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Abstract. Using the Hopf superalgebra structure of the enveloping algebra U(g) of a Lie
superalgebra g = Lie(G), we give a purely algebraic treatment of K -bi-invariant functions on a
Lie supergroup G, where K is a sub-supergroup of G. We realize K -bi-invariant functions as a
subalgebra A(g, ) of the dual of U(g) whose elements vanish on the coideal Z = tU(g) + U(g)¢t,
where £ = Lie(K). Next, for a general class of supersymmetric pairs (g,€), we define the radial
restriction of elements of A(g, ) and prove that it is an injection into S(a)*, where a is the Cartan
subspace of (g,t). Finally, we compute a basis for Z in the case of the pair (gl(1]|2), osp(1]2)),
and uncover a connection with the Bernoulli and Euler zigzag numbers.
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1. Introduction

A spherical function on a real reductive Lie group G is a K-bi-invariant eigen-
function of the algebra of invariant differential operators on G/K, where K is a
maximal compact subgroup of G. The theory of spherical functions is extensive and
has profound connections with representation theory and combinatorics of symmet-
ric functions [3, 5, 7]. However, in the context of supergroups this theory is far less
developed. This is partly due to the cumbersome technicalities that arise in general
in superanalysis and supergeometry, and create major hurdles in extending the tools
of harmonic analysis to the super setting.

To circumvent the above technical difficulty, we pursue an indirect, purely al-
gebraic approach to study spherical functions on supersymmetric spaces. This
approach was first explored by Sergeev [10] for two families of symmetric pairs
(gl(m|n) & gl(m|n), gl(m|n)) and (gl(m|2n), osp(m|2n)). An extended, yet unpub-
lished, version of [10] is available in [9]. However, Sergeev addressed each of the
above families by a different and explicit method. From this viewpoint, the papers
9, 10] use ad hoc methods.

In this paper, we expand on the idea of Sergeev in the general setting of supersym-
metric pairs (g, €) of Lie superalgebras. Let A(g, ) denote the dual of the quotient

U(g)/Z where
(9)/ 7 :=¢U(g) + U(g)t.
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Since Z is a coideal, A(g, ) is a (super)commutative algebra. Elements of A(g, €)
play the role of K -bi-invariant functions on G. Of course the Lie algebra g does not
contain the information about isogeny of G. But in some sense A(g, ) contains all
analytic spherical functions on all isogenous pairs (G, K) associated to (g, £), in the
same way that U(g)* contains all analytic functions on the isogeny class of G in the
non-super setting (where we identify functions by their derivatives at identity). Our
main result is Theorem 3.9, which states that K -bi-invariant functions are uniquely
determined by their radial restriction. This is a variant of a well-known fact from
the purely even case (see Remark 3.10), and leads to interesting problems that we
aim to explore in the future. Theorem 3.9 was also proved in [12, Theorem 4.1] for
several families of pairs (g, ), under the assumption that g has a non-degenerate
invariant form that restricts to a non-degenerate form on the Cartan subspace a
of g. Our proof has a small advantage over the one given in [12]: it does not use
the invariant form of g, and therefore it applies to a larger class of pairs (g, €); see
Example 3.11.

We conclude this paper by looking at the supersymmetric pair (gl(1/|2), 0sp(1/|2))
more closely. We compute a basis of Z = tU(g) + U(g)t in Theorem 4.8. The
interesting observation is that Bernoulli numbers occur as coefficients in our basis.
Along the way, we also come across the Euler zigzag numbers.

Acknowledgement. We thank the anonymous referee for drawing our attention
to the work of Sergeev and Veselov in [12]. This paper is based on the doctoral
dissertation of the first author, which was completed under supervision of the
second author. Certain aspects of this project were refined through discussions with
the participants of the AIM SQuaREs meetings on Symmetric spaces and Capelli
operators for Lie superalgebras. The research of the second author is partially
supported by NSERC Discovery Grant RGPIN-2024-04030.

2. The algebra A(g, £)

Throughout this paper, the base field will be C. Let g be any Lie superalgebra.
Then the universal enveloping algebra U(g) is a Hopf superalgebra, with co-product
A:U(g) - U(g) @ U(g) defined by A(z) :=1®x+2® 1 for z € g, antipode
defined by S(z) = —x for x € g, and counit defined by (1) = 1 and e(xz) = 0 for
x € g. Using the comultiplication of U(g), we can equip the dual U(g)* with an
associative algebra structure. The multiplication of U(g)* is given by

ou(x) =Y (1) ¥g (1) (x,) for x € U(g),

where A(z) =) 21 ® x5 and as usual |- | denotes parity.

Remark 2.1. Let H be a Hopf (super)algebra. An element of H* is said to be
of finite type if its kernel contains a two-sided ideal of H of finite codimension. The
elements of finite type of H* form a Hopf algebra (see [13, Ch. VI]), which we will
denote by H°.

Let (m, V) be a finite dimensional g-module. Recall that the matrix coefficients of
(m, V') are linear maps ¢, - € U(g)* defined by

o (x) = (", w(x)v) for all z € U(g), veV, v" e V™ (1)
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If Ann(V') denotes the annihilator of a g-module module V', then U(g)/Ann(V)
embeds in End¢(V), hence ¢,,« € U(g)°. Indeed the converse also holds and
is straightforward to prove: elements of U(g)° are matrix coefficients of finite
dimensional g-modules.

