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Abstract.  We investigate local properties of the Schrédinger algebra in (n + 1)-dimensional
space-time of Schrodinger Lie groups. Specifically, for any positive integer n, it initiates the study
of 2-local derivations of this Lie algebra, denoted by &,,. The main result establishes that every
2-local derivation on S, is actually a derivation.
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1. Introduction

It is well known that the derivation algebra and automorphism group of an algebra
A are crucial in understanding the structure of A. As generalizations of derivations
and automorphisms, the study of local derivations and automorphisms was initiated
by Kadison [8] and Larson, Sourour [9]. They assumed that these mappings are
also linear. Dropping the assumption of linearity, Semrl [12] introduced the concept
of 2-local derivations. The notion of 2-local derivations is indeed important and
interesting for an algebra. The central problem in this area is to determine all 2-
local derivations and examine whether they are necessarily (global) derivations. In
this paper, we mainly investigate related problems for Lie algebras.

All 2-local derivations on several important classes of Lie algebras have been de-
termined. We first review some results on 2-local derivations of Lie algebras. In
[2], the authors prove that every 2-local derivation on a semi-simple Lie algebra L
is a derivation, and that each finite-dimensional nilpotent Lie algebra of dimension
greater than two admits a 2-local derivation that is not a derivation. In [4], the au-
thors study 2-local derivations on some infinite-dimensional Lie algebras; specifically,
they prove that all 2-local derivations on both the Witt algebra and the positive Witt
algebra are (global) derivations, and provide an example of an infinite-dimensional
Lie algebra that admits a 2-local derivation which is not a derivation. In [3, 21],
the authors prove that every 2-local derivation on certain generalized Witt algebras
(or their Borel subalgebras) is a derivation. In [13], the author proves that every 2-
local derivation on the W-algebra W(2,2) is a derivation. In [19], the authors prove
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that every 2-local derivation on the Jacobson-Witt algebras is a derivation. In [6],
the authors prove that every 2 -Local derivation on the planar Galilean conformal
algebra is a derivation. In particular, recently in [15] and [14] we prove that every
2-local derivation on the Schrodinger algebra S, in (n + 1)-dimensional space-time
of Schrodinger Lie groups is a derivation for n = 1 and n = 2, respectively. How-
ever, for general n > 3, the problem becomes more complicated and remains open.
The present paper focuses on the general case for any positive integer n.

The Schrodinger Lie group describes the symmetries of the free particle Schrédinger
equation, see [11]. For any positive integer n, the Lie algebra S, in (n + 1)-
dimensional space-time of the Schrodinger Lie group is called the Schrédinger alge-
bra; see [7]. The Schrodinger algebra S, is a non-semisimple Lie algebra that also
plays an important role in theoretical physics. Recently, there has been a series of
papers studying the structure and representation theory of the Schrodinger algebra
S; in (1 + 1)-dimensional space-time, see [1, 17, 7, 20, 18, 5]. Representations and
(bi)derivations over S, were studied in [10, 16].

First, let us recall the definition of the Schrodinger algebra S, in (n+1)-dimensional
space-time by [7, 10] as follows. Throughout this paper, we denote by C the set of
all complex numbers. More precisely, we have

Definition 1.1.  The Schriodinger algebra S,, is a Lie algebra with a C-basis

{67f7h7zaxiayi75jk(: _Skj) ‘ 1 <Z<R,1 <]<k<n}

equipped with the following non-trivial commutation relations

e, f]=h, [h,e]=2e, [f h]=2f,

(i, i) = 2, [hai] =2, [hyil = s,
le,yi] = @i, [f, i) = v,

ik, Ti] = Onij — 0iThs Sk Yi] = Okillj — Ok,
[

Sjky Sim] = OkSjm + OjmSki + OmkSij + 01jSmks
where ¢ is the Kronecker Delta defined as 1 for ¢ = j and as 0 otherwise. |

It is readily apparent that the Schrodinger algebra S,, constitutes a finite-dimensional
Lie algebra of dimension % that is neither semisimple nor solvable. Rather,
it constitutes the semidirect product Lie algebra S, = (sl @ so,) X b, where
sly = Spanc{e, f, h} is the 3-dimensional simple Lie algebra,

= Spanc{s;r | 1 <j <k <n}
is the orthogonal Lie algebra and b,, = Spanc{z,z;,y; | 1 <i < n} is the Heisenberg
Lie algebra. For further details, the reader is referred to [10].

