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1. Introduction

These notes aim to provide a structured guideline, building upon recent results
developed in collaboration with K.-H. Neeb and G. Olafsson, to explore a geometric
perspective on Algebraic Quantum Field Theory (AQFT). In this presentation, we
will focus on some selected outcomes from the literature of recent years, illustrating
them through specific cases. We hope this approach will assist readers in navigating
the main findings and the research directions, while maintaining a balanced view of
both the geometric and operator-algebraic perspectives on the related topics.

We start our discussion with some motivations. Algebraic Quantum Field Theory
is an axiomatic framework for Quantum Field Theory where a model is specified
in the sense of the Haag-Kastler net by a map associating to any open region O
of the spacetime M its von Neumann algebra A(O) representing the set of local
observables, acting on a fixed complex Hilbert space H (the state space), satisfying
fundamental quantum and relativistic assumptions as:

o Isotony: O; C Oy implies A(O;) C A(Os) ;

o Locality: Oy C O} implies A(O;) C A(O,)’, where (' is the “causal comple-
ment” of O, i.e., the maximal open subset that cannot be connected to O by
causal curves;

o Covariance: There is a Lie group G acting on M and a unitary representation
U: G — U(H) such that U, A(O)U; " = A(gO) for g € G;
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o Uniqueness and Invariance of vacuum: there exists a unique (up to a phase)
unit vector 2 € H such that U(g)Q2 =  for every g € G.  is called the
vacuum state;

« Reeh-Schlieder property: 2 € H is cyclic for A(O) if O #0

(cf. [27]). Note that given an open region Oy, if there exists an open region Oy C O]
then, by locality and Reeh-Schlieder property, € is also separating for A(O;). In
this framework there is a deep interplay between the geometric and the algebraic
parts of the theory.

The Tomita-Takesaki theory states that given a von Neumann algebra A C B(H)
with a cyclic and separating vector 2 € H, one can define the Tomita operator Siq
as the closure of the anti-linear involution

AQ 3 a) — a*Q € AQ.

1
The polar decomposition Sqo = JaalAj o defines an antiunitary involution J40
called modular involution and a self-adjoint positive operator A 4q called modular
operator satisfying

JaoATaa=A, ALQANG = A Jaalaelan =A%,

The one-parameter group Affm is called the modular group. It is relevant to remark
that couples of an antiunitary operator J and a self-adjoint positive operator A
on a complex Hilbert space H satisfying JAJ = A~! are in 1-1 correspondence
with standard subspaces H C H, namely real closed subspaces H C H such that
H+iH ="H and HNiH = {0}, through the condition

H = ker(1 — S) (1)

where S = JAz (cf. Sect. 2.4.2). Because of this relation with the Tomita operator,
the language of standard subspaces has a key role in our analysis.

Now, consider a net of von Neumann algebras A on the 1+d dimensional Minkowksi
space RM . Let A(W3x) be von Neumann algebra of observables associated to the
Rindler wedge

Wg = {z = (20,...,24) € R : |zg| < 11}, (2)
The Bisognano-Wichmann property states that the modular group of A(Wg) with
respect to the vacuum state (2 unitarily implements the following one-parameter
subgroup of the Poincaré group, known as Lorentz boosts:

cosh(t) sinh(t) 0
A, (t) = sing(t) Cos(l)l(t) (; : (3)

Specifically, this implementation is given by
Allva.e = U(Awy(=271)).

The modular conjugation also has a geometric action when the modular reflection
property is satisfied: '
Uliwg) = Jaw) 0,

where jy,, = diag(—1, —1,1,_;) reflects jy,Wr = Wj,.
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It is evident that the Bisognano-Wichmann property together with the modular
reflection property (see also the PCT Theorem, Section 2.4.1) determine a geometric
action of the modular group and the modular conjugation of the local algebras
associated with certain specific regions. They have been verified for a large number
of models (see e.g. [4, 8, 19, 52, 41]), ensuring a very strong relation between
the geometry and the algebraic structures, which enriches the algebraic approach
to Quantum Field Theory in many directions. For instance, in the recent years,
operator algebraic methods have proven to be highly effective in studying energy
conditions of AQFT models. Here the modular Hamiltonian, namely the logarithm
of the modular operator, associated with the local algebra of wedge regions plays a
central role, see for instance [2, 13, 14, 35, 36, 37, 39, 51, 65]. By the Bisognano-
Wichmann property it has a geometrical meaning and a rigorous analysis from both
the algebraic and the geometric perspectives is possible.

