assumed
that the module V has an abelian Lie algebra structure. This result was also used
in [30].

To formulate the cohomology splitting given by Corollary 3.2 in terms of the gener-
ators of WX(λ) , we make the following definition.

Definition 3.4. A 2-cocycle Ω on WX(λ) is called, for all n,m ∈ Z ,
• a Virasoro cocycle if Ω(Ln, Xm) = Ω(Xn, Xm) = 0 ;
• an abelian cocycle if Ω(Ln, Lm) = Ω(Ln, Xm) = 0 ;
• a mixing cocycle if Ω(Ln, Lm) = Ω(Xn, Xm) = 0 .

We now make the following identifications with the decomposition in Corollary 3.2:

H2
Vir(WX(λ)) ∼= H2(W),

H2
Mix(WX(λ)) ∼= H1(W ;X(λ)′),

H2
Ab(WX(λ)) ∼= BW(X(λ)),

where H2
Vir(WX(λ)) , H2

Ab(WX(λ)) and H2
Mix(WX(λ)) denote the images of the

spaces of Virasoro, abelian and mixing cocycles in H2(WX(λ)) , respectively. Note
that the second isomorphism simplifies the computation of outer derivations of
WX(λ) . We elaborate on this in Section 8.
We therefore arrive at the following decomposition of H2(WX(λ)) which we use
throughout this and the next two sections:

H2(WX(λ)) = H2
Vir(WX(λ))⊕ H2

Ab(WX(λ))⊕ H2
Mix(WX(λ)). (3.6)

Proposition 3.1 implies that the Gelfand-Fuchs cocycle

ΩVir(Ln, Lm) =
1

12
n(n2 − 1)δ0m+n. (3.7)

can always be pulled back to a non-trivial cocycle on WX(λ) .
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In terms of Laurent polynomials, the Gelfand-Fuchs cocycle has the following form:
given f, g ∈ C[t, t−1] , we have

ΩVir(f∂, g∂) =
1

12
〈f ′, g′〉 = 1

12
Res(f ′g′′ dt).

It is a well-known fact that the Gelfand-Fuchs cocycle produces the Virasoro algebra
Vir , the universal central extension of the Witt algebra [26]. Since X(λ) is an ideal
in WX(λ) , it follows that the Gelfand-Fuchs cocycle extends to the unique cohomo-
logically non-trivial Virasoro cocycle on WX(λ) . Thus, dim(H2

Vir(WX(λ))) = 1 , so
dim(H2(WX(λ))) ≥ 1 for all X ∈ {A,B} and λ ∈ P1 .
The main result of this section is the computation of central extensions of WX(λ)
for X ∈ {A,B} and λ ∈ P1 .

Theorem 3.5. Let λ ∈ P1 . Then

dim(H2(WA(λ))) =

{
3, if λ = 0,

2, if λ 6= 0,

dim(H2(WB(λ))) = 3.

More explicitly, for X = A and λ ∈ P1 we define ΩA
Mix ∈ Z2(WA(λ)), for X = A

and λ = 0 we define ΩA
0 ∈ Z2(WA(0)), and for X = B and λ ∈ P1 we define

ΩB
Ab,Ω

B
Mix ∈ Z2(WB(λ)) as follows, where we specify only the non-zero components

of the cocycles:

ΩA
0 (Ln, Am) = nδ0n+m; ΩA

Mix(Ln, Am) =

{
(λ+ 1)δ0m, if n = 0 and λ 6= ∞,

δ0n+m, otherwise;

ΩB
Ab(Bn, Bm) = nδ0n+m; ΩB

Mix(Ln, Bm) =

{
nδ0n+m, if λ 6= 0,

n(n+ 1)δ0n+m, if λ = 0;

for all n,m∈Z. The spaces of one-dimensional central extensions are then given by

H2(WA(λ)) =

{
CΩVir ⊕ CΩA

0 ⊕ CΩA

Mix, if λ = 0.

CΩVir ⊕ CΩA

Mix, if λ 6= 0.

H2(WB(λ)) = CΩVir ⊕ CΩB

Ab ⊕ CΩB

Mix,

where Ω denotes the image of the 2-cocycle Ω ∈ Z2(WX(λ)) in the cohomology space
H2(WX(λ)). Here, ΩVir is the Gelfand-Fuchs cocycle in (3.7).

Remark 3.6. Under the identification B(λ) = C[t, t−1] mentioned in Section
2, the cocycle ΩB

Ab is the invariant skew-symmetric form 〈−,−〉 defined in (2.4).
Specifically, letting f, g ∈ C[t, t−1] = B(λ) , we have

ΩB
Ab(f, g) = 〈g, f〉 = Res(f ′g dt).

On the other hand, the form 〈−,−〉 on Ĩ does not extend to A(λ) .
The cocycle ΩB

Mix is given by

ΩB
Mix(f∂, g) =

{
〈g, t−1f〉, if λ 6= 0,

〈g, f ′〉, if λ = 0.
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Similarly, using the identification A(λ) = C[t, t−1] , we get a description of the
cocycles ΩA

0 and ΩA
Mix in terms of polynomials. We have

ΩA
0 (f∂, g dt) = Res((f ′ − t−1f)g dt),

ΩA
Mix(f∂, g dt) =

{
Res(t−1fg dt) + λ〈t−1, f〉Res(g dt), if λ 6= ∞,

Res(t−1fg dt), if λ = ∞.

Using the form B defined in (2.5), we can also write the above as

ΩA
0 (f∂, g dt) = B(f ′ − t−1f, g dt)

ΩA
Mix(f∂, g dt) =

{
B(t−1f + λ〈t−1, f〉, g dt), if λ 6= ∞,

B(t−1f, g dt), if λ = ∞,

ΩB
Mix(f∂, g) =

{
B(g, d(t−1f)), if λ 6= 0,

B(g, d(f ′)), if λ = 0.

Theorem 3.5 implies that we can define central extensions of the Lie algebras WX(λ)
as follows: as vector spaces, let
VirA(λ) = WA(λ)⊕ CcVir ⊕ CcAMix and VirB(λ) = WB(λ)⊕ CcVir ⊕ CcBAb ⊕ CcBMix ,
where λ ∈ P1 \ {0} . The Lie brackets are then given by

[Ln, Lm] = (m− n)Ln+m +
1

12
n(n2 − 1)δ0n+mcVir,

[Ln, Am] =

{
mAm + (λ+ 1)δ0mc

A
Mix, if n = 0 and λ 6= ∞,

(n+m+ n(n+ 1)λδ0m)An+m + δ0n+mc
A
Mix, otherwise,

[An, Am] = 0,

[Ln, Bm] = (m− n(n+ 1)λδ0n+m)Bn+m + nδ0n+mc
B
Mix,

[Bn, Bm] = nδ0n+mc
B
Ab,

with cVir, c
A
Mix, c

B
Mix, c

B
Ab central. The central extension VirB(0) of WB(0) is defined

similarly, but the bracket [Ln, Bm] becomes [Ln, Bm] = mBn+m + n2δ0n+mc
B
Mix . The

central extension VirB(λ) of WB(λ) is universal for all λ ∈ P1 , while VirA(λ) is
not universal.

Remark 3.7. Let λ ∈ P1 and let B̂(λ) = B(λ)⊕CcBAb . As a Lie algebra, B̂(λ) is
the infinite-dimensional Heisenberg algebra H . It follows that the one-dimensional
central extension

WB(λ)⊕ CcBAb
∼= W n B̂(λ) ∼= WnλH

is a semi-direct sum of the Witt algebra with the Heisenberg algebra, where the
symbol nλ emphasises the dependence of the W -module structure of H on the
parameter λ . Similarly, the two-dimensional central extension

WB(λ)⊕ CcVir ⊕ CcBAb
∼= VirnB̂(λ) ∼= VirnλH

is a semi-direct sum of the Virasoro algebra with the Heisenberg algebra.
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To prove Theorem 3.5, we proceed with the search for abelian and mixing cocycles
on WX(λ) . First, we require a definition which will allow us to greatly simplify our
computations.

Definition 3.8. Let g be a Lie algebra. We say that g is internally graded if g
has an element x0 and a basis consisting of eigenvectors for adx0 . The Lie algebra
g is then naturally graded as follows:

gλ = {x ∈ g | [x0, x] = λx}, where λ ∈ C .

If g is internally graded, we say that a g-module M is internally graded if M has
a basis consisting of eigenvectors for the action of x0 . Then M is naturally graded
as follows:

Mλ = {z ∈ M | x0 · z = λz}, where λ ∈ C .

Certainly, the Lie algebras WX(λ) are internally Z-graded, with homogeneous
components given by the eigenspaces of L0 : we have

WX(λ)n = CLn + CXn

for all n ∈ Z , since Ln and Xn are eigenvectors of L0 with eigenvalue n . Through-
out this section, we will exploit this internal grading of WX(λ) to make our search
space significantly smaller.

Definition 3.9. Let g =
⊕

n∈Z gn be a Z-graded Lie algebra and M =
⊕

n∈ZMn

be a Z-graded g-module. For p ∈ Z , the degree 0 p-cochains of g with values in
M are defined as follows:

Cp
0 (g;M) =

{
ϕ ∈ Cp(g;M)

∣∣∣∣ ϕ(x1, . . . , xp) ∈ Mdeg(x1)+...+deg(xp),

where xi ∈ g are homogeneous

}
.

One can easily verify that d(Cp
0 (g;M)) ⊆ Cp+1

0 (g;M) for all p ∈ Z . Thus, we
define the degree 0 cohomology of g as the cohomology of the cochain complex
(C∗

0(g;M), d) , which we denote H∗
0(g;M) . As usual, we write C∗

0(g) and H∗
0(g)

instead of C∗
0(g;C) and H∗

0(g;C) .

In fact, when g is internally graded, the degree 0 cohomology of g is exactly the
same as the usual cohomology of g .

Theorem 3.10. [13, Theorem 1.5.2] Let g be an internally graded Lie algebra and
let M be an internally graded g-module. Then the inclusion C∗

0(g;M) → C∗(g;M)
induces an isomorphism in cohomology H∗

0(g;M) ∼= H∗(g;M).

By Theorem 3.10, the internally graded structure of WX(λ) means that any 2-
cocycle with coefficients in C can only be non-trivial on the degree zero part of
WX(λ)×WX(λ) . In other words, if Ω ∈ Z2(g) , we may assume that

Ω(Ln, Lm) = Ω(Ln, Xm) = Ω(Xn, Xm) = 0

for all n,m ∈ Z such that n+m 6= 0 .
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4. Abelian cocycles
The goal of this section is to compute H2

Ab(WX(λ)) for λ ∈ P1 and X = A or B .

Proposition 4.1. Let λ ∈ P1 . Then
H2

Ab(WA(λ)) = 0, and dim(H2
Ab(WB(λ))) = 1.

By the isomorphism H2
Ab(WX(λ)) ∼= BW(X(λ)) , Proposition 4.1 implies that

BW(A(λ)) = 0, and dim(BW(B(λ))) = 1.

By Theorem 3.10, we only need to compute abelian cocycles of degree 0 to prove
Proposition 4.1. In other words, we may assume that any abelian cocycle of WX(λ)
is of the form

Ω(Xn, Xm) = α(n)δ0n+m, (4.1)
where α : Z → C . By the antisymmetry of Ω , the function α must satisfy α(−n) =
−α(n) for all n ∈ Z , and in particular, α(0) = 0 .

Definition 4.2. A function α : Z → C is called an abelian cocycle function on
WX(λ) if the antisymmetric bilinear map Ω: WX(λ)×WX(λ) → C defined by

Ω(Xn, Xm) = α(n)δ0n+m

and Ω(Ln, Lm) = Ω(Ln, Xm) = 0 is a 2-cocycle, where n,m ∈ Z . The space of all
abelian cocycle functions on WX(λ) is denoted AbX(λ) , where X = A or B .

Note that there are no nonzero abelian coboundaries (that is, abelian cocycles which
are coboundaries): this is because if ϕ : WX(λ) → C gives rise to an abelian cocycle
dϕ , then

dϕ(Ln, Lm) = dϕ(Ln, Xm) = 0,

and dϕ(Xn, Xm) = ϕ([Xn, Xm]) = ϕ(0) = 0 for all n,m ∈ Z , so dϕ = 0 . Therefore,
we see that

H2
Ab(WX(λ)) ∼= AbX(λ).

If Ω is a cocycle on WX(λ) , then, for all n,m ∈ Z ,
Ω(Xn, [Xm, L−n−m]) + Ω(Xm, [L−n−m, Xn]) + Ω(L−n−m, [Xn, Xm]) = 0. (4.2)

We first look for abelian cocycles of WA(λ) . We aim to prove the following:

Proposition 4.3. Let λ ∈ P1 . Then there are no non-trivial abelian cocycles on
WA(λ), in other words, AbA(λ) = 0. Consequently, H2

Ab(WA(λ)) = 0.

