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Abstract. We show new examples of generalized Gelfand pairs of the form (K,N) by consid-
ering a family of 3-step nilpotent Lie groups N := S nH , where H is the (2n + 1) dimensional
Heisenberg group, S is the subgroup of (n × n) symmetric matrices and K is a non compact,
unimodular subgroup of automorphism of N . Also, we determine the automorphism group of N .
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1. Introduction

Let G be a unimodular Lie group and K a unimodular subgroup of G. Let D (G/K)
be the space of C∞ functions on G/K with compact support and assume that G

acts on D′ (G/K) by left translations. We denote by Ĝ the set of equivalence
classes of irreducible unitary representations of G and by H∞ the space of C∞

vectors, equipped with a natural Sobolev topology. Let H−∞ be its antidual, so
H∞ ⊂ H ⊂ H−∞ . The restriction of π to H∞ gives rise to an action on H−∞ by
duality. The elements of H−∞ are called distribution vectors.
We recall that for a wide class of Lie groups which includes nilpotent and semisim-
ple Lie groups, any unitary representation π of G on a separable Hilbert space H
decomposes in a unique way into a direct integral of irreducible unitary representa-
tions

π =

∫
Ĝ

mπ(τ)dµ(τ),

where µ is a Borel measure on Ĝ and mπ : Ĝ → N ∪ {∞} is the multiplicity.
The representation (π,H) is called multiplicity free if the ring of continuous endo-
morphisms commuting with G , EndG(H) , is commutative. Equivalently mπ(τ) ≤ 1

for µ-almost all τ ∈ Ĝ (see [12]).

Definition 1.1. (G,K) is a generalized Gelfand pair if any unitary representation
of G realized in D′ (G/K) decomposes as a direct integral of irreducible components
without multiplicity.
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This definition was introduced by E. G. F. Thomas in [16] and it extends the classical
notion of Gelfand pair when K is compact. Also from Theorem A in the same work,
it is not hard to see that the Definition 1.1 is equivalent to the fact that for any
irreducible representation (π,H) of G realized in D′ (G/K) , the space H−∞

K of
distribution vectors fixed by K is one dimensional. Moreover, from Theorem 1.1 in
[8] it follows that a unitary representation (π,H) of G admits a cyclic distribution
vector fixed by K if and only if π is equivalent to an invariant Hilbert subspace
of D′ (G/K) . Then the definition of a generalized Gelfand pair given in [16] is
equivalent to the one introduced by G. Van Dijk (see for example [18], [17]), and
which is adopted along this paper:

Definition 1.2. (G,K) is a generalized Gelfand pair if for any irreducible unitary
representation (π,H) of G , dimH−∞

K ≤ 1 .

Let N be a connected, simply connected nilpotent Lie group and K a compact sub-
group of automorphisms of N . In the last decades several works focuse on Gelfand
pairs of the form (K,K nN) (or (K,N) in short), jointly with the corresponding
spherical analysis (see [1], [2], [3], [4], [9], [13] and [19]).
One of the first results in [2] states that if (K,N) is a Gelfand pair then N is abelian
or two step nilpotent.
This statement is not longer true when K is non compact: in [5], for each m ∈ N ,
m ≥ 2 , it is exhibited a (m+ 2)− step nilpotent Lie group Nm and a non compact
subgroup Hm of Aut (Nm) such that (Hm, Nm) is a generalized Gelfand pair. One
has that the family nm :=Lie (Nm) is one of the two families of graded filiform Lie
algebras, and Hm is isomorphic to the group Rm+1 . The case m = 1, where n1
corresponds to the Engel group, was studied in [10].
Moreover, in [6] is developed the spherical analysis associated to another family
(Nm, Km) of generalized Gelfand pairs, where Km is isomorphic to the 3-dimensional
Heisenberg group. For some values of m it was determined a set of generators of the
algebra of left and Km invariant differential operators, showing that the spherical
distributions are not determined by the set of eingenvalues, in contrast with the
compact case.
The aim of this work is to give new examples of generalized Gelfand pairs, by
considering a family of 3-step nilpotent Lie groups (K,N) , the Engel group being the
one of minimun dimension: let H be the 2n+1 dimensional Heisenberg group with
coordinates (x, y, t) , where x, y ∈ Rn, t ∈ R . It is well known that the symplectic
group Sp (n) acts on H by automorphisms and the group of n × n symmetric
matrices S can be identified with an abelian automorphism subgroup of it. Using
this identification, the action of S on H becomes

s · (x, y, t) = (x, sx+ y, t) , for all s ∈ S, (x, y, t) ∈ H.

The semidirect product N := S nH is a 3-step nilpotent Lie group with product

(x, y, t, s)(x′, y′, t′, s′) = (x+x′, y+y′+sx′, t+t′+x · (y′+sx′)− x′ · y, s+s′) (1)

The corresponding Lie algebra is n = s n h where h = Lie(H) and s is the space
of the n× n symmetric matrix.
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In this work, one of our goal is to determine the automorphism group Aut (N) (see
Theorem 3.3).
In order to explain the choice of K, we need to recall the Kirillov theory which
states a one to one correspondence between the coadjoint orbits of N and N̂ . Let
us denote by n∗ the real dual space of n . For Λ ∈ n∗ , let ρΛ denote the irreducible
unitary representation of N associated with the coadjoint orbit OΛ . For k ∈ K ,
we have a new representation of N defined by ρkΛ(n) := ρΛ(k · n) . Let

KΛ := {k ∈ K : ρkΛ ∼ ρΛ} = {k ∈ K : k · Λ ∈ OΛ}

be the stabilizer of ρΛ . Thus for each k ∈ KΛ there is a unitary operator ωΛ(k)
such that ρkΛ(n) = ωΛ(k)ρΛ(n)ωΛ(k

−1) for all n ∈ N . This defines a projective
representation ωΛ of KΛ , that is,

ωΛ(k1k2) = σ(k1, k2)ωΛ(k1)ωΛ(k2).

