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Abstract. We give a method to determine the multiplicative Lie algebra structures on the semi-
direct product of groups under certain conditions. Consequently, we see that every multiplicative
Lie algebra structure on the semi-direct product of two groups is completely determined by
multiplicative Lie algebra structures on them.

Mathematics Subject Classification: 20D40, 20E34.
Key Words: Multiplicative Lie algebra, direct product, semi-direct product.

1. Introduction

A multiplicative Lie algebra structure on a group G is a function that satisfies iden-
tities similar to the universal identities of the commutator function. We know that
if G is a non-cyclic group, then there are always at least two distinct multiplicative
Lie algebra structures on G. Also, if G = Z;, where p is a prime, then distinct
multiplicative Lie algebra structures on G can be determined by the classification
problem of n-dimensional Lie algebras over the field Z,. Thus, the following are

interesting problems:

Problem 1. How many distinct (up to isomorphism) multiplicative Lie algebra
structures exist on a group G ?

Problem 2. Let H be a subgroup of G with a multiplicative Lie algebra structure
* on H. Can we define a multiplicative Lie algebra structures x on G with the help
of x?

In 2019, Walls ([4]) investigated the construction of a multiplicative Lie algebra
structure on G (for details, one can see Theorem 3.7 of [4]). In [3], Pandey and
Upadhyay discussed Problem 1 and gave a precise characterization of the group
homomorphisms from the exterior square G A G to G which determine a multi-
plicative Lie algebra structure on GG. They also found the number of distinct (up to
isomorphism) multiplicative Lie algebra structures on some classes of finite groups
like D,,, @, , etc.

The main aim of this paper is to determine the multiplicative Lie algebra structures
on a semi-direct product of groups motivated by Problem 2. More precisely, let H
be an abelian group with trivial multiplicative Lie algebra structure and K be a
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multiplicative Lie algebra. Then with the help of multiplicative Lie algebra structure
on K, we define multiplicative Lie algebra structures on the semi-direct product G
of H by K such that H is an ideal of G. In particular, if G = H x K and
(|H|,|K|) = 1, then we see that every multiplicative Lie algebra structure on G is
completely determined by multiplicative Lie algebra structure on K. This method
will help to determine all distinct multiplicative Lie algebra structures on a given

group.
Now, we give a few definitions and results which are useful for the article.
Definition 1.1. [1] A multiplicative Lie algebra is a triple (K, -, %), where K is a

set, - and % are two binary operations on K such that (K -) is a group (need not
be abelian) and for all z,y,z € K, the following identities hold:

1. zxz =1,

2. ax(y-2)=(xxy) -Y(r*2),

3. (xry)kz="(yxz2) - (x*x2z),

((@xy) xY2)((y * 2) x *z)((z x ) x y) = 1,
5. Hxxy) = (Fz*7y),

where “y denotes xyx~!. We say that * is a multiplicative Lie algebra structure on
the group K. [ |

s

Definition 1.2. A short exact sequence

1—H-q- 2 Kk

of multiplicative Lie algebras is called an extension of H by K, where a and (3 are
multiplicative Lie algebra homomorphisms. A map t: K — G is called a section of
the extension if fot = Ik and (1) = 1.

Note that « is an injective map, so without loss of generality, we can assume that
« is an inclusion map and H is an ideal of G. Now onwards, we denote o by 7. =

Remark 1.3. [2] Let H be an abelian group and End(H) be the set of all group
endomorphisms on H. Then (End(H),-, ) is a multiplicative Lie algebra, where
(Fl . FQ)(h) = Fl(h)Fg(h> and (Fl *FQ)(h) = F1<F2(h))F2(F1(h_1))

2. Multiplicative Lie algebra structures on semi-direct product

Consider an extension 1 — H —» G 25 K — 1 of H by K, where H is an
abelian group with trivial multiplicative Lie algebra structure and K is a group
with multiplicative Lie algebra structure x. Let t : K — G be a section. Then
it is easy to see that every element of the group G can be uniquely expressed as
ht(z), for some h € H and = € K, that is, G = Ht(K) and H Nt(K) = {1}. Now
by Remark 4.14 ([2]), the group operation “-” and the multiplicative Lie algebra
structure = on G are given by

ht(z) - kt(y) = hal (k) f*(z, y)t(xy),
() <kt(y) = RET (K)o (B K~ T () (2, )t ),
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where o' (k) = t(z)kt(z)™!, T¢ (k) = t(x) x k are group homomorphisms on H and
ft Rt : K x K — H are maps satisfying the following identities

L fi(1z) = f'(z,1) = 1 and f'(z,y) [ (zy, 2) = o5 (f'(y, 2)) f"(z,y2);
2. hl(x,1)=h'(1,2) = h'(z,z) = 1.

