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Local Properties of the Schrödinger Algebra
in (n + 1)-Dimensional Space-Time
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Abstract. We investigate local properties of the Schrödinger algebra in (n + 1) -dimensional
space-time of Schrödinger Lie groups. Specifically, for any positive integer n , it initiates the study
of 2-local derivations of this Lie algebra, denoted by Sn . The main result establishes that every
2-local derivation on Sn is actually a derivation.
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1. Introduction
It is well known that the derivation algebra and automorphism group of an algebra
A are crucial in understanding the structure of A . As generalizations of derivations
and automorphisms, the study of local derivations and automorphisms was initiated
by Kadison [8] and Larson, Sourour [9]. They assumed that these mappings are
also linear. Dropping the assumption of linearity, Šemrl [12] introduced the concept
of 2-local derivations. The notion of 2-local derivations is indeed important and
interesting for an algebra. The central problem in this area is to determine all 2-
local derivations and examine whether they are necessarily (global) derivations. In
this paper, we mainly investigate related problems for Lie algebras.
All 2-local derivations on several important classes of Lie algebras have been de-
termined. We first review some results on 2-local derivations of Lie algebras. In
[2], the authors prove that every 2-local derivation on a semi-simple Lie algebra L
is a derivation, and that each finite-dimensional nilpotent Lie algebra of dimension
greater than two admits a 2-local derivation that is not a derivation. In [4], the au-
thors study 2-local derivations on some infinite-dimensional Lie algebras; specifically,
they prove that all 2-local derivations on both the Witt algebra and the positive Witt
algebra are (global) derivations, and provide an example of an infinite-dimensional
Lie algebra that admits a 2-local derivation which is not a derivation. In [3, 21],
the authors prove that every 2-local derivation on certain generalized Witt algebras
(or their Borel subalgebras) is a derivation. In [13], the author proves that every 2-
local derivation on the W-algebra W (2, 2) is a derivation. In [19], the authors prove
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that every 2-local derivation on the Jacobson-Witt algebras is a derivation. In [6],
the authors prove that every 2 -Local derivation on the planar Galilean conformal
algebra is a derivation. In particular, recently in [15] and [14] we prove that every
2-local derivation on the Schrödinger algebra Sn in (n+ 1)-dimensional space-time
of Schrödinger Lie groups is a derivation for n = 1 and n = 2 , respectively. How-
ever, for general n ≥ 3 , the problem becomes more complicated and remains open.
The present paper focuses on the general case for any positive integer n .
The Schrödinger Lie group describes the symmetries of the free particle Schrödinger
equation, see [11]. For any positive integer n , the Lie algebra Sn in (n + 1)-
dimensional space-time of the Schrödinger Lie group is called the Schrödinger alge-
bra; see [7]. The Schrödinger algebra Sn is a non-semisimple Lie algebra that also
plays an important role in theoretical physics. Recently, there has been a series of
papers studying the structure and representation theory of the Schrödinger algebra
S1 in (1 + 1)-dimensional space-time, see [1, 17, 7, 20, 18, 5]. Representations and
(bi)derivations over Sn were studied in [10, 16].
First, let us recall the definition of the Schrödinger algebra Sn in (n+1)-dimensional
space-time by [7, 10] as follows. Throughout this paper, we denote by C the set of
all complex numbers. More precisely, we have

Definition 1.1. The Schrödinger algebra Sn is a Lie algebra with a C-basis

{e, f, h, z, xi, yi, sjk(= −skj) | 1 6 i 6 n, 1 6 j < k 6 n}

equipped with the following non-trivial commutation relations

[e, f ] = h, [h, e] = 2e, [f, h] = 2f,

[xi, yi] = z, [h, xi] = xi, [h, yi] = −yi,

[e, yi] = xi, [f, xi] = yi,

[sjk, xi] = δkixj − δjixk, [sjk, yi] = δkiyj − δjiyk,

[sjk, slm] = δlksjm + δjmskl + δmkslj + δljsmk,

where δ is the Kronecker Delta defined as 1 for i = j and as 0 otherwise.

