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Abstract. Let Γ be a discrete subgroup of a unimodular locally compact group G . M. Caspers
et al. [Local and multilinear noncommutative de Leeuw theorems, Math. Ann. 388 (2024) 4251–
4305] showed that the Lp -norm of a Fourier multiplier m : G → C on Γ can be bounded locally
by its Lp -norm on G , modulo a constant c(A) which depends on the support A of m|Γ . In the
context where G is a connected Lie group with Lie algebra g , we develop tools to find explicit
bounds on c(A) . We show that the problem reduces to:

(1) The adjoint representation of the semisimple quotient s = g/r of g by the radical r ⊆ g
(which was handled in the paper of M. Caspers et al. cited above).

(2) The action of s on a set of real irreducible representations that arise from quotients of the
commutator series of r .

In particular, we show that c(G) = 1 for unimodular connected solvable Lie groups.
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1. Introduction

For a unimodular locally compact group G , the the left regular representation L
of G on L2(G) , defined by (L(s)ψ)(t) = ψ(s−1t) , is unitary. For f ∈ L1(G) we
define L(f)ψ(s) =

∫
G
f(t)ψ(t−1s)µ(dt) by integration against the Haar measure µ .

The group von Neumann algebra L(G) := L(G)′′ then admits a unique normal
semi-finite faithful trace τ , which satisfies

τ(L(f)∗L(f)) = ⟨f, f⟩L2(G) (1)

for f ∈ L1(G) ∩ L2(G) . This gives rise to the Lp -norm ∥x∥p := τ(|x|p)1/p , and
the noncommutative Lp -space Lp(Ĝ) is defined as the completion of the space
{x ∈ L(G) ; ∥x∥p <∞} with respect to the norm ∥ . ∥p .
A continuous bounded function m : G→ C is a p-multiplier if there exists a bounded
linear map Tm : Lp(Ĝ) → Lp(Ĝ) such that TmL(f) = L(mf) for all f in the twofold
convolution product Cc(G)∗Cc(G) of the compactly supported continuous functions
[1, 4, 14]. If it exists, it is unique because the set {L(f) ; f ∈ Cc(G) ∗ Cc(G)} is
dense in Lp(G) .
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To justify the above notations and terminology, note that if G is abelian, then Lp(Ĝ)

coincides with the space of Lp -functions on the Pontryagin dual Ĝ of G . The map
Tm is then obtained by applying the Fourier transform from G to Ĝ , multiplying
with m , and then applying the inverse Fourier transform.
In general, the problem of determining whether a given function m is a Fourier
multiplier is quite nontrivial even in the commutative case [7, 8, 16]. In the non-
commutative case, recent progress was obtained in [6, 9, 10, 11, 12, 13], see also [3]
for a more extensive introduction to this topic.
In this connection, it is natural to study the relation between the Lp -norm

∥Tm : Lp(Ĝ) → Lp(Ĝ)∥

of a Fourier multiplier m : G→ C and the Lp -norm

∥Tm|Γ : Lp(Γ̂) → Lp(Γ̂)∥

of its restriction mΓ : Γ → C to a discrete subgroup Γ ⊆ G . It is a celebrated
theorem of DeLeeuw [15] that these two norms are the same for the inclusion Z ⊂ R .
In the noncommutative case, the following result in this direction was obtained in
[3], relying heavily on on techniques from [2].

Definition 1.1. Let G be a locally compact group with left Haar measure µ ,
and let F ⊆ G be a subset. For an open, relatively compact subset U ⊆ G , we
define

δF (U) :=
µ(∩g∈F gUg−1)

µ(U)
.

For an open neighbourhood basis V of the identity of G that consists of symmetric
sets U = U−1 , we define δF (V) := lim infU∈V δF (U) . Then δF is defined as
the supremum of δF (V) over all open, symmetric neighbourhood bases V of the
identity.
For a subset A ⊆ G , we further define

c(A) := inf{δ
1
2
F ; F ⊆ A,F finite}. (2)

We then have the following bound on ∥Tm|Γ :Lp(Γ̂)→Lp(Γ̂)∥ in terms of c(supp(m|Γ))
[3, Theorem A].

Theorem 1.2 (Local noncommutative De Leeuw Theorem). Let G be a unimodular
second countable locally compact group, and let m : G→ C be a bounded, continuous
function. Then for every 1 ≤ p <∞ we have

c(supp(m|Γ)) · ∥Tm|Γ : Lp(Γ̂) → Lp(Γ̂)∥ ≤ ∥Tm : Lp(Ĝ) → Lp(Ĝ)∥. (3)

The strength of this result is that the constants δF , and hence the constants c(A) ,
can be determined explicitly in many interesting situations. For real reductive Lie
groups G (which are automatically unimodular), the following explicit bound on δF
was obtained in [3, Theorem B]. It results in nontrivial bounds for (3) in the local
case, where m : G→ C is compactly supported.
Let g be the Lie algebra of G , let Ad: G→ GL(g) be the adjoint representation, and
let Bθ(x, y) = −B(x, θy) be the inner product derived from the invariant bilinear
form B and the Cartan involution θ .
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Theorem 1.3 (Reductive groups). Let G be a real reductive Lie group, and let
F ⊆ G be a relatively compact, symmetric subset that contains the identity. Then

δF ≥ ρ−d/2, (4)
where ρ := supg∈F ∥Adg∥ is the maximal norm of F in the adjoint representation
with respect to the inner product Bθ , and d is the maximal dimension of a nilpotent
adjoint orbit.

The aim of the present paper is to develop methods for bounding δF for connected
Lie groups G beyond the class of reductive Lie groups. In view of Theorem 1.2,
this immediately translates to bounds on the Lp norm of a Fourier multiplier m|Γ
for discrete subgroups Γ ⊆ G . We show that c(G) = 1 for unimodular connected
solvable Lie groups (Corollary 5.5). More generally, for an arbitrary connected
Lie group G , we decompose δF into a bound that depends only on the adjoint
representation of the Levi subalgebra s ⊆ r (where Theorem 1.3 applies), and
bounds that arise from the decomposition of the radical r ⊆ g into irreducible
representations for the Levi factor s . We describe the remaining open problems,
and indicate a direction of further research.
Acknowledgements. We would like to thank the anonymous referee for the careful
reading, and for valuable suggestions.