ωΛ is called the intertwining representation of ρΛ or metaplectic representation
and σ the multiplier for the projective representation ωΛ . Denote by K̂σ

Λ the
set of (equivalent class) irreducible, unitary projective representations of KΛ with
multiplier σ .
When KΛ = K , the Mackey’s representation theory states that any irreducible
unitary representation of K nN is of the form

ρτ,Λ (k, n) = τ (k)⊗ ωΛ (k) ρΛ (n) , (2)

where τ ∈ K̂σ, σ denote the conjugate of σ, ρΛ ∈ N̂ and ωΛ is the metaplectic
representation. These representations correspond to the infinite dimensional repre-
sentations ρΛ . When ρΛ is given by a character χΛ on N , ρτ,Λ(k, n) = τ(k)⊗χΛ(n) .
For the proof that given any irreducible unitary representation of KnN , the space
of distribution vectors fixed by K is at most one dimensional, a crucial result is a
criterion due to Mokni and Thomas, which is an analogous of a Carcano criterion
for Gelfand pairs.

Theorem 1.3. [15] Let (ω;W ), (γ;V ) be unitary representations of H such that
γ is irreducible. Let γ∗ denote the dual representation of γ . Then γ appears in
the decomposition of ω into irreducible components if and only if γ∗ ⊗ ω has a
distribution vector fixed by H as (H ×H)-module.

It is known that H is irreducible if and only if H−∞ is irreducible (see [18], page
136). Thus, in the case ρτ,Λ = τ ⊗ χΛ , ρτ,Λ|K = τ and so it admits a distribution
vector fixed by K if and only if τ is trivial. So, we are only interested in the
representations (2) and, in these cases, according to Theorem 1.3 it is enough to
show that ωΛ is multiplicity free.
Hence, we have selected a subgroup K of Aut (N) such that KΛ = K for all
Λ ∈ n∗ , see Proposition 3.6. There, we describe K as the set of 3-uple (β,B, α)
with α, β ∈ Rn, B ∈ S and it turns out isomorphic to the semidirec product
Rn n (S ⊕ Rn) .
In Section 2, we describe the exponential map exp : n → N and the coadjoint orbits
of N . In Section 3, we determine Aut(N) , the automorphism group of N , and we
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characterize the subgroup K of Aut(N) . In Section 4, we calculate the induced re-
presentations ρΛ of N , the metaplectic representations ωΛ and prove that they are
irreducible proyective representations for the infinity dimensional representations ρΛ .

2. Preliminary results
Let n be the Lie algebra with bases

B = {e1, . . . , en, f1, . . . , fn, t0, e11, . . . , eij, . . . , enn}

where 1 ≤ i ≤ j ≤ n , and the Lie bracket is defined by

[eij, ek] =


fj if k = i

fi if k = j

0 if k 6= i, j

, [ek, fk] = 2t0

and zero in the other cases. It is easy to see that n = snh where h is Lie algebra of
the Heisenberg group (2n+1)-dimentional and s is the space of the n×n symmetric
matrix. So, Z := Rt0 is the center of n and

X := 〈{e1, . . . , en}〉 , Y := 〈{f1, . . . , fn}〉 , s := 〈{e11, . . . , eij, . . . , enn}〉 ,

are abelian subalgebras of n and

a = Y ⊕ Z ⊕ s

is the maximal abelian subalgebra of n .
Let N be the simply connected Lie group with Lie algebra n .

2.1. The exponential map
Let m be the Lie algebra of all matrix (2n+ 2)× (2n+ 2) of the form:

0 0 0 X
−Y t 0 X t T
S 0 0 Y
0 0 0 0



where X =


x1
x2
...
xn

 , Y =


y1
y2
...
yn

 ∈ Rn×1 and S is an n× n real symmetric matrix.

In the following we identify each n ∈ n with (x,y, t, s) ∈ Rn2+n
2

+2n+1 , its represen-
tation in the basis B of n , where x = (x1, . . . , xn) , y = (y1, . . . , yn) , t = t and
s = (s11, . . . , sij, . . . , snn) with 1 ≤ i ≤ j ≤ n . Also, by abuse of notation, we will
use x , y and t for the corresponding column vector.

Lemma 2.1. φ : n → m, (x,y, t, s) 7→


0 0 0 x

−yt 0 xt t
[s] 0 0 y
0 0 0 0


is an isomorphism of Lie algebras.
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Proof. It is easy to see that

φ[(x,y, t, s), (x′,y′, t′, s′)] = φ(0, 0, [s]x′ − [s′]x, 2(x · y′ − x′ · y))

=


0 0 0 0

−([s]x′ − [s′]x)t 0 0 2(xty′ − x′ty)
0 0 0 [s]x′ − [s′]x
0 0 0 0



=


0 0 0 0

xt[s′] 0 0 −ytx′ + xty′

0 0 0 [s]x′

0 0 0 0

−


0 0 0 0

x′t[s] 0 0 −y′tx+ x′ty
0 0 0 [s′]x
0 0 0 0



=


0 0 0 x

−yt 0 xt t
[s] 0 0 y
0 0 0 0




0 0 0 x′

−y′t 0 x′t t′

[s′] 0 0 y′

0 0 0 0

−


0 0 0 x′

−y′t 0 x′t t′

[s′] 0 0 y′

0 0 0 0




0 0 0 x
−yt 0 xt t
[s] 0 0 y
0 0 0 0


= φ(x,y, t, s)φ(x′,y′, t′, s′)− φ(x′,y′, t′, s′)φ(x,y, t, s)

= [φ(x,y, t, s), φ(x′,y′, t′, s′)]

Let M be the subgroup of (2n+ 2)× (2n+ 2) matrix of the form
I 0 0 X

−Y t +X tS 1 X t T
S 0 I Y
0 0 0 1



where X =


x1
x2
...
xn

 , Y =


y1
y2
...
yn

 ∈ Rn×1 and S is an n× n symmetric matrix.

