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Abstract. Decorated and augmented nonlinear Grassmannians can be used to parametrize
coadjoint orbits of classical diffeomorphism groups. We provide a general framework for decoration
and augmentation functors that facilitates the construction of a smooth structure on decorated or
augmented nonlinear Grassmannians. This permits to equip the corresponding coadjoint orbits
with the structure of a smooth symplectic Fréchet manifold. The coadjoint orbits obtained in this
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1. Introduction

The four classical infinite-dimensional Lie algebras studied by E. Cartan are: the
Lie algebras of all vector fields, of symplectic vector fields, of contact vector fields,
and of divergence free vector fields [3, 28]. We aim at giving a unified approach to
certain classes of coadjoint orbits of the corresponding diffeomorphism groups that
were previously studied in [7, 11, 13, 15, 21, 32].

These coadjoint orbits are good in the sense that they admit a (unique) Fréchet
manifold structure such that the coadjoint action is smooth and admits local smooth
sections. This implies that their (formal) Kirillov-Kostant-Souriau (KKS) symplec-
tic form is smooth and weakly nondegenerate. We stress the concept of local smooth
sections throughout this text. Therefore, some of the results reproved here are in
fact slightly stronger than the ones available in the literature.

The common feature of the mentioned coadjoint orbits is their parametrizations
with nonlinear Grassmannians. These can be plain Grassmannians, but can also
consist of submanifolds endowed with an additional structure. When the structure
lives on the submanifold, we call it a decoration, while when the structure lives in
the ambient space, we call it an augmentation.

In this article we give the general framework for both, decorations and augmen-
tations, which facilitates the construction of a smooth structure on decorated or
augmented nonlinear Grassmannians. A decoration functor ® is a functor from
the category of (finite dimensional) closed manifolds and diffeomorphisms to the
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category of Fréchet manifolds, such that the Diff(S) action on ®(S) is smooth. In
contrast, an augmentation functor is associated to an action of a (possibly infinite
dimensional) Lie group G on a finite dimensional manifold M. It is a functor 2
from the category of closed submanifolds of M and diffeomorphisms given by the
G-action to the category of Fréchet manifolds, such that the action of Gy, the
subgroup of G preserving N, on 2(N) is smooth.

Some of these good coadjoint orbits of diffeomorphism groups can also be obtained
via symplectic reduction in dual pairs of moment maps. Such dual pairs exist for the
Hamiltonian group (the ideal fluid dual pair [22]), for the full diffeomorphism group
(the EPDiff dual pair [17]), for the contact group (the EPContact dual pair [13]),
and for the group of (exact) volume preserving diffeomorphisms (the EPDiffvol dual
pair [15]). According to a general principle for dual pairs, symplectic reduction for
the group acting from the right (a reparametrization action in these cases) yields
coadjoint orbits for the group acting from the left (the four diffeomorphism groups
mentioned above).

The Lie group structure on many isotropy groups appearing in this context remains
elusive. For instance, to our best knowledge, it is not known if the group of
Hamiltonian diffeomorphisms preserving an isotropic (or symplectic) submanifold
actually is a Lie subgroup in the group of all Hamiltonian diffeomorphisms. Similar
questions for the group of volume preserving diffeomorphisms and the group of
contact diffeomorphisms remain open too.

Content of the paper. In Section 2 we define good coadjoint orbits (as those that
possess a smooth structure such that the coadjoint action is smooth and admits
local smooth sections), and we show that the formally defined KKS symplectic form
is smooth. In the context of the action of a convenient Lie group GG on the nonlinear
Grassmannian Gr(M) that is induced by an action on M, we introduce the notions
of good orbit and good isotropy at N € Gr(M). Then we exemplify these for several
diffeomorphism groups, e.g. the Hamiltonian group has good orbits at isotropic and
symplectic N, the contact group at isotropic N, and the full diffeomorphism group
and the (exact) volume preserving diffeomorphism group at any N. Isodrasts in the
symplectic context describe the Hamiltonian orbits at isotropic IV, while isodrasts in
the volume form context describe orbits of codimension one submanifolds under the
action of the group of (exact) volume preserving diffeomorphisms. As an application
we obtain Theorems 2.12 and 2.16 which describe good coadjoint orbits parametrized
by plain nonlinear Grassmannians.

Section 3, devoted to decorated nonlinear Grassmannians, starts with the presenta-
tion of the general framework for decorations. Examples of decoration functors
comprise orientations, densities, differential forms, (co)homology classes. In study-
ing the associated smooth structures, the notions of good orbit and good isotropy for
the Diff(S) action on D(.S) are useful. Good coadjoint orbits parametrized by dec-
orated nonlinear Grassmannians are described in Theorem 3.14, namely isotropic
submanifolds decorated with volume densities for the Hamiltonian group, and in
Theorem 3.18, namely hypersurfaces decorated with nowhere zero closed 1-forms
for the group of (exact) volume preserving diffeomorphisms.

In Section 4 we study augmented nonlinear Grassmannians. The general frame-
work is an augmentation functor 2 associated to a G action on M. Associated
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smooth structures are studied, especially for G orbits in the augmented nonlinear
Grassmannians. For appropriate augmentations, the results are used to parametrize
good coadjoint orbits of diffeomorphism groups: T'((|A|y @ T*M|x) \ N) in Theo-
rems 4.6, 4.8 and 4.13, a quotient space of I'((|A|y @ T*M|yx)\ N) in Theorem 4.15,
and T'((JAly ® L*|y) \ N), with L denoting the contact line bundle, in Theorem
4.11. We end the section with augmentations induced by a decoration functor.

2. Plain nonlinear Grassmannians

Throughout this paper we use the convenient calculus of Kriegl and Michor [20]
to describe smooth structures on spaces of manifolds and maps. In this calculus,
smooth manifolds are modeled on convenient vector spaces, a class of locally convex
vector spaces satisfying a weak completeness assumption.

A submanifold is called splitting submanifold if the corresponding (closed) linear
subspace in a submanifold chart admits a complement, cf. [20, Definition 27.11].
A subset A in a manifold M is called (splitting) initial submanifold if every point
a € A admits an open neighborhood U in M such that (AN U),, the set of all
points that can be connected to a through a smooth path lying in ANU, is a
(splitting) submanifold of U, cf. [25, Definition 2.13]. Such a subset A inherits a
smooth structure for which the inclusion A — M is an initial smooth map.

The Lie groups GG we consider, in general diffeomorphism groups, are Lie groups
in the convenient setting of [20]. A subgroup H in a Lie group G will be called a
splitting Lie subgroup if it is a splitting submanifold of G. In this case, H itself is
a Lie group (with the induced structure).

2.1. Transitive actions

Recall that an action of a Lie group G on a manifold M is said to admit local smooth
sections if, for every x € M, the map provided by the action, G - M, g +— g -z,
admits a smooth local right inverse defined in an open neighborhood of z. More
explicitly, we require that there exists an open neighborhood U of x in M and a
smooth map u: U — G such that u(y)-z =y for all y € U. We may assume w.l.o.g.
that u(x) = e, the neutral element in G. Clearly, any action which admits local
smooth sections is locally and infinitesimally transitive. In particular, its orbits are
open and closed in M and, hence, they consist of several connected components of
M . Due to the lack of a general inverse function theorem, infinitesimal transitivity
does not, a priori, guarantee local transitivity on Fréchet manifolds and beyond. Nor
does local transitivity imply infinitesimal transitivity without further assumptions,
e.g., if G carries the discrete topology.

The next lemma is useful in detecting transitive actions on decorated nonlinear
Grassmannians, since these are associated bundles to the principal bundle of em-
beddings.

Lemma 2.1 ([14, Lemma A.1]). Let P — B be a principal G-bundle endowed
with the action of a Lie group H on P that commutes with the principal G action.
Suppose the structure group G acts on another manifold @), and consider the
canonically induced H action on the associated bundle P xq Q. If the H action on
P and the G action on @) both admit local smooth sections, then the H action on
P xq Q admits local smooth sections too.
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A Lie group is called regular if smooth curves in the Lie algebra integrate to smooth
curves in the group in a smooth way [26, 20, 8]. This ensures the existence of an
exponential map. All Lie groups of diffeomorphisms are regular (in fact all known
smooth Lie groups are regular).

We denote the fundamental vector fields of a smooth G action by (x, where X € g,
the Lie algebra of G'.

Lemma 2.2 ([14, Lemma A.2]). Let G be a regular Lie group acting on a smooth
manifold Q). Suppose every point xq in Q admits an open neighborhood U and a
smooth map o : TQ|y — @ such that

Cox)(x) =X, forall z €U and X € T,Q, (1)

where ¢ : g — X(Q) denotes the infinitesimal action. Then the G action on Q
admits local smooth sections.

Proof.  We construct a local smooth section using an argument due to Moser [27,
Section 4]. Suppose ¢ : [0,1] — U is a smooth curve. Since G is regular, there
exists a unique smooth curve g = Evol” (cr oc ) in G starting at e and with right
logarithmic derivative ¢(t) = (o o ¢)(t), cf. [20, Definition 38.4]. Using (1), we see
that ¢(t) = (e (c(t)). Hence, 2(g(t)~"-c(t)) = 0 and, thus, c(t) = g(t) - ¢(0). We
obtain a smooth map

S COO([O, 1], U) — G, S(C) = g(l) = evolr(o' o c/)’

with the property that ¢(1) = s(c) - ¢(0). To obtain a smooth section on the neigh-
borhood U of x, it suffices to compose s with a smooth map U — C*°([0,1],U),
x — ¢, satisfying ¢,(0) = x¢ and c¢,(1) = z. The latter can readily be constructed
by shrinking U so that it becomes (in a chart) star shaped with center . Since @
is modeled on convenient vector spaces, each point zy € ) admits a neighbourhood
basis consisting of ¢>-open convex subsets [20, §4.7]. ]

The next lemma will be used to prove smoothness of the KKS symplectic form
on certain (good) coadjoint orbits of diffeomorphism groups parametrized with
nonlinear Grassmannians.

Lemma 2.3. Let G be a regular Lie group acting on a smooth manifold @), and
let J:Q — g" be an injective G equivariant map, where g* denotes the space of
bounded linear functionals on the Lie algebra g. Assume that the G action on @ is
smooth, transitive, and admits local smooth sections. Then the (formal) pullback of
the KKS symplectic form on the coadjoint orbit J(Q), denoted w = J*wkks, is a G
invariant smooth (weakly) symplectic form on @Q characterized by

wqe(Cx(a), Gy (9) = (J(9), [X, YT), (2)

for all ¢ € Q and X,Y € g. Furthermore, J is an (equivariant) moment map for
the (Hamiltonian) G action on Q.

Proof. Since the G action on @ is transitive and J is a G equivariant map,
J(Q) C g* is a coadjoint orbit. Let us first show that the function

JQ =R, J () = (J(a),Y)
is smooth for each Y € g.
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To this end let ¢y € ). Since the GG action on () admits local smooth sections,
there exists an open neighborhood U of ¢y and a smooth map u: U — G such that
u(q) - qo = q for each ¢ € U. By the G equivariance of J,

I (q) = (J(u(q) - @), Y) = (J(q0), A, Y)

is smooth in ¢ € U. If g(t) is a smooth curve in G with ¢(0) = X € g then the
equivariance of J gives

41,070 Adgiy V) = 21,70 0), ) = &],7 (60" - )
and the chain rule yields

(J(@), [X,Y]) = =dgJ* (Cx(q). (3)

Since the G action on () admits local smooth sections it is, in particular, infinites-
imally transitive. Hence, the fundamental vector fields (x(¢q) span the full tangent
space at g. Using (3) we conclude that the 2-form w in (2) is pointwise well defined.
Moreover, for its kernel we have

kerw, = ﬂ ker d,J* . (4)
Yeg
In order to show that w, is nondegenerate, suppose that (x(g) is in the kernel of w,.
By the regularity of G, the smooth curve ¢(t) = exptX - g satisfies ¢(t) = (x(q(t)).
Moreover, Adecp—tx) X = X, because %Adexp(_tX)X = — Adexp(—txyadx X = 0.
Then, denoting the action of g € G on @) by ¢4,

i (a(t) = ATV (q(t) = dT" (Cx (exptX - q)) = AT (Tlexpx (Cadesyox x(4)))
= dJ" (Tlexpex (Cx(a)) = d(J" 0 lexpex) (Cx (g)) = dT A= (Cx(q)) = 0,

in view of (4). Thus, JY(q(t)) is constant in ¢ for all Y. Hence, J is constant
along the curve ¢(t). As J is injective, this curve must be constant, whence
(x(q) = ¢(0) = 0. This shows that each w, is weakly nondegenerate. The following
computation shows that w is also G invariant:

(KZw)q(CX(q), G (q)) = wgq(TlyCx(q), TlyCy () = wg-q(CAng(g -q), CAng(g “q))
= (J(9-q),[Ady X,Ady Y]) = (J(g - q), Ady[X, Y])

= (J(@), [X, Y]) = wy(Cx (), Cv ().

Since the orbit map (7: G — @, (%(g) = g -q is G equivariant, the pullback
O = ((?)*w is a left invariant, hence smooth, differential 2-form on G. At the
identity it is given by @.(X,Y) — (J(q),[X,Y]), hence & = —df where 6 denotes
the left invariant smooth differential 1-form on G given by 0, = J(q) € g*. Using
a local smooth section u: U — G, (90 wu = id, we see that on U the form
w = u*(1)*w = u*® = d(—u*0) is smooth and exact. It follows that w is a smooth
closed differential 2-form on (@.