2. Linearization
Let G be a Lie group, and let (π, V ) be a continuous representation of G on a
finite-dimensional real vector space V . We denote the Lebesgue measure on V by
Λ . A subset F ⊆ G is called symmetric if F = F−1 , and U ⊆ V is called symmetric
if U = −U . The following is a linearized version of Definition 1.1.
Definition 2.1. For a relatively compact subset F ⊆ G and a relatively compact
open neighbourhood U ⊆ V of 0 ∈ V , we define

δVF (U) :=
Λ
(
∩g∈F π(g)(U)

)
Λ(U)

. (5)

For a neighbourhood basis V of 0 ∈ V that consists of symmetric open sets, we set
δVF (V) := lim infU∈V δ

V
F (U), and we define δVF to be the supremum of δVF (V) over all

such neighbourhood bases.

According to the following minor generalization of [3, Prop. 8.5], it suffices to
consider the above linearized version of δF for the adjoint representation.
Proposition 2.2 (Linearization). For a Lie group G, we have δF = δgF for the
adjoint representation g of G.
Proof. Since the exponential map exp: g → G is a local diffeomorphism around
zero, we may assume without loss of generality that the sets UG ⊆ G in the
neighbourhood basis VG for 1 ∈ G correspond to sets Ug ⊆ g in a neighbourhood
basis Vg for 0 ∈ g by UG = exp(Ug) , and that the restriction exp: Ug → UG is
a diffeomorphism. Since the exponential map is G-equivariant (so exp ◦Adg(x) =
g exp(x)g−1 for all g ∈ G and x ∈ g), we have

µ(∩g∈F gUGg
−1)

µ(UG)
=

µ ◦ exp(∩g∈FAdg(Ug))

µ ◦ exp(Ug)
.

It remains to compare µ◦exp to the Lebesgue measure on small zero-neighbourhoods.
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Let volG be a left invariant volume form on G such that µ(U) =
∫
U
volG for open

relatively compact subsets U ⊆ G , and let volg be a translation invariant volume
form on g such that exp∗ volG|0 = volg|0 at the origin. Then exp∗ volG = νvolg for
a smooth function ν : g → R with ν(0) = 1 . (In fact, ν(x) = det(DL

x exp) is the
determinant of the left logarithmic derivative

DL expx =
Idg − exp(−adx)

adx

of the exponential map [3, Prop. 8.5], but we will not need this fact here.) Since
ν is smooth on g , there exists a radius R > 0 and a constant C > 0 such that
|ν(x) − 1| ≤ C∥x∥ for all x in the ball BR(0) of radius R around zero. If Ug is
contained in Bε(0) with 0 < ε < R , we then have

(1− ε)Λ(W ) < µ ◦ exp(W ) ≤ (1 + ε)Λ(W )

for all open W ⊆ Ug . It follows that(
1− ε

1 + ε

)
Λ(∩g∈FAdg(Ug))

Λ(Ug)
≤ µ ◦ exp(∩g∈FAdg(Ug))

µ ◦ exp(Ug)
≤
(
1 + ε

1− ε

)
Λ(∩g∈FAdg(Ug))

Λ(Ug)
.

Since any ball Bε(0) contains an open set Ug from V , the result follows.

3. Trivial bounds and the Reduction Lemma
After proving a trivial bound on δVF , we prove a Reduction Lemma that bounds δVF
in terms of δWF and δ

V/W
F for every subrepresentation W ⊆ V . If G is a connected

Lie group with Lie algebra g , then every ideal h ⊆ g is a subrepresentation of the
adjoint representation. In particular, the Reduction Lemma can be used to bound
δgF in terms of δhF and δ

g/h
F .

3.1. The trivial bound
We equip V with an inner product, and define

ρ := sup
g∈F

∥π(g)∥. (6)

We then obtain the following trivial bound on δVF .

Proposition 3.1 (Trivial bound). For every relatively compact, symmetric subset
F ⊆ G, we have

δVF ≥ ρ−dim(V ). (7)

Proof. Let V be the neighbourhood basis consisting of open balls Br(0) of radius
r . Since π(g)(Br(0)) ⊆ Bρr(0) , we have Br(0) ⊆ π(g−1)Bρr(0) for all g ∈ F . Since
F is symmetric (F = F−1 ), we have Br(0) ⊆

⋂
g∈F π(g)Bρr(0) , and

Λ
(⋂

g∈F π(g)Br(0)
)

Λ(Br(0))
≥

Λ(Br/ρ(0))

Λ(Br(0))
= ρ−dim(V )

as required.
Remark 3.2. Note that unlike the quantity δVF , the bound (7) depends on the
choice of inner product.
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If A is a symmetric, relatively compact subset of a Lie group G , then the constant
c(A) from (2) satisfies c(A) ≥ ρ−

1
2
dim(g) for ρ = supg∈A ∥Adg∥ . In particular, this

shows that if m is compactly supported, the bound (3) is not vacuous.

3.2. The Reduction Lemma
If a subrepresentation W ⊆ V admits a complementary G-representation (so that
V decomposes as V = W ⊕W ′ ), then it is not hard to see that

δVF ≥ δWF δ
V/W
F .

By the following lemma, this remains true even if W is not complemented as a
G-representation.

Lemma 3.3 (Reduction Lemma). Let F ⊆ G be a relatively compact, symmetric
subset. Let W ⊆ V be a subrepresentation, and let VV/W and VW be open
neighbourhood bases of the origin in V/W and W , respectively. Then there exists
an open neighbourhood basis V of the origin in V such that

δVF (V) ≥ δ
V/W
F (VV/W )δWF (VW ), (8)

and such that VV is symmetric if VV/W and VW are symmetric.

We introduce some notation that will be useful in the proof. For a real representation
(π, Vπ) and an open subset A ⊆ Vπ , we set AF :=

⋂
g∈F

(
π(g)(A)

)
. Further, we

choose an inner product on Vπ and set

Ar :=
⋂

x∈Br(0)

(A+ x),

where Br(0) is the ball of radius r around 0 . Note that A =
⋃

r>0A
r since A is

open, so we find
lim
r↓0

Λ(Ar) = Λ(A). (9)

More generally, for relatively compact subsets F ⊆ G we have:

Proposition 3.4. limr↓0 Λ((A
r)F ) = Λ(AF ).