We split this into two cases: λ 6= ∞ (in other words, λ ∈ C) and λ = ∞ .

Lemma 4.4. Let λ ∈ C and α ∈ AbA(λ). Then α = 0.
Proof. The cocycle condition (4.2) reads

(m+(m+n)(1−m−n)λδ0n)α(m)−(n+(m+n)(1−m−n)λδ0m)α(n) = 0, (4.3)
for all n,m ∈ Z . Consider m 6= 0, n = 0 . Then (4.3) gives

m
(
1 + (1−m)λ

)
α(m) = 0 ⇐⇒ (1 + (1−m)λ

)
α(m) = 0. (4.4)

Setting m = 1 above forces α(1) = 0 , and thus α(−1) = 0 due to the antisymmetry
of α : Z → C . Likewise, for any m ∈ Z , we obtain α(m) = 0 from the above, which
finishes the proof.
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Similarly to the case λ ∈ C , it is straightforward to prove that WA(∞) also does
not have any non-trivial abelian cocycles.

Lemma 4.5. Let α ∈ AbA(∞). Then α = 0.

Proof. The cocycle condition reads

(−n+ (m+ n)2δ0m)α(n)− (−m+ (m+ n)2δ0n)α(m) = 0, (4.5)

for all n,m ∈ Z . Once again, we consider m 6= 0, n = 0 , so (4.5) gives

m(1−m)α(m) = 0. (4.6)

By the same argument as for the λ 6= ∞ case, the above tells us that α(m) = 0 for
all m ∈ Z .
This concludes the proof of Proposition 4.3.
The situation for WB(λ) is very different to that of WA(λ) : we will see that there
is a non-trivial abelian cocycle, which we define below.

Notation 4.6. Define ι : Z → C by ι(n) = n for all n ∈ Z .

We now prove that ι is an abelian cocycle function for WB(λ) , and that AbB(λ) is
one-dimensional, spanned by ι .

Proposition 4.7. Let λ ∈ P1 . Then ι is the unique (up to scalar multiplication)
abelian cocycle function on WB(λ), in other words, AbB(λ) = Cι. In particular,
if Ω is an abelian cocycle on WB(λ) of degree zero, then, up to multiplication by a
scalar, we have

Ω(Bn, Bm) = nδ0n+m.

Consequently, dim(H2
Ab(WB(λ))) = 1.

Proof. Let α ∈ AbB(λ) . The cocycle condition (4.2) reads

(m+ (m+ n)(1−m− n)λδ0n)α(n)− (n+ (m+ n)(1−m− n)δ0m)α(m) = 0 (4.7)

for λ 6= ∞ , with −(m+ n)2 instead of (m+ n)(1−m− n)λ for λ = ∞ . The only
non-trivial case to consider is m,n 6= 0 , in which case, equation (4.7) gives

mα(n)− nα(m) = 0. (4.8)

Any abelian cocycle on WB(λ) has to satisfy (4.8) for m,n 6= 0 , with no other
constraints. To show that there is a unique (up to scalar multiplication) solution,
we set m = 1 in (4.8), which gives α(n) = nα(1) . We split the rest of the proof in
two cases: α(1) = 0 and α(1) 6= 0 .
If α(1) = 0 , the above gives α(n) = 0 for all n 6= 0 . But the antisymmetry of
α : Z → C implies α(0) = 0 , so α(n) = 0 for all n ∈ Z .
If α(1) 6= 0 , we obtain the nonzero solution α = α(1)ι . This concludes the proof.

Proposition 4.1 now follows by combining Propositions 4.3 and 4.7.
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5. Mixing cocycles
In this section, we now turn our attention to mixing cocycles on WX(λ) , with the
goal of computing H2

Mix(WX(λ)) .

Proposition 5.1. Let λ ∈ P1 . Then

dim(H2
Mix(WA(λ))) =

{
2, if λ = 0,

1, if λ 6= 0,

while dim(H2
Mix(WB(λ))) = 1.

By the isomorphism H2
Mix(WX(λ)) ∼= H1(W ;X(λ)′) , Proposition 4.1 implies that

dim(H1(W ;A(λ))) = 1,

dim(H1(W ;B(λ))) =

{
2, if λ = 0,

1, if λ 6= 0,
.

Where we have used that A(λ)′ ∼= B(λ) and B(λ)′ ∼= A(λ) .
Similarly to before, we may assume that a mixing cocycle Ω: WX(λ)×WX(λ) → C
is of the form

Ω(Ln, Xm) = β(n)δ0n+m, (5.1)
where β : Z → C . Note that in this case, we no longer have β(−n) = −β(n) .

Definition 5.2. A function β : Z → C is called a mixing cocycle function on
WX(λ) if the antisymmetric bilinear map Ω: WX(λ)×WX(λ) → C defined by

Ω(Ln, Xm) = β(n)δ0n+m

and Ω(Ln, Lm) = Ω(Xn, Xm) = 0 is a 2-cocycle, where n,m ∈ Z . If Ω is a
coboundary, then we call β a mixing coboundary function.
The space of all mixing cocycle functions on WX(λ) is denoted ZMixX(λ) , while
the space of mixing coboundary functions on WX(λ) is denoted BMixX(λ) .

In this case, we have H2
Mix(WX(λ)) ∼= ZMixX(λ)/BMixX(λ) , by Theorem 3.10.

The cocycle condition gives

Ω(Ln, [Lm, X−n−m]) + Ω(Lm, [X−n−m, Ln]) + Ω(X−n−m, [Ln, Lm]) = 0, (5.2)

where n,m ∈ Z , which gives a condition that mixing cocycle functions must satisfy.
As we did for abelian cocycles, we begin by considering WA(λ) . We first define a
mixing cocycle function for WA(λ) .

Notation 5.3. For λ ∈ C , define βλ : Z → C by

βλ(n) =

{
λ+ 1, if n = 0,

1, otherwise.

We define β∞ : Z → C by β(n) = 1 for all n ∈ Z .
Proposition 5.1 for WA(λ) will follow from the refinement in the next result.
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Proposition 5.4. Let λ ∈ P1 . Then ZMixA(0) = Cβ0 ⊕ Cι, where ι is as in
Notation 4.6, and ZMixA(λ) = Cβλ if λ 6= 0. In particular, if Ω is a mixing cocycle
on WA(λ) of degree zero, then for λ 6= 0 we have, up to multiplication by a scalar,

Ω(Ln, Am) =

{
(λ+ 1)δ0n+m, if n = 0 and λ 6= ∞,

δ0n+m, otherwise,

while for λ = 0, there exist a, b ∈ C such that Ω(Ln, Am) = (an+ b)δ0n+m .
Furthermore, BMixA(λ) = 0, so

dim(H2
Mix(WA(λ))) =

{
2, if λ = 0,

1, if λ 6= 0.

Since it is not entirely obvious, we first explicitly prove that βλ ∈ ZMixA(λ) .

Lemma 5.5. Let λ ∈ P1 . Then the map βλ is a mixing cocycle function on
WA(λ). In other words, there is a mixing cocycle Ω ∈ Z2(WA(λ)) defined by

Ω(Ln, Am) =

{
(λ+ 1)δ0n+m, if n = 0 and λ 6= ∞,

δ0n+m, otherwise,

for all n,m ∈ Z.

Proof. Consider λ ∈ C . In this case, the cocycle condition (5.2) gives

(−n+m(m+ 1)λδ0n+m)β(n)− (−m+ n(n+ 1)λδ0n+m)β(m)

+ (n−m)β(n+m) = 0. (5.3)

If n = 0 or m = 0 , then (5.3) for βλ is trivially satisfied. Furthermore, if m 6= −n
with n,m ∈ Z \ {0} , then (5.3) is once again easily checked.
Therefore, it suffices to check (5.3) for m = −n 6= 0 . In this case, we have

(−n+m(m+ 1)λδ0n+m)β0(n)− (−m+ n(n+ 1)λδ0n+m)β0(m) + (n−m)β0(n+m)

= −n+ n(n− 1)λ− (n+ n(n+ 1)λ) + 2(λ+ 1)n

= −n+ λn2 − λn− n− λn2 − λn+ 2λn+ 2n = 0,

as required. Now let λ = ∞ . Here, the cocycle condition gives

(−n+m2δ0n+m)β(n)− (−m+ n2δ0n+m)β(m) + (n−m)β(n+m) = 0. (5.4)

We need to check that β∞ satisfies (5.4). For n,m ∈ Z , we have

(−n+m2δ0n+m)β∞(n)− (−m+ n2δ0n+m)β∞(m) + (n−m)β∞(n+m)

= −n+m2δ0n+m − (−m+ n2δ0n+m) + n−m

= (n+m)(m− n)δ0n+m = 0,

as required.
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We now prove that there are no nonzero mixing coboundary functions on WA(λ) .
Lemma 5.6. Let λ ∈ P1 . Then there does not exist any nonzero mixing
coboundary function on WA(λ). In other words, BMixA(λ) = 0. Consequently,
H2

Mix(WA(λ)) ∼= ZMixA(λ).

Proof. Let β ∈ BMixA(λ) , so there exists some ϕ : WA(λ) → C such that
dϕ(Ln, A−n) = β(n) for all n ∈ Z . Then β(n) = dϕ(Ln, A−n) = −ϕ([Ln, A−n]) = 0
for all n ∈ Z , so β = 0 .
We now complete the proof of Proposition 5.4 by proving that βλ is the unique (up
to scalar multiplication) mixing cocycle function on WA(λ) for λ 6= 0 . Note that
when λ = 0 , we can apply [14, Theorem 2.3], since A(0) ∼= I(0, 1) as representations
of W .
Proof of Proposition 5.4. Let β ∈ ZMixA(λ) . As mentioned above, the proof
for λ = 0 follows by [14, Theorem 2.3]: we have

dim(ZMixA(0)) = dim(H2
Mix(WA(0))) = dim(H2

Mix(W(0, 1))) = 2.

Indeed, β0 gives an element of ZMixA(0) by Lemma 5.5, while ι from Notation 4.6
is also a mixing cocycle function on WA(0) . Therefore, ZMixA(0) is spanned by β0
and ι .
Thus, we may assume that λ 6= 0 . We analyse the cases λ ∈ C \ {0} and λ = ∞
separately.
First, consider λ ∈ C\{0} . Let β′ = β−β(1)βλ , so that β′ is still a mixing cocycle
function on WA(λ) and β′(1) = 0 . We claim that β′(−1) = 0 .
Assume, for a contradiction, that β′(−1) 6= 0 . Rescaling β′ if necessary, we may
assume that β′(−1) = 1 . Taking n = 2 and m = −1 in (5.3), we get β′(2) = −1

2
,

while n = −2 and m = 1 gives β′(−2) = 3
2
. Now we have two ways of computing

β′(0) : we can substitute n = 1,m = −1 or n = 2,m = −2 into (5.3). The former
gives β′(0) = λ+ 1

2
, while the latter gives β′(0) = 1

2
(5λ+ 1) . Combining these two

equations, we conclude that λ = 0 . But we assumed that λ ∈ C \ {0} , so this is a
contradiction. This proves the claim.
Since β′(−1) = 0 , we can take n = 1 and m = −1 in (5.3) to get β′(0) = 0 . Letting
n ≥ 2 and m = −1 , it follows that

nβ′(n) = (n+ 1)β′(n− 1).

By induction, we conclude that β′(n) = 0 for all n ≥ 2 . Similarly, taking n ≤ −2
and m = 1 , we get

nβ′(n) = (n− 1)β′(n+ 1),

so β′(n) = 0 for n ≤ −2 by induction. Therefore, β′ = 0 and β = β(1)βλ , as
required. This concludes the proof for λ 6= ∞ .
Now consider λ = ∞ , and let β′ = β − β(0)β∞ . Then β′ ∈ ZMixA(∞) and
β′(0) = 0 . We claim that β′(1) = 0 .
Assume, for a contradiction, that β′(1) 6= 0 . Rescaling β′ if necessary, we may
assume that β′(1) = 1 . Taking n = 1 and m = −1 in (5.4), we get −2β′(−1) = 0 ,
so that β′(−1) = 0 . Now, substituting n = 2 and m = −1 in (5.4) gives β′(2) = 3

2
,

while taking n = −2 and m = 1 gives β′(−2) = −1
2
.
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Finally, consider n = 2 and m = −2 in (5.4):

(−2 + 22)β′(2)− (2 + 22)β′(−2) + 4β′(0) = 3 + 3 + 0 = 6 6= 0,

a contradiction. This proves the claim.
Since β′(1) = 0 , we can take n = 1 and m = −1 in (5.4) to get −2β′(−1) = 0 , so
that β′(−1) = 0 . Taking n ≥ 2 and m = −1 in (5.4), we get

nβ′(n) = (n+ 1)β′(n− 1).

