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1. Introduction

1.1. Spheres and groups. Some spheres “are” groups, some “are” loops, but
most are not. Those that are bear a close relation to the four real division algebras
R, C, H (quaternions), and @ (octonions). Namely, the following are:
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738 BERTRAM

— groups: S° = 0(1), S'=S0(2) =U(1), S3 =SU(2) = Sp(1), or
— (Moufang) loops: case of the unit sphere S7 of the octonions.

More generally, let us call sphere the level set S = {z € V' | ¢(z) = ¢} of a quadratic
form ¢ : V — K, where ¢ € K*. The problems I am going to study are:

o What is a “natural” group structure on a sphere?
Develop a theory of such “group spherical spaces”!

o What is a “natural” Moufang loop structure on a sphere?
Develop a theory of such “Moufang spherical spaces”!

We do not assume that 2 is invertible in K; so the important cases K = Z and
K = Fom are allowed; and we will not assume that ¢ is non-degenerate. In the
case where the quadratic form ¢ is non-degenerate, very much, if not all, is known,
since such spheres correspond to composition algebras, on which there exists a huge
literature. Without being exhaustive, let met just mention [13, 14, 15, 16, 17, 27, 28].
However, as far as I see, none of these authors considered the question for completely
general forms, and did not aim at defining a suitable category of such spaces. To do
this, we need a more geometric approach, which I will develop in the present work:
the ternary algebraic viewpoint. Thus the present work contains both an overview
over classical material, and a new look on it, with a broader scope, new examples, and
perspectives for further research imbedding the classical theory into a “categorical”
view on general geometric and algebraic structures. Indeed, my approach is guided
by trying to understand the interplay of Jordan and Lie structures (see [3, 4, 7)),
where the four real division algebras play a key role, both as “number systems” and
for geometry and algebra: they are pervasive in the interaction of Lie- and Jordan-
theory, in applications and examples, and the octonions are related to almost all
“exceptional”’ Lie- and Jordan structures. In the last section 9 we outline some of
these further topics.

1.2. Binary wversus ternary algebra. A sphere does not have any “canonical”
base point, and every choice of “unit element in a sphere” would be ungeometric
and artificial. Therefore no sphere will carry a natural group structure — rather, it
could be a “group with unit forgotten”. There is a very simple way to “forget the
unit in a group”: replace the binary product ab by the ternary product

(alblc) := (abc) := ab™'c. (1)

This product has two characteristic properties defining a torsor (see Appendix A)
(IP): idempotency, (aab) = b = (baa),

(PA): para-associativity, (ab(cde)) = ((abc)de) = (a(dcb)e),

and from these the group laws can be recovered by a - ¢ := (abc), where the middle
element b becomes the new origin (Theorem A.2). Summing up, “torsors are for
groups what affine spaces are for vector spaces”. Our first question can now be
reformulated: What is a “natural torsor structure” on a sphere? To fix ideas, let us

illustrate it by the example of the unit circle S, or more generally, a conic centered
at 0, the level set {x € K? | q(z) = ¢} of a binary quadratic form q: K* — K.

1.3. All circles are torsors. What is the “most natural”, or “simplest”, con-
struction of the torsor law on the unit circle S'?
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Let A, B,C be three points on S', and consider B as “origin” of S'. The product
A - C with respect to this origin is constructed as follows: assume first A, B, C are
pairwise distinct. Let X := (ABC) be the second intersection point of the parallel
to the line AC' through B with the circle. By construction, X is the image of B
under the orthogonal symmetry S4 ¢ that exchanges A and C' and fixes the center
of the circle. But X is also the image of A under the rotation R¢ p taking B to C
(Figure 1: note the equality of angles a = ), as well as the image of C' under the
rotation L4 p taking B to A.

Figure 1: Construction of the group law on the circle

But this means exactly that A-C = (ABC) = L4 5(C) is the product of A with C
in the group S' with origin (unit element) B! When A = C, then use the tangent
line at A, and the same construction works; and when A = B or C = B, then
simply (BBC) = C and (ABB) = A. Summing up, the ternary product (ABC) is
in fact the torsor law (ABC') on the circle S*:

A-pC =(ABC) = X = Sac(B) = L s(C) = Rep(A). 2)

Next, observe that this ternary map extends naturally to an R-trilinear product on
V =R2 Identifying R? with the complex plane C, this trilinear extension is given by

(ABC)=A-B-C. (3)

All of this generalizes: all circles (level sets of a binary quadratic form) carry a
canonical commutative torsor structure. This observation might be considered to be
folklore!; however, we have not been able to find it explicitly stated in the literature,
and the fact that it holds in the completely general case (no assumption whatsoever
on the binary quadratic form) seems to be new; therefore we state and prove it in
this generality (Theorem 3.1).

1.4. Group spherical spaces. The example above motivates the following defi-
nition of a “natural” torsor structure on a sphere: it should be given by a quadratic
space (V,q) together with a K-trilinear product map V3 — V, (z,y,z) — (x|y|z)
(shorter: (zxyz)), satisfying

1. the “g-analog” of idempotency: (xzy) = q(z)y = (yzz) (following McCrim-
mon, [27], we call this also the Kirmse identity, (K)),

L E.g., see [11], p.48-50, where this construction is given under some unnecessarily restrictive
assumptions, or https://math.stackexchange.com/questions/3951052/groups-of-conics.
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2. the para-associative law (PA) in the form given above,
3. the ternary composition law (TC) q({zyz)) = q(x)q(y)q(z).

A group spherical space is a quadratic space (V,q) together with a trilinear map
having these properties, and such that non-empty spheres exist: the set

Vi ={reV|qlx)e K"} (4)

shall be non empty. The space is called commutative if moreover (xyz) = (zyx). For
instance, the complex plane with T'(x,y, z) = xyz clearly satisfies these properties.
Our general result (Theorem 3.1) states that every binary quadratic form q : K> — K
admits exactly one ternary product satisfying (K), and this product also satisfies (PA)
and (TC). This settles the 2-dimensional case.

The general theory of group spherical spaces is close to the one of torsors, since their
ternary products have very similar properties. In both cases, the ternary concept is
base point-free and geometric, and gives, in three ways, rise to binary compositions:

(A) We may take the “diagonal” = = z and define a binary product u(zx,y) :=
(xyx). For a (Lie) group G, this means to consider G as symmetric space
with product u(z,y) = zy~'z, see [21]. In the same way, any sphere carries
a canonical structure of “symmetric space over K”. If the sphere is of group
type, then this structure is “underlying” to its group structure (Section 2).

(B) For any ternary product, inner operators L,, and R, and S, ., are defined
via (zyz) = S;.(y) = L, ,(2) = R, ,(x), see Equation (2). In a torsor, the
left (resp. right) translations form a group isomorphic to the original one, and
in a group spherical space, they form an algebra generalizing the algebra C
of similarities of Euclidean plane (Subsection 4.2). In this case, the operators
L,, and R,, are called left (right) spirations and S, . spiflections.

(C) Fixing a base point also leads back to binary algebras: in a group spherical
space, the “homotope” z -z := (xez) is, for every base point e € V> a
(generalized) composition algebra, and conversely, the whole structure can be
recovered from the binary product (Theorem 4.15).

Via (C), the case of a non-degenerate form ¢ corresponds to the case of a (usual, i.e.,
non-degenerate) composition algebra, and in this case much is known. In particular,
non-degenerate group spherical spaces are

— either commutative, 1 or 2-dimensional (“unarions”, “binarions”),

— or non-commutative, necessarily 4-dimensional (quaternion algebras).

For instance, the algebra V = M(2,2;K) with quadratic form ¢(z) = det(z) and
product (XY Z) = XY*Z (where Y* is the adjugate matrix) is an example of a
quaternion algebra (split case; the form is of signature (2,2)).

In the degenerate case, there are new examples: it is not true that the dimension
must be either 1,2 or 4; there are degenerate group spherical spaces of any dimension
(Section 5). They are constructed using ideas from Jordan theory [24]: there is a

notion of (general) representation U of a group spherical space W | and of a split null
extension V =W @ U defined by such a representation. If U is commutative then
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V' is again a group spherical space. Such spaces form an interesting class of spaces,
a sort of degenerate analog of quaternion algebras in arbitrary dimension. For the
time being we have no examples that are not either of this form, or non-degenerate.
Finally, in the theory of Jordan-, associative or alternative algebras, an important
conceptual step consists in introducing the notion of (Jordan-, associative, resp.
alternative) pair, see [24]. Going from triple systems to pairs is the analog of
considering pairs of vector spaces in duality, instead of considering spaces with
bilinear form. We explain in Section 4.4 how this can be done in the category
of group spherical spaces.

1.5. Moufang spherical spaces. The fourth real division algebra, after R, C, H,
is the algebra of octonions @, which has been widely popularized by the paper [1],
and is central for constructions of “exceptional objects” of all sorts, cf. [14, 13]. It
is not associative but alternative, and its unit sphere S7 is a Moufang loop. This
remains true for more general octonion algebras, and for this reason it is desirable
to extend our theory to the case of Moufang loops.

In a first step, we must define a ternary concept corresponding to the one of Moufang
loop, in the same way as torsors correspond to groups. This is done in Appendix A
(Theorem A.13), which may have some independent interest. On the one hand, it
takes up Loos’ concept of alternative triple system [23, 24], whose defining identities
(AP1), (AP2) have been used in joint work with Michael Kinyon [8] to define a
concept of ternary Moufang loop. In Appendix A, we stress that this concept has in
fact two versions, a “left” and a “right” one, and we give new axioms characterizing
them, inspired by the presentation given by Conway and Smith ([14], Section 7):
they are ternary inverse loops, satisfying moreover a left (resp. right) version of the
classical Chasles relation and of the autotopy property. These axioms feature the
geometric properties of Moufang loops.

In a second step, we then define the notion of Moufang spherical space (Section 8):
as above, it is defined by a trilinear map an a quadratic space (V,q) which again
satisfies Kirmse (K) and ternary composition (TC), along with Loos’ axioms of an
alternative triple system; by the above discussion it is then clear that spheres in such
spaces become (left, resp. right) ternary Moufang torsors. Every identity valid in a
ternary Moufang torsor has a “g-analog” for the trilinear product, and the relation
between loops and algebras becomes more transparent.

1.6. The Albert-Cayley-Dickson (ACD) construction. The non-degenerate
composition algebras are all constructed, starting from the unarions K, in several
steps by the Albert-Cayley-Dickson construction, which generalizes the sequence
(R,C,H,Q). It is one of the aims of the present work to contribute to a better
understanding of this construction, from a conceptual viewpoint:

First, the starting point rather is the “binarion” algebra and not the “unarions”,
since every binary quadratic form can be used to initialize the construction. (This
makes a difference if 2 is not invertible in K; cf. [16], p. 53.)

Second, there is an abstract version of this construction, the “Moufang double of
a group” (Appendix B), associating to every abstract group G a Moufang loop
D(G) = GUG. The ACD-construction can be understood as being encoded by
such an abstract Moufang double construction. More specifically, D(G) satisfies
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relations similar to those of the generalized dicyclic group of G — which is a group
if G is commutative, but a non-associative loop if G is non-commutative (cf. Def.
B.3).

Third, there is a ternary and base point-free version of the ACD-construction
(“ABCD-construction”). This version shows that, again, it is necessary and use-
ful to distinguish two versions of the ACD-construction, “left” and “right” ones.?

Fourth, there is a close relation between quaternion and Clifford algebras: we discuss
this in Subsections 6.3 and 6.4.

Finally, the construction of the split null extension can be seen as a “degenerate” case
of the ABCD-construction. In particular, a split null extension of a non-commutative
group spherical space is a non-associative Moufang spherical space. This gives new
examples of such spaces, which are not given by classical octonion algebras, and
not always of dimension 8. It should be interesting to develop a more complete
structure theory, either proving that all new examples are such split null extensions,
or exhibiting new non-split extensions, and describing the structure of a general
Moufang spherical space in terms of extensions of non-degenerate spaces.

1.7. Further topics. [ have been working on preliminary versions of this text for
several years, and they have all become too long, so for the present version I decided
to exclude several sections that would have led too far ahead. I will mention some
of these topics in a last Section 9.

Notation. By K we denote a commutative base ring with unit 1. We do not
assume that 2 be invertible in K. For instance, K = Z is admitted. The canonical
symplectic form on K? is denoted by [z,y] = T1y2 — T2y .

2. All spheres are symmetric spaces

2.1. Spheres. A map f:V — W between K-modules V, W is called quadratic if
(ql) it is homogeneous of degree two: YA € K,Vv € V @ q(Mv) = N\?q(v),
(q2) the polarized map b, is K-bilinear:

by : V2= W, (u,0) = by(u,v) = g(u+v) — q(u) — q(v). (5)

A quadratic space is a K-module V' together with a quadratic form ¢ : V — K. By
sphere, or quadric with center 0, we mean the level set ¢~!(c) = {x € V| q(v) = ¢}
of a quadratic form ¢, where the scalar ¢ € K is assumed to be invertible in K:
c € K*. When V = K2, the form is called a binary quadratic form, and the spheres
are also called ¢-conics, or q-circles. We will make no assumption on the quadratic
form, except that it admits some non-empty sphere. In other words, we assume
that the set V> of invertible elements of the quadratic form ¢, defined by (4), is
non-empty. This set has a double fibration: the “horizontal” fibers are the spheres,
and the “vertical” fibers are the radii K*v, orbits of the action of K* on V*.

Remark 2.1.  Note that b,(z,z) = 2¢(x). If the K-module V is free, then there
exist bilinear maps b such that ¢(z) = b(z,z). If 2 is invertible in K, then we may

2 McCrimmon [27] uses the “left”, and Faulkner [16] the “right” one.
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take b = %bq, so in particular b can be chosen symmetric. In general, it may be
impossible to choose b symmetric. For a binary quadratic form q : K> — K, the
choice of a such a form b can be done as follows: we write
q(x) = aat + frixy + a3, (6)
and then we choose
b(x,y) = ax1ys + Briys + Y22y (7)
Then b is in general not symmetric, and ¢(z) = b(z, z), by(z,y) = b(x,y) + b(y, x).

2.2. The Jordan structure

Definition 2.2.  In any quadratic space (V,q) we define the Jordan maps

Q:VxV =V, (z,9)— Quy) = Quy = by(z,y)x — q(x)y,
D:V3=V, (2,,2) = Doy = Quyzy — Quy — Q.y
= by(x,y)z + by(y, 2)x — by(x, 2)y.

Remark 2.3.  Although we won’t use this here, let us mention that (Q, D) defines
a (quadratic) Jordan triple system, see [24], which is sometimes called a spin factor.
It is uniquely determined by the quadratic form g. We will see later that it satisfies
also the so-called fundamental formula (which can be proved by direct but lengthy
computation)

Q20 QyoQu = Qauy. (8)
In general Jordan pair theory, an element is called invertible if the operator @), is
invertible. The following lemma shows that this is the case iff ¢(z) € K*, i.e., iff
x € V>, and so our notation is in keeping with the Jordan theoretic one.

Lemma 2.4.  For any quadratic space (V,q) and e € V', the operator Q. satisfies:
(Q6)2 = q(e)Qid,
9(Qc(7)) = q(e)’q(x).
It follows that, if q(e) is invertible in K, then s, :V =V,

selw) 1= 26 (@) = Moo

q(e)

defines an isometry of order 2, fixing e.