One can establish a 1-1 correspondence between the Poincaré transforms of the
Rindler wedge called wedge regions W C RY¢ and one-parameter group of boosts
Ayw obtained by Poincaré adjoint action on Ay, . The algebraic canonical construc-
tion of the fundamental model called the free field provided by Brunetti-Guido—
Longo (BGL) builds on this wedge-boost correspondence, the Bisognano-Wichmann
(BW) property and the modular reflection property, cf. [9]. Here, the standard
subspace techniques play a prominent role. Given a (anti-)unitary representation
U of the Poincaré group (a particle in QFT) the localization properties of parti-
cle states (vectors of the Hilbert space H supporting U) on wedge regions can be
characterized using nets of standard subspaces: There is a map associating to each
wedge region W a standard subspace H(W) C H of vector states in a canonical way
by assuming the Bisognano-Wichmann property, modular reflection property, and
taking into account the correspondence between the Tomita operators and standard
subspaces given by (1). The free net of von Neumann algebras is then constructed
by a canonical procedure called second quantization. This approach is actually very
general and this is already visible in the BGL paper. Indeed, the authors apply this
construction to many of the free models of physical interest that have an analogue
1-1 correspondence between specific regions of spacetime and one-parameter sub-
groups of the symmetry group: In free (possibly conformal) theories on Minkowksi
spacetime, on de Sitter space and on the chiral circle (see also [26, 33]).

In this work we present a geometric perspective on these examples that strictly
generalizes the framework given by the AQFT. The paper starts giving more details
on the wedge-boost generator correspondence in some of the AQFT spacetime
(Sect. 2.1). We will explore how this picture can be generalized using a geometric
approach, following [42]. The Lie algebra elements generating the one-parameter
groups of boosts that identify wedge regions are Euler elements: Let x be an
element of g a finite dimensional real Lie algebra, x is an Fuler element if adx
is diagonalizable with Spec(ad x) C {—1,0, 1} (see [3, 30] for more details on Euler
elements and three graded Lie algebras). In Section 2.2 we will see how this definition
leads to a notion of abstract wedges, called Euler wedges, for a Zs,-graded Lie group
whose Lie algebra contains Euler elements without necessity to refer to a specific
manifold. Simple real Lie algebras that support Euler elements, can be classified
[42, Thm. 3.10]. One can study causal homogenous spaces to recover a manifold
playing the role of the spacetime. In Section 2.3 we present a suitable definition of
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wedge regions on causal homogeneous spaces and as an example we will see how the
de Sitter spacetime can be recovered in this general picture (cf. [58, 57, 46, 47]).

This allows us to exhibit a very general setting for nets of standard subspaces and
von Neumann algebras having as an index set the Euler wedges. We will see in
Section 2.4 that this construction is possible for a large family of Lie groups and
provides several new models. An axiomatic framework is also provided for nets of
standard subspaces on homogeneous spaces see [22, 46, 47, 59, 56, 57]. In Section 3.1
we discuss a recent construction of non-modular covariant net of standard subspaces,
namely nets of standard subspaces with no geometric action of the wedge subspace
modular groups as in [43, Sect. 3.1]. In Section 3.2 we introduce the Euler Element
Theorem that ensures that it is possible to deduce the keyrole of Euler elements and
Euler wedges from the Bisognano-Wichmann property and a regularity property.
The latter property is strongly related with a localization property, as reported in
sections 3.2 and 3.3 and in [44, Sect. 4]. Lastly we show that the von Neumann
algebras appearing in this picture are of type III; for the Connes classification, see
Section 3.4 and [44, Sect. 5]. Many of these results are formulated for general von
Neumann algebras and/or standard subspaces in some specific relative position. We
explain how they apply to nets of standard subspaces and of von Neumann algebras.
This approach provides feedback for representation theory (see e.g. constructions of
nets of standard subspaces on homogeneous spaces in [22, 56]) and for the algebraic
approach to Quantum Field Theory without restrictions to second quantization
models. This paper will mainly deal with abstract wedges, a more detailed overview
on the properties of wedge regions in causal symmetric space is postponed.

Acknowledgments. V.M. thanks Gerardo Morsella for stimulating discussions
and Karl-Hermann Neeb for useful comments. V.M. acknowledges the support of
the University of Rome Tor Vergata funding OANGQS CUP E83C25000580005, the
MUR Excellence Department Project MatMod@TOV awarded to the Department of
Mathematics, University of Rome Tor Vergata, CUP E83C23000330006 and INdAM-
GNAMPA.

Notation

o The neutral element of a group G is denoted e, and G. is the identity
component.

o The Lie algebra of a Lie group G is denoted (G) or g.

« For an involutive automorphism o of G, we write G° = {g € G: 0(g) = g}
for the subgroup of fixed points and G, := G x {idg, o} for the corresponding
group extension.

o AU(H) is the group of unitary or antiunitary operators on a complex Hilbert
space.

e C3°(M) denotes the set of compactly supported functions in M.

o An (anti-)unitary representation of G, is a homomorphism U: G, — AU(H)
with U(G) C U(H) for which J := U(o) is antiunitary, i.e., a conjugation.

 Unitary or (anti-)unitary representations on the complex Hilbert space H are

denoted as pairs (U, H). For a unitary representation (U, H) of a Lie group

d

G we write: OU(x) = §| U(exptz) for the infinitesimal generator of the
=0
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unitary one-parameter group (U(exptz))er in the sense of Stone’s Theorem.
In this setting Cy = {x € g: —i0U(z) > 0}.
e An element h of a Lie algebra g is called

— hyperbolic if ad h is diagonalizable over R
— elliptic or compact if ad h is semisimple with purely imaginary spectrum.

o Let ACB(H), then the commutant of A is A'={beB(H):ab = ba,Vae A}.
A (complex) *-subalgebra A C B(H) is a von Neumann algebra if and only
it A=A". A vector Q2 € H is cyclic for A if AQ =H and it is separating if
AQ =H.

e dU: g — End(H*>) for the representation of the Lie algebra g on the space
H> of smooth vectors. Then OU(z) = dU(x) (operator closure) for = € g.