In fact, we have a group homomorphism o' : K — Aut(H)defined by o'(z) = o,
and a map I : K — End(H) defined by I'(z) =T"%.

Proposition 2.1.  The maps o' and I'" are independent of the choice of section t.

Proof. Let s and ¢t be two sections of K in G. Then there exists a map
g: K — H with g(1) =1 such that s(z) = g(z)t(x) for every x € K. Now,

0z(h) = s(x)hs(z) " = g(x)t(x)ht(x) 'g(x)"" = g(x)oz(h)g(x) " = oy (h)

(since H is abelian). This shows that the group homomorphism o' : K — Aut(H)
is independent on the choice of section .

Also, T3(h) = s(z)*h = (g(x)t(z))xh = 9@ (t(x) % h)(g(x)xh) = Tt (h) (since H is
abelian with trivial multiplicative Lie algebra structure). This shows that the map
I'": K — End(H) is independent on the choice of section . n

So, now onwards we denote ¢’ and I'¥ by o and I', respectively. Suppose ¢ is a
group homomorphism, that is, G =2 H x, K. Then f'(z,y) =1, for all z,y € K.
Hence, we have ht(x) - kt(y) = ho,(k)t(xy) and

ht(x)xkt(y) = hkD (k)0 (auyy (R kT T, (R R (2, y)t(z * y).
Proposition 2.2.  If t is a splitting, then we have I'y,(h) =T (h)o,(L'y(h)) and
Loy (0y(h)) = Lo (Ly(M)pye-1 (Tu(h™1)), for all z,y € K and h € H.

Proof. Since t is a group homomorphism, we have
Loy (h) = t(xy) x b = (H(2)t(y)) « b =" (t(y) « h)(t(x) x h)

=L, (h)"@(Ly(h)) = Tu(h)ou(Ty(h)).

Now, Lowy(h) =t xy)xh = (K (z,y) "' (t(x) x t(y))) x h
= M (1) % 1 (y)) + h) (R ()~ xh) = (4() > H(y) * b

* h) « "t (2))(hxt(z)) % @t(y)) = 1, we have

(r (@) (To(h™h) x t(aya™)) = 1
= (h(z,y t(l’*y) 7y (h)" (Ty (h) * t(2))(T z( xt(zyrt)) =1

W aya1 (La(h)) =

Poye—1 (Te(h)) =
Wy (T (R 1))- n

Lemma 2.3. If K is an abelian group, then o,0l', =1, 00,, forall x,z € K.
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Proof. Let h € H. Then
(02 0 T2)(h) = 04 (t(2) x b) = t(x)(t(z) * h)t(z) "' =" (t(z) % ). (i)
On the other hand,

(T2 00,)(h) = Ta(t(x)ht(z) ™) Zt( ) xt(x)ht(x) "t = t(z) % Wh
= 1@ (@) () x h) = Otz za) * h) =1 (¢(2) * h). (ii)

By equations (i) and (ii), we havel', o 0, = 0, o I',. That is, I', and 0, commutes
with each other. [ |

Now we discuss the properties of multiplicative Lie algebra structure * on G.
Consider the expression