It is readily apparent that the Schrödinger algebra Sn constitutes a finite-dimensional
Lie algebra of dimension n2+3n+8

2
that is neither semisimple nor solvable. Rather,

it constitutes the semidirect product Lie algebra Sn = (sl2 ⊕ son) n hn where
sl2 = SpanC{e, f, h} is the 3-dimensional simple Lie algebra,

son = SpanC{sjk | 1 6 j < k 6 n}
is the orthogonal Lie algebra and hn = SpanC{z, xi, yi | 1 6 i 6 n} is the Heisenberg
Lie algebra. For further details, the reader is referred to [10].
In this paper, we shall investigate 2-local derivations of the Schrödinger algebra
in (n + 1)-dimensional space-time. We prove that every 2-local derivation on Sn

constitutes a derivation for any integer n .

2. Preliminaries
In this section, we recall some definitions and known results for studying 2-local
derivations on Schrödinger algebra Sn .
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A linear transformation D on a Lie algebra L is called a derivation on L if D
satisfies

D([µ, ν]) = [D(µ), ν] + [µ,D(ν)], ∀µ, ν ∈ L.

The set of all derivations on L is denoted by Der(L) . Clearly, Der(L) is a vector
space. For any µ ∈ L , it is easy to see that the linear transformation adµ on L is
a derivation on L where

adµ(ν) = [µ, ν], ∀ν ∈ L.

Such derivations of this form are called inner derivations, and the set of all inner
derivations on L is denoted by Ider(L) . Clearly, Ider(L) is a subspace of Der(L) .
Furthermore, we have the following.

Lemma 2.1. (see [16]) For any integer n > 2, one has Der(Sn) = Ider(Sn)⊕Cσ
where σ is an outer derivation of Sn determined by

σ(z) = z, σ(xi) =
1

2
xi, σ(yi) =

1

2
yi, σ(e) = σ(f) = σ(h) = σ(sjk) = 0,

(1 6 i 6 n, 1 6 j < k 6 n).

Note that adz = 0 . By Lemma 2.1 one has the following lemma.

Lemma 2.2. For any integer n > 2, we have
Der(Sn) = SpanC{ade, adf, adh, adxi, adyi, adsjk, σ | 1 6 i 6 n, 1 6 j < k 6 n}.

Definition 2.3. Let L be a Lie algebra. A map (not linear in general) ∆ : L −→ L
is called a 2-local derivation on L if for every µ, ν ∈ L , there exists a derivation
Dµ,ν (depending on µ, ν ) on L such that ∆(µ) = Dµ,ν(µ) and ∆(ν) = Dµ,ν(ν) .

Let ∆ be a 2-local derivation on L , then for any t ∈ C and µ ∈ L we have
∆(tµ) = Dµ,tµ(tµ) = tDµ,tµ(µ) = t∆(µ).

For any µ, ν ∈ Sn , by Lemma 2.2 and above Definition 2.3, we always assume that

Dµ,ν = ae(µ, ν)ade+ af (µ, ν)adf + ah(µ, ν)adh+
n∑

i=1

(ai(µ, ν)adxi

+a−i(µ, ν)adyi) +
∑

16j<k6n

aj,k(µ, ν)adsjk + a(µ, ν)σ
(1)

where ae, af , ah, ai, a−i, aj,k and a are complex-valued functions on Sn × Sn . For
the sake of convenience, we shall omit the subscripts (µ, ν) after them for the most
part in what follows, except where doing so risks causing confusion.

3. 2-Local derivations on the Schrödinger algebra
In this section, we will prove that every 2-local derivation on the Schrödinger algebra
Sn is a derivation. To obtain this result, we first have to prove a few lemmas.
For n > 2 and µ ∈ Sn , by Definition 1.1 we always denote

µ = µee+ µff + µhh+ µzz +
n∑

i=1

(µixi + µ−iyi) +
∑

16j<k6n

µj,ksjk, (2)

for some µe, µf , µh, µz, µi, µ−i, µj,k ∈ C .
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Lemma 3.1. Let ∆ be a 2-local derivation on Sn (n > 2). For any µ ∈ Sn , we
have the following results.

• If ∆(e) = 0, then

De,µ = aeade+
n∑

i=1

aiadxi +
∑

16j<k6n

aj,kadsjk + aσ; (3)

• If ∆(f) = 0, then

Df,µ = afadf +
n∑

i=1

a−iadyi +
∑

16j<k6n

aj,kadsjk + aσ; (4)

• If ∆(h) = 0, then
Dh,µ = ahadh+

∑
16j<k6n

aj,kadsjk + aσ; (5)

• If ∆(z) = 0, then

Dz,µ = aeade+ afadf + ahadh+
n∑

i=1

(aiadxi + a−iadyi) +
∑

16j<k6n

aj,kadsjk; (6)