In this paper, we shall investigate 2-local derivations of the Schrodinger algebra
in (n + 1)-dimensional space-time. We prove that every 2-local derivation on S,
constitutes a derivation for any integer n.

2. Preliminaries

In this section, we recall some definitions and known results for studying 2-local
derivations on Schrodinger algebra S, .
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A linear transformation D on a Lie algebra L is called a derivation on L if D

satisfies
D([p,v]) = [D(w),v] + [, DW)], Vu,v e L.
The set of all derivations on L is denoted by Der(L). Clearly, Der(L) is a vector
space. For any pu € L, it is easy to see that the linear transformation ady on L is
a derivation on L where
adu(v) = [p,v], Vv € L.

Such derivations of this form are called inner derivations, and the set of all inner
derivations on L is denoted by Ider(L). Clearly, Ider(L) is a subspace of Der(L).
Furthermore, we have the following.

Lemma 2.1. (see [16]) For any integer n > 2, one has Der(S,) = Ider(S,,) @ Co
where o is an outer derivation of S, determined by

0(2) = 2, o(w:) = Jai, o(yi) = i, 0(e) = o(f) = o(h) = 7(s58) = 0,

(1<i<n, 1<j<k<n).

Note that adz = 0. By Lemma 2.1 one has the following lemma.

Lemma 2.2.  For any integer n > 2, we have

Der(S,) = Spanc{ade, ad f, adh, adz;, ady;, ads;i, 0 | 1 <i<n,1 <j<k<n}.

Definition 2.3. Let L be a Lie algebra. A map (not linear in general) A : L — L
is called a 2-local derivation on L if for every u,v € L, there exists a derivation

D,,, (depending on p,v) on L such that A(p) = D, () and A(v) =D, (v). =

Let A be a 2-local derivation on L, then for any ¢t € C and p € L we have
A(tp) = Dygu(tp) = tDy () = tA(R).

For any p,v € S,,, by Lemma 2.2 and above Definition 2.3, we always assume that

D,,, = ac.(p,v)ade + ap(p, v)adf + ap(p, v)adh + > (a;(p, v)ade;
i=1
tai(p,v)ady) + > ajr(p, v)ads;, + alp, v)o

1<j<k<n

where a.,af, an,a;,a_;,a;, and a are complex-valued functions on S, x §,,. For
the sake of convenience, we shall omit the subscripts (u,v) after them for the most
part in what follows, except where doing so risks causing confusion.

3. 2-Local derivations on the Schrodinger algebra

In this section, we will prove that every 2-local derivation on the Schrodinger algebra
S, is a derivation. To obtain this result, we first have to prove a few lemmas.
For n > 2 and p € §,,, by Definition 1.1 we always denote

W= e+ ppf s+ Y (b pey) Y s, (2)

i=1 1<j<k<n

for some Hes [ofy by oz My H—is g ke € C.
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Lemma 3.1.  Let A be a 2-local derivation on S,, (n > 2). For any p € S, we
have the following results.

If A(e) =0, then
D., = a.ade + Z a;adx; + Z ajrads;i + ao; (3)

=1 1<j<k<n
e If A(f) =0, then
Dy, = asadf + Z a_;ady; + Z a;rads;, + ao; (4)

i=1 1<j<k<n

e If A(h) =0, then
Dy, ,, = apadh + Z a;rads;, + ao; (5)

1<j<k<n
e If A(z) =0, then

D, , = a.ade + ayadf + apadh + Z(aiadxi + a_;ady;) + Z ajrads;jg; (6)

i=1 1<j<k<n

e If A(z,) =0 with a € {1 2,...,n}, then

D, .= aeade+ahadh+z a;adz;+ Z _;ady;+ Z ajradsj; — 2ap0; (7)

1<i<n 1<j<k<n
iFa J,k#a
o If A(f+xa) =0 with a € {1,2,...,n}, then
Diyy, = asad(f +2q) + Z a_;ady; + Z a; rads;i; (8)
1<i<n 1<j<ksn
ita J.k#a
e If A(h+2z+s,3) =0 when ¢ € {1,2,....,n—1} and B € {t +1,0+2,...,n},
then
Dh-‘rz-f-SLﬁ,H = ahadh + Z aj,kadsjk + abﬁadsbﬁ, (9)
1<j<k<n
Ji.k#u,8

where e, af, ap, a;,a_;, aj, and a are given by (1).
Proof. By (1) we have
Ae) = Deple)
=lace+asf +aph+ > (axi+a_y)+ Y ajrSjk €] +ao(e)
1<j<k<n
= —ash+2ape — Yy . a_;z;.
If A(e) =0, then from the above equation we know that
af=ap=a_; =0(1<i<n).

