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Abstract. We show new examples of generalized Gelfand pairs of the form (K, N) by consid-
ering a family of 3-step nilpotent Lie groups N := S x H, where H is the (2n + 1) dimensional
Heisenberg group, S is the subgroup of (n x m) symmetric matrices and K is a non compact,
unimodular subgroup of automorphism of N. Also, we determine the automorphism group of N.
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1. Introduction

Let G be a unimodular Lie group and K a unimodular subgroup of G. Let D (G/K)
be the space of C*° functions on G/K with compact support and assume that G
acts on D' (G/K) by left translations. We denote by G the set of equivalence
classes of irreducible unitary representations of G and by H* the space of C'*
vectors, equipped with a natural Sobolev topology. Let H™°° be its antidual, so
H> C H C H™>°. The restriction of m to H*® gives rise to an action on H™>° by
duality. The elements of H™>° are called distribution vectors.

We recall that for a wide class of Lie groups which includes nilpotent and semisim-
ple Lie groups, any unitary representation 7 of G on a separable Hilbert space H
decomposes in a unique way into a direct integral of irreducible unitary representa-
tions

w= [ melr)in(o)

where j is a Borel measure on G and m, : G > NU {oo} is the multiplicity.

The representation (7, H) is called multiplicity free if the ring of continuous endo-
morphisms commuting with G, Endg(H), is commutative. Equivalently m,(7) <1
for p-almost all 7 € G (see [12]).

Definition 1.1. (G, K) is a generalized Gelfand pair if any unitary representation
of G realized in D’ (G/K) decomposes as a direct integral of irreducible components
without multiplicity.
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This definition was introduced by E. G. F. Thomas in [16] and it extends the classical
notion of Gelfand pair when K is compact. Also from Theorem A in the same work,
it is not hard to see that the Definition 1.1 is equivalent to the fact that for any
irreducible representation (7,H) of G realized in D' (G/K), the space H > of
distribution vectors fixed by K is one dimensional. Moreover, from Theorem 1.1 in
8] it follows that a unitary representation (7, H) of G admits a cyclic distribution
vector fixed by K if and only if 7 is equivalent to an invariant Hilbert subspace
of D'(G/K). Then the definition of a generalized Gelfand pair given in [16] is
equivalent to the one introduced by G.Van Dijk (see for example [18], [17]), and
which is adopted along this paper:

Definition 1.2. (G, K) is a generalized Gelfand pair if for any irreducible unitary
representation (7, H) of G, dimH > < 1.

Let N be a connected, simply connected nilpotent Lie group and K a compact sub-
group of automorphisms of N. In the last decades several works focuse on Gelfand
pairs of the form (K, K x N) (or (K,N) in short), jointly with the corresponding
spherical analysis (see [1], [2], [3], [4], [9], [13] and [19]).

One of the first results in [2] states that if (K, N) is a Gelfand pair then N is abelian
or two step nilpotent.

This statement is not longer true when K is non compact: in [5], for each m € N,
m > 2, it is exhibited a (m + 2) — step nilpotent Lie group N, and a non compact
subgroup H,, of Aut(N,,) such that (H,,, N,,) is a generalized Gelfand pair. One
has that the family n,,:=Lie (N,,) is one of the two families of graded filiform Lie
algebras, and H,, is isomorphic to the group R™™!. The case m = 1, where n;
corresponds to the Engel group, was studied in [10].

Moreover, in [6] is developed the spherical analysis associated to another family
(N, K1) of generalized Gelfand pairs, where K, is isomorphic to the 3-dimensional
Heisenberg group. For some values of m it was determined a set of generators of the
algebra of left and K, invariant differential operators, showing that the spherical
distributions are not determined by the set of eingenvalues, in contrast with the
compact case.

The aim of this work is to give new examples of generalized Gelfand pairs, by
considering a family of 3-step nilpotent Lie groups (K, N), the Engel group being the
one of minimun dimension: let H be the 2n+ 1 dimensional Heisenberg group with
coordinates (z,y,t), where z,y € R" ¢t € R. It is well known that the symplectic
group Sp(n) acts on H by automorphisms and the group of n x n symmetric
matrices S can be identified with an abelian automorphism subgroup of it. Using
this identification, the action of S on H becomes

s (z,y,t) = (x,sx +y,t), forall s € S, (z,y,t) € H.
The semidirect product N := S x H is a 3-step nilpotent Lie group with product
(z,y,t,8)(2, o, t, ") = (x+2, y+y +s/ t+t' +x - (Y +s2’) — 2" -y, s+5) (1)

The corresponding Lie algebra is n = s x ) where h = Lie(H) and s is the space
of the n X n symmetric matrix.
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In this work, one of our goal is to determine the automorphism group Aut (V) (see
Theorem 3.3).