Let € C g be any subalgebra of g and set Z := tU(g) + U(g)t. We say X\ € U(g)*
is €-bi-invariant if Z C ker(\). Since ¢ is Zy-graded, the £-bi-invariant A € U(g)*
form a graded subspace which we denote by A(g, ¢).

Lemma 2.2.  The superspace A(g,t) is a subalgebra of U(g)*.

Proof. This is immediate from the fact that Z is a coideal of U(g), but we
provide more details. Given A\, u € A(g,t), we want to prove that \u € A(g,t).
For k € ¢t and u € U(g), if A(u) = > u; ® uy in Sweedler’s notation then

Mi(ku) =A@ pu((k®1+1® k)A(w)) :)\®,u<(k®1+1®k)2u1®u2>
= Z ((_1)\m-(|k|+lu1|))\ (kuy) @ g (ug) + (_1)(\k\+\u\)lu1|/\ (1) @ p (ku2)) =0,
hence tU(g) C ker(Ap). Similarly, U(g)t C ker(Au), so that Ay € A(g, £). ]
The superalgebra U(g) acts by left and right translation on itself as follows:
Ly:yrxy and R, :ywrs (=1)Hvlyz (2)
Now set A(g, t)° = A(g,t) NU(g)°.

The justification that A(g,)° plays the role of spherical functions for (g,¢) is the
following proposition.

Proposition 2.3.  Let A € U(g)°. Then X € A(g,%)° if and only if A\(x) = ¢y
for v eV and v* € V*, where V is a finite dimensional g-module, V* is the dual
of V', and both v and v* are €-fized.

Proof. If A\ = ¢,,+ for t-fixed v and v*, then checking that A\ € A(g,¢) is
straightforward. Conversely, let A € A(g, £)°. Since the sum of matrix coefficients
on two g-modules V; and V5 is a matrix coefficient on V; & V5, we can assume that A
is homogeneous. Suppose that A(I) = 0 for a two-sided ideal of finite codimension.
In the rest of this proof we set U := U(g). The contragredient of the left translation
on U* is given by

Lip(y) == (-1 p(Lewy) = (=)W u(S(z)y), forzeU(g),  (3)

where S : U — U is the antipode. Now set W := Span{L: (Ao S):x € U} C U*.
For homogeneous elements v € I and x € U we have

Li(ho 8)(w) = (~1)MH NS () =
because S(z)u € I. Therefore the kernel of the linear map
U(g) =W, z+— L (AoS)

contains I. Hence, dim W < dimU/I < oo. Set W+ = N,¢, ker(u). Now, consider
the evaluation map ev:U(g) - W*, u > ev,, where ev,(p) := p(u).
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Since W is finite dimensional, the above map is a surjection onto W* and it
follows that U/W+ = W*. We can now obtain \ as a matrix coefficient for
the representation (p, W) where p(z) = (=1)FML*. By (3) above, we have
Mz) = (=1)Ney (L* (Ao S)). The vector Ao S is E-invariant because for any

k € & we have:
Li(Ao S)(y) = (=1)"PX(S(y)k) = 0.

From S(¢) C ¢ it follows that
k-evi(Ly(Ao8)) = (1)L (Ao S(k)) = (Ao 8)(S(2)k) = (=1)I“IN(S(k)x) = 0,

hence the dual vector 1 = ev; is also €-invariant. ]

3. Radial restriction and injectivity for symmetric pairs

Let 6 be an involution of g. Then g = ¢ ® p where £ and p are the +1 eigenspaces
of #. Consider the super-symmetrization map s: S(p) — U(g) given by

. 1 .
x1-x, €57(p) — I Z SIgN (75 ) Tr(1) * * * T
7T€S’r

where sign(m; x) denotes the sign of the permutation that is induced by 7 on the odd
vectors ;,, Ty, ..., T;, among xy,...,r, € p. In what follows we set Z, := U(g)¢.

Proposition 3.1.  The natural map s : S(p) — U(g)/Z. that is induced by
s:S(p) = Ul(g) is an isomorphism of vector superspaces.

Proof. Set S<%(p) := @Z:o Sk(p). To prove surjectivity of 5, we prove by
induction on d that for any monomial p;---p; € U(g) with homogeneous p; € p
we have Zp + p1 -+ pg € 5(S<%(p)). This is clear for d < 1. For a given d > 1, first
note that

prpipjrc o pa = (1) Plp g ey piiapie pas (4)

where ¢ = [pj, pj+1]. Furthermore, for any homogeneous p},...,p,_, € p, ¢ € ¢,
and 1 < j' < d— 2 we have

P D Py Dy = (D) Pl gl Pl
+p,1 .. .p},p,p;,+2 .. .p:i_17

where p' :=[¢/, p;-, +1) € p is homogeneous. By the induction hypothesis, the second
term on the right hand side is in s(S=@~Y(p)). Thus, by repeating the above process
of moving ¢ to the right, it follows that p; -+ p;_1gpjr2 - pa € Ir + s(S="V(p)).
Consequently, from (4) we obtain that for any permutation 7 of 1,...,d we have