For each (x, y, t, s) ∈ N , by abuse of notation, we denote by x , y and t to the
column vectors and by [s] the n×n-symmetric matrix defined in the following way:

given s =



s11
s12
...

s1n
s22
...

snn


∈ R

n2+n
2

×1 we set [s] =


s11 s12 · · · s1n

s22 · · · s2n
. . . ...

snn

 (3)

Lemma 2.2. ϕ : N → M, (x, y, t, s) 7→


I 0 0 x

−yt + xt[s] 1 xt t
[s] 0 I y
0 0 0 1


is an isomorphism of groups.
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Proof.
ϕ ((x, y, t, s)(x′, y′, t′, s′))

= ϕ(x+ x′, y + y′ + sx′, t+ t′ + x · (y′ + sx′)− x′ · y, s+ s′)

=


I 0 0 x+ x′

−(y+y′+[s]x′)t+(x+x′)t(e+e′) 1 (x+x′)t t+t′+xt(y′+[s]x′)− x′ty)
[s] + [s′] 0 I y + y′ + [s]x′

0 0 0 1



=


I 0 0 x+ x′

−yt − y′t + xt[s] + xt[s′] + x′t[s′] 1 xt + x′t t+ t′ + xty′ − x′ty + xt[s]x′

[s] + [s′] 0 I y + y′ + [s]x′

0 0 0 1



=


I 0 0 x

−yt + xt[s] 1 xt t
[s] 0 I y
0 0 0 1




I 0 0 x′

−y′t + x′t[s′] 1 x′t t′

[s′] 0 I y′

0 0 0 1


= ϕ(x, y, t, e)ϕ(x′, y′, t′, e′)

We can see that the image of the exponential map defined on m is M and
Exp : m → M

0 0 0 X
−Y t 0 X t T
S 0 0 Y
0 0 0 0

 7→


I 0 0 X

−Y t + 1
2
(SX)t 1 X t T + 1

6
X tSX

S 0 I Y + 1
2
SX

0 0 0 1


So, we have the following result.

Theorem 2.3. The exponential map exp : n → N is defined by
exp(x,y, t, s) = (x, y, t, s)

where x = x, y = y + 1
2
[s]x, t = t+ 1

6
x · [s]x, s = s.

Proof. exp(x,y, t, s) = (ϕ−1 ◦ Exp ◦ φ) (x,y, t, s)

=
(
ϕ−1 ◦ Exp

)
0 0 0 x

−yt 0 xt t
[s] 0 0 y
0 0 0 0



= ϕ−1


I 0 0 x

−yt + 1
2
([s]x)t 1 xt t+ 1

6
xt[s]x

[s] 0 I y + 1
2
[s]x

0 0 0 1


= (x, y, t, e),

where x = x, y = y + 1
2
[s]x, t = t+ 1

6
x · [s]x, s = s .

Observation 2.4. (x, y, t, s) = exp
(
x,y − 1

2
[s]x, t− 1

6
x · [s]x, s

)
.
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2.2. Orbits
For h ∈ h , let (x1, . . . , xn, y1, . . . , yn, t, 0) ∈ R2n+1+n2+n

2 be its representation in the
basis B and let adh be the operator ad(h) . So, for 1 ≤ i < j ≤ n we have that

adkh(eij) =


−xifj − xjfi if k = 1,

−4xixjt0 if k = 2,

0 if k ≥ 3;
for 1 ≤ i ≤ n we have

adkh(eii) =


−xifi if k = 1,

−2xixit0 if k = 2,

0 if k ≥ 3;

adkh(fi) =

{
2xit0 if k = 1,

0 if k ≥ 2;

adkh(ei) =

{
−2yit0 if k = 1,

0 if k ≥ 2;

and adkh(t0) = 0 for all k ≥ 1 . Similarly, for s ∈ s let

(0, 0, 0, s11, . . . , sij, . . . , snn) ∈ R2n+1+n2+n
2

be its representation in the basis B , let us denote by ads the operator ad(s) . Then,

adks(ei) =


n∑

j=1

sijfj if k = 1,

0 if k ≥ 2;

and adks(fi) = adks(t0) = adks(eij) = 0 for all k ≥ 1 . Therefore,

Exp(adh)(eij) =

{
eij − xifj − xjfi − 2xixjt0, if i < j

eii − xifi − xixit0, if i = j
,

Exp(adh)(ei) = ei − 2yit0, Exp(adh)(fi) = fi + 2xit0,

Exp(adh)(t0) = t0, Exp(ads)(eij) = eij, Exp(ads)(ei) = ei +
n∑

j=1

eijfj,

Exp(ads)(fi) = fi and Exp(ads)(t0) = t0

For n ∈ n we set n = exp(n) = (x, y, t, s) ∈ N , thus
Ad(exp(n)) = Ad(x, y, t, s) = Ad(x, y, t, 0)Ad(0, 0, 0, s) = Exp(adh) ◦ Exp(ads),

where exp(h) = (x, y, t, 0) and exp(s) = (0, 0, 0, s) . So,
Ad(n)(eij) = eij − xifj − xjfi − 2xixjt0

Ad(n)(eii) = eii − xifi − xixit0

Ad(n)(ei) = exp(adh)
(
ei +

n∑
j=1

sijfj

)
= exp(adh)(ei) +

n∑
j=1

sij exp(adh) (fj)

= ei +
n∑

j=1

sijfj + 2
(
− yi +

n∑
j=1

sijxj

)
t0

Ad(n)(fi) = fi + 2xit0, Ad(n)(t0) = t0.
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Let i : h → n be the inclusion map, with i∗ : n∗ → h∗ its dual. n∗ has coordinates
(µ, ν, λ, σ) , where µ, ν ∈ Rn , λ ∈ R and σ ∈ Rn2+n

2 also, n has coordinates
(x,y, t, s) , where x,y ∈ Rn , t ∈ R and s ∈ Rn2+n

2 . The pairing between n and n∗

is given by
(µ, ν, λ, σ)(x,y, t, s) = µ · x+ ν · y + λt+ σ · s

where µ · x =
n∑

i=1

µixi , ν · y =
n∑

i=1

νiyi , λt = λt and σ · s =
∑
i≤j

σijsij .