Qe(Qe()) = by(e, by(e, x)e — qle)z)e — qle) (by(e, v)e — qle))
= (byle, e)bg(e, x) — 2q(e)by(e, x))e + q(e)*x = q(e)’x,
9(Qe(7)) = q(by(e, x)e — g(e)x)
= q(by(e, x)e) + q(q(e)x) — by(by(e, x)e, q(e)x)
= by(e, 7)"q(e) + q(a(e)z) — by(e, )*q(e) = g(e)*q(x).
Dividing by ¢(e), the statements about s, follow. (Note Q.(e) = g(e)e.) [

Proof.  The proof is standard in the theory of quadratic forms (cf. [16], p. 127):
2



744 BERTRAM

2.3. Existence of ¢-compatible ternary products

Lemma 2.5.  On every quadratic space (V,q), there exists a q-compatible trilinear
product (xyz), i.e., we have the Kirmse identity (xzy) = q(z)y = (yxx). This
product is in general not unique, but the “outer diagonal” (xyx) is, and it agrees
with the Jordan map defined above:

Vae,y e V. (z|ylx) = by(z,y)x — q(x)y

QY-

Proof.  Choose any bilinear form b on V such that ¢(z) = b(z,z), and let
z)T.

{zlylz) == bz, y)z — bz, 2)y + b(y, (9)
This clearly is trilinear, and for x = y it gives b(z,z)z — b(x, 2)x + b(x, 2)x = q(x)z
and for y = z we obtain b(z, 2)z—b(z, z, )2+b(z, 2)x = q(2)z, hence g-compatibility.
Moreover, polarizing the condition ¢(x)y = (x|z|y) = q(z)y, we get

)
)

(z|zly) + (z]zly) = be(x, 2)y. (10)
Letting z =y, we get ¢(z)x + (z|x|2) = b,(x, )z, whence the formula for the outer
diagonal (xyx) holds. [

The trilinear product from the lemma is related to the Jordan map D via

(ryz) + (zyx) = D(x, 2)y.
In general, the ternary product (xyz) will have a skew-part, which depends on the

choice of the skew-part of b. The notation (ryx) is often more intuitive than Q. (y)
since it becomes better visible that this expression is quadraticin x and lineariny.

2.4. Reflection spaces and symmetric spaces. Following Loos [20, 21], we
call reflection space a set M together with a “product map” o : M x M — M,
(x,y) — o(z,y) =: 0.(y), satisfying the following identities:

(S1) ou(x) ==

(S2) 0,00, =1id

(S3) 0,00y00, =04,y -

In other words, the “left translations” o, are maps of order two fixing z and
are automorphisms of the whole structure. If, moreover, M carries a topology
such that the fixed point x of o, is isolated, then we call M a (topological)
symmetric space. Every smooth and connected symmetric space is a homogeneous
space M = G/H under a Lie group action ([21]), but in general it is not true
that the automorphism group of a reflection space M acts transitively on M. For
instance, S™ = SO(n + 1)/SO(n) is a compact homogeneous symmetric space, but
the set VV* will in general be far from being homogeneous:

2.5. Spheres as reflection spaces. All spheres carry a canonical structure of
reflection space. The set V* carries even three, in general different, structures of
reflection space. This is related to the “double fibration” of V*, mentioned above.
To fix ideas, think of C* with three “inversions at e = 17, namely

_ . z 1
Se(z) =z, ]e(z> = W = = Ue(z) = -,

the first two anti-holomorphic (fixed points are “real forms”), and the last one
holomorphic (fixed points isolated).
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Theorem 2.6. Assume (V,q) is a quadratic space having invertible elements,
i.e., its set invertible elements V> is non-empty. Then M = V> carries three
“product maps” which all satisfy the azioms (S1), (S2), (S3):

1. (“inversion at diameters”)

STV VISV (y) o saly) = S (y) = gy,

2. (“inversion at spheres”)
VX VE SV (@) = ) = 2y,
3. (“point inversive”)

o VXXV =S VX (z,y) = o.(y) = %EZ(/%) - bq(jé;)f”)x B Zggy

All of these maps have well-defined restrictions to spheres S = {x € V | q(x) = r}
with r € K>, which thus become sub-reflection spaces of V*. For j, these restric-
tions to spheres are trivial, and for s and o they coincide.

Proof. First of all, note homogeneity and degrees:

@y : quadratic in x, linear in vy,

Spy ¢ 0 in x, linear in vy,

Jz(y): quadratic in z, —1 in vy,

0.(y): quadratic in x, —1 in y;

and the fixed point spaces:

s, fixes pointwise the whole line Kz, since it is linear in y,

J» fixes pointwise the whole sphere {u € V' | q(u) = q(z)},

Oz = SuJz = JuSs fixes x, which appears to be an “isolated” fixed point.

Concerning s, properties (S1), (S2) are contained in Lemma 2.4, and (S3) follows
from that lemma, observing that g o s, o0 g™ = sy, for every g-isometry g, and in
particular for ¢ = s,. Note that, by rescaling with invertible scalars, this gives us
the “fundamental formula” (8), for z,y € V*.

Concerning j, properties (S1), (S2), (S3) follow by direct computation, only using
that ¢ is homogeneous of degree 2.

Concerning o, by direct computation j, o s, = 0, = 8, 0 j,, whence (S1) and (S2).
(S3) follows from (8), together with the homogeneity observed above.

Finally, ¢(z) = r = q(y) implies that ¢(s,y) = ¢(y) = r, etc., so spheres are
stable under the three binary products. Clearly, the restriction of j to a sphere is
trivial: j,(y) =y if ¢(x) = ¢(y) = r. On the other hand, the set of multiples of an
element v € VV* is also stable under the product, and then s restricts to the trivial
structure, and the restriction of j corresponds to the symmetric space structure
(r,s) = rs~ir =r?s7! on K*. n

Remark 2.7. The three reflection space structures behave very much like those
of a symmetric bundle in the sense of [6]. More precisely, the quotient of V* by the
equivalence relation v ~ w iff A\ € K* : w = Av, becomes a symmetric space, and
V> becomes a symmetric bundle over the quotient; the fibers are multiplicatively
written, rather than additively as in [6].
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2.6. The set of root vectors. The following remarks will not be used in the
main text. For every quadratic space (V,q) over K, we define it set of root vectors

Vei={yeV|qly) #0,VeeV:In=n,, € K:b,(z,y) =ny.-qy)}. (11)
Clearly, V* C V¢ (equality if K is a field), and for y € V*, we then have

_ b)) _ o by(ay) (12)

n - - )
v q(y) be(y,y)

which is uniquely determined, and we have

52(y) = Nay — Y. (13)

More generally, n,, is uniquely determined when the K-module has no torsion. For
instance, this holds if V' is a free module over an integral domain, like Z — this is the
most interesting case, where this definition takes up the usual ones from the theory
of root systems. We will not use it in the sequel, but see Subsection 9.6. Let us just
note here that, unlike V>, the set VV° does not depend on scaling of the form: one
may replace ¢ by Aq for any invertible A\, and that the product s extends to a map

Vex Vo=V (x,y) = s:(y) =ngyx —y (14)

that turns V° again into a reflection space. The group generated by all s, with
x € V° could be called the Weyl group of the quadratic form q.

Example 2.8. Let K= Z, V = Z?, and ¢(v) = az? + Br129 + y23. Then
e, is a root vector iff g € 7Z and ey is one iff g € Z. If the form is pos-
itive definite, the root vectors form a root system in the usual sense. For in-
stance, let gq(x) = x? — zyz9 + x3. Then the unit sphere agrees with V> and
has 6 elements {£e;, +eq, (e + €2)} (summits of regular hexagon), whereas V°
has 12 elements, namely the 12 root vectors of the root system Go (see https:
//en.wikipedia.org/wiki/G2 _ (mathematics)# /media/File:Root _system _ G2.svg).

3. All circles are (commutative) torsors

3.1. The 2D-Theorem. In general, existence of group structures on spheres is
a very restrictive condition. Therefore it is remarkable that the following result
holds for any binary quadratic form, even without assuming that V' is non-empty.
However, if invertible elements exist, the proof is simpler and better intelligible, so
in the proof we concentrate on that case.

Theorem 3.1.  Let V = K? with quadratic form q(x) = azi + Bxizs + Y23,
1. There exists a unique trilinear map V3 — V| (z,y, z) — (xyz) satisfying the
Kirmse identity (zxy) = q(z)y = (yzx).
2. This trilinear map is commutative, and para-associative.
3. It satisfies the ternary composition rule q((zyz)) = q(x)q(y)q(z).
Summing up, V is canonically a commutative group spherical space, and every circle

S={x eV |q(x)=c} (with c invertible in K ) carries a canonical torsor structure,
which is commutative and given by

(2,9,2) ~ - (zy2).
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Proof. 1. The existence statement holds for any quadratic space (Lemma 2.5).
Let us prove uniqueness, in case of dimension 2. Denote the standard basis of K2 by
(e1,e2). We have already noticed (Lemma 2.5) that the values (xyx) are uniquely
determined by ¢. To compute (e;ejey), observe that always the values of two of the
three indices i, j, k coincide, so from g-compatibility we obtain the values shown in
Table 1.

i gk (elejler)
1111 aeq
21212 Yes
11112 ey
112| 1| Be; —aey
21111 ey
1122 vep
211]2)| Beyg—rey
2121 ver

Table 1: Products of triples of basis vectors

Uniqueness now follows: by trilinearity, the ternary product is given by

(xyz) = Z Ty 2k (ei€j€k). (15)
(i.5,k)€{1,2}3
We collect and add terms belonging to indices (i, j, k) such that (e;e;e;) is a multiple
of e; (first component), and then such that (e;eje) is a multiple of ey (second
component). Using Table 1, the result is

_ [ari1y1z + Bxlygzl + ’Y(iElyQZQ + ZaY221 — l‘gylzg)
(zyz) = _ : (16)
YL2Y2Z2 + 61323/122 + Oé(l’lylzg + T2Y121 LL’lngl)

Thus the ternary map is uniquely determined by ¢-compatibility.

Remark 3.2. It follows that the left hand side in (9) is independent of the choice
of b such that ¢(z) = b(x,z). In particular, for ¢ = 0, b is alternating, so it is a
multiple of det; we therefore get an identity [z,y]z + [y, z]x + [z,z]y = 0 called
“Dreier-Identitét” in [18].

2. Commutativity (symmetry in ¢ and k) is clear from the table. Let us prove para-
associativity. Assuming the theory of Clifford algebras, a short proof is indicated
in Subsection 6.3. In the following, we will give an elementary and direct proof,
independent of the theory of Clifford algebras.

Assume first that (V, ¢) admits invertible elements. Fix an invertible element e and

take e; := e as first basis vector, completed by a second vector e, to a basis of
V = K2. Consider the bilinear product
x -y = (zey). (17)

From the table above, we deduce the following binary “multiplication table”.

‘e €1 €9

€1 | eqp [6715%)
ey | aey | feg — vey
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Clearly, this product is commutative, and it is associative: note first that e; is
a multiple of the unit, and hence we have (e;e;)er = e;(ejer) when one of the
indices 7,7,k equals 1. And e3ey = eye3 by commutativity of the binary product,
so the product is associative (i.e, every unital 2-dimensional commutative algebra
is automatically associative.)

The reflection § = o, defined in Lemma 2.4 is an isometry of order 2 fixing e. Since
the trilinear product is determined by ¢, the map g is also an automorphism of this
structure, and since it fixes e, it is an automorphism of the bilinear product. Now
we define a trilinear product
A V3V, (z,y,2) = Alz,y, 2) = —ay'z.
Since the binary product is associative, and f an involution, this ternary product
is para-associative: ((ab'c)d*e) = (a(dc*b)’e) = (ab*(cd’e)). Let us show that
vzt = q(z)er:
21t = (z1ey + Toe0)(z16] + 226h)

x1e1 + Toes) (161 + $2(§61 —e3))

= (
= (.73161 + .17262)((1'1 + g)el — .17262))
= (ax? + 120 + Y23)ey + Oy = q(x)e;

(using the “multiplication table”; all terms containing e, cancel out). From this, we
get A(z,z,y) = %xa:ﬁy = q(v) = q(z)y = A(y,z,v), i.e., g-compatibility of the
ternary product map A. By uniqueness, we thus have A(z,y, z) = (zyz). Since A is
para-associative, so is (—, —, —). Similarly, using commutativity and associativity,

we get the ternary composition law

!

q((zyz)) = q(zyfz) = (xyf2)(ayf)f = wafyyiz2* = q(a)a(y)a(2),

finishing the proof in case (V,q) admits invertible elements.

Now let us drop the assumption that (V, ¢) contains invertible elements, and indicate
the proof in this more general case (without going into all of the details). To prove
associativity, by multilinearity, it is enough to show the associativity property for
the base vectors, that is,

((eiejer)eren) = (ei(ejerer)en) = (eej(ererem))

for all (4,7, k,¢,m) € {1,2}°. By commutativity, the 2° cases to be checked reduce
effectively to the following 10 cases:
1. (i,i,1,1,1) (the values of all 5 indices coincide, with i =1 or 2),

Using Table 1, the computation is straightforward, and indeed in each case we get
the same result for all three ways of bracketing, which we denote by (e;ejerere,,).
For better readability we represent the cases given above by definite choices for
and j. The result is given in Table 2.



BERTRAM 749

iljlk|l|m (eiejeneren)
1/1]1(1]1 vey
211111 a’es
112111 afe; — aryes
1111211 a’es
21211111 aye;
211121 ]1 afles — aryey
2/111(2]1 ayeq
211111 2 afes — aryey
11212(1]1 avyer
L2121 (B%=ay)e — Bae

Table 2: Products of 5-tuples of basis vectors

Finally, the proof of the ternary composition law by “brute force computation” would
be fairly long and involved. In the special case where a,b are linearly independent,
the identity ¢({azb)) = q(a)q(b)q(x) follows from the following Lemma 3.3:

Lemma 3.3.  Assume that a,b are linearly independent in K2, and q is a binary
quadratic form. Then the unique linear map S = S, : K? — K? such that
Sap(a) = q(a)b and S, 4(b) = q(b)a is a q-similarity with ratio q(a)q(b), that is, for
all x € K2, we have

q(Sap(@)) = q(a)q(b)g(z).
In particular, if q(a)q(b) =1, then S,p is an isometry.

Proof. Let x = uja+ ugb, so q(z) = uiq(a) + uruzby(a, b) + u3q(b), and

Q(Sa,bfl?) = q(u1q(a)b + U2Q<b)a)
= uiq(a)’q(b) + urg(a)uaq(b)by(a, b) + usq(b)?q(a)
= q(a)q(b) - (uig(a) + urusby(a,b) + u3q(d)) = g(a)q(b)q(z),

whence the claim. n

Likewise, when a = b, the identity ¢({aza)) = q(a)?q(z) follows from Lemma 2.4.

For a general proof of the ternary composition rule, one may inject K2 into its
“concrete Clifford-quaternion algebra” H,, (see Subsections 6.3 and 6.4), which is
a composition algebra with invertible elements (namely, it has a unit element); then
we can apply the general arguments to be developed in the next section (Theorem
4.15, Ttem 4), and then restrict to K? again.

The last statements of the theorem are consequences of the preceding results, see
Theorem 4.3. [ |

3.2. Examples, and matrix realization

Example 3.4. Assume the form ¢ is hyperbolic. Without loss of generality,
assume that ¢(x) = z122. We claim that then the unique trilinear map is given by

(axb) = (‘“5’72[’1) . (18)

asx1by
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Indeed, it is g-compatible: for z = a, the right hand side gives ajasb = g(a)b and for
x = b it gives bibsa = q(b)a, as it should, whence the claim. In this case, it follows
directly from the explicit formula (18) that the ternary product (axb) is associative
and commutative, without using the general result. For K = R or C, since the set
of hyperbolic forms is open in the space of all forms, this example could be used to
deduce general results “by polynomial density”.

Example 3.5.  Generalizing the preceding example, let us assume that ¢(z) =
¢(x)1(x) where ¢ and 1 are two linear forms. The bilinear form b(z,y) = ¢(z)1(y)
satisfies ¢(z) = b(z,z), and from (9) we get

(zlylz) = o(x)v(y)z + ¥ (2)d(y)z — ¢(x)Y(2)y.