This, together with (1), implies that (3) holds. Similarly, we can obtain conclusions
(4)—(7). We next prove conclusions (8) and (9) as follows.
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If A(f+x,) =0 for any integer o (1 < o < n), by taking u = f+ x4, v =p in (1)
we have
A(f +2a) = Dytoopl(f + 2a)
= [ace +asf +aph + >0 (az; + a_yy;)
+ 2 apSie, S+ o] +ao(f + xa)

1<j<k<n

=ach —2apf — a_oz + (%a +ap)ro + (af — a0)Ya
+ Ziogll(ai,aivi — ai¥Yi) = D i1 (Gaii + aiy;).
Then by A(f + 2,) = 0 we know that
e =ap =a_o=0a=0, a,=ay,
a; =0(1<i<n,i+#a),
4, =0(1<j<a~-1),
Ao =0(a+1<k<n).
Thus, we obtain (8).
Finally, if A(h + 2z + s,3) = 0 for two positive integers ¢ (1 < ¢ < n — 1) and
B(t+1< 5 <n), by taking p=h+ 2+ s,5,v = p in (1) we have
A(h+ 2+ 5,8) = Dpizisou(h + 2 4 50)
= lace + apf + anh + 320 (@izi + a_y;)
+ > ajkSikh+z+sp] +ac(h+z+s,)

1<j<k<n
=2asf — 2ac.e — > ¢ ax; — agr, + a,x5+ Y5 Al
—1
—a_gY, + A Yp + Az + Y51 AuSis — D h_gy1 ABESk
+ > Syt D QukSpk-

1<<f—1 1+1<k<n
jF#L k#pB

Then by A(h+ 2+ s,3) =0 we know that
af=a.=a=a;=a_; =0(1<i<n),
aj, =0(1<j<e—1),
agr =0(8+1<k<n),
ajs=0(1<j<B—17j#1),
ar=00+1<k<nk+#p)
which yields (9). The proof is complete. [

Lemma 3.2. Let A be a 2-local derivation on S,(n > 2) with the property
Ae) =A(f)=0. Then A(h) =0.

Proof. Inview of A(e) = A(f) =0, take = h in (3) and (4) respectively, then
we have

A(h) = Dep(h) = —2a.e — Zaixi
i=1

and A(h) = Dya(h) =2asf + ) a_iy;.
=1

Therefore, the above two equations imply that A(h) = 0. n
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Lemma 3.3.  Let A be a 2-local derivation on S,(n > 2) with the property that
Ae) = A(f)=0. For any p € S,,, we have

Ap) =1,z + 2(19@371 +9_y;) + Z VxS, (10)

i=1 1<j<k<n
where 9,,9;,9_;,9;, are complex numbers depending only on (.
Proof. Since A(e) = A(f) = 0, it follows by Lemma 3.2 that A(h) = 0. For
any but fixed p € S, given by (2), then by (3)-(5) we have
A(p) = De,yu(p)
=lace + >0 aiwi+ >0 ajesie 4] + ao(u) (11)

1<j<k<n

=xe+xh+xz+ >0 kx + D0 ki D *S,

1<j<k<n

A(p) = Dy pu(p)

= [aff + z?ﬂ a—iY; + Z Qj.kSjks M] + aa(,u) (12)
1<j<k<n
=sftxh+*z+Y " kx+ Y o kY, + > kS
1<j<k<n
and  A() = D)
=[anh+ > ajisjk, ] +ac(p) (13)
1<j<k<n
=xe+xf + 02430 (i +0y) + > DSk,
1<j<k<n

where the symbol * represents some complex number and 9, %;,9_;, ¥, (1 < i < n,
1 < j <k < n) are complex numbers depending only on .