In conclusion, (Q,w) is a symplectic manifold. In view of (3), J¥ are smooth
Hamiltonian functions for (y for each Y € g, thus the map J is a moment map for
the G action on (). [ |
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Remark 2.4. Suppose G is a Lie group acting smoothly on two manifolds )
and () such that both actions admit local smooth sections. Then any G equivariant
bijection f : Q)1 — Q5 is a diffeomorphism. Indeed, if U is an open neighborhood of
x1 in Q1, and u: U — G is a local smooth section for the G action, i.e., u(x)-z; = x
for all x € U, then f(x) = f(u(x)-x1) = u(x)- f(x;) is smooth in z € U.

A coadjoint orbit O C g* of a Lie group G is called good if it admits a convenient
manifold structure such that the G action on O is smooth and admits local smooth
sections. In view of Remark 2.4 such a smooth structure on O is unique, provided
it exists. Using the inclusion J: O — g* in Lemma 2.3 we obtain:

Corollary 2.5. If O is a good coadjoint orbit of a reqular Lie group, then the
KKS form is a smooth weakly nondegenerate symplectic form on O.

2.2. Diffeomorphism groups preserving a geometric structure

Suppose G is a Lie group acting smoothly on a finite dimensional manifold M .
Typical examples of G we are interested in include: the group of Hamiltonian
diffeomorphisms, the group of symplectic diffeomorphisms, the group of (exact)
volume preserving diffeomorphisms, the group of contact diffeomorphisms, or the
automorphism group of a principal bundle over M. In view of the latter example,
we do not require the G action on M to be faithful.

Let Gr(M) denote the nonlinear Grassmannian of M, i.e., the space of all closed
smooth submanifolds N in M. This is a smooth Fréchet manifold with tangent
space Ty Gr(M) =T (TM|nx/TN), see [2, 23, 24] and [20, Theorem 44.1].

For N € Gr(M) we let G - N denote the G orbit through N in Gr(M) and we
write Gy = {g € G : g- N = N} for the isotropy group at N. We say G has
good orbit at N if G - N is an initial splitting smooth submanifold in Gr(M) and
the (smooth) G action on G - N admits local smooth sections. We say G has good
isotropy at N if G is a splitting Lie subgroup of G.

We are not aware of any non-trivial relation between the two concepts of good orbit
at N and good isotropy at N. Below we will encounter many group actions with
good orbits while the Lie group structure on the isotropy groups often remains elusive
to the authors. The concept of a split Lie subgroup in [8] involves an assumption
akin to our local sections, and ensures that the quotient carries a smooth structure
such that the projection becomes a smooth principal bundle. This observation also
is the essence of the following lemma which readily generalizes to smooth actions on
convenient manifolds.

Lemma 2.6. If G has good orbit and good isotropy at N € Gr(M), then the G

equivariant orbit map
G—G-N, g—g-N (5)

is a smooth principal bundle with structure group G .

Proof. Suppose Ny € G- N. Since the G action on GG - N admits local smooth
sections, there exists an open neighborhood U of Ny in G - N and a smooth map
w: U — G such that u(N)- N = N for all N € U. This permits to write down a
local trivialization of (5) near Nj.
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Indeed, UxGy—Gly, (N,g)— u(N)g (6)

is a G equivariant diffeomorphism with inverse map

g (g9-N.u(g-N)"g).
where G|y denotes the preimage of U under (5). n

We say G has good extension at N if the canonical homomorphism
Gy — Diff(N), g glny (7)

admits a local smooth right inverse in a neighborhood of the identity. Since we do
not want to presume good isotropy at N, the local section is assumed to be smooth
when considered as a map into . Clearly, G has good extension at N if and
only if the G action on Diff(S, N) admits local sections which are smooth in the
aforementioned sense. Here S is any manifold diffeomorphic to V.

Let tn: N — M denote the natural inclusion of N and write

GLN:{geG]gOLN:LN}:{g€G|VxEN:g-x:x}

for the isotropy group at ¢y, i.e., the kernel of the homomorphism in (7). We say G
has good isotropy at vy if G, is a splitting Lie subgroup of G. We say G5 has good
isotropy at vy if the inclusions G,,, € G C G are both splitting Lie subgroups. In
the latter case G' has good isotropy at ¢y also.

Proceeding exactly as in the proof of Lemma 2.6 one shows:

Lemma 2.7.  Suppose G has good extension at N and suppose Gy has good
isotropy at vy . Then the orbits of the G action on Diff (S, N) are open and closed.
Moreover, for ¢ € Diff(S, N) the orbit map Gy — Gn -, g+ go is a smooth
principal bundle with structure group G, .

In particular, the map in (7) is a smooth principal G,,, bundle, after disregarding
the connected components of Diff(N) which are not in its image.

In the remaining part of this section we will exemplify these notions by means of
several classical groups of diffeomorphisms.

2.3. The full diffeomorphism group

The group of compactly supported diffeomorphisms G' = Diff.(M) is a regular Lie
group in the convenient setting of [20]. Its Lie algebra is the Lie algebra of compactly
supported vector fields, g = X.(M).

The natural Diff.(M) action on Gr(M) admits local smooth sections and the
isotropy group Diff.(M;N) := {f € Diff. (M) : f(N) = N} is a splitting Lie
subgroup in Diff (M) with Lie algebra X.(M;N) ={X € X.(M) : X(N) C TN}.
Hence, the orbit Diff.(M) - N consists of several connected components of Gr(M)
and the orbit map Diff.(M) — Diff. (M) - N, f — f(N) is a smooth principal
bundle with structure group Diff.(M; N), by Lemma 2.6. Moreover, Diff.(M) has
good extension at N and Diff.(M;.y) = {f € Diff.(M) : f|y = id} is a splitting
Lie subgroup of Diff.(M; N) with Lie algebra

Xo(M;iy) ={X € X (M) : X|y = 0}.
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So the orbit Diff.(M; N) - ¢ consists of several connected components of Diff(S, N)
and the orbit map Diff.(M; N) — Diff .(M; N) - ¢, g — gop is a smooth principal
bundle with structure group Diff.(M;ty), according to Lemma 2.7. These facts are
well known, see [12, Lemma 1.2] for instance. We summarize them in

Proposition 2.8 ([12, Lemma 1.2]). Suppose G = Diff (M) and N € Gr(M).
Then G has good orbit, good extension, and good isotropy at N, and Gy has good
isotropy at vy . Moreover, the orbit G - N is open and closed in Gr(M).

2.4. The group of principal bundle automorphisms

Let P — M denote a finite dimensional principal H bundle. Then the group
G = Aut.(P) of H equivariant diffecomorphisms of P with compact support in
M is a convenient Lie group in a canonical way. The canonical homomorphism
G — Diff (M) is a smooth principal bundle [1, Theorem 3.1, Corollary 4.4], after
disregarding the connected components of Diff.(M) which are not in its image.
Hence, Proposition 2.8 implies:

Proposition 2.9.  Suppose G = Aut.(P) and N € Gr(M). Then G has good
orbit, good extension, and good isotropy at N, and Gy has good isotropy at iy .
Moreover, the orbit G - N is open and closed in Gr(M).

2.5. The Hamiltonian diffeomorphism group

Throughout this section (M,w) denotes a symplectic manifold. The Lie algebra
of compactly supported Hamiltonian vector fields will be denoted by ham (M) =
{Xn:heCx*(M)}, where ix,w = dh. This is an ideal in the Lie algebra X.(M,w)
of compactly supported symplectic vector fields. The Lie algebra ham,(M) can
be identified with the Lie algebra C§°(M) of all compactly supported functions on
M for which the integral with respect to the Liouville form vanishes on all closed
connected components, endowed with the Poisson bracket {h,h'} = w(Xp, X}).

Let Ham.(M) denote the group of compactly supported Hamiltonian diffeomor-
phisms, i.e., the group of diffeomorphisms obtained by integrating time dependent
vector fields in ham, (M). This is a normal subgroup in the group Diff.(M,w) of
compactly supported symplectic diffeomorphisms. The group Ham.(M) is a conve-
nient Lie group in a natural way [20, Theorem 43.13 and Remark 43.14].

The regular Lie group Diff.(M,w) of symplectic diffeomorphisms [20, Theorem 43.12]
will be treated elsewhere.

Isotropic submanifold. We first consider the case of isotropic submanifolds.
In view of the tubular neighborhood theorem for isotropic embeddings [29, 30],
the space Gr'*°(M,w) of all isotropic submanifolds in M is a splitting smooth
submanifold of Gr(M), see for instance [21, Section 8|, with tangent space

Ty Gr'™(M,w) = {X € I(TM|n/TN) : tiyixw € Q'(N) closed }.
Weinstein’s [32] isodrastic distribution on Gr'*°(M,w) is given by
Dy :={X e (TM|y/TN) : tyixw € dC*(N)} (8)
and has finite codimension dim H'(N;R).
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This is an integrable distribution, whose leaves are orbits of the group of Hamiltonian
diffeomorphisms Ham.(M) [32, 21]. In particular, each Ham.(M) orbit through
an isotropic N € Gr*°(M,w) is a splitting initial smooth submanifold in Gr(A1).
Furthermore, the Ham.(M) action on each orbit admits local smooth sections
[14, Corollary 3.2]. Hence we have good orbits through isotropic N. From [14,
Proposition 3.1 follows also the good extension property at isotropic N. We
summarize this in the following:

Proposition 2.10. If G = Ham.(M), then at any N € Gr'*°(M,w) we have
good orbit and good extension. Moreover, Gy has good (open) orbits at any
¢ € Diff(S, N).

We do not know if Ham.(M) has good isotropy at isotropic N or ¢y .

Symplectic submanifold. We now consider the symplectic nonlinear Grassman-
nian Gr¥™P(M,w) consisting of all closed symplectic submanifolds of M. Clearly,
this is a open subset in Gr(M) which is invariant under Diff (M, w).

Combining the construction in the proof of [11, Proposition 3] with Lemma 2.2 we
obtain:

Proposition 2.11.  The Ham.(M) action on the symplectic nonlinear Grassman-
nian Gr¥™P(M,w) admits local smooth sections. In particular, Ham.(M) has good
(open) orbit at every N € Gr™¥™P(M,w).

The map
Tt GrY (M, w) — bam, (M) = C(MY*, (J(N), Xp) = / et (9)
N

is injective and Diff(M,w) equivariant. For any symplectic submanifold N C M,
the coadjoint orbit of J(NV) is a good coadjoint orbit of Ham.(M). More precisely,
by applying Lemma 2.3 we obtain:

Theorem 2.12 ([11, Theorem 3|). Let (M,w) be a symplectic manifold and let
M denote a connected component of the symplectic Grassmannian Gr¥™°(M,w).
Then its image J(M) under the map J in (9) is a good coadjoint orbit of Ham.(M)
and the (formal) pullback of the KKS symplectic form, denoted by Q = J*wkks, s
a Ham (M) equivariant smooth (weakly) symplectic form on M characterized by

(X, V) = / 2 (i),
N

for X.Y € (TM|n/TN) =Ty Gr(M) = Ty Gr™"P(M,w). Furthermore, J is an
(equivariant) moment map for the (Hamiltonian) action of Ham.(M) on M.

2.6. Group of exact volume preserving diffeomorphisms

Throughout this section (M, u) denotes a manifold endowed with a volume form.

We will denote the Lie algebra of compactly supported exact divergence free vector
fields by

Xeex(M) = {X € Xo(M) :ixp = do, a with compact support},

an ideal in the Lie algebra X.(M, p) of compactly supported divergence free vector
fields. Correspondingly, we let Diff. (M) denote the group of compactly supported



814 HALLER AND VIZMAN

exact volume preserving diffeomorphisms, obtained by integrating time dependent
vector fields in X.ex(M). This is a normal subgroup in the group Diff.(M, u) of
compactly supported volume preserving diffeomorphisms.

Remark 2.13. For M compact, the groups Diff(M, 1) and Diffe (M) are reg-
ular Lie groups [16, Theorem II1.2.5.3]. Though this fact is not (yet) known for
noncompact M , one can handle this case too. The definition of an action admitting
local smooth section can be enlarged to any subgroup G of a regular Lie group H,
by requiring the local section u : U — G to be smooth as an H valued map. We
notice that, in this more general setting, Lemma 2.2 still holds. We apply this to
the subgroups Diff (M, p) and Diff, o (M) of the regular Lie group Diff.(M).

Proposition 2.14.  Diff. (M) has good extension at each N € Greogim>1(M).

Proof. Suppose N is a closed submanifold of positive codimension in M. It
is well known that every vector field on N can be extended to an exact volume
preserving vector field on M. More precisely, there exists a bounded linear map
s: X(N) = X.ex(M) such that s(X)|y = X for all X € X(N). Let us briefly
recall the construction of such a map s. To this end suppose X € X(N) and extend
it to a vector field X on an open neighborhood of N, i.e., X!N = X . Using the
relative Poincaré lemma, we obtain a form A such that A|y = 0 and d\ = digzp
in a neighborhood of N. Let Y denote the vector field such that iy = A and
put Z =X —Y. Then Z|y = X and dizp = 0 in a neighborhood of N. As Z
is tangential to N, the closed form izu vanishes when pulled back to N. Hence,
by the relative Poincaré lemma, there exists a form p such that dp = iz in a
neighborhood of N. Multiplying p with a compactly supported bump function, we
obtain a globally defined compactly supported form a on M such that da = izu
in a neighborhood of N. Hence, defining s(X) € X.cx(M) by igx)p = do we have
s(X)|y = X. Now let 0 € QYDiff(N); X(N)) denote the Maurer—Cartan form of
Diff(N) and apply Lemma 2.2 with ¢ = s 06 to obtain a local right inverse for the
restriction map Diff. ..(M, N) — Diff(N). n

Codimension > 2. The action of G = Diff. (M) on connected components of the
nonlinear Grassmannian Greeqim>2(M) of closed submanifolds of M of codimension
at least two is known to be transitive [11, Proposition 2]. We need the following
slightly stronger result.