Proof. Since π(g)Br(0) ⊆ Bρr(0) for all g ∈ F , we have

(Ar)F =
⋂
g∈F

⋂
x∈Br(0)

π(g)(A+ x) =
⋂

x∈Br(0) and g∈F

π(g)(A) + π(g)x

⊇
⋂

y∈Bρr(0)

⋂
g∈F

π(g)(A) + y = (AF )ρr.

Since (AF )ρr ⊆ (Ar)F ⊆ AF , equation (9) yields limr↓0 Λ((A
r)F ) = Λ(AF ) .

Proof of Lemma 3.3. Fix an inner product on V , and identify W⊥ with V/W
by means of the quotient map. For UW ∈ VW , UV/W ∈ VV/W and ε > 0 , we set

Uε := UW × εUV/W ⊆ W × V/W ≃ V.
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Let PW and PW⊥ be the orthogonal projections onto W and W⊥ , respectively. For
w ∈ W and w′ ∈ W⊥ , we then have

π(g)(w ⊕ εw′) = (πW (g)w + εPWπ(g)w
′)⊕ εPW⊥π(g)w′ (10)

in W ⊕W⊥ .
Without loss of generality, we may assume that UV/W is contained in a ball of
radius 1 . Let r := ερ , where ρ := supg∈F ∥π(g)∥ as before. For w ∈ ((UW )r)F

and w′ ∈ UF
V/W , we then have π(g)w ∈ (UW )r and ∥εPWπ(g)w

′∥ ≤ ερ , so the
first component of (10) is contained in UW . Since [PW⊥π(g)w′] = πV/W (g)([w′]) in
V/W , the second component of (10) is contained in εUV/W . It follows that

π(g)
(
((UW )r)F × εUF

V/W

)
⊆ UW × εUV/W

for all g ∈ F . Since F is symmetric, we conclude that

((UW )r)F × εUF
V/W ⊆

⋂
g∈F

π(g)(UW × εUV/W ) = UF
ε .

So Λ(UF
ε )

Λ(Uε)
≥

εΛ
((
(UW )r

)F )
Λ(UF

V/W )

εΛ(UW )Λ(UV/W )
,

and since limr↓0 Λ((UW )r)F = Λ(UF
W ) by Proposition 3.4, we conclude that

lim inf
ε↓0

δVF (Uε) ≥ δWF (UW )δ
V/W
F (UV/W ). (11)

The neighbourhood basis VV is constructed as follows. Select for every n ∈ N
an open set Un

W ∈ VW that is contained in a ball of radius 1/n , and such that
Un
W ⊆ Un−1

W for n > 1 . Select Un
V/W in a similar fashion, and select 0 < εn ≤ 1 such

that εn ≤ εn−1 for n ∈ N , and

δVF (Uεn) ≥ (1− 1
n
)δWF (Un

W )δ
V/W
F (Un

V/W ).

Then VV = {Un
W × εnU

n
V/W ; n ∈ N} is a symmetric neighbourhood basis of 0 ∈ V

that satisfies (8).

3.3. Connected Lie groups
Let G be a connected Lie group with Lie algebra g . Let r ⊆ g be the radical of g ,
i.e. the maximal solvable ideal. Then r integrates to a closed, connected, normal Lie
subgroup R ⊆ G , and the semisimple quotient S := G/R has Lie algebra s := g/r
[17, Thm. 3.18.13].
Let F ⊆ G be a relatively compact, symmetric subset. Using the Reduction
Lemma 3.3, we obtain a bound

δgF ≥ δs[F ]δ
r
F (12)

with two types of contributions. Since R ⊆ G acts trivially on s = g/r , the adjoint
action of G on s factors through the adjoint representation of S = G/R . The first
factor δs[F ] therefore depends only on the adjoint representation of S , and on the
image [F ] ⊆ S of F ⊆ G under the quotient map G → S . Since S is semisimple,
the factor δs[F ] can be bounded using Theorem 1.3.
In the remainder of this paper we therefore focus on the second factor δrF , which
depends only on the adjoint action of G on the subrepresentation r ⊆ g .
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4. Solvable Lie groups and Lie algebras
Let G be a connected Lie group that acts by automorphisms on a solvable Lie
algebra r , and let F ⊆ G be a relatively compact, symmetric subset. We use
the structure theory of solvable Lie algebras to further decompose δrF into factors
that depend only on the semisimple quotient S = G/R . The main tool for this
is Lemma 4.6, an extension of the Reduction Lemma 3.3 that allows us to shift
characters from a subrepresentation W ⊆ V to the quotient V/W . We apply this
to the G-representation r , whose subrepresentations are essentially given by Lie’s
Theorem.

4.1. Lie’s Theorem for real solvable Lie algebras
In order to set notation, we briefly review Lie’s Theorem for the adjoint representa-
tion of a solvable Lie algebra.

4.1.1. Root spaces. For a Lie algebra r , the commutator series is defined induc-
tively by r0 := r , and rk+1 := [rk, rk] for k > 0 . We say that r is r -step solvable if
rr = {0} , in which case we have a finite filtration

r = r0 ⊃ r1 ⊃ . . . ⊃ rr−1 ⊃ rr = {0}. (13)

Since rk is an ideal in r [17, Thm. 3.7.1], we obtain a representation (πk, V k) of r
by setting V k := rk/rk+1 , and defining πk : r → End(V k) by

πk(x)([v]) := [adx(v)] (14)

for x ∈ r and [v] ∈ V k . Note that rk acts trivially on rk/rk+1 , so the representation
πk : r → End(V k) factors through the quotient r/rk . In particular, (π0, V 0) is the
trivial representation.
Let (π, V ) be any representation of r , and let λ ∈ r∗ . If

Vλ := {v ∈ V ; π(x)v = λ(x)v for all x ∈ r} (15)

is nonzero, then λ is called a weight of V , and Vλ is called a weight space. Since
every weight λ : r → C is a Lie algebra homomorphism into an abelian Lie algebra,
it vanishes on [r, r] , and we can identify the set of weights with a subset W (V ) of
(r/[r, r])∗ . The weights of (V k, πk) are called the roots of order k . We denote the
set of kth order roots by Φk(r) := W (V k) , and we define

Φ(r) := {(k, λ) ; k ∈ {0, . . . , r − 1}, λ ∈ Φk(r)} (16)

to be the set of all roots, labelled by k . (This is because the same root λ can occur
in different representations V k ̸= V k′ .)