P+ Pa € SIEN(T; P)Pr(t) -+ Pria) + L + 5(S=V (p)).
Averaging on both sides over all permutations 7« yields
prepa € s(pr-epa) + I + (5SS (p)) C I+ 5(S54(p)). (5)

This proves surjectivity of s.
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For injectivity, we choose a homogeneous basis pi,...,p, for p. From the PBW
theorem for g it follows that the monomials pi* - - - p™ represent a basis for U(g)/Z,.
From (5) it follows that
sy o) € e pl +S(SS Y (p)) + I

But the latter relation also implies that elements of s(S<(?~V(p)) can also be
expressed, modulo Z;, as a linear combination of monomials pi*---pim where
Z?ll s; < d—1. Thus, if A; denotes the matrix whose columns contain the weights
obtained from expressing the S(pi* - --pim) for > ", r; < d as linear combinations
of the basis vectors pi'---pim + I of U(g)/Z, for > " s; < d, then Ay is
unitriangular, hence invertible. This proves injectivity of s. ]

Corollary 3.2.  The map s : S(p) — U(g)/Z. dualizes to an isomorphism of
vector superspaces S(p)* = (U(g)/Z.)*.

Lemma 3.3. s(ad¢(S(p))) CZ.

Proof. The map s is the restriction of the supersymmetrization map

S(g) — Ulg),

which is a g-module homomorphism. It follows that s is a £-module homomorphism.
Thus for homogeneous a € £ and y € S(p) we have

s(ada(y)) = ada(s(y)) = as(y) —s(y)a € L. u

Lemma 3.4. Let V be a finite dimensional complex vector space and let S CV
be Zariski dense. Then S™(V') is spanned by {a™ : a € S}.

Proof. Let f: S"(V) — C be a linear functional such that f(a™) = 0 for all
a € S. Choose a basis ej,...,es for V. Then S"(V) has a basis of the form
ef" ---el*, where the m; > 0 and ) .m; = n. Set ¢py . m, = flef"™---e}'?).

Then for a € S of the form a = aye; + - - - + aqgeq where the a; are in C, we have

0=fa) = 3 (" emma @

mi—+-+mg=n

The right hand side is a polynomial in ay,...,as, and since S is Zariski dense it
follows that ¢, . m, = 0 for all d-tuples (my,...,my). Hence f = 0, and this
proves the claim. [ ]

From now on, we assume that we can choose a subalgebra f C gg with the following
properties:

(i) 6(h) =b, so that h =tPH a where t:=hNt and a:=HhNp.

(ii) The family of operators {ad, },e, € End(g) is simultaneously diagonalizable.
(ili) Cy(h) =b and Cy(a) = a. Here Cy(a) ={x € b : [z,y] =0 for all y € a}.
Let g=bho @ Ya

acA
be the root space decomposition of g with respect to b, where A C h*\{0} and

0o = {7 € glady(z) = a(h)z for all h € h}.
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We set O(a) := a0 for « € A. Note that (a) € A. In Lemma 3.5 below, for
a € a we consider a* as an element of S*(p). Furthermore, the adjoint action of €
on p equips S*(p) with a £-module structure.

Lemma 3.5. Let x € g, where o € A. Then
ady o) (a¥) = —ka(a)(x — 0(x))a*~" for a€a and k> 1.

Proof. We use induction on k. For k =1, from (f(a))(a) = —a(a) it follows that
ad,to(2)(a) = ad,(a) + adgz)(a) = —a(a)r + a(a)f(z) = —a(a)(z — §(x)).

Assuming the assertion holds for k£ — 1, we have

ad(g+0(x)) (a") = (ad(@ro() (a))a" ™ + alad @i (@)
= (—a(a)(z = 0(x))a" ") + (=(k — Da(a)a(z — 0(x))a" ).
Since S(p) is commutative and x — 6(x) € p, we have a(z — 0(x)) = (z — 0(x))a.
Thus the right hand side of the latter formula is equal to —ka(a)(z —0(z))a*"!. =

For o € A we set ¢ := go + gg(a)- Then we have the following lemma.

Lemma 3.6. Ife,Np # {0}, then a|, #0.

Proof.  Suppose that a|, = 0. Then ao 6|, = —a|, = 0 and hence [e,,a] = 0.
In particular, ¢, N p commutes with a. This contradicts the assumption that

Cy(a) = a. ]

The following statement is proved by Lepowsky [6] in the case of Lie algebras. We
follow Lepowsky’s argument with minor modifications.

Proposition 3.7.  S(p) = S(a) + ade(S(p)).

Proof. @ We prove a stronger statement: if W is the smallest ad-invariant sub-
space of S"(p) that contains S"(a), then W = S"(p). Note that

W=58"(a)+ > ad,S"(a)+ Y adyadyS"(a) + -+ € S"(a) + adeS" ().

et z,z’' et

Thus, if we prove that W = S"(p), then the proposition follows.

Given o € A, for = € g, we have 0(z) € gga). Thus, 0(eq) = ¢, and consequently
ea = (e NE) @ (e, Np). In addition,

eoNt={z+0(z) : x€gs} and e, Np={x—0(x): z € ga}.