• If ∆(xα) = 0 with α ∈ {1, 2, ..., n}, then

Dxα,µ = aeade+ahadh+
n∑

i=1

aiadxi+
∑
16i6n
i ̸=α

a−iadyi+
∑

16j<k6n
j,k ̸=α

aj,kadsjk − 2ahσ; (7)

• If ∆(f + xα) = 0 with α ∈ {1, 2, ..., n}, then

Df+xα,µ = afad(f + xα) +
∑
16i6n
i ̸=α

a−iadyi +
∑

16j<k6n
j,k ̸=α

aj,kadsjk; (8)

• If ∆(h + z + sιβ) = 0 when ι ∈ {1, 2, ..., n − 1} and β ∈ {ι + 1, ι + 2, ..., n},
then

Dh+z+sιβ ,µ = ahadh+
∑

16j<k6n
j,k ̸=ι,β

aj,kadsjk + aι,βadsιβ, (9)

where ae, af , ah, ai, a−i, aj,k and a are given by (1).

Proof. By (1) we have

∆(e) = De,µ(e)

= [aee+ aff + ahh+
∑n

i=1(aixi + a−iyi) +
∑

16j<k6n

aj,ksjk, e] + aσ(e)

= −afh+ 2ahe−
∑n

i=1 a−ixi.

If ∆(e) = 0 , then from the above equation we know that

af = ah = a−i = 0 (1 6 i 6 n).

This, together with (1), implies that (3) holds. Similarly, we can obtain conclusions
(4)–(7). We next prove conclusions (8) and (9) as follows.
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If ∆(f + xα) = 0 for any integer α (1 6 α 6 n) , by taking µ = f + xα, ν = µ in (1)
we have

∆(f + xα) = Df+xα,µ(f + xα)

= [aee+ aff + ahh+
∑n

i=1(aixi + a−iyi)

+
∑

16j<k6n

aj,ksjk, f + xα] + aσ(f + xα)

= aeh− 2ahf − a−αz + (1
2
a+ ah)xα + (af − aα)yα

+
∑α−1

i=1 (ai,αxi − aiyi)−
∑n

i=α+1(aα,ixi + aiyi).

Then by ∆(f + xα) = 0 we know that
ae = ah = a−α = a = 0, aα = af ,

ai = 0 (1 6 i 6 n, i ̸= α),

aj,α = 0 (1 6 j 6 α− 1),

aα,k = 0 (α + 1 6 k 6 n).

Thus, we obtain (8).
Finally, if ∆(h + z + sιβ) = 0 for two positive integers ι (1 6 ι 6 n − 1) and
β (ι+ 1 6 β 6 n) , by taking µ = h+ z + sιβ, ν = µ in (1) we have

∆(h+ z + sιβ) = Dh+z+sιβ ,µ(h+ z + sιβ)

= [aee+ aff + ahh+
∑n

i=1(aixi + a−iyi)

+
∑

16j<k6n

aj,ksjk, h+ z + sιβ] + aσ(h+ z + sιβ)

= 2aff − 2aee−
∑n

i=1 aixi − aβxι + aιxβ +
∑n

i=1 a−iyi

−a−βyι + a−ιyβ + az +
∑ι−1

j=1 aj,ιsjβ −
∑n

k=β+1 aβ,ksιk

+
∑

16j6β−1
j ̸=ι

aj,βsιj +
∑

ι+16k6n
k ̸=β

aι,ksβk.

Then by ∆(h+ z + sιβ) = 0 we know that
af = ae = a = ai = a−i = 0 (1 6 i 6 n),

aj,ι = 0 (1 6 j 6 ι− 1),

aβ,k = 0 (β + 1 6 k 6 n),

aj,β = 0 (1 6 j 6 β − 1, j ̸= ι),

aι,k = 0 (ι+ 1 6 k 6 n, k ̸= β)

which yields (9). The proof is complete.

Lemma 3.2. Let ∆ be a 2-local derivation on Sn(n > 2) with the property
∆(e) = ∆(f) = 0. Then ∆(h) = 0.
Proof. In view of ∆(e) = ∆(f) = 0 , take µ = h in (3) and (4) respectively, then
we have

∆(h) = De,h(h) = −2aee−
n∑

i=1

aixi

and ∆(h) = Df,h(h) = 2aff +
n∑

i=1

a−iyi.