4.1.2. Automorphisms. Let G be a (not necessarily connected) Lie group with
Lie algebra g , let r be a solvable Lie algebra, and let α : G× r → r be a continuous
action of G on r by automorphisms. We write αg(x) for the action of g ∈ G on
x ∈ r . The automorphisms αg of r restrict to automorphisms on rk and rk+1 , so
that V k = rk/rk+1 is a G-representation, which we denote by πk

G : G→ GL(V k) . If
λ ∈ Φk(r) is a root of order k , and V k

λ is its weight space, then λ ◦ αg−1 is a root
of order k as well, and πk

G(g) maps V k
λ to V k

λ◦αg−1
.
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Indeed, for [v] ∈ V k
λ and x ∈ r , we have

adx

(
πk
G(g)([v])

)
= adx([αg(v)]) = [αg([αg−1(x), v])]

= λ
(
αg−1(x)

)
[αgv] = λ ◦ αg−1(x)

(
πk
G(g)([v])

)
.

Since the action of G on the discrete set Φk(r) ⊆ (r/[r, r])∗ of roots is continuous,
the connected identity component G0 fixes the weights, and every V k

λ is a G0 -
subrepresentation, which we denote by πk

λ : G0 → GL(V k
λ ) .

4.1.3. Lie’s Theorem for the adjoint representation. Let r be a solvable real
Lie algebra, and let rC := r⊗R C be its complexification.

Theorem 4.1 (Lie’s Theorem (Thm. 3.7.3 in [17])). Every finite dimensional
complex representation (V, π) of rC has a weight space.

We will need the following slight reformulation of Lie’s Theorem in the particu-
lar context of the adjoint representation. Although it follows directly from Lie’s
Theorem, it is instructive to give a direct proof.

Theorem 4.2 (Lie’s Theorem, special case). The rC -representation V k = rkC/r
k+1
C

decomposes as a direct sum of weight spaces,

V k =
⊕

λ∈Φk(rC)

V k
λ . (17)

Proof. Suppose that rC is r -step solvable. If r = 1 , then the statement holds
because the action of rC on V 0 is trivial. Suppose by induction that the statement
holds for all Lie algebras that are (r − 1)-step solvable. Then V 0 is trivial, and for
k ≥ 1 , the space V k decomposes into weight spaces

V k =
⊕

µ∈Φk−1(r1C)

V k−1
µ (18)

as an r1C -representation, because V k(rC) = rkC/r
k+1
C is identical to V k−1(r1C) =

(r1C)
k−1/(r1C)

k , and r1C is (r − 1)-step solvable. Let R ⊆ Aut(r) be the closed
subgroup of GL(r) generated by exp(r) . Since R is connected and acts on r1C by
automorphisms, it respects the weight space decomposition (18). In particular, the
weight spaces V k−1

µ are subrepresentations of the rC -representation (πk, V k) . Since
the commutator

[πk(x)|V k−1
µ

, πk(y)|V k−1
µ

] = µ([x, y])IdV k−1
µ

has zero trace for all x, y ∈ r , we conclude that µ ∈ (r1C)
∗ is identically zero. So

V k(rC) = V k−1(r1C) is trivial as an r1C -representation, and the rC -representation
(πk, V k) factors through rC/r

1
C . Because this is an abelian Lie algebra, V k decom-

poses into root spaces V k
λ for a set of kth order roots λ ∈ (rC/[rC, rC])

∗ .

Since rC is the complexification of the real Lie algebra r , the complex conjugation
λ(x) := λ(x) permutes the kth order roots, and we have V k

λ = V k
λ

for the weight
spaces of the rC -representation V k(rC) = rkC/r

k+1
C . It follows that the real r-

representation V k(r) = rk/rk+1 does not necessarily decompose into weight spaces.
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Rather, the isotypical components are

Uk
λ :=

(
V k
λ ⊕ V k

λ

)
∩ (rk/rk+1) if λ ̸= λ, (19)

Uk
λ := V k

λ ∩ (rk/rk+1) if λ = λ. (20)

The real r-representation V k(r) = rk/rk+1 then decomposes as

V k(r) =
⊕

{λ,λ}⊆Φk(rC)

Uk
λ . (21)

4.2. Shifting characters
In order to take full advantage of the decomposition (21), we will need a gener-
alization of the Reduction Lemma 3.3 that allows us to shift characters from a
subrepresentation W ⊆ V to the quotient V/W .

4.2.1. Motivating example. The motivating example is the representation (π,R2)
of G = (R>0, · ) defined by

π(a) =

(
a 0
0 a−1

)
.

Here, the bound δR
2

F ≥ ρ−2 obtained from the Reduction Lemma is clearly subopti-
mal. Indeed, intersecting the neighbourhood π(G)Bε(0)= {(x, y)∈R2; |xy| < 1

2
ε2}

with the relatively compact square CR = {(x, y) ∈ R2 ; |x| < R, |y| < R} with sides
R ≫ ε , one obtains open neighbourhoods UR,ε = CR ∩ (π(G)Bε(0)) with volume

Λ(UR,ε) = 2ε2
(
1 + log

(
2R2

ε2

))
that satisfy

⋂
g∈F π(g)UR,ε ⊇ UR/ρ,ε . For R =

√
ε , the neighbourhood basis consist-

ing of U√
ε,ε then yields the sharp bound

δR
2

F ≥ lim
ε↓0

Λ(Uρ−1
√
ε,ε)

Λ(U√
ε,ε)

= lim
ε↓0

2ε2(1 + log( 2ε
ρ2ε2 ))

2ε2(1 + log( 2εε2 ))
= 1.