When ¢ and @ are linearly independent in the dual of K?, then (K2 ¢) is a
hyperbolic (Minkowski) plane (see https: //en.wikipedia.org/wiki/Minkowski _ plane):
by a change of coordinates, we are back in the preceding example. When ¢ = 1, then
we obtain a Laguerre plane (see https: //en.wikipedia.org/wiki/Laguerre _plane). We
shall see (Theorem 5.4) that such formulae define a group spherical space on any
K-module, which then can be considered as extended Minkowski (resp. Laguerre)
planes.

3.3. Matrix realization: the dihedral algebra of ¢. In the following, let
q(x) = az? + fr179 + y23 be an arbitrary binary quadratic form on V = K?. We'll
give explicit formulae, showing that the whole theory generalizes usual formulae
known from the Euclidean case o« =1 = v, 5 = 0, describing relations valid for the
linear operators, called spirations and spiflections, see Equation (2). These operators
can be identified with 2 x 2-matrices, which we will give explicitly, by rewriting (16)
as follows. From the second equality one can read off the matrix of R, , and from
the third equality, the matrix of S, . (recall notation [z,y] = x1ys — T2y1 ),

(aly|z) = ax Y121 + Priyezs + Y(@X1Y222 + Tayaz1 — TaY1 22)
YT2Yazo + Brayrzo + (T1Y122 + TaY121 — T1Ya21)

_ (axiy + frays + y22y:
aly, ] Ty + ”Y$U2y2 + Braun
_ QT121 — YT22 Brizr + (2122 + 2221) | (41
Brazs + aT120 + x221) VEozZy — QT2 Yo

Definition 3.6.  The (right) spiration algebra CqR is the submodule of M (2,2;K)
generated by all R, ,, z,y € K?, and by idgz. The spiflection algebra Cf is the
submodule of M(2,2,;K) generated by all S, ., x,z € K?. The dihedral algebra of
q is the submodule D, := Cff + CqS of M(2,2;K).

To describe these algebras by generators and relations, let us abbreviate
Rij := Re, c;, Sij 1= Seie;n I := 2 x 2 unit matrix. (19)

From Table 1, or from the matrices given above, one can read off:

0 —

Su= (5 g)=su su=(5 2). sa=(7 9 @
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Theorem 3.7. Assume (K2, q) with q(z) = ax? + Brizs + yr3 is a binary
quadratic space, und use notation introduced above. Then, for all a,b € K2,

tr(Rap) = by(a,b),

det(Rq) = q(a)q(D),
tI‘(Sa’b) = 0,
det(Sap) = —q(a)q(b),

R?L,b = bq(a7 b>Ra,b - q(a’)q(b)ld7
Sep = a(a)q(b)id.

The adjugate matriz of Rap is (Rap)* = Rya, and the one of Sap is —Sap. In
particular, the spiration algebra Cf is stable under its involution “adjugate”, and
on CqS the “adjugate” map agrees with —id.

Proof. Using para-associativity, we have

R2 = Riabays = Ro,(apyap — Ratayps = bg(a, b)Rap — q(a)q(b)id
Sa,bSb,a = Ra,(abb) = Q(b)Ra,a = q(b)Q(a)ld

To compute the trace of R, it suffices to do it for (a,b) = (e;,€;), 4,5 = 1,2,
i.e., for the four matrices (20). In all four cases, the trace is b,(a,b), whence
trR,p = by(a,b). Now, every endomorphism X € End(K?) satisfies the charac-
teristic equation
X? —t1(X)X + det(X)id = 0.

Let X = R, and compare with the relation R, = by(a,b)R.p — q(a)q(b)id: it
follows that det R, = q(a)q(b). Concerning spiflections, the relation tr(S,;) = 0
is obtained from the four matrices (21). As above, this implies that det(S,;) =
q(a)q(b). The adjugate matrix X of X € M(2,2;K) is given by X = tr(X)I — X,
whence fiajb = by(a,b)id — R, = Ry, and §a7b = —Sap- |

From (20) and (21), we get the following linear relations

YR = alRgy = ayl, Riy + Ry = 1,

22
vS11 + aSs = £512, Stz = Sar. (22)

(“By density”, the third of these relations should imply that, for all a, b,
q(0)Saa + q(a)Spp = by(a,b)Sqp. (23)

A direct computation would be long, and the relation won’t be needed in the sequel.)
Next, we record product relations among the matrices: from R}, = SRjy — ayl we
get the following two versions of the “multiplication table” of the spiration algebra
CE.
q

o R Ris o I Ry
Ry | Ry alRyy I I Ryo
Ry | aRyy | fR12 — 7R Riy | Rig | BRi2a — oyl
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Proposition 3.8.  Assume that I and Ryy are linearly independent (note : (20)
shows that this is always the case if q has invertible elements). Then the spiration
algebra C' is isomorphic to the quotient algebra K[X]/(X* — X + o).

Proof. By the table, Ry, satisfies the same quadratic relation as [X] in the
quotient algebra. [ |

Remark 3.9. Note that C! and K[X]/(X? — X + o) are invariant under
scaling of ¢ by invertible scalars. In particular, they cannot distinguish between ¢
and —q.

From para-associativity and commutativity we get S, oSy = RapLlap = Rib, and

SaaSap(x) = (alaxb)a) = (ab{zaa)) = q(a)Rap(x), (24)

and likewise S, 0 Sy0 = q(a)Ryp 4, whence the following table:

© S11 Sao Sta
Si | &I | R, | aRypy
Soa | B3y | 7°I | 7Rz
Sig | a@Rg1 | YR | ayl

Next, compositions between R- and S-operators: from para-associativity, we have
S11R12(x) = (e1{ereax)er) = (erer{eswer)) = aSy(x), ete., so:

S11 Sao Si2
Rys0 Sij pS11 — aSia 1512 Y51
Sij o Ry aSia B2 — ¥S12 | aSa

When computing the products of three R- or S-operators, we essentially get back
the ternary composition on V':

Theorem 3.10. Letee V> and S := s, = Tle)sea@' Then

f:Cl=C), X—SX
is a bijection. Moreover, SX o SY 0 SZ = SXY*Z.

Proof. Since S is bijective and S? = I, by the general composition rules from
Theorem 4.9, multiplication by S, induces a bijection f. By Theorem 4.11, SX S =
X*, whence the last claim. [ ]

Example 3.11. Let 8 =0, a = 1 = « (elliptic plane, ¢(z) = 22 + 22). Then
CqR is given by the usual formulae of “complex numbers”, and CqS by “complex
conjugations”. If 2 is invertible in K, then M(2,2,K) = CF & C (just as in the
real case, M(2,2,R) = C @ C). But, e.g., when K = Z, then the sum remains
direct, but the dihedral algebra is a proper subalgebra of M (2,2;K).
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Example 3.12. Let § =1, a = 0 = § (hyperbolic plane, ¢(z) = x125). Let
E;; the usual elementary matrix. Then Ry = Fyy, Ry = Eaa, s0 Cf is the space
of diagonal matrices, and S12 = 0, S11 = Eia, So2 = Foy, S0 Cf is the space of
anti-diagonal matrices, and we have M (2,2, K) = Cff ® Cqs.

Example 3.13. Let gq(z) = 22,50 a=1, 3=0=~. Then —Rj» = Ej5 = Si»
and 511 = En - EQQ, SQQ = 0. In this case Cé% N Cg = KElg.

Example 3.14. Consider the “Eisenstein form” « =y =1 = —f. We have the
matrices Ri1 =1,

-1 1 0 —1 1 -1 01 -1 0
RIQZ (_1 0)7R21: (1 _1>7511: <O _1>7512: <1 0)7522: (_1 1)7

which form a group isomorphic to &3. If 3 is invertible in K, then (Rys, I, S11, S12)
forms a basis of M(2,2;K). But, again, for K = Z, the dihedral algebra is a proper
subalgebra of M(2,2,K).

Remark 3.15.  Here are some other remarkable formulae for the theory of (K2, q).
Using the bilinear form b(x,y) = az1y1 + fx1y2 + Yx2y2 such that b(x, z) = q(z),
given by (7), the matrix R,, given by the second sign of equality above can be

written <b(3:, y) A, y]) '

Ty —

aly,z] bly,z)
According to Theorem 3.7, its determinant b(x,y)b(y, z)+avy[z, y]* equals ¢(z)q(y).
The preceding formula can also be written

Ry, = b(x,y)id — [z, y|Re, e,
Yet another way of writing it is

[u, (zyv)] = bz, y) [u, v] + b(u, ) [y, z].
Indeed, by (9) and uniqueness, (zyv) = b(x,y)v — b(z,v)y + b(y,v)x, whence
[u, {zyv)] = bz, y)[u, v] = bz, v)[u, y] + by, v)[u, 2]
= b(z,y)[u, v] + b([y, ulz + [u, 2]y, v)
= b(x, y)[u, v] = b([z, ylu, v) = b(z, y)[u, v] = [z, y]b(u, v)
where we have used the 3-identity [u,x]y + [z, y]u + [y, u]x = 0.

4. Group spherical spaces

4.1. Basic definitions. We turn to the general case. Recall from the introduction,
subsection 1.4:
Definition 4.1.  Consider a quadratic space (V,q) such that V* is not empty.

(K)  Wesay that a K-trilinear “product” map V? — V| (z,y, z) — (z|y|z) (often
written shorter: (zyz), if there is no danger of confusion) is q-compatible if
it satisfies the following left and right Kirmse identities: Vx,y € V,

(z]zly) = q(x)y = (y|z|x).
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(PA)  We say that a trilinear map V3 — V| (z,y, 2) — (z|y|z) is para-associative
if it satisfies Condition (AT2) from Appendix A, i.e., Va,b,c,d,e € V,
(ab(cde)) = (a{dcb)e) = ((abc)de),
(Com) it is commutative if it is symmetric in the outer variables: Vz,y,z € V,
(ryz) = (zyx),

(TS) and totally symmetric if it is invariant under all permutations from S, i.e.,
it is commutative and satisfies moreover, Vr,y,z € V,

(ryz) = (ya2).

(TC) We say that a trilinear map V3 — V', (z,v, 2) — (z|y|z) satisfies the ternary
composition law if Vr,y,z €V,

q((zyz)) = q(z)q(y)q(2).

A group spherical space is a quadratic space together with a ternary product map
satisfying (K), (PA) and (TC). It is called commutative (totally symmetric) if the
ternary product map has the respective property. Non para-associative versions will
be considered later (Definition 8.1).

Definition 4.2. A morphism of group spherical spaces is an isometry f such that

f(zyz)) = (f(2), [(y), [(2))-

It is clear that group spherical spaces with their morphisms form a category. Note
that the two conditions defining a morphism are not independent of each other: if
f is compatible with trilinear products, then

q(f(x))f(e) = (f(x), f(z), fe)) = [({zze)) = q(z)f(e),

so if f(e) € V>, it follows that f automatically an isometry. Conversely, it is not
always true that an isometry is automatically compatible with trilinear products
(but this is true if dimV = 2 since then the quadratic form uniquely determines
the trilinear map). Definitions are designed for the following to hold:

Theorem 4.3.  In every group spherical space (V,q), the set V* of invertible
elements with (zyz) := % is a torsor. Every sphere S(c) = q~'(c) with ¢ € K*

is a subtorsor of V*, and so are, if ¢ # —c, the sets

D(c) := S(c) U S(—c).

Proof. By the ternary composition law,

al(zy2)) = LD — g(@)a(y)a(2). (25)
q(y)
Together with para-associativity of (— — —), we get para-associativity of (— — —):
o 1 o 1 (dcb) _ _
(ab(cde)) = O (ab{cde)) = o)) (a © e) = (a(dceb)e) = ((abc)de).
(zzy)

Finally, (K) implies idempotency: (zxy) = o = Y= (yzx). Because of (25),

q(z) = q(y) = q(z) = ¢ implies that ¢((xyz)) = ¢, so all spheres S(c) are stable
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under the torsor law, and hence are subtorsors. Since the set {¢, —c} C K* is closed
under the torsor law of K*, if follows that D(c) also is a subtorsor. ]

Some, but not all, categorical notions take the usual form:

Definition 4.4. A subspace of a group spherical space (V,(— — —)) is a linear
subspace E C V that is stable under the ternary product (a sub-triple system).

A subspace F is called direct if there is a subspace E’ which is orthogonal to E for
the bilinear form b, and such that V = E @& E'.

An ideal is a subspace I such that (IVV) + (VIV)+(VVI) CI.

Clearly, a subspace is a spherical space in its own right, for the restriction ¢|g.

Lemma 4.5.  FEvery 1- and every 2-dimensional submodule of V' is a subspace.

Proof. Let dimFE =1 and e a basis of E. Then (re, se,te) =rstq(e)e € E.

Let dimE = 2 and w,v € E. It follows that (uuv) = ¢(u)v = (vuu) € E and
(wou) = by(u,v)u — q(u)v € E. Taking a basis e;,e; € E, this implies as in the
proof of Theorem 3.1 that E is stable under the ternary product. [ |

Lemma 4.6. If an ideal I contains invertible elements and K is a field, then
I =V . If the form q is anisotropic, then V is simple (it contains no non-trivial
ideals).

Proof. Let e € I be invertible. For all v € V', ¢(e)v = (eev) € I, so v € I, and
I =V . Thus, if ¢ is anisotropic, a non-zero ideal must be equal to V. |

We’ll see that there is a notion of “representation”, but there is no general notion
of “direct sum” or “tensor product”.

4.2. Inner operators: spirations and spiflections

Definition 4.7. In a group spherical space, we define linear operators of left,
right and middle multiplication by (zyz) = L, ,(2) = R, () = S, .(y). Altogether,
we refer to them as inner operators. We also call them (left, right) spirations
(short from spiral similarities, see https: //en.wikipedia.org/wiki/Spiral _similarity
and symmetries (spiflections))

Every algebraic identity satisfied by the trilinear product can be rewritten, in various
ways, as an operator identity. For instance, commutativity means that L., = R
(short: L = R), and Kirmse (K) can be written

m7y

L,,=q(x)idy = R, . (26)

Para-associativity implies that the composition of two left (right) spirations is a
left (right) spiration. It follows that the linear span of all L, , with z,y € V is a
subalgebra of End(V'), and likewise for R.

Definition 4.8. We take up Def. 3.6: the left (right) spiration algebra of a group
spherical space (V, q) is the algebra generated by all L, ,, resp. by all R, ,,, z,y € V,

CqL = {Z)\i[/xi,yi w, N €K, xi,yiEV}, Cf = {Z)\iR%yi i, N €K, xi,yiev}.
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Theorem 4.9.  For every group spherical space (V,q), the inner operators satisfy:
1. (right composed with right gives right): R(z,z,25) 20 = Ras,(zazsws) = Rases Rayas
(left composed with left gives left): Ly zyLayzy = Lay (waeses) = Lizizazs)zs s
2. (middle with left or right gives middle): Sy, (zsz4ws) = Swrws Lwses = RaszsSeias
L2y Seazs = Sevas Bagzs = S(ersws) s
3. (left and right commute): Ly zoRusey = SeyasSwazs = Raswy Ly
and the following: for all a,b,c,... €V,

Sap © Suw © Sy = Stavy),(zub)
R2, = Riabayp = bg(a,b)Rap — q(a)q(b)id
Ropo Ry =q(b)R,
Rupo Rpo = q(a)g(b)id
Ruy + Rya = by(a, b)id
Sap © Spa = q(a)g(b)id,

and the endomorphisms Ry, Tesp. Sap are invertible if, and only if, q(a)q(b) € K*,

and then 1 n 1

———— Ry 4, S = ——Spa-

aa)g(®) " “b " gla)g(®) "

If (V,q) is commutative, then the left and right spiration algebras are both commu-
tative and agree with each other.

-1 _
Ra,b -

Proof. The composition rules are just a way of rewriting the identity of para-
associativity (identity (AT2)). Similarly,

Sap © Suw © Sy (1) = (a(ufyrz)v)b) = ((avy)z(zub)) = Siava),zut) (¥).

Polarizing R,, = q(a)id, we get Rqp + Rpo = by(a,b)id. Next, the relations for
Rib and S, 45, are proved as in Theorem 3.7. By the equalities just proved, the
condition for invertibility is both necessary and sufficient.