Therefore, the above two equations imply that ∆(h) = 0 .
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Lemma 3.3. Let ∆ be a 2-local derivation on Sn(n > 2) with the property that
∆(e) = ∆(f) = 0. For any µ ∈ Sn , we have

∆(µ) = ϑzz +
n∑

i=1

(ϑixi + ϑ−iyi) +
∑

16j<k6n

ϑjksjk, (10)

where ϑz, ϑi, ϑ−i, ϑjk are complex numbers depending only on µ.

Proof. Since ∆(e) = ∆(f) = 0 , it follows by Lemma 3.2 that ∆(h) = 0 . For
any but fixed µ ∈ Sn given by (2), then by (3)-(5) we have

∆(µ) = De,µ(µ)

= [aee+
∑n

i=1 aixi +
∑

16j<k6n

aj,ksjk, µ] + aσ(µ)

= ∗e+ ∗h+ ∗z +
∑n

i=1 ∗xi +
∑n

i=1 ∗yi +
∑

16j<k6n

∗sjk,
(11)

∆(µ) = Df,µ(µ)

= [aff +
∑n

i=1 a−iyi +
∑

16j<k6n

aj,ksjk, µ] + aσ(µ)

= ∗f + ∗h+ ∗z +
∑n

i=1 ∗xi +
∑n

i=1 ∗yi +
∑

16j<k6n

∗sjk
(12)

and ∆(µ) = Dh,µ(µ)

= [ahh+
∑

16j<k6n

aj,ksjk, µ] + aσ(µ)

= ∗e+ ∗f + ϑzz +
∑n

i=1(ϑixi + ϑ−iyi) +
∑

16j<k6n

ϑjksjk,

(13)

where the symbol ∗ represents some complex number and ϑz, ϑi, ϑ−i, ϑjk (1 6 i 6 n ,
1 6 j < k 6 n) are complex numbers depending only on µ .
Thus, by (11)–(13) we see that (10) holds.

Lemma 3.4. Let ∆ be a 2-local derivation on Sn(n > 2) with the property that
∆(e) = ∆(f) = ∆(z) = 0. Then, for any µ ∈ Sn , we have

Dh+z,µ = ahadh+
∑

16j<k6n

aj,kadsjk (14)

where ah, aj,k are given by (1).

Proof. In view of ∆(e) = ∆(f) = 0 , by Lemma 3.2 one has ∆(h) = 0 . Taking
µ = h+ z in (5) we have

∆(h+ z) = Dh,h+z(h+ z)

= [ahh+
∑

16j<k6n

aj,ksjk, h+ z] + aσ(h+ z)

= az.

(15)

Since ∆(z) = 0 , by taking µ = h+ z in (6) we have

∆(h+ z) = Dz,h+z(h+ z)

= [aee+ aff + ahh+
∑n

i=1(aixi + a−iyi) +
∑

16j<k6n

aj,ksjk, h+ z]

= 2aff − 2aee+
∑n

i=1(a−iyi − aixi).
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This, together with (15), yields ∆(h+ z) = 0. (16)
Now by taking µ = h+ z, ν = µ in (1) one has

∆(h+ z) = Dh+z,µ(h+ z)

= [aee+ aff + ahh+
∑n

i=1(aixi + a−iyi)

+
∑

16j<k6n

aj,ksjk, h+ z] + aσ(h+ z)

= 2aff − 2aee+ az +
∑n

i=1(a−iyi − aixi),

which together with (16) implies ae = af = a = ai = a−i = 0 (1 6 i 6 n) .
Therefore, by (1) we obtain (14).

Lemma 3.5. Let ∆ be a 2-local derivation on Sn(n > 2) such that
∆(e) = ∆(f) = ∆(z) = ∆(f + xα) = 0 α = 1, 2, ..., n.

Then for any µ ∈ Sn , we have

De+yα,µ = aead(e+ yα) +
∑
16i6n
i ̸=α

aiadxi +
∑

16j<k6n
j,k ̸=α

aj,kadsjk, α = 1, 2, ..., n (17)

where ae, ai, aj,k are given in (1).

Proof. By taking µ = e+ yα in (8) for α ∈ {1, · · · , n} we have

∆(e+ yα) = Df+xα,e+yα(e+ yα)

= [af (f + xα) +
α−1∑
i=1

a−iyi +
n∑

i=α+1

a−iyi +
∑

16j<k6n
j,k ̸=α

aj,ksjk, e+ yα]

= afz − afh−
α−1∑
i=1

a−ixi −
n∑

i=α+1

a−ixi. (18)

Since ∆(e) = ∆(f) = ∆(z) = 0 , by Lemma 3.4 we know that (14) holds. By taking
µ = e+ yα in (14) for α ∈ {1, · · · , n} one has

∆(e+ yα) = Dh+z,e+yα(e+ yα)

= [ahh+
∑

16j<k6n

aj,ksjk, e+ yα]

= 2ahe+
∑α−1

i=1 ai,αyi − ahyα −
∑n

i=α+1 aα,iyi.