2. Preliminaries

In this section we introduce the notations, definitions, theorems and the general
techniques that will be employed throughout the paper. We will start by examining
the geometry of fundamental examples in Section 2.1. From them it will emerge the
key role of Euler elements and the structure of Euler wedges as explained in Section
2.2. Wedge domains in causal homogeneous spaces are briefly recalled in Section 2.3.
In Sect. 2.4 we present the fundamental free field construction (Sect. 2.4.1) and we
introduce the standard subspace formalism (Sect. 2.4.2) to focus on the axiomatic
framework for nets of standard subspaces on abstract wedges and on the generalized
BGL-construction provided in [42] (Sect. 2.4.3).

2.1. Wedge regions in some spacetimes

In this section we introduce the wedge regions in some of the spacetimes that are
relevant for physics and state the correspondence between these regions, specific
subgroups of the symmetry group and Lie algebra elements.

Consider Minkowski spacetime M = R of space dimension d. Here the metric
considered is

ds® = dxj — dx} — ... — da3.

Let 22 be the square of the Minkowski length, one defines timelike vectors by x? > 0,
lightlike vectors or null vectors by x*> = 0, and spacelike vectors by x> < 0. We shall
denote C'={z € M : 2> > 0,25 > 0} the pointed convex closed cone describing the
timelike and lightlike future of the origin. Given a region O, its causal complement

i O ={ycR": (z-y)?<0,Vz e 0O}

O’ represents the set of points that are causally independent of those in O. A
causally complete region satisfies the property O = O”. The connected component
of the identity of the homogenous symmetry group of M is the proper orthochronous
Lorentz group El = SO(1,d).. We denote by L, the proper Lorentz group, namely
the group generated by El and the space and time reflection

jWR(-Z') = (_'7:07 —Z1,T2, . .- 7$d)

acting on the first two coordinates, hence £, = El U Lfr where Efr = jlﬁl.
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The associated inhomogeneous symmetry groups denoted by 731 =R x El and
P, = RY x L are respectively the proper orthochronous Poincaré group and the
proper Poincaré group. In particular P, = PI U Pi = 771 U jlpl.

In this framework there are some distinguished regions (connected open subsets) of
M that have a deep connection with the symmetry group. A wedge region

W =gWzCcRY gepl

is a Poincaré transform of the Rindler wedge Wg (here also called the right wedge)
introduced in (2).

Now, consider the one-parameter group of boosts Ay, (t) contained in P}, as in (3).
All the other one-parameter group of boosts are determined by the Poincaré adjoint
action Ay = gAw,g™ !, with g € 731. There is a 1-1 correspondence between wedge
regions and one-parameter group of boosts and their generators as

hW<i>AVV:gAVVRgi1 éw:gw? gep:‘yr-a

where hy € L(PL) generates Ay (t) = exp(thw).

Let W = gWxr and W = {x € M : (x —y)* < 0,y € W}°, the transformation
Jw = giwpg ' € Pi maps W onto W'. Clearly jw = jw and it is important
to remark that ji = exp(imhy ). We have observed that the wedge regions can be
characterized by Lie algebra elements and that there exists a natural transformation
mapping W to W', which coincides with the analytic extension of the one-parameter
group Aw(t). We further remark that Aw/(t) = Aw(—t), hence hyr = —hw.
When conformal symmetries are considered - specifically, when the symmetry group
consists of local diffeomorphisms (defined outside meager sets) that preserve the
metric tensor up to a positive function — all conformal transformations of a wedge
in Minkowski space, such as wedges, double cones, future cones, and past cones,
are referred to as conformal wedge, see [9, 8]. Here, a future and a past cone are
intended to be respectively regions of the form (C + a)° and (—C + b)° for some
a,b € M and a double cone is a region of the form (C' + a)° N (—=C + b)° where
b —a € C°. The identification of conformal wedges with conformal Lie generators
remains valid.

Consider the d-dimensional de Sitter spacetime as the subset
ds? = {z e RM : 2? = —1} Cc R,

endowed with the metric obtained by restriction of the Minkowski metric. The
symmetry group of isometries is the Lorentz group /31 and its Zs-graded extension
L. . Wedges are defined as W := W N dS?, where W = ¢gWjy is a Minkowksi
wedge, with g € El. The one-parameter groups of boosts are Ayyas := gAWgs g !

with g € El, where AW}%S =Aw, € El and there is a 1-1 correspondence

hyyas LN Ayyas (t) = exp(thyyas) &Ly pyds

where hyas € L(L1) and exp(hyast) = Ayas(t). As in the Poincaré case one can
define the causal complement of a wedge region W9S" and the reflection Jwas which
satisfies jyas = exp(imhyyas) and jyas W = was',
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As a last example we consider the chiral circle S'. The symmetry group is the
Moébius group Moéb, the group of orientation preserving fractional linear transforma-
tions fixing S' € C. One can pass from this picture to the one-point compactifica-
tion of the real line R = RU{oo} through the Cayley transform R > z + —i—;j e St
Here the symmetry group becomes Méb ~ PSLy(R). On S! the notion of wedge
regions is attached to connected, open, non-empty, non dense intervals I of the
circle. In the real line picture R, they correspond to bounded intervals, half-lines
or the complement of a bounded interval of R in R. There is a 1-1 correspondence
between one-parameter groups of “boost”-dilations in Mob and “wedge”-intervals in