It follows that we have a vector superspace decomposition of the form p = a @ q
where q := @, ca(ea NP). Next note that

S"(p) = D 5 (a)S(a).
=0
We prove that S™%(q)S%(a) C W for 0 < i < r, by a reverse induction on 7. The

statement is trivial for ¢+ = r. Next assume that ¢ > 1 and the claimed inclusion
holds for all ¢/ > 1.
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Since ST0(q) = S77(q)S M (g) = S"(q)q,

it suffices to prove that qea’™* € W for ¢ € S"7(q), a € a, and e € q. Since
elements of q are linear combinations of elements of ¢, N p, it suffices to assume
that e € ¢, Np for some . Thus, we can assume that e = x —60(zx) for some z € g, .
By choosing e to be homogeneous with respect to the Zs-grading, we can assume
x is also homogeneous. Note that we can also assume that ¢ is homogeneous.

Since e € e, NP and we can assume e # 0, from Lemma 3.6 it follows that «|, # 0.
Recall that e = x — 6(z) where = € g,. By Lemma 3.5,
ad, 1 o(x)(qa’) = (adya@q)a’ + (— 1)1 gad ;1 o0 (a)
= (adyyom)q)a’ — (=)=l (a)q(z — 0(z))a’ L
By the induction hypothesis, the first term on the right hand side belongs to W.

Also, the left hand side belongs to W (by ade-invariance of W and the induction
hypothesis). It follows that

ala)g(z — 0(x))a""! € W.
Since oz|a # 0, there exists a Zariski dense subset S C a such that a(a) # 0 for
a € S. Thusif a € S then
gz —0(x))a"t € W.

If © = 1 then the proof is complete. Next assume that ¢ > 1. Since the choices of
e =x — 0(x) form a spanning set of q, from the above arguments it follows that

(S (q)q)a" ' CWifaecS.
Finally, note that Lemma 3.4 implies that S*~!(a) is spanned by {a"! : a € S}. =

Since Z;, C Z, we have a natural quotient map q : U(g)/Z, — U(g)/Z. In
Corollary 3.8, we consider S as a map with domain S(a) C S(p).

Corollary 3.8. U(g) =Z+s(S(a)). In particular the map qos: S(a) — U(g)/Z
1S a surjection.

Proof. By Proposition 3.1 we have s(S(p)) + Z, = U(g), hence by Proposition
3.7 we obtain
s(S(a)) +s(adeS(p)) +Zr = Ul(g).

But by Lemma 3.3, we have s(adeS(p)) C Z, hence 5(S(a))+Z = U(g). Surjectivity
of gos is a trivial consequence of the latter fact. ]

In Theorem 3.9 below, note that S(a) is canonically isomorphic to U(a), hence it
is a Hopf algebra.

Theorem 3.9.  The map (qos)* : A(g,€) — S(a)* is an embedding of commutative
algebras. It restricts to an embedding A(g,€)° — S(a)°.

Proof. Injectivity of (qo3)* follows from Corollary 3.8. Since a is abelian, the
map s : S(a) — U(g) is the canonical embedding of Hopf algebras. The coalgebra
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structures of U(g) and S(a) induce the algebra structures of A(g,€) and S(a)*,
and (qo5)* is compatible with these structures. Finally, if A € A(g, £)° then

dim(S(a)/ ker(A) N S(a)) < dim(U(g)/U(g) Nker(A)) < oo,
hence (qo35)*(\) € S(a)°. n

Remark 3.10. Let G be a real reductive Lie group with a Cartan decomposition
G = KAK where K is the maximal compact subgroup of G. Then the restriction of
a K -bi-invariant function on G to A is invariant under the action of the little Weyl
group associated to A. It is natural to expect that, analogously, the image of the
map (qo5)* of Theorem 3.9 can be characterized by symmetry conditions imposed
by the Weyl groupoid of the restricted root system of (g,€). We summarize the
results in the literature that address the latter problem. In the following discussion,
we assume that the restricted root system of (g, ) is of type A.(r,s), as defined
n [11, Sec. 2|. In particular, the restriction of the invariant form of g to a is
non-degenerate. The canonical action of the little Weyl group W = W (a) of gg on
a* induces an action on S(a)* where, as usual, to transfer the action we identify a
and a* using the bilinear form on a. We choose a basis % := {e;}i] U {d;}31] for
a* such that the roots of A,(r,s) can be represented as

{ei — ev hicizir<ri1 U{0; — 05 hi<jpgr<str U{E(Ei — ) hi<i<rsn, 1<j<st1 5

and we have xk = —sdim(g; — €y)/2 = —2/sdim(d; — 05), where

J
sdim(a) := dim(g,)g — dim(ga)7-

Let {h;}2] U {h;}3E] be the basis of a that is dual to %. Let S(a)f,, be the
subspace of S(a)* containing those A\ € S(a)* that are W -invariant and satisfy the
“supersymmetry” constraint A((hy — xhi)(hy + k1)) = 0 for all N > 0. In [12,
Prop. 5.7], it is proved that for (g,€) = (gl(m|2n), osp(m|2n)), if X\ € A(g, ) is of
the form A = ¢, ,+, as in (1), for €-fixed vectors v € V an v* € V*, where V is an
irreducible g-module, then

(q o§)*()\) € S( )Inv

In [8], it is proved that for the pairs
(gl(m|n) @gl(mn), gl(m|n)) , (gl(m|2n), osp(m|2n)) , (gosp(m|2n), osp(m—1,2n)),

we have (qo3)*(A(g,¢)) C S(a)},,. The values of the parameter x that correspond
to the above 3 pairs are kK = —1,—1/2,n — (m — 1)/2.