This, together with (18), yields
∆(e+ yα) = 0. (19)

By taking µ = e+ yα, ν = µ in (1) we have
∆(e+ yα) = De+yα,µ(e+ yα)

= [aee+ aff + ahh+
∑n

i=1(aixi + a−iyi)

+
∑

16j<k6n

aj,ksjk, e+ yα] + aσ(e+ yα)

= 2ahe− afh+ aαz + (ae − a−α)xα + (1
2
a− ah)yα

+
∑α−1

i=1 (ai,αyi − a−ixi)−
∑n

i=α+1(a−ixi + aα,iyi).
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Then by (19) we deduce
af = ah = aα = a = 0, a−α = ae

a−i = 0 (1 6 i 6 n, i ̸= α),

aj,α = 0 (1 6 j 6 α− 1),

aα,k = 0 (α + 1 6 k 6 n).

Therefore, by (1) we get (17). The proof is completed.

Lemma 3.6. Let ∆ be a 2-local derivation on Sn(n > 2) such that

∆(e) = ∆(f) = ∆(z) = ∆(f + xα) = ∆(h+ z + sιβ) = 0

for all α = 1, 2, ..., n; ι = 1, 2, ..., n − 1; β = ι + 1, ι + 2, ..., n. Then ∆(µ) = 0 for
any µ ∈ Sn .

Proof. Let µ be an arbitrary but fixed element of Sn as given in (2). In view
of ∆(e) = ∆(f) = ∆(z) = ∆(f + xα) = ∆(h + z + sιβ) = 0 for α = 1, 2, ..., n ;
ι = 1, 2, ..., n− 1 ; β = ι+ 1, ι+ 2, ..., n , then by (14), (8), (17) and (9) we have

∆(µ) = Dh+z,µ(µ)

= [ahh+
∑

16j<k6n

aj,ksjk, µ]

= ∗e+ ∗f +
∑n

i=1 ∗xi +
∑n

i=1 ∗yi +
∑

16j<k6n

∗sjk,
(20)

∆(µ) = Df+xα,µ(µ)

= [af (f + xα) +
∑α−1

i=1 a−iyi +
∑n

i=α+1 a−iyi +
∑

16j<k6n
j,k ̸=α

aj,ksjk, µ]

= 2afµhf − afµhxα +
∑

16i6n
i ̸=α

∗xi + ∗h+ ∗z +
∑n

i=1 ∗yi +
∑

16j<k6n

∗sjk,
(21)

∆(µ) = De+yα,µ(µ)

= [ae(e+ yα) +
∑α−1

i=1 aixi +
∑n

i=α+1 aixi +
∑

16j<k6n
j,k ̸=α

aj,ksjk, µ]

= −2aeµhe+ aeµhyα +
∑

16i6n
i≠α

∗yi + ∗h+ ∗z +
∑n

i=1 ∗xi +
∑

16j<k6n

∗sjk,
(22)

and ∆(µ) = Dh+z+sιβ ,µ(µ)

= [ahh+
∑

16j<k6n
j,k ̸=ι,β

aj,ksjk + aι,βsιβ, µ]

= ∗e+ ∗f +
∑n

i=1 ∗xi +
∑n

i=1 ∗yi +
∑

16j<k6n
j ̸=ι, k ̸=β

∗sjk+

+
∑

ι+16k6n
k ̸=β

∗sιk +
∑

16j6β−1
j ̸=ι

∗sjβ

(23)

where the symbol ∗ ’s represent some complex numbers.
From (20) and Lemma 3.3, we get

∆(µ) =
n∑

i=1

(ϑixi + ϑ−iyi) +
∑

16j<k6n

ϑjksjk.
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This, together with (21), deduces afµh = 0 . Thereupon we obtain

∆(µ) =
n∑

i=1

ϑ−iyi +
∑

16j<k6n

ϑjksjk.

By (22) and the above equation we have aeµh = 0 . Then we obtain

∆(µ) =
∑

16j<k6n

ϑjksjk.