Thus, by (11)—(13) we see that (10) holds. ]

Lemma 3.4.  Let A be a 2-local derivation on S,(n > 2) with the property that
Ale) = A(f) = A(z) =0. Then, for any p € S,,, we have

Dy, = apadh + Z a; pads;y (14)

1<j<k<n
where ay, ajy, are given by (1).

Proof. In view of A(e) = A(f) =0, by Lemma 3.2 one has A(h) = 0. Taking
i =nh+z in (5) we have

A(h + Z) = Dh,h+z(h + Z)
=larh+ > ajgsjp,h+ 2zl +ac(h+z) (15)
1<j<k<n
=az.
Since A(z) =0, by taking u = h + z in (6) we have
A(h+2) =D, pi(h+ 2)
= [ace +asf +aph + 370 (@wi +ay) + > ajsiph+ 2]

1<j<k<n
=2arf —2ace + > ¢ (a_iy; — a;x;).
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This, together with (15), yields A(h+z) =0. (16)
Now by taking = h+ z,v = p in (1) one has
A(h+ 2) = Dpys (b + 2)

= lace +asf +aph + >0 (ax; + a_zy;)
+ > ajgSjkh+ 2] +ac(h+ 2)
1<j<k<n

=2asf — 2a.e +az + Z?:1<a—iyi — a;T;),

which together with (16) implies a. = ay = a = a; = a_;, = 0(1 < i < n).
Therefore, by (1) we obtain (14). |

Lemma 3.5.  Let A be a 2-local derivation on S,(n > 2) such that
Ale) =A(f)=Ak)=A(f+2,) =0 a=1,2,...,n.
Then for any p € S, we have

De-&-ya# = aead(e + ya) + Z a;adx; + Z aj,kadsjk7 a=1,2,...n (17)

1<i<n 1<j<k<n
Z;éOé jvkia
where e, a;,a; are given in (1).
Proof. By taking p=e+y, in (8) for « € {1, -+ ,n} we have

Ale+ya) = Dy iy etya (e+Ya)

a—1 n
= las(f +xo) + Zaﬂ'yi + Z a—iy; + Z jkSjks € + Yol
i=1

imat1 1<j<k<n
a—1 n J.k#a

=asz —agh — g a_;Ti — g a_;T;. (18)
i=1 i—at1

Since A(e) = A(f) = A(z) =0, by Lemma 3.4 we know that (14) holds. By taking
i=e+y, in (14) for « € {1,--- ,n} one has

A(e + ya> = Dhizetya (6 + ya)
= [ahh + Z Q; kSjk, € + ya]

1<i<k<n
a—1 n
= 2ape + Zizl Qi 0lYi — ApYa — Zi:aJrl Qe,iYi-
This, together with (18), yields
Ae +ya) = 0. (19)

By taking p = e+ y,,” = p in (1) we have

A€+ Ya) = Detyopule + Ya)
= lace + apf + aph + >0 (aix; + a_y;)
+ > ajSik €+ Ya] +ac(e+ ya)

1<j<k<n

=2ape — agh + a2 + (ac — a_o)Ta + (30 — ap)Ya

+ Zf:ll(az’,ayi —a_x;) — Z?:a+1(a—ixi + Qo ili)-
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Then by (19) we deduce

a;=0(1<i<ni+#a),
aJ,C‘f:O(l g]g@—l),
o =0(a+1<k<n)
Therefore, by (1) we get (17). The proof is completed. n

Lemma 3.6.  Let A be a 2-local derivation on S,(n > 2) such that
Ale) =A(f)=AR)=Af+za) =Ah+2+55) =0

foralla=1,2,..,n;0=1,2,..,n—1;=t+1,0+2,...n. Then A(u) =0 for
any 1€ S,.