If (V,q) is commutative, then L,, = R,,. But left and right spirations always
commute, so in this case right spirations commute among each other, and so do left
spirations. [ ]

Remark 4.10. Left- and right spirations X always satisfy a quadratic relation
X2 + AX + pu = 0, but spiflections in general do not. However, when V is
commutative, then Sy, = Spq, SO Sg}b = SupSha = q(a)q(b)id.

Theorem 4.11.  Assume e € V' is an invertible element. Then, for all a,b €V,
(A) See © Lap© See = Rs, .(a),5e..(b)-

If V is commutative,

(B) See © Lap © See = q(€)* Ly,

so conjugation by Se. is an automorphism §: C, — C, sending L, to Ly, .
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Proof.  The left hand side of (A), applied to an element z, gives g(e)((xeb)ae).

The right hand side gives g(e){xe(bae)). Both agree. Now cancel out the invertible
factor g(e).

If V is commutative, Rg, (a),s..) (%) = ((eae), (ebe), x) = q(e)?(bax), whence (B).
Since S7, = q(e)*id, conjugation by S, thus is an (inner) automorphism sending
La,b to Lb,a- |

Remark 4.12.  When V = K2, then conjugation by S.. is the adjugate map
(which can be used to define an automorphism £ even if ¢ has no invertible elements).

4.3. Link binary-ternary. Just like a group is obtained by specifying an arbitrary
base point in a torsor (Theorem A.2), we get a binary structure by specifying
a base point in a group spherical space, and we can go back and forth. The
following definition is more general than usual since we drop the assumption that
the norm N be non-degenerate (see [27], p. 156, [16], p.54, [17], p.456), so maybe
one should speak of “generalized composition algebras” (but we will omit the word
“generalized”):

Definition 4.13. An involution of a unital K-algebra (A, 1) is an anti-automor-
phism z +— 2% of order 2. It is called a central involution if, for all x € A, the
elements z + z* and x2* belong to the center of A (set of elements that commute
and associate with all other elements), and it is called a scalar involution if for all

TEA,
z + 2 € KI, zat € KI.

Every scalar involution is central. A (generalized) composition algebra (over K) is

a unital algebra together with a scalar involution.

Lemma 4.14.  In any (generalized) composition algebra A, the map N : A — K,

defined by vt = N(2)1

is a quadratic form, called the norm of A, and we have z + 2 = b,(1,2)1. If A is
moreover associative, then V = A, for any \ € K>, with trilinear map

(xyz) = Naytz
is a group spherical space over K, with quadratic form ¢ = AN .

Proof. Let a+a* =t(a)l with t(a) € K. Since a* = t(a) — a commutes with a,
we have aa® = a’a = N(a)1. Clearly N(ra) =r*N(a) for all r € K, and

(N(a+b) — N(a) — N(b))1L = (a+b)(a+b)* — aa* — bb* = ab* + ba*
is K-bilinear, so N is a quadratic form, and moreover b,(a,1) = a + a* = t(a)l
(“trace form”). We have the “Cayley-Hamilton equation”

a® —t(a)a + N(a)l = a(a — t(a)) + ad* = —aa* + ad* = 0. (27)

It follows that (zzxy) = N(x)y = (yzx), so the trilinear product is g-compatible.
Since the binary product is associative by assumption, and # is an involution, the
para-associative law (AT2) holds:

(ab{cde)) = ab*cdie = a(dc*b)te = (a(dcb)e)
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and moreover, using again associativity,
N(ab) = (ab)*(ab) = (b*a*)(ab) = V*(aa)b = N(a)b*b = N(a)N(b) (28)
whence the ternary composition rule. [ |

The lemma has a converse, whose most subtle issues are related to normalization:
the neutral element 1 of a composition algebra must satisfy N(1) = 1, so norm and
unit element depend on each other, whereas the notion of group spherical space is
invariant under scaling of forms.

Theorem 4.15.  There is a bijection between associative (generalized) composition
algebras and group spherical spaces, up to choice of base point. More precisely, one
direction is given by the preceding lemma. For the other direction, let (V,q) be a
group spherical space, and fix e € V*. Then

1. the bilinear product vz == x -, 2 = % turns V' into an associative algebra

LV 5V,
©)

with neutral element e, and with involution § = s, =

o = se(x) = (exe) _ by(, €) e— 1,

q(e) q(e)

and this algebra is a composition algebra with respect to the norm N(x) := a(z)

ale) ’
2. The construction from Item 1 is inverse to the construction from Lemma 4.14:

(wyz) = qle)x - yﬁ -z
3. The algebra (V,-.) is zsomorphzc to C via
V= Cl, v L(v) = ve,wzthmverse CL—=V, fe fle).

4. The algebra (V,-.) is antz—zsomorphz’c to Cq , via

V — CR, v R(v) = ﬁRv,e, with inverse Cf‘ =V, f— fle).

5. The ternary composition law follows already from the Kirmse laws and para-
associativity: [(K) N (PA) ] = (TC)

6. Assume K is a field. Then q is anisotropic iff (V,-,e) is a skew-field.

Proof. 1. Associativity of the binary product follows directly from para-associativity
of the ternary one. The element e is neutral: z-.e = fée)) = qq((ee))x =r=e-,x. Let
us show that f is a scalar involution. By Lemma 2.4, § = o, is an isometry of order

2 fixing e. It is an anti-automorphism: apply para-associativity twice to get

bt = ((eyereleme)) _ (e(zey)e) _

Y ale)? dor @

Finally, it is a scalar involution, since

t o balz0) e ¢ (weleze)) _ g(@)ale)e _ K
T+ ) € Ke, zzx 1) 4(0)? (x)e € Ke.

2. Start with a spherical quadratic space, fix the element e, and compute the ternary
map (with A = ¢(e)) associated to the new binary algebra:

Mzy*)z = /\<<me(<;ge/)€§>ez> =\ <Z(Z’S> = (zyz).
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Conversely, starting with a binary composition algebra with unit 1, the binary
product at 1 is obviously A(zly) = Azy, the product we started with (up to a
scaling factor \).

3. Both maps are inverse of each other: L(v)e = v and L(Lyu(e))(x) = Lap(x),
and L is a morphism:

1 1 1
L(U ‘e w) - q<T)2L<’Ue’W>,€ - @Lv,e © @Lw,e - L(U) © L(’LU)
4. As for 3., but now Rpew),e = Rue© Rye, 50 R(v - w) = R(w) o R(v).
5. The proof of Item 2 did not require the assumption that (— — —) satisfies

the ternary composition law. Therefore, assuming (K) and (PA), we can use the
bijection established in Item 3. Now, the proof of Lemma 4.14 shows that (TC)
follows from the properties of an associative composition algebra.

6. This is immediate from the definitions: a form over a field is anisotropic iff
V> =V \{0}. [

Remark 4.16.  In general, the anti-isomorphism C = CF resulting from 3. and
4. depends on the choice of the base point e. Only when V' is commutative it is
independent of such choice, given by Theorem 4.11.

4.4. Polarized spaces, and associative pairs. A quadratic space (V,q) is
called polarized if V = Vi @ V5 carries a direct sum decomposition into totally
isotropic subspaces V; of ¢ (we won’t assume that ¢ is non-degenerate). We write
(z,y) = (x,0) + (0,y). Then we have a bilinear form b : V; x Vo — K given by

b(z,y) == q((z,y)) = q((,0) + (0,y)) = q((z,y)) — a((x,0)) — q((0,y)). ~ (29)

The maps b and ¢ are the same, but in the definition of b, the domain is considered
as a direct product of modules.

Definition 4.17. A left polarized group spherical space is a group spherical space
that is a polarized quadratic space (V,q) = (V1 @ V4, b), and such that the trilinear
map (xyz) satisfies the following two conditions:

1. (VVV;) C V; (meaning that V; for i = 1,2 are left ideals),

2. (V\V;V) =0, 1ie., Ly, y, =0 (the left ideals operate trivially on V).
In other terms, the trilinear product V? — V has only the following four types of
possibly non-zero restriction:
(A) VixVoxVi—=Vi,and Vo x Vi x Vo — V5, and
(B) VixVoxVo— Vo, and Vo x Vi x Vi — V).

Right polarized group spherical spaces are defined in the same way, using a decom-
position into totally isotropic right ideals V;, such that Ry, v, = 0.

Example 4.18. Let V =K & K with ¢(z) = 212,50 V} = K& 0, Vo, =08 K,
and b(z,y) = xy. Recall from Example 3.4, eqn. (18) that (ryz) = (iiﬁz)
Clearly, conditions 1. and 2. are satisfied for (zyz). Moreover, restrictions of type
(B) are zero, and those of type (A) correspond to the usual product rst of scalars.
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Example 4.19. We decompose V = M(2,2;K) into its two “canonical left
ideals” (with elementary matrices E;;):

0
Vi =KE ®KEy = {<x1 ) | 21,22 € K},
i) 0
(matrices with second column zero) and Vo = KFEy & KEj5 (matrices with first
column zero). The V; are totally isotropic for ¢(X) = det(X), and V =V, & Vs,
q(1 By + 22 Eo + y1 B + 12 Ea2) = 21y — Ty = [T, Y]

is the canonical duality between two copies of K?. The trilinear product is given
by (XYZ) = XY*Z and V; and V; are left ideals, whence Property 1. (If we
decompose according to rows, we would get a decomposition into right ideals.) We
check 2.: for X, Y € V7,

0N/ 0 0
Xyt =" -0,
($2 0) (—y2 91)

and likewise for X,Y € V,. (Computations are continued in Example 4.25.)

Definition 4.20.  (Cf. [24], I1.6.15).) An associative pairis a pair (A*, A7) of K-
modules together with two trilinear maps A* x AT x A* — A* | (2,9, 2) — (ayz).,
such that the para-associative law is satisfied:

Vo, z,v € AT u,y € AT : ((zyz)suv)y = (x(uzy)zv)+ = (zy(zuv)L) 4.
Example 4.21. Let b: U x V — K be bilinear; then (U,V) is an associative
pair, with (zyz), = b(z,y)r and (uwvw)_ = b(v, w)u. Proof by direct check:

({eyz) o) = bz, )bz, wo = bz, y)(auw) s = (wluzy) o).

Lemma 4.22.  The two restrictions of Type (A) in a left polarized group spherical
space form an associative pair (V1,V3), of the form given by the preceding ezample.

Proof. Let x; € V;, v = x; + x5, and z € V. The right Kirmse identity gives
(zxx) = q(x)z = b(x1, 22) 2.

On the other hand, (z,x1 + zg, X9 + 22) = (zx119) + (zx921) = (22971), Whence

(zuv)y = b(v,u)z. In the same way, with z € V5, we get (zvu)_ = b(v,u)z, so
(Vi, V) with restriction of type (A) forms indeed an associative pair of the form
given in the example. u

Theorem 4.23.  Let (V,q) = (V1@ Va,b) be a left polarized group spherical space.
Then the ternary map of V is uniquely determined by the bilinear form b, and it is
given by
b(z1,y2)w1 — b(21, w2) 31 + b(y1, v2) 21
(zyz) = ,
b(y1, 22)T2 — b(x1, 22)y2 + b(71, Y2) 22

. il ..
where we write x = 1 + 19 = - ), x; € Vi, etc. Conversely, for every bilinear
2

form b: Vi x Vo — K, we define a trilinear map on V =V, &V, by the preceding
formula. Then:

1. This trilinear map satisfies the left and right Kirmse identities.
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2. Para-associativity of the trilinear product is equivalent to the following property
(BA) of b: for all z*,2* € V} and all y*,y*, y> € Vs,

0=bz', y"b(a® y*)y® — b(z", y*)b(z* y")y®
+b(z", y*)b(z®, y")y® — b(zt, y b(2?, y* )y
+b(z", y*)b(2®, v )yt — bz, y*)b(2®, )y,

and similarly for roles of Vi and Vy interchanged. Condition (BA) can also
be written, for {i,j} = {1,2}

vyt € Vi, V2 22 A e Vi Y san(o) byt 270 b(y?, ) 270) = 0.

oeBG3

Proof.  Assuming the Kirmse identities, we get for x = x1 + x9, 2 € V;:
(xxz) = q(x)z = b(w1, 29)2,
(x1292) + (X2x12) = b(2, T2)T1 + (X2712), Whence
(ugmy21) = b(x1,u2)2z1 — b(21, ug)xy
(In particular, for z; = 2; we see that this is alternating). Using this, we expand
(xyz) = (x1 + 22,1 + Yo, 21 + 22) and get the formula announced in the theorem.

Conversely, for any bilinear b, letting x = y or y = z, we get the Kirmse identities.

Para-associativity holds for all 5-tuples iff it holds for all 5-tuples of homogeneous
elements. For tuples of parity type 12121 or 21212 (restriction of type (A)) it
holds without using the condition on b (by Lemma 4.22). By the same type of
computation, for tuples of type (21(122)), para-associativity holds without using
the condition on b. For the type (12(122)), para-associativity is equivalent to the
condition from the theorem, by direct computation. [ |

Theorem 4.24.  We use notation from the preceding theorem.
1. If b is of rank 1, then Condition (BA) holds.
2. If b is of rank greater than 2, then Condition (BA) does not hold.
3. Assume b is of rank 2 and non-degenerate. Then Condition (BA) holds.

Proof. 1. If b is of rank < 1, then there exist linear forms ¢; : V; — K such
that b(z,y) = ¢1(x)p2(y), and then each of the three individual terms (each line of
the displayed equation) is zero, so (BA) holds.

2. Assume the rank of b is greater or equal than 3. Then there exist 3* and 27,
i,i = 1,2,3, such that det(b(y’,2%);j-123) # 0. Therefore the right-hand side of
(BA) must be non-zero, and thus the trilinear product is not para-associative.

3. Assume b of rank 2 and non-degenerate, so V; and V5 are two-dimensional. In
this case, two different proofs are possible:

(a) Choosing appropriate bases in V; and V3, the form b is given by b(z,y) =
T1Y2 — Toy1 = [x,y]. Then the formulae reduce to those from Example 4.25 below,
describing the matrix algebra M (2,2;K) which clearly is para-associative.
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(b) A different proof is given by noticing that det(b(y*, 27); j=123) = 0 for all choices
of ', 27, i,j = 1,2,3, since b is of rank 2. Since b is non-degenerate, this implies
that the expression from (BA) is zero, for all choices of y', 27, i =1,2,3, j = 1,2,
whence para-associativity. [ |

Example 4.25.  Assume Vj, V5 two-dimensional and b : V; x V5 of rank 2, given
by b(z,y) = 1y2 — 221 = [z,y]. Using the identity [z,y]z + [y, 2]z + [2,2]y = 0
(Remark 3.2), the formula for the trilinear product on V =V, @ V5 reduces to

A I A T
oyz) = <[Z273/1]$2 + [227312]371) ' (30)

This is indeed the formula for the triple matrix product XY*Z in M(2,2,K).
Indeed, with notation from Exemple 4.19, we compute restrictions of Type (A),
VixVoxVi— Vi

6w (0 =mana (=i h). @

and of Type (B), Vi x Vo x Vo — Vs

0 g;)ﬁ (0 2)=tma-ma (§ 2) =g 7).
The ternary matrix product can be decomposed into four components: we write
X =X, + Xy with X; € V;. Then

XYZ = (X + Xo) (Vi +Yo) (Z1+ Z2) = (Xa Y3 21+ XoVEZ)) + (XY 2o+ X, S Z5)
= [Z1,Yo] X1 + [Z5, V1| X2 + [ 23, Ya](X1)2 + [Z1, Y1](Xo2)1,

and so we recover (30). As mentioned above, this concludes Proof (a).

Remark 4.26. What can one say in the remaining case (b of rank 2, but
degenerate, so V; or V5 is of dimension larger than 2)? One may conjecture that
Condition (BA) still holds — see examples to be given next.