(ht(x) - kt(y)) x 1t(z) = (how(k)t(xy)) * 1t(2)
= hlo (k)L oy (1) (wyee) (B 0 (k7T (7 0 (K70))) R 2y, 2)t(y x 2). (1)
On the other hand
(ht(x) - kt(y)) * Ut(z) = " (kt(y) x 1t(2)) - (ht(x) * 1t(2))
= ht(a:)ley(l)a(y*z)(k:*llfllﬂ (K~))h(y, 2)t(y * 2)t(z) " th™t - hID,(1)
O(erny (R (R ))ht(x 2)t(z * 2)
= hoy (kI (1) ey (KT (R71)) (y, 2))H(" (y * 2)) - 1T (1)
O (erny (R (R 1))ht(:c 2)t(z * 2)
e (KT ()0 ey (61 T (6 ) (g, 2))0 ey (T 1)
O (W17 lf (R )R (2, 2))E(" (y % 2))t(x * 2)). (2)
From equations (1) and (2), we have
0y (1)0 (ayes) (02 (k™) (00 (k7)) (2, 2)
= 05 (10 ey (k7 U TL (KR (Y, 2)) 0o ey (T (DA (2, 2)). (3)
Now consider the expression
hi(x) % (kt(y) - 1t(2)) = ht(z) x (ko (1)t(y2))
— ko ()T (5 (1) e (20, ()T ()R, ) 5 y2). (4)
On the other hand
hi(x) % (kt(y) - 1t(2)) = (ht(z) x kt(y)
= hkT (k)0 () (B kT Ty (R

) - W (ht() % Ut (2))
DA (@, y)t(zx y) - kt(y)hiT, (1)

< O(ane) (T (RT))R! (2, 2)t (@ % 2)t(y) Tk
= KT 4 (k)0 gy (B Ty () (2, )t (2 % y) - oy (MIT o (1)
Oy (WL (RT))R! (2, 2) )t (y)t (% 2)t(y) kT
= hET 4 (k)0 (g (B Ty () BE(2, ) Oy (ko (RIT (1)
)

0wy (WL (A7) (2, 2))) 0 anysy (Bt (2 %) (2 2)). (D)
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From equations (4) and (5), we have
Fw(ay(l)>0y(l>‘7(:v*yZ)(hilay(lil)FyZ(hil))ht(% yz)
— o (B Ty (0 )y (BT () aaey (1 T (0 ), D) (). (6)
Consider the expressions,
(ht(x) x kt(y)) » "@it(2) = (ht(2) * kt(y)) * (kt(y)t(2)ty) k)
= BET 4 (k)0 (ury) (W KT Ty (W) R (@, y)t (2 % y) * ko (Do, (k™1 )E(Y2)
= hk*To(k)oy (1)ov. (k™) 0wy (R KTy ()R, )T () (koy (Dws (k7))
O((aryyr) (W R Lo (k™) 0y (17) 002 (K) 0 (aay) (RETy (h) 1 (2, ) ™
Lo (W T T (k1) 0 () (RETy ()R (2, ) 7))
(@ xy, Y2)t((z xy) < V2).
Thus, we have
(ht(x) * kt(y)) * *Wit(2)
= B, (K)0r (D00, (k)0 oy (0™ KT () B, )y (i (D (671))
+ O ((rgyerz) (BT R (k™) 0y (171 0v. (k)0 (pay) (RETy ()
R (@, y) T T (T kT T 0 (B 1) 0 (awy) (RETy (R)) R (2, y) ™)
Wz xy, Y2 t((x*y) % ¥2).
Similarly, we can calculate
(kt(y)  1t(2)) *"Dht(z)  and  (It(2) % ht(z)) * "@kt(y).
Since
((ht(z) % kt(y)) + " @1e(2)) ((kt(y) * 1H(2)) = " ht(2)) ((1t(2) x ht(2)) " Okt(y)) = 1,
we have the following equation ABC =1, (7)
where
A = hET,(k)oy (1), (k™) 0 gy (B kT Ty (A1) BN (@, Y)T (aay) (ko (Do (k7))
O ((argere) (W R T (k)0 (171) 002 (k)0 () (AT (1))
B2, y) T T (BT T T (K1) 0 ey (RET, (R)) R (2, y) ™))
hH(zxy,Y2),
B = 0((pegyoro (T, (D0 ()02 (7)o (k07T (k)R 2)T g (L0 (W) (1)
Oy (KT T, ()0 () 020 (D)0 (e (KI5 (k)R (y, 2) 7!
Ty (K7 T, (17N 0 ey (RIT L (R)) A (y, 2) 7))
by z,%1)),
C = 0((yeaya)(eraywe) (NPT (0) 0 (K) 0y (W) 0 (o) ([T AT T (171))
B (2, 2)T (o) (hop (K) o2y (RT1))
O (erawry) (TR (R )00 () 00y (R)0 (o) (IAT 1 (1)) B (2, ) 7
Loy (T AT T (R0 sy (LT (D) A (2, 2) 7))
W (zxx,My)).
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Now consider the expression
YO (ht () * kt(y)) = 1 (2)RRL s (k)0 gy (B KTy (A7) R (2, y)t(a % y)t(z) 1
= 10 (AT 3 (k)0 (g (B k™ Ty (7)) (2, ) 0 (0 (L EC (2 % ). (8)
Also, we have
B pt(2) * "Dkt (y) = (It(z)ht(2)t(z) U™ % (1t(2)kt(y)t(z)~H)
= lo.(h)o-o (1"t () * Lo (K)o, (I7)t(*y)
=0, (hk)o-, (I o=y ("= (lo. (k) o=, (I71))
O aney) (20 (W) oy (D o=y (DT (1 o (R o=4(1)))
B )t (o« Ty). (9)
From equations (8) and (9), we have
02 (1) (1) (T (K)0 ) (™K' () (2, )
= 1D=p (10, (k) o=y (I71) 0 aney (T oo (B R0 (Do (DT 2y (1T o (B 022 (1)))
B, 7y). (10)
From the above discussion, we have the following theorem:

Theorem 2.4. Let G = H x, K, where H is an abelian group with trivial mul-
tiplicative Lie algebra structure and K is a group. Suppose x is a multiplicative Lie
algebra structure on K, and there are maps I’ : K — End(H) and h' : K x K — H
that satisfies the following conditions for all x,y,z € K and h,k,l € H :

. Wiz, 1) =h(1,x) = Wiz, 2) =1;
2. Tay(h) = To(h)ow(I'y(h)) and Touy(oy(h)) = Ta(Ty(h)aye-1 (Fa(h7H) ;
)

3. I (0)0epe (02 (k)T (a5 )) )y, 2
= 0,10 () (KU (K1) W (Y, 2)) 0o (yur) (T (DA (2, 2))

4o Tu0y (1), (D0anye (0, (17T (b)) (2, y2)
= Oy (0T (070, (RIT (D0 oy (T (1), 2)) ()

5. ABC =1, where

~

A = T (k)0 (1) 0us (k)0 gy (W B Ty () B, )T (g (ki (D (k7))
© O ((ary)wvz (h_lk:_lfw(k:_l)ay(l_l)ayz(k)a(x*y)(hkFy(h))
BN, y) T T (B T T () 0 (wy) (REDy (R)) R (2, y) ™))
ChH(xxy,Yz2),
B = (o) Py (10 (h)0=0(171) 0 ey (KT (K1) (y, 2)
F(y*z (loo(h)o=. (1" 1))

<O (uayuea) (KT ()0 (W) 00 (D)0 () (RIT - (K)) 1 (y, 2)

Dy (7T (7Y 0 (g (RITL (K)) R (y, 2) 7))

-hi(y % z,%x)),
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C = 0((rapea)(erayeey) (BT (R) 00 (k) 0oy (R 1) ey (TR (17))
(2, )D oy (B () 7y ()
< O(erayery) (TR (W) 00 (K1) 0wy (R) 0 (aany (TR (1) R (2, 2) 7
Loy (T R, (R™ 1)0 (zxz) ({M]5 (DA (z,2)™h))
h(z*x,y)).

6. 0:0(D)o=y (o= (Ta (k)0 (@uy (AR Ty (A1) (2, )
=100 (10.(k) o=y (171) 0wy ([ Tr oo (W) 02y (D) o2y (DD =y (o ()04 (1)))
. ht(zx7 Zy> .
Then we have a multiplicative Lie algebra structure x on G defined by
(h,z) * (k,y) = (hk:l“x(k)a(x*y)(h_ll{:_le(h_l))ht(x, Y), T *Y),
for all (h,x),(k,y) € G.
In this case, we say * is induced by x, and maps I' and h.

Conversely, let * be a multiplicative Lie algebra structure on G such that H is

an ideal. Then there is a multiplicative Lie algebra structure = on K, and maps
I': K — End(H) and h' : K x K — H that satisfies conditions from (1) to (6)
given above such that

(h,x) * (k,y) = (hkD 3 (k)0 (zuy) (R kT (R1)) R (2, y), 2 % y) forall (h,x), (k,y)€G.

In this case, we say % is determined by *, and maps I' and h'.

The above theorem is very technical and hard to apply in general. So, now onwards,
we restrict ourself to the case of direct product of groups.