Proof. Let u be an arbitrary but fixed element of S, as given in (2). In view
of Ae) = ( ) =A(z) = A(f+20) =Ah+2+55) =0 for o« =1,2,...,n

t=1,2,..,n—1; =1+ 1,04 2,...,n, then by (14), (8), (17) and (9) we have
A(p) = Dpyou(p)
= laph + Qi kSik,
[ h 1<g§g<n 7,kojk ,U/] (20)
=se+xf+ D 0 kT D Ky . kS,
1<j<k<n

A(N) = Derma u(ﬂ)
=lap(f+2a) + X0 asy + S A+ Y QS ]

1<j<k<n (21)
=2appupf —apppTo + > ¥ Hxhd k24D kY, + D %S,
1<i<n 1<j<k<n

i#a
A(pt) = Deyo ut)
[CLE(G + ya) + Z 1 a;T; + ZZT‘L:OH_l a;T; + Z Aj.kSjk, :u]

1<j<k<n (22)
j7k#a
= —2Acfp€ + AefinYo + Y *Yi+xh+kz+ D0 wkxi 4+ Y *Sjk,
1<i<n 1<j<k<n
iFa
and Ap) = Dh+z+sLﬁ,#(N>
= [ahh -+ Z Q; kSik T 85,8, /JJ]
1<j<k<n
Ji.k#u,B8
i ) (23)
=xe+xf D1 kY kit Y xSt
1<j<ksn
T T N
L+1<k<n 1<j<B-1
k#B J#L

where the symbol *’s represent some complex numbers.

From (20) and Lemma 3.3, we get

n

Alp) = Z(ﬁzxz +9yi) + Z Uk Sk

i=1 1<j<k<n
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This, together with (21), deduces aspuy = 0. Thereupon we obtain

Zﬁ—zyz + Z ﬁjksjkz

1<j<k<n
By (22) and the above equation we have a.u, = 0. Then we obtain
Z ﬁjksjk-
1<j<k<n

This, together with (23), yields that A(u) = >, <, Yjksjx does not have an s,4
term. Let ¢, 8 go through the possible values, then we see that A(u) = 0. The
proof is complete. [

Lemma 3.7.  Let A be a 2-local derivation on S,(n > 2) with the property that
Ae) = A(f) = A(xy) =0, then A(z) =0.

Proof.  Since A(x;) =0, by taking p = f + x; in (7) we have

A(f_{_xl) = Dx1,f+x1(f+w1)

= [aee + aph + Z?:1 a;xr; + Z?:Q a—;lY;
+ > ajrsik, [+ 2] = 2ap0(f + 71)
1<j<k<n

= aeh — Q(th — Z?:l a;Y;.

In view of A(e) = A(f) =0, by Lemma 3.3 and the above equation we know that

f + 331 Z a;Y;- (24)

By Lemma 3.2 we have A(h) = 0. By taking p= f + z; in (5) we obtain

A(f +z1) = Dp pya (f + 71)
=lanh+ > ajusje, f+ 2] +ao(f + 21)
1<j<k<n
= —2anf + (an + %a)fﬂl — > o A1 kT
This with (24) implies A(f + x1) = 0. Then by (8) one has
A(2) = Dyt ,2(2)
=la;(f+ o)+ Xiloamiti+ 2 a2

1<j<k<n
=0.

The proof is completed. [ |

Lemma 3.8.  Let A be a 2-local derivation on S,(n > 2) with the property that
Ae) = A(f) = A(zo) =0 for any a=1,2,...,n. Then A(p) =0 forall p e S,.

Proof. The proof of this lemma is divided into three steps.
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Step 1. A(f+xz,)=0foralla=1,2,..,n
Since A(z,) =0, by taking p = f + x, in (7) we have

A(f + xa) = onuf‘i’wa (f + xa)
= [ace +aph + > awi + > a_y;

1<i<n
i#a
+ > aikSiks [+ xa] — 2ap0(f + x4)
1<j<k<n
jvk;#a

= ach —2anf — > ay;.

In view of A(e) = A(f) =0, then by Lemma 3.3 and the above equation we know
that

A(f + ) = Zazyz (25)

It follows from Lemma 3.2 that A(h) = 0. By letting u = f + 2, in (5) we obtain

A(f + aja) = Dh,f+Ia (f + xa)
== [ahh‘l‘ Z Clijjk,f—i—xa] +&J(f+{£a)

1<j<k<n

= —2anf + (ap + 3a)z0 + Z] L 05.aZi = D g QakTh-

This, together with (25), gives A(f + x,) = 0.
Step 2. Forall t=1,2,....n—1and S =¢+ 1,0+ 2,...,n we have

t—1 n

Ah+ z+s,3) = Z a;,Sj3 — Z ag kS + Z a; s, + Z a,kSpr- (26)