In order to explain the choice of K, we need to recall the Kirillov theory which
states a one to one correspondence between the coadjoint orbits of N and N. Let
us denote by n* the real dual space of n. For A € n*, let pp denote the irreducible
unitary representation of N associated with the coadjoint orbit O,. For k € K,
we have a new representation of N defined by pk(n) := pa(k-n). Let

KAM={keK:pk ~ppt={keK:k-AecOy}

be the stabilizer of py. Thus for each k € K* there is a unitary operator wy (k)
such that pk(n) = wa(k)pa(n)wa(k™!) for all n € N. This defines a projective
representation wy of K, that is,

wA(k‘lkg) = O'(k’l, kQ)wA(kl)wA(kg).

wy is called the intertwining representation of pn or metaplectic representation
and o the multiplier for the projective representation w,. Denote by K¢§ the
set of (equivalent class) irreducible, unitary projective representations of K* with
multiplier o.

When K* = K, the Mackey’s representation theory states that any irreducible
unitary representation of K x N is of the form

Pr,A (ka n) =T (k) & wa (k) PA (n) ) (2)

where 7 € K7 ,o denote the conjugate of o, py € N and wy is the metaplectic
representation. These representations correspond to the infinite dimensional repre-
sentations py. When p, is given by a character xo on N, pa(k,n) = 7(k)@xa(n).

For the proof that given any irreducible unitary representation of K x NV, the space
of distribution vectors fixed by K is at most one dimensional, a crucial result is a
criterion due to Mokni and Thomas, which is an analogous of a Carcano criterion
for Gelfand pairs.

Theorem 1.3. [15] Let (w; W), (v;V) be unitary representations of H such that
v is irreducible. Let v* denote the dual representation of ~v. Then ~ appears in

the decomposition of w into irreducible components if and only if v* ® w has a
distribution vector fized by H as (H x H)-module.

It is known that H is irreducible if and only if H~°° is irreducible (see [18], page
136). Thus, in the case p,n = T ® XA, pralxk = 7 and so it admits a distribution
vector fixed by K if and only if 7 is trivial. So, we are only interested in the
representations (2) and, in these cases, according to Theorem 1.3 it is enough to
show that w, is multiplicity free.

Hence, we have selected a subgroup K of Aut(N) such that K* = K for all
A € n*, see Proposition 3.6. There, we describe K as the set of 3-uple (3, B, «)
with o, € R", B € S and it turns out isomorphic to the semidirec product
R" x (S @ R™).

In Section 2, we describe the exponential map exp : n — N and the coadjoint orbits
of N. In Section 3, we determine Aut(N), the automorphism group of N, and we
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characterize the subgroup K of Aut(NN). In Section 4, we calculate the induced re-
presentations py of N, the metaplectic representations wy and prove that they are
irreducible proyective representations for the infinity dimensional representations py .

2. Preliminary results
Let n be the Lie algebra with bases
B = {ely"'7en7f17'"7fn7t07e117"'7eij7"'7enn}

where 1 <i < j <n, and the Lie bracket is defined by

£, ifk=i
leij.en] =< ifk=j5 lex, fi] = 2t
0 itk

and zero in the other cases. It is easy to see that n = s x b where b is Lie algebra of
the Heisenberg group (2n+1)-dimentional and s is the space of the n xn symmetric
matrix. So, Z := Rt is the center of n and

X = ({el,...,en}>, y = <{f1,...,fn}>, 5 = <{en,...,eij,...,em}>,
are abelian subalgebras of n and
a=YOZDs

is the maximal abelian subalgebra of n.

Let N be the simply connected Lie group with Lie algebra n.

2.1. The exponential map
Let m be the Lie algebra of all matrix (2n 4 2) x (2n + 2) of the form:

0 0 0 X
-Yt 0 Xt T
S 0 0 Y
0O 0 0 0
L1 Y1
T2 Y2 . . .
where X =| |, Y=]" | € R"™™! and S is an n x n real symmetric matrix.
In Yn

”l2 n
In the following we identify each n € n with (x,y,t,s) € R*2 241 its represen-

tation in the basis B of n, where x = (z1,...,2,), ¥ = (y1,...,Yn), t = ¢ and
S = (S11,- -+ Sijy---»Snn) With 1 <4 < j < mn. Also, by abuse of notation, we will
use x, y and t for the corresponding column vector.

0 0 0 x
t t
‘ -y 0 x* t
Lemma 2.1. p:n—m, (xyt,s)— s] 0 0 vy
0O 0 0 O

is an isomorphism of Lie algebras.