Proposition 2.15.  The Diff, o.(M) action on Greoqim>2(M) admits local smooth
sections. In particular, Diff. o(M) has good (open) orbit at each N € Greogim>a(M).

Proof. Let 7: E — N denote the vector bundle projection of the normal bundle,
E :=TM|yx/TN. For simplicity, we assume N and E orientable. Let v be a volume
form on N and let © be a nowhere vanishing section of A™¥)E*  We consider
as a family of volume forms on the fibers of F that are translation invariant, i.e.,
constant. Then i = QA7*v is a volume form on the total space of E. (This does not
require a connection.) For X € I'(E), we let 7x denote the diffeomorphism given
by fiberwise translation with X . More explicitly, 7x: F — FE, 7x(e) = e+ X (w(e))
for e € E. By construction, 7x(/N) = X(N). According to the Cavalieri principle,
Txf = ji. Moreover, 7,x is a 1-parameter group of diffeomorphisms with generating
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vector field % li—oTex = X, now considered as a vertical vector field on the total space
of E which is fiberwise constant. Since the rank of F is at least two, ixpi = dax
where ax = W@ rixQ A v and R denotes the fiberwise radial (Euler) vector
field on FE, that is, R(e) = %|t:1t6 foree E.

Choose a compactly supported function A on the total space of E which is 1
on an open, fiberwise radial neighborhood U of the zero section in E. Define
Yx € Xoex(E, 1) by iy, i = d(Aax) and let gx € Diff, o (E, i) denote its flow at
time one. Since Yy = X over U, and since U is radial, we obtain

X(N) = gx(N)

whenever X(N) CU. Put U ={X € I'(E) : X(N) C U} and recall that assigning
to X € U the submanifold X(N) in E provides a standard chart for the smooth
structure of Gr(E) around N. Hence, up to this chart, i — Diff. (E, 1), X — gx
is a smooth right inverse for the orbit map Diff, o (F, i) — Gr(E), g — ¢g(N). This
settles the local problem. To reduce the global problem to the local one we use
Moser’s lemma [27] to find a tubular neighborhood E — M of N such that, in a
neighborhood of the zero section, the volume form g is of the form fi considered
above. [

We consider the oriented nonlinear Grassmannian Gr® (M), cf. [12, §3]. This is
a finite covering of Gropentable(M ), the open and closed subset of all orientable
submanifolds in M, that will be discussed further in Example 3.7 below. Since
the covering Gr*"(M) — Grogentbale(M) admits local sections, Proposition 2.15
implies that the Diff. (M) action on Grey,~o(M) admits local smooth sections

too. Let Groi™ (M) denote the union of all connected components consisting of

null-homologous submanifolds of codimension two. Clearly, Gro»™! (M) is stable

under Diff (M, ). We have an injective Diff(M, p) equivariant map

J: Gl (M) = X (M)*, (J(N),X) = / U, (10)

codim=2
N

where « is any (compactly supported) potential form for X € X, (M).
Now, for any N € Gro2™! (M) the coadjoint orbit of J(N) is a good coadjoint

codim=2

orbit of Diff..x(M). More precisely, by applying Lemma 2.3 we obtain:

Theorem 2.16 ([11, Theorem 2|). Let u be a volume form on M and consider
a connected component M in the augmented Grassmannian Grgzcﬁﬁ‘lliz(]\/[) Then
its image J(M) under the map J in (10) is a good coadjoint orbit of Diff. (M)
and the (formal) pullback of the KKS symplectic form, denoted by w = J*wkks,
is a Diff . ox (M) equivariant smooth (weakly) symplectic form on M, namely the

Marsden—Weinstein [22] symplectic form

on(X,Y) = / i livix i),
N

where X,Y € D(TM|y/TN) = Ty Gr22™ (M). Furthermore, J is an (equivari-

codim=2

ant) moment map for the (Hamiltonian) action of Diff. (M) on M.
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The remaining connected components of Gre . _o(M) for compact M have been
also considered in [11]. Assuming that the total volume | o M 18 an integer, they

parametrize coadjoint orbits of central extensions of Diff, ..(M) (see also [18]).

Codimension one. In this situation, the volume form gives rise to an integrable
distribution on the codimension one nonlinear Grassmannian Greoqim=1(M ), which
are analogous to Weinstein’s isodrastic foliation in the symplectic case [21, 32]
explained in Section 2.5.

The isodrastic distribution on Greoqim=1(M), introduced in [15], is defined by
Dy :={X € I(TM|x/TN) : ty(ixp) € Q"™ N(N) is exact }. (11)

It has finite codimension equal to dim H°(N;oy), the number of orientable con-
nected components of N. This can be seen using the isomorphism of line bundles

pn: TM|x/TN — AM™NT*N, (12)

given by contraction with the volume form followed by restriction to T'N .
Note that the null-homologous isodrastic leaves in Greoqim=1(M) are characterized
by fixed enclosed volume. Another characterization works for open manifolds M :

the isodrasts in Grg(M) are the connected components of the level sets of the map
F(N) = [, 9, for a fixed ¥ with p = dd.

Proposition 2.17.  The isodrastic distribution D on Greodgim=1(M) is integrable:
its leaves coincide with the orbits of Diff...(M). Moreover, the action on each
isodrastic leaf admits local smooth sections. In particular, the group Diff. (M) has
good orbit at any submanifold N of codimension one.

Proof.  The first statement is [15, Lemma 4.2]. For the second statement, we fix
N € Greogim=1(M), assumed w.l.o.g. to be connected and orientable, and we denote
by L the isodrastic leaf through N. Subsequently, we use Lemma 2.2 to show that
the Diff. (M) action on the leaf £ admits local smooth sections.

We consider a tubular neighborhood of N, identified with NV x R, where the volume
form can be expressed as y = dt Ap*v with v a volume form on N. Here p and ¢ are
the projections to N and R. The graph of a function f € C"°(N) is a submanifold
Ny € M. This provides a chart U C Gr(M) centered at N and the level sets of
the smooth function V(Ny) := [, fv are leaves of D|y.

In particular, the connected component of N in £ N U, an open neighborhood of
N in L, is the zero set of the function V. The chart above is a submanifold chart:
L NU is parametrized by the subspace of zero integral functions

Co*(N) ={f € C*(N) : [y fv =0}.

In this chart a tangent vector to LN U at Ny is given by a pair (f,h) satisfying
f,h € C§°(N;R). There exists a smooth right inverse ¢ to

d: Q" Y(N) — dQ"1(N),
thus to each h € C§°(N;R) one associates in a smooth way a differential form
v := ¢(hv) with the property for hv = dv.

For a > 0, let U, C U be the open subset of those submanifolds Ny € U with
maxen |f(2)] < a, and let b € C2°(R) such that b = 1 on the interval [—a,a]. We



HALLER AND VIZMAN 817

define a smooth map o : TL|znp, = Xeex(M) by o(f, h) = X, , where the potential
form « is given by (¢*b)(p*y) on the tubular neighborhood of N, and extended by
zero to M. Since by construction (x(Ny) = (f,h), Lemma 2.2 can be applied to
get that the action on £ admits local smooth sections. ]

2.7. Group of volume preserving diffeomorphisms

Let G = Diff (M, ). For the nonlinear Grassmannian Greodqim>2(M) of codimension
at least two, Proposition 2.15 holds for this group too. For the codimension one
nonlinear Grassmannian Greoqim=1(M), we consider a variation of the isodrastic
distribution (11):

Dy, :={X e T(TM|n/TN) : [ixp] € yHI™N(M;R)}, (13)
for the natural homomorphism
vy HN (M R) — H™N(N:R). (14)

In view of Proposition 2.18 below, we will call D, the isovolume distribution. In
general, the codimension of D,,, which is at most the codimension of D, will depend
on the connected component of Greodim=1(M):

codim Dy, = dim coker (HI™ Y (M;R) — H"™Y(N;R)). (15)

If every orientable connected component of N is null-homologous in M, then the
distributions D, and D coincide at N. The converse is not true in general: at a
meridian N = S x {y} in the cylinder M = S* X R the two distributions coincide,
still the homology class of N in M is not zero.

Proposition 2.18 ([15, Proposition 4.9]). Let N; € Greodim=1(M) be a smooth
curve, t € [0, 1].
(a) If Ny is tangent to the isovolume distribution D,,, then there exists a compact

submanifold with boundary, K C M , whose interior contains Ny for all t, and such
that the volume of each connected component of K \ Ny is constant in t.

(b)  Suppose K C M is a compact submanifold with boundary, whose interior
contains Ny for all t. If, moreover, the volume of each connected component of
K\ N; is independent of t, then Ny is tangent to the isovolume distribution D, .

Clearly, the isovolume distribution is invariant under the action of Diff(M, ). Using
[15, Lemma 4.7], we get the following analogue of Proposition 2.17:

Proposition 2.19.  The isovolume distribution D,, on Greoqim=1(M) is integrable.
Its leaves coincide with the orbits of Diff.(M, p)o, the identity component of the group
of volume preserving diffeomorphisms. Moreover, the action on each isodrastic leaf
admits local smooth sections. In particular, the group G = Diff (M, p) has good
orbit at any N of codimension one.

In a future work we will study, in the symplectic setting, an analogous distribution
on the isotropic nonlinear Grassmannian, called the isosymplectic distribution. Its
leaves coincide with the orbits of the identity component of the group of symplectic
diffeomorphisms.
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2.8. Group of contact diffeomorphisms

Let & denote a contact distribution on M and let G = Diff .(M, &) denote the group
of compactly supported contact diffeomorphisms. This is a convenient Lie group in
a natural way [20, Theorem 43.19]. Recall [13, Lemma 4.8] that the space of contact
isotropic submanifolds, Gr'™*°(M,¢), is a splitting smooth submanifold in Gr(M)
that is invariant under Diff.(M,¢).

Proposition 2.20.  Suppose G = Diff (M, &) and N € Gr'™*(M,€). Then G has
good orbit and good extension at N . Moreover, the orbit G - N is open and closed
in Gr'™° (M, &). Furthermore, Gy has good (open) orbit at any ¢ € Diff(S,N).

Proof. Recall that Gr'*°(M,¢) is a splitting smooth submanifold in Gr(M).
From [13, Theorem 3.5] we conclude that the G action on Gr'*°(M, ¢) admits local
smooth sections. Hence, G has good orbit at N and G - N is open and closed in
Gr'*°(M, €).

To prove good extension at contact isotropic N, we first observe that vector fields
on N can be extended to contact vector fields on M. More precisely, there exists a
bounded linear map s: X(N) — X.(M;¢) such that s(Z)|y = Z for all Z € X(N).
To construct such an s we assume, for simplicity, that £ is cooriented, i.e., £ = ker «
for a contact 1-form a. Suppose Z € X(N). As N is isotropic, we have o(Z) =0
and da(Z,Y) = 0 for all Y € X(N). We consider izda € I'((TM|y/TN)*) as
a fiber wise linear function on the normal bundle T'M|y/TN. Using a tubular
neighborhood of N in M and multiplying by a compactly supported function
which is —1 in a neighborhood of the zero section, we obtain h € C*(M,R)
such that hly = 0 and dh(Y) 4+ da(Z,Y) = 0 for all Y € I'(T'M|xn). Let
s(Z) = Xp, € X.(M,§) denote the unique contact vector field such that a(X,) = h.
By construction, X,y = Z. Now let 6 € QY(Diff(N); X(N)) denote the Maurer—
Cartan form of Diff(N) and apply Lemma 2.2 with o = s0 6 to obtain a local right
inverse for G — Diff(V).

The remaining statement follows immediately. [ |

We do not know if Diff.(M, &) has good isotropy at isotropic N or ¢y .

3. Decorated nonlinear Grassmannians

Let S be a closed manifold, allowed to be nonconnected and nonorientable. For each
manifold M, we let Emb(S, M) denote the space of all parametrized submanifolds
of type S in M, i.e., the space of all smooth embeddings of .S into M. It is an open
subset in the Fréchet manifold C'*°(S, M), thus a smooth Fréchet manifold. We let
Grg(M) denote the nonlinear Grassmannian of type S in M, i.e., the space of all
smooth submanifolds in M that are diffeomorphic to S. It is open and closed in
the nonlinear Grassmannian Gr(M) of all closed submanifolds in M.

The nonlinear Grassmannian Grg(M) is the base of a (locally trivial) smooth
principal bundle with structure group Diff(S) (via the Diff(M) equivariant map)

7 : Emb(S, M) — Grg(M), w(p) = (), (16)

see [2, 23, 24, 5] and [20, Theorem 44.1]. The decorated nonlinear Grassmannians
described in this section can be seen as associated bundles to this principal bundle.



HALLER AND VIZMAN 819

3.1. Framework for decorations on nonlinear Grassmannians

Let 9§ denote the category of (finite dimensional) closed manifolds and diffeo-
morphisms. A decoration functor is a functor © from the category 9Mf into the
category of Fréchet manifolds and smooth maps such that the Diff(S) action on
D(S) is smooth, for each closed manifold S. For a finite dimensional manifold M,
define the space of ® -decorated Grassmannians of type S in M by

Gre(M) == {(N,v) : N € Grg(M),v € D(N)}.

Note that Diff(M) acts naturally on GrdeCO(M ). More explicitly, if g € Diff(M)
and (N, v) € Gr§™ (M), then g-(N,v) = (g(N),D(gln) V), where g|x: N — g(N)
denotes the restricted diffeomorphism and ®(g|x): D(N) — D(g(N)).