St given by
hr € L(M&b) <25 6;(t) = exp(hrt) € Méb < [ C S

where 07,7, (t) = gd1,(t)g~" with g € Méb and 4y, (¢) in the real line picture given by
d1,(t)x = etz for Iy = (0,+00). In this picture the wedge reflection j; = exp(imh;)
is sending I to I' := int(S*\I) reversing the point ordering. Also in this case
dp(t) = 67(—t), hence hyy = —hy, and jp = j;. This example becomes relevant
when one considers the two dimensional Minkowksi space with chiral coordinates
(u,v) = (xg + 21,20 — 1) with Mob x Méb as the symmetry group, cf. [8, 50].

We will now observe that these examples of correspondences between wedges and

one-parameter groups of boost generators are special cases of a more general frame-
work.

2.2. Euler elements and abstract wedges

In all the previous examples any element hy identifying a wedge region W in the
related space-time M has the property that the adjoint action of the Lie element on
the Lie algebra is diagonalizable with eigenvalues {—1,0,1}, namely Spec(ad hy) C
{—1,0,1}. This is particularly evident for the 241 dimensional de Sitter spacetime,

where £, = PSLy(R), and L(L!) ~ sl;(R) and hyas = %( é _01 ) provides the
standard 3-grading of sly(R):

0 1 1 0 0 0
[:[_1@[0@[_1:R<0 O)GB]R(O _1)@R(1 O)'

The same holds for the Mébius group Méb ~ PSLy(R) in the real line picture. On
the other hand, there is a difference in the wedge geometry: de Sitter spacetime
does not admit proper wedge inclusions, unlike the conformal circle, where wedge
inclusions correspond to interval inclusions.

We now introduce the natural general framework in which all these examples fit,
clarifying the previously mentioned differences regarding the inclusion properties of
wedge regions. The primary reference for this is [42].

An element h in a finite dimensional real Lie algebra g is called an Euler element if
ad h is non-zero and diagonalizable with Spec(adh) C {—1,0,1}. In particular the
eigenspace decomposition with respect to ad h defines a 3-grading of g:

g=01(h) ®go(h) ®g_1(h), where g,(h)=ker(adh —vidy)

Then 7,(y;) = exp(imradh)(y;) = (—1)y; for y; € g;j(h) defines an involutive
automorphism of g called an Fuler involution on g.
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We denote E£(g) the set of Euler elements in g. The orbit of an Euler element h
under the group Inn(g) = (e2!®) of inner automorphisms is denoted with O, =
Inn(g)h C g. We say that h is symmetric if —h € O,. In a simple Lie algebra
g, the symmetric Euler elements are always contained in a subalgebra b ~ sly(R)
and non-symmetric Euler elements are contained in a subalgebra b ~ gl,(R) (see
[43, Lem. 2.15] for a more general case). Let G be a connected Lie group with Lie
algebra g and £(g) # 0, assume that 7 is the involution on G integrating an Euler
involution on g. Then G, = G X, Zy = G x {e,7} is well-defined and one has a
continuous homomorphism e: G, — {£1} where

G=¢'1) and G7=¢'(-1),

so that G < G, is a normal subgroup of index 2 and G = G, \ G. Note that if
G = Inn(g) or G is simply connected, then 7, always integrate to an involution on

G when h € £(g).
The set Gr:=0r(G;) ={(h,0) €egx Gr: he &(g),Ado =7,}

is called the abstract Euler wedge space of G, an element (h,o) € Gg is an Euler
couple or Fuler wedge and o is called Fuler involution. For sake of simplicity we here
assume here that that G is center free. In this case every Euler element identifies
an Euler couple (h,7,) € Gg uniquely. One can also define more general abstract
wedges without referring to Euler elements, see [42, Sect. 2].

Given a fixed couple Wy = (h, 7,) € Gg, the orbits

W+(W0) = GWO g QE and W(Wo) = GT.WO g QE

are called the positive and the full abstract wedge space containing Wy.

Covariance of Euler wedges. A (G,-covariant action on Gg can be defined as
follows. Consider the twisted adjoint action of G, which changes the sign on odd
group elements:

Ad®: G, — Aut(g), Ad(g) == e(g) Ad(g). (4)
Then G, acts on Gg by
g-(h, ) == (Ad“(g)h, g7hg™")- (5)

Order structure on Euler wedges. Given an Ad(G,)-invariant pointed closed
convex cone Uy C g, consider the subsets

Ci = j:Cg N gil(h)a
and the compression semigroup,
Sw = exp(C;)Gw exp(C_) = Gwexp (C1 + C_)

where Gy = {g € G: g.W = W}, see [54, Thm. 2.16]. Then the partial order on
the orbit G.W C Gp is defined by

G W< gpW = g'lg € Sw. (6)
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In particular, g.W < W is equivalent to g € Sy. As an example, consider
G = PSLy(R) and its Zy-graded extension G, . If C is chosen to be trivial, we
arrive at a situation in which no non-trivial wedge inclusions exist, corresponding
to the de Sitter wedge geometry. If we choose

C’::{X:(Z _b):bZO,cSO,cﬂS—bc}Cs&(R) (7)
we are in the situation where there are proper wedge inclusions, hence the case of
the circle S! wedge geometry. Namely the choice of C' influences the geometry of
the model.