4.2.2. Neighbourhoods of logarithmic volume. Now let V1 and V2 be real
vector spaces of dimension d1 and d2 , respectively, and let U ⊆ V1 and V ⊆ V2
be relatively compact open subsets. Mimicking the above construction, we define
U ×R1,R2,ε V ⊆ V1 × V2 for ε ≤ Rd1

1 R
d2
2 by

U ×R1,R2,ε V := {(αu, βv) ; u ∈ U, v ∈ V, |α| ≤ R1, |β| ≤ R2, |αd1βd2 | ≤ ε}. (22)

These sets are almost invariant under the R>0 -action on U ×V which is defined by
µ · (u, v) := (µ

1
d1 u, µ

− 1
d2 v) in the following sense. For a symmetric set F ⊆ R>0 ,

we set D := supµ∈F |µ| . Then µ · (U ×R1,R2,ε V ) ⊆ U ×D1/d1R1,D1/d2R2,ε
V for all

µ ∈ F ⊆ R+ , with the same ε on both sides.

Definition 4.3. A subset U of a real vector space is balanced if αU ⊆ U for all
real numbers α with |α| ≤ 1 .

Lemma 4.4. If U and V are balanced, then the inequality |αd1βd2| ≤ ε in (22)
can be replaced by |αd1βd2| = ε.
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Proof. If αd1 ≤ ε/Rd2
2 , then (αu, βv) = (α̃ũ, β̃ṽ) with α̃ = (ε/Rd2

2 )1/d1 , β̃ = R2 ,
ũ = (α/α̃)u and ṽ = (β/β̃)v . Then ũ ∈ U and ṽ ∈ V because U and V are
balanced, |α̃| ≤ R1 because ε ≤ Rd1

1 R
d2
2 , and |α̃d1 β̃d2| = ε by definition.

If αd1 ≥ ε/Rd2
2 , then (αu, βv) = (αu, β̃ṽ) for β̃ = (ε/αd1)1/d2 and ṽ = (β/β̃)v .

Then ṽ ∈ V because V is balanced and (β/β̃)d2 = αd1βd2/ε ≤ 1 , and |β̃| ≤ R2

because αd1 ≥ ε/Rd2
2 .

Lemma 4.5. If U and V are balanced and 0 < ε < Rd1
1 R

d2
2 , then

Λ(U ×R1,R2,ε V ) = ε
(
1 + log

(
Rd1

1 Rd2
2

ε

))
Λ(U)Λ(V ).

Proof. Scaling V1 by R1 and V2 by R2 , we find
Λ(U ×R1,R2,ε V ) = Rd1

1 R
d2
2 v(ε/R

d1
1 R

d2
2 ), (23)

where v(ε) := Λ(U ×1,1,ε V ) . For an ascending sequence ε = αd1
0 < . . . < αd1

N = 1
and the corresponding descending sequence βd2

i = ε/αd1
i , we find

AN ⊆ U ×1,1,ε V ⊆ BN ,

where AN =
⋃N−1

n=0 (αnU)×(βn+1V ) and BN =
⋃N−1

n=0 (αn+1U)×(βnV ) . (The second
inclusion uses that both U and V are balanced). To find an underestimate for v(ε) ,
write AN as the disjoint union

AN = (α0U)× (β1V ) ⊔
N−1⊔
n=0

(αn+1U \ αnU)× (βn+1V ).

Since U is balanced, αnU ⊆ αn+1U , so that

Λ(AN) = Λ(U)Λ(V )
(
αd1
0 β

d2
1 +

N−1∑
n=0

βd2
n+1(α

d1
n+1 − αd1

n )
)
.

Setting xn = αd1
n and y(x) = ε

x
, one sees that as the subdivision becomes finer,

this converges to Λ(U)Λ(V )(ε +
∫ 1

ε
ε
x
)dx . Since the upper bound from BN gives

the same result, we have v(ε) = ε(1 + log(1
ε
))Λ(U)Λ(V ) , which combined with (23)

yields the desired result.

4.2.3. Rescaling representations by a character. Let G be a Lie group, and
(π, V ) a real representation of dimension d . Let χ : G → R+ be a character. Then
πχ(g) := χ1/d(g)π(g) is again a representation, and

det(πχ(g)) = χ(g)det(π(g)).

The following lemma allows one to split a representation (π, V ) into a subrepresen-
tation W ⊆ V and a quotient V/W , and simultaneously twist πW and πV/W by a
character χ in opposite directions.
Lemma 4.6 (Shifting characters). Let W ⊆ V be a (real) subrepresentation, and
let VW and VV/W be open neighbourhood bases in W and V/W consisting of balanced
sets. Let F ⊆ G be a relatively compact, symmetric subset. Then

δπF ≥ δ
πχ−1

W
F (VW ) · δ

πχ
V/W

F (VV/W ) (24)
for any continuous character χ : G→ R+ .
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Proof. Choose an inner product on V , and identify V/W with W⊥ ⊆ V .
Then let d1 = dim(W ) and d2 = dim(V/W ) . Define ρ := supg∈F ∥π(g)∥ and
D := supg∈F |χ(g)| .
Let U ∈ VU , let V ∈ VV/W , and suppose that both are contained in a ball with
radius 1. Let (αu, βv) be an element of (Ur)

F ×R1,R2,ε V
F for

r = ρR
1+

d2
d1

2 (D/ε)1/d1 . (25)

Then π(g)

(
αu
βv

)
=

(
α′πχ−1

W (g)u+ βPWπ(g)v
β′πχ

V/W (g)v

)
(26)

with α′ = αχ1/d1(g) and β′ = βχ(g)−1/d2 , and PW the orthogonal projection onto
W . If α ̸= 0 , this can be written as (α′u′, β′v′) for

v′ = πχ
V/W (g)v, and u′ = πχ−1

W (g)u+
β

α′ PWπ(g)v.