Campros, GARciA, SAAL 511

Proof. It is easy to see that

90[(X7 Yy, t, S)? (X/7 yla tla S/)] = 90(07 07 [S]X/ - [S/]X7 2(X ) y/ -x'- Y))

0 0 0 0
xR 0 0 2y - xty)
N 0 0 0 [s]x—[8x
0 00 0
0 00 0 0 00 0
_ | X'[ET 00—y +xy | | X's] 0 0 —y'x+x"y
1 0 00 [s]x/ 0 00 [s']x
0 00 0 0 00 0
0 0 0 x 0 0 0 X O 0 0 x 0 0 0 x
-yt 0 xt ¢t —y* 0 x" 0 x* t -yt 0 xt t
s] 0 0 vy ] 0 0 y s’] 0 0 y s] 0 0 y
0 0 0 O 0 0 0 0 0 0 O 0 0 0 O
90 X y,t,S)(,O(X,,y/,t/,S/) - QO(X y t S X Y7t S)
=[p(x,y,t,8), o(x,y', t',8")] u
Let M be the subgroup of (2n + 2) x (2n + 2) matrix of the form
1 0 0 X
Y4+ XS 1 Xt T
S 0O I Y
0 0 0 1
I n
T2 Y2 . . .
where X = | |, Y =]"" | €R™ and S is an n x n symmetric matrix.
Tn Yn

For each (z,y,t,s) € N, by abuse of notation, we denote by =, y and t to the
column vectors and by [s] the n X n-symmetric matrix defined in the following way:

511
S12
511 S12 ** Sin
n2 n S « . 8 n
given s= | sm | €R™Z! we set [s] = - , 2 (3)
S92 S
Snn
Snn
I 0 0 «
¢ ¢ ¢
' —yt+afs] 1 2t t
Lemma 2.2. ¢: N — M, (z,y,t,s)+— 5] 0 I y
0 0 0 1

is an isomorphism of groups.



512 Campros, GARcCiA, SAAL
Proof.

gb((x? y7 t7 S)(:U,7 y/7 tl? S/))
=¢(x+2y+y +sx’t+t'+x-(y +s2') -2 -y,s+5)

I 0 0 x+
|~y sl () (ete) 1 (a+a)t 2t (Y +[s]a) — 2"y)
- [s] + [s'] 0 I y+y + [s)a’
0 0 0 1
I 0 0 x+a
| Y=yt s] ] 4 2] 1 2ttt +aty — 2ty + 2t [s]a
B s+ [¢' 0 I y+y + [s]a’
0 0 0 1
1 0 0 =z 1 0 0 o
=yt Hats] 1ot ot —yt+ 2] 1
B [s] 0 I vy [s'] 0 I v
0 0 0 1 0 0 0 1

= ¢(x,y,t,e)p(a’, y, ', €)
We can see that the image of the exponential map defined on m is M and

Exp-m—>M
0 0 0 X I 0 0 X
—YE 0 XU T Y 5(SX) 1 X T+ XX
S 0 0 VY S 0 I Y+35X
0 0 0 0 0 0 0 1

So, we have the following result.

Theorem 2.3.  The exponential map exp : n — N is defined by
exp(x7 y7 t7 S) = (x7 y7 t? S)

where ©t =X, y =y + 3[s]x, t =t + ¢x- [s]x, s =s.

0O 0 0 x
t t
_ 1 -y 0 x* t
= (07" Lap) ] 0 0 y
O 0 0 O
I 0 O X
— ! yi+2([slx)! 1 x' t+4 ix'[s]x
a [s] 0 I y+1ifsx
0 0 O 1
= (x7 y7 t7 6)7

where . =x, y =y + 3[s]x, t =t + ix-[s]x, s =s.

Observation 2.4.  (z,y,t,s) = exp (X,y — %[s]x,t — %x- [s]x, s) )
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2.2. Orbits
’I’L2 n
For h e b, let (z1,...,Z0, Y1, - Yn,t,0) € RZFIH"S™ be its representation in the
basis B and let ady be the operator ad(h). So, for 1 <i < j < n we have that
—J]Z‘fj — l’jfz‘ if k= 1,
adﬁ(eij) = —4{L‘Z'ZL‘jt0 if k= 2,
0 if k> 3;

for 1 <3 <n we have

. Titg 1 =
adi (e;) = { —2zxt0 if k=2, adf () = ’
h( ) Oxl‘o %fk>3 h() {O if k> 2
1 = 9
adk e;) = '
h(e:) {0 if k> 2
and adj(ty) = 0 for all k > 1. Similarly, for s € 5 let
(0,0,0, 811, + -, Sijys - s Snn) € REFLFZE

be its representation in the basis B, let us denote by ads the operator ad(s). Then,
Z Sijfj if k= 1,

j=1

0 if k> 2;

adg(e;) =

and ad®(f;) = ad®(ty) = ad’(e;;) = 0 for all k > 1. Therefore,
e;; — vf; — o;fi — 2z25t), fi<y

Ezp(ady)(e;;) = ’
pladn)(e) =3 0 e et ifi=j

Exp(ady)(e;) = e; — 2y;to, Ezplady)(f;) = £ + 2z;to,
Exp(ady)(to) = to, Ezp(ads)(e;;) = ey, Explads)(e;) =ei+ Y eyf;,
Eap(ads)(£) = f; and Bwplads)(to) =to
For n € n we set n = exp(n) = (z,y,t,s) € N, thus
Ad(exp(n)) = Ad(x,y,t,s) = Ad(z,y,t,0)Ad(0,0,0,s) = Fxp(ady) o Exp(ads),
where exp(h) = (z,y,t,0) and exp(s) = (0,0,0,s). So,
Ad(n)(e;;) = ey — xf; — ;8 — 22,15t