Duality and Locality properties of Euler wedges. For W = (h,7,) € Gg,
we define the dual wedge by W' := (—h, ;)= 7,.W . This definition aligns with the
geometric relation of a wedge with its causal complement in spacetime manifolds.
Note that (W’) = W and (gW) = gW' for ¢ € G by (5). Since the wedge
inclusions and the dual wedge are well defined notions on couples of Euler wedges
we can state the locality property of Fuler couples Wy and Wy that satisfy W, C W3

Note that it is not always the case that W/ € W, (Wj). As an example, consider the
translation-dilation group G acting on the real line. A wedge is a right half-line I =
R*+a and is associated 1-1 to the positive dilations d;(¢t)x = exp(hst) = e'(x—a)+a
where € R. The complement interval I’ is a negative half-line I’ = R~ +a, it has
associated the one-parameter group 05 (t) = d;(—t). There exists no g € G such
that g/ = I’ and one needs to include the 77 to reflect I to I’, namely I’ € W(I)
but I" ¢ W, (I). This correspond to the fact that h is not symmetric in g, see [42].
We further remark that if Z(G) is non trivial, many abstract wedges correspond to
an Euler element, and one can define a notion of “twisted complements” for a more
general notion of complement wedges. In this case it is not always the case that
W, e Wi (Wy) even if h is symmetric. This case is discussed in [42, Sect. 2.4.2].

We have now established a suitable framework for defining an abstract index set
for Quantum Field Theory. Notably, this structure extends beyond well-known
examples within the physics context. Omne can classify the real Lie algebras g
supporting a three-grading given by Euler elements. In particular, the Lie group
Inn(g), hence its extension Inn(g),, , supports Euler wedges. This generalizes the
fundamental examples outlined in the previous section. By Theorem 3.10 in [42] if
a simple real Lie algebra g supports Euler elements then its restricted root system
has to be one of the following

o A, :n Inn(g)-orbits of Euler elements

e B, :onelnn(g)-orbit of Euler elements
« (), :onelnn(g)-orbit of Euler elements
(

e D, : threeInn(g)-orbits of Euler elements
0

e Fjg :twolnn(g)-orbits of Euler elements
o E7:onelnn(g)-orbit of Euler elements

The theorem also classifies the number of inequivalent Inn(g)-orbits. The list of

three graded real Lie algebras is given in Table 1.
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g %(g,a) h g1(h)

1 sl,(R) Ay hj,1<j<n-—1|M,;,_;R)
2 sl, (H) An_q hj,1<j<n-—1|M,;,,;(H)
3 su, ,(C) | C, hn, Herm,,(C)
4 5Py, (R) Ch, ho, Sym,, (R)
5 Uy, (H) C, hy, Aherm,, (H)
6 |s0,,(R) | By(p<q), Dy(p=0q)| M Rpta—
7 | so*(4n) Ch, b Herm,, (H)
8 s0,,(R) | C, hy, Alt, (R)
9 ¢s(IR) Eg hy = hg M1,2(@spht)
10 €6(—26) Ay hy M1,2(@)
11 | e7(R) E; hy Hermgs(Ogpiit)
12 | ez(—25) Cs hs Herm3(0)
13 | sl,(C) An_q hj,1<j<n-—1|M;,_;(C)
14 | sp,,(C) | C, b Sym,, (C)
15a | 809,.1(C) | B, hy cr
15b | s04,(C) D, hy cr
16 | s02,(C) D, o1, ho, Alt,(C)
17 | ¢(C) Es hy = hj M, 5(0)¢
18 | ¢7(C) E; hy Herms(0)c

Table 1: Simple 3-graded Lie algebras. We follow the conventions of the tables
in [Bo90a| for the classification of irreducible root systems, the enumeration of the
simple roots and the associated Euler elements, cf. [42]

One can further classify the orbits of symmetric Euler elements, leading to a reduced

classification as follows:

o Ay, :onelnn(g)-orbit of symmetric Euler elements

e B, :onelnn(g)-orbit of symmetric Euler elements

o C, :onelnn(g)-orbit of symmetric Euler elements

e Dy,yq :onelnn(g)-orbit of symmetric Euler elements

e Dy, : three Inn(g)-orbits of symmetric Euler elements

e FE;:onelnn(g)-orbit of symmetric Euler elements

H g° (hermitian)

‘ ¥(g°%, a°) ‘ g=(9)c ‘ ¥(g,a) ‘ symm. Euler element h H

su,, ,(C)
502,2n71(R)7 n>1

5p2n(R)
502,2n—2(R)7 n>2
50%(4n)

€7(—25)

sly,(C)

502n+1(©)
5Po,,(C)
509, (C)
504,(C)

44

Aanl

hy
hQn—la h2n
hz

Table 2: Simple hermitian Lie algebras g° of tube type
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The list of simple hermitian Lie algebras g° supporting Euler elements is given in
Table 2. Theorem [42, Prop. 3.11] ensures that they have to be of tube type, namely
their restricted root system is of type C,.