We use the canonical Diff(M) equivariant identification
Grg™ (M) = Emb(S, M) xpirs) D(S),  (9(S),D(p) - 1) < [0, ). (17)

to equip Gr®(M

map

) with a smooth structure. Then the Diff (M) equivariant forgetful

Cre©(M) — Grg(M), (N,v)+— N (18)
is a smooth fiber bundle with typical fiber ©(S), and the Diff.(M) action on
Greee°(M) is smooth. As Grg(M) is open and closed in Gr(M), this also yields
a smooth structure on the disjoint union Gri®°(M) = | | GrE°(M) of all D-
decorated Grassmannians such that Gr®°(M) — Gr(M) is a smooth fiber bundle
with fiber ©(N) over N € Gr(M).

Suppose p € D(5). Define the space of D -decorated Grassmannians of type (S, p)
in M by d .

(M) := {(N,v) € Grg*(M) : (N,v) = (S, )} (19)
Here (N,v) = (S, p) is short for. there exists a diffeomorphism ¢: S — N such
that ©(p) - © = v, where D(p): D(S) — D(N). Note that Grdeco( ) is invariant
under the action of Diff(M).

Let Diff(S) - p denote the Diff(S) orbit of u. We say Diff(S) has good orbit at
if Diff(S) - p is an initial splitting smooth submanifold in ®(S) and the (smooth)
Diff(S) action on Diff(S) - u admits local smooth sections.

Lemma 3.1.  Suppose Diff(S) has good orbit at . Then Grdeco( ) is an initial

splitting smooth submanifold in Gre(M) and the (smooth) Diff.(M) action on
Gr deco( ) admits local smooth sections. Moreover, the Diff (M) equivariant forgetful
map obtained by restricting (18),

Grge® (M) — Grg(M), (20)

is a smooth fiber bundle with typical fiber Diff(S) - u. Furthermore, the bijection
n (17) restricts to a canonical Diff (M) equivariant diffeomorphism

Grge® (M) = Emb(S, M) Xpig(s) DIff(S) - pu. (21)

Proof.  Most of the statements follow immediately from the fact that the identi-
fication in (21) is the restriction of the diffeomorphism in (17). Since the Diff.(M)
action on Emb(S, M) admits local smooth sections [12, Lemma 2.1(c)] we can use
Lemma 2.1 to conclude that the Diff.(M) action on GrdeCO(M ) admits local smooth
sections. ]



820 HALLER AND VIZMAN

We say that Diff(S) has good isotropy at p € D(9) if
Diff (S, ) = {f € Diff(S) : D(f) - p = p}
is a splitting Lie subgroup in Diff(.5).

Lemma 3.2.  Suppose Diff(S) has good orbit and good isotropy at u € D(S).
Then the Diff(S) equivariant orbit map

Difi(S) = DIff(S) -1, f > D(f) 1, (22)
is a smooth principal Diff (S, u) bundle, and so is the Diff (M) equivariant map
Emb(S, M) — Grg (M), ¢ = (¢(S),D(p) - ). (23)

Proof. Local smooth sections for the Diff(.S) action on Diff(S) - p give rise to
local trivializations of (22), hence, this is a principal Diff(S, ) bundle, cf. the proof
of Lemma 2.6. Combining this with the diffeomorphism

Emb(S, M) = Emb(S, M) XDiH(S) DIH(S)
and the diffeomorphism in (21), we conclude that (23) is a principal Diff (S, ) bundle
too. u

Let Diff.(M) - (N,v) denote the Diff,(M) orbit through (N,v) € Gr«(M).

Lemma 3.3.  Suppose that Diff(S) has good orbit at p € ©(S) and suppose
(N,v) € Grg‘jﬁo(M). Then Diff.(M) - (N,v) is open and closed in Grg‘fﬁo(M), the
(smooth) Diff .(M) action on Diff (M) - (N, v) admits local smooth sections, and the
canonical forgetful map

Diff,(M) - (N,v) — Diff (M) - N, (N,?)+~ N
is a smooth fiber bundle with typical fiber Diff(S) - .
If, moreover, Diff(S) has good isotropy at ., then the group
Diff (M, N,v) := {g € Diff (M, N) : D(g|n) - v = v}
is a splitting Lie subgroup in Diff (M, N), and the orbit map
Diff (M) — Diff (M) - (N,v), g~ (9(N),D(g|n) - v) (24)
is a smooth principal Diff.(M, N,v) bundle.

Proof. The first part follows immediately from Lemma 3.1.

To show the second part, recall that Diff.(M,N) is a splitting Lie subgroup in
Diff.(M) [12, Lemma 2.1(b)] and that the homomorphism

Diff,(M, N) — Diff(N), g+ gy

is a smooth fiber bundle [12, Lemma 2.1(d)]. As Diff.(M, N,v) is the preimage
of Diff(V,rv) under this homomorphism, and since Diff(/V,v) is a splitting Lie
subgroup of Diff(N) by assumption, we conclude that Diff.(M, N,v) is a splitting
Lie subgroup in Diff.(M, N). Using local smooth sections for the Diff.(M) action

on Diff.(M)- (N, v), we obtain local trivializations of (24). Hence, this is a principal
bundle. [
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Let G be a Lie group acting smoothly on M as in Section 2.2.

For (N,v) € Grg‘fﬁo(M), we let G - (N,v) denote the G orbit through (NV,r) and
we let G(y,) = {9 € Gy : g-v =r} denote the isotropy group.

The following reduces to Lemma 3.3 if G = Diff.(M).

Lemma 3.4.  Suppose € ©(S) and (N,v) € Grcsl'ffto(M). Assume Diff(S) has
good orbit at p and G has good orbit and good extension at N. Then G has good
orbit at (N,v), i.e., G-(N,v) is an initial splitting smooth submanifold in GrdS?EO(M)
and the (smooth) G action on G - (N,v) admits local smooth sections. Moreover,
the G equivariant forgetful map

G-(N,v)-G-N, (N,0)— N, (25)

is a smooth fiber bundle with typical fiber Diff(S) - .

If, moreover, Diff(S) has good isotropy at p and Gy has good isotropy at Ly,
then Gy has good isotropy at v, i.e., Gn,) is a splitting Lie subgroup in Gy .
Furthermore, the orbit map

G—)G'(N,l/), gH(g'N>©<g|N)'V)7 (26)
is a smooth principal bundle with structure group G(n,.).

Proof.  For the first part we can proceed as in the proof of Lemma 3.3. Alterna-
tively, we can combine Lemma 4.2 with Lemma 4.16(b,c) below to obtain the first
assertion. Using Lemma 2.7 one readily generalizes the proof of the second part of
Lemma 3.3. Alternatively, we can combining Lemma 4.3 with Lemma 4.16(b,c,d)
to obtain the second assertion. ]

Example 3.5 (Volume densities). The functor D(S) := Den(S) = I'(|Alg) is a
decoration functor. The functor D(S) := Deny(S) = I'(|Als \ S) is a decoration
functor with good orbit and good isotropy at each point (see Proposition 3.12). The
latter gives rise to the weighted nonlinear Grassmannian Gr'(M). The decoration
functor D(9) := L(AMS(T*S)\ S) of volume forms has similar properties.

Example 3.6. The functors ©(S) := X(5), D(S5) := QI(S5) = ['(AT*S), and
D(S) :=09(S;05) = '(AYT*S)®o0g) are decorations functors, but they rarely have
good orbits or isotropy. Still, the decoration functor D(S) := Q(S) has good orbits
at each nowhere zero closed 1-form (see Proposition 3.16).

Example 3.7 (Orientations).  The functor ®(S) := I'(S), where S denotes the
orientation covering of .S, is a decoration functor with good orbit and good isotropy
at each point. Assuming S to be orientable, it gives rise to the oriented nonlinear
Grassmannian Gry (M), consisting of all oriented submanifolds of type S in M.
The forgetful map Grg (M) — Grg(M) is a finite covering.

Example 3.8 (Cohomology classes).  The functor ©(S) := HY(S;R) is a decora-
tion functor with good orbit and good isotropy at each point. The same is true for
D(S) := H1(S;0g). For ¢ = dim S, we obtain the homologically weighted nonlinear
Grassmannian Gria™* (M), cf. [14].

Example 3.9. Let ng denote the number of connected components of S. The
functor ©(5) := Bij(mo(S5),{1,...,ns}) is a decoration functor with good orbit and
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good isotropy at each point. The corresponding decorated Grassmannian consists
of submanifolds of M of type S with labeled connected components.

Example 3.10 (Submanifolds). If S’ is a closed manifold, then the functor
D(S) := Grg/(5) is a decoration functor with good orbit and good isotropy at
each point, cf. [12, Lemma 2.1(b)]. The corresponding decorated Grassmannian
coincides with the Fréchet manifold of nonlinear flags of type (S’,S) in M, cf. [12,
Section 2.3].

Example 3.11 (Gauge groupoid).  The functor D(S) := Emb(S, M) is a dec-
oration functor with good orbit and trivial isotropy at each embedding (. The
corresponding decorated Grassmannian coincides with the Fréchet manifold

Emb(S, M) XDiff(S) Emb(S, M) = {g S lef(Nl,NQ) . Nl,NQ S GIS(M)},

a Lie groupoid, namely the gauge groupoid of the principal bundle in (16).

3.2. Isotropic submanifolds decorated with volume densities

Throughout this section (M,w) denotes a symplectic manifold. We recall results
from [32, 21, 6] about coadjoint orbits of the Hamiltonian diffeomorphism group
Ham,.(M), parametrized by weighted isotropic nonlinear Grassmannians in M,
extended to a possibly nonconnected model manifold S in [14].

On a closed manifold, we consider the decoration functor of volume densities from
Example 3.5:

D(S) := Deny (S) =T(|Als \ 9).
The associated decorated Grassmannian is the weighted nonlinear Grassmannian
Gr§' (M) := {(N,v) : N € Grg(M),v € Deny(N)}. There is a natural injective
Diff (M, w) equivariant map

T+ GrS (M) — ham (M)* = C(M)*,  (J(N,v), X)) = /N o (27)

Proposition 3.12.  Diff(S) has good orbit and good isotropy at any p € Deny (.5).

Proof. Let us fix a volume density g on the k-dimensional closed manifold S.
We consider the Diff(.S) equivariant map taking values in the de Rham cohomology
with coefficients in the orientation bundle og:

hs : Deny (S) — H*(S;05), hg(a) = [a].

It is well known [27] that the Diff(S)y orbit of p is the convex subset of all volume
densities on S that represent the same cohomology class as [u|. Hence, the orbit
Diff(S)- p coincides with the set of all volume densities on S that are in the preimage
under hg of the (finite) orbit Diff(S) - [u] in H*(S;0s). This is an open subset in a
finite union of parallel closed affine subspaces with finite codimension dim H*(S;0g).
In particular, Diff(S) - p is a splitting smooth submanifold in Den, (S) with finite
codimension dim H*(S;05) and with tangent spaces ker hg = dQ2*~1(S; 05).

That the Diff(S) action on the orbit Diff(S) - u admits local smooth sections is a
special case of [14, Lemma 2.12]. Here we give a direct proof by using Lemma 2.2.
Let ¢ be a smooth right inverse to the differential d : Q¥~1(S;05) — dQ*~1(S; 05).
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For the tangent vector at i € Diff(S)-u with A\ € dQ*~1(S; 05), we define o(fi, \) =
Z € X(S) by izt = —p(N). Since A = dp(\) = — Lz is the infinitesimal generator
of Z at [i, the smooth map o : T(Diff (S) - u) — X(S) permits to apply Lemma 2.2.
This shows that Diff(.S) has good orbit at 1. On the other hand it is well known that
the group Diff(S, ) of diffeomorphisms preserving p is a splitting Lie subgroup in
Diff(S) (see Theorem II1.2.5.3 on page 203 in [16]). Thus, Diff(.S) has good isotropy
at p too. |

We define the space of weighted submanifolds of type (S, ) as in (19):
Gri, (M) := {(N,v) € Grg' (M) : (N, ) = (S, )}

Combining Proposition 3.12 with Lemma 3.1, we see that the latter is an initial
splitting smooth submanifold in Gr§'(M). Moreover, the (smooth) Diff.(M) action
on Grfgvfu(M ) admits local smooth sections, and the forgetful map

Gry', (M) — Grg(M) (28)
is a smooth fiber bundle with typical fiber Diff(S) - p. Furthermore, the bijection
in (17) restricts to a canonical Diff(M) equivariant diffeomorphism
and the Diff(M) equivariant map Emb(S, M) — Gr§', (M), ¢ — (©(S), guu) is a
principal Diff(S, ) bundle according to Lemma 3.2.

Since Gré®(M,w) is a splitting smooth submanifold in Grg(M), its preimage under
the fiber bundle map in (28), Gry',**(M,w), is a splitting smooth submanifold in
Gry',(M). Let us fix a leaf £ C Grs°(M,w) of Weinstein’s isodrastic distribution

D in (8). Recall that £ is an initial splitting smooth submanifold of codimension
dim H'(S;R) in Grig°(M), cf. Proposition 2.10. Hence, its preimage under the fiber

bundle map in (28), whiso

g .= Grsfu (M,w)|c, (30)
is an initial splitting submanifold of codimension dim H'(S;R) in Gr§,*(M,w).
Combining Propositions 2.10 and 3.12 with Lemma 3.4 we obtain:

Proposition 3.13.  The Ham (M) action on G admits local smooth sections.