Note that since v ∈ V F , we have v′ ∈ V . To see that u′ ∈ U , note that since
u ∈ (Ur)

F we have πχ−1

W (g)u ∈ Ur . Further, ∥PWπ(g)w∥ ≤ ρ . Since U is balanced,
Ur is balanced as well. By Lemma 4.4, we may assume that |αd1βd2| = ε . Then

|β|
|α|

≤ (1/ε)1/d1R
1+

d2
d1

2 ,

and |β|
|α′| ≤ (D/ε)1/d1R

1+
d2
d1

2 . Putting this together, we find ∥ β
α′PWπ(g)v∥ ≤ r for

r as above, and we conclude that u′ ∈ U . Since |α′d1β′d2| = |αd1βd2| = ε and
|α′| ≤ D1/d1R1 =: R′

1 , and |β′| ≤ D1/d2R2 =: R′
2 , we conclude that

π(g)
(
(Ur)

F ×R1,R2,ε V
F
)
⊆ U ×R′

1,R
′
2,ε
V

for all g ∈ F , and hence, since F is symmetric,

(U ×R′
1,R

′
2,ε
V )F ⊇ (Ur)

F ×R1,R2,ε V
F .

By Lemma 4.5, it follows that

δVF (U ×R′
1,R

′
2,ε
V ) ≥

Λ
(
(Ur)

F ×R1,R2,ε V
F
)

Λ
(
U ×R′

1,R
′
2,ε

V
) (27)

=
Λ
(
(Ur)

F
)

Λ(U)
· Λ(V

F )

Λ(V )
·
ε

(
1 + log

(
R

d1
1 R

d2
2

ε

))
ε
(
1 + log

(
R′

1
d1R′

2
d2

ε

)) .
We choose R1(ε) and R2(ε) such that R1(ε) ↓ 0 and R2(ε) ↓ 0 as ε ↓ 0 , for
example by setting R1(ε) = εa and R2(ε) = εb with a, b > 0 . Further, we can
achieve r(ε) ↓ 0 for

r(ε) = ρD1/d1 R2(ε)
1+

d2
d1

ε1/d1
,

by choosing b > 1/(d1 + d2) . The first factor in (27) then converges to the constant

δ
πχ−1

W
F (U) = Λ(UF )/Λ(U) . The second factor is δ

πχ
V/W

F (V ) .
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For the third factor, we can achieve

Rd1
1 (ε)R2(ε)

d2

ε
→ ∞

for ε ↓ 0 by choosing a > 0 such that d1a + d2b < 1 . The third factor in (27)
then converges to 1 , because R′

1
d1R′

2
d2 differs from R1

d1R2
d2 by a multiplicative

constant D2 . Note that the inequalities a > 0 , d1a + d2b < 1 and b > 1
d1+d2

do
admit solutions.

5. Connected Lie groups
If G is a connected Lie group and (π, V ) is a finite dimensional real G-representa-
tion, then the character χ(g) = det(π(g)) takes values in R>0 .

Definition 5.1 (Rescaled representations). We denote by π(g) := det
(
π(g)

)− 1
dπ(g)

the representation on V that is rescaled to have determinant 1.

Definition 5.2. We denote by δVF the supremum of δ(π,V )
F (V) over all balanced

open neighbourhood bases of 0 ∈ V .
Note that if (π, V ) has determinant 1, then δVF ≥ δVF . From Lemma 4.6, we
immediately obtain the following splitting theorem:

Lemma 5.3 (Rescaled splitting). Let G be a connected Lie group, and W ⊆ V
a subrepresentation of the (real) representation (π, V ). Then

δVF ≥ δWF · δV/WF . (28)

5.1. Connected solvable Lie groups
Recall that a connected Lie group R is solvable if and only if its Lie algebra r is
solvable [17, Theorem 3.18.8]. From the above rescaled splitting lemma, it is not
hard to see that δVF = 1 for connected solvable Lie groups.

Theorem 5.4. Let R be a connected Lie group with solvable Lie algebra r, and
let F ⊆ R be a relatively compact, symmetric subset. Then δVF = 1 for any real
representation (π, V ).

Proof. We proceed by induction on d = dimR(V ) . For d = 1 , the statement
holds because π is the trivial representation. Suppose the statement holds for all
representations of dimension less than d . By Lie’s Theorem, the complexification
VC = V ⊗R C admits a nonzero vector vλ and a weight λ : r → C such that
dπ(x)vλ = λ(x)vλ for all x ∈ r . Since R is connected and since the infinitesimal
action of r on CP(V ) has [vλ] ∈ CP(V ) as a fixed point, the action of R on CP(V )
fixes the ray [vλ] = {zvλ ; z ∈ C×} . The homomorphism λ therefore integrates to
a character eλ : R → C× , and π(g)vλ = eλ(g)vλ for all g ∈ R . Let Uλ ⊆ V be the
real subrepresentation spanned by the real vectors 1

2
(vλ + vλ) and 1

2i
(vλ − vλ) , and

let χ(g) := |eλ(g)| . If vλ is real, then Uλ is 1-dimensional, and the representation
(eλ, Vλ) becomes trivial when rescaled to have determinant 1 . If vλ is not real,
then Uλ is 2-dimensional, and the real representation eλ(g) = χ(g)−1eλ(g) (rescaled
to have determinant 1) acts by rotations. Either way, Uλ admits an invariant
neighbourhood basis for the rescaled representation, so δUλ

F = 1 .
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Since the quotient representation (πV/W , V/Uλ) is of dimension less than d , it too
has δV/Uλ

F = 1 . So δVF ≥ 1 by Lemma 5.3.
Since a connected Lie group is unimodular if and only if the adjoint representation
has determinant one, we have 1 ≥ δrF ≥ δrF , and the following result is an immediate
consequence.
Corollary 5.5. If R is a connected, unimodular Lie group with solvable Lie
algebra r, then δFr = 1 for any relatively compact, symmetric subset F ⊆ R .

From Theorem 1.2, it then follows that

∥Tm|Γ : Lp(Γ̂) → Lp(Γ̂)∥ ≤ ∥Tm : Lp(R̂) → Lp(R̂)∥ (29)

for any discrete subgroup Γ of a connected, solvable Lie group R .
This is in agreement with results obtained earlier in [2]; since every solvable Lie
group is amenable [5], and since every discrete subgroup Γ of an amenable group
is amenable, it follows from [2, Theorem 8.7] that R has small almost-invariant
neighbourhoods with respect to Γ , and (29) follows from [2, Theorem A].