So, if Λ = (µ, ν, λ, σ) ∈ n∗ then

Λ(Ad(n))(eij) = σij − xiνj − xjνi − 2xixjλ

Λ(Ad(n))(eii) = σii − xiνi − xixiλ

Λ(Ad(n))(ei) = µi +
n∑

j=1

sijνj + 2
(
− yi +

n∑
j=1

sijxj

)
λ

Λ(Ad(n))(fi) = νi + 2xiλ

Λ(Ad(n))(t0) = λ

Proposition 2.5. Let Λ be in n∗ ,

1. If Λ = (0, 0, λ, σ) with λ 6= 0, the coadjoint orbit is
Oλ,σ = {(µ, ν, λ, σν,λ) : ν, µ ∈ Rn}

where [σν,λ] = [σ]− 1
2λ
νtν + 1

4λ
Iν and Iνij = ν2

i δij .

2. If Λ = (0, ν, 0, σ) with ν 6= 0, we have that
Oν,σ = {(µ, ν, 0, σν,x) : x, µ ∈ Rn}

where [σν,x] = [σ]− xtν − νtx.

3. If Λ = (µ, 0, 0, σ), we have Oµ,σ = {(µ, 0, 0, σ)}.

3. Automorphisms of s n h

We begin by recalling that the descending central series of a Lie algebra g is defined
by

g0 := g, g1 := [g, g] = [g, g0], . . . , gn := [g, gn−1].

Besides if T ∈ Aut(g) then for n ∈ N ,

T (gn) = gn (4)

Theorem 3.1. Let θ ∈ Aut(n) then

(i) θ(Z) = Z ,

(ii) θ(Y ⊕ Z) = Y ⊕ Z ,

(iii) θ(a) = a,
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Therefore, the matrix of θ in the bases B is
A 0 0 0
B F 0 G
α β a γ
C 0 0 H


with A,F ∈ Gl(n,R), a 6= 0, H ∈ Gl

(
n2+n

2
,R
)

, α, β ∈ M(1× n,R),

γ ∈ M
(
1× n2+n

2
,R
)

and C ∈ M
(

n2+n
2

× n,R
)

.

Proof. The descending central series of n is

n2 = [n, n] = Y ⊕ Z, n3 = [n, n2] = Z.

Then, by (4) we have proved the items (i) and (ii).
To prove the item (iii), it is enough to prove that θ(eij) ∈ a for all i ≤ j . As

θ(eij) = aij1 e1 + · · ·+ aijn en + u, (5)

with u ∈ a . We will prove that aijk = 0 for all k = 1, . . . , n .
By item (ii) there are v1, . . . ,vn ∈ Y

⊕
Z such that

θ(vk) = fk. (6)

By (5) and (6), we have that

0 = θ([eij,vk]) = [θ(eij), fk] = aijk 2t0,

hence aijk = 0 for all k = 1, . . . , n and i ≤ j .

We now describe Aut0(n) := {θ ∈ Aut(n) : θ(t0) = t0} .
Given θ ∈ Aut0(n) , for each h ∈ h we have that

θ(h) = πθ(h) + sθ(h)

where πθ(h) is the projection of θ(h) on h and sθ(h) is the projection of θ(h) on
s . Note that

θ|Y⊕Z = πθ |Y⊕Z , (7)
since sθ |Y⊕Z ≡ 0 . Moreover, πθ is injective, that is, if x ∈ X then

πθ(x) = 0 ⇒ Ax+Bx+ αx = 0 ⇒ Ax = 0 ⇒ x = 0 .
We denote by s · h the action of an element s ∈ s on h . Furthermore, note that by
definition of the bracket we have for all s ∈ s and h ∈ h

s · h = [s, h] ∈ Y . (8)

Proposition 3.2. If θ ∈ Aut0(n) then πθ ∈ Aut0(h) and

sθ(h1) · πθ(h2) = sθ(h2) · πθ(h1) (9)
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Proof. Given h1, h2 ∈ hn , as hn is 2-step nilpotent we have that

[h1, h2], [πθ(h1), πθ(h2)] ∈ Z.

By (7) we get that

πθ([h1, h2]) = θ[h1, h2] = [θ(h1), θ(h2)]

= [πθ(h1) + sθ(h1), πθ(h2) + sθ(h2)]

= [πθ(h1), πθ(h2)] + sθ(h1) · πθ(h2)− sθ(h2) · πθ(h1). (10)

By (8), sθ(h1) · πθ(h2) − sθ(h2) · πθ(h1) ∈ Y although [πθ(h1), πθ(h2)] ∈ Z and
πθ([h1, h2]) = θ[h1, h2] = [h1, h2] ∈ Z . Therefore, from (10) it follows that

πθ([h1, h2]) = [πθ(h1), πθ(h2)], (11)
sθ(h1) · πθ(h2) = sθ(h2) · πθ(h1), (12)

for all h1, h2 ∈ h . The proposition follows from (11) and (12).