Remark 2.5.  In particular, suppose G = H X K (that is, 0 = Iy ) and there are
maps ' : K — End(H) and h' : K x K — H that satisfies the following conditions
for all x,y,z € K and h,k,l € H :

1. hi(z,1)=h'(1l,z) = hi(z,z) = 1;

2. Tyy(h) = Tu(R)Ly(h) and Tuyy(h) = To(Ty(h))T,(Tx(R71)), that is, T is a
multiplicative Lie algebra homomorphism;

W (xy, 2) = h'(x, 2)h'(y, 2);

h(x,yz) = h'(z, y)h'(z, 2);

L (RH(z,y) " DT(Rf(y, 2) DTy (R (2, 2) )Rt (zxy, Y2)hi (y*z, )bt (zxx, Py) = 1;
6. h'(*z,2y) = h'(x,y).

Then we have a multiplicative Lie algebra structure x* on G defined by

(h,z) % (k,y) = (T.(k)L, (R A (z,y),x xy), forall (h,x),(k,y) € G.

Conversely, let x be a multiplicative Lie algebra structure on G such that H is
an ideal. Then there is a multiplicative Lie algebra structure * on K, and maps
I': K — End(H) and h' : K x K — H that satisfies conditions from (1) to (6)
given above such that

(h,x) * (k,y) = (To(k)Ty (R A (z,y),zxy), forall (h,z),(k,y) € G.

AN
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Remark 2.6. Let G = H x K, where H is an abelian group with trivial
multiplicative Lie algebra structure and K is a finite group generated by two
elements a and b such that (|H|,|a]) = 1. It is easy to verify that there is no
non-trivial alternating map from K x K to H. Therefore, every multiplicative
Lie algebra structure * on G with respect to which H is an ideal is determined
by a multiplicative Lie algebra structure x on K and a multiplicative Lie algebra
homomorphism I' : K’ — End(H), and it is defined by

(h,z) % (k,y) = (T.(k)[,(h ™),z %xy), forall z,y € K and h,k € H.

Proposition 2.7. Let G = H x K, where H is an abelian group of order m with
trivial multiplicative Lie algebra structure and K is a group of order m such that
(m,n) = 1. Then every multiplicative Lie algebra structure x on G is determined
by a multiplicative Lie algebra structure = on K and a multiplicative Lie algebra
homomorphism I' : K — End(H), and it is defined as

(h,z) % (k,y) = (T.(K)[,(h™1), 2 *xy), forall v,y € K and h,k € H.

Proof. Let * be a multiplicative Lie algebra structure on GG. By Remark 2.5, it
is sufficient to show that H is an ideal of G and there is only trivial bilinear map
Rt from K x K to H.

Let a € H and g € G. Then 1 =a™ xg
he H and y € K. Since H C Z(G),1 = (a
y=1. Hence, axg € H,Vg € G.

(a*g)™. Suppose a * g = hy, where
g)™ = h™y™ = y™. This implies that

il

Suppose x,y € K and order of y is k. Then h'(z,y*) = 0 = h'(z,y)*. Since
(m,k) = 1, we have h'(z,y) = 0. Now, it is easy to see that h'(a,b) = 0 for all
a,be K. [ ]

Example 2.8. Let D, be the dihedral group of order 2p with multiplicative Lie
algebra structure %, where p is a prime number. Suppose G' = Z, x D,. Then by
Remark 2.5, we have a multiplicative Lie algebra structure * on G induced by *,
and maps I' and A!, and it is defined as

(h,x) % (k,y) = (Lo (k)Ty (R )R (2, ), 2 x ).

It is clear that h is a bilinear map. Let z,y € D, with order of y is 2. Then
ht(z,y*) = 0 = h(z,y)*. Since Z, has no element of order 2, we have h'(z,y) = 0.
Now, it is easy to see that hf(a,b) =0 for all a,b € D,.

Since there is only trivial homomorphism D, — End(Z,) = Z,, I is trivial. Hence,
(h,x)*(k,y) = (0, zxy). Since D, has only two multiplicative Lie algebra structures,
G has also two multiplicative Lie algebra structures for which Z, is ideal. |

We already know that the symmetric group S3 has two distinct multiplicative Lie
algebra structure [3]. The following example gives another method to compute the
same with the help of Theorem 2.4.