Ad(n)(e;) = exp(ady) (ei - zi: sijfj>

= exp(ady)(e;) + Z sij exp(adn) (f;)

j=1

=e; + Zsi]’fj + 2( —Y; + Zsi]’x]’>t0
j=1

j=1
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Let 7 : h — n be the inclusion map, with ¢* : n* — b* its dual. n* has coordinates
TL2 n
(u,v,\,0), where p, v € R", A € R and ¢ € R 2" also, n has coordinates

n2 3
(x,y,t,8), where x,y € R", t € R and s € R*3™. The pairing between n and n*
is given by
(v, N, 0) (X, y,t,8) =p-x+v-y+ At +o-s
where p-x =Y iz, v-y=> vy, At =X and 0-s =) 0;;8i;.
i=1 i=1 i<y

So, if A = (1,1, A,0) € n* then
A(Ad(n))(es;) = o1 — 2iv; — 2,05 — 2w\
A(Ad(n))(ew) = 05 — T3v; — TN
AAd(m)(es) = i+ Y sy + 2( gty sz-jxj)x
A(Ad(n))(E) = v; + 2J;1/\ -
A(Ad(n))(to) = A

Proposition 2.5. Let A be in n*,
1. If A=1(0,0,\,0) with A # 0, the coadjoint orbit is
Oro ={(p,v, N\, 0,)) : v, p € R"}
where [0,,] = [o] — %I/tl/ + ﬁ]” and I}, = V2o .
2. If A= (0,v,0,0) with v # 0, we have that
Ovo ={(1,1,0,004) : @, u € R"}

where [0,,] = o] — z'v — v'z.

3. If A= (,0,0,0), we have O, , = {(1,0,0,0)}.

3. Automorphisms of s x §

We begin by recalling that the descending central series of a Lie algebra g is defined
by

o' =g,0 =g,0 =90 ....0" = 9,9
Besides if T' € Aut(g) then for n € N,
T(g") = g¢" (4)
Theorem 3.1.  Let 6 € Aut(n) then
(i) 6(2)=2,
(i) QezZ)=YaZzZ,

(iii) 6(a) =a,
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Therefore, the matriz of 6 in the bases B is

QL
o Hhmo
o OO

T2 Qo

with A FeGl(nR), a#0, He Gl (”2+",R), a,f e M1xnR),

2

”yeM(lx’iﬂ,R) and CEM(”QQixn,R).

Proof. The descending central series of n is
w=hn=Y0Z n=nhn’=2Z2

Then, by (4) we have proved the items (i) and (ii).
To prove the item (iii), it is enough to prove that 0(e;;) € a for all i < j. As

f(ei) =ale +---+ave, +u, (5)
with u € a. We will prove that azj =0forall k=1,...,n.
By item (ii) there are vy,...,v, € Y Z such that
0(vi) = £ (6)
By (5) and (6), we have that
0 = 0([eij, vi]) = [0(eyy), fi] = ayf 2to,
henceazj:Oforallkzl,...,nandz'gj. [ |
We now describe Auty(n) := {6 € Aut(n) : 0(ty) = to}.
Given 6 € Autg(n), for each h € h we have that
0(h) = mo(h) + se(h)

where my(h) is the projection of #(h) on h and s¢(h) is the projection of §(h) on
s. Note that
Olyoz =m0 | yez (7)
since sy ‘y@z = 0. Moreover, 7y is injective, that is, if x € X then
m(r) =0=>Ar+Br+ar=0= Az =0=2=0.

We denote by s-bh the action of an element s € s on h. Furthermore, note that by
definition of the bracket we have for all s € s and h € b

s-h=1[s,hl €. (8)

Proposition 3.2.  If 0 € Auto(n) then my € Auto(h) and
so(h1) - mo(he) = s¢(h2) - mo(h1) (9)
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Proof. Given hq, hy € b, as b, is 2-step nilpotent we have that
[hl, hg], [W@(hl),ﬂ'g(hQ)] € Z.
By (7) we get that
7o([h1, ha]) = Oy, ho] = [0(h1), 0(h2)]
= [mo(h1) + so(h1), mo(h2) + so(ho)]
= [71'9(]11), W@(hg)] + S@(hl) . 7T,9(h2) - S@(hg) . 7T,9(h1). (10)

By (8), sg(h1) - mg(ha) — sg(hs) - mp(h1) € Y although [my(h1),me(he)] € Z and
mo([h1, he]) = O[h1, ho] = [h1, he] € Z. Therefore, from (10) it follows that

mo([ha, ho]) = [mo(ha), 7o (ha)], (11)
so(h1) - mo(h2) = se(h2) - Te(h1), (12)
for all hy, hy € h. The proposition follows from (11) and (12). [