2.3. Wedge domains in causal homogeneous spaces

Let G be a connected Lie group, H a closed subgroup. The associated homogeneous
space is given by the quotient M = G/H . It is said to be causal if there exists a G-in-
variant field of pointed generating closed convex cones {C,, }rmen with C,, C T, (M)
the tangent space at the point m € M. The Minkowski space, as well as the de
Sitter space, is a causal homogeneous space, because of the causal structure given
by the Minkowksi metric.

Given a causal manifold M and an Euler element h € g, the modular vector field is

XM(m) .= % o exp(th).m. (8)

Then the connected component
W =W (h)en 9)

of the base point eH € M in the positivity region
Wi (h) = {m e M: X}M(m) e C:} (10)

is the natural candidate for a wedge domain if eH € W, (h) (or its boundary).
Motivated by the Bisognano-Wichmann property (BW) and its consequences in
AQFT, the modular flow should be indeed timelike future-oriented in the wedge
region. It corresponds to the inner time evolution of Rindler wedge (see [16] and
also [5, 11], [13, §3]). As a concrete example, in Minkowski and de Sitter spacetimes
the wedge W, is determined as the set of points x € M such that the vector field at
x associated to the one-parameter group A of boosts is timelike and future pointing.

In this context we shall consider causal symmetric spaces that are homogeneous
space of the form M = G/H, where G is a connected Lie group, and there exists
an involution 7 on G for which H C G7 is a union of connected components. We
can assume G to be simple and center free. Let C' C g77 ~ T.xz(M) be a pointed
generating closed H -invariant convex cone producing the causal structure on M by
G-action. We can distinguish symmetric spaces that are compactly causal, namely
the cone C° contains only elliptic elements and non-compactly causal symmetric
spaces, namely the cone C° contains only hyperbolic elements (see [29]). The Anti-de
Sitter spacetime belongs to the first family and de Sitter spacetime belongs to second
one. The wedge regions, as introduced above, have been studied for compactly and
non-compactly causal symmetric spaces in [58] and [57, 46, 47|, respectively.

Assume that the center of GG is trivial, then there is a 1-1 correspondence between
Euler elements and abstract Euler wedges (Euler couples). In particular the stabi-
lizers G"™) and G" coincide and one can identify a wedge orbit W, (h, ) C Gg
with the adjoint orbit O, = Ad(G)h. We thus obtain a natural map from
Wy (h,m) = Oy, to regions in M by g.(h,7) = g.W,;(h). If, in addition, G"
preserves the connected component W C W, (h), as it happens if W, (h) is con-
nected, one can define a map from the abstract wedge space W, (h, ) > W = (k, 7x)
to the geometric wedge regions W, (h) on M.
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Given a real connected simple Lie group G such that the Lie algebra g contains
an Euler element h € £(g), one can construct a non-compactly causal symmetric
space as M = G/H where H is an open subgroup of G™< the centralizer of the
involution 7,. that integrates 7 = 7,60 on G where 6 is a Cartan involution of
g such that 6(h) = —h. Note that within this picture h € To(M) ~ g~ where
e = eH is the basepoint of M. Furthermore one can define a G-invariant field
of pointed generating closed convex cones Cp C T,(M) such that h € Cg, hence
e € W, (h), and C, is H-invariant, see [46]. In this way one can associate a wedge
domain W (h) C M to any h € £(g). A classification result of the local structure
of such non compactly-causal homogeneous spaces and connectedness of W, (h) is
described in [46, Thm. 4.21] and [47, Thm. 7.1].

As an example, consider the de Sitter space dS of dimension d and its symmetry
group, the Lorentz group, G = SO(1,d).. Let h := hW%s be the generator of the
one-parameter group of boosts in (3). Then following [46], one can consider the
involution 7 = 74,6 on the Lie algebra g = so(1,d) where 6 is the Cartan involution
of the Lie algebra g promoted to G'. In particular

6 = Ad (diag(—1,1,4)), 7 = Ad (diag(—1,—1,14-1)), 7 = Ad (diag(1,—1,14-1)).

Let e, = (0,1,0,...,0) € dS € RY and G,, be its stabilizer group, then the
centralizer of 7,,. in G is described explicitly by

G~ Gy X {1,712(7)} > Ge, X Zsy

where ryo(m) is the w-rotation in the first two spatial coordinates. In particular
G has two connected components and G, is the identity component fixing e;.
Then de Sitter space dS is isomorphic to G /G, which is a causal symmetric space
but the quotient GG/G™< is the projective de Sitter space which is not a causal space.
With the identification dS ~ G/G., one has that W, (h) = WS, In general, let
g be a non compactly causal simple Lie algebra, G = Inn(g) and h € £(g), then
M = G/G™ is a causal if and only if h is not symmetric. Details are in [46,
Thm. 4.19]).