Therefore, it follows by induction that β′(n) = 0 for all n ≥ 2 . Similarly, if we take
n ≤ −2 and m = 1 in (5.4), we get

nβ′(n) = (n− 1)β′(n+ 1),

so we get β′(n) = 0 for all n ≤ −2 . We conclude that β′ = 0 , so β = β(0)β∞ , as
required.

The final goal of this section is to compute H2
Mix(WB(λ)) . Note that, unlike WA(λ) ,

the Lie algebra WB(λ) does have nonzero mixing coboundary functions for all
λ ∈ P1 .
We start by introducing notation for some mixing cocycle functions on WB(λ) and
stating the result on mixing cocycles of WB(λ) .

Notation 5.7. Let λ ∈ P1 . Define ηλ, γ1, γ2 : Z → C as follows:

ηλ(n) = n+ n(n+ 1)λ, γ1(n) = n, γ2(n) = n2

for all n ∈ Z , where n(n + 1)λ is understood to be n2 if λ = ∞ . In other words,
ηλ = (λ+ 1)γ1 + λγ2 if λ 6= ∞ and η∞ = γ1 + γ2 .

Proposition 5.8. Let λ ∈ P1 . Then ZMixB(λ) = Cγ1⊕Cγ2 , while BMixB(λ) =
Cηλ , where γ1, γ2 and ηλ are as in Notation 5.7. In other words, if Ω is a mixing
cocycle of degree 0 on WB(λ), then

Ω(Ln, Bm) = (an2 + bn)δ0n+m

for some a, b ∈ C. Furthermore, if λ 6= ∞, then Ω is a coboundary if and only if
there exists c ∈ C such that a = cλ and b = c(λ+ 1), while if λ = ∞, then Ω is a
coboundary if and only if a = b. Consequently,

dim(H2
Mix(WB(λ))) = dim(ZMixB(λ))− dim(BMixB(λ)) = 1.

We first compute the space of mixing coboundary functions on WB(λ) .

Lemma 5.9. Let λ ∈ P1 . Then BMixB(λ) = Cηλ , where ηλ is as in Notation
5.7. In particular, the mixing cocycle on WB(λ) defined by

Ω(Ln, Bm) = (n+ n(n+ 1)λ)δ0n+m
is a coboundary.

Proof. Let χ ∈ BMixB(λ) . Let ψ : WB(λ) → C be a linear map giving rise to
the mixing coboundary defined by χ . In other words, ψ ∈ WB(λ)

∗ has the property
that, for all n,m ∈ Z ,

dψ(Ln, Lm) = dψ(Bn, Bm) = 0 and dψ(Ln, Bm) = χ(n)δ0n+m .
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This implies that, for all n,m ∈ Z ,

0 = dψ(Ln, Lm) = (n−m)ψ(Ln+m),

so ψ(Ln) = 0 for all n ∈ Z . If n,m ∈ Z with m 6= −n , we have

0 = dψ(Ln, Bm) = −ψ([Ln, Bm]) = −mψ(Bn+m).

Therefore, ψ(Bn) = 0 for all n ∈ Z \ {0} . Hence, the only possibly nonzero value
of ψ is ψ(B0) . Then, for all n ∈ Z , we have

χ(n) = dψ(Ln, B−n) = −ψ([Ln, B−n]) = (n+ n(n+ 1)λ)ψ(B0) = ψ(B0)ηλ(n),

where, as before, n(n + 1)λ is understood to be n2 if λ = ∞ . It follows that
χ = ψ(B0)ηλ , which concludes the proof.

We now compute ZMixB(λ) . For λ ∈ P1 and β ∈ ZMixB(λ) , the cocycle condition
(5.2) gives

(−(n+m)−m(m+ 1)λδ0n)β(n) + (n+m+ n(n+ 1)λδ0m)β(m)

+ (n−m)β(n+m) = 0, (5.5)

for all n,m ∈ Z , where once again n(n+ 1)λ is understood to be n2 when λ = ∞ .
Suppose m = −n ∈ Z \ {0} . Then (5.5) becomes 2nβ(0) = 0 , and thus β(0) = 0 .
It follows that n(n+ 1)λδ0mβ(m) = 0 for all n,m ∈ Z , so (5.5) becomes

(n+m)(β(m)− β(n)) + (n−m)β(n+m) = 0. (5.6)

Therefore, the space of mixing cocycle functions of WB(λ) does not depend on λ .
Given (5.6), we immediately get two possible forms that β can take.

Lemma 5.10. Let λ ∈ P1 . Then γ1, γ2 ∈ ZMixB(λ). In other words, there are
mixing cocycles Ω1,Ω2 ∈ Z2(WB(λ)) defined by

Ω1(Ln, Bm) = nδ0n+m, Ω2(Ln, Bm) = n2δ0n+m for all n,m ∈ Z.

Proof. Follows immediately from (5.6).
We now prove Proposition 5.8 by showing that γ1 and γ2 span ZMixB(λ) .
Recall that there is a linear combination of γ1 and γ2 which gives a coboundary
function: we have (λ + 1)γ1 + λγ2 = ηλ ∈ BMixB(λ) for λ ∈ C , while γ1 + γ2 =
η∞ ∈ BMixB(∞) .

Proof of Proposition 5.8. As mentioned above, it is enough to prove that
ZMixB(λ) is two-dimensional. We claim that γ1 and γ2 form a basis for ZMixB(λ) .
Let β ∈ ZMixB(λ) and define

β′ = β + β(1)(γ2 − 2γ1)−
β(2)

2
(γ2 − γ1),

so β′ ∈ ZMixB(λ) . Note that β′(1) = β′(2) = 0 .
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Since β′ is a mixing cocycle function for WB(λ) , the function β′ satisfies (5.6).
Substituting m = 1 into (5.6) for β′ , we get

(n− 1)β′(n+ 1) = (n+ 1)β′(n) (5.7)

for all n ∈ Z . Since β′(2) = 0 , applying (5.7) inductively implies that β′(n) = 0 for
all n ∈ N .
Now, substituting n = −1,m = 2 into (5.6) for β′ , we get β′(−1) = 0 . Therefore,
applying (5.7) inductively, we get β′(n) = 0 for all n ∈ Z . Therefore, β′ = 0 , which
means that β is a linear combination of γ1 and γ2 , proving the claim.

Combining Propositions 5.4 and 5.8, we have proved Proposition 5.1. We now put
together all our previous computations to prove Theorem 3.5.

Proof of Theorem 3.5. We will use the decomposition

H2(WX(λ)) = H2
Vir(WX(λ))⊕ H2

Ab(WX(λ))⊕ H2
Mix(WX(λ)).

As stated before, H2
Vir(WX(λ)) is one-dimensional, spanned by the Virasoro cocycle

ΩVir .
We now analyse WA(λ) . By Proposition 4.3, H2

Ab(WA(λ)) = 0 . Note that, for
n,m ∈ Z , we have ΩA

0 (Ln, Am) = ι(n)δ0n+m and ΩA
Mix(Ln, Am) = βλ(n)δ

0
n+m .

Therefore, Proposition 5.4 implies that

H2
Mix(WA(λ)) =

{
CΩA

0 ⊕ CΩA

Mix, if λ = 0.

CΩA

Mix, if λ 6= 0.

This completes the proof for WA(λ) . We now move on to WB(λ) .
Note that ΩB

Ab(Bn, Bm) = ι(n)δ0n+m , so Proposition 4.7 implies that H2
Ab(WB(λ)) =

CΩB

Ab .
For the mixing cocycle, we can take the 2-cocycle induced by the function

θλ : Z → C, n 7→

{
n, if λ 6= 0,

n(n+ 1), if λ = 0,

as the representative in cohomology, since Proposition 5.8 implies θλ /∈ BMixB(λ) .
Now, θλ is a mixing cocycle function which is not a coboundary function and

ΩB
Mix(Ln, Bm) = θλ(n)δ

0
n+m,

so ΩB
Mix has nonzero image in H2(WB(λ)) . Since H2

Mix(WB(λ)) is one-dimensional by
Proposition 5.8, it follows that H2

Mix(WB(λ)) = CΩB

Mix , which finishes the proof.

6. Leibniz central extensions
The study of Leibniz cohomology was pioneered by the works of Loday and Pirashvili
[21, 20] as a non-commutative analogue of Chevalley-Eilenberg cohomology. Leibniz
cohomology can be defined for a more general class of objects called Leibniz algebras,
of which Lie algebras are a special case. Analogously to Lie central extensions, the
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second Leibniz cohomology HL2 with coefficients in C is in one-to-one correspon-
dence with equivalence classes of one-dimensional Leibniz central extensions. We
refer the reader to [21] and [11] for a more thorough introduction to Leibniz algebras
than the one presented here.

Definition 6.1. A right Leibniz algebra l is a vector space with a bilinear map
[−,−] : l× l → C satisfying the Leibniz identity

[[x, y], z] = [x, [y, z]] + [[x, z], y] for all x, y, z ∈ l .
In other words, taking brackets on the right with an element z∈ l is a derivation of l .
A Leibniz 2-cocycle on l is a bilinear map α : l× l → C such that

α([x, y], z) = α(x, [y, z]) + α([x, z], y) for all x, y, z ∈ l . (6.1)

Remark 6.2. An analogous definition exists for left Leibniz algebras, but we
only consider right Leibniz algebras to maintain consistency with [14]. When the
product is alternating (i.e. [x, x] = 0 for all x ∈ l), then the Leibniz identity is
equivalent to the Jacobi identity and l is a Lie algebra.
Note that if a Leibniz 2-cocycle is alternating (in other words, if α∈Hom(

∧2 l,C)),
then the Leibniz cocycle condition (6.1) is equivalent to the Chevalley-Eilenberg
cocycle condition of Lie algebra cohomology.

In this section, we compute the inequivalent Leibniz central extensions of WX(λ) ,
given by the second Leibniz cohomology HL2(WX(λ)) . The main result of this
section is summarised in the following theorem.

Theorem 6.3. Let λ ∈ P1 . We have

dim(HL2(WA(λ))) = dim(H2(WA(λ))) + 1 =

{
4, λ = 0,

3, λ 6= 0,

dim(HL2(WB(λ))) = dim(H2(WB(λ))) = 3.

In particular,

HL2(WA(λ)) = H2(WA(λ))⊕ CθA and HL2(WB(λ)) = H2(WB(λ)),

where θA is the image of the Leibniz 2-cocycle defined by the symmetric, invariant
bilinear form

θA(An, Am) =

{
1, n = m = 0,

0, otherwise
in HL2(WA(λ)).

We start by stating a useful result for computing Leibniz cohomology of Lie algebras.

Proposition 6.4. [17, Proposition 3.2] Let Inv(g) be the space of symmetric
invariant bilinear forms on a Lie algebra g. Then there exists an exact sequence

0 H2(g) HL2(g) Inv(g) H3(g),ι ϕ h

where φ(χ)(x, y)=χ(x, y)+χ(y, x) and h(θ)(x, y, z)=θ([x, y], z) for all χ∈HL2(g),
θ ∈ Inv(g), and x, y ∈ g. The map h is known as the Cartan-Koszul map.
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Thus, it suffices to look for symmetric invariant bilinear forms on WX(λ) and then
check which of these satisfy the Leibniz cocycle condition (6.1).

Lemma 6.5. Let X∈{A,B} and λ∈P1 . Then, for all θ ∈ Inv(WX(λ)), we have

θ(Ln, Lm) = 0 for all n,m ∈ Z;

θ(Ln, Xm) = 0 if n+m 6= 0;

θ(Xn, Xm) = 0 for all (n,m) ∈ Z2 \ {(0, 0)}.

Proof. Let n,m ∈ Z . We repeatedly use the invariance of θ on specific combi-
nations of generators. First,

θ([L0, Ln], Lm) = −θ([Ln, L0], Lm) = −θ(Ln, [L0, Lm]).

Since [L0, Ln] = nLn and [L0, Lm] = mLm , we get

nθ(Ln, Lm) = −mθ(Ln, Lm).

Therefore, (n+m)θ(Ln, Lm) = 0 , which implies that

θ(Ln, Lm) = 0 if n+m 6= 0. (6.2)

On the other hand, θ([L0, Ln], Lm) = θ(L0, [Ln, Lm]) , so

nθ(Ln, Lm) = (m− n)θ(L0, Lm+n) for all m,n ∈ Z. (6.3)

Letting m = −n 6= 0 in (6.3) gives

θ(Ln, L−n) = −2θ(L0, L0). (6.4)

Furthermore, θ([L2, L−1], L−1) = −3θ(L1, L−1) = 6θ(L0, L0) , where we used (6.4)
for the last equality. On the other hand,

θ([L2, L−1], L−1) = θ(L2, [L−1, L−1]) = θ(L2, 0) = 0.