Now, for any isotropic submanifold N C M endowed with a volume density v, the
coadjoint orbit of J(N,v), with J in (27), is a good coadjoint orbit of Ham.(M).
More precisely, by applying Lemma 2.3 to connected components of the decorated
Grassmannian G acted on by the regular Lie group Ham.(M), we get:

Theorem 3.14 (|21, 32]).  Let (M,w) be a symplectic manifold and consider a
connected component Gy of the decorated Grassmannian Grfgvfljso(M,wﬂ r where L
denotes an isodrastic leaf in Gri®(M,w). Then its image J(Go) under the map
J in (27) is a good coadjoint orbit of Ham.(M) and the (formal) pullback of the
KKS symplectic form, denoted by Q = J*wkks, is a Ham.(M) equivariant smooth
(weakly) symplectic form on Gy characterized by

Qv (Cxs G ) = — /N W(X, V), (31)

for all (N,v) € Gy and X,Y € bam. (M). Furthermore, J is an (equivariant)
moment map for the Hamiltonian action of Ham.(M) on Gy.
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In the special case H'(S) = 0, the decorated nonlinear Grassmannian (G,w) can
also be obtained via symplectic reduction at zero on the right leg of the Marsden-
Weinstein ideal fluid dual pair [22, 4], as shown in [6].

The diffeomorphism in (29) restricts to a diffeomorphism
Gr§' ™ (M, w) = Emb™ (S, M) x pig(s) Diff(5) - 4,
With.EmbiSO(S, M) denoting the manifold of isotropic embeddings. The pullback to
Emb"°(S, M) of Weinstein’s isodrastic distribution D in (8),
Dy = {u, € N(¢*"TM) : ¢*i,,w € dC>(S)},

has codimension dim H'(S;R) and is integrable. The Ham, (M) action on each leaf
of D admits local smooth sections by Proposition 3.13 combined with the good
extension property in Proposition 2.10. The preimage 7~'(£) € Emb*°(S, M)
under the bundle projection in (16) is a disjoint union of leaves of D, stable under
the Diff(S) action. We notice that the decorated Grassmannian in (30) is

g = 7T_1(,C) X Diff(S) DIH(S) s
and we denote by
p:m (L) x Diff(S) - = G, plep, ) = (£(S), pup) (32)

the principal Diff(S) bundle projection. This permits to formulate the following
alternative characterization of the symplectic form in (31):

Corollary 3.15. [21, Theorem 5] The pullback = p"Q of the symplectic form on
G to the submanifold 7=*(L) x Diff(S) - u C Emb®™°(S, M) x Den (S) is given by

Qo) (g, d7), (ug, dy')) = /(w(uw uy)a — @ty w Ay @ty wAy),  (33)
S

where uy, v, € D, and dvy,dy" € dQF1(S, 0g).

Proof. By the infinitesimal transitivity, each element of D, is of the form u, =
Xy o ¢ for some X, € ham (M), and each element of kerT,hg is of the form
dy = Lz for some Z € X(S). Moreover, let hz be a Hamiltonian function that
satisfies Ty o Z = X}, o p (which always exists).

Knowing that T{, p(T¢ 0 Z,0) = T(,mp(0, Lzp), we compute:
Q) (s A7), (tly, ') = Qo (X 0 0, Lzpa), (X 0 9, L)
= Qp(%u)(Tp(Xh op+TpoZ 0),Tp(Xpop+Tpo 7', 0))
(31) *
= Q(@(S),ap*p)(CXh+XhZ7CXh/+XhZ/) = — / O (W( Xy + Xy, Xy + X)) -
s

One of the four terms, ¢*(w(Xn,, X, )) = (¢*w)(Z, Z'), vanishes because ¢ is an
isotropic embedding. Another term is o*(w(Xp,, X)) = —iz@%ix, w = —iz W
Since d(izp —v) = 0 and ¢*i, w is exact, the remaining three terms become:

/gp*w(Xh,Xh/);L—/izzgp*iwwujL/izgo*iufpwu
S S S

Z/w(u@,u;)u—/so*iuww/w%/w*iugow/\%
S S S

which is formula (33). [
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3.3. Hypersurfaces decorated with nowhere zero closed 1-forms

Let M be a manifold endowed with a volume form g, and let Diff, (M) be
the group of exact volume preserving diffeomorphisms. Here, we study decorated
nonlinear Grassmannians of codimension one submanifolds endowed with closed
1-forms, which parametrize coadjoint orbits of vortex sheets, also considered in
[9, 10, 19, 7]. Coadjoint orbits of vortex filaments, which are parametrized by
codimension two (plain) nonlinear Grassmannians, have been described in Theorem
2.16.

In Example 3.6 we mention decoration functors of differential forms. Here we need
the decoration functor D(S) = ZL(S) of nowhere zero closed 1-forms, which yields
the decorated nonlinear Grassmannian

Gre(M) == {(N,v) : N € Grg(M),v € ZL(N)}.

Let Gri™ (M) denote the (open and closed) subset in Gri*®(M) consisting
of (decorated) null-homologous submanifolds in M. Then there is an injective
Diff (M, i) equivariant map

J: Grieeot oy o % o (M)*, (J(N,v),X) = / Uy A v, (34)
N

where « is any potential form for X € X. o (M)*, ie., ixp = da. Since N is
null-homologous, the integral in (34) does not depend on the choice of «.

Proposition 3.16.  Diff(S) has good orbit at any 8 € ZL(S). If, moreover, the
period group of (B is discrete, then Diff(S) has good isotropy at 5.

Proof. Let hg : ZL(S) — H(S;R) be the Diff(S) equivariant map given by
hs(8) = [B]. With the Moser trick [27], we show that the orbit Diff(S)y- 5 C ZL(.9)
is the connected component of 3 in hg'([3]). Indeed, let 8, € ZL(S), t € [0,1], be
a smooth curve starting at 3 and such that [3,] = [3]. Then 5, is exact, so there
exists f; € C*°(95), smoothly depending on ¢, such that df; = B,. A smooth vector
field Z; on S satisfying iz, = —f; can be written with the help of a Riemannian
metric on S as Z; = —Hﬂfﬁﬁf. In particular, Lz, 8; + Bt =0, so the smooth curve
g+ in Diff(S) that integrates Z; satisfies g;f; = .

We have shown that the orbit Diff(S), - 8 is an open subset of a closed affine
subspace of Z1(S) with finite codimension dim H'(S;R), thus an initial splitting
smooth submanifold with tangent space ker hg = dC*(S). We use Lemma 2.2 to
show that the Diff(S) action on this orbit admits local smooth sections. With
a smooth right inverse ¢ to the differential d : C*(S) — dC*(S) and using
a Riemannian metric as above, for the tangent vector at B e Diff(S)o - f with
A € dC=(S), we define ¢(f,\) = Z € %(S) such that iz = —¢()\). Since
A= do(N) = —Lzf is the infinitesimal generator of Z at 3, this provides the
smooth map o : T(Diff(S)y - 5) — X(S) that permits to apply Lemma 2.2. Hence,
the Diff(S)o action on Diff(5)y - 8 admits local smooth sections.

More generally, the orbit Diff(S) - § is the preimage under hg of the (finite) orbit
Diff(S) - [8] in H'(S;R), thus an open subset in a finite union of parallel closed
affine subspaces with finite codimension and tangent spaces dC*(S). It follows
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that also Diff(S) - § is a splitting smooth submanifold of D(S) with the Diff(S) ac-
tion admitting local smooth sections, which means that Diff(S) has good orbit at .

To show that Diff(S) has good isotropy at § with discrete period group, we need
to check that Diff(.S, 8) is a Lie group. W.l.o.g. we may assume S connected. The
condition on [ ensures the existence of a fibration p : S — B with base manifold
B~ S and 8 = p*df. The diffeomorphism group Diff(S, 3) is the preimage of the
rotation group of B under the fiber bundle projection Aut(S) — Diff(B), where
Aut(S) denotes the group of bundle automorphisms. ]

By applying the Proposition 3.16 together with Lemma 3.1, we get that
Grgg* (M) := {(N,v) € Grg™(M) : (N,v) = (S, 5)}

is an initial splitting smooth submanifold in Gr&“(M). Moreover, the (smooth)
Diff.(M) action on Gr§s° (M) admits local smooth sections and the forgetful map

G’ (M) — Grg(M) (35)

is a smooth fiber bundle with typical fiber Diff(S) - 5. Furthermore, the bijection
in (17) restricts to a canonical Diff (M) equivariant diffeomorphism

Grg?;O(M) = Emb(S, M) Xpisrs) Diff (S) - 5. (36)

Let S be a closed manifold with dim$S = dim M — 1, and let £ be a leaf of
the isodrastic distribution D on Grg(M) studied in Section 2.6. Since L is an
initial splitting smooth submanifold of codimension dim H°(S;0g) in Grg(M), its
preimage under the fiber bundle map in (35),

G = Gl (M) (37)

is an initial splitting smooth submanifold in Gr%f’go(M ) of the same codimension,

i.e., the codimension equals the number of orientable connected components of S.

By combining Propositions 2.14, 2.17 and 3.16 with Lemma 3.4 we get:

Proposition 3.17.  The Diff. (M) action on G admits local smooth sections.
Now, for any null-homologous codimension one submanifold N C M endowed with
a nowhere zero closed 1-form v, the coadjoint orbit of J(N,v), with J in (34), is
a good coadjoint orbit of Diff.c.(M). Assume that the isodrast £ consists of null-
homologous submanifolds of M. By applying Lemma 2.3 to connected components
of G in (37), acted upon by the regular Lie group Diff. (M), and noticing that
ix,y)p = dixiyp for all X, Y € X.(M, ), we obtain the following:

Theorem 3.18 ([7]). Let p be a volume form on M and consider a connected
component Goy of the decorated Grassmannian Gr%?g)o(]\/[ )z where L is an isodrast
in Grg(M) through a null-homologous submanifold of codimension one. Then its
image J(Go) under the map J in (34) is a good coadjoint orbit of Diff, (M) and
the (formal) pullback of the KKS symplectic form, denoted by w = J*wkks, i a
Diffox (M) equivariant smooth (weakly) symplectic form on Gy characterized by

v (G Gy ) = /N iy i) A, (38)

for all (N,v) € Gy and XY € X.x(M). Furthermore, J is an (equivariant)
moment map for the Hamiltonian action of Diff . (M) on Gy .
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Remark 3.19. The map (34) is well defined also for more general vortex sheets
(N,v) € Gri®(M). These are characterized by the property that 5 H" 2(M) C
H- 2(N) is contained in the annihilator of [v] € H'(N;R). We still get good
coadjoint orbits of Diff. ..(M) parametrized by decorated nonlinear Grassmannians
(see [7, Theorem 3.6]). Otherwise, one needs to pass to central extensions [7,
Theorem 3.5].

We consider the pullback to Emb(S, M) of the distribution D:
D, = {u, € D(@*TM) : ¢*i,, p € QW™5(S) is exact}.

It follows from Proposition 3.17 and the good extension in Proposition 2.14 that the
Diff, x (M) action on each leaf of D admits local smooth sections. The preimage
7~1(L) under the bundle projection (16) is a disjoint union of leaves of D, stable
under the Diff(S) action. We notice that diffeomorphism in (36) restricts to a dif-
feomorphism G = 77 (L) X pisr(s) Diff (S) - f where G is the decorated Grassmannian
n (37). We denote the corresponding principal Diff(S) bundle projection by

p:m (L) x Diff(S) - 8= G, plp,B) = (¢(S), 9.0). (39)
A three term formula, similar to that in Corollary 3.15 holds.
Corollary 3.20.  The pullback w := p*w of the symplectic form on M to the
submanifold m=1(L£) x Diff(S) - 8 C Emb(S, M) x QL (S) is given by

Do) ((ug, df ), (ul,, df)) = /SSO*iuﬂu;,,u A B+ (—1)8ms /S(fSO*iu;,u — '@ i 1),

where u,, u;, € D, and df,df" € dC>(S).

Proof. By the infinitesimal transitivity, each element of D, is of the form u, =
X0 for some X, € X, (M), and each tangent vector at 3 to the Diff(S) orbit is
of the form df = Lz for some Z € X(S). Moreover, let az be any potential form
that satisfies Tp o Z = X,,, o ¢ (it always exists because T'p o Z € D,,). Knowing
that T, gp(Tpo Z,0) = T(,zp(0, Lz3), we compute:
W(p,8) (s df ), (U, df)) = Wi, (Xa 0 0, LzB), (Xar © 0, Lz B))
= Wp(p,8)(TP(Xpo@+Tpo Z,0),Tp(Xpop+Tpo Z'.0))

(38) .. .
= W(p(8)p-8) (CXatXay s (Xt Xa ) = / P Uxatay Kot o, H N s
S

One of the four terms, ¢* Xoy 1Xa, H = 1ziz¢" 1L, vanishes by dimensional reasons.
. . Y P .. _
Because ¢*ix, ix,, pu=1izp"ix, p=1izp Gu 1 the remaining three terms become:

/‘PZXJX/H/\ﬁ /ZZ'QDZWM/\B'F/MSDMH/\B
/90 bug b it N B — dlms/fso G+ (= d‘mS/fso 1

That yields the desired formula. [ ]
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4. Augmented nonlinear Grassmannians

We continue to consider a (possibly infinite dimensional) Lie group G acting smoothly
on a finite dimensional manifold M .

4.1. Framework for augmentations on nonlinear Grassmannians

We let &t(M, G) denote the category whose objects are closed submanifolds in M
and the morphisms between two closed submanifolds N; and N, are the elements of
G mapping N; diffeomorphically onto N5. In particular, we have a canonical functor
to the category 9f of (finite dimensional) closed manifolds and diffeomorphisms:

&r(M,G) — MF. (40)

An augmentation functor for the G action on M is a covariant functor 2 from
the category &t(M,G) into the category of Fréchet manifolds and smooth maps,
such that the action of the isotropy group Gy ={g € G:g- N = N} on 2A(N) is
smooth, for each closed submanifold N of M. Since we do not want to presume a
Lie group structure on G, the action is only assumed to be smooth along maps
into Gy which are smooth into G. More specifically, for any map ¢g: 7 — Gy
which is smooth when considered as a map into G, the map Z x A(N) — A(N),
(z,7) — A(g(2)) - v is assumed to be smooth.