5. New examples: representations, and split null extensions

5.1. Representations. Following general ideas due to Eilenberg and Jacobson,
O.Loos develops in [24] his theory of Jordan Pairs by using representations as a
tool. A general representation of an algebraic structure A should not be thought of
as some “morphism into a matrix object”, but rather as a “vector bundle over A in
a suitable category”, see [6] where this geometric approach has been developed and
applied to Lie triple systems. The basic idea is already visible in the following:

Example 5.1. Let V = C with its usual norm and binary product, and W any
complex vector space, which we write as right C-module. Then C® W with binary
product and (degenerate) quadratic form ¢,

(v,w) - (V,w') = (v, wv+wr'), G(v,w)) =qlv)=0vD

is again a (generalized!) composition algebra: indeed, the product is associative:
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(v, w)(, ")) (@, w") = (v, w'v + wv') (V" w") = (VU WV + (W'v + wv')v")
= (v, W v’ + wov” + wo'v”)
= (v, w) (V" W + W) = (v,w)((V, W) V", w"))
(Note that commutativity of C is heavily used.) With (v, w)* = (v, —w) we have
(v.w0)(v,w)f = (v5,0) = G )L, (v,w) + (v,w)f = (v 15,0) € BL

Therefore we have a real group spherical space of real dimension 2 + 2dim¢c W. It
is not commutative, unless W = 0.

Definition 5.2.  Let (V, q) be a group spherical space, with right spiration algebra
CE. A right (V,q)-module is simply a Cff-module W, i.e., a linear (left) action of
the associative algebra CqR on V.

The split null extension of V =: Vi by the right (Vy,q)-module W = Vi is the
linear space Vo= Vo @ V1, together with the bilinear form ¢ := ¢ ® 0 (i.e.,
q((zo, 1)) = q(x0) ), and the trilinear map given by

<(£U0, xl)’(ymyl)\(Zo, Z1)> = ((flfoy020>> Ryo,zoxl - Rxo,zoyl + Rxo,y()zl)-

Theorem 5.3.  For every commutative group spherical space (V,q), and right
(V,q)-module W, the split null extension V @& W is again a group spherical space.
It is not commutative, unless

— either, V is totally symmetric, so V =K, and W any K-module,

— or V' is commutative but not totally symmetric, and W = 0.

Proof. Left and Right Kirmse (K) follow by direct but slightly tricky compu-
tation, where commutativity of (V,q) is used in an essential way. A direct check
of para-associativity would be rather lengthy, therefore we shall use the detour via
the binary product, as in Example 5.1: fix e € V>, without loss we may assume
qe) = 1,50 ¢ = N, and (abc) = abfc = cb*a, by commutativity, and the binary
product in V@ W at (yo,y1) = (e,0) is

(20, 21) - (20, 21) = (To20, T125 + 210).

As in the example, one checks by direct computation that this product is again
associative, and that ¢ defined by (yo,y1)* = (yi, —y1) is an anti-automorphism
of order 2 which is a scalar involution, with associated norm ¢. Therefore we
have again a group spherical space (V' @& W, ). Computing its ternary product
(z1,72)(y1,Y2)*(21, 22) , Wwe get the expression of the trilinear map from Definition 5.2.

Finally, if V' is totally symmetric, then necessarily V = K and (zxyz) = Azyz
for some A € K*, with trivial involution §. Therefore the new product is again
commutative (but the new involution won'’t be trivial, unless W = 0). If V' is not
totally symmetric, then f is non-trivial, and the new product is not commutative
(unless W = 0). ]

5.2. The extended Minkowski plane. Let us consider split null extensions of
the plane described in Example 3.5: V = K2,

(zylz) = ()b (y)z + Y (2)o(y)x — o(x)v(2)y. (33)
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When ¢ and @ are linearly independent, then this is a hyperbolic plane, with
binary algebra isomorphic to a direct product K x K. The two projections of
this algebra define one-dimensional representations, and using these we can define
representations of any dimension, thus defining split null extensions of any desired
dimension. Remarkably, they can all be defined by (33):

Theorem 5.4.  Let V by a K-module, ¢ and 1) be two linear forms V — K, and
q(x) = ¢(x)(x). Then the trilinear product on V defined by (33) defines on (V,q)
the structure of a group spherical space. It is isomorphic to the split null extension
by Vi = ker(¢) Nker(v)) of some complementary subspace Vo of Vi in V. When
¢ =1, then V is commutative, else it is non-commutative, unless Vi = 0.

Proof. We give a direct proof of the first statement. Left and right Kirmse
identities are satisfied: letting x = y, two terms cancel out, and the remaining ones
give q(x)z. Likewise for z = y. To prove para-associativity, compute (ab{cde)):
observing that

o((zyz)) = (@)Y (y)o(z),  ((zyz)) = (x)d(y)¥(2), (34)

we see that from nine terms, four cancel out, and the remaining five give

(ab(cde)) = p(a)i(b){cde) — d(a)v({cde))b+ ¢(b)ih({cde))a
= o(b)¢(d)b(c)i(e) - a — pla)p(d)ip(c)ip(e) - b+ ¢a)p(d)(b)y(e) - ¢
— ¢(a)p(c) (D) (e) - d + ¢(a)e(c)p(b)y(d) - e.
Computing (a(dcb)e) and ((abc)de), we get the same expression.

The ternary composition law holds: using (34), we get

q((zyz)) = ¢((zy2)) - v((wyz)) = o(x)P(y)Y(2) - Y(x)d(y)Y(2) = q(x)q(y)q(2).

To describe the structure of V', recall that any 2-dimensional submodule Vj is
a group spherical subspace. Choosing Vj complementary to the radical V; =
ker(¢) Nker(y) of g, it is readily seen that the structure of V' is isomorphic to the
split null extension of Vy by Vi, where Vj acts on V; by z-v = ¢(v)z +(v)r. =

Example 5.5. The smallest “new” example is V = K3 with ¢(z) = x; and
¥(y) = ya, so q(x) = x1z5. Let us choose the base point e = e; + ey = (1,1,0).
Then binary product and involution are given by

T121 + 22T1 — X122 T121 T
TeZ= | X122 + 29T2 — T122 = YD) R l’ﬂ = 1
T123 + 2223 T123 + 2223 —XI3

The elements such that zx9 € K* form the group V>, which clearly is isomorphic

to the solvable group of upper triangular matrices (%1 ii) The matrices with

x1x2 = 1 (the “unit circle”) form a subgroup, which (if 2 is invertible in K) form a
subgroup isomorphic to the 2-dimensional ax + b-group (affine group of K).

Remark 5.6.  Theorem 5.4 suggests to define, for any K-module V', the following
quintary structure map

D:VXV*XVXxV*xV — v,

(x,a,y,b,2) = a(x)b(y)z — a(x)b(2)y + a(z)b(y)x. (35)
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This is a particular instance of the structure map I' defined in [7], where the quotient
spaces PV and PV* are considered rather than V' and V*. For a fixed pair (a,b), the

map (xyz)a = ['(z,a,y,b, z) defines a torsor structure on the projective space P(V).

5.3. Structure theorem for commutative group spherical spaces

Theorem 5.7. Assume K is a field of characteristic not 2. The commutative
group spherical spaces (V,q) over K are exactly those of the following forms:

1. V=K and q(z) = \z?* (totally symmetric case),
2. V=Ko&W, anon-trivial split null extension of the preceding type,

3. V. =K? with an arbitrary non-degenerate quadratic form q.

Proof.  We have seen that these spaces exist and are commutative.

It remains to show that there are no other commutative group spherical spaces.
Note first that a commutative g-compatible trilinear product on a quadratic space is
unique (Lemma 2.5: it is one half times the Jordan map D). When is it associative?
By our assumption on K, we can diagonalize the form ¢, and decompose ¢ = ¢o®q1,
where ¢; is the zero form on the radical V} = {x € V' | b,(z, V) = 0}, and ¢ is non-
degenerate on some complement V; of the radical. By uniqueness, the restriction
of the trilinear product to the radical V; must be the zero product. The same
argument shows that (zyz) = 0 whenever two of the elements x,y, z belong to V.
Thus only terms where at most one argument belongs to V; survive, and this leads
to a formula of the type given in Definition 5.2. Moreover, since b,(Vy, V1) =0, we
must have (abc) = —(bac) whenever a € Vy,b € V;, leading to the formula given
in the definition. The space Vj, being non-degenerate and commutative, can be
at most 2-dimensional: this follows from the classical theory of (non-degenerate)
composition algebras, see e.g., [27], p.164. Putting things together, V is a non-
degenerate composition algebra of dimension 1 or 2, and V; must be a (right)
Vo-module. If dimV, = 2, then commutativity implies V; = 0, and if dimVj = 1,
then V; can be any K-module. [ |

Remark 5.8.  If 2 is not invertible in K, one has to take more care with definition
of radicals, and it is not quite clear if the structure theorem carries over to this case.

6. Quaternion-Clifford algebras

6.1. From commutative to non-commutative group spherical spaces. There
are several constructions associating to a commutative group spherical space another,
in general non-commutative, one. Let us start with some necessary conditions.

Lemma 6.1.  Assume that (V,q,(— — —)) is a group spherical space, Vo CV a
subspace, and e € Vy° a base point, so the binary product and involution § on V
are defined as in Theorem 4.15. Fix an element m € V> that is orthogonal to the
subspace Vy, i.e., by(Vo,m) = 0. Then we have, for all a,b € Vj*,

1. m2:—‘fl({"e))e:—N(m)e, mf = —m, 2. am = ma*,
3. a(bm) = (ba)m, 4. (am)b = (ab*)m,

5. (am)(bm) = —N(m)ab*.
In particular, Vo & Vom is a subspace, and Item 3. implies that Vy is necessarily
commutative.
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Proof.  We shall use repeatedly that, if b,(z,y) = 0, then
(zyz) + (yxz) = by(z,y)z = 0, so (zyz) = —(r2y) = —q(2)y.

1. In particular m2 = 9™ — _ N(m)e.

a(e)
2. Whenever b,(z,e) = 0, we have ¥ = % = —ux. All spirations are conformal,

i.e., they preserve b, up to a factor, so in particular they preserve orthogonality.
Since by assumption b,(a,m) = 0, it follows that b,(am,e) = 0, whence

am = —(am)* = —mtfa* = mad®.

3. Since bm satisfies the same condition as m, the preceding item gives a(bm) =
(bm)a*. Together with associativity, this implies

a(bm) = (bm)a* = b(ma*) = b(am).
On the other hand, since m is assumed to be invertible, this implies that necessarily
ab = ba, by associativity.
4. By associativity, (am)b = a(mb) = a(b*m) = (ab*)m.
5. Again, by associativity, (am)(bm) = ab*m? = —N(m)ab®.
Altogether, these relations imply that V@ Vym is stable under taking products. =
The proof of the lemma takes up arguments from [27], p. 164/65, proving “Jacobson
necessity”: necessarily, a subspace having non-trivial orthogonal complement is

commutative, and the extension Vy & mVy is a non-commutative subspace with
relations given by the “ACD”-extension, see below.

Remark 6.2. With notation as in the lemma, assume ¢(e) = ¢(m), that is,
N(m) =1 = N(e), and let V} = Vym. Let G = {x € V | N(z) = 1} be the
unit sphere of the norm N, and H; := GNYV,, i = 0,1. Consider the subset
H := HyU H; C G. The lemma implies that H is stable under taking products:

e H, is a subgroup,
e Yu € Hy: u®> = —e (negative of the neutral element e),
e Yu€ Hy, Va€ Hy: vau™' = —uau = a'.
If such a product is associative, then necessarily H, is commutative, and necessarily

H then is the generalized dicyclic group of Hy, with respect to the order-two element
—e € Hy (see https://en.wikipedia.org/wiki/Dicyclic _ group# Generalizations).

Summing up, necessarily any group sub-sphere Hy of G having a non-trivial or-
thogonal complement gives rise to a dicyclic extension H C G, which can only exist
if Hy was commutative.

6.2. The ACD-extension. Now we prove that the necessary rules from Lemma
6.1 are also sufficient. This is indeed a special case of the general ACD-construction
(Section 7.1), which in the commutative case has the following interpretation in
terms of matrices.

Lemma 6.3. Let (Vy,q,e) be a commutative group spherical space, considered as
commutative (generalized) composition algebra (A, e,t). Fix p € K. Then

KD(A, —p) == {X&b — (

a

:
b 20 | a,beA} C M(2,2;A)
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is an associative algebra, with central involution (X(LI,)ﬁ = Xyt _p, and imbedding
A — KD(A), a— X,0. The new norm is N(X.p) = q(a) — pngq(b).

The element m := Xo. satisfies m* = pe, and am = ma* for all a = X, .

Proof.  Using commutativity, we obtain immediately XqXop = Xoo 1t par+ab »
and AXzz,b()(a,b)ﬁ = Xaaﬁ—ubbﬁ,o = <Q(a) - :U’Q(b))e u

As a quadratic space, K D(A, p) is a tensor product of (V,q) with the binary space
(K2, 22 + px3). However, bilinear and trilinear product are not directly given by
tensor products. There is a link with Clifford algebras:

6.3. The abstract Clifford algebra. To every quadratic space (V,q), there
is canonically associated a Clifford algebra CL(V,q), together with an imbedding
i:V — CL(V) such that Vv € V : i(v)? = q(v)1, where 1 is the unit of C1(V'), and
C1(V) is universal for this relation (see, e.g., [17]). The algebra CL(V') is Z/27Z-
graded, Cl(V) = C1(V)y @ CI(V);. Elements of i(V) are odd. The even part
C1(V) is a unital subalgebra, and the odd part C1(V'); is stable under taking the
ternary product (abc) := abe. If V' = K", then Cl(V) is of dimension 2", and
C1(V); of dimension 2771,

Remark 6.4. In particular, if n = 2, then for reasons of dimension, (V) =
ClL(V);, and therefore i(V') is stable under the triple product (abc) = abc. By the
universal property, (aac) = a*c = q(a)c = (caa), and so we have recovered the
structure of group spherical space on (V). Taking some care (to include the case of
characteristic 2), this can be used to give a complete proof of Theorem 3.1 (including
a proof of the ternary composition rule, which does not reduce to a triviality even
with the theory of Clifford algebras at hand).

Still with n = 2, the imbedding V = K? — C1(K?) as odd part looks much like
the imbedding from Lemma 6.3 , but it is not the same: for instance, if ¢ = 0,
then C1(K? q) = A(K?) is the exterior algebra of K?, but KD(K?) is the zero
product algebra. In K D(A) with have aa* = ¢(a), instead of the Clifford relation
aa = q(a), which makes all the difference. Related to this, V' imbeds into the odd
part of C1(V'), whereas we find it more convenient to consider the “original” copy of
A as even part Ay (subalgebra) of K D(A). Nevertheless, whenever ¢ has invertible
elements, replacing ¢ by a multiple, Ay will become unital, and in fact Clifford and
quaternion algebras of K? are isomorphic. In a way, this amounts to switching odd
and even parts.

6.4. The “concrete Clifford-quaternion algebra”. The following construction
is kind of half way between the abstract Clifford algebra of V' = K? and its ACD-
double: it works for every commutative group spherical space V', which we realize
as odd part, to which we add as even part the spiration algebra Cé: . Let (zyz) be
the ternary product of V. Recall from Theorem 4.11 that the spiration algebra CqL
carries an involution

§:Cl— CL, such that : Va,y € Vi (Ry)" = Ry,
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Definition 6.5. Assume (V,q) is a commutative group spherical space. We
define its concrete Clifford-quaternion algebra H, as the direct sum of K-modules
H, := Cl @V, with bilinear product

(f,0) - (g,w) == (f o g+ Ry, fw + g*v).

By its definition, this product is Z/2Z-graded, where CqL is the even part (parity
0), and V' the odd part (parity 1). We identify v € V' with the odd element (0,v),
and f € C, with the even element (f,0). The unit element is 1 = (idy, 0).