2.4. The geometry of nets of real subspaces

In this section we recall some fundamental properties of the geometry of the standard
subspaces and the one-particle nets. We refer to [31, 9, 42, 55, 33] for more details.
Particles in Quantum Field Theory are defined through their symmetries rather
than pointwise properties and their meaning is clear when the symmetry group is
large enough. For instance, one-particle states of a free Quantum Field Theory
on Minkowski spacetime are unit vectors of the Hilbert space supporting a unitary
irreducible positive energy representation of the Poincaré group.

The free field constitutes a fundamental model in AQFT. We will see how the
language of the standard subspaces captures many of the features of the free models
and how this allows a generalization of the AQFT framework on abstract sets of
wedges and on causal symmetric spaces.

2.4.1. Scalar free fields in Algebraic Quantum Field Theory

The free scalar mass m > 0 Quantum Field Theory on Minkowksi spacetime can
be constructed as follows. Let U be the unitary, scalar, mass m positive energy
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representation of the proper Poincaré group P} = R x SO(1,3).. The Hilbert
space is H = L*(Qy,,dQ,,), where M = RY3

O ={p€ M: p*=m? p,>0}
and dS2,, is the Lorentz invariant measure on Q,,. Let f € S(M), and define
f(p) = # J5y €7 f(x)dx. Then the functions
S(M) = {fla, : f € S(M)}

defines a complex linear dense subset of H. On this Hilbert space the unitary scalar
representation acts by

U(g)f) () = flg~'z), gePL

Positivity of the energy means that the joint spectrum of the translation generators
is contained in the forward lightcone C'. This representation extends by the same
formula to a (anti-)unitary representation of the proper Poincaré group P,, [64,
Thm. 9.10]. To any open bounded O C M we can associate the real subspace

H(O) = {flq,, : f € C®(M),supp f C O}.

This is the set of one-particle states localized in O. Note that the following proper-
ties hold

« Isotony: if O; C Oy then H(O;) C H(O,),

« Locality: if O; C Oj, then H(O;) C H(Os)', where H(O,)" is the symplectic
complement of H(O3) defined by

H(Oy) :={{eH: & n) =0,VneHO,)},
« Covariance: if g € P, , then U(g)H(O) = H(g0O),
« Reeh-Schlieder: H(O) + iH(O) = H for all O # 0.

Wedge subspaces can be defined as
HW) = ) H(0) (11)
ocw

The free field is the second quantization net of von Neumann algebras on the Fock
Hilbert space. It is constructed as follows. Given the one-particle Hilbert space H,
we can define the Fock space

F(H)=PH" aC-Q,
n=1

where H®: is the symmetrized n-fold tensor product of the one-particle Hilbert
space H. For every vector & € H the associated Weyl unitary w(§) on the Fock
space is defined by the commutation relations

w(Ow(n) = e B ENw(E+y),  EneH (12)

and the expectation value on the vacuum state

(2, w(€)Q) = e1llél”, (13)
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Then the map H > h +— w(h) € F(H) is strongly continuous. Further details in [7].
Given a real subspace H C H, we can associate a von Neumann algebra acting on
the Fock space as follows

R(H) :={w(§) : £ € H}" C F(H) , (14)
Let H and H, be closed, real linear subspaces of H. Then we have

(a) R(>-,Ha) =V, R(Ha),
(b) R(maHa) = ﬂa R<Ha)a
(c) R(H) = R(H'),

where \/ denotes the von Neumann algebra generated (cf. [1, 31, 38]). We can now
define the free scalar net of von Neumann algebras as

O — A(O) := R(H(O)) C F(H).

It satisfies
o Isotony: if O; C O, then A(O;) C Ay(O,)
e Locality: if O; C O), then A(O;) C A(O;)

» Poincaré covariance and positivity of the energy: there exists a (anti-)
unitary representation U of P, on F(H) such that U(g)Q = Q and for
g € Py, we have U(g)A(O)U(g)* = A(gO). Furthermore the joint spectrum
of the translation generators is contained in the forward lightcone C'.

« Reeh-Schlieder: A(O)Q = F(H) for any open O C M.

The free scalar net A(Q) satisfies the Bisognano-Wichmann property, that claims

U(exp(27nthg)) = A;&';VR),Q, teR

and the modular reflection property

U(Thg) = Jawg).a- (15)

In even spacetime dimension the PCT Theorem ensures an antiunitary implemen-
tation of the space, time and charge reflection on the Hilbert space. Since the space
and time reflection differs from 75, by m-rotations, the modular reflection property
is equivalent to the PCT-theorem, see [52, 6]. In odd spacetime dimension, the (15)
is considered as the PCT theorem (cf. [53, 6]).

2.4.2. Nets of standard subspaces

The mathematical structure of the real local subspaces is recalled in this subsection.
We call a closed real subspace H of the complex Hilbert space H cyclic if H-+iH is
dense in H , separating if HNiH = {0}, and standard if it is cyclic and separating. We
write Stand(H) for the set of standard subspaces of H. The symplectic complement
(or symplectic orthogonal) of a real subspace H is defined by the symplectic form
(-, -) on H via

H' = {¢ e H: (& n) =0,Yn € H} = (iH)10,
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where R(-,-) is the real part of the scalar product of H. Then H is separating if
and only if H" is cyclic, hence H is standard if and only if H" is standard. For a
standard subspace H, one can define the Tomita operator Sy as the closed antilinear
involution

Su:H+H>E+inr— & —in e H4H.