The above constraints on the image of (q o 3)*(A(g,€)) have the following more
concrete interpretation. To any A € U(g)* we can associate the formal power series

b ber1y €1 epht o 5b1+11

— ar L RSt por o ROty 2L L ’”+17 L8

@)\ = Z A(hl ’I"+1 h/ h5+1 ) a1! Qg1 b b5+1!7

where the summation is on all tuples a = (ai,...,a,41) and b = (by,...,bs11) of

non-negative integers. Note that we can evaluate the formal series ®, at points
in a, whenever the resulting power series converges. Then W -invariance of X\ is
tantamount to ®, being symmetric separately in the &; and in the 4;.
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For z € U(g), we define D@y := ®p«(n), where R} : U(g)" — U(g)* is dual to
the right translation action R, of (2), i.e., RE(\)(y) = (—1)AHel+=lvIN(y2). Set
a = ¢; — 07 and let h, := hy — khy € a denote the corresponding coroot. The
supersymmetry constraint states that D ®, vanishes on the hyperplane a = 0,

where D, = 8%1 — Hﬁ%i'

Finally, we remark that if {2 denotes the Casimir operator of g, then

ar 8 a 52 - a — —.i
DQ = —K Z SR (518& 8186],) Z o; — 55 (52851- 5j 85]')

1<, g<r+1 1<4,j<s+1

i oy
eto [0 B 9 \2 o\’
_ it%G (.0 s 0 A 59\
Z g (ezasi w Ja&;) + 2 (5’&5) e Z ( %’)5;)
1<i<r+1 1<i<r+1 1<i<s+1
1<j<s+t1

This is the Calogero-Moser-Sutherland operator, which is the Hamiltonian of the
integrable system corresponding to the one-dimensional quantum n-body problem.
See [12, 8] for further details.

Example 3.11. Let g:= gl(n|n) and let 6 : g — g be defined by

ol o)~ 1s 4

Then ¢ = q(n). Now let h be the standard diagonal Cartan subalgebra of g. Then
a is the subspace of diagonal matrices of the form

diag(ay,...,an, —a1,...,—ay,), ai,...,a, €C.

It is straightforward to verify that Cy(a) = a. The invariant form of g (which is
(x,y) := str(xy)) vanishes on a. Thus, (gl(n|n),q(n)) is covered by Theoerem 3.9,
but not by [12, Theorem 4.1].

4. A basis for T for the pair (gl(1]2), osp(1|2))

We begin this section by a quick review of Euler zigzag numbers. By an alternating
permutation of {1,...,n} we mean a bijection o of this set such that for every
1 <i<n-—2wehave (i) < o(i + 1) if and only if o(i + 1) > o(i +2). Let A,
for n € Z=° denote the number of alternating permuations (we set A := 1). By a
result of André [2], A
tan(z) + sec(z) = n—?x”
n=0
Note that the A, for odd n are the coefficients of the Taylor series of tan(x) and

we have
(_1)m71 22m(22m _

2m

A1 = D) By, form >1,
where {B,},>0 is the sequence of Bernoulli numbers. The numbers
Egn = (—1)nA2n

occur in the coefficients of sech(z) and are known as Euler zigzag numbers [4, 1]. Tt
is usually assumed that Es,.1 = 0.
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Henceforth let (g,€) := (gl(1]2),08p(1|2)). Set Iy := {1}, I1 := {1,2}, and
I:=13Ul;. Let {E;;|i,j € I} be the basis of gl(1]|2) that consists of standard
matrix units. We define |j| := 0 if j € [, and |j| := 1 if 7 € I;. The involution
corresponding to (g, ) is 6(X) := —PX*P~! where X*' is the supertranspose of
X and

0 0
0 1
-1 0

Then t= —ai3 Q2 Q93 12, @13, G2, Q2s, az2 € C |

a2 a3z —a22

@11 Q12 A13
and p= aiz Qg O
—a1z 0 ax

a1, 12,013, aze € C

Indeed 5 = s((2,C) and we have
0
a,beC and p7 = b

0 0 b
b 0 0l |a,beC
0 b 0

-
[e)]
I

ocoe

coe

—a

We choose h to be the diagonal Cartan subalgebra of g. Then a = Span{hy, hi}
where hy = Fy; and hy = E11+ E55. Our next goal is to choose a basis for gl(1]2)
with convenient commutator relations that is compatible with the decomposition
g =8P p. To this end, for the rest of this section we make the following choices:

2.0 0 0 10 00 1
p:=10 1 0| e€pg, ex=]0 0 0| ep;, f:=|1 0 0| €p;g.
00 1 -1 00 000
[0 0 0 000 0 0 0]
k=101 0| ct, k=100 1|ct, k:=|0 0 0| €.
00 -1 000 010
1 0 0 010 0 0 1]
z:=10 1 0| €epg, ¢:=10 0 0| e€ty, fl:=]—-1 0 0| €ty
0 0 1 100 0 0 0]

Then {z, k, k1, ko, €, f',p, e, f} is a basis of g and by the PBW theorem the monomi-
als  2'k" KRR (¢)) 4 (f)sptes2 f53 form a basis of U(g),where t,71,79,73,5; € Z=°
and 74,75, 82,53 € {0,1}.