It follows that θ(L0, L0) = 0. (6.5)

Thus, (6.2), (6.4) and (6.5) imply that θ(Ln, Lm) = 0 for all n,m ∈ Z , as required.
Next, proceeding as above and using the fact that [L0, Xm] = mXm for both X = A
and X = B , we get θ(Ln, Xm) = 0 if n+m 6= 0 .
Finally, we have θ([L0, Xn], Xm) = θ(L0, [Xn, Xm]) = θ(L0, 0) = 0 , and thus

nθ(Xn, Xm) = 0 for all n,m ∈ Z.

Since θ is symmetric, this proves the last statement of the lemma, and thereby
completes the proof.

Lemma 6.5 narrows down which components of any symmetric invariant bilinear
form on WX(λ) can be non-zero.
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Proposition 6.6. Let X ∈ {A,B} and λ ∈ P1 . We have

dim(Inv(WX(λ))) =

{
1, if X = A,

0, if X = B.

Proof. Equipped with Lemma 6.5, we now treat X=A and X=B as separate cases.

Case 1: X = A .

For any θ ∈ Inv(WA(λ)) and n ∈ Z \ {0} , we have

nθ(Ln, A−n) = θ([L0, Ln], A−n) = θ(L0, [Ln, A−n]) = 0,

where the last equality follows from the fact that [Ln, A−n] = 0 for all n ∈ Z . Thus,

θ(Ln, A−n) = 0 for all n ∈ Z \ {0}. (6.6)

Now, for all n ∈ Z \ {0} ,

2θ(L0, A0) = θ([L−1, L1], A0) = θ(L−1, [L1, A0]) = ωA(λ)(1, 0)θ(L−1, A1) = 0,

where we used (6.6) for the final equality. Thus θ(L0, A0) = 0 , so we conclude that
θ(Ln, Am) = 0 for all n,m ∈ Z , by Lemma 6.5.
The only component that is unconstrained is θ(A0, A0) . Hence, θ(A0, A0) = 1
defines the unique symmetric invariant bilinear form on WA(λ) , up to rescaling. In
other words, dim(Inv(WA(λ))) = 1 .

Case 2: X = B .

Again, for any θ ∈ Inv(WB(λ)) and n ∈ Z \ {0} , we have

nθ(Ln, B−n) = θ([L0, Ln], B−n) = θ(L0, [Ln, B−n]) = ωB(λ)(n,−n)θ(L0, B0),

and thus, choosing N ∈ Z\{0} such that ωB(λ)(N,−N) = −(N +N(N +1)λ) 6= 0 ,
we get

θ(L0, B0) =
N

ωB(λ)(N,−N)
θ(LN , B−N). (6.7)

Furthermore,

−2nθ(Bn, L−n) = θ([B2n, L−n], L−n) = θ(B2n, [L−n, L−n]) = 0,

which implies that
θ(Bn, L−n) = 0 for all n ∈ Z \ {0}. (6.8)

Letting n = −N in (6.8), we get θ(LN , B−N) = 0 , so (6.7) becomes θ(L0, B0) = 0 .
Hence, θ(Ln, Bm) = 0 for all n,m ∈ Z , by Lemma 6.5.
Again, the only component left to determine is θ(B0, B0) . Unlike the case where
X = A , this component can be constrained because B0 ∈ [WB(λ),WB(λ)] . As
before, choose N ∈ Z \ {0} such that ωB(λ)(N,−N) 6= 0 . Then θ([LN , B−N ], B0) =
ωB(λ)(N,−N)θ(B0, B0) , so

θ(B0, B0) =
θ([LN , B−N ], B0)

ωB(λ)(N,−N)
=

θ(LN , [B−N , B0])

ωB(λ)(N,−N)
= 0.
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Together with Lemma 6.5, we have shown that for any θ ∈ Inv(WB(λ)) , we have

θ(Ln, Lm) = θ(Ln, Bm) = θ(Bn, Bm) = 0

for all n,m ∈ Z , meaning dim(Inv(WB(λ))) = 0 , as required. This completes the
proof.

It follows from Propositions 6.4 and 6.6 that

HL2(WB(λ)) = H2(WB(λ));

dim(H2(WA(λ))) ≤ dim(HL2(WA(λ))) ≤ dim(H2(WA(λ))) + 1.

We now finish the proof of Theorem 6.3 by constructing a nontrivial Leibniz 2-
cocycle on WA(λ) which maps to a nonzero element of Inv(WA(λ)) , proving that
dim(HL2(WA(λ))) = dim(H2(WA(λ))) + 1 .

Proof of Theorem 6.3. As mentioned above, we have already shown the result
for X = B , so assume that X = A .
It is straightforward to check that θA satisfies the Leibniz cocycle condition (6.1).
Since θA maps to a nonzero element of Inv(WA(λ)) under the map φ of Proposition
6.4, it follows that θA gives an element of HL2(WA(λ))\H2(WA(λ)) . This completes
the proof.

Remark 6.7. Theorem 6.3 is consistent with the analogous results for W(0, 1)
and W(0, 0) (see Theorem 2.10), which are the λ = 0 cases of WA(λ) and WB(λ) ,
respectively. As pointed out in Remark 2.11, our result for W(0, 1) is different to
that of [14, Theorem 3.5]. This is because the map f 0,1 from [14, Lemma 3.2] is
not an invariant bilinear form, which can be seen in the proof of Proposition 6.6 for
X = A and λ = 0 .

7. Automorphisms
In this section, we compute the automorphism groups of the Lie algebras WX(λ) .
We start by defining some automorphisms.

Notation 7.1. Let X ∈ {A,B} and λ ∈ P1 . For α ∈ C× , define σα ∈ Aut(WX(λ))
as follows: σα(Ln) = αnLn, σα(Xn) = αnXn.

Define τ0 ∈ Aut(WX(0)) as follows: τ0(Ln) = −L−n, τ0(Xn) = X−n .
Define τ−1 ∈ Aut(WX(−1)) as follows:

τ−1(Ln) = −L−n, τ−1(Xn) =

{
−X0, if n = 0,

X−n, if n 6= 0.

For ξ ∈ C× , we define µξ ∈ Aut(WX(λ)) as follows:

µξ(Ln) = Ln, µξ(Xn) = ξXn.

For X = A and a ∈ C , we define ϕA(λ)
a , ψ

A(λ)
a ∈ Aut(WA(λ)) as follows:

ϕA(λ)
a (Ln) = Ln + an2An, ϕA(λ)

a (An) = An;

ψA(λ)
a (Ln) = Ln + anAn, ψA(λ)

a (An) = An.
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For X = B and a ∈ C , we define ϕ
B(λ)
a ∈ Aut(WB(λ)) and ψ

B(0)
a ∈ Aut(WB(0))

as follows:

ϕB(λ)
a (Ln) =

{
L0 + (λ+ 1)aB0, if n = 0 and λ 6= ∞,

Ln + aBn, otherwise,
ϕB(λ)
a (Bn) = Bn;

ψB(0)
a (Ln) = Ln + anBn, ψB(0)

a (Bn) = Bn.

Finally, letting k ∈ Z/2Z , a, b ∈ C , and α, ξ ∈ C× , we define

Φ
X(λ)
k;a,b;α,ξ = τ kλ ◦ ϕX(λ)

a ◦ ψX(λ)
b ◦ σα ◦ µξ, (7.1)

where we let τλ = idWX(λ) if λ /∈ {0,−1} and ψ
B(λ)
b = idWB(λ) if λ 6= 0 .

Although it is not entirely obvious from the definitions that the linear maps defined
above are automorphisms, it will become clear that they preserve the Lie brackets
in the proof of Proposition 7.14.
Next, we consider inner automorphisms of WX(λ) , defined below.

Definition 7.2. Let g be a Lie algebra and let x ∈ g such that adx is locally
nilpotent (in other words, for all y ∈ g , there exists n ∈ N such that adn

x(y) = 0).
The exponential exp(adx) ∈ Aut(g) of adx is defined by

exp(adx) =
∞∑
n=0

1

n!
adn

x = idg+
∞∑
n=1

1

n!
adn

x .

The subgroup of Aut(g) generated by

{exp(adx) | x ∈ g such that adx is locally nilpotent}

is called the group of inner automorphisms of g , denoted InnAut(g) .

Given a Lie algebra g , the group of inner automorphisms of g is a normal subgroup
of Aut(g) . This is because

σ ◦ exp(adx) ◦ σ−1(y) = σ
( ∞∑

n=0

adn
x(σ

−1(y))
)
=

∞∑
n=0

adn
σ(x)(y) = exp(adσ(x))(y)

for all x, y ∈ g and σ ∈ Aut(g) , so σ ◦ exp(adx) ◦ σ−1 = exp(adσ(x)) ∈ InnAut(g) .

Remark 7.3. Even though we only defined the exponential of a locally nilpotent
adjoint map, we can sometimes define exponentials of adjoint maps even when they
are not locally nilpotent. For example, this is the case for adL0 , which is not locally
nilpotent, but if t ∈ C , then exp(t adL0) = σet , where σα is defined in Notation 7.1.
On the other hand, exp(adLn) is not defined for n ∈ Z \ {0} , because the infinite
sum

exp(adLn)(Lm) =
∞∑
k=0

1

k!
adk

Ln
(Lm)

is not defined for any m ∈ Z \ {n} .

We now compute InnAut(WX(λ)) .
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Lemma 7.4. Let X ∈ {A,B} and λ ∈ P1 . Then the locally nilpotent adjoint
maps of WX(λ) are adw for w∈X(λ). Therefore, InnAut(WX(λ)) is generated by

{exp(c adXn) | n ∈ Z, c ∈ C}.
Letting c ∈ C and n,m ∈ Z the action of InnAut(WX(λ)) on WX(λ) is given by

exp(c adXn)
∣∣
X(λ)

= idX(λ),

exp(c adXn)(Lm) = Lm − cωX(λ)(m,n)Xn+m

=

{
Lm − c(n+m+m(m+ 1)λδ0n)An+m, if X = A,

Lm − c(n−m(m+ 1)λδ0n+m)Bn+m, if X = B.

Proof. Let w ∈ WX(λ) be such that adw is locally nilpotent. Then we have
w =

∑
i∈Z(αiLi + βiXi) for some αi, βi ∈ C . It is clear that if αi 6= 0 for some

i ∈ Z , then adw is not locally nilpotent. Thus, w ∈ X(λ) .
Conversely, let w ∈ X(λ) . Since X(λ) is an ideal of WX(λ) , we get in consequence
adw(WX(λ))⊆X(λ) . Now, X(λ) is an abelian Lie algebra, so ad2

w is the zero map
on WX(λ) . It follows that adw is locally nilpotent, as required.
For the final sentence, note that exp(c adXn) = idWX(λ) +c adXn for all n ∈ Z , since
all the higher powers of adXn are zero. The result now follows by the definition of
the bracket on WX(λ) .

By Lemma 7.4, the action of an arbitrary element of InnAut(WX(λ)) on WX(λ) is
given by ∏

i∈I

exp(ci adXi
)(Ln) = Ln −

∑
i∈I

ciωX(λ)(n, i)Xn+i,

where I is a finite subset of Z and ci ∈ C .
Furthermore, since X(λ) is an abelian subalgebra of WX(λ) , it follows from Lemma
7.4 that InnAut(WX(λ)) is an abelian normal subgroup of Aut(WX(λ)) . We now
compute the group structure of the group of inner automorphisms of WX(λ) .

Lemma 7.5. Let X ∈ {A,B} and λ ∈ P1 . Then InnAut(WX(λ)) ∼= C∞ , where
C∞ := {(zi)i∈Z | zi ∈ C, all but finitely many zi are zero} (7.2)

is the additive group of finite Z-sequences over C.
Proof. Let en be the element of C∞ with zeros everywhere except for a one in
the nth coordinate. The map

InnAut(WA(λ)) → C∞, exp(c adAn) 7→ cen

is easily seen to be an isomorphism in the case X = A .
In the case X = B , we need a slightly different argument, since B0 is central, so
exp(c adB0) = idWB(λ) for all c ∈ C . Therefore, the map

InnAut(WB(λ)) → C∞, exp(c adBn) 7→ cen (n ∈ Z \ {0})
is not an isomorphism, since e0 is not in the image. However, the image of the map
is the group

C∞
0 := {(zi)i∈Z | zi ∈ C, all but finitely many zi are zero, z0 = 0}, (7.3)

which is easily seen to be isomorphic to C∞ .
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Lemma 7.6. Let λ ∈ P1 . Then, given a ∈ C, we have

λϕ
A(λ)
a + (λ+ 1)ψ

A(λ)
a ∈ InnAut(WA(λ))

if λ 6= ∞, while ϕ
A(∞)
a + ψ

A(∞)
a ∈ InnAut(WA(∞)) if λ = ∞. Defining

$A(λ)
a :=

{
ψ

A(λ)
a , if λ 6= 0,

ϕ
A(0)
a , if λ = 0,

(7.4)

then $
A(λ)
a /∈ InnAut(WA(λ)) for all λ ∈ P1 .