5.2. Connected Lie groups
We end with some remarks on δgF for a connected unimodular Lie group G with Lie
algebra g . Let r ⊆ g be the radical of g , i.e. the maximal solvable ideal. Then r
integrates to a closed, connected, normal Lie subgroup R ⊆ G , and the semisimple
quotient S := G/R has Lie algebra s := g/r [17, Thm. 3.18.13].
Let F ⊆ G be a relatively compact, symmetric subset. Using the Reduction
Lemma 3.3 on the G-subrepresentation r ⊆ g , we obtain a bound

δgF ≥ assarad (30)

with two types of contributions: the ‘semisimple’ contribution ass = δ
g/r
F and the

contribution arad = δrF from the radical.
5.2.1. The semisimple contribution ass from s = g/r. The factor ass := δ

g/r
F

depends only on the semisimple quotient S . Indeed, since the adjoint action of r on
s = g/r is trivial, the action of G on s is trivial on the connected subgroup R , and
the representation of G on g/r factors through the adjoint representation of S . It
follows that ass is equal to δs[F ] for [F ] ⊆ S . Let B be the Killing form on s , and
θ a Cartan involution. By [3, Theorem 8.1], we have

ass ≥ ρ
−d/2
S , (31)

where ρS = sups∈[F ] ∥Ads∥ is the maximal norm of s ∈ [F ] ⊆ S in the adjoint
representation, with respect to the inner product Bθ(x, y) = −B(x, θ(y)) . The
exponent d is the maximal dimension of a nilpotent orbit in s . Note that d is an even
integer, since the adjoint orbit in a semisimple Lie algebra is a symplectic manifold.
In terms of the Lie algebra s , it can be expressed as d = dimR(s)−minx∈NdimR(sx) ,
where the second term is the minimal dimension of the stabilizer sx , where x runs
over the nilpotent cone N ⊆ s [3, Remark 8.2].
5.2.2. The contribution arad from the radical. Since G is unimodular, the
adjoint representation (AdG, g) has determinant 1. As the semisimple quotient
S = G/R is unimodular as well, the adjoint representation (AdS, s) of S also has
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determinant 1. It follows that the restriction (π, r) of the adjoint G-representation
to the radical r ⊆ g has determinant 1 as well, so that arad = δrF ≥ δrF .
Recall from §4.1.3 that the real G-representation V k(r) = rk/rk+1 decomposes as

V k(r) =
⊕

{λ,λ}⊆Φk(rC)

Uk
λ , (32)

where Uk
λ is a real form of the complex representation V k

λ if λ is real, and Uk
λ ≃ V k

λ

as a real representation otherwise. From Lemma 5.3, we immediately obtain the
following result.
Lemma 5.6. Let F ⊆ G be a relatively compact, symmetric subset. Then

δrF ≥
r−1∏
k=0

∏
{λ,λ}⊆Φk(rC)

δ
Uk
λ

F . (33)

Proof. Since rk/rk+1 =
⊕

{λ,λ}⊆Φk(rC)
Uk
λ , Lemma 5.3 yields

δ
rk/rk+1

F ≥
∏

{λ,λ}⊆Φk(rC)

δ
Uk
λ

F . (34)

The result then follows by applying Lemma 5.3 to the subrepresentations rk/rk+1 of
r/rk+1 repeatedly for k = 2, . . . , r − 1 .
If λ is real, then the maximal solvable subgroup R ⊆ G acts on the real subspace
Uk
λ = V k

λ ∩ V k(r) by the real character eλ : R → R>0 . The rescaled representation
πk
λ of G is therefore trivial on R ⊆ G , and factors through a real representation of

the semisimple quotient S = G/R .
If λ is not real, then R acts on Uk

λ = V k
λ by the (complex) character eλ : R → C× ,

and the restriction of πk
λ to R ⊆ G factors through a homomorphism χλ : R → U(1) .

In fact, χλ is trivial on the commutator subgroup [R,R] because λ vanishes on [r, r] ,
so it factors through a compact quotient of the abelianization R/[R,R] of R . Since
G is connected, it acts trivially on the weight λ , and hence on the character χλ . It
follows that χλ(grg

−1) = χλ(r) for all r ∈ R and g ∈ G . The representation πλ of
G on Uk

λ therefore factors through the central extension
S♯
λ := G×χλ

U(1), (35)
the quotient of G × U(1) by the closed, normal subgroup {(r−1, χλ(r)) ; r ∈ R}
isomorphic to R . Note that

1 → U(1) → S♯
λ → S → 1 (36)

is a central extension of the semisimple Lie group S by the abelian Lie group U(1) ,
and hence a real reductive Lie group. The relevant subset of S♯

λ is the image
[F ] = {[g, 1] ; g ∈ F} of F × {1} under the quotient map, and the factors δ

Uk
λ

F

in (33) come from the representation of S♯
λ on Uk

λ .

Remark 5.7. In fact, the central extension (36) splits at the Lie algebra level by
the second Whitehead Lemma. It follows that S♯

λ can be expressed in terms of the
simply connected cover S̃ and a character φλ : π1(S) → U(1) by

S♯
λ = S̃ ×ϕλ

U(1),

the quotient of S̃ × U(1) by the normal subgroup {([γ]−1, φλ([γ])) ; [γ] ∈ π1(S)} .
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The inclusion s ↪→ g of Lie algebras integrates to a Lie group homomorphism
φ : S̃ → G , and the restriction of φ to π1(S) takes values in R . In terms of χλ and
φ , the character φλ is given by φλ = χλ ◦ φ|π1(S) .

Remark 5.8. If we consider Uk
λ = V k

λ as a complex representation for λ ̸= λ , and
consider only neighbourhood bases that consist of complex balanced open subsets
(so αU ⊆ U for all complex numbers α with |α| ≤ 1), then the U(1)-action is
immaterial. So at the cost of restricting attention from R-balanced neighbourhoods
to C-balanced neighbourhoods, the real reductive Lie groups S♯

λ can be replaced by
the connected semisimple Lie group S̃ .