For a vector v = (a,b) € C* we define

)

0
Up = b

o O
m
(g~
=i

b
O ep; and wvp:= |—b
0

o O 2
o O

—a
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It is straightforward to verify that [v,, p] = —ve and [vg, p] = —vy.
Lemma 4.1. For n € Z=° we have
n n\, n—i ny, n—i
D Ve = g Z <Z>P + Uy Z (l)p
0<i<n 0<i<n
1 1S even 118 odd

Furthermore, v,p™ € L for all 0 < m <mn.

Proof. We have pvy = vep — [ve,p] = vep + vy, hence v, € Z. As v € C? is
arbitrary, we obtain p; C Z. Now suppose the assertions of the lemma hold for
n—1. First, we assume that n is odd (the argument for n even is analogous). Then

T = -1 n—1—1 -1 n—1—i
g = () e 3 (1

0<i<n—1 0<i<n—1
1 is even iis odd
n—1\ n_1-; n—1\ n-1-i
= (vep +v5) ) ( . )p + (o) ) .)p
0<i<n—1 0<i<n—1
1is even iis odd
n—1\ n—i n—1\ n-1-
- UE( Z < i >p + Z < i )P
0<ig<n—1 0<i<n—1
7is even 1is odd
+Up( 3 ( - ) iy Y (n—l) - )
0<i<n—1 0<i<n—1
iis even iis odd

For the first term on the right hand side we have

= (0 B (0

0<i<n—1 0<ig<n—1
1 is even iis odd
n—1 n—1 i
=p"+ ) . i
=p" i1 p
2<i<n—1
iis even
— N § : n\ n—i __ Z n\ n—i
2<i<n—1 0<i<n—1
iis even iis even

By a similar argument, for the second term we obtain

S (e T (0 S (O

0<i<n—1 0<i<n—1 0<i<n—1
i is odd 1is even 1is odd
Consequently,
n,. Y\ n—i n\ n—i
D Vg = Vg E <z>p + vy E <2)p
0<isn 0<isn
1is even iis odd

which proves the first assertion. From isolating v,p™ on the right hand side and using
the induction hypothesis that v,p™ € Z for m < n — 1, it follows that v,p" € T as
well. ]
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The commutator relations between vy, vy and p imply that for every n € Z=° there
exist unique polynomials «,(z) and G,(z), independent of the choice of v, such

h
that D0 = 0ectn(D) + Bui (D). (6)

Lemma 4.2.  The following assertions hold.
(i) deg(ay) =n, deg(B,—1) =n — 1, and the leading coefficients of o, and B,
are positive.
(i) vpp" = n(p)vp — veBn-1(p)-
(i) n(z) = zan1(x) = X0 aifia(x) and B (z) = 20 o(x) + 11y aici(w),
where oy, _1(x) = ag + a1z + -+ + a,_1 2" .
Proof. We use induction on n. For n = 1 the assertions are trivial and indeed

we have aj(x) = x and fo(z) = 1. Next assume that the assertions hold for all
n' < n. Suppose that a,(z) =aj+ ---+ a,z"™. Then,
D" = an(p)vpp — veBu-1(P)P = an(p) (P — ve) — Vb1 (P)p

= o (p)pvy — an(p)ve — VeBu1 (D)p = an(P)pvy — Y _ aip'vr — veBai1 (p)p
=0

p)pvy — Za vecti (p) + Bi1 (p)y) — Ve ()P

_ (pan@) - i is(9) ) = (s )+ D)) )

i=1 =0

But by the hypothesis of induction and straightforward computations we also have
P e = puean(p) + pBa-1(p)vy = (vep + vp)n(p) + PBa-1(D)vy

= vepan, (p) + Ve, () + PBn—1(P) vy

= vepan(p) + > aji(p)vy — ve Y aiBi1(p) + pBa-1(p)vy (8)
=0 =1

- (panua) -y a;@_mp)) n (pﬁn_l(p) 0y agaxp)) oy
=1 1=0
Comparing the right hand sides of (8) and (6) yields

n n

Apy1(x) = zay, () — Z aifi_1(x) and Bu(x) =xB,_1(x) + aio; ().

i=1 i=0
This proves (iii) and (i). Finally, (ii) follows from comparing the right hand sides
of (7) and (8). [

Lemma 4.3. Forn > 1 we have fB,_i(x) = Z (?) an_i(z),

0<i<n
115 odd

and a,(r) = Z <7Z) " — Z (?) (njz) Qp—i—j(T).