Next, as πθ ∈ Aut0(h) we have that the matrix of θ in the bases B is of the form
A 0 0 0
B (A−1)t 0 G
α β 1 γ
C 0 0 H

 (13)

where BA−1 is a symmetric matrix. We are looking for conditions on C , G , H
and γ in order that the above matrix defines an automorphism on n . We begin
by noting that (9) is equivalent to the fact that C lAt is a symmetric matrix for all
l = 1, . . . , n where

C l =



c1l,1 c1l,2 · · · c1l,n
c2l,1 c2l,2 · · · c2l,n

... ... . . . ...
cl−1l,1 cl−1l,2 · · · cl−1l,n

cll,1 cll,2 · · · cll,n
cll+1,1 cll+1,2 · · · cll+1,n

... ... . . . ...
cln,1 cln,2 · · · cln,n


In fact, for all n = h⊕ s and n′ = h′ ⊕ s′ we have that

θ[h⊕ s, h′ ⊕ s′] = θ[h, h′] + θ[h, s′] + θ[s, h′]

= πθ[h, h
′] + πθ(s · h′)− πθ(s

′ · h)

where we have used (ii) of Theorem 3.1.
On the other hand,

[θ(h⊕ s), θ(h′ ⊕ s′)] = [θ(h), θ(h′)] + [θ(h), θ(s′)] + [θ(s), θ(h′)] + [θ(s), θ(s′)]

= [πθ(h), πθ(h
′)] + [πθ(h), θ(s

′)] + [θ(s), πθ(h
′)]

where we have used (9) and the fact that s · θ(s′) = 0 for all s, s′ ∈ s since θ(s) ∈ a .
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So, as πθ ∈ Aut0(h) by Proposition 3.2, θ ∈ Aut0(n) if and only if

θ(s · h) = [θ(s), πθ(h)] (14)

By the definition of the bracket, we can rewrite equation (14) in coordinates as

(A−1)t(s · x) + 〈β, s · x〉 t0 = [Gs,Ax] + [Hs,Ax] (15)

for all s ∈ s and x ∈ X , where 〈·, ·〉 is the usual inner product in Rn .
Moreover, as (A−1)t(s · x), [Hs,Ax] ∈ Y and 〈β, (s · x)〉 t0, [Gs,Ax] ∈ Z we have
that the equality (15) is equivalent to

(A−1)t(s · A−1x) = [Hs, x] (16)〈
β, (s · A−1x)

〉
t0 = [Gs, x] (17)

for all x ∈ X and s ∈ s , therefore H and G are uniquely determined by A and β
since the bracket Lie [·, ·] defines a non degenerate bilinear form.

Theorem 3.3. A matrix in Gl
(
2n+ 1 + n(n+1)

2
,R
)

of the form
A 0 0 0
B F 0 GA,β

α β a γ
C 0 0 HA,a


defines an automorphism θ ∈ Aut(n) if and only if

(i) C lAt is a symmetric matrix for all l = 1, . . . , n,
(ii) F = a(A−1)t and BAt is a symmetric matrix,

(iii) −2GA,βs = (A−1)t[s]βt for all s ∈ Rn2+n
2

×1 ,

(iv) [HA,as] = a(A−1)t[s]A−1 for all s ∈ Rn2+n
2

×1 .

Proof. Item (i) is proved in Section 5, item (ii) is a consequence of Proposition
3.2 and items (iii) and (iv) follow from (16) and (17).

Observation 3.4. As N is a simply connected Lie group, it follows that

Aut(N) = {exp ◦ k ◦ exp−1 : k ∈ Aut(n)}

where exp is the exponential map.

3.1. A non abelian subgroup K of Aut(n)

By Mackey representation theory, K̂ nN is easier to describe in the case that

k · Λ ∈ OΛ

for all k ∈ K , Λ ∈ n∗ . So, the aim of this section is to determine these possible
automorphisms subgroups.
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Note that for k ∈ Aut(n) and Λ = (µ, ν, λ, σ) ∈ n∗ , k · Λ ∈ OΛ if and only if
kt(µ, ν, λ, σ) ∈ OΛ . Thus, if Λ = (0, 0, λ, σ) with λ 6= 0 we have that

kt(0, 0, λ, σ) ∈ OΛ ⇔ λ[γ] + [Hσ] = [σ]− λ

2
βtβ +

λ

4
Iβ

If Λ = (0, ν, 0, σ) with ν 6= 0 we have that

kt(0, ν, 0, σ) ∈ OΛ ⇔
{

A−1ν = ν

[Gtν] + [Hσ] = [σ]− xtν − νtx

Finally, if Λ = (µ, 0, 0, σ) we have that

kt(µ, 0, 0, σ) ∈ OΛ ⇔
{
Atµ+ Ctσ = µ

H tσ = σ

So, for all Λ ∈ n∗

k · Λ ∈ OΛ ⇔


A = I, F = I,H = I, C = 0

[γ] = −1
2
βtβ + 1

4
Iβ

[νG] = −xtν − νtx

Lemma 3.5. For β ∈ Rn we set [γβ] = −1
2
βtβ + 1

4
Iβ . Then,

γβ+β′ = γβ + γβ′ + βGβ′ .

The proof is in Section 5.

Proposition 3.6. Let K be the subgroup of Aut0(n) defined by

K =




I 0 0 0
B I 0 Gβ

α β 1 γβ
0 0 0 I

 ∈ Aut(n) : [γβ] = −1

2
βtβ +

1

4
Iβ

 (18)

then KΛ = K , for all Λ ∈ n∗ . Moreover, K is isomorphic to Rn n (S ⊕ Rn) where S
is the space of n× n-symmetric matrices.

Proof. Note that
I 0 0 0
B I 0 Gβ

α β 1 γβ
0 0 0 I




I 0 0 0
B′ I 0 Gβ′

α′ β′ 1 γβ′

0 0 0 I

 =


I 0 0 0

B +B′ I 0 Gβ+β′

α′ + α + βB′ β + β′ 1 γβ+β′

0 0 0 I


since Gβ +Gβ′ = Gβ+β′ by item (iii) of Theorem 3.3 and γβ +γβ′ +βGβ′ = γβ+β′ by

Lemma 3.5. Then, identifying each matrix

 I 0 0 0
B I 0 Gβ

α β 1 γβ
0 0 0 I

 with the term (β,B, α)

we have that

(β,B, α)(β′, B′, α′) = (β + β′, B +B′, α + α′ + βB′) (19)

which proves the proposition.
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4. The metaplectic representation of K

4.1. The induced representation of N

Here we follow the description of the Kirillov one to one correspondence between
the set of coadjoint orbits and N̂ [11].
For Λ in n∗m , let BΛ be the skew-symmetric form defined by

BΛ(u; v) := Λ([u, v]), u, v ∈ nm.