This, together with (23), yields that ∆(µ) =
∑

1≤j<k≤n ϑjksjk does not have an sιβ
term. Let ι, β go through the possible values, then we see that ∆(µ) = 0 . The
proof is complete.

Lemma 3.7. Let ∆ be a 2-local derivation on Sn(n > 2) with the property that
∆(e) = ∆(f) = ∆(x1) = 0, then ∆(z) = 0.

Proof. Since ∆(x1) = 0 , by taking µ = f + x1 in (7) we have

∆(f + x1) = Dx1,f+x1(f + x1)

= [aee+ ahh+
∑n

i=1 aixi +
∑n

i=2 a−iyi
+

∑
1<j<k6n

aj,ksjk, f + x1]− 2ahσ(f + x1)

= aeh− 2ahf −
∑n

i=1 aiyi.

In view of ∆(e) = ∆(f) = 0 , by Lemma 3.3 and the above equation we know that

∆(f + x1) = −
n∑

i=1

aiyi. (24)

By Lemma 3.2 we have ∆(h) = 0 . By taking µ = f + x1 in (5) we obtain

∆(f + x1) = Dh,f+x1(f + x1)

= [ahh+
∑

16j<k6n

aj,ksjk, f + x1] + aσ(f + x1)

= −2ahf + (ah +
1
2
a)x1 −

∑n
k=2 a1,kxk.

This with (24) implies ∆(f + x1) = 0 . Then by (8) one has

∆(z) = Df+x1,z(z)

= [af (f + x1) +
∑n

i=2 a−iyi +
∑

1<j<k6n

aj,ksjk, z]

= 0.

The proof is completed.

Lemma 3.8. Let ∆ be a 2-local derivation on Sn(n > 2) with the property that
∆(e) = ∆(f) = ∆(xα) = 0 for any α = 1, 2, ..., n. Then ∆(µ) = 0 for all µ ∈ Sn .

Proof. The proof of this lemma is divided into three steps.
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Step 1. ∆(f + xα) = 0 for all α = 1, 2, ..., n .
Since ∆(xα) = 0 , by taking µ = f + xα in (7) we have

∆(f + xα) = Dxα,f+xα(f + xα)

= [aee+ ahh+
∑n

i=1 aixi +
∑

16i6n
i ̸=α

a−iyi

+
∑

16j<k6n
j,k ̸=α

aj,ksjk, f + xα]− 2ahσ(f + xα)

= aeh− 2ahf −
∑n

i=1 aiyi.

In view of ∆(e) = ∆(f) = 0 , then by Lemma 3.3 and the above equation we know
that

∆(f + xα) = −
n∑

i=1

aiyi. (25)

It follows from Lemma 3.2 that ∆(h) = 0 . By letting µ = f + xα in (5) we obtain

∆(f + xα) = Dh,f+xα(f + xα)

= [ahh+
∑

16j<k6n

aj,ksjk, f + xα] + aσ(f + xα)

= −2ahf + (ah +
1
2
a)xα +

∑α−1
j=1 aj,αxj −

∑n
k=α+1 aα,kxk.

This, together with (25), gives ∆(f + xα) = 0 .
Step 2. For all ι = 1, 2, ..., n− 1 and β = ι+ 1, ι+ 2, ..., n we have

∆(h+ z + sιβ) =
ι−1∑
j=1

aj,ιsjβ −
n∑

k=β+1

aβ,ksιk +
∑

16j6β−1
j ̸=ι

aj,βsιj +
∑

ι+16k6n
k ̸=β

aι,ksβk. (26)

By Lemma 3.7 we know that ∆(z) = 0 . This, together with ∆(e) = ∆(f) = 0 ,
by using Lemma 3.4 with taking µ = h + z + sιβ in (14) for ι = 1, 2, ..., n − 1 and
β = ι+ 1, ι+ 2, ..., n , gives

∆(h+ z + sιβ) = Dh+z,h+z+sιβ(h+ z + sιβ)

= [ahh+
∑

16j<k6n

aj,ksjk, h+ z + sιβ],

and therefore we obtain (26).