Jj=1 k=p+1 1<j<p-1 t+1<k<n

i k28
By Lemma 3.7 we know that A(z) = 0. This, together with A(e) = A(f) = 0,
by using Lemma 3.4 with taking 4 =h+ 2+ s,3 in (14) for ¢t =1,2,....,n — 1 and
B=1t4+1,t4+2,...,n, gives

A(h+ 24 5,8) = Dpgz gzt s (h 4 24 5,8)
=lapnh+ > a;pSjk,h+ 2+ 5.4,

1<j<k<n
and therefore we obtain (26).

Step 3. A(h+z+s5)=0forall t=1,2,.n—1;8=1+1,0+2,....n
By Step 1, A(f + z,) =0 for all @« =1,2,...,n. By letting u = h+ 2 + s,5 and
a =1, in (8) respectively, we have

A(h +z+ SL/B) = Df+xL7h+Z+5L,8<h +z2+ Sbﬁ)
=laf(f+z)+ > ayi+ D ajrSjk, h+ 2+ 5.

1<ign 1<j<k<n
iF£L gk
=2a;f —apr, +aprg—a_gy, + Y, a_y; (27)
1<i<n
1L
=D kg1 GBRSk T D0 ajaSy;
1<j<p-1

J#L
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A(h +z+ Sbﬁ) = Df+x5,h+2+sL5(h +2z+ SL,B)
= [(lf(f + $5) + Z a_;Y; + Z 45 kSjk, h+z+ Sbﬂ]

1<ikn 1<j<k<n
i#B Jk#B
=2asf —aprg—apr, +a_ys+ >, a_;y; (28)
1<i<n
i#p
+ Z 105,858+ > ukSak-
LH1<k<n
k2B
Combining (26)—(28) we know that
n t—1
A(h+z+s3) = — Z ag kS + Z aj,pSj = Z%Lsaﬂ + Z QukS Bk
k=F+1 1<j<p-1 j=1 tHlsksn
i kB

which implies that A(h + z + s,5) does not have an s, term, and furthermore
A(h+ 2z + s,3) =0 since ¢ # 3.

Finally, Lemma 3.6 with conclusions of Steps 1-3 gives A(u) =0 forall p € S,,. =
Now we state our main theorem as follows.

Theorem 3.9.  Fvery 2-local derivation on the Schriodinger algebra S, is a deriva-
tion.

Proof.  Since the conclusion for n = 1,2 are already given by [14, 15], so we
assume that n > 2 below. Let A be a 2-local derivation on S,,. Then there
exists a derivation D, ; on S, such that A(e) = D, ¢(e) and A(f) = D, s(f). Set
Ay = A—D,. . Then A, is a 2-local derivation on S,, such that A;(e) = A¢(f) = 0.
Thus, by Lemma 3.2 we know that A;(h) = 0.

By (5) we have

A1(5U1) = Dh,xl(xl)

=ap(h,z1)adh(z) + Y. ajr(h,z1)adsjp(x) + alh, z1)o(xy)
1<j<k<n (29)
= (Zh(h, I1)$1 + Cl(h, .131)0'(.171) — 2?22 al,i(h, xl)xi

= (2ap(h,x1) + a(h,x1))o(z1) + > 1y ari(h, z1)adsy;(z).

Set Ay = Ay — (2ap(h,z1) + alh,z1))o — > 0 s an
2-local derivation. By (29) we easily get Ag(xl) =
(

As(e) = Ay(e) — (2ap(h, 1) + alh,z1))o(e) — > iy ari(h, z1)adsy;(e) =0,
Do (f) = Ai(f) — an(h, v1) + alh, 21))o(f) — 1=y a1i(h, x1)ads(f) = 0.