Furthermore, none of the automorphisms of WB(λ) from Notation 7.1 are inner.

Proof. Given a ∈ C , we have

exp(−a adA0)(Ln) = Ln + a(n+ n(n+ 1)λ)An

for all n ∈ Z . Therefore, λϕ
A(λ)
a + (λ + 1)ψ

A(λ)
a = exp(−a adA0) if λ 6= ∞ ,

while ϕ
A(∞)
a + ψ

A(∞)
a = exp(−a adA0) if λ = ∞ . Since adA0 is the unique (up

to multiplication by a scalar) locally nilpotent adjoint map of WA(λ) , it follows
that $A(λ)

a is not inner for all λ ∈ P1 .
On the other hand, B0 is central in WB(λ) , so exp(a adB0) = idWB(λ) for all λ ∈ C
and a ∈ C . Therefore, there are no inner derivations of WB(λ) of degree zero, so
the result follows.

Despite the results of Lemma 7.6, it will still be useful to consider both ϕ
A(λ)
a and

ψ
A(λ)
a .

Given the observations of Lemma 7.6, we introduce the following notation.

Notation 7.7. Let X ∈ {A,B} and λ ∈ P1 . Define

Ψ
A(λ)
k;a;α,ξ = τ kλ ◦$A(λ)

a ◦ σα ◦ µξ, (7.5)

where k ∈ Z/2Z , a ∈ C , and α, ξ ∈ C× , and as before, we let τλ = idWX(λ) if
λ /∈ {0,−1} . In other words,

Ψ
A(λ)
k;a;α,ξ =

{
Φ

A(λ)
k;0,a;α,ξ, if λ 6= 0,

Φ
A(λ)
k;a,0;α,ξ, if λ = 0.

Define GX(λ) =

{ΨA(λ)
k;a;α,ξ | k ∈ Z/2Z, a ∈ C, α, ξ ∈ C×}, if X = A,

{ΦB(λ)
k;a,b;α,ξ | k ∈ Z/2Z, a, b ∈ C, α, ξ ∈ C×}, if X = B,

where Ψ
A(λ)
k;a,b;α,ξ is defined in (7.5), and Φ

B(λ)
k;a,b;α,ξ is defined in (7.1).

Note that, by Lemma 7.4, we have InnAut(WX(λ)) ∩ GX(λ) = {idWX(λ)} for all
X ∈ {A,B} and λ ∈ P1 .
Having introduced all the necessary notation, we now state the main result of this
section, which computes the group structure of Aut(WX(λ)) .

Theorem 7.8. Let X ∈ {A,B} and λ ∈ P1 . Then GX(λ) from Notation 7.7 is
a subgroup of Aut(WX(λ)) and

Aut(WX(λ)) = InnAut(WX(λ))oGX(λ).
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Consequently,

Aut(WX(λ)) ∼=



C∞ o (Z/2Z n (Co (C× × C×))), if X = A and λ ∈ {0,−1},
C∞

0 o (Z/2Z n (C2 o (C× × C×))), if X = B and λ = 0,

C∞
0 o (Z/2Z n (Co (C× × C×))), if X = B and λ = −1,

C∞ o (Co (C× × C×)), if X = A and λ /∈ {0,−1},
C∞

0 o (Co (C× × C×)), if X = B and λ /∈ {0,−1},

where C∞ and C∞
0 are defined in (7.2), (7.3). Given k, ` ∈ Z/2Z, a, b, c, d, yi, zi ∈ C

for i ∈ Z with only finitely many yi and zi being nonzero, and α, β, ξ, ζ ∈ C× , the
structures of the groups above are as follows:

WB(0) : ((yi), k, a, b, α, ξ) · ((zi), `, c, d, β, ζ)
= ((yi + αε1iξzε1i), k + `, ε2a+ ξc, b+ ξd, αε2β, ξζ);

WA(0),WB(−1) : ((yi), k, a, α, ξ) · ((zi), `, c, β, ζ)
= ((yi + αε1iξzε1i), k + `, ε2a+ ξc, αε2β, ξζ);

WA(−1) : ((yi), k, b, α, ξ) · ((zi), `, d, β, ζ)

= ((yi + ε
δ0i
1 α

ε1iξzε1i), k + `, b+ ξd, αε2β, ξζ);

WX(λ) : ((yi), a, α, ξ) · ((zi), c, β, ξ)
= ((yi + αiξzi), a+ ξc, αβ, ξζ);

where ε1 = (−1)k, ε2 = (−1)ℓ , and λ /∈ {0,−1}, and we assume that y0 = z0 = 0 if
X = B .
Remark 7.9. Certainly, we have C∞ × C ∼= C∞

0 × C2 ∼= C∞
0 × C ∼= C∞ . We

have chosen to leave these products of groups in the unsimplified forms to make the
group structure clearer. Indeed, the automorphism groups of Theorem 7.8 are all
isomorphic to Z/2Z n (C∞ o (C× × C×)) or C∞ o (C× × C×) with appropriate
semi-direct product structures, but writing the groups this way makes the group
structure less clear.

We have already considered inner automorphisms, so we now move on to computing
arbitrary automorphisms of WX(λ) to complete the proof of Theorem 7.8. We begin
by analysing the action of an automorphism of WX(λ) on the abelian ideal X(λ)
of WX(λ) .

Lemma 7.10. Let X ∈ {A,B}, λ ∈ P1 , and σ ∈ Aut(WX(λ)). Then we have
σ(X(λ)) ⊆ X(λ).

Proof. Note that σ(X(λ)) is an infinite-dimensional abelian ideal of WX(λ) , and
therefore must be contained in X(λ) .
The next result shows that we can exploit the structure of the automorphism group
of the Witt algebra to get information about automorphisms of WX(λ) .

Lemma 7.11. Let X ∈ {A,B}, λ ∈ P1 , and σ ∈ Aut(WX(λ)). Write σ for the
composition W σ−→ WX(λ) � WX(λ)/X(λ) ∼= W . Then σ ∈ Aut(W).
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Proof. It is straightforward to check that σ−1 is the inverse of σ .

Given Lemma 7.11, it will be useful to consider automorphisms of the Witt algebra.
These are well-known.

Proposition 7.12. [6, Theorem 1.1] For α ∈ C× , define the automorphisms
σα, τ : W → W by σα(Ln) = αnLn and τ(Ln) = −L−n for n ∈ Z.
Then Aut(W) = {σα | α ∈ C×}o {idW , τ} ∼= C× o Z/2Z.

The next result shows that, after composing with an inner automorphism, we can
greatly simplify the form which an automorphism of WX(λ) can take.

Proposition 7.13. Let X ∈ {A,B}, λ ∈ P1 , and σ ∈ Aut(WX(λ)). Then there
exists ρ ∈ InnAut(WX(λ)) such that, for all n ∈ Z,

(ρ ◦ σ)(Ln) = εαnLεn + γnXεn, (ρ ◦ σ)(Xn) = ξnXεn,

for some ε ∈ {±1}, α, ξn ∈ C× , γn ∈ C. Furthermore, if X = A, then γ0 = 0.

Proof. By Lemma 7.11 and Proposition 7.12, we have σ = τ k ◦ σα for some
α ∈ C× and k ∈ {0, 1} (where we write σ as in the notation of Lemma 7.11).
Letting ε = (−1)k , we therefore see that

σ(Ln) = εαnLεn +
∑
i∈Z

β
(n)
i Xi, (7.6)

for some β(n)
i ∈ C , where, for each n ∈ Z , only finitely many β

(n)
i are nonzero.

Let ρ =
∏

i∈Z\{0}

exp(
εβ

(0)
i

i
adXi

) ∈ InnAut(WX(λ)).

By Lemma 7.4, it follows that ρ(Xn) = Xn for all n ∈ Z and

ρ(L0) = L0 − ε
∑

i∈Z\{0}

β
(0)
i Xi, (7.7)

since [L0, Xn] = nXn for both X = A and X = B . Now, (7.6) and (7.7) imply that

ρ(σ(L0)) = ερ(L0) +
∑
i∈Z

β
(n)
i Xi = εL0 −

∑
i∈Z\{0}

β
(0)
i Xi +

∑
i∈Z

β
(n)
i Xi

= εL0 + β
(0)
0 X0.

Letting σ′ = ρ ◦ σ , we can proceed as before to conclude that

σ′(Ln) = εαnLεn +
∑
i∈Z

γ
(n)
i Xi, (7.8)

for some γ(n)i ∈ C , where, for each n ∈ Z , only finitely many γ
(n)
i are nonzero. By

construction, we have γ(0)0 = β
(0)
0 and γ

(0)
i = 0 for i ∈ Z \ {0} .

We have nσ′(Ln) = σ′([L0, Ln]) = [σ′(L0), σ
′(Ln)] and thus, using (7.8) to expand,

εnαnLεn + n
∑
i∈Z

γ
(n)
i Xi = εnαnLεn + ε

∑
i∈Z

iγ
(n)
i Xi − εαnγ

(0)
0 ωX(λ)(εn, 0)Xεn. (7.9)
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It follows that, for m ∈ Z \ {εn} , we have nγ
(n)
m = εmγ

(n)
m , so (m − εn)γ

(n)
m = 0 .

Therefore, γ(n)m = 0 for all m ∈ Z \ {εn} . Furthermore, comparing coefficients of
Xεn in (7.9), we see that

ωX(λ)(n, 0)γ
(0)
0 = 0 (7.10)

for all n ∈ Z . Note that ωB(λ)(n, 0) = 0 for all n ∈ Z , so (7.10) does not give
anything in the case X = B . On the other hand, if X = A , then (7.10) implies
that γ(0)0 = 0 . Letting γn = γ

(n)
εn , we have shown that

σ′(Ln) = εαnLεn + γnXεn. (7.11)

Now, by Lemma 7.10, we have

σ′(Xn) =
∑
i∈Z

ξ
(n)
i Xi, (7.12)

for some ξ(n)i ∈ C , where, for each n ∈ Z , only finitely many ξ
(n)
i are nonzero. Since

[L0, Xn] = nXn , we have [σ′(L0), σ
′(Xn)] = nσ′(Xn) . Therefore, it follows from

(7.11) and (7.12) that
ε
∑
i∈Z

iξ
(n)
i Xi = n

∑
i∈Z

ξ
(n)
i Xi.

Hence, (m − εn)ξ
(n)
m = 0 for all m ∈ Z , so ξ

(n)
m = 0 for all m ∈ Z \ {εn} . Thus,

letting ξn = ξ
(n)
εn , we have σ′(Xn) = ξnXεn . This concludes the proof.

We now show that, together with inner automorphisms, the automorphisms defined
in Notation 7.1 generate the whole automorphism group of WX(λ) .

Proposition 7.14. Let X ∈ {A,B}, λ ∈ P1 , and σ ∈ Aut(WX(λ)). Then there
exists ρ ∈ InnAut(WX(λ)) such that ρ ◦σ = Φ

X(λ)
k;a,b;α,ξ for some k ∈ Z/2Z, a, b ∈ C,

and α, ξ ∈ C× , where Φ
X(λ)
k;a,b;α,ξ is defined in (7.1).

Proof. Let σ ∈ Aut(WX(λ)) . By Proposition 7.13, possibly by replacing σ with
ρ ◦ σ for some ρ ∈ InnAut(WX(λ)) , we may assume that

σ(Ln) = αn(εLεn + γnXεn), σ(Xn) = αnξnXεn, (7.13)

for some ε ∈ {±1} , α, ξn ∈ C× , γn ∈ C , with γ0 = 0 if X = A .
Since [Ln, Lm] = (m− n)Ln+m , we have [σ(Ln), σ(Lm)] = (m− n)σ(Ln+m) . There-
fore, applying (7.13) and comparing coefficients of Xεn , we deduce that

ε(ωX(λ)(εn, εm)γm − ωX(λ)(εm, εn)γn) = (m− n)γn+m (7.14)

for all n,m ∈ Z . Similarly, we have [σ(Ln), σ(Xm)] = ωX(λ)(n,m)σ(Xn+m) , so we
can apply (7.13) and simplify to get

εωX(λ)(εn, εm)ξm = ωX(λ)(n,m)ξn+m (7.15)

for all n,m ∈ Z . Furthermore, any bijective linear map σ defined as in (7.13) which
satisfies (7.14) and (7.15) is an automorphism of WX(λ) .
We now consider the cases X = A and X = B separately.
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Case 1: X = A .