Suppose 2 is an augmentation functor for the G-action on M. The set
Gr*8(M) := {(N,7) : N € Gr(M),y € 2A(N)}

will be referred to as 2A-augmented nonlinear Grassmannian of M. The group G
acts naturally on Gr**¢(M). More explicitly, this action is given by

g-(N.7) = (g-N,2(g) - 7) (41)
where g € G and v € 2(N). The canonical forgetful map
Gr*$(M) — Gr(M), (N,v) —» N (42)

is equivariant over the homomorphism G — Diff(M). For N € Gr(M) we let
Gr*8(M)|g.n = {(N,7) : N € G- N,5 € A(N)}
denote the preimage of the orbit G- N in Gr(M) under the map in (42).

Lemma 4.1. If G has good orbit at N € Gr(M), then there exists a Fréchet
manifold structure on Gr*'®(M)|q.y such that the G equivariant forgetful map

Gr*¢(M)|a.n — G- N, (N,7)— N (43)

is a smooth fiber bundle with typical fiber A(N) and such that the G action on
Gr*8(M)|q.n is smooth.

If, moreover, G has good isotropy at N, then the G equivariant identification
Gr8(M)|e.v = G xay AN),  (9-N,2(9) -7) « [9,7] (44)

s a diffeomorphism, where the right hand side denotes the bundle associated to the
smooth principal bundle in (5) and the smooth action of Gn on A(N).
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Proof.  Since G has good orbit at N, there exists an open cover U; of G- N and
smooth maps u;: U; — G such that u;(N)- N = N for all N € U;. We obtain a
trivialization for the map in (43) over U; by defining

¢i: Uy x A(N) — Gr*™e(M)|y,, ¢i(N,7) = (N, A(u;(N)) - 7) (45)

where Gr™¢(M)|y, denotes the preimage of U; under the forgetful map in (43). The
inverse of ¢; is given by

67 (N.7) = (N, A(us(N) ™) - 7), where (N,9) € Gr**(M)]u;.
For the transition ¢;" o ¢;: (U; NU;) x A(N) = (U; NU;) x A(N) we find

(65" 0 @)(N, ) = (N, A(u;(N) " ui(N)) 7). (46)

These transitions are smooth, since the map N — u;(N)~1u;(N) takes values in Gy

and is smooth into GG. Hence, the trivializations ¢; provide a smooth fiber bundle
atlas for the map in (43). In particular, this turns Gr*'®(M)|c.y into a Fréchet
manifold.

Put Vj; == {(9,N) € G xU; : g- N € U;}. Then Vj; is open in G x U; and
the G action on G - N restricts to a smooth map V;; — U;. Expressing the G

action on Gr*"¢(M)|q.y in the local trivializations ¢; and ¢;, we obtain a map
Vij x A(N) — U; x A(N) given by

(9: N.o7) = (9 N A(uy(g - N)"Hgus(N)) 7).
The latter is smooth since the map V;; — G, (g, N) u;(g- N)gu;(N) takes val-

ues in Gy and is smooth into G. This shows that G acts smoothly on Gr*™"&(M)|g.n -

To prove the second part of the lemma we assume, moreover, that G has good
isotropy at N. Hence, Gy is a splitting Lie subgroup in G and u;: U; — G is
a local section of the principal G bundle G — G - N. The corresponding local
trivialization of the associated bundle G x ¢, 2A(N) over U; is

UZXQ{(N)_) (G Xan Ql(N)) Uis (Nvf)/)'_)[ul(]\?%fﬂ

Up to the identification in (44) this coincides with the local trivialization ¢; in (45).
Hence, the map in (44) is a diffeomorphism. n

For v € 2A(N) we let G -~ denote the G orbit through v in A(N). We say
G has good orbit at ~y if G -+ is an initial splitting smooth submanifold in 2((N)
and the (smooth) Gy action on Gy -~ admits local smooth sections. As we do
not presume a Lie group structure on Gy, the local sections are only assumed to

be smooth into G. The G orbit through (N,7) in Gr*¢(M) will be denoted by

Lemma 4.2.  Suppose G has good orbit at N € Gr(M) and suppose Gy has
good orbit at v € A(N). Then G has good orbit at (N,~), i.e., G- (N,v) is an
initial splitting smooth submanifold in Gr*(M)|q.n and the (smooth) G action on
G - (N,v) admits local smooth sections. Furthermore, the G equivariant canonical
forgetful map

G-(N,y) = G-N, (N,4) = N (47)

is a smooth fiber bundle with typical fiber Gy - .
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If, moreover, G has good isotropy at N, then the G equivariant identification

G-(N,y)=Gxay (Gy-7),  (9-N.Ag)-A) « [g9,9] (48)

is a diffeomorphism, where the right hand side denotes the bundle associated to the
smooth principal bundle in (5) and the smooth action of Gy on Gy - 7.

Proof.  The local trivializations in (45) restrict to local trivializations
¢i: Uy x (Gn-v) = (G- (N,7))

for we have (N, 2(u;(N))-4) = w;(N)g - (N,v) by (41) if 4 = g -y with g€ Gy.
Hence, G- (N,7) is an initial splitting smooth submanifold of Gr*¢(M)|q.v. Since
Gy - is an initial submanifold in 2A(N), the transitions in (46) restrict to diffeo-
morphisms of (U; N U;) x (Gy -y). Consequently, the local trivializations in (49)
provide a smooth fiber bundle atlas for the map in (47). As G - (V,~) is an initial
submanifold in Gr*™&(M)|q.n, the G action on Gr*"®(M)|q.n restricts to a smooth
action on G - (N, 7).

Since the G action on G - (N, ) is smooth and transitive, it suffices to construct a
local smooth section at (IV,7). To this end let U C G- N be an open neighborhood
of N and suppose u: U — G is a local smooth section for the G action, i.e.,
u(N)-N = N for all N € U and u(N) = id. Moreover, let V C Gy -~ be an
open neighborhood of v and suppose v: V — Gy is a local smooth section for
the Gy action, i.e., v is smooth into G and v(§) -~ = 4 for all 4 € V. Then
W :={(N,3) : NeU#ecAUN),Au(N)") -4 € V} is an open neighborhood of
(N,~) in G- (N,~) and

v (NA) = (N, A (N)) 7)., (49)

w: W — G, w(N,’y) = U(N)U(Q(U(N)_l) "~Y)

is a local smooth section for the G action on G- (N, ), i.e., w(N,7)-(N,v) = (N,#)
for all (N,5) € W. Indeed, the local trivialization associated with u, cf. (49),

¢: U x (Gy-7) = (G- (N9, (N,7) = (N, A(u(N)) - 7) (50)

maps U x V' diffeomorphically onto W, and wo¢: U XV — G, (wo ¢)(N,7) =
u(N)v(¥) is evidently smooth as v and v are both smooth into G.

To prove the second part of the lemma we assume, moreover, that G has good
isotropy at N. Hence, Gy is a splitting Lie subgroup in G and u: U — G is a
local section of the the principal Gy bundle G — G - N. The corresponding local
trivialization of the associated bundle G' X, (Gx -7y) over U is

Ux (Gy-7) = (G xay (Gn o, (N,3) = [u(N),4].

Up to the identification in (48), this coincides with the local trivialization ¢ in (50).
Hence, (48) is a diffeomorphism. [

We say G has good isotropy at (N,~) € Gr**¢(M) if

G(N,’y) :{QG Gg(N,’y) = (N”y)}

is a splitting Lie subgroup of G'.
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Lemma 4.3.  Suppose G has good orbit at N € Gr(M), suppose G has good
orbit at v € A(N), and suppose G has good isotropy at (N,7v). Then the G
equivariant map provided by the action,

G—G-(N,7), g—g-(Nv)=(g9-N.2AQy)- ) (51)

is a smooth principal Gn,) bundle. Moreover, G has good isotropy at N, Gy
has good isotropy at v, i.e., G(nn) is a splitting Lie subgroup of G, and the Gy
equivariant map provided by the action,

Gy =Gy g Ug) v (52)
is a smooth principal Gy, bundle.

Proof.  According to Lemma 4.2, the G action on G-(NN, ) is smooth and admits
local smooth sections. Choose an open neighborhood U of (NV,7) in G - (N,) and
u: U — G smooth such that u(N,5) - (N,7v) = (N,7) for all (N,5) € U. Then

U x G(N,’y) — G|U7 ((Naﬁl)vg) ’_)U(Na’?)g
is a diffeomorphism trivializing the map in (51) over U. The inverse map,

G’U — U x G(N,’Y)v g (g : (N7 7)7“(9 ' (N7 7))719)’

is smooth since Gy, is an initial submanifold in G. Using the transitive smooth
G action on G - (N,7), we obtain local trivializations of (51) around any point in
G - (N,7). Hence, the map in (51) is a smooth principal bundle. Restricting this
bundle to the splitting smooth submanifold Gy - v in the base, cf. Lemma 4.2, we
obtain the second assertion. [ |

We summarize most of the maps discussed above in the following diagram, indicating
typical fibers and structure groups next to the arrows:

G(n)

G G - (N, ) Gr™&(M)|g.xC — = Gre(M)

|
\ iGN.W lm(N) I
GN N

G Ne——"G N~ Gr(M)

4.2. The full group of diffeomorphisms

We now consider G = Diff (M), the full group of compactly supported diffeomor-
phisms. For N € Gr(M) we denote by

A(N) = T((|Aly © T*M[x) \ N)

the space of all nowhere vanishing smooth sections of the bundle |A|y ® T*M|y
over N. We equip A(N) with the Fréchet manifold structure it inherits as an open
subset in the Fréchet space of all sections with the C'*° topology. For g € G we
let 2A(g): A(N) — A(g - N) denote the natural map induced by g. Since this is
the restriction of a bounded linear map between Fréchet spaces, 2(g) is smooth.
Clearly, 21 defines a functor from &r(M, ) into the category of Fréchet manifolds.
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The augmented nonlinear Grassmannian associated with this functor A will be
denoted by Gr*'¢(M). We have an injective and Diff(M) equivariant map

J GrS(M) — gt (J(N,4), X) :/NV(X), Xeg (53)

where g = X.(M) denotes the Lie algebra of compactly supported vector fields.
Proposition 4.4. 2 is an augmentation functor for the G action on M .

Proof. It remains to check the smoothness assumption. To this end consider
N € Gr(M). Recall that Gy = Diff.(M, N) is Lie subgroup in Diff.(M), see for
instance [12, Lemma 2.1(b)]. For f € Diff.(M, N), we let

(T*f)|n: T*M|ny — T*M|y
denote the vector bundle isomorphism over f|y obtained by applying the cotan-

gent bundle functor, and we let |A|(f|x): |A|ly — |A|y denote the vector bundle
homomorphism over f|y obtained by applying the density functor. The map

Diff (M, N) x T(|Aly ® T*M|y) = T(|Aly @ T*M|y)
(fs7) = (IAI(flx) @ (T f)In) ov o (flw) ™!

is smooth and it restricts to the Gy action on the open subset 2A(N). [

Combining Propositions 2.8 and 4.4 with Lemma 4.1, we obtain a Fréchet manifold
structure on the augmented Grassmannian Gr*“¢(M)|g.n such that the G action
is smooth. Since G - N is open and closed in Gr(M) this yields a smooth struc-
ture on the disjoint union, Gr*'¢(M), such that the G equivariant forgetful map
Gr*8(M) — Gr(M) is a smooth fiber bundle with fiber A(N) over N € Gr(M).

Augmentations with zero pullback. For N € Gr(M) we have a fiberwise
surjective vector bundle homomorphism T*M|y — T*N given by restriction of

covectors. Its kernel, the annihilator of TN, is isomorphic to the dual of the normal
bundle of N in M and will be denoted by AunT'N = (T'M|x/TN)*. Hence,

I'((JAly ® AnnTN) \ N) C A(N) (54)
is a splitting smooth submanifold.

Proposition 4.5. Let G = Diff (M), N €Gr(M) and y€I'((JA|y®@AnnTN)\N).
Then Gy has good orbit at -y. Moreover, this orbit is open and closed in
L((|Aly ® AunTN) \ N). Furthermore, G has good isotropy at (N,7).

Proof. Let tny: N — M denote the inclusion and let Diff.(M;ty) denote the
group of diffeomorphisms preserving N pointwise. This is a splitting Lie subgroup
of Diff (M), see [12, Lemma 2.1(c)]. The action of this group on I'(AnnT'N \ N)
factors through the homomorphism

Diff (M; 1y) = T(GL(TM|y/TN)), g+~ Tg|n.

Using a tubular neighborhood of N in M, one readily shows that this homomor-
phism admits a smooth local right inverse at the identity. Moreover, Diff.(M; )
acts trivially on |A|y. Hence, denoting the normal bundle by E := TM|y /TN, it
suffices to show that the action of I'(GL(E)) on I'(E* \ N) admits local smooth
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sections. To this end, we choose a fiberwise Euclidean inner product on E and
we let 71 =b: E — E* denote the corresponding isomorphism of vector bundles.
Suppose a € I'(E*\ N). For § € I'(E*), we define a vector bundle endomorphism
Az: E — E by Ag(fa) = 16 and Aglkera = id. Clearly, Az depends smoothly on
B. By construction we have aAj} = bAgfa = 3, where Aj: £ — E denotes the
fiberwise adjoint. Consider the open neighborhood U = {8 € I'(E*) : a(48) # 0} of
ain I'(E*\ N). If 8 €U, then Ag is an isomorphism. Hence, u: U — I'(GL(E)),
u(p) == (A};)_l is the desired local smooth section around o.