Let MΛ be a maximal isotropic subspace of BΛ , and set MΛ = exp(MΛ) . Defin-
ing on MΛ the character χΛ(exp(u)) = eiΛu , the irreducible representation of N
corresponding to OΛ is the induced representation ρΛ = IndNMΛ

(χΛ) .
We recall that the induced representation is the pair (ρΛ, HΛ) where HΛ is the
completion of

{f ∈ Cc(N) : f(gh) = χΛ(h
−1)f(g) for all h ∈ MΛ, g ∈ N}

with respect to the scalar product

〈f1, f2〉 =
∫
N/MΛ

f1(u)f2(u)du,

and the action is the left regular representation, that is

[ρΛ(g)f ] (g
′) = f(g−1g′), g, g′ ∈ N.

In our case, for Λ 6= (µ, 0, 0, σ) , we have

MΛ = a,

since a is an abelian ideal of codimention one. Now, by Theorem 2.3,

MΛ = exp(MΛ) = {(0, y, t, s) ∈ N},

the character χΛ on MΛ is defined by

χΛ(0, y, t, s) = χΛ (exp(0,y, t, s)) = eiΛ(0,y,t,s), (20)

and the representation space is isomorphic to L2(Rn) .
Furthermore, note that

(x, y, t, s)−1 = (−x,−y + [s]x,−t,−s)

For f ∈ L2(Rn) we have that

ρΛ(x, y, t, s)f(u) = f
(
(x, y, t, s)−1(u, 0, 0, 0)

)
= f ((−x,−y + [s]x,−t,−s)(u, 0, 0, 0))

= f (u− x,−y − [s](u− x),−t+ u · y − u · [s]x+ x · [s]u,−s)

= f ((u− x, 0, 0, 0)(0,−y − [s](u− x),−t+ (2u− x) · (y − [s]x) + u · [s]u,−s))

= χΛ(0,−y − [s](u− x),−t+ (2u− x) · (y − ex) + u · [s]u,−s)−1f(u− x)

= χΛ(0, y + [s](u− x), t− (2u− x) · (y − [s]x)− u · [s]u, s)f(u− x). (21)
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So, we get

• For Λ = (0, 0, λ, σ) with λ 6= 0 ,
ρΛ(x, y, t, s)f(u) = eiλ[t−(2u−x)·(y−[s]x)−u·[s]u]eiσ·sf(u− x).

• For Λ = (0, ν, 0, σ) with ν 6= 0 ,
ρΛ(x, y, t, s)f(u) = eiν·(y+[s](u−x))eiσ·sf(u− x).

• For Λ = (µ, 0, 0, σ) , note that MΛ = n then
ρΛ = χΛ. (22)

4.2. Computation of ωΛ

By Proposition 3.6, we have that

KΛ = K ∀Λ ∈ n∗.

In this situation, Mackey’s representation theory states that any irreducible unitary
representation of the semidirect product K nN is of the form

ρσ,Λ := τ ⊗ ωΛρΛ,

where ωΛ is a projective representation with multiplier σ that satisfies

ρkΛ(n) = ωΛ(k)ρΛ(n)ωΛ(k
−1), ∀n ∈ N, k ∈ K, τ ∈ K̂σ and ρΛ ∈ N̂ .

In order to obtain explicitly ωΛ , by (19), we write

(β,B, α) = (β, 0, 0)(0, B, 0)(0, 0, α− βB)

Moreover, for any v ∈ Rn and B a n× n-symmetric matrix, we denote by Lv , Uv

and RB to the operators defined on L2(Rn) by

Lvf(u) = f(u− v), Uvf(u) = eiv·uf(u), RBf(u) = e−iBu·uf(u)

Lemma 4.1. γβ · s+ 1
4
β · [s]β = 0.

The proof is in Section 5.

• Case Λ = (0, 0, λ, σ) with λ 6= 0 :[
ρβΛ(x, y, t, s)f

]
(u) =

[
ρΛ
(
(β, 0, 0)−1(x, y, t, s)

)
f
]
(u)

= [ρΛ ((−β, 0, 0)(x, y, t, s)) f ] (u)

=
[
ρΛexp

(
(−β, 0, 0)

(
x,y − 1

2
[s]x, t− 1

6
x · [s]x, s

))
f
]
(u)

=
[
ρΛexp

(
x,y − 1

2
[s]x−Gβs, t−

1

6
x · [s]x− β · y +

1

2
β · [s]x+ γβ · s, s

)
f
]
(u)

=
[
ρΛ(x, y −Gβs, t− β · y + 1

2
β · [s]x+ γβ · s, s)f

]
(u)

= e
iλ
[
t−β·y+ 1

2β·[s]x+γβ ·s−(2u−x)·(y−Gβs−[s]x)−u·[s]u
]
eiσ·sf(u− x)



Campos, García, Saal 521

= eiλ[−β·y+ 1
2
β·[s]x+γβ ·s+(2u−x)·Gβs]eiλ[t−(2u−x)·(y−[s]x)−u·[s]u]eiσ·sf(u− x)

= eiλ[−
1
2
β·[s]x−x·Gβs+γβ ·s+ 1

4
β·[s]β+2u·(Gβs)+β·[s]u]

[
ρΛ(x, y, t, s)

(
L 1

2
βf
)](

u+
1

2
β
)

= eiλ[−
1
2
[s]β·x−Gβs·x+(2Gβs)·u+[s]β·u+γβ ·s+ 1

4
β·[s]β]

[
ρΛ(x, y, t, s)

(
L 1

2
βf
)](

u+
1

2
β
)

=
[
L− 1

2
βρΛ(x, y, t, s)L 1

2
βf
]
(u)

where in the last equality we have used item (iii) of Theorem 3.3 and Lemma 4.1.
Moreover,

[ραΛ(x, y, t, s)f ] (u) =
[
ρΛ(0, 0, α)

−1(x, y, t, s)f
]
(u)

= [ρΛ(0, 0,−α)(x, y, t, s)f ](u)

=
[
ρΛexp

(
(0, 0,−α)