Recall that in this case, we have γ0 = 0 . It follows from (7.14) and the definition of
ωA(λ) that

(n+m+ n(εn+ 1)λδ0m)γm − (n+m+m(εm+ 1)λδ0n)γn = (m− n)γn+m. (7.16)

Since γ0 = 0 , we have δ0nγn = 0 for all n ∈ Z . Therefore, we can simplify (7.16) as
follows:

(n+m)(γm − γn) = (m− n)γn+m (7.17)
for all n ∈ Z . Note that (7.17) has the same form as (5.6), which we already solved
in the proof of Proposition 5.8: we have γn = an2 + bn for some a, b ∈ C (in fact,
a = 1

2
γ2 − γ1 and b = 2γ1 − 1

2
γ2 ).

We now compute ξn . By (7.15), we have

(n+m+ n(εn+ 1)λδ0m)ξm = (n+m+ n(n+ 1)λδ0m)ξn+m (7.18)

for all n,m ∈ Z . It follows from (7.18) that ξm = ξn+m for all m ∈ Z \ {0} and
n ∈ Z\{−m} . Letting ξ = ξ1 , we therefore conclude that ξn = ξ for all n ∈ Z\{0} .
To compute ξ0 , we substitute n ∈ Z \ {0} and m = 0 into (7.18) to get

(n+ n(εn+ 1)λ)ξ0 = (n+ n(n+ 1)λ)ξ (7.19)

for all n ∈ Z . If we have ε = 1 , then (7.19) implies that ξ0 = ξ . It follows that
σ = ϕ

A(λ)
a ◦ ψA(λ)

b ◦ σα ◦ µξ (in other words, σ = Φ
A(λ)
0,a,b,α,ξ ).

Now assume that ε = −1 . In this case, if λ 6= ∞ , (7.19) becomes

(ξ + ξ0)λn+ (ξ − ξ0)(λ+ 1) = 0

for all n ∈ Z \ {0} . Therefore, (ξ + ξ0)λ = 0 and (ξ − ξ0)(λ + 1) = 0 . Similarly,
if λ = ∞ , then (7.19) gives (ξ + ξ0)n + ξ − ξ0 = 0 for all n ∈ Z \ {0} , from
which it follows that ξ0 = ξ = 0 . We conclude that, when ε = −1 , there are three
possibilities:
(a) λ = 0 and ξ0 = ξ ;
(b) λ = −1 and ξ0 = −ξ ;
(c) λ ∈ P1 \ {0,−1} and ξ0 = ξ = 0 .
However, σ is an automorphism, so we cannot have ξ = 0 . Therefore, the case
ε = −1 is not possible if λ ∈ P1 \{0,−1} . Therefore, in the two cases where ε = −1

is possible (λ = 0 or λ = −1), we get σ = τλ ◦ϕA(λ)
a ◦ψA(λ)

b ◦σα ◦µξ (in other words,
σ = Φ

A(λ)
1;a,b;α,ξ ). This concludes the proof when X = A .

Case 2: X = B .

Let γ′n = γεn and k = εn , ` = εm . Then (7.14) becomes

ωB(λ)(k, `)γ
′
ℓ − ωB(λ)(`, k)γ

′
k = (`− k)γ′k+ℓ, (7.20)

for all k, ` ∈ Z . By (7.20) and the definition of ωB(λ) , we have

(`− k(k + 1)λδ0k+ℓ)γ
′
ℓ − (k − `(`+ 1)λδ0k+ℓ)γ

′
k = (`− k)γ′k+ℓ. (7.21)



Buzaglo and Vishwa 493

Note that (7.21) has the same form as (5.3), so we already know the solutions, thanks
to the proof of Proposition 5.4: if λ = 0 , then γ′n = a′n+ b for some a′, b ∈ C , while
for λ /∈ {0,∞} , we get

γ′n =

{
(λ+ 1)c, if n = 0;

c, if n 6= 0.

for some c ∈ C . For λ = ∞ , we get γ′n = c for all n ∈ Z . Therefore, letting
a = εa′ , we conclude that γn = an+ b if λ = 0 , while

γn =

{
(λ+ 1)c, if n = 0;

c, if n 6= 0.

if λ /∈ {0,∞} , and γn = c for all n ∈ Z if λ = ∞ .
We finish by computing ξn . By (7.15), we get

(m− n(εn+ 1)λδ0n+m)ξm = (m− n(n+ 1)λδ0n+m)ξn+m (7.22)

for all n,m ∈ Z . Similarly to before, letting ξ = ξ1 , (7.22) immediately implies that
ξn = ξ for all n ∈ Z \ {0} .
Finally, in order to compute ξ0 , we substitute m ∈ Z\{0} and n = −m into (7.22):

(m−m(εm− 1)λ)ξ = (m−m(m− 1)λ)ξ0 (7.23)

for all m ∈ Z \ {0} . If ε = 1 , then it follows from (7.23) that ξ0 = ξ . Hence,

σ =

{
ϕ
B(0)
a ◦ ψB(0)

b ◦ σα ◦ µξ, if λ = 0,

ϕ
B(λ)
c ◦ σα ◦ µξ, if λ 6= 0.

In other words, σ = Φ
B(0)
0;a,b,α,ξ if λ = 0 , while σ = Φ

B(λ)
0;c,0;α,ξ if λ 6= 0 .

Therefore, it remains to consider ε = −1 . In this case, if λ 6= ∞ , (7.23) becomes

(ξ + ξ0)λm+ (ξ − ξ0)(λ+ 1) = 0

for all m ∈ Z \ {0} . For λ = ∞ , we instead get (ξ + ξ0)m + ξ − ξ0 = 0 for all
m ∈ Z \ {0} . Proceeding as we did in Case 1, we conclude that there are three
possibilities when ε = −1 :
(a) λ = 0 and ξ0 = ξ ;
(b) λ = −1 and ξ0 = −ξ ;
(c) λ ∈ P1 \ {0,−1} and ξ0 = ξ = 0 .
It follows that, as before, the case ε = −1 is not possible if λ ∈ P1 \ {0,−1} .
Therefore, in the cases where ε = −1 is possible (λ = 0 or λ = −1), we get

σ =

{
τ0 ◦ ϕB(0)

a ◦ ψB(0)
b ◦ σα ◦ µξ, if λ = 0,

τ−1 ◦ ϕB(−1)
c ◦ σα ◦ µξ, if λ = −1.

In other words, σ = Φ
B(0)
1;a,b;α,ξ if λ = 0 , while σ = Φ

B(−1)
1;c,0;α,ξ if λ = −1 , which

concludes the proof.
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Remark 7.15. As we saw before when we noted that A(λ) is the adjoint of
B(λ) , once again we see the close relationship between WA(λ) and WB(λ) in the
proof of Proposition 7.14: when computing automorphisms of WA(λ) , we got an
equation (7.17) that we already saw when we computed central extensions of WB(λ)
(5.6), and similarly for automorphisms of WB(λ) with (7.21) and (5.3). We will see
this once again when we compute derivations of WX(λ) in Section 8.

The next result computes the group structure of the subgroup of Aut(WX(λ))
generated by the automorphisms defined in Notation 7.1.

Proposition 7.16. Let X ∈ {A,B} and λ ∈ P1 . Let GX(λ) be as in Notation
7.7. Then GX(λ) is a subgroup of Aut(WX(λ)) and

GX(λ) ∼=


Z/2Z n (C2 o (C× × C×)), if X = B and λ = 0,

Z/2Z n (Co (C× × C×)),
if X = A and λ ∈ {0,−1}
or X = B and λ = −1,

Co (C× × C×), if λ /∈ {0,−1}.

Given k, ` ∈ Z/2Z, a, b, c, d ∈ C, and α, β, ξ, ζ ∈ C× , the structure of the groups
above is the following:

GB(0) : (k, a, b, α, ξ) · (`, c, d, `, β, ζ) = (k + `, εa+ ξc, b+ ξd, αεβ, ξζ);

GA(0), GB(−1) : (k, a, α, ξ) · (`, c, β, ζ) = (k + `, εa+ ξc, αεβ, ξζ);

GA(−1) : (k, b, α, ξ) · (`, d, β, ζ) = (k + `, b+ ξd, αεβ, ξζ);

GX(λ) : (a, α, ξ) · (c, β, ζ) = (a+ ξc, αβ, ξζ);

where ε = (−1)ℓ and λ /∈ {0,−1}. Furthermore,
Aut(WX(λ)) ∼= InnAut(WX(λ))oGX(λ).

Proof. Let k, ` ∈ Z/2Z , a, b, c, d ∈ C , and α, β, ξ, ζ ∈ C× , where we assume
that k = ` = 0 if λ /∈ {0,−1} . We claim that

Φ
X(λ)
k;a,b;α,ξ ◦ Φ

X(λ)
ℓ;c,d;β,ζ = Φ

X(λ)

k+ℓ;(−1)ℓa+ξc,b+ξd;α(−1)ℓβ,ξζ
. (7.24)

We will only prove the claim in the case X = A , since the case X = B is similar.
Let ε1 = (−1)k, ε2 = (−1)ℓ , and ε = (−1)k+ℓ (recall the assumption that k = ` = 0
if λ /∈ {0,−1} , so ε1 = ε2 = ε = 1 in these cases). We have, for all n ∈ Z ,

Φ
A(λ)
k;a,b;α,ξ(Ln) = αn(ε1Lε1n + (an2 + bn)Aε1n),

Φ
A(λ)
k;a,b;α,ξ(An) =

{
−ξA0, if λ = −1, n = 0, and k = 1,

αnξAε1n, otherwise.
Therefore,

Φ
A(λ)
k;a,b;α,ξ(Φ

A(λ)
ℓ;c,d;β,ζ(Ln)) = βn

(
ε2Φ

A(λ)
k;a,b;α,ξ(Lε2n) + (cn2 + dn)Φ

A(λ)
k;a,b;α,ξ(Aε2n)

)
= (αε2β)n

(
εLεn + ε2(an

2 + ε2bn)Aεn + (cn2 + dn)ξAεn

)
= (αε2β)n

(
εLεn + ((ε2a+ ξc)n2 + (b+ ξd)n)Aεn

)
= Φ

A(λ)
k+ℓ;ε2a+ξc,b+ξd;αε2β,ξζ(Ln),
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Φ
A(λ)
k;a,b;α,ξ(Φ

A(λ)
ℓ;c,d;β,ζ(An)) =

−ζΦA(λ)
k;a,b;α,ξ(A0), if λ = −1, n = 0, and ` = 1,

βnζΦ
A(λ)
k;a,b;α,ξ(Aε2n), otherwise.

=

−ξζA0, if λ = −1, n = 0, and k + ` = 1,

(αε2β)nξζAεn, otherwise.

= Φ
A(λ)
k+ℓ;ε2a+ξc,b+ξd;αε2β,ξζ(An).

This proves the the claim.
The computation of the group structures now follows immediately from the claim,
the definition of GX(λ) in the statement of Theorem 7.8, and the definitions of
Φ

X(λ)
k;a,b;α,ξ and Ψ

A(λ)
k;a;α,ξ from Notation 7.1 and Lemma 7.4. The difference in the group

structures of GA(−1) and GA(0) comes from the fact that, by definition, GA(−1)

is generated by Ψ
A(−1)
k;a;α,ξ = Φ

A(−1)
k;0,a;α,ξ , while GA(0) is generated by Ψ

A(0)
k;a;α,ξ = Φ

A(0)
k;a,0;α,ξ ,

where k ∈ Z/2Z , a ∈ C , and α, ξ ∈ C× .
For the final sentence, note that Aut(WX(λ)) = InnAut(WX(λ))GX(λ) by Propo-
sition 7.14. Since InnAut(WX(λ)) ∩ GX(λ) = {idWX(λ)} by Lemma 7.4, it follows
that this is a semi-direct product. This concludes the proof.
We are now ready to prove Theorem 7.8.

Proof of Theorem 7.8. By Proposition 7.16, we have

Aut(WX(λ)) = InnAut(WX(λ))oGX(λ).