In order to prove that G has good isotropy at (N,~) it suffices to show that
G(n,y) = Diff (M, N, ) is a splitting Lie subgroup in Gy = Diff.(M, N), because
the latter is a splitting Lie subgroup in G = Diff.(M), cf. Proposition 2.8. To this
end we consider the homomorphism

Diff.(M; N) — Aut(E), g~ Tgly, (55)

where Aut(F) denotes the Lie group of all fiberwise linear diffeomorphisms of the
normal bundle £ = TM|y/TN. After disregarding the connected components of
Aut(E) which are not in the image, the homomorphism in (55) becomes a principal
bundle with structure group {g € Diff.(M, N) | Vx € N : T,,g = id}, a splitting Lie
subgroup in Diff.(M, N). As Diff.(M, N,~) is the preimage of the group Aut(E,~)
under the map in (55), it suffices to show that Aut(E,~) is a splitting Lie subgroup
in Aut(F). The homomorphism

Aut(E) — Diff(N) (56)

is a principal I'(GL(FE)) bundle, after disregarding the connected components of
Diff(N) which are not in the image. If U C Diff(N) is an open neighborhood of
the identity and s: U — Aut(E) is a local section of (56) with s(id) = id, then

U x T(GL(E)) —» Auw(E)lg, (f.6) > s(f)o (57)

is a diffeomorphism onto an open neighborhood of the identity in Aut(FE). It is easy
to see that the local section s may be chosen to take values in Aut(F,~). Then the
diffeomorphism in (57) maps U x I'(GL(F,~)) onto Aut(E,v)|y. This shows that
Aut(FE, ) is a splitting Lie subgroup in Aut(E), for I'(GL(E,~)) is a splitting Lie
subgroup in I'(GL(E)). u

Suppose N € Gr(M) and v € I'((|A|y®AnnTN)\N). Combining Propositions 2.8
and 4.5 with Lemma 4.2, we obtain a Fréchet manifold structure on the augmented
Grassmannian G = G - (IV, ) such that the G action is smooth and admits local
smooth sections. Moreover, G is open and closed in

Gr*&™ (M) = {(N,7) € Gr™&(M) : 7 € T((|Aly ® AnnTN) \ N)}. (58)

The latter is a splitting smooth subbundle of Gr**¢(M) — Gr(M) in view of the
trivializations in (45) and the splitting smooth submanifold in (54). According to
Lemma 4.3 the orbit map G — G, g+ g - (N,7) is a principal G(y,) bundle.

Now, for any (N,vy) € Gr*"®*™(M) the coadjoint orbit of J(N,v) is a good
coadjoint orbit of Diff (M), cf. (53). More precisely, using Lemma 2.3 we obtain:
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Theorem 4.6 ([15, Theorem 2.2]).  Suppose (N,v) € Gr*™&*™(M) and con-
sider the augmented Grassmannian G = Diff (M) - (N,~v), open and closed in
Gr*" & (M), Then its image J(G) under the map J in (53) is a good coadjoint
orbit of Diff (M) and the (formal) pull back of the KKS symplectic form, denoted
by w = J*wkks, s a Diff (M) equivariant smooth (weakly) symplectic form on G,
characterized by
(6 = [ XYY

forall (N,7) € G and X,Y € X.(M). Furthermore, J restricts to an (equivariant)
moment map for the (Hamiltonian) action of Diff (M) on G.

By Remark 2.4, the smooth structure on G must coincide with the one considered in
[15, Section 2.3]. Hence, G is a union of connected components in the open subset of
nowhere zero elements in the regular cotangent bundle T7;,, Gr(M), and the pullback
of the KKS form is the cotangent bundle symplectic form. The symplectic manifold
(G,w) can be obtained by symplectic reduction at zero on the right leg of the Holm-
Marsden EPDiff dual pair [17, 4], as shown in [15, Theorem 2.3]. This leg is the
moment map for the Diff(S) action on (an open subset of) the regular cotangent

bundle of Emb(S, M).

Augmentations with nowhere zero pullback. Augmented submanifolds (N, )
with nowhere zero 1-form density 5y € Q' (N, [A|y) can also parametrize coadjoint
orbits of G = Diff.(M). Smooth structures on such G orbits are available for
1-dimensional submanifolds N of M. In this case, a nowhere zero element in
QYN,|Aly) is the same as a Riemannian metric plus an orientation on N, and
its Diff(N) orbit is characterized by the lengths of the connected components
of N. For higher codimensions we do not expect smooth structures on these
G orbits in general, since already the Diff(/N) orbits through nowhere vanishing
p € QYN;|A|ly) appear rather singular. At this moment we can not, however,
provide a counterexample.

Proposition 4.7.  Let G = Diff.(M). Suppose N € Grgim—1(M) and v € A(N)
are such that vy € QYN,|A|y) is nowhere zero. Then Gy has good orbit at vy and
the orbit is open and closed in

{y eT(Aly @ T"M|n) : 137 = 137}, (59)
a splitting smooth submanifold of A(N).

Proof. Put p:=47. According to [13, Example 4.16], the orbit Diff(N)-p is a
splitting smooth submanifold in Q!(N;|A|y) and the Diff(N) action on this orbit
admits local smooth sections. Recall that the homomorphism

Diff.(M, N) — Diff(N)

admits a local smooth right inverse at the identity. We conclude that Diff.(M, N) -
p is open and closed in Diff(N) - p, hence a splitting smooth submanifold in
QY(N;|A|y), and the Diff (M, N) action on this orbit admits local smooth sections
too. In particular, there exists an open neighborhood V' of p in Diff (M, N)-p and
a smooth map v: V — Diff.(M, N) such that v(p)-p=p forall pe V.
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Let L denote the preimage of Diff.(M, N) - p under the linear map
T(|Aly © T*M|y) — Q'(N;|Aln). (60)

Since this map admits a bounded linear right inverse, it may be considered as
fiber bundle whose fibers are affine spaces over ker(ty) = I'(|A|y ® AnnTN). In
particular, L is a splitting smooth submanifold in I'(|A|y ® T*M|y) which is stable
under Diff.(M, N) and contains 7. It remains to show that the Diff (M, N) action
on L admits local smooth sections. It suffices to construct a local smooth right
inverse in a neighborhood of ~. To this end, let

F=(x)"(p) =7+ T(Aly ® AnnTN)

denote the fiber of (60) over p. Choose Y € X.(M) such that Y is tangential to
N and such that v = 7(Y) is a (nowhere vanishing) volume density on N. For
each 4 € F there exists Z5; € X.(M) depending smoothly on 4 such that Z;|y =0
and D,Z; = Y, ® 22 € End(T,M) for all x € N. Let g; € Diff (M) denote
the flow of Z5 at tlme one. Clearly, gs|y = id. Since D,Zs; has strict upper
triangular form with respect to the decomposition T.M =T,N & ker,, we obtain
T,95 = id+Y, ® %y;r% and thus (Txgﬁ)*Zj = 2 for all z € N. We conclude

that w: F — Diffo(M, ), w(3) = g5' is a global smooth right inverse for the
Diff.(M,ty) action on F'. More exphc1tly, w(y)-y=4 forall ¥ € F.

If ¥ € L and o5y € V, then v(t7)" -7 € F. Hence, U = (v}) (V) is an open
neighborhood of v in L and the smooth map

w: U = Diffo(M,N),  u(3) = v(exP)w(v(yd)™ - 7)
satisfies u(¥) -y =4 for all ¥ € U. Hence, u is the desired local right inverse. =

Suppose dim S =1 and p € Q'(S;|A|s) is nowhere vanishing. Then
Grily (M) = {(N,y) € Gr™(M) : (N, y7) = (S, p) }

is a splitting smooth subbundle of Griy'®(M) — Grg(M) in view of the trivializations
in (45) and since (59) is a splitting submanifold of A(N). Let (N,7) € Grg (M).
Combining Propositions 2.8 and 4.7 with Lemma 4.2, we obtain a Fréchet manlfold
structure on the augmented Grassmannian G = G - (N, ) such that the G action
is smooth and admits local smooth sections. Moreover, G is open and closed in
Grig s (M). Now, for every (N,v) € Grg?(M) the coadjoint orbit of J(N,7) is a
good coadjoint orbit of Diff.(M), cf. (53) More precisely, Lemma 2.3 yields:

Theorem 4.8 ([15, Theorem 2.3]). Suppose dim S = 1, assume p € Q'(S;|Als) is
nowhere vanishing, (N,v) € Graug( ) and consider the augmented Grassmannian
G = Diff (M) - (N,~), open and losed Grg'5(M). Then its image J(G) under the
map J in (53) is a good coadjoint orbit of lef (M), and the (formal) pullback of the
KKS symplectic form, denoted by w = J*wkks, is a Diff (M) equivariant smooth
(weakly) symplectic form on G characterized by

sy (G Gr) = /N 51X, Y]),

forall (N,%) € G and X,Y € X.(M). Furthermore, J restricts to an (equivariant)
moment map for the (Hamiltonian) action of Diff (M) on G.



836 HALLER AND VIZMAN

The symplectic manifold (G,w) can be obtained by reduction at a nowhere zero
element of Q!(S,|Als), for the Hamiltonian Diff(S) action on (an open subset of)
the regular cotangent bundle of Emb(S, M), whose moment map is the right leg of
the Holm—Marsden EPDiff dual pair [15, Theorem 2.3].

4.3. The group of contact diffeomorphisms

Suppose & C T'M is a contact hyperplane distribution on M and let L := TM/¢
denote the contact line bundle. The canonical action of the contact diffeomorphism
group G = Diff.(M,£) on T*M restricts to an action on the dual line bundle
L* CT*M. For N € Gr(M) we let

AN) =T (([Aly ® LIy) \ N)
denote the space of all nowhere vanishing smooth sections of the vector bundle
Al ® L]}y . We equip 2A(N) with the Fréchet manifold structure it inherits as an
open subset in the Fréchet space of all sections with the C*> topology. For g € G
we let A(g): A(N) — A(g - N) denote the natural map induced by ¢. Since this

is the restriction of a bounded linear map between Fréchet spaces, 2(g) is smooth.
Clearly, 2 defines a functor from &r(M, G) into the category of Fréchet manifolds.

The augmented nonlinear Grassmannian associated to this functor 2l will be denoted
by Gr*"¢(M,§). One readily shows [15, Proposition 4.2(a)] that the map

o GIS(MLE) gt (J(N7), X) = /wo, Xeg  (61)

N

is injective and Diff (M, ) equivariant. Here g = X.(M, &) denotes the Lie algebra
of compactly supported contact vector fields on M .

Proposition 4.9. 2 is an augmentation functor for the G action on M .

Proof. It remains to check the smoothness assumption. To this end consider
N € Gr(M) and suppose g: Z — Gy is smooth into G. Since Diff.(M, N) is an
(initial) submanifold of Diff.(M), cf. [12, Lemma 2.1(b)], the map ¢ is smooth into
Diff.(M, N) too. Choose a fiberwise linear projection w: T*M|y — L[|y and let
v: L*|y — T*M|y denote the inclusion. The map

Diff.(M, N) x D(JA|ly ® L|y) = T(JAlxy ® Lly)
(f,8) = (A1) @ (m o (T f)lw o1) ) o g0 f

is smooth and restricts to the Gy action on A(N). Hence, Z x A(N) — A(N),
(z,7) — A(g(z)) - v is smooth. [

Combining Proposition 4.9 with Lemma 4.1 we obtain a smooth structure on
Gr'$(M,€)|a.n for each N € Gr*°(M,€). Since G - N is open and closed in
Gr™*°(M, &) this yields a smooth structure on the disjoint union, Gr*'&°(M,¢),
such that the forgetful map Gr*"&™°(M, &) — Gr'®°(M, €) is a smooth fiber bundle.

From [13, Lemma 3.4] we obtain, cf. [13, Theorem 4.10(a)]:

Proposition 4.10.  Let G = Diff (M, ¢) and N € Gr™*°(M,€). Then Gy has
good (open) orbit at each v € A(N).
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Suppose (N,v) € Gr*&° ()M, ¢). Combining Propositions 2.20 and 4.10 with
Lemma 4.2, we obtain a Fréchet manifold structure on the augmented Grassmannian

G = G- (N,v), such that the G action is smooth and admits local smooth sections.
Moreover, G is open and closed in Gr*"¢**°(M,¢).

Now, for any (N,v) € Gr*'&= (M ¢) the coadjoint orbit of J(N,7) is a good
coadjoint orbit of Diff.(M, &), cf. (61). More precisely, using Lemma 2.3 we obtain:

Theorem 4.11 ([13, Theorem 4.10]).  Let (M,&) be a contact manifold, suppose
(N,v) € Gr*™&=°(M,¢) and consider the augmented nonlinear Grassmannian G =
Diff.(M, &) - (N,7), open and closed in Gr*'&*°(M &). Then its image J(G) under
the map J in (61) is a good coadjoint orbit of Diff.(M, &) and the (formal) pullback
of the KKS symplectic form, denoted by w = J*wkks, s a Diff (M, &) equivariant
smooth (weakly) symplectic form on G, characterized by

N

w5 (Cx, &) = / (X, Y])

for all (N,7) € G and X,Y € X.(M,€). Furthermore, J restricts to an (equivari-
ant) moment map for the (Hamiltonian) action of Diff.(M,&) on G.

By Remark 2.4 the smooth structure on G coincides with the one considered in
[13, Section 4.3]. The symplectic manifold (G,w) can be obtained by symplectic
reduction at zero on the right leg of the EPContact dual pair [13, Theorem 4.12].
This leg is the moment map for the Diff(.S) action on the space of fiberwise linear
embeddings |Al§ — L*.