Theorem 6.6.  The algebra H, is an associative Z/2Z-graded composition alge-
bra with scalar involution, again denoted by § : H, — H,, given by

(f: U)ﬁ = (fﬂa _U) .
The product of three odd elements in this algebra gives the ternary product in V :
(0,2) - (0,y) - (0,2) = (0, (zyz)),
and we have the Clifford relation for odd elements v,
v? = (0,v)? = (Ryp, 0) = (¢(v)idy, 0) = q(v)1.

Proof. The relation for three elements and the Clifford relation follow by direct
computation from the definitions. To establish associativity (XY)Z = X(Y Z), we
check it in the following 23 = 8 cases, according to parity of the triple (X,Y,Z). In

6 of these 8 cases, associativity follows either directly from associativity of (— — —)
(in the various forms given by Theorem 4.9) or from the definitions. In two cases
(even-odd-even, odd-odd-odd) we need also commutativity (of C} or (= ——)). In
the following table, f, g, h € CqL, u,v,w e V:
parity type equality proof

000 (fg)h = f(gh) associativity of C}

001 f(gv) = (fg)v left action of C} on V/

010 (fv)g = f(vg) commutativity of CqL: fogt=glof

100 (vf)g=v(fg) # is an involution: (fg)* = g*f*

011 (fv)w = f(vw) | true for all generators f = R,, by Theorem 4.9

101 (vfw =v(fw) idem

110 (vw)f = v(wf) idem

111 (uv)w = u(vw) Ryo(w) = (uvw) = Ry, (u) = (Ryw)fu

Next, we check that f is an involution. For X = (f,v), Y = (g,w) one sees by
direct computation that (X*)¥ = X and (XY)* = Y*X* (the main point is to use
that (Ry.)* = Ru,). We also compute
XXF = (f,0) - (ff,=v) = (fff = Row, —fv + (£9)0)
= (ffF —a(v),0) = (fff —q(v)l = X*X,
so the claim holds for the norm given by N((f,v)) = ff* — q(v).
Further, X + X* = (f,v) + (f*, —v) = (f + f%,0) = 7(f)1.

In consequence, { is a scalar involution. [ ]
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Remark 6.7.  If we replace ¢ by Ag, the product in K'D(A) is also multiplied by
A. Such scale invariance does not hold for abstract or concrete quaternion algebras:
indeed, C, = C_,, so the algebra H_, is not isomorphic to H,.

6.5. Structure of non-commutative spherical quadratic spaces. So far, we
have encountered the following non-commutative group spherical spaces:

1. V =K*, a non-degenerate quaternion algebra,

2. V. =U & W, a non-trivial split null extension by W of a commutative space
of dimension > 1.

Also, as a result of the ACD-construction, the quadratic forms on K* = K? @ K?
corresponding to the first case are exactly those of the form ¢ = ¢ @ A¢g (orthogonal
sum of a non-degenerate binary form ¢ and a non-zero multiple of ¢), which are
also exactly the tensor products of two non-degenerate binary quadratic forms.

One might conjecture that a “structure theorem for non-commutative group spheri-
cal spaces” holds, as an analog of Theorem 5.7, saying that (under some assumptions
on K), these are ezactly the non-commutative group spherical spaces. However, for
the time being we have no argument ensuring that all extensions in Case 2 have to
be “split”: in the commutative case, the restriction of the ternary product to the
radical had to be zero, by symmetry; but in the non-commutative case, we cannot
use this argument, and it might be possible that some sort of “non-split extension”
might exist. The following example gives some idea of that kind of complications:

Example 6.8. Let U = K? with binary form ¢(x) = x%. Its associated algebra
is the algebra K[X]/(X?) of dual numbers (Theorem 3.10). Let W = K? be
the “adjoint” U module, i.e., the natural action of U on itself on the right, and
K* = U @ W be the corresponding split null extension. It is a non-commutative
space, since U has non-trivial involution. In other words, it is a very degenerate
quaternion algebra — in fact, it is just the exterior algebra AK? with its central
involution and ternary product (uvw) = u Av* Aw. Its quadratic form is again 2.

Thus the “sphere” {x € K* | 27 = 1} has a commutative (split extension of K) and
a non-commutative (extension of U) group structure. The latter is in fact a double
extension, since U is already an extension of K. Geometrically, it is the “second
tangent bundle of K”, TTK. Also, we see that a degenerate quadratic form ¢
may admit several, non-isomorphic, g-compatible ternary para-associative products:
thus the group sphere structure is not uniquely determined by the quadratic form.

7. Cayley-Dickson doubling

7.1. The ACD (Albert-Cayley-Dickson) construction. Following the pre-
sentation given by McCrimmon ([27], p. 160 ff.), we define, for any algebra A with
involution f, and scalar p € K, a new algebra K D(A) := Ay ® Ay (where A; = A,
for i = 0,1 are two copies of A) with new involution again denoted by #, as follows:

(€0, 21) - (20, 21) := (020 + Mzhl, zZ1xo + $123)7 (36)
(2o, 1) = (b, —1). (37)

We do not assume that the scalar p be invertible. Note that for y = 0 we get the
binary formula for the split null extension from the preceding subsection.
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If Ag has a unit 1, and m = (0, 1) is the corresponding element of A;, then (36) is
equivalent to the following (labels as in [27]): for a,b € Ay,

a(bm) = (ba)m
am)b = (ab*)m
am)(bm) = pbta.

Remark 7.1. A word of warning: the formulae in [16], p. 51 ff. are not the same
— whereas McCrimmon considers K D(A) = A & Am (writing A on the left of m),
Faulkner considers it as A@sA, writing A on the right of his element s = (0,1). This
leads to “reverse” formulae, corresponding to our distinction between left and right
ternary products, see below. Note also that K'D(A) is in general not associative.
More precisely, for invertible p, by the “KD Inheritance Theorem”, [27], p. 162:

Theorem 7.2.  For invertible scalars p, the algebra KD(A) satisfies:

1. The new map 4§ is always an involution, which is scalar if so was the old one.
Then new norm and trace are

N((zo,21)) = N(wo) — uN(z1),  t((zo,21)) = t(z1).
2. KD(A) is commutative iff A is commutative with trivial involution,

3. KD(A) is associative iff A is commutative and associative,

4. KD(A) is alternative iff A is associative with central involution.

Remark 7.3.  As above, let m = (0,1). Then N(m) = —uN(e). Therefore,
starting with N(e) = 1, one most often takes = —1, ensuring N(m) =1 = N(e).
For K = R, this leads to the sequence R, C, H, O.

Definition 7.4.  With notation as above, we call

o unarion algebra A = K with product zy = \zy,
e binarion algebra A = K2, algebra belonging to a binary quadratic form,
o quaternion algebra A = K* = K D(K?), an extension of a binarion algebra,

o octonion algebra A = K® = KD(K*), an extension of a quaternion algebra.

Here, to define “extensions” we admit any scalar p, thus slightly generalizing the
terminology from [27]. The preceding theorem, slightly adapted, implies:

1. all of these algebras have a scalar involution,

2. a binarion algebra is commutative, associative, with non-trivial involution,

3. a quaternion algebra is associative, and non-commutative, except freak cases,
4. an octonion algebra is alternative, and non-associative, except freak cases.

The last case will be considered later. Let us, however, compute the ternary product
in KD(A), including the last case (so there are two versions of ternary product,
“left” a(b*c) and “right” (ab®)c, since K D(A) is in general non-associative).
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Theorem 7.5.  Assume A is an associative algebra with involution §, and define
ternary products on A by (xyz) = zy*z and on KD(A) by

<($0,931)> (y07y1)a (20721)>L = (950,$1) : ((90,91)%20,2’1))-

Then we have
<($o, I1), (yo,y1)7 (ZO; Zl)>L = <<xoyozo> - N<$021y1> + M(y()21$1> - ,U<Zoyll‘1>,

(12080} = {r200) + {2agoo) + plaapnzn) ).

There is a “reverse” formula, using the “dual” definition (K D' ) of the KD-extension
(see Remark 7.1), and the “right ternary product” on KD'(A) given by

(o, 1), (Yo, Y1), (20, 21)) R 1= ((950>5C1) : <y07y1)ﬁ)(20721)
= ({moyo20) — pl@r2130) + plyr2azo) = plz1nao),

(ozoy1) — (Yozor1) + (20Yox1) + M(Ilylfc‘l))-

Proof.  Direct computation. [ |

Remark 7.6.  Note that for 4 = 0 we get the formula for the split null extension.
In this case, no product A; x A; — Aq is needed, and for this reason we can allow
A; to be a more general space. Similarly for left modules.

8. Moufang loop spheres

8.1. From group to loop spheres. The category of group spherical spaces is
quite rigid and lacks many “usual” constructions: group spheres are “rare” in nature;
there are no “direct sums” nor “tensor products”. The closest analog of a direct sum
is the ACD-doubling construction, but already the unit sphere of the octonions is
not a group, but a Moufang loop, cf. [14]. As is well-known ([27, 16]), for non-
degenerate forms, this follows necessarily from the composition rule. Therefore the
category of Moufang loop spheres seems to be the most natural generalization. In a

first step, we develop a ternary concept of Moufang loops: this is given in Appendix
A, Definition A.12.

Definition 8.1. A right Moufang spherical space is a quadratic space (V,q) such
that V* is not empty, with a trilinear product (xyz) on V such that:

1. Ternary composition rule q({zyz)) = q(x)q(y)q(2),
2. Left and Right Kirmse (xzy) = q(x)y = (yxz),

3. The ternary product is a right alternative triple system in the sense of [24],
p. 57: it satisfies the three identities

(A1) (uv(ryz)) + (zy(uvz)) = ((vvx)yz) + (T{VUy)z)
(A2) ((uvr)yz) = (uvizyr))
(A3) (ry(zyz)) = ({zyr)yz2)

A left Moufang spherical space is defined similarly, replacing (A1), (A2), (A3) by
their “dual” identities obtained by reversing order of arguments (cf. [24], p. 59).
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Theorem 8.2.  There is a bijection between alternative (generalized) composition
algebras and right Moufang spherical spaces, up to choice of base point. More
precisely, any alternative composition algebra with ternary product (wyz) = x(y*z)
and q given by xax* = q(x)1, is a right Moufang spherical space. For the other
direction, let (V,q) be a right Moufang spherical space, and fix e € V*. Then

1. V> with (xyz) := f(f)) is a ternary right Moufang loop, and every sphere is
a ternary subloop of V>,

2. the bilinear product xz == x - 2z = %) turns V' ointo an alternative algebra

with neutral element e, and with involution §:V — V|

and this algebra is a composition algebra with respect to the norm N(z) := % .

In a similar way, alternative composition algebras also correspond to left ternary
Moufang quadratic spaces.

Proof.  Assume first that (A, e, 1) is an alternative composition algebra. Every
such algebra gives rise to an alternative triple system via (zyz) = x(y#2) (see [24],
p.60). Since z + z* = t(z)e with t(z) € K, so 2* = t(z)e — z, from alternativity
L? = L,2 and R?2 = R,2 we get L,L, = q(r)id and R,R,s = ¢(z)id, and from
this both Kirmse identities follow: (zxy) = L,Ly = q(x)y = y(2*z) = (yzz). To
prove the ternary composition law, it suffices to show that ¢(ab) = ¢(a)a(b) and
q(a*) = q(a). The latter follows from aa* = q(a)e = a*a = q(a*)e. Every alternative
ring satisfies the Moufang condition (ab)(ca) = (a(bc))a = a((bc)a) (cf. [16], Lemma
3.16). Using this,

(ab)(ab)? = (ab)(b*a*) = —(ab)(b*a) + t(z)(ab)b?
= —aq(b)a + t(r)ag(b) = q(b)(t(x)a — a®) = q(b)aa* = g(b)g(a)e.

Putting things together, we get the ternary composition rule. As to the converse:

1. Idempotency (zxy) =y = (yzz) follows from the ternary composition law, as in
the proof of Theorem 4.15. Then (A2) and (A3) become the properties

(MT1) {{uvz)yz) = (uv(zyz))

(MT2) (zy(zyz)) = ((zyz)yz)

defining a ternary Moufang loop in [8], and which are equivalent to the definition
of a right ternary Moufang loop given in Appendix A, Def. A.12, cf. Remark A.14.
Thus V* becomes a right ternary Moufang loop.

2. The fact that every homotope algebra -. is alternative follows directly from the
defining axioms (cf. [24], p.64), and proving that f is a central involution follows
the same line of arguments as in the proof of Theorem 4.15.

All arguments remain valid with “right” replaced by “left”. [ |
Definition 8.1 follows the axioms given by Loos [24], and used in [8]. However,

they are not very “geometric”. The following list of properties is longer, but more
conceptual, and could be used to give an equivalent definition (possibly under some
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assumptions on the K-module V). The observation is simply that every identity
valid for Moufang loops has a “g-analog”, which inserts a term ¢(u) if in an identity
two instances of the argument u are “cancelled”. For instance, the g-analog of
idempotency is Kirmse (K).

Theorem 8.3. A left Moufang spherical space has the following properties: it
satisfies the ternary composition rule and the left and right Kirmse identitis, and,
for invertible elements x,y, .. .:

1. the q-analogs of the defining identities of an inverse loop:
(zy{{yzy)yu)) = q(x)q(y)*u = ((yzy)y(zyz))
((uy(yzy))yz) = q(@)a(y)*v = ((uyz)y(yzy)),

2. the q-analog of the left Chasles relation:

(ablbdz)) = q(b){adz),

3. and the q-analog of the autotopy relation from Def. A.12:
((zab) (yba)(zba)) = q(a)q(b)({zyz)ab)

Right Moufang spherical quadratic spaces have similar properties, replacing the Left
by the Right Chasles relation and the autotopy relation by its right analogue.

Proof.  These properties, without the terms ¢(z), etc., are our defining properties

of a left ternary Moufang loop, and therefore hold for the ternary loop structure
(zyz)

defined in the preceding theorem. Inserting the definition (xyz) = 1y implies the

formulae from the claim. (“By density” these formulae will remain valid outside
V>, and under some assumptions extend to the whole of V'; we will not go into
such details.) [

8.2. Doubling: ABCD-construction, octonions, and dicyclic loop of a
group sphere. There exist proper Moufang spherical spaces, i.e., Moufang spheres
that are not associative: starting with a non-commutative group spherical space
(V,q), fixing a unit element e, the ACD-double K D(A) of the algebra A = (V,e),
is a non-associative octonion algebra (Section 7.1), hence defines a proper Moufang
spherical space. In order to avoid the apparent dependence on the choice of base
point, and the involution § depending on this choice, we have given in Theorem 7.5
a ternary version (“ABCD construction”) of the ACD-construction.

Example 8.4. Starting with a non-zero binary quadratic form ¢ on K2, we
may form its concrete Clifford-quaternion algebra H, (which is non-commutative
and unital even if the form ¢ did not represent 1), and then its ACD-extension
KD(H,) with p = —1, which is non-associative. We call it the octonion algebra
associated with a binary quadratic form.

Theorem 8.5.  Let (V,q) be group spherical space with base point e € V* | and
A its homotope composition algebra at e. The Moufang loop KD(A)* contains as
subloop the Moufang double (Appendix B, with ¢ = —1)

D(V*) = AX L A

of the group of invertible elements of V. Moreover, if u = —1, then a sphere S of
KD(A) satisfies: So:=SNAZ0 iff Sy :=SNAm #0, and then SoU Sy is the
dicyclic loop of (Sp, —e) (Def. B.3).
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Proof.  The rules (KD0)-(KD4) from Section 7.1 correspond exactly to the def-
inition of the Moufang double of a group, and therefore this Moufang double is
naturally contained in K'D(A). Moreover, for ;= —1, we readily get the formulae
defining the dicyclic extension of Sy. [ |

The preceding result is a kind of non-associative analog of the “dicyclic extension
of a commutative group sphere” (see Remark 6.2): the “dicyclic extension of a non-
commutative group” is not a group, but a Moufang loop (Appendix B). Note that
this can also be formulated in terms of ternary products (Theorem B.5).