'Oéién 0<i,j<n
715 even ,j are odd
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Proof. By Lemma 4.1 and Lemma 4.2(ii) we have

plue = Z (?)Uepni—i— Z <?)vpp"i

0<i<n 0<i<n
iis even iis odd
n n—i n
= E (JUEP + E <i)<ani<p)vp — VefBn—i-1(p))
0<i<n 0<i<n
1is even iis odd
n\ n—i n n
=ve( > (i)p - (i>ﬁni1(p)) + ) <i)04ni(p)vp'
0<isn 0<is<n 0o<i<n
iis even 7is odd iis odd

The assertions of the lemma now follow from comparing the right hand side of the
above calculation and the assumption p™ve = Ve, (p) + Br_1(p)vy. [

Proposition 4.4.  We have a,(z) = lﬁJo Eop (2)x"2F for n > 1.

Proof. Using Lemma 4.3, it follows from a simple induction on n that the only
powers of x that occur in a,(z) and in §,(x) are 2" 2* for k € Z=°. Now suppose
E, € C are chosen such that

Our goal is to prove that FEo; = Ey; for all 4 > 0. From Lemma 4.3 it follows that

S ru(p)er = X (e T ()( Yt

0<i<n 0<i,j<sn
iis even 1,7 are odd

We adopt the convention that Ej = 0 for k < 0. By comparing the coefficient of

2" 26 on both sides we obtain
E n _ n . n E L
2k<2k) (% Z iyjon — 2k, 2k —i—j) 2k
0<i,j<n
1,7 are odd

We can also remove the constraint ¢, j < n and write

— 2k —
Ba=l- ) (z‘,j,% ij)EQ’”j'

4,7 are odd

Dividing both sides by (2k)!, we obtain

Eoy 1 B 1 Eopiy
(2k)!  (2k)! Z il (2k —i — 4)!”
0<1,j
i,j are odd

Then, by substituting ¢ = 2A + 1 and j = 2B + 1, we find that

Esy _ Z 1 By 94282
(2k)!  (2k)! v (2A+1D)!(2B+1)! (2k —2A—2B - 2)!"
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Therefore,

Ey o (" +e” e? —e o\’ Eor o
2 PO 2 2 2 2"
k=0 >0

which implies that

P (2k)! T e tes

o

The right hand side of the above equation is sech(z). Since sech(z) = sec(izx), the

Taylor series of sech(w) is ), ]gi’;,x% This proves that o, = Eay,. n

Proposition 4.5.  For n > 1 we have

1251

Bn-1(r) =

k=0

22k+2(22k+2 _ 1)B2k+2 n xn—1—2k
2k + 2 n—1-2k ’

Proof.  The powers of = that occur in 3,_i(z) are 2" '~?* for k € Z=°. Assume
that for some B; € C we have

2k+2 22kr+2 _ 1)

Bojia n n—1-2k
B (@ Z 2% + 2 (n—1—2k;>x '

k=0

Then by Lemma 4.3 and Proposition 4.4 we obtain

n—1
22: 92k+2(92K+2 _ 1) oy 1ok
x
2k + 2 n—1-2k
k=0
n—j

= 3 (o= 32 3 (5)(", )

o<y<n 0<g<n r=0

jis odd jis odd

n—1-2k

By comparing the coefficient of x on both sides we obtain

2k + 2 n—1-2k

Z Z(],Qk—j—i-ln—% )EQ"?“—J“

0<]<n k=j—1
7is odd

22k+2(22k+2 o 1)BZk+2 < n >
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Dividing both sides by (2k+1)! ( ln ) k:) and simplifying the binomial coefficient,
n—1—
we obtain
22k+2 (22k+2 ng+2 o E2k+1 _ D2k+1-5
(2k +2)! o Z Z 12k +1—5)!
O<]<TL k=j—1
7 is odd

Then, by the substitiution j = 2A + 1 we obtain

Z 22K +2(22642 — 1) By g 2R Z gAT! Z Ey, 22
2k 1 2)! 2AT 1) 2~ (2r)!
k>0 A>0 r>=0
E2r 2k+1

But we have sech(z) =} 2* and sinh(z) = Zk>0 GETI Thus,

@)

Z 22k+2(22k+2 _ 1)32k+2 x2k¢+1 _ et — e 2 - e _ o7 %
(2k +2)! N 2 eThe T eTfe T

k>0

The right hand side of the above equation is the hyperbolic tangent function tanh(z),
with Taylor series

92k+2(92k+2 _ {\RB
tanh(x) = Z ( JLEIEE e

!
= (2k +2)!
It follows immediately that Boyio = Bogio. [ |
Lemma 4.6.  For every 00 0
]{70 =10 « 5 S E(‘),
0 v —«

the following relations hold in U(g):
(i) p"ko = kop".
(ii) p"eko = kop"e + p" (e + Bf).
(iif) p"fko = kop™f + p" (e — aof).
(iv) p"efko = kop"ef + Bkip" — vkap" .