Step 3. ∆(h+ z + sιβ) = 0 for all ι = 1, 2, ..., n− 1; β = ι+ 1, ι+ 2, ..., n .
By Step 1, ∆(f + xα) = 0 for all α = 1, 2, ..., n . By letting µ = h + z + sιβ and
α = ι, β in (8) respectively, we have

∆(h+ z + sιβ) = Df+xι,h+z+sιβ(h+ z + sιβ)

= [af (f + xι) +
∑

16i6n
i ̸=ι

a−iyi +
∑

16j<k6n
j,k ̸=ι

aj,ksjk, h+ z + sιβ]

= 2aff − afxι + afxβ − a−βyι +
∑

16i6n
i ̸=ι

a−iyi

−
∑n

k=β+1 aβ,ksιk +
∑

16j6β−1
j ̸=ι

aj,βsιj;

(27)
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∆(h+ z + sιβ) = Df+xβ ,h+z+sιβ(h+ z + sιβ)

= [af (f + xβ) +
∑

16i6n
i ̸=β

a−iyi +
∑

16j<k6n
j,k ̸=β

aj,ksjk, h+ z + sιβ]

= 2aff − afxβ − afxι + a−ιyβ +
∑

16i6n
i ̸=β

a−iyi

+
∑ι−1

j=1 aj,ιsjβ +
∑

ι+16k6n
k ̸=β

aι,ksβk.

(28)

Combining (26)–(28) we know that

∆(h+ z + sιβ) = −
n∑

k=β+1

aβ,ksιk +
∑

16j6β−1
j ̸=ι

aj,βsιj =
ι−1∑
j=1

aj,ιsjβ +
∑

ι+16k6n
k ̸=β

aι,ksβk,

which implies that ∆(h + z + sιβ) does not have an sιβ term, and furthermore
∆(h+ z + sιβ) = 0 since ι ̸= β .
Finally, Lemma 3.6 with conclusions of Steps 1-3 gives ∆(µ) = 0 for all µ ∈ Sn .
Now we state our main theorem as follows.

Theorem 3.9. Every 2-local derivation on the Schrödinger algebra Sn is a deriva-
tion.

Proof. Since the conclusion for n = 1, 2 are already given by [14, 15], so we
assume that n > 2 below. Let ∆ be a 2-local derivation on Sn . Then there
exists a derivation De,f on Sn such that ∆(e) = De,f (e) and ∆(f) = De,f (f) . Set
∆1 = ∆−De,f . Then ∆1 is a 2-local derivation on Sn such that ∆1(e) = ∆1(f) = 0 .
Thus, by Lemma 3.2 we know that ∆1(h) = 0 .
By (5) we have

∆1(x1) = Dh,x1(x1)

= ah(h, x1)adh(x1) +
∑

16j<k6n

aj,k(h, x1)adsjk(x1) + a(h, x1)σ(x1)

= ah(h, x1)x1 + a(h, x1)σ(x1)−
∑n

i=2 a1,i(h, x1)xi

= (2ah(h, x1) + a(h, x1))σ(x1) +
∑n

i=2 a1,i(h, x1)ads1i(x1).

(29)

Set ∆2 = ∆1 − (2ah(h, x1) + a(h, x1))σ −
∑n

i=2 a1,i(h, x1)ads1i . Then ∆2 is also a
2-local derivation. By (29) we easily get ∆2(x1) = 0 and

∆2(e) = ∆1(e)− (2ah(h, x1) + a(h, x1))σ(e)−
∑n

i=2 a1,i(h, x1)ads1i(e) = 0,

∆2(f) = ∆1(f)− (2ah(h, x1) + a(h, x1))σ(f)−
∑n

i=2 a1,i(h, x1)ads1i(f) = 0.

Now we first prove the following claim.
Claim. Suppose that ς is an integer with 2 6 ς 6 n − 1. Let ∆ς be a 2-local
derivation on Sn such that ∆ς(e) =∆ς(f) =∆ς(x1) =∆ς(x2) = · · ·=∆ς(xς−1) = 0.
Set ∆ς+1 = ∆ς −

∑n
i=ς+1 aς,i(x1, xς)adsςi . Then ∆ς+1 is also a 2-local derivation

and it satisfies ∆ς+1(e) = ∆ς+1(f) = ∆ς+1(x1) = ∆ς+1(x2) = · · · = ∆ς+1(xς) = 0.
Clearly, ∆ς+1 is a 2-local derivation. By direct checking we have

∆ς+1(e) = ∆ς(e)−
∑n

i=ς+1aς,i(x1, xς)adsςi(e) = 0,

∆ς+1(f) = ∆ς(f)−
∑n

i=ς+1aς,i(x1, xς)adsςi(f) = 0,
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∆ς+1(x1) = ∆ς(x1)−
∑n

i=ς+1aς,i(x1, xς)adsςi(x1) = 0,

∆ς+1(x2) = ∆ς(x2)−
∑n

i=ς+1aς,i(x1, xς)adsςi(x2) = 0,

· · · ,
∆ς+1(xς−1) = ∆ς(xς−1)−

∑n
i=ς+1aς,i(x1, xς)adsςi(xς−1) = 0.