Now we first prove the following claim.

i(h,z1)adsy;. Then A, is also a
O nd

Claim. Suppose that s is an integer with 2 < ¢ < n — 1. Let A. be a 2-local
derivation on S, such that A (e) =A(f)=Ad(x1) =A(z9)="-+-=A (1) =0.
Set Ay = Ac = >0 1 aci(wr,x)adsg. Then Ay is also a 2—local derivation

and it satisfies A¢yq (6) = Ac—l—l(f) = Ag—i-l(Il) = A (xQ) = =Ac (xc) =0.
Clearly, A ;1 is a 2-local derivation. By direct checking we have

Aci(e) = Ag(e) — Z?:gﬂac,i(xlv zo)adsg(e) = 0,

Aca(f) = Adf) - Z?:§+1ag,i($1, zo)adsg(f) =0,
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Acri(z1) = Ag(my) — Z?:qulac,i(xlvxc)adsci(ajl) =0
Acir(x2) = Ag(wg) — Y01 1aci(21, 75)adsg(22) = 0,

Y

)

Ag—l—l(xg—l) = Ag(xg—l) - Z?:c—f—lag,i(mla x<>ad3<i($c—1) =0.

We only need to prove that Acii(z.) = 0. By Lemma 3.7 with Ac(e) = A(f) =
A(z1) = 0, we get A(z) = 0. By letting u = x. in (14), it follows from Lemma
3.4 that

Ai(zs) = Dhtz. ()
= lan(h +z,2)h+ 30 aju(h+ 2,20) sk, 7] (30)
1<j<k<n
=ap(h+ z,x)x + Zf;ll aic(h+z,x)x; — Z?:c—i—l aci(h+ z,xc)x;.
Since Ac(z1) = A(xe) = -+ = A(xc—1) =0, then by (7) we get

A (z) = Dy, z. (z)
= [ae(xa, xc)e + ah(xay xc)h + Z?:1 ai(xou I§>xi + Z a—i(xow xg)yi

liién
1FQ
+ Z aj,k(mmx<>5jk7$<] - 2ah($aa$§>a($<) (31)
1<j<k<n
Jk#a
= —a_(Ta,T)2+ Y. Ai(Ta,T)Ti — Z?:g-u g i(Ta, To)T;
I<ige-1
1FQ

for « =1,2,...,¢ — 1. Combining (30) and (31) we obtain that

n n
Ag(z) = — Z ag,i(21, T )T = Z ag,i(21, T )adsg ().
1=¢+1 i=¢+1

This deduces that Aciq(x.) = 0. Then, Claim 1 is proven. By virtue of Claim 1, we
obtain a succession of 2-local derivations As, Ay, ..., A, iteratively. In particular,
A, satisfies Ay(e) = A (f) = An(zy) = Ap(z2) = -+ = Ap(zp-1) = 0. We shall
now proceed to examine A, (x,). By (14) and (7) we have

An(l‘n) - Dh—l—z,xn (:L‘n)

=lan(h+ z,2)h+ > ajr(h+ z,2,)s, T (32)

1<g<k<n

=ap(h+ 2, 2,)T, + z;:ll ain(h+ z,2,)z;,

An(xn) = Dwa,xn (xn)
= [ac(Ta, Tn)e + an(Ta, Tn)h + D 0y ai(Ta, Tp)zi + Y. a—i(Ta, o)y

1<isn
iFa
+ Z aj,k<xom xn)sjka xn] - 2ah($aa ZL‘n)O'(J?n)
1<j<k<n
Jik#a
= =0 n(Ta,Tn)z+ Y. Qin(Ta,Tn)T;
1<i<n—1
1o

fora=1,2,...,n—1. (33)



TANG AND WANG 679

Combining (32) and (33) we know that A, (x,) = 0. Then by Lemma 3.8 we see
that A, (u) =0 for all u € S,,. But by backtracking we know

An - An—l - an—l,n(xh xn—l)adsn—l,n

=0y — Z?:_zl Z?:Grl aci(71, 7o )ads
= Al — (2Clh(h, xl) + a(h, $1)>U — 2?22 al,i(h, xl)adsli

o Z?Z_Ql Z?:(—l—l As,i (231, x§)ad5§i

=A—D.s— (2an(h,x1) + alh,z1))o — >, a1 (h,z1)adsy;
- Z?:_zl Z?:§+1 aci(71, vc)adsg.

Therefore, from A, = 0 we see that

n

A = D.s+ (2an(h,x1) + a(h,z1))o + Z ari(h,z1)adsy;

=2
n—1 n
+ E E aci(T1, 7o )ads

¢=2 i=¢+1

is a derivation. The proof is complete. [ |
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