Next, as mp € Auto(h) we have that the matrix of 6 in the bases B is of the form

A 0 0 0
B (A/Hh 0 G
Q I} 1 v
C 0 0 H

(13)

where BA™! is a symmetric matrix. We are looking for conditions on C', G, H
and ~ in order that the above matrix defines an automorphism on n. We begin
by noting that (9) is equivalent to the fact that C'A! is a symmetric matrix for all
l=1,...,n where

C11 Ci12 Clln

Cal,1 Coo2 Coun
Cl — C-1,1 C-112 - Cl—-lin
Cu,1 Cl2 T Clin
Ci+11 Cu+1,2 * Cli4in

Cin,1 Cin,2 e Cln,n

In fact, for all n = h@® s and n’ =k’ @ s’ we have that
Olh & s, h' &' =0[h,h]+0[h,s'|+0[s, 1]
= Wg[h,h/] + 7T9(S . hl) — 7'('9(8/ . h)

where we have used (ii) of Theorem 3.1.

On the other hand,

O(h & s),0(h" & s")] = [0(h), 6(h)] + [0(h), 0(s")] + [0(s), O(A")] + [0(s), 0(s)]
= [mo(h), mo(h)] + [ma(h), O(s")] + [0(s), mo ()]

where we have used (9) and the fact that s-0(s") =0 for all s,s" € s since 6(s) € a.
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So, as my € Auto(h) by Proposition 3.2, € Auty(n) if and only if
0(s - h) = [6(s), mo(h)] (14)
By the definition of the bracket, we can rewrite equation (14) in coordinates as
(A H(s-2) +(B,s-x)tg = [Gs, Azx] + [Hs, Ax] (15)

for all s € s and = € X', where (-,-) is the usual inner product in R".
Moreover, as (A™Y)i(s - x),[Hs, Az] € Y and (B, (s-x)) to, [Gs, Ar] € Z we have
that the equality (15) is equivalent to
(A Hi(s- A x) = [Hs, 1] (16)
(B,(s-A'z)) to = [Gs, 2] (17)

for all x € X and s € s, therefore H and G are uniquely determined by A and
since the bracket Lie [-, -] defines a non degenerate bilinear form.

Theorem 3.3. A matrizin Gl (2n+ 1+ @, R) of the form

0
Gap

v
HA,a

(
A
B
Q@

o Mmoo
o oo

C

defines an automorphism 0 € Aut(n) if and only if
(i) C'A! is a symmetric matriz for all [ =1,... n,
(i
n2

) F=a(A™")! and BA" is a symmetric matriz,
(iii) —2G 455 = (AV)[s]B" for all s € R"2"*1,
)

n2

[Haas] = a(A1)[s]A™Y for all s € R FxL

(iv

Proof. Item (i) is proved in Section 5, item (ii) is a consequence of Proposition
3.2 and items (iii) and (iv) follow from (16) and (17). [

Observation 3.4. As N is a simply connected Lie group, it follows that
Aut(N) = {ezpokoexp ' : k € Aut(n)}

where exp is the exponential map.

3.1. A non abelian subgroup K of Aut(n)

By Mackey representation theory, K % N is easier to describe in the case that
k-Ae O A

for all k € K, A € n*. So, the aim of this section is to determine these possible
automorphisms subgroups.
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Note that for k € Aut(n) and A = (p,v,\,0) € n*, k- A € Oy
E'(u,v, \,0) € Op. Thus, if A= (0,0,\,0) with A # 0 we have that
K(0,0,\,0) € O & Aly] + [Ho] = [o] = 285+ 17
If A=(0,v,0,0) with v # 0 we have that
kH(0,1,0,0) € O < ATy =v
IO EENTN (G + [Hol = [o] — oty — vix

Finally, if A = (1,0,0,0) we have that

Aty +Clo = p
Hio =0

k'(11,0,0,0) € Oy & {

So, for all A € n*
A=I1F=1I,H=1,C=0
k-ANe Oy & [7]:—%57554—%[’8

vG] = —2lv — vz

Lemma 3.5.  For € R" we set [y5] = —%ﬁtﬁ + i[ﬁ. Then,

Va+p =8+ 18 + BGp.
The proof is in Section 5.

Proposition 3.6.  Let K be the subgroup of Auto(n) defined by

I 00 0
Gg
ofi
I

€ Aut(n) : [yp] = —5 68 + 1 °

oL
o™ ~
O = O

then K™ =K, for all A € n*. Moreover, K is isomorphic to R" x (S
is the space of n X n-symmetric matrices.