We only need to prove that ∆ς+1(xς) = 0 . By Lemma 3.7 with ∆ς(e) = ∆ς(f) =
∆ς(x1) = 0 , we get ∆ς(z) = 0 . By letting µ = xς in (14), it follows from Lemma
3.4 that
∆ς(xς) = Dh+z,xς (xς)

= [ah(h+ z, xς)h+
∑

16j<k6n

aj,k(h+ z, xς)sjk, xς ]

= ah(h+ z, xς)xς +
∑ς−1

i=1 ai,ς(h+ z, xς)xi −
∑n

i=ς+1 aς,i(h+ z, xς)xi.

(30)

Since ∆ς(x1) = ∆ς(x2) = · · · = ∆ς(xς−1) = 0 , then by (7) we get

∆ς(xς) = Dxα,xς (xς)

= [ae(xα, xς)e+ ah(xα, xς)h+
∑n

i=1 ai(xα, xς)xi +
∑

16i6n
i ̸=α

a−i(xα, xς)yi

+
∑

16j<k6n
j,k ̸=α

aj,k(xα, xς)sjk, xς ]− 2ah(xα, xς)σ(xς)

= −a−ς(xα, xς)z +
∑

16i6ς−1
i ̸=α

ai,ς(xα, xς)xi −
∑n

i=ς+1 aς,i(xα, xς)xi

(31)

for α = 1, 2, ..., ς − 1 . Combining (30) and (31) we obtain that

∆ς(xς) = −
n∑

i=ς+1

aς,i(x1, xς)xi =
n∑

i=ς+1

aς,i(x1, xς)adsςi(xς).

This deduces that ∆ς+1(xς) = 0 . Then, Claim 1 is proven. By virtue of Claim 1, we
obtain a succession of 2-local derivations ∆3,∆4, ...,∆n iteratively. In particular,
∆n satisfies ∆n(e) = ∆n(f) = ∆n(x1) = ∆n(x2) = · · · = ∆n(xn−1) = 0. We shall
now proceed to examine ∆n(xn). By (14) and (7) we have

∆n(xn) = Dh+z,xn(xn)

= [ah(h+ z, xn)h+
∑

16j<k6n

aj,k(h+ z, xn)sjk, xn]

= ah(h+ z, xn)xn +
∑n−1

i=1 ai,n(h+ z, xn)xi,

(32)

∆n(xn) = Dxα,xn(xn)

= [ae(xα, xn)e+ ah(xα, xn)h+
∑n

i=1 ai(xα, xn)xi +
∑

16i6n
i ̸=α

a−i(xα, xn)yi

+
∑

16j<k6n
j,k ̸=α

aj,k(xα, xn)sjk, xn]− 2ah(xα, xn)σ(xn)

= −a−n(xα, xn)z +
∑

16i6n−1
i ̸=α

ai,n(xα, xn)xi

(33)for α = 1, 2, ..., n− 1 .
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Combining (32) and (33) we know that ∆n(xn) = 0 . Then by Lemma 3.8 we see
that ∆n(µ) = 0 for all µ ∈ Sn . But by backtracking we know

∆n = ∆n−1 − an−1,n(x1, xn−1)adsn−1,n

= ∆2 −
∑n−1

ς=2

∑n
i=ς+1 aς,i(x1, xς)adsςi

= ∆1 − (2ah(h, x1) + a(h, x1))σ −
∑n

i=2 a1,i(h, x1)ads1i

−
∑n−1

ς=2

∑n
i=ς+1 aς,i(x1, xς)adsςi

= ∆−De,f − (2ah(h, x1) + a(h, x1))σ −
∑n

i=2 a1,i(h, x1)ads1i

−
∑n−1

ς=2

∑n
i=ς+1 aς,i(x1, xς)adsςi.

Therefore, from ∆n = 0 we see that

∆ = De,f + (2ah(h, x1) + a(h, x1))σ +
n∑

i=2

a1,i(h, x1)ads1i

+
n−1∑
ς=2

n∑
i=ς+1

aς,i(x1, xς)adsςi

is a derivation. The proof is complete.
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