Let a, b, c, d, yi, zi ∈ C for i ∈ Z , and α, β, ξ, ζ ∈ C× , where we assume that only
finitely many yi and zi are nonzero. These parameters allow us to take the product
of two elements of Aut(WX(λ)) : we will compute the product(∏

i∈Z

exp(yi adXi
)Φ

X(λ)
0;a,b;α,ξ

)(∏
j∈Z

exp(zj adXj
)Φ

X(λ)
0;c,d;β,ζ

)
. (7.25)

Recall that if X = B , we may assume that y0 = z0 = 0 since B0 is central. Note
that

Φ
X(λ)
0;a,b;α,ξ

∏
j∈Z

exp(zj adXj
) =

∏
j∈Z

(
Φ

X(λ)
0;a,b;α,ξ exp(zj adXj

)(Φ
X(λ)
0;a,b;α,ξ)

−1
)
Φ

X(λ)
0;a,b;α,ξ. (7.26)

Letting z ∈ C and n ∈ Z , we have

Φ
X(λ)
0;a,b;α,ξ exp(z adXn)(Φ

X(λ)
0;a,b;α,ξ)

−1 = exp
(
z ad

Φ
X(λ)
0;a,b;α,ξ(Xn)

)
= exp(zαnξ adXn). (7.27)

Therefore, Φ
X(λ)
0;a,b;α,ξ

∏
j∈Z

exp(zj adXj
) =

∏
j∈Z

exp(αjξzj adXj
)Φ

X(λ)
0;a,b;α,ξ, (7.28)

by (7.26) and (7.27). Using (7.28), the product (7.25) becomes∏
i∈Z

exp(yi adXi
)
∏
j∈Z

exp(zjα
jξ adXj

)Φ
X(λ)
0;a,b;α,ξΦ

X(λ)
0.;c,d;β,ζ

=
∏
i∈Z

exp((yi + αiξzi) adXi
)Φ

X(λ)
0;a+ξc,b+ξd;αβ,ξζ

where we used (7.24) for the final equality.
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In summary, we have(∏
i∈Z

exp(yi adXi
)Φ

X(λ)
0;a,b;α,ξ

)(∏
j∈Z

exp(zj adXj
)Φ

X(λ)
0;c,d;β,ζ

)
=

∏
i∈Z

exp
(
(yi + αiξzi) adXi

)
Φ

X(λ)
0;a+ξc,b+ξd;αβ,ξζ .

This proves the result in the case λ /∈ {0,−1} .
To complete the proof, assume that λ ∈ {0,−1} . For these values of λ , we need to
consider how τλ interacts with the other automorphisms. We proceed similarly to
above to deduce that

τλ

(∏
i∈Z

exp(yi adXi
)
)
=

∏
i∈Z

(τλ exp(yi adXi
)τλ) τλ =

(∏
i∈Z

exp(yi adτλ(Xi))
)
τλ

=

{∏
i∈Z exp(y−i adXi

)τ0, if λ = 0,∏
i∈Z exp((−1)δ

0
i y−i adXi

)τ−1, if λ = −1,

Therefore, if we multiply two arbitrary elements of Aut(WX(λ)) , we get(∏
i∈Z

exp(yi adXi
)Φ

X(λ)
k;a,b;α,ξ

)(∏
i∈Z

exp(zi adXi
)Φ

X(λ)
ℓ;c,d;β,ζ

)

=


∏

i∈Z exp((yi + αε1iξzε1i) adXi
)Φ

X(λ)
k+ℓ;ε2a+ξc,b+ξd;αε2β,ξζ , if λ = 0,∏

i∈Z exp((yi + ε
δ0i
1 α

ε1iξzε1i) adXi
)Φ

X(λ)
k+ℓ;ε2a+ξc,b+ξd;αε2β,ξζ , if λ = −1,

where k, ` ∈ Z/2Z and ε1 = (−1)k , ε2 = (−1)ℓ . This concludes the proof.

8. Derivations
Next, we compute derivations of WX(λ) . As remarked in Section 2, computing
derivations of g is equivalent to computing H1(g; g) . There is a close relation-
ship between the automorphisms of a Lie algebra g and its derivations: if we
have a (smooth) one-parameter subgroup of Aut(g) , differentiating it at 0 gives
a derivation of g . In other words, derivations of g can be seen as “infinitesimal
automorphisms”. We now introduce notation for the derivations that arise from
one-parameter subgroups of Aut(WX(λ)) .

Notation 8.1. Let X ∈ {A,B} and λ ∈ P1 . Recall the automorphisms defined in
Notation 7.1;

For both X = A and X = B, define dAb =
d

dt

∣∣∣
t=0

µet ∈ Der(WX(λ)).

For X = A, define δAλ =
d

dt

∣∣∣
t=0

ϕ
A(λ)
t , and

∂Aλ =
d

dt

∣∣∣
t=0

ψ
A(λ)
t ∈ Der(WA(λ)).

For X = B, define dBλ =
d

dt

∣∣∣
t=0

ϕ
B(λ)
t ∈ Der(WB(λ)).

For X = B and λ = 0, define ∂B0 =
d

dt

∣∣∣
t=0

ψ
B(0)
t ∈ Der(WB(0)).
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Remark 8.2. Certainly, there is another one-parameter subgroup σet of Aut(WX(λ))
giving rise to another derivation. However, the derivation we obtain from this one-
parameter subgroup is inner: we have

d

dt

∣∣∣
t=0

σet = adL0 ∈ Inn(WX(λ)).

Indeed, we can immediately see this from the observations of Remark 7.3.

Having defined these derivations that arise from automorphisms, we now compute
their actions on WX(λ) .

Lemma 8.3. Let X ∈ {A,B} and λ ∈ P1 . Then, for all n ∈ Z,
dAb(Ln) = 0, dAb(Xn) = Xn;

δAλ (Ln) = nAn, δAλ (An) = 0;

∂Aλ (Ln) = n(n+ 1)An, ∂Aλ (An) = 0;

dBλ (Ln) =

{
(λ+1)B0, if n=0 and λ 6=∞,

Bn, otherwise,
dBλ (Bn) = 0;

∂B0 (Ln) = nBn, ∂B0 (Bn) = 0.

Proof. Follows immediately from the definitions of the automorphisms in Nota-
tion 7.1.

Remark 8.4. Using the identifications A(λ) = C[t, t−1]dt and B(λ) = C[t, t−1] ,
we now give formulas for the derivations of Notation 8.1 in terms of polynomials.
We have

δAλ (f∂) = d(t−1f) = (t−1f ′ − t−2f)dt,

∂Aλ (f∂) = d(f ′) = f ′′ dt,

dBλ (f∂) =

{
t−1f + λ〈t−1, f〉, if λ 6= ∞,

t−1f, if λ = ∞,

∂B0 (f∂) = f ′ − t−1f.

By the observations of Remark 3.6, it is now clear that, under the isomorphism
H2

Mix(WX(λ)) ∼= H1(W ;X(λ)′) , we have the following correspondences:

δAλ ↔ ΩB
Mix (λ 6= 0),

∂A0 ↔ ΩB
Mix (λ = 0),

dBλ ↔ ΩA
Mix,

∂B0 ↔ ΩA
0 ,

where we have used that A(λ)′ ∼= B(λ) and B(λ)′ ∼= A(λ) under the form B .

We now consider the question of when the derivations defined in Notation 8.1 are
inner.
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Lemma 8.5. Let λ ∈ P1 . If λ 6= ∞, then (λ+1)δAλ + λ∂Aλ ∈ Inn(WA(λ)), while
if λ = ∞, then δA∞ + ∂A∞ = ad−A0 ∈ Inn(WA(∞)). Defining

dAλ =

{
δAλ , if λ 6= 0,

∂A0 , if λ = 0,

then dAλ /∈ Inn(WA(λ)) for all λ ∈ P1 . Certainly, we have

dAλ =
d

dt

∣∣∣
t=0

$
A(λ)
t ,

where $
A(λ)
t is defined in (7.4).

Furthermore, dBλ /∈ Inn(WB(λ)), and there is no nonzero linear combination of dB0
and ∂B0 which produces an inner derivation of WB(0).

Proof. By Lemma 8.3, we can easily see that (λ+1)δAλ +λ∂Aλ = ad−A0 if λ 6= ∞ ,
while δA∞ + ∂A∞ = ad−A0 if λ = ∞ . Since adA0 and adL0 span the space of inner
derivations of WA(λ) of degree zero, it follows immediately that dAλ is not inner for
all λ ∈ P1 .
The only nonzero (up to multiplication by a scalar) inner derivation of WB(λ) of
degree zero is adL0 . This is because B0 is central in WB(λ) , so adB0 = 0 . The
result follows.

The main goal of this section is to prove that, together with inner derivations, the
derivations defined in Notation 8.1 span the entire space of derivations of WX(λ) .

Theorem 8.6. Let λ ∈ P1 . Then

Der(WA(λ)) = Inn(WA(λ))⊕ CdAb ⊕ CdAλ ;

Der(WB(λ)) =

{
Inn(WB(λ))⊕ CdAb ⊕ CdB0 ⊕ C∂B0 , if λ = 0,

Inn(WB(λ))⊕ CdAb ⊕ CdBλ , if λ 6= 0,

where the derivations are defined in Notation 8.1 and Lemma 8.5. Consequently,

dim(H1(WA(λ);WA(λ))) = 2, dim(H1(WB(λ);WB(λ))) =

{
3, if λ = 0,

2, if λ 6= 0.

Remark 8.7. Theorem 8.6 says that all derivations of W(0, 1) extend to the
one-parameter family WA(λ) . On the other hand, all derivations in

Inn(W(0, 0))⊕ CdAb ⊕ CdB0 ⊆ Der(W(0, 0))

extend to the one-parameter family WB(λ) , while ∂B0 does not.

The next result greatly simplifies the computation of derivations of WX(λ) .

Proposition 8.8. Let g be a Lie algebra with H1(g; g) = 0, and let M be a
g-module such that Homg(M, g) = 0. Then

H1(gnM; gnM) ∼= H1(g;M)⊕ Endg(M),

where we endow M with an abelian Lie algebra structure.
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Proof.
Define α : Der(g,M) ↪→ Der(gnM), β : Endg(M) ↪→ Der(gnM)

by α(D)(x) = D(x), α(D)(v) = 0, β(ϕ)(x) = 0, β(ϕ)(v) = ϕ(v),

where D ∈ Der(g,M) , ϕ ∈ Endg(M) , x ∈ g , and v ∈ M . It is straightforward to
check that α(D) and β(ϕ) are elements of Der(gnM) .
Let D ∈ Der(gnM) . Let D be the composition

g
D−→ gnM � (gnM)/M ∼= g.

It is easy to see that D ∈ Der(g) . But H1(g; g) = 0 , so Der(g) = Inn(g) . Therefore,
D ∈ Inn(g) , so there exists w ∈ g such that D = adw . Define

D′ := D − adw ∈ Der(gnM).

By construction, D′(x) ∈ M for all x ∈ g . In other words, D′
∣∣
g
∈ Der(g,M) .

We claim that D′
∣∣
M

is a homomorphism of g-modules. Indeed, for x ∈ g and
v ∈ M , we have

D′(x · v) = D′([x, v]) = [x,D′(v)] + [D′(x), v] = [x,D′(v)] = x ·D′(v),

where we used that D′(x) ∈ M to deduce that [D′(x), v] = 0 . Now let D̂′ be the
composition

M
D′
−→ gnM � g.

Since D̂′ is the composition of two g-module homomorphisms, D̂′ is also a g-module
homomorphism. But since Homg(M, g) = 0 by assumption, we have D̂′ = 0 .
Therefore, D′(v) ∈ M for all v ∈ M , and thus D′

∣∣
M

∈ Endg(M) .
Define D1 := α(D′

∣∣
g
) and D2 := β(D′

∣∣
M
) . Certainly, D = adw +D1+D2 . It follows

that
Der(gnM) =

(
Inn(gnM) + Der(g,M)

)
⊕ Endg(M), (8.1)

where we view Der(g,M) and Endg(M) as subsets of Der(g n M) . Note that
Der(g,M) ∩ Inn(gnM) = Inn(g,M) , and thus

Inn(gnM) + Der(g,M)

Inn(gnM)
∼= Der(g,M)

Der(g,M) ∩ Inn(gnM)
=

Der(g,M)

Inn(g,M)
∼= H1(g;M).

Therefore, taking the quotient by Inn(gnM) on both sides of (8.1), we get

H1(gnM; gnM) ∼= H1(g;M)⊕ Endg(M),

which concludes the proof.

We now show that Proposition 8.8 applies to WX(λ) .

Lemma 8.9. Let X ∈ {A,B} and λ ∈ P1 . Then HomW(X(λ),W) = 0.

Proof. The internally graded structures of W and X(λ) immediately imply
that any element of HomW(X(λ),W) must be graded of degree 0. Therefore, if
ϕ ∈ HomW(X(λ),W) , then ϕ(Xn) = ηnLn .
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We now split the proof into the cases X = A and X = B .

Case 1: X = A .