Example 2.9. Let G = Z3x,Zs and * be a non-trivial multiplicative Lie algebra
structure on G, where o : Zy — Aut(Zs) is non-trivial group homomorphism. Since
Zs is the only proper normal subgroup of G, G x G = Zs.
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Now, by Theorem 2.4, x determined by a multiplicative Lie algebra structure x
on Zs, and maps I' and h'. Since Z, has only trivial multiplicative Lie algebra
structure,

(h,2) % (k. y) = (Ca(k)Ty (R (2, ), 0).
It is easy to see that hi(z,y) =0 for all z,y € Zy. Hence,

(h, @) % (k,y) = (Ta(k)Ty(h71), 0).

Also, it is easy to see that there is a non zero map I' : Zy — End(Zs3) which satisfies
[yy(h) =Ty (h)o,(I'y(h)) for every h € Zs. ]

Example 2.10. Consider the group G = Z, x D,, (p,2n) = 1. Then by
Proposition 2.7, every multiplicative Lie algebra structure x on G is determined
by a multiplicative Lie algebra structure x on D,, and map I'. Since there is only
trivial homomorphism D,, = End(Z,) = Z,, I' is trivial. Therefore,

(h,z) % (k,y) = (0,2 xy).
Now, by Theorem 2.5 of [3], D,, has 7(n) multiplicative Lie algebra structures. So,
G has also 7(n) multiplicative Lie algebra structures for which Z, is ideal. ]

Example 2.11.  Let ), be the dicyclic group of order 4n. Suppose G = Z, X @,
(p,4n) = 1. Then by Proposition 2.7, every multiplicative Lie algebra structure x
on G is determined by a multiplicative Lie algebra structure = on ¢, and map I'.
Therefore, (h,z)* (k,y) = (Le(k)Ty(h71),z *y).

Since there is only trivial homomorphism @,, — End(Z,) = Z,, I is trivial. Hence,
(h,z) * (k,y) = (0,2 xy). Now, by Theorem 2.5 of [3], @, has 7(n) multiplicative
Lie algebra structures. So, G has also 7(n) multiplicative Lie algebra structures for
which Z, is ideal. [

Example 2.12. Let Dy = (a,b | a®> =1 = b* = 1,ab = b 'a) be the dihedral
group of order 8 with multiplicative Lie algebra structure x. Suppose G = Z4 x Dy.
Let T': Dy — End(Z4) = {0,1,2,3} and h* : Dy x Dy — Z4 be maps satisfying
all conditions given in Remark 2.5. Hence, we have a multiplicative Lie algebra
structure * on G defined as

(h,x) % (k,y) = (o (k)Ty (A~ )R (2, y), 2 x ).

Suppose x,y € Dy, where order of y is 2. Then h'(z,y?) = 0 = h'(x,y)?, order of
h'(x,y) is either 1 or 2. Hence, there are only two bilinear maps, one is trivial and
the other one is defined by h'(a,b) = 2. Also, there are four group homomorphism
I' from D, to End(Z,) = {0,1,2,3} defined by

1. T, =0and I, =0;
2. I',=2and I', = 0;
3. T,=0and Iy = 2;
4. Ty =2 and T}, = 2.

We know that D, has three distinct multiplicative Lie algebra structures defined as
axb=1,axb=">band a*b=>b*=[a,b] (Theorem 2.5, [3]).
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Case I: For axb = 1, it is easy to see that every pair of (I',h') satisfies all the
conditions given in Remark 2.5, where I' : Dy — End(Z,) is a group homomorphism
and h': Dy x Dy — Z, is a bilinear map.

If % is non trivial, then G * G = Z>.

Case II: For axb = b, t~he~re~age two multiplicative Lie algebra homomorphism I"
from D4 to End(Z,) = {0,1,2,3} given by

1. T,=0and I, = 0;
2. T, =2and I, = 0.
Also, these two multiplicative Lie algebra homomorphisms satisfy all the conditions
given in Remark 2.5 with every bilinear map h' : Dy x Dy — Zy.
In this case, Gx G = Zgy X Zy ot Zy.
Case III: Similarly, for a x b = b?, it is easy to see that every pair of (T',ht)

satisfies all the conditions given in Remark 2.5, where I' : Dy — End(Z,) is a group
homomorphism and h! : K x K — H is a bilinear map.

In this case, G * G = Zy X 7o or Zso. ]
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