Proof. Note that

if and only if

(18)

@ R™) where S

I 0 0 O I 0 0 O 1 0 0 0
BIOG||B 106y | B+B I 0 Gap
« ﬁ 1 VB o ﬁ/ 1 Yp a OKI+OZ+BB/ B—i‘ﬁ/ 1 Y+
0 00 I 0O 0 0 I 0 0 0 1
since Gg+ Gy = Gpip by item (iii) of Theorem 3.3 and vg+vs + 5Gp = a4 by
I 0 0 O
e B 10 Gs| .
Lemma 3.5. Then, identifying each matrix o 81 A with the term (8, B, «)
0 0 0 I
we have that
(8,B,)(8, B, a) = (B+ B+ B,a+d + B (19)
which proves the proposition. ]
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4. The metaplectic representation of K

4.1. The induced representation of N

Here we follow the description of the Kirillov one to one correspondence between
the set of coadjoint orbits and N [11].

For A in n? , let By be the skew-symmetric form defined by
By (u;v) := A([u, v]), u,v € nyy,.

Let 9ty be a maximal isotropic subspace of By, and set My = exp(9My). Defin-
ing on M, the character xa(exp(u)) = €™, the irreducible representation of N
corresponding to O, is the induced representation py = Indy; (xa)-

We recall that the induced representation is the pair (pa, Hy) where Hy is the
completion of

{f € Cu(N) : fgh) = xa(h7") f(g) for all h € My, g € N}

with respect to the scalar product

(i fo) = /N o Bl

and the action is the left regular representation, that is

loa(9)f1(9") = f(g7'd), 9.4 €N.
In our case, for A # (11,0,0,0), we have

My = a,

since a is an abelian ideal of codimention one. Now, by Theorem 2.3,

My = exp(y) = {(0,y,t,s) € N},
the character y, on M, is defined by

Xa(0,y,t,8) = xa (exp(0,y,t,s)) = OV ), (20)

and the representation space is isomorphic to L?(R").
Furthermore, note that

(z,y,t,5)"" = (—x, —y + [s]z, —t, —5)

For f € L*(R™) we have that

pa(z.y.t,s)f(u) = f((2,y,t,5) 7 (u,0,0,0))

= f((—x,—y + [s]z, —t, —5)(u,0,0,0))

=flu—z,—y—I[sl(u—2a),—t+u-y—u-[sle+x-[s]u,—s)

= f((u—=2,0,0,0)(0, =y — [s](u — z), =t + 2u — x) - (y — [s]x) + u - [s]u, —s))
0, —y — [s](u— ), ~t + (2u—2) - (y — ex) +u- [s]u, —s)7" f(u — )
0,y +[s](u—2),t = (2u—2)-(y —[slz) —u-[s]u,s) f(u— ). (21)

= XA

(
(
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So, we get
o For A =(0,0,)\ 0) with A #0,
P,y 1,) () = €D o o) bdgios f(y o).

e For A =(0,v,0,0) with v # 0,
pal,y,t,8) f(u) = e WDl fy — ).
o For A = (u,0,0,0), note that My = n then
PA = XA- (22)

4.2. Computation of wy

By Proposition 3.6, we have that
KM=K VAen.

In this situation, Mackey’s representation theory states that any irreducible unitary
representation of the semidirect product K x N is of the form

PoA ‘=T &Q WAPA,
where wy is a projective representation with multiplier ¢ that satisfies
ph(n) = wa(B)pa(n)wa(k™Y), VneN, ke K, 1¢c K7 and pr €N.
In order to obtain explicitly wy, by (19), we write
(8, B,a) = (8,0,0)(0, B,0)(0,0, — 5B)

Moreover, for any v € R® and B a n x n-symmetric matrix, we denote by L,, U,
and Rp to the operators defined on L?*(R™) by

Lof(u) = flu=v), Uyf(u)=e""f(u), Rpf(u)=e""""f(u)
Lemma 4.1.  75-s+ 16 [s]=0.

The proof is in Section 5.
e Case A= (0,0,\,0) with A #0:
(PR :t,5) 1) = [oa ((8,0,0) " w,.1,9)) f] (w)
= [pa ((=5,0,0)(w,.t,5)) f] (u)
= [pacap ((=8,0,0) (x.y = Slslx.t = gx-[s)x.s) ) 7] (w)
= [pnean (x.y = Slslx = Gs,t = x-[slx = By + 38+ [sx + 7 5,5 f] (4]
= [oate,y— Gas,t =By + 58 sl + 75 5.5)f| (w)

— [t=Bry+5 8- [slotys-s—(2u=2)- (y=Ggs—[slw) —w-[s]u] e fu— x)
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_ ei)\[—ﬁ-y+%5~[s]x+’yg~s+(2u—x)~6’ﬁs] ei)\[tf(2ufx)-(y7[s}x)fu-[s]u]eicr-s]c(u — 1)
_ M 3B[sle—a-Gpstrp-s+B-1s]8+2u-(Gps)+B-[s]u] [pA(fL‘,y,t, 5) (L%ﬂf)} (u+ %5)
= Pl a=GpsaeGo it st 068 [y @y,1,) (L) (ut 358)
= Lo son(@,y,t,5) Ly f | ()

where in the last equality we have used item (iii) of Theorem 3.3 and Lemma 4.1.
Moreover,