(
x,y − 1

2
[s]x, t− 1

6
x · [s]x, e

))
f
]
(u)

=
[
ρΛexp

(
x,y − 1

2
[s]x, t− 1

6
x · [s]x− α · x, s

)
f
]
(u)

= [ρΛ(x, y, t− α · x, s)f ] (u)

= eiλ[t−α·x−(2u−x)·(y−[s]x)]eiσ·sf(u− x)

= e−iλα·ueiλ(t−(2u−x)·(y−[s]x))eiσ·seiλα·(u−x)f(u− x)

= [U−λαρΛ(x, y, t, s)Uλαf ] (u),

and[
ρBΛ (x, y, t, s)f

]
(u) =

[
ρΛ(0, B, 0)−1(x, y, t, s)f

]
(u)

= [ρΛ(0,−B, 0)(x, y, t, s)f ] (u)

=
[
ρΛexp

(
(0,−B, 0)

(
x,y − 1

2
[s]x, t− 1

6
x · [s]x, s

))
f
]
(u)

=
[
ρΛexp

(
x,y − 1

2
[s]x−Bx, t− 1

6
x · [s]x, s

)
f
]
(u)

= [ρΛ(x, y −Bx, t, s)f ] (u)

= eiλ(t−(2u−x)·(y−Bx−[s]x)−u·[s]u)eiσ·sf(u− x)

= eiλ(2u−x)·Bxeiλ(t−(2u−x)·(y−[s]x)−u·[s]u)eiσ·sf(u− x)

= eiλ(2u−x)·Bx+B(u−x)·(u−x) [ρΛ(x, y, t, s)RλBf ] (u)

= [R−λBρΛ(x, y, t, s)RλBf ] (u).

Note that ωΛ(β, 0, 0) = L 1
2
β , ωΛ(0, 0, α) = Uλα and ωΛ(0, B, 0) = RλB .

Thus, we set ωΛ defined by

ωΛ(β,B, α)f(u) =
[
L 1

2
βRλBUλ(α−βB)f

]
(u) . (23)

In order to prove that ωΛ is a projective representation we note that

[ωΛ(β1, B1, α1)ωΛ(β2, B2, α2)f ] (u)

= [L 1
2
β1
RλB1Uλ(α1−β1B1)ωΛ(β2, B2, α2)f ](u)

= eiλ(α1−β1B1)·(u− 1
2
β1)[L 1

2
β1
RλB1ωΛ(β2, B2, α2)f ](u)
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= eiλ(α1−β1B1)·(u− 1
2
β1)
[
L 1

2
β1
RλB1

(
u 7→ eiλ(α2−β2B2)·(u− 1

2
β2)L 1

2
β2
RλB2f(u)

)]
(u)

= eiλ(α1−β1B1)·(u− 1
2
β1)
[
L 1

2
β1

(
u 7→ eiλ(α2−β2B2+)·(u− 1

2
β2)RλB1L 1

2
β2
RλB2f(u)

)]
(u)

= eiλ(α1−β1B1)·(u− 1
2
β1)[

L 1
2
β1

(
u 7→ eiλ(α2−β2B2)·(u− 1

2
β2)e−iλβ2·B1uei

1
4
λβ2·B1β2L 1

2
β2
RλB1RλB2f(u)

)]
(u)

= eiλ(α1−β1B1)(u− 1
2
β1)eiλ(α2−β2B2)(u− 1

2
β1− 1

2
β2)e−iλβ2·B1(u− 1

2
β1)ei

1
4
λβ2·B1β2

[L 1
2
β1
L 1

2
β2
RλB1RλB2f ](u)

= eiλ[(α1−β1B1)· 12β2− 1
4
β2·B1β2]eiλ[α1+α2+β1B2−(β1+β2)(B1+B2)]·(u− 1

2
β1− 1

2
β2)

[L 1
2
(β1+β2)

Rλ(B1+B2)f ](u)

= eiλ[(α1−β1B1)· 12β2− 1
4
β2·B1β2] [ωΛ(β1 + β2, B1 +B2, α1 + α2 + β1B2)f ] (u)

= σλ ((β1, B1, α1), (β2, B2, α2)) [ωΛ ((β1, B1, α1)(β2, B2, α2)) f ] (u),

where σλ is defined by

σλ ((β1, B1, α1), (β2, B2, α2)) = eiλ[
1
2
(α1−β1B1)·β2− 1

4
β2·B1β2],

and it is easy to check that

σλ ((β1, B1, α1), (β2, B2, α2)(β3, B3, α3))σλ ((β2, B2, α2), (β3, B3, α3))

= σλ ((β1, B1, α1)(β2, B2, α2), (β3, B3, α3))σλ ((β1, B1, α1), (β2, B2, α2)) .

• Case Λ = (0, ν, 0, σ) with ν 6= 0 :[
ρβΛ(x, y, t, s)f

]
(u) =

[
ρΛ(x, y −Gβs, t− β · y + 1

2
β · [s]x+ γβ · e, e)f

]
(u)

= ei(−ν·[s](u−x)+σ·e)eiν·(y−Gβs)f(u− x)

= ei(−ν·[s](u−x)+σ·s)e−iν·Gβseiν·yf(u− x)

= ei(−ν·[s](u−x)+σ·s)eiν·[s]
1
2
βeiν·yf(u− x) by (iii) of Theorem 3.3

= ei(−ν·[s](u− 1
2
β−x)+σ·s)eiν·yf

(
u− 1

2
β +

1

2
β − x

)
=
[
L 1

2
βρΛ(x, y, t, s)L− 1

2
βf
]
(u)

[ραΛ(x, y, t, s)f ] (u) = [ρΛ(x, y, t− αx, s)f ] (u)

= ei(−ν·[s](u−x)+σ·s)eiν·yf(u− x)

= [ρΛ(x, y, t, s) (f)] (u)

[
ρBΛ (x, y, t, s)f

]
(u) = [ρΛ(x, y −Bx, t, s)f ] (u)