The equality ϕ([Ln, Am]) = [Ln, ϕ(Am)] gives

(m− n)ηm = (n+m+ n(n+ 1)λδ0m)ηn+m (8.2)

for all n,m ∈ Z . Letting m ∈ Z \ {0} and n = −m in (8.2), we get ηm = 0 for all
m ∈ Z \ {0} . If we set m = 0, n ∈ Z \ {0} in (8.2), we also deduce that η0 = 0 .
This proves the case X = A .

Case 2: X = B .

The equality ϕ([Ln, Bm]) = [Ln, ϕ(Bm)] gives

(m− n)ηm = (m− n(n+ 1)λδ0n+m)ηn+m (8.3)

for all n,m ∈ Z . Setting m = 0 and n ∈ Z \ {0} (8.3), we get η0 = 0 . If we let
m ∈ Z \ {0} and n = −m in (8.3), we also deduce that ηm = 0 for m 6= 0 . This
concludes the proof.

Proposition 8.8, Lemma 8.9, and the well-known fact that H1(W ;W) = 0 (see [9,
Proposition 7.2] or [18]), imply the following.

Corollary 8.10. Let X ∈ {A,B} and λ ∈ P1 . Then

Der(WX(λ)) = Inn(WX(λ)) + Der(W , X(λ)) + EndW(X(λ)),

and thus H1(WX(λ)) = H1(W ;X(λ))⊕ EndW(X(λ)).

To prove Theorem 8.6 it suffices now to compute Der(W , X(λ)) and EndW(X(λ)) .
For Der(W , X(λ)) , we have the isomorphism

H1(W ;X(λ)′) ∼= H2
Mix(WX(λ)),

so we do not need to perform any further computations, since H2
Mix(WX(λ)) was

already computed in Proposition 5.1.

Proposition 8.11. Let λ ∈ P1 . Then

Der(W , A(λ)) = Inn(W , A(λ))⊕ dAλ ,

Der(W , B(λ)) =

{
Inn(W , B(λ))⊕ CdB0 ⊕ C∂B0 , if λ = 0,

Inn(W , B(λ))⊕ CdB0 , if λ 6= 0,

where the derivations are defined in Notation 8.1 and Lemma 8.5.

Proof. By Propositions 5.1 and 5.8, we know that H2
Mix(WB(λ)) is spanned by

Ω
B

Mix , where Ω
B

Mix is defined in Theorem 3.5. By the isomorphism

H2
Mix(WB(λ)) ∼= H1(W ;B(λ)′) ∼= H1(W ;A(λ)), (8.4)

it follows that H1(W ;A(λ)) is also one-dimensional.
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By Remark 8.4, the image of Ω
B

Mix under the isomorphism (8.4) is dAλ , where dAλ is
the class of dAλ in H1(W ;A(λ)) . Therefore, as required,

Der(W , A(λ)) = Inn(W , A(λ))⊕ CdAλ .

The computation of Der(W , B(λ)) follows similarly by applying Propositions 5.1
and 5.4, and the isomorphism

H2
Mix(WA(λ)) ∼= H1(W ;A(λ)′) ∼= H1(W ;B(λ)),

using the correspondences in Remark 8.4.

We now proceed with the computation of EndW(X(λ)) , which is the last step in
the proof of Theorem 8.6.

Proposition 8.12. Let X ∈ {A,B} and λ ∈ P1 . Then

EndW(X(λ)) = CdAb,

where dAb is defined in Notation 8.1.

Proof. The internally graded structures of W and X(λ) imply that any W -
endomorphism of X(λ) is graded of degree 0. Letting ϕ ∈ EndW(X(λ)) , this
means that

ϕ(Xn) = θnXn

for some θn ∈ C . Replacing ϕ with ϕ − θ0dAb , we may assume that θ0 = 0 . To
prove the result, it suffices to show that ϕ = 0 . We now analyse the cases X = A
and X = B separately.
Case 1: X = A .
The equality ϕ(Ln · Am) = Ln · ϕ(Am) gives

(n+m+ n(n+ 1)λδ0m)θm = (n+m+ n(n+ 1)λδ0m)θn+m

for all n,m ∈ Z . Therefore, θn = θ0 = 0 for all n ∈ Z . This completes the proof in
the case X = A .
Case 2: X = B .
The equality ϕ(Ln ·Bm) = Ln · ϕ(Bm) gives

(m− n(n+ 1)λδ0n+m)θm = (m− n(n+ 1)λδ0n+m)θn+m

for all n,m ∈ Z . Therefore, θn = θ0 = 0 for all n ∈ Z , so we are done.

We are now ready to prove Theorem 8.6.

Proof of Theorem 8.6. By Corollary 8.10, we have

H1(WX(λ);WX(λ)) ∼= H1(W ;X(λ))⊕ EndW(X(λ)).

Proposition 8.11 computes the cohomology space H1(W ;X(λ)) , and Proposition
8.12 computes EndW(X(λ)) .
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9. Cohomology of W̃

We finish the paper by computing one-dimensional central extensions and derivations
of W̃ := Wn Ĩ . For ease of notation, we view Ĩ as the space of Laurent polynomials
with no constant term. Furthermore, thanks to the isomorphism Ĩ ∼= J̃ , we will
often switch between Ĩ and J̃ depending on the situation.
We start with the computation of one-dimensional central extensions.

Theorem 9.1. We have dim(H2(W̃)) = 4. Specifically,

H2(W̃) = CΩVir ⊕ CΩ1 ⊕ CΩ2 ⊕ CΩAb,

where ΩVir is the Gelfand-Fuchs cocycle in (3.7), and the other cocycles are defined
as follows:

Ω1(f∂, g) = B(df ′, g) = Res(g df ′),

Ω2(f∂, g) = B(d(t−1f), g) = Res(g d(t−1f)),

ΩAb(f, g) = 〈f, g〉,
where 〈−,−〉 and B are defined in (2.4) and (2.5) respectively, and we have only
specified the non-zero components of the cocycles.

To prove Theorem 9.1, we use the decomposition

H2(W̃) = H2(W)⊕ H1(W ; Ĩ)⊕BW(Ĩ)

from Proposition 3.1, recalling the self-duality Ĩ ′ ∼= Ĩ .
As mentioned in Section 2, the classes of δ1 and δ2 span H1(W ; Ĩ) . The proof of
this follows as an immediate consequence of Proposition 8.11.

Corollary 9.2. We have Der(W , Ĩ) = Inn(W , Ĩ)⊕ Cδ1 ⊕ Cδ2 , where δ1 and δ2
are defined in Section 2. Consequently,

dim(H1(W ; Ĩ)) = 2.

Proof. Recall the isomorphism

Ĩ ∼= J̃ = W · A(0) = span{An | n ∈ Z \ {0}}.

Since J̃ ⊆ A(0) , we have Der(W , J̃) ⊆ Der(W , A(0)) .
Therefore, Der(W , J̃) consists of the elements of Der(W , A(0)) whose images are
contained in J̃ . By Proposition 8.11, all elements of Der(W , A(0)) have this
property, in other words,

Der(W , A(0)) = Der(W , J̃).

Noting that ∂A0 = δ1 and δA0 = δ2 , it follows that

Der(W , J̃) = Inn(W , J̃)⊕ Cδ1 ⊕ Cδ2 .

It is easy to see that the sum is direct, because Inn(W , J̃) does not contain any
elements of degree zero.
To complete the proof of Theorem 9.1, it remains to compute BW(Ĩ) , which we do
next.
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Lemma 9.3. The unique (up to multiplication by a scalar) W -invariant skew-
symmetric form on Ĩ is 〈−,−〉, where 〈−,−〉 is defined in (2.4). Consequently,

dim(BW(Ĩ)) = 1.

Proof. Suppose Ω ∈ BW(J̃) \ {0} . By Theorem 3.10,

Ω(An, Am) = α(n)δ0n+m

for all n,m ∈ Z \ {0} , where α : Z \ {0} → C . By the W -invariance of Ω , we have

Ω(An, L−n−m · Am) + Ω(L−n−m · An, Am) = 0

for all n,m ∈ Z \ {0} . Therefore,

nα(n)−mα(m) = 0

for all n,m ∈ Z \ {0} . Setting m = 1 , we get α(n) = α(1)
n

for all n ∈ Z \ {0} .
By assumption, Ω 6= 0 , so α(1) 6= 0 . Rescaling if necessary, we may assume that
α(1) = 1 . Therefore,

Ω(An, Am) =
1

n
δ0n+m

is the unique (up to multiplication by a scalar) W -invariant skew-symmetric form
on J̃ . Under the isomorphism J̃ ∼= Ĩ , the form Ω is precisely 〈−,−〉 .

The computation of H2(W̃) follows easily.

Proof of Theorem 9.1. We use the decomposition

H2(W̃) = H2(W)⊕ H1(W ; Ĩ)⊕BW(Ĩ)

from Proposition 3.1, and the correspondences between H1(W ; Ĩ) and mixing cocy-
cles, and between BW(Ĩ) and abelian cocycles.
It is easy to see that δ1 and δ2 give rise to the cocycles Ω1 and Ω2 , respectively.
Therefore, Ω1 and Ω2 span the space of mixing cocycles of W̃ , by Corollary 9.2.
Certainly ΩAb is simply the form 〈−,−〉 trivially extended to the whole of W̃ .
Therefore, by Lemma 9.3, ΩAb is the unique (up to scalar multiplication) abelian
cocycle on W̃ .

Next, we compute Leibniz central extensions of W̃ . As we did in Section 6, we do
this by computing Inv(W̃) . The computation of Inv(W̃) follows easily from the
computation of Inv(WX(λ)) from Section 6.

Theorem 9.4. We have HL2(W̃) ∼= H2(W̃).

Proof. Following Proposition 6.4, it suffices to show that Inv(W̃) = 0 . Letting
θ ∈ Inv(W) , the proof of Lemma 6.5 implies that

θ(Ln, Lm) = 0 for all n,m ∈ Z;

θ(Ln, Am) = 0 if n ∈ Z,m ∈ Z \ {0}, and n+m 6= 0;

θ(An, Am) = 0 for all n,m ∈ Z \ {0},

where we view W̃ as W n J̃ ⊆ WA(0) .
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Therefore, it remains to show that θ(Ln, A−n) = 0 for all n ∈ Z \ {0} . This is done
in the proof of Proposition 6.6.

We end with the computation of derivations of W̃ .

Theorem 9.5. We have Der(W̃) = Inn(W̃)⊕ Cδ1 ⊕ Cδ2 ⊕ CdAb , where δ1 and
δ2 are defined in Section 2, and dAb is defined as:

dAb(f∂) = 0, dAb

∣∣
Ĩ
= idĨ ,

for all f ∈ C[t, t−1]. Consequently, dim(H1(W̃ ; W̃)) = 3.

To prove Theorem 9.5, we would like to apply Proposition 8.8, which requires us to
prove that HomW(Ĩ ,W) = 0 .

Lemma 9.6. We have HomW(Ĩ ,W) = 0.

Proof. Let ϕ ∈ HomW(J̃ ,W) = 0 . The internally graded structures of J̃ and
W imply that there exist ηn ∈ C such that

ϕ(An) = ηnLn

for all n ∈ Z \ {0} . Since ϕ([Ln, Am]) = [Ln, ϕ(Am)] , we get
(n+m)ηn+m = (m− n)ηm

for all n,m ∈ Z\{0} . Setting n = −m , we deduce that ηm = 0 for all m ∈ Z\{0} ,
so ϕ = 0 .

By Proposition 8.8 and Lemma 9.6, we know that H1(W̃) decomposes into

H1(W̃) ∼= H1(W ; Ĩ)⊕ EndW(Ĩ).

Since H1(W ; Ĩ) was already computed in Corollary 9.2, it only remains to compute
EndW(Ĩ) .

Lemma 9.7. We have EndW(Ĩ) = C idĨ .

Proof. Let ϕ ∈ EndW(J̃) \ {0} . By the internally graded structures of W and
J̃ , there exist θn ∈ C such that

ϕ(An) = θnAn

for all n ∈ Z\{0} . Since ϕ is a map of W -modules, we have ϕ(Ln·Am) = Ln·ϕ(Am) ,
and thus

(n+m)θn+m = (n+m)θm

for all n,m ∈ Z \ {0} . It follows that θn = θ1 for all n ∈ Z \ {0} . Since ϕ 6= 0
by assumption, we know that θ1 6= 0 . Rescaling if necessary, we may assume that
θ1 = 1 . Therefore, ϕ(An) = An for all n ∈ Z \ {0} , so ϕ = idJ̃ .

Proof of Theorem 9.5. Follows immediately from the decomposition
H1(W̃) ∼= H1(W ; Ĩ)⊕ EndW(Ĩ)

combined with Corollary 9.2 and Lemma 9.7.
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