Example 8.6.  We start with the binary quadratic form q(z1, z2) = 23— 21209+ 23
over K = Z. The corresponding commutative group spherical space is the lattice
of Fisenstein integers E = Eo. Its unit sphere is S = {+e1, tey, +(e1 +€2)}; as a
group, this is the cyclic group Cg; by the way, here S = V*.

Next, let Ey = KD(E) with g = —1. It contains the Moufang double of (Cs, —1),
which is the dicyclic group Dics of cardinal 12.

The final step Eg = KD(E,) with g = —1 contains a “dicyclic Moufang double” of
Dicg, which is a certain Moufang loop of cardinal 24.

After scalar extension ®zR from Z to R, this is isomorphic to the usual octonions
over R, but not with the usual sublattice leading the usual integral octonion loop
of cardinal 16 (see [14], Chapter 9).

8.3. Split null extensions, and the structure of Moufang spherical spaces.
The split null extension (Def. 5.2) of a group spherical space is the special case
1 = 0 of the ABCD-construction mentioned above, where the second factor need
no longer be isomorphic to the first, as K-module. Thus, by the general results on
the ACD/ABCD-construction, it is Moufang spherical, and we have the following
analog of Theorem 5.3:

Theorem 8.7.  For every group spherical space (V,q), and every right (V,q)-
module W, the split null extension V & W is a Moufang spherical space. It is not
associative, unless V' is commutative or W = 0.

As in Subsection 6.5, one might wonder if there is some kind of “structure theorem
for Moufang spherical spaces”; giving some rough classification: the non-degenerate
spaces are octonion algebras, and the degenerate spaces iterated (split or non-
split) null extensions of K. Such degenerate Moufang spheres do exist: we have
seen (Theorem 5.4) that there are non-commutative group spherical spaces of any
dimension n > 2; taking an ACD-extension of such a space defines a non-associative
group spherical space of any even dimension 2n. It should be interesting to study
in more detail such families of “degenerate octonion algebras”.

9. Outlook

My interest in the topics discussed in the work comes from the interplay of “Lie- and
Jordan geometries”, [3, 4], and which are related to “associative” and “alternative”
geometries, [7, 8]. Group and loop spheres there appear as “atoms” and important
building blocks, and for this reason seem to deserve a name and a theory which fits
into a general theoretic framework, for which the present work is a starting point.
Here are some topics which I would like to enlarge upon, time permitting:
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9.1. Plane geometry over K. Since several years I have taught, in Nancy, the
undergraduate course on “plane affine and Euclidean geometry” and among other
sources I used lecture notes by Max Koecher, which later became the book Ebene
Geometrie coedited by Aloys Krieg, [18]. The authors take care to develop the
analytic side of affine and Euclidean geometry in a detailed and intrinsic way, proving
most results by explicit and base-independent formulas. In loc. cit., p.88, they
notice that most formulae continue to make sense when replacing the real number
field R by a general base field K, and conclude: With a convenient “geometric”
interpretation, we have developed at the same time a geometry over K. This
already should justifiy our computational effort... For the sake of pure mathematics,
I think one should try to develop this approach as far as possible. One starting
point of the present work was an essay to make a step into this direction, which led
to the elementary presentation of Theorem 3.1 chosen here. It would certainly be
interesting to continue developing the “plane geometry over K”, in the sense of [18],
by making use of the group sphere structure.

9.2. The Lister-Loos algebra. Every group spherical space is in particular an
associative triple system. Lister and Loos, [19, 22], construct, for such triple systems,
a binary “enveloping algebra” with involution given by an idempotent, such that the
triple system becomes the —1-eigenspace of the involution, and the triple product
becomes the product of three elements. Such an algebra is not unique, but in case
of a group spherical space, one can show that it is essentially the algebra M (2,2; V)
of 2 x 2-matrices with coefficients in the homotope algebra at e.

Of course, for Moufang spherical spaces, this construction breakes down, and one
rather is directed towards the general construction from [24], §8, imbedding alter-
native pairs as Peirce 1-spaces of a Jordan pair with idempotent. Can one simplify
this construction in the special case of a Moufang spherical case? One may guess
that this is related to the Jordan algebra Herm(3,V,) of Hermitian matrices with
coefficients in the alternative algebra V., but this remains to be worked out.

9.3. Projective imbedding, projective geometry. The invertible elements
in the Lister-Loos algebra define what one might call the “projective group of a
group spherical space” (the analog of PGL(2,C)), and one can define a “projective
completion of V7, on which this group acts, very much in the way the Riemann
sphere completes the complex plane. In the commutative case, this generalizes the
theory of Benz planes (see https://en.wikipedia.org/wiki/Benz_plane); in the non-
commutative case, the theory becomes more complicated. It should have a similar
shape as the theory of associative geometries from [7], but it is not a special case
of it, and there remain new things to be understood. In particular, combined with
methods from [9], this should lead to a nice “projective geometry of Benz planes”.

9.4. Jordan theory and Jordan geometries. Since every sphere is a symmetric
space, there is an “underlying functor” from group or Moufang spherical spaces to
Jordan geometries (cf. Remark 2.3), and also the projective completion and the
projective geometry of such spaces are particular instances of “Jordan geometries”,
see [3, 4], which are important for the general theory.

9.5. Pure algebra. It is quite amazing how more and more complicated structures
arise from the simple datum of binary quadratic form: starting with ¢(z) = ax? +
Bx1x9 + Y22, we can do all constructions we are used to in the case of the complex
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plane, leading up to the analog of the octonions, the Jordan algebra of Hermitian
3x3-matrices with octonion coefficiencts, and the “big” groups and spaces associated
to it. In other terms, it appears that starting from a binary quadratic form, there
arises a whole “Freudenthal’s magic square” (cf. [16], Chapter 14), and all of of these
structures depend in an explicit and functorial way on the binary quadratic form.

9.6. Lattices, root systems. The base ring K = Z is admitted for our approach,
and thus the theory works for integral forms, and in particular for lattices, which
are an important object of study (cf. [13, 14]). In the present work, I have not even
touched upon this aspect. Via the theory of root systems it enters the “Jordan-Lie
theory”, cf. [26, 25]. In a personal communication, O. Loos admitted to me that he
would like to still better understand the description of the “Jordan-Lie functor” in
terms of root systems that he gave in [25], and to generalize it beyond the compact
case. Possibly, the language developed here might be useful in such an attempt.

9.7. Gauss composition. Still concerning the base ring K = Z, one should expect
some link of the theory presented here with the classical Gauss composition of bi-
nary quadratic forms (see https: //en.wikipedia.org/wiki/Gauss _ composition _law),
and with Bhargava’s beautiful work [10].

9.8. Invertible elements, pair concepts. Since Theorem 3.1 is valid for any
quadratic form, even without invertible elements, I tried in a first version to develop
also the sequel of the theory in this generality. To a certain extent, this is possible,
but tends to become quite formal, and I abandoned this try. Possibly, like in general
Jordan theory, the good way to pursue this would be to replace the concept of
a “triple system” by a “pair concept”, see the arguments given by Loos in the
introduction to [24], and Section 4.4.

9.9. Super-group spherical spaces, and the “tenfold way”. Like most alge-
braic concepts, the one of “group spherical space” admits a “super-version”. This
should be a Z/27Z-graded K-module, with a graded para-associative trilinear map
(— — —), satisfying certain axioms: the homogenous parts Vy and V; should be
quadratic spaces, the Kirmse identities should be valid for triples of homogeneous
elements of same parity, along with the composition formula. This would gener-
alize the concept of “associative super division algebra”, see [2]. My impression is
that such a concept could serve to better understand the “tenfold way” (loc.cit.), in
terms of graded algebras, in much the same way as I have attempted this for Clifford
algebras over rings containing 3, in [5].

A. Ternary products

A.1. Binary and ternary products; left, right, middle. An n-ary magma is
a set M with an n-ary “product map” p: M"™ — M. When n = 2, this is a binary
product, and we often use the notation p(z,y) = x -y = zy, and when n = 3, it is
a ternary product, and we often use one of the following notations for p(z,y, z):
(zlylz) or (z,y, 2) or (zyz) or (z|y|z) or (zyz). (38)

For a binary product, we have operators of left and right multiplication,

L.(y) = v -y = Ry(v), (39)
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and for a ternary product (—,—,—), we define operators L,, : M — M of
left multiplication, R,, of right multiplication, and S, : M — M of middle
multiplication, by

Lay(2) = (2,y,2) = Roy (@) 1= Se2(y)- (40)

Fixing one of the three arguments in a ternary product defines a binary product. If
we fix the middle element y, we call the binary product

xz =1y 2= (2Yz), (41)
the homotope at y. Then L, = L,, and R, = R, .
A K-algebra is a K-module together with a K-bilinear binary product, and a

triple system, or ternary algebra is a K-module together with a K-trilinear ternary
product. (In this case we often prefer the notation (—, —, —).)

A.2. Binary and ternary quasigroups and loops. A quasigroup is given by a
binary product such that all operators of left and right multiplication are bijective,
and a ternary quasigroup is given by a ternary product such that all operators of
left, right and middle multiplication are bijective.

A loop is a binary quasigroup together with a unit element e, that is, there exists e
such that L, = R, =id,,.

An inverse loop is a loop such that every element = admits an inverse =" satisfying
L' =L, and (R,)™ = Ry-1, ie, z(z7ly) =27 Y zy) =y = (yx)z! = (yx~ )z
(for y = e, this implies x = (z~1)71).

1

A ternary loop is a ternary quasigroup satisfying the idempotency identity

(IP) Ve,ye M (zyy) = v = (yyx)

In other words, the homotope at y has y as unit element: L,, = id = R,,.
From a logical point of view, the binary loop property is an existence requirement,
whereas the ternary one is an identity that holds for all elements. As a consequence,
idempotency (IP) is not compatible with trilinearity, except for the zero product. A
main thread of the present work is that, for triple systems, (IP) has to replaced by
another identity, namely by the Kirmse-identity (K).

A.3. Identities: commutativity. Binary and ternary products may satisfy (or
not) various identities. A binary product is called commutative, if it satisfies the
identity xy = yx. A ternary product is called commutative if it satisfies

(C) (zyz) = (2yx),

and we say that it is totally symmetric if it is invariant under all 6 permutations
of the three arguments. Thus our notation reflects a choice: often (but not always)
the outer variables will play somewhat similar roles, whereas the inner variable has
a different kind of role.

A.4. Associativity, groups and torsors. The most important identity is asso-
ciativity. In the binary case, it reads as usual z(yz) = (zy)z, whereas in the ternary
case, there are two different versions: (Ya,b,c,d,e... € M): associativity (AT1), or
para-associativity (AT2),

{a,b,{c,d,e)) = (a,(b,c,d),e) = {{a,b,c),d, e) (AT1)
(a,b,{c,d,e))y = (a,{d,c,b),e) = ({a,b,c),d, e) (AT?2)
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Example A.1.  For every binary associative product M? — M, (z,y) — zy, the
ternary product (zyz) := (xy)z = x(yz) satisfies (AT1), and if moreover M — M,
x +— x* is an anti-automorphism of order 2, then the new product (zyz) := (zy*)z =
x(y*z) satisfies (AT2). In the other direction, given a ternary product satisfying
(AT1) or (AT2), for any y € M, the homotope xz := x -, 2z := (x,y, ) is a binary
associative product on M.

Theorem A.2. (Torsors) In every group (G,-), we define its torsor structure by
(zyz) == zy 'z (42)

It satisfies (IP) and (AT2). Conversely, in any non-empty set G with ternary
product satisfying (IP) and (AT2), for any y€ G, the homotope is a group law on G .

Proof. Straightforward computation: the neutral element in the homotope at y
is y, and the inverse is 27! = (yzy). n

Definition A.3.  Following previous work [7], we will use the term torsor for a set
with ternary product satisfying (AT2) and (IP). By semi-torsor we mean a ternary
product satisfying (AT2), but possibly not (IP).?

The preceding discussion can be summarized by the slogan: “Torsors are for groups
what affine spaces are for linear spaces.” Note that we are thus naturally lead to
(AT?2), and not to (AT1), and it is for this reason that (AT2) plays a more important
role than (AT1).

Definition A.4.  An associative triple system (of the first, resp. second kind) is
a triple system over K satisfying (AT1), resp. (AT2).

See [19, 22] for a theory of associative triple systems.

A.5. Weakening of associativity: binary case. The binary associative law
may be weakened in several ways in order to define structures that are “close to
associative”. For instance, a binary product is called alternative if

L2 =L,p, R2=R,: z(zy) = (xzxy), (yx)r = y(xx). (43)

A binary loop with unit e is an inverse loop if it has a unary operation “inverse”
x +— 2! such that

L' =Ly, Ry' =Ry o 'ay)=y=a(""y) = (yx)o~' = (ya~")z. (44)

It follows that (z7')~! = x, and the condition zy = 2z can be written in six ways
(in [14], Section 7.1, this is called the “hexad” of relations):

1 1 1

ry=z, x=zy Lz o=y =y e yr =27 y =212, (45)

In particular, inversion then is an involution of the binary product (anti-automorphism
of order 2), and (p. 87 loc.cit.) the flezibility relation L,R, = R,L, =: B, holds:

(ax)a = a(za) =: B,(z), (46)

3 Unfortunately, there is no universally adopted terminology for these objects (categories, in
fact) — other terms are (semi)heap, principal homogeneous space, (semi)groud,... — see [7] for some
remarks concerning terminology and its history.
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defining the operator B, of bimultiplication by a. The relation z(yz) = e is equi-
valent to (zy)z = e, and written as zyz = e, giving rise to triality, see Prop. A.10.

A.6. Ternary inverse loops. The ternary (para) associative law (AT2) can be
weakened in many ways.

Definition A.5. A ternary inverse loop is a ternary loop M such that, for each
fixed y € M, the binary homotope at y is an inverse loop with inverse 2! = (yzy),
that is, the following identitites hold:

Lyy © Liyay)y = 1d = Liyay)y © Ly,  (2y((yzy)yu)) = u = ((yzy)y(zyu)),

Ry 0 Riyay)y = 1d = Riyay)y 0 Ray,  ((uy(yzy))yz) = u = ((uyz)y(yzy)).

It follows that, in the homotope at y, the flexibility and the automorphic inverse
properties hold, that is, we have also the following identities:

Bay = Lay o Ray = Ray 0 Lay, (ay(way)) = ((ayz)ay), (47)

Syy((xy2)) = (Syyz,y, Sy yz), (y(zy2)y) = ((y2y)y(yzy)). (48)

Also, inversion must be of order two, (y(yzy)y) = .
A.7. Ternary left- and right half-torsors

Definition A.6. A left half-torsor is a ternary inverse loop satisfying the left
Chasles relation:
LyyoL,,=0L,, (vylyzu)) = (zzu).

A right half-torsor is a ternary inverse loop satisfying the right Chasles relation:

RyyoR,.=R,., ((uzy)yr)= (uzx).

Lemma A.7.  FEwvery left half-torsor is given by, using the homotope at e, for
arbitrary e, B
(zy2) = x(y™'2) = (ve((eye)ez).

Conwversely, given a binary inverse loop, we can define a left half-torsor on the same
underlying set by letting (zyz) := x(y~'2). Similar statements hold for right half-
torsors given by (vyz) = (xy~1)z. In both cases, the following identities holds:

Loy=1Lys Ry =Ry., S;l=5..
(zy(yau)) =u, ((uzy)yz) =u, (z(zur)z)="u.

Proof.  Assume given a left half-torsor. Then (zyz) = (ze(eyz))
by 2.and 3. Conversely, given a binary inverse loop, (xyz) = L,L
L.L;", whence L., = id, LyyL,. = L,. and (zey) = e iff L,(y) = e iff
y=L'e=L.L;'e = (exe), so y = (exe) is the inverse of = at e.