We expect that G also has good isotropy at (N,v) € Gr*&=°(M,¢), cf. [13,
Remark 4.12].

4.4. The group of exact volume preserving diffeomorphisms

Next we present coadjoint orbits of the group G = Diff (M), that can be
parametrized by augmented Grassmannians. Coadjoint orbits of G parametrized
by decorated Grassmannians already appeared in Section 2.6. We know, by Propo-
sition 4.4, that

AN) =T ((Aly @T*M|n)\ N), N € Gr(M),
is an augmentation functor for the Diff.(M) action. By restriction, 2 is an aug-
mentation functor also for the G action.

Codimension at least two. In this case, [15, Lemma 3.1] shows that the in-
finitesimal orbits of Diff.(M) and G = Diff. (M) in Grg 5 ,(M) coincide. Cor-
respondingly, we have the following analogue of Proposition 4.5:

Proposition 4.12.  Assume that G = Diff. . (M). If N € Greodim>2(M) and
v €T ((|Aly ® AnnTN)\ N), then Gy has good orbit at . Moreover, this orbit is
open and closed in T'((|[A|y ® AnnTN) \ N).

Proof.  The action of Diff. . (M;ey) on I'(Ann TN \ N) factors through

Diff . ex(M; ty) — T (SAut(TM|y/TN)), g+ Tg|n.
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Here SAut(T'M|y/TN) denotes the bundle of fiberwise linear isomorphisms with
determinant one. Using a tubular neighborhood of N in M, one can show that
this homomorphism admits a local smooth right inverse near the identity. Hence,
denoting the normal bundle by E = TM|y/TN, it suffices to show that the
action of I'(SAut(F)) on I'(E* \ N) admits local smooth sections. To this end,
we proceed as in Proposition 4.5, except that we modify the definition of the
vector bundle homomorphism Ag: £ — E in order to get det(Az) = 1. More
precisely, given «, 3 € I'(E*) with a(ff) # 0, we define Az by Ag(fa) = 45 and

1
Aglkera = (M) =E) - id, where rk E > 2 by assumption. Then u(f8) = (A%)~" is

|o]?
a local smooth section near «. n

Suppose (N,7v) € Grite®? (M). Combining Propositions 2.15 and 4.12 with
Lemma 4.2, we obtain a Fréchet manifold structure on the augmented Grassmannian
Go = G - (N,7~) such that the G action on Gy is smooth and admits local smooth
sections. Moreover, G is open and closed in Gri &%, (M), hence a connected com-

ponent, as G is connected.

Let g = X .ex(M) denote the Lie algebra of compactly supported exact divergence
free vector fields on M. We have an injective and Diff(M, u) equivariant map,
similarly to (53):

JoGtOn s U)X = [ 400, Xea @
N
Now, for any (N,v) € Grij5iiS,(M) the coadjoint orbit of J(N,v) is a good
coadjoint orbit of Diff. .(M). More precisely, using Lemma 2.3 we obtain:

Theorem 4.13 ([15, Corollary 3.4]).  Let p be volume form on M and consider a
connected component Gy in the augmented nonlinear Grassmannian Gro.zoD,(M).
Then its image J(G) under the map J in (62) is a good coadjoint orbit of Diff . . (M)
and the (formal) pullback of the KKS symplectic form, denoted by w = J*wkks, s
a Diff. (M) equivariant smooth (weakly) symplectic form on Gy, characterized by

W(N,’y)(éXaCY):/ Y([X,Y])

N

for all (N,7v) € Gy and X,Y € X.ex(M). Furthermore, J restricts to an (equivari-
ant) moment map for the (Hamiltonian) action of Diff. (M) on Gy.

The symplectic manifold (Gy, w) is a connected component of the (regular) cotangent
bundle to Gr(M). It can be obtained also by symplectic reduction at zero on the
right leg of the EPDiffvol dual pair [15, Corollary 3.4], the moment map for the
Diff(S) action on (an open subset of) the regular cotangent bundle of Emb(S, M).

Codimension one. In the codimension one case, we need the isodrastic distribution
on Gr(M) from Section 2.6:

Dy :={X € (TM|y/TN) : tyixp exact}.

By Proposition 2.17, its leaves coincide with the G = Diff, (M) orbits and the
G action on each isodrastic leaf admits local smooth sections. Hence, in order to
parametrize coadjoint orbits of GG, we change the augmentation to the quotient

AN) = T(|Aly ® T*M|y)/ Aineg Dy, N € Gr(M),
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where Ann,, Dy C I'(JA|ly ® Ann(T'N)) is the annihilator of Dy, and we let
Grl*el (M) denote the corresponding augmented nonlinear Grassmannian. Then
the map J in (53) factors to an injective Diff(M, p) equivariant map

To GO gt (TN ), X) = /N 2(X). (63)

where g = X_ox(M). The isomorphism (12) provides an isomorphism of finite
dimensional vector spaces,

py : HY(N;on) — Annge Dy (64)

Hence, dim Ann,., Dy is the number of orientable connected components of N. The
pullback map factors to A(N) — QY(N, |Aly), [v] — &7

We know that G has good orbit at N € Gr(M) (by Proposition 2.17), and the orbit
G - N is the isodrastic leaf through N. Thus, with Lemma 4.1, we get a Fréchet
manifold structure on the augmented Grassmannian Gri®“€/(A)|q.y such that the
G equivariant forgetful map to the isodrast G - N is a smooth fiber bundle with
typical fiber 2A(N). Moreover, the G action on this augmented Grassmannian is
smooth.

To get smooth structures on the orbits, we have to restrict to 1-dimensional sub-
manifolds, thus dim M = 2 and G = Ham.(M). Then the following analogue of
Proposition 4.7 holds:

Proposition 4.14.  Let G = Ham.(M) with dimM = 2. If N € Grgjn=1(M)
and if [y] € A(N) such that vy € QY(N,|A|n) is nowhere zero, then Gy has good
orbit at [y]. Moreover, the orbit is open and closed in

{3 € AN) = 3y = v} (65)
a splitting smooth submanifold of A(N).

Proof. Following Proposition 2.10 we know that the natural homomorphism
G — Diff(N) admits a smooth local right inverse near the identity. Hence,
proceeding exactly as in the proof of Proposition 4.7, it remains to show that the
action of GG, on
F=~+T(|Aly ® AnnTN)

admits local smooth sections. W.l.o.g. we may assume N = S', M = S! x R,
and p = df A dt where 6 and t denote the projections onto S* and R, respectively.
Consider the volume density v = vy(dy) € I'(|A|y). Then any 4 € F is of the form

J=v+v® fydt with f;= w € C=(N).

Consider the compactly supported Hamilton function hs(6,¢) = 3t f5(0)A(t) on M
where A(t) is a compactly supported smooth function that equals 1 in a neighbor-
hood of ¢ = 0. The corresponding Hamilton vector field X5 € ham (M) vanishes
along N and for its derivative we find D0 X5 = f5(0)0p @ dt. Let g5 € Ham, (M)
denote the flow of X5 at time one. Then g5|x =id and T(g,0)95 = id + f5(0)0 @ dt.
Hence, g1 = % We conclude that F' — G, 7+ g5 1 is a global smooth right
inverse for the G,, action on F. [
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Suppose dim S = 1 and assume p € Q'(S;|A|s) is nowhere vanishing. Moreover,
let £ denote an isodrastic leaf in Grg(M), cf. Proposition 2.17. Then

Gri"(M)|. = {(N,[y]) € Gr /(M| : (N, &) = (S, p)}

is a splitting smooth subbundle of Gri#®l(Af)|, — £ in view of the trivializations
in (45) and the fact that (65) is a splitting submanifold of 2A(N).

Assume that (N, [y]) € Gr[aug( M)|z. Combining Propositions 2.17 and 4.14 with
Lemma 4.2, we obtain a Frechet manifold structure on the augmented Grassmannian
G := G- (N, [7]) such that the G action is smooth and admits local smooth sections.
Moreover, G is open and closed in Gr aug]( M)|..

Now, for any 1-dimensional submanifold N of the 2-dimensional manifold M,
endowed with [y] € T'(Aly ® T*M|y)/ Ann,ee Dy such that oy € QYN |Aly)
nowhere zero, the coadjoint orbit of J(IV, [y]) is a good coadjoint orbit of Ham,(M).
More precisely, using Lemma 2.3 we obtain:

Theorem 4.15 ([15, Corollary 3.4]).  Let M be a 2-dimensional symplectic
manifold, suppose L is an isodrastic leaf in Grg(M) where dim S = 1, assume

p € QY (S;|Als) is nowhere vanishing, let (N, [y]) € Gr aug]( M)z, and consider the
augmented Grassmannian G = Ham.(M)- (N, [y]), open and closed in Gr[aug](M)|£.

Then its image J(G) under the map J in (63) is a good coadjoint orbit of Ham, (M)
and the (formal) pullback of the KKS symplectic form, denoted by w = J*wkks, 1S
a Ham.(M) equivariant smooth (weakly) symplectic form on G, characterized by

(G Gy) = /N (1X.Y])

for all (N,[3]) € G and X,Y € ham,(M). Furthermore, J restricts to an
(equivariant) moment map for the (Hamiltonian) action of Ham.(M) on G.

The symplectic manifold (G,w) can be obtained by symplectic reduction at a
nowhere zero element of Q(S,|Als) on the right leg of the (second) EPDiffvol
dual pair [15, Corollary 6.1], the moment map for the Diff(S) action on (an open
subset of) the regular cotangent bundle of a disjoint union of isodrastic leaves in
Emb(S, M).

4.5. Decorations as augmentations

By composition with the canonical functor &v(M,G) — IMf in (40), every decora-
tion functor gives rise to an augmentation functor for the G action M. The smooth
structures associated with these two functors are compatible in the following sense:

Lemma 4.16.  Suppose © is a decoration functor and suppose G is a Lie group
acting smoothly on a finite dimensional manifold M. Let 21 denote the functor
obtained by composing © with the functor in (40). Then 2 is an augmentation
functor for the G action on M. Moreover, for i € D(S) and (N,v) € Gr§(M)
the following hold true:

(a) If G has good orbit at N, then the canonical G equivariant identification
Gr*8(M)|c.y = Gr§™(M)]e.n (66)
is a diffeomorphism of fiber bundles over G - N with typical fiber D(S).
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(b) If Diff(S) has good orbit at u and G has good extension at N, then Gy has
good orbit at v. Moreover, Gy - v is open and closed in Diff(N) - v.

(c) If Diff(S) has good orbit at p, and G has good extension and orbit at N, then
the canonical G equivariant inclusion

G- (N,v) C Grge(M)le.n (67)
s a diffeomorphism onto an open and closed subset.

(d) Suppose Diff(S) has good isotropy at v, G has good extension at N, and Gy
has good isotropy at ty. Then Gy has good isotropy at v and G has good
isotropy at (N, v).

Proof. In order to show that 2l is an augmentation functor it remains to show
that the G action on A(N) = D(N) is smooth. To this end, suppose g: Z — Gy
is smooth when considered as a map into G. Then the map Z x N — N,
(z,z) — g(2)-x is smooth, for N is initial in M and the G action on M is assumed
to be smooth. Hence, the corresponding map Z — Diff(N), z — g(2)|y is smooth.
Since the Diff(N) action on ®(N) is smooth, we conclude that Z xD(N) — D(N),
(z,v) = ®D(g(z)|n) - v is smooth. Hence, 2 is an augmentation functor.

(a) Let U C G - N be an open subset and suppose u: U — G is a local smooth
section, i.e., u(N)- N = N for all N € U. Let p: S — N be a diffeomorphism.
Then U — Emb(S, M)|y, N — u(N)og is a section of Emb(S, M) over U. Hence,

U x D(N) — Emb(S, M)|v xpigcsy D(S), (N, 7) = [u(N)op,D(p™") - 7]

is a diffeomorphism. Composing this with the canonical identifications in (17) and
(66) we obtain

UxD(N) = Gr™¢(M)|y, (N,9)— (N, D(u(N))- o),

a chart for the smooth structure on Gr**®(M)|q.n, cf. (45). Hence, (66) is a
diffeomorphism.

(b) By assumption there exists a diffeomorphism ¢: S — N such that D(p)-p = v.
Hence, Diff(/N) has good orbit at v € D(N) too. Composing local smooth sections
for the Diff(N) action on Diff(N) - v with a local smooth section of (7) we obtain
local smooth sections for the G action on Gy - v.

(¢) Combining (b) with Lemma 4.2 we see that G- (N,v) — G- N is a smooth fiber
bundle. According to Lemma 3.1 Grg‘fﬁo(M ).y = G - N is a smooth fiber bundle

also. Suppose (N,7) € G - (N,v). Then the fiber over N of the former bundle,
G -, is open and closed in the fiber of the latter bundle, Diff(N) - 7 according to
(b). Hence, the left hand side in (67) is open and closed in the right hand side. This
inclusion is a diffeomorphism since both are initial splitting smooth submanifolds in
Cr™8(M)g.n and Gré®(M)|q.n, respectively, cf. Lemmas 3.1 and 4.2, and (66) is

a diffeomorphism.

(d) Since Diff(S) has good isotropy at pu, Diff(/N) has good isotropy at v too.
Hence, Diff (N, v) is a splitting Lie subgroup in Diff (V). Since G has good isotropy
at N, Gy is a splitting Lie subgroup in G. According to Lemma 2.7 the map
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Gy — Diff(N) is a smooth fiber bundle. As G(y,) is the preimage of Diff(V,v)
under this map, we conclude that Gy, is a splitting Lie subgroup of G and,
thus, a splitting Lie subgroup of G also. [ |
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