Proof. By straightforward calculations one can see that
p"ko = kop" € tU(g),
p"eko = p"koe + p"(ae + Bf) = kop"e + p"(ae + Bf),
p" ko = p"kof +p"(ve — af) = kop" f + p"(ve — af),

and pefko = pe(kof +ve — af) = pekof +yp e — ap’ef
= p"(koe + (e + ) f +p"e® — ap'ef
= pkoef + ap”ef + Bp" 2 +pte’ — aplef
= kop"ef + 3 8p"(f, f] + 59" e, ]
= kop"ef + Bp"k1 — yp"ka = kop"ef + Bkip" — vkap",

which complete the proof. [ |
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Lemma 4.7.  Let v = (a,b) € C%. Then the following relations hold in U(g):
(i) p"ve = vean(p) + Br-1(p)vp -
(if) peve = —vean(p)e + akafn-1(p) — bkBa-1(p) + bBa-r(p)ef — bp" .
(iii) p"fve = —ven(p)f — aBu-1(p)ef — bkiBn1(p) + ap™*!
(iv) p"efve = D — bk1Bn-1(p)e — bBn-1(p)f + p" vy — a'ay(p) — Bu-1(p)e,
where D = v, (p)ef — akafn_1(p) + bkBn_1(p)f .

Proof.  Part (i) is just the defining relation (6). By straightforward calculations
we have

] [f,ve] = ap, e e] = =2k,
=2k, [ep]=—¢, [¢,p]=-
€', €] = 2ky, [, f'] = —2ky,
|=1[p, k] =[p,k] =0, [e,kn] =T
Therefore, by Lemmas 4.3 and 4.5 we obtain
pleve = p"(—vee — bp) = —p"uee — bp" ' = —wvea, (p)e — Bu_1(p)vpe — bp™
= —van(p)e — Bua(p)(ae +bf)e — bp"*
= —vean(p)e — aBu-1(p)e* — bBu_1(p )( —ef)—bp
= —van(p)e + afp1(p)ks — bBu-1(p)k + bBnr(p)ef — bp™H!
= —ven(p)e + akafn1(p) — kB 1(p) + b1 (p)ef — bp" .

This proves (ii). Similarly,

!
&
=

n+1

p" fe = p"(—vef +ap) = =p oef + ap"™ = —vean(p) f = Bua(p)vpf +ap™
= —0ean(p)f — Bu_1(p)(ae + bf) f + ap™t?
= —wan(p)f — afpa(p)ef = bBua(p) f* + ap™™
—Ufan(p)f — afn_1(p)ef — bBn1(p)k1 + ap™*!
p)f — aBu_1(p)ef — bkiBn1(p) + ap™*’

This proves (iii). For (iv) first note that

prefoe = p" (veef + e[ve, f] — [ve, €] f) = p e f + pe(ap) + bp" T f
= p"ueef + ap™(pe — €) + bp" T f = p vef +ap" e — ap™e + bp" T f (9)
= p"veef + p" o, — ap”e’.

From (6) we also have ap™e’ = ae’a,(p) + fn-1(p)e. Thus, the right hand side of (9)
can be simplified accordingly, as follows:

plefoe = vsan(p)ef + Buo1(p)vpef + p" oy — acan(p) — Bu-i(p)e
v (p)ef + Buoi(p)(ae + bf)ef + p™u, — ac'an(p) = Bua(p)e
= vgan(p)ef + aBn_1(p)e® + bBn_1(p) fef + p" v, — ae’an(p) — Bu_1(p)e
= vean(plef — aBu-1(p)ks + 0Bu—1(p)(k —ef)f

+p" vy — ac'an(p) — Ba-1(p)e
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It follows that

pefoe=D = b, 1(p)ef® + p" oy — ad'an(p) — Bu1(p)e
=D —bB,_1(p)eky + p" v, — ac’an(p) — Ba_i(p)e
=D —bB,_1(p)(kie + f) + p" v, — a€' o, (p) — Bu_1(p)e
= D = bk1Sp1(p)e = bBua(p)f + "oy — ac’an(p) — Baa(p)e.

This completes the proof. [ |

Theorem 4.8.  The following vectors in U(g) form a basis of T :
(i) 2z™p"e and z™p™f where m,n >0,
(ii) 2™Bn_1(p)ef — z™p" ™ where m,n > 0, with the convention B_,(x) =0,

(iil) 2™Kk"k2ks2 (€)™ (f )5 pte® f55 where m,r1,79,73,81 > 0, 14,75, 2,83 € {0, 1},

and at least one of r1,--- ,r5 > 1.

Proof. = We remark that z is in the centre of U(g). Let B, By and By denote
the sets of vectors defined in (i)-(iii) above, respectively. Then from Lemma 4.6(ii)
it follows that B € Z. From Lemma 4.7(iii) it follows that By € Z. It is also
clear that By € 7.

To prove that By U By U By spans Z, note that elements of U(g)t that are
not in tU(g) are linear combinations of the monomials in the PBW basis that,
modulo a factor of 2™, appear on the left hand sides of the relations in Lemmas 4.6
and 4.7. From these lemmas it follows that the latter monomials are in the span of
B(i) U B(ii) U B(ﬁi) .

Finally, we prove that the vectors in By U By U By are linearly independent.
Consider any linear dependence relation between the elements of B;)UB;;UBii1) . By
organizing the dependence relation according to the powers of z, and factoring out
the common power 2", we can assume that in all of the monomials m = 0. Let ¢,
denote the coefficient of 3,_1(p)ef —p™*! for n > 0, and set N := max{n : ¢, # 0}.
Recall that deg(fny-1) = N — 1. Now with the PBW basis of U(g) in mind, note
that the summand cyp™¥~'ef cannot get canceled in the linear dependence relation.
This is a contradiction. [ |
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