In a left half-torsor, (Lg,)~'(LoL;')™" = L,L;' = Ly, and R,,(2) = (zyz) =
2(y~'z) = Ry-15.(r), whence, using the automorphic inverse property, R,, =
R, .= Ry m)1e= Re1ye = Ry, Similarly for a right half-torsor. -

—lze

The last part of the proof shows that apparently “dual” identities may have very
different proofs. The remarkable properties of inverse loops are due to the fact that
left and right inverse coincide, given by the same inversion map S, , .
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Lemma A.8. A ternary product is a torsor if, and only if, it is both a left and a
right half-torsor.

Proof. Clearly, every torsor is both a left and a right half-torsor. Conversely, if
(ryz) is both a left and and right half-torsor, then, for every fixed element e, we
have (zyz) = z(y~'z) = (zy~')z, by the preceding lemma. Inversion at e is of order
two, so it is a bijection, so we may replace y by y~! to see that the product at e
is associative, and since it admits inverses, it is a group law, and (zyz) = zy~ 1z is
the corresponding torsor product. [ |

A.8. Autotopies, triality, and binary Moufang loops.

Definition A.9. An autotopy of an n-ary product (z;...z,) is an n + 1-tuple
(f1,-- -, fa; fo) of bijections f; : M — M, such that always

Jol(wy .o oxn)) = (fi(x1) .. fulzn)). (49)

The autotopies form a group, the autotopism group of the n-ary product. (Cf. [7],
where such property is rather called “structurality”) The automorphism group is
the “diagonal subgroup”, given by f; = f; for all 7, 5.)

Proposition A.10. Let (M,-,e) be a binary inverse loop, and j : M — M,
x> j(x) =z~ dts inversion map. Then f = (f1, f2; fo) is an autotopy iff any of
the following is an autotopy:

(7 fod, f155123), (fo, fods 3f13), (G fad, 30135 5 f0d), (G frd, fos f1)s (fo, dfads fr)-

In other words, the autotopism group carries 6 automorphisms forming a group
isomorphic to &3. The automorphism T of order 3 with T(f) = (jfoj, f1;7f2]) is
called the triality automorphism of the autotopism group.

Proof.  (Cf.[14], Chapter 7.) The ternary relation R C M? given by (z,y,2) € R
iff xy = 2z is invariant under six maps that are combination of permutation of
factors and applying j on certain factors: see (45), rewritten (z,y,z) € R iff
(j2),x,7(y)) € R, iff (j(z),2,y) € R, etc. Conjugation by these six maps defines
six automorphisms of the autotopy group. [ ]

So far we cannot guarantee the existence of non-trivial autotopies. The following
axiom is going to change this:

Definition A.11. A binary loop M is called a Moufang loop (“Moup”, cf. [14])
if, for all a € M, the triple (L,, Rq; B,), where B, = L, o R,, is an autotopy, that
is, iff the following Moufang identity holds:

(az)(ya) = a((zy)a)

Every Moufang loop is in particular alternative, flexible, and an inverse loop. The
defining identity is also equivalent to each of the following:

(M1) L.oLyo L, = L.y, ie., z(z(zy)) = ((22)2)y,
(M2) R.oR,0R, = Rz, ie ((y2)r)z =y(z(xz))
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Since jL,j(z) = (az™')™' = za™ = R,-1(x), the “hexad” of autotopies obtained
from (L., Rq; B,) via Prop. A.10 is (cf. [14], p.87): the following are autotopies

(LayRa;Ba)a (BaaLa_l;La)a (RaaBa—l;Ra—lv

50
(La—lyRa—l;Ba_l)y (Ba—17La;La—1); (Ra—laBa;Ra>- ( )

A.9. Left and right ternary Moufang loops. Whereas a single ternary concept
(torsor) corresponds to groups, there are two different ternary versions (left and
right) corresponding to binary Moufang loops. Thus fixing the ternary concept
involves a choice, between “left” and “right”.

Definition A.12. A left ternary Moufang loop is a left half-torsor satisfying the

identity ((zba)(yba)(zab)) = ((xyz)ab),

meaning that the quadruple (R,p, Rpq, Rba; Rap) is an autotopy. A right ternary
Moufang loop is a right half-torsor satisfying the identity

((abz)(bay)(baz)) = (ab(zyz)),
meaning that the quadruple (Lgp, Lo, Lba; Lap) is an autotopy.

Theorem A.13. (Ternary and binary Moufang loops)

1. In a left (resp., right) ternary Moufang loop, every homotope at e is a binary
Moufang loop.

2. Every left ternary Moufang loop can be recovered from a homotope xz = (zez)
via (vyz) = x(y~'2) in the sense of Lemma A.7, and every right ternary
Moufang loop via (vyz) = (zy~1)z.

3. In a left ternary Moufang loop, (Bap, Bap, Lap; Lap) s an autotopy;
in a right ternary Moufang loop, (Rap, Bap, Bap; Rap) s an autotopy.

4. Both left and right ternary Moufang loops are reflection spaces in the sense of
[20] (cf. Subsection 2.4), when equipped with the binary product

w(@,y) = Spaly) = (zyz) = 2(y 'z) = (zy~ ")z

In a left ternary Moufang loop, the set of right multiplications is stable under
the composition (f,g) — fg~'f, and a right ternary Moufang, the set left
multiplications is stable under this composition.

Proof. 1. Assume (xyz) is a left ternary Moufang loop, and let e € M. We show
that the homotope at e is a Moufang loop. If (fi, fo, f3; f1) is a ternary autotopy, so

fil(zyz)) = (fi(@) fo(yf3(2)) = fi(@)(f2(y) "' f3(2)), we let y = e: for all z,z € M,
fu(zz) = fi(z) - fole)™ fal2),
so we get a binary autotopy (fi, L;Ql(e) o f3; f1). In particular, the ternary autotopy
(Rae, Rae, Rea; Reo) gives the binary autotopy (R, B,-1; R,-1), since
a N(12) = Reg(rez) = (Rae®, Raclyy Rew?) = za - (a™' - za™') = Ry(2)By-1(2),
which is one of the six versions of the Moufang identity in the “hexad” (50), so the
binary loop is a Moufang loop. By the same computation, for b = e = y in a right

ternary Moufang loop, the defining identity implies B,(x)- L,-1(z) = Ly(zz), which
is again equivalent to the Moufang identity, by the “hexad”.
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2. Conversely, assume M is a Mouf with unit e, and define the corresponding left
half-torsor by (ryz) := z(y~'2). It has been shown in [8], Lemma 3.4., that every
homotope is again a binary Moufang loop, thus we may compute in the homotope
at b; that is, we may assume that b = e. Using the “hexad” (50) twice, along with
(uwv)t =v tut:

((zba)(yba)(zab)) = xa - ((ya) ™' - (za™')) = 2a - (Ly1y™ " - Ry-12)
= Ruo(2) - Ba-1(y'2) = Ro1(z(y'2)) = Rya(ry2).

3. In a left ternary Moufang loop, (zyz) = z(y 'z); as above we may assume

b = e =y and use the hexad (50),
(Ba®, Bapy, Lapz) = ava - (a2 - az) = By(z) -a 'z
= Lo(22) = Lop(zyz),
50 (Bap, Bap, Lap; Lap) is an autotopy. Similarly in a right ternary Moufang loop.

4. Loos ([20], Satz 1.3) shows that every Mouf with o,(y) = zy~'x is a reflection
space (and, moreover, that left and right multiplications are automorphisms of the
reflection space). The identities (M1) and (M2) imply that, for a binary Moufang
loop, both the sets of left and of right multiplications are stable under (f,g) —
fg~'f. For aleft ternary Moufang loop, R,;, = Ry-14, so set of right multiplications
is the same as for the binary homotope, whence the last claim. |

Remark A.14. The ternary Moufang loops defined in [8], Def. 3.5, are precisely the
right ternary Moufang loops considered here. In loc.cit., the defining identities are

(MTO) idempotency (zzy) =y = (yzz)
(MT1) R,yRs0 = Raye)w @ ((wz)yz) = (uv(zyx))

(MT2) LoyLay = Liaya)y = (zy(zyz)) = ((zyz)yz)

In loc. cit., Lemma 3.4., it is shown that this definition again leads to (zyz) =
(zy~1)z. Although (MT1), (MT2) involve less variables than the identities used
here, their conceptual meaning is less clear, since the “duality” between right and
left ternary Moufang loops remains hidden.

B. The Moufang double of a group

The disjoint union of two copies of a group G carries a rather natural structure of
Moufang loop. This result is due to Orin Chein [12]. (See also https://en.wikipedia.
org/wiki/Moufang _loop#Examples.) We generalize this result, with the aim to
show that this construction is essentially equivalent to the ACD-construction, broken
up into its pieces (KD0)—(KD4) (cf. Section 7.1). We also give a ternary version of
this construction (“ABCD-construction”). Recall that a central involution § of a
group G is an involution such that gg* = ¢*g is always in the center of the group, as
is the case for group inversion ¢* = ¢g~'. Another example is the adjugate involution
of GI(2,K).

Definition B.1. The double of a set M is the union of two disjoint copies of M :
D(M) =M x Z)2Z = Mo M, = (M x {0}) U (M x {1}).

For x € M we let x; := = x {i} € M;. Elements of D(M) are called even if they
belong to My and odd if they belong to M;. Assume - is a binary product on M.
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We want to extend it to a graded binary product e on D(M), i.e., such that always
T; 0Y; € Miyj modo.

In other terms, we have to describe four products on M, its components, corre-
sponding to the four products M; x M; — M;y; med2: for x,y € M, we have to
define the values

roeyo € My, wzoey € My, x10ys € My, 110y € Mp.
The trivial graded extension is x; ® y; := (TY)it+; mod 2, i-€., all four products are
equal to the original product in M .
Theorem B.2. Let G be a group, together with a central involution §, and fix

two elements € and p of the the center Z(QG), fized under 4, and with €* = e. Then
we define a graded product ¢ on D(G), and a new map £ : D(M) — D(M), by:

parity of x | parity ofy | wey '
0 0 (y)o parity of x | af
0 1 (ya )1 0 (2%)o
1 0 (xyﬁ>1 1 EX
1 1 pe(y*e)o

Then the following holds:
1. If G is commutative and § trivial, then D(G) is a commutative group.
2. If G is commutative but § non-trivial, then D(G) is a non-commutative group.
3. If G is not commutative, then (D(G),e) is a non-associative Moufang loop.

In any case, the new § : D(G) — D(G) is again a central involution, and it is related
to the inversion map via v~ = (zfx)a*, where (x*x)~! is the (group) inverse in
the center of D(G).

Proof. (1) and (2): If G is commutative, the inversion map g+ ¢! is an auto-
morphism of order 2, so the semi-direct product G x (5 is well-defined; the elements
e, it introduce a cocycle term, so we have a central extension of G. Conversely, as-
sume D(G) is associative and let f,g,h € G. The equality (fogo)h1 = fo(goh1)
gives (h(fg))1 = ((hg)f)1, whence fg = gf in G, whence G is commutative.

To prove (3) we show that the Moufang identity (M1) holds: let x,y,z € G, and
check (M1) for the 8 possible cases taking z;,y;, 2, with 7,5,k = 0 or 1. We
compute the products directly by applying definitions. For better readability, we
omit the index ¢ =i+ j+k mod (2) in the last two columns. In lines 3 — 6 we use
that zz* belongs to the center. We find that the last two columns always coincide:

parity of z; | parity of x; | parity of y; | z(z(zy)) | ((22)2)y
0 0 0 2xzyY zZxzy
0 0 1 Yzrz YZT2
0 1 0 22yt 22t oyt
0 1 1 pe z28yta | pe 220yt
1 0 0 pe 228 by | pe 22t afy
1 0 1 pe z2 yat | pe z2f yat
1 1 0 pe zxtzyt | pe zatzyt
1 1 1 pryfzatz | p?ytzatz
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Clearly, e is a unit for the product, and D(G) is a quasigroup (since left and right
multiplications and inversion are bijections in G'). Explicitly, the inverse of zg is its
inverse (7o)~! in Gy, and the inverse of z; is (¢(z2*)'z);. Thus D(G) is a Moufang
loop. The new map £ : D(G) — D(G) is of order 2, and it is an anti-automorphism,
as is seen by distinguishing 4 cases to compute (zy)* and y*z*. ]

Definition B.3. Let G be a group and Z € G be a central element of order 2
(if G is a matrix group containing —id, we will take Z = —id). We define
1. the dihedral loop of G to be Dih(G) := D(G), by taking on G the involution
g* =g ! and = e and ¢ = e (neutral element),
2. the dicyclic loop of (G,Z) to be Dic(G,Z) := D(G) by taking on G the
involution ¢* = ¢! and gy =e and € = 7.
Note that, when G is commutative, then Dih(G) is indeed the generalized dihedral
group of G (see https://en.wikipedia.org/wiki/Generalized _ dihedral _group), and
Dic(G, Z) the generalized dicyclic group of (G,Z) (see https://en.wikipedia.org/
wiki/Dicyclic _ group#Generalizations and Remark 6.2).

Remark B.4. The dicyclic extension Dic(GL(n,K), —I) should be particularly
interesting for the purposes of linear algebra and group theory.

Theorem B.5. Let assumptions and notations be as in the preceding theorem.
Then the “new” ternary product (abc) = ae(b*ec) on D(G) is given by the following
table, in terms of the “old” product (wyz) = xy*z living on G :

i k| (ryz) =300 (y;j ®2z)
0[(0]0 (xyz)o
0[0]1 (zyz),
0[1]0 e - (yzx),
11010 (xzy)
1110 - Cyalo
1101 ep - (yzx)o
0j1]1 1 {zzy)o
Lj1]1 1 {zy2z)o

In particular, when € = 1 = p, then the ternary Moufang structure on D(G) is
given by permutations, depending on the tri-degree of (x,y,z), of the order in the
original torsor law (xyz).

Proof. Direct computation. [ |

Remark B.6. The warning from Remark 7.1 applies here, too: our definition
of the Moufang double follows McCrimmon’s conventions. By following Faulkner’s
convention, we get another, “dual”, definition, e’ which is adapted to the right
ternary product (a e’ b*) @' c.

parity of z | parity of y | z ey
0 0 (xy)o parity of x | af
0 1 2*y) 0 (2%)o
1 0 (yz)1 1 €11
1 1 pe(yat)o

Summing up, one should distinguish a “left” from a “right Moufang double”.
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Example B.7.  Certain sequences G, D(G), D(D(G)), D(D(D(G))) are analogs
of the sequence R, C,H, Q. For instance:

1. G=Cy={£1} and e = =1, and p = 1. Then D(G) = Cy, D(D(G)) = Q
(quaternion group of order 8), D3(G) is O, the octonion loop of order 16.

2. G =0y e =pu= -1, then D(G) = Cy x Cy, D(D(G)) = D, (dihedral
group), and D3(G) is the split octonion loop of order 16.

3. G=C3with ¢ =g ! and e = p = 1, then D(G) = D3, D(D(G)) is smallest
possible non-associative Moup, of cardinal 12.

4. G = Cg with ¢ = g7 and p = 1, ¢ = —1 (element of order 2 in Cj),
D(G) = Dics, D(D(G)) a Moufang loop of cardinal 24 (cf. Example 8.6).
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to the special issue dedicated to Karl-Hermann Neeb. Our common interest in
algebra, geometry and analysis related to Jordan algebras has its roots in the time
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advices from Ottmar Loos, who had been one of the referees on my habilitation thesis
that became [3]: Ottmar taught me that to study infinite dimensional geometry, the
best is to forget dimension entirely and to work over general rings instead of fields;
and if possible to get rid of any restriction on the base ring, thus including even the
case of characteristic 2. The reader will certainly have realized that in the present
work I follow his advice, and I dare believe that he would have been interested in
this approach. Regrettably, there was no time to discuss it with him, as Ottmar
passed away in may 2020. I was fortunate enough to learn from mathematicians
such as Karl-Hermann Neeb and Ottmar Loos, and I am grateful for this.
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