(o (2, y,t,5) f] (u) = [pa(0,0,0) 7 (¢, 5) f] (u)
= [pa(0,0, —a)(x,y,t, s) f](u)
— [pacan((0,0.—a) (x.y = Slsx. t — 2x - [slx. e)) ] ()
= [pAea:p(X, y — %[s]x, t — éx Cs]lx—a-x, s)f] (u)
= [palz,y,t —a-2,5)f] (u)
_ it (ua)-(y—lala)l gios p(yy _ )
— MU= (2u—a) (= [s10) gios giar(u—) £y o)

= [U_xapr(z,y, t, 8)Uraf] (u),

and

(PR (2, y.t,5)f] (u) = [pa(0, B,0)" (2, y,t,5) f] (u)

= [pa(0, =B, 0)(z,y, t,5) f] (u)
= [pAexp((O, —B,0) (X7y — %[s]x,t — éx - [s]x, s))f} (u)
= [pAemp(x, y — %[S]x — Bx,t — %X - [s]x, s) f] (u)
= [pa(z,y = B, t,s)f] (u)
— Nt~ (2u—a)(y—Ba—[sle)—wlslu)gios £y )
— iN2u—a) B iA1= (Qu—)-(y—[sle)—wlslu) gios f (4, )
— Nu—a) ot Blu—o)-(u=2) [ (0 0 ¢ s\ Rypf] (u)
= [R-xppa(,y,t, ) Rap f] (u).

Note that wy(5,0,0) = L%ﬂ, wa(0,0,a) = Uyy and wy (0, B,0) = Ryp.

Thus, we set wy defined by

wa(B, B,a)f(u) = | LigRxpUxa-pn) [ | (1) (23)
In order to prove that wy is a projective representation we note that

[wa(B1, B, a1 )wa (B2, B2, ) f] (u)
= [L%glR/\BlU)\(alfﬁlBl)WA(ﬁ%327042)]0}(“)
_ ez‘)\(m*ﬁlBl)-(u*%ﬂl) [L%& R)\Blw/\ (ﬁg, Bg, Ozg)f] (u)
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_ ei)\(alfﬁlBl) (u**,Bl) |:LllB R)\Bl (U — 67,)\(042 6232) (U*552 Llﬁ R)\Bgf( ))] (u)
_ ei)\(a1—5131)'(u—§:31) [L%,(ﬁ (u — ez)\(az B2B2+)- (u—§52 R)\BIL%BQR)\BQJC(U))} (U)
i)\(oq—ﬁlBl)‘(U—%ﬁl)

[Llﬁl (u s eiA(az—ﬁsz) (u—*ﬁz) —i\B2- B1uez4/\ﬁ2 B152L15 R)\BlR)\Bzf( ))} (u)

=€

a1=p1B1)(u—3551) gi(az—F2 B2)(u— 31— 552) ,—iABa: Br(u—3 1) i AB2-B1 B2
15, L1, Rap Bp, f](u)

— N
L

iA[(a1—=B1B1)-§ Ba— 1} Ba-B1B2] iXlon +az+B1 Bo— (Bi+2) (ButBa))-(u—1 1~ L B2)
[
I

e
Ll(ﬁ1+52)RA(Bl+B2)f]( )

ez)\ a1—B1B1)- 52 452 3152] [WA(ﬁl + 62’ By + BQ, a1 + ag + BlBQ>f] ( )
o ((B1, Bi, 1), (B, Ba, 2)) [wa ((B1, Bi, 1) (B2, B, a2)) £ (w),

where o, is defined by

ox ((B1, By, 1), (B2, B2, ag)) = A2 (1=B181) B2 =525 o]

Y

and it is easy to check that

O ((517 By, 041)7 (52, By, 042)(53, Bs, 043)) %D ((527 B, 042)7 (53, Bs, 043))
=0\ ((51, By, 041)(52, B, 042), (53, Bs, 043)) %D ((/31, By, 041), (52, By, 042)) .

e Case A = (0,v,0,0) with v # 0:

[pﬁ(x, y,t, s)f] (u) = [pA(:E, y—Ggs,t—p-y+ %5 [s]lz 4+ - e, e)f] (u)

_ il-vsl(u—a)+o-e) eiu(y—Gﬁs) flu— 1)

— v lsl(ume)+08) gmiv Gas vy (4 _ )

= ei(_”'[s](“_x)”’s)ei”’[s]%/Bei”'yf(u —x) by (iii) of Theorem 3.3
= v ll(um3pme) o) vy p gy %5 + %5 — )

= [Ligpa(z,y.t,s)L_15f](u)

[a (@, y,t,8) [ () = [palw,y, t — ax, s) f] (u)

— ¢t i(—v[s](u—z)+o-s) w yf(u i l’)