Note that dimR(U
k
λ ) = dimC(V

k
λ ) if λ is real, and dimR(U

k
λ ) = dimC(V

k
λ )+dimC(V

k
λ
)

if λ is not real. Applying the trivial bound (7) to each of the factors δU
k
λ

[F ] in (33)
therefore yields the explicit bound

arad ≥
∏

λ∈Φ(rC)

(ρ
[F ]
λ )− dimC(V

k
λ ), (37)

where ρ
[F ]
λ is the maximal value of ∥πλ(g) : V

k
λ → V k

λ ∥ for [g] ∈ [F ] ⊆ S♯
λ . If g is

solvable, then G = R , S is trivial, and S♯
λ is a compact quotient of R/[R,R] , acting

by operators with norm 1. The bound (37) then reduces to Theorem 5.5, which is
of course sharp.
In general, however, the trivial bound on δ

Uk
λ

[F ] will not be sharp. A case in point
is the tangent group TS = A o S of a semisimple Lie group S , the semidirect
product of S with its Lie algebra A = s , considered as an abelian Lie group with
the adjoint action of S . The trivial bound then yields δaos

F ≥ ρ−d/2ρ−dimR(s) for
ρ = sups∈F ∥Ads∥ . But since r = s as an S -representation, [3, Theorem 8.1] yields
the superior bound δaos

F ≥ ρ−d/2ρ−d/2 .

5.3. Open problems and further directions of research
This leads one to consider the following problem:
Problem 5.9. Determine nontrivial bounds on δVF , where F is a compact subset
of a connected real reductive Lie group H , and (π, V ) is a finite-dimensional,
irreducible, real representation of H with det(π(h)) = 1 for all h ∈ H .

By ‘nontrivial’, we mean superior to the trivial bound from Proposition 3.1. Except
for the case where V is the adjoint representation [3, Theorem 8.1], this is an open
problem to the best of our knowledge.
By the above considerations, a solution to Problem 5.9 would imply nontrivial
bounds on δgF for a general connected unimodular Lie group G . Indeed, if one
can find nontrivial bounds in the case where H = S♯

λ and V is an irreducible real
subrepresentation of Uk

λ , then repeated application of the Splitting Lemma 5.3 will
result in nontrivial bounds for δU

k
λ

[F ] , and hence for δgF .
Conversely, suppose that H is a connected real reductive Lie group and (π, V ) is
an irreducible, finite-dimensional, real representation of H with determinant one.
Then for the connected unimodular Lie group G = V oH , it seems unlikely that one
would be able to arrive at nontrivial bounds on δgF for G without first considering
δV[F ] for H .
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Rather than considering neighbourhood bases of balls Br(0) ⊆ V , which lead to the
trivial bound (7), it would be a natural direction of research (following [3, §9]) to
consider neighbourhood bases V consisting of sets Ur,R ⊆ V of the form

Ur,R :=
(
π(H)Br(0)

)
∩BR(0)

for 0 < r ≪ R < 1 . Note that
⋂

r>0

⋃
R>0 Ur,R is the union of the H -orbits

in V whose closure contains the origin. Although this would probably require
detailed information about the orbit structure of the H -action on V , we believe
that determining δVF (V) for such neighbourhood bases has the potential to yield
nontrivial bounds on arad . This has been substantiated in the special case of the
adjoint representation, where this is precisely the Ansatz used in [3, §9].

References
[1] M. Caspers: The Lp -Fourier transform on locally compact quantum groups, J. Oper-

ator Theory 69/1 (2013), 161–193.
[2] M. Caspers, J. Parcet, M. Perrin, É. Ricard: Noncommutative De Leeuw Theorems,

Forum Math. Sigma 3 (2015), art.no. e21, 59p.
[3] M. Caspers, B. Janssens, A. Krishnaswamy-Usha, L. Miaskiwskyi: Local and multilin-

ear noncommutative de Leeuw theorems, Math. Ann. 388 (2024) 4251–4305.
[4] T. Cooney: A Hausdorff-Young inequality for locally compact quantum groups, Inter-

nat. J. Math. 21/12 (2010) 1619–1632.
[5] M. M. Day: Amenable semigroups, Illinois J. Math. 1 (1957) 509–544.
[6] A. González-Pérez, M. Junge, J. Parcet: Smooth Fourier multipliers in group algebras

via Sobolev dimension, Ann. Sci. Éc. Norm. Supér. (4) 50/4 (2017) 879–925.
[7] L. Grafakos: Classical Fourier Analysis, 2nd ed., Graduate Texts in Mathematics

249, Springer, New York (2008).
[8] L. Grafakos: Modern Fourier Analysis, 2nd ed., Graduate Texts in Mathematics 250,

Springer, New York (2009).
[9] M. Junge, T. Mei, J. Parcet: Smooth Fourier multipliers on group von Neumann

algebras, Geom. Funct. Anal. 24/6 (2014) 1913–1980.
[10] M. Junge, T. Mei, J. Parcet: Noncommutative Riesz transforms – dimension free

bounds and Fourier multipliers, J. Eur. Math. Soc. 20/3 (2018) 529–595.
[11] J. Parcet, É. Ricard, M. de la Salle: Fourier multipliers in SLn(R) , Duke Math. J.

171/6 (2022) 1235–1297.
[12] T. Mei, É. Ricard, Q. Xu: A Mikhlin multiplier theory for free groups and amalga-

mated free products of von Neumann algebras, Adv. Math. 403 (2022), art.no. 108394.
[13] T. Mei, É. Ricard: Free Hilbert transforms, Duke Math. J. 166/11 (2017) 2153–2182.
[14] R. Kunze: Lp Fourier transforms on locally compact unimodular groups, Trans.

Amer. Math. Soc. 89 (1958) 519–540.
[15] K. de Leeuw: On Lp multipliers, Ann. of Math. (2) 81 (1965) 364–379.
[16] E. Stein: Singular Integrals and Differentiability Properties of Functions, Princeton

Mathematical Series No. 30, Princeton University Press, Princeton (1970).
[17] V. S. Varadarajan: Lie Groups, Lie Algebras, and their Representations, reprint of the

1974 Prentice-Hall edition, Grad. Texts in Math. 102, Springer, New York (1984).

Bas Janssens, Benjamin Oudejans, TU Delft, DIAM/EEMCS, Delft, The Netherlands;
b.janssens@tudelft.nl, benjamin.oudejans@gmail.com.

Received December 20, 2024
and in final form October 31, 2025