= ei(−ν·[s](u−x)+σ·s)eiν·(y−Bx)f(u− x)

= ei(−ν·[s](u−x)+σ·s)e−iν·Bxeiν·yf(u− x)

= e−iν·Buei(−ν·[s](u−x)+σ·s)eiν·yeiν·B(u−x)f(u− x)

= U−Bν [ρΛ(x, y, t, s)UBνf ] (u)
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So, we define ωΛ by

ωΛ(β,B, α)f(u) =
[
L− 1

2
βUBνf

]
(u). (24)

It is easy to check that

[ωΛ(β1, B1, α1)ωΛ(β2, B2, α2)f ] (u)

= eiν·B1(u+ 1
2
β1)eiν·B2(u+ 1

2
β2)f

(
u+

1

2
β2 +

1

2
β1

)
= e−iν· 1

2
(B2β1+B1β2)eiν·(B1+B2)(u+ 1

2
β1+

1
2
β2)f

(
u+

1

2
β2 +

1

2
β1

)
= e−i 1

2
ν·(B2β1+B1β2)ωΛ((β1, B1, α1)(β2, B2, α2))f(u)

= σν((β1, B1, α1), (β2, B2, α2))ωΛ((β1, B1, α1)(β2, B2, α2))f(u),

where σν is a multiplier and it is defined by

σν((β1, B1, α1), (β2, B2, α2)) = e−i 1
2
ν·(B2β1+B1β2).

• Case Λ = (µ, 0, 0, σ) :

Since OΛ = {(µ, 0, 0, σ)} and K fixes the orbits, by (22) ρkΛ = ρΛ for all k ∈ K
then, ωΛ is the identity.

Theorem 4.2. (K,N) is a generalized Gelfand pair.

Proof. By Theorem 1.3, it is enough to see that ωΛ is multiplicity free. In fact,
note that if V ⊂ L2 (Rn) is a non trivial closed subspace, invariant by Lβ and Uα

for all β, α ∈ Rn then, V = L2(Rn) (see [7], page 160).
Thus, for Λ = (0, 0, λ, σ) or Λ = (0, ν, 0, σ) we have that ωΛ is an irreducible
representation. Finally, for Λ = (µ, 0, 0, σ) the result is trivial.

5. Proof of technical results

Proof of Theorem 3.3 item (i).
By (9) we have that for all i, j

sθ(ei) · πθ(ej) = sθ(ej) · πθ(ei)(
n∑

l=1

n∑
m=l

clm,ielm

)
·

(
n∑

k=1

ak,jek

)
=

(
n∑

l=1

n∑
m=l

clm,jelm

)
·

(
n∑

k=1

ak,iek

)
n∑

l=1

n∑
m=l

n∑
k=1

clm,iak,jelm · ek =
n∑

l=1

n∑
m=l

n∑
k=1

clm,jak,ielm · ek

n∑
l=1

n∑
m=l

clm,ial,jfm +
n∑

l=1

n∑
m=l+1

clm,iam,jfl =
n∑

l=1

n∑
m=l

clm,jal,ifm +
n∑

l=1

n∑
m=l+1

clm,jam,ifl

n∑
m=1

m∑
l=1

clm,ial,jfm +
n∑

l=1

n∑
m=l+1

clm,iam,jfl =
n∑

m=1

m∑
l=1

clm,jal,ifm +
n∑

l=1

n∑
m=l+1

clm,jam,ifl
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n∑
l=1

l∑
m=1

cml,iam,jfl +
n∑

l=1

n∑
m=l+1

clm,iam,jfl =
n∑

l=1

l∑
m=1

cml,jam,ifl +
n∑

l=1

n∑
m=l+1

clm,jam,ifl

n∑
l=1

(
l∑

m=1

cml,iam,j +
n∑

m=l+1

clm,iam,j

)
fl =

n∑
l=1

(
l∑

m=1

cml,jam,i +
n∑

m=l+1

clm,jam,i

)
fl

Then,
l∑

m=1

cml,iam,j+
n∑

m=l+1

clm,iam,j =
l∑

m=1

cml,jam,i+
n∑

m=l+1

clm,jam,i, for all l = 1, . . . , n

So, for all l = 1, . . . , n we have that

C l[·, i] · A[·, j] = C l[·, j] · A[·, i] ∀i, j

That is, C lAt is a symmetric matrix.

Proof of Lemma 3.5. If 1 ≤ i < j ≤ n then

(γβ+β′)ij = −1

2
(βi + β′

i)(βj + β′
j)

= −1

2
(βiβj + β′

iβj + βiβ
′
j + β′

iβ
′
j)

= (γβ)ij + (γβ′)ij −
1

2
(βiβ

′
j + βjβ

′
i)

= (γβ)ij + (γβ′)ij + βi(Gβ′)i,ij + βj(Gβ′)j,ij

= (γβ)ij + (γβ′)ij +
n∑

k=1

βk(Gβ′)k,ij

= (γβ)ij + (γβ′)ij + (βGβ′)ij

and

(γβ+β′)ii = −1

4
(βi + β′

i)(βi + β′
i)

= −1

4
(βiβi + β′

iβi + βiβ
′
i + β′

iβ
′
i)

= (γβ)ii + (γβ′)ii −
1

2
(βiβ

′
i)

= (γβ)ii + (γβ′)ii + βi(Gβ′)i,ii

= (γβ)ii + (γβ′)ii +
n∑

k=1

βk(Gβ′)k,ii

= (γβ)ii + (γβ′)ii + (βGβ′)ii

Proof of Lemma 4.1.

γβ · s+
1

4
β · sβ =

∑
i≤j

γijsij +
1

4

n∑
i=1

βi([s]β)i

=
n∑

i=1

γiisii +
∑
i<j

γijsij +
1

4

n∑
i=1

βi([s]β)i
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= −1

4

n∑
i=1

βiβisii −
1

2

∑
i<j

βiβjsij +
1

4

n∑
i=1

βi

n∑
j=1

sijβj

= 0
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