= [oalz,y,t,5) (f)] (u)

[PE(ZE, y,t, S)f} (u) = [pA($, Y- Bz, t, S)f] (U)
— ei(fu-[s](ufx)qta-s)eiu-(nyw)f(u . LC)

— ei(fu-[s](ufa:)Jro-s)efiV-Bxeizhyf(

u— )
_iy,Buei(_V.[s](u—x)+g,s)eiy.yew.B(u—x)f(u — )

— U_py [pa(x,y,t,5)Us, f] ()

=€
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So, we define wy by
wn(8,B,) f(u) = |L_y5Unf ] (u). (24)
It is easy to check that

[wl\(ﬁla Bl7 al)wA(627 BQa a2)f] (u)

— B (“Jréﬁl)eiV'BQ(“Jr%ﬁQ)f(u + %52 + %ﬁl)

_ e—iu-%(Bzﬁl'f‘Bl/BQ)eil"(Bl+BQ)(u+%,81+%B2)f(u + %62 + %Bl)

= ¢ i (BBt BB) Gy (), By, ay) (B, Ba, ) f (w)

= 0,((B1, B1, 1), (Ba, By, a2))wa (B, Bi, o) (B, Ba, aa)) f(u),

where o, is a multiplier and it is defined by
0, ((B1, Br, 1), (B2, Ba, ap)) = ez (BafrsBafia),

e Case A = (1,0,0,0):

Since Oy = {(1,0,0,0)} and K fixes the orbits, by (22) pk = pp for all k € K
then, wy is the identity.

Theorem 4.2. (K, N) is a generalized Gelfand pair.

Proof. By Theorem 1.3, it is enough to see that w, is multiplicity free. In fact,
note that if V' C L?(R") is a non trivial closed subspace, invariant by Lg and U,
for all 8,a € R™ then, V = L*({R") (see [7], page 160).

Thus, for A = (0,0,\,0) or A = (0,v,0,0) we have that w, is an irreducible
representation. Finally, for A = (i, 0,0,0) the result is trivial. [

5. Proof of technical results

Proof of Theorem 3.3 item (i).
By (9) we have that for all 7, j

so(e;) - mo(e;) = se(e;) - mo(e;)

(525 ) (o) = (S50 (e

=1 m=l k=1 =1 m=l k=1
n n n n n n
E E E Cim,iQk,j€Im - €k = E E E Cim,jOk,i€im * €k
=1 m=l k=1 =1 m=l k=1
n n n n n n n n
E E Clm,ial,jfm + E E Clm,iam,jfl = § § Clm,jal,ifm + E E Clm,jam,ifl
=1 m=l =1 m=Il+1 =1 m=Il =1 m=Il+1

n m n n n m n n
E E Clm,ial,jfm+ E E Clm,ia'm,jfl - E E Clm,jal,ifm+ E E Clm,jam,ifl

m=1 [=1 =1 m=Il+1 m=1 [=1 =1 m=Il+1
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n l n n n l n n
§ E le,iam,jfl + § E Clm,iam,jfl - § E le,jam,ifl + E E Clm,jam,ifl

=1 m=1 =1 m=l+1 =1 m=1 =1 m=Il+1
n l n n l n
E Cml,iQm,j + E Clm,iQm, 5 fl = E E Cml,jQm.i + E Clm,jQm.i fl
=1 \m=1 m=Il+1 =1 m=1 m=Il+1
Then,
l n l n
g Conl, i G, j+ E Clm,iGm,j = g Conl,j O, i + E Clm, j i foralll=1,...,n
m=1 m=Il+1 m=1 m=Il+1

So, for all [ =1,...,n we have that

That is, C'A* is a symmetric matrix. [

Proof of Lemma 3.5. If 1 <i<j<n then
(Voss)is = —5 (B + B)(B; + B)
= — (BB, + BB + BB} + BIB)
= (v8)ij + (v8)is — %(@5} + B;51)
= (v8)ij + (v8)ij + Bi(Ga)iij + Bi(Gar) s
= (v8)i5 + (v )i + i Br(Ga)ris
= (78)i + (Vp)is + @éﬁ’)zj
and
(oss)is = —1(Bi + B)(B: + B)
= —(BiBs + Bips + BB, + BB
= (v8)i + (Vo) — %(@ﬂé)
= (yp)ii + (Y8 )is + Bi( Gy )iii

= (v8)ii + (78 )ii + Z Be(Ga )i
k=1

= (v8)i + (V)i + (BGp )i m
Proof of Lemma 4.1.
1 1 &
Vg s+ 7888 = Z%’jszj 1 Zﬁi([s]ﬁ)i
i=1

i<y

n

= > s+ > s+ 2 Bills1B):
=1

1<j i=1
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n n n
1 1 1
=1 E 1 Bibisii — 5 g ' BiBisij + 7 El Bi E 1 Sij
1= 1<) 1= Jj=
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