1
The polar decomposition Sy = J4A[ defines an antiunitary involution Jy, called
the modular conjugation of H, and a positive self-adjoiont operator Ay, called the
modular operator of H. Then we have that

JyH=H, AlH=H for every te€R
and the following modular relation holds, namely
JaAL Ty = Al for every teR. (16)

We remark that given a von Neumann algebra A C B(#H) with a cyclic and
separating vector €2 € H then one can define the standard subspace Hy = A2,
where Ay, = {a € A:a = a*}. By direct inspection one can see that Sy, = Saq,
namely the standard subspace Hy4 contains all the information about the Tomita
operator of the von Neumann algebra A with respect to the vector state €.

One can completely reconstruct the standard subspaces from the related Tomita

t
operators as H = Fix(Sn) = ker(1 — Sh) (17)

([33, Thm. 3.4]). This construction leads to a one-to-one correspondence between
couples (A,J) where J is an antiunitary operator and A a selfadjoint positive
operator, satisfying the modular relation:

JA" ] = A" teR (18)

and standard subspaces H = Fix(JA?2), see [33, Prop. 3.2]. Note that (18) is
equivalent to JAJ = A7L.

Standard subspaces have a natural structure that adapts to the language of AQFT
as one can see here

« Covariance property: ([41, Lem. 2.2]). Let H C H be a standard subspace
and U € AU(H) be a unitary or antiunitary operator. Then UH is also

standard and UARU* = ALY and UJuU* = Jyn, where e(U) = 1 if U is

unitary and €(U) = —1 if it is antiunitary.

e Duality property([33, Prop. 2.13]): Let H C H be a standard subspace,
and (A, J) the associated operators, then the symplectic complement H’ is
associated to the couple (A~ J).

 Inclusion properties ([33, Thms. 3.15, 3.17], [9, Thm. 3.2]): Let H C H be
a standard subspace and U(t) = e®*f be a unitary one-parameter group on H
with generator P.

(a) If £P >0 and U(t)H C H for all ¢t > 0, then, for all ¢,s € R,

A;is/ZﬂU(t)AiHs/Q” =U(e*™t) and JyU(t)Jy = U(-t). (19)
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(b) If ALP"U)AEP™ = U(e*st) for s,t € R, then the following are
equivalent:

(1) U(t)H C H for t > 0;
(2) £P is positive.

The first part of this result is the standard subspace version of the Borchers
Theorem and the second part is its converse.

We can now present an axiomatic framework for nets of standard subspaces on
abstract wedges

Definition 2.1. Let G be a connected Lie group with trivial center, such that
E(g) # 0. We fix an Euler element h € g, then 73, integrates to an involution on
G. Let Wy = (h,7,) be an Euler wedge and C' be an Ad‘(G,, )-invariant pointed
convex cone in the Lie algebra g of G'. Let (U, H) be a unitary representation of G

d
o N: W, == W(Wp) — Stand(H) (20)

be a map called a net of standard subspaces on abstract wedges. We consider the
following properties:

(HK1) Isotony: N(W7) C N(Ws) for Wy < Wy, , Wi, Wo € W,
(HK2) Covariance: N(gW)=U(g)N(W) for g € G, W € W,.

(HK3) Spectral condition: C' C Cy = {z € g: —i0U(x) > 0}. We then say
that U is C-positive. Note that Cp is pointed if and only if ker(U) is
discrete.

(HK4) Locality: If Wy, Wy € W, is such that W, < W3, then N(WW;) C N(W,)'.
(HK5) Bisognano-Wichmann (BW) property: for every W= (hy, i) € W,

Ulexp(thw)) = Ay, VEER,

(HK6) Haag Duality: N(W’) = N(W)" if W,W' e W, .
If the representation U extends antiunitarily to G, we can further require:

(HK7) G-covariance: There exists an (anti-)unitary extension of U from G to
G, and an extension of the net N(W) on W := W(WW,), such that the
following condition is satisfied:

N(g.W)=U(g)N(W) for geG, WeW

(HK8) Modular reflection: U(rw) = Jnawy for every W = (hy, 7w) € W.

We remark that if ¢ = {0}, there are no non-trivial wedge inclusions, then
the isotony property trivializes and the locality property reduces to the condition
HW’) CH(W) when W, W' e W, .

We further indicate the modular covariance property as the geometric action of the
modular group:
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Wedge modular covariance: for every couple of wedges W,, W, € W, ,
At N(W) = N(Aw, (2mt).1;) (21)
for Wo, Wy € Wy, t € R.

Note that the wedge modular covariance property does not require the Bisognano-
Wichmann property, but it holds whenever the latter is satisfied.

By identifying the abstract wedges with concrete wedge regions of Minkowski space,
the net of standard subspaces on wedges of the free scalar field given by (11) satisfies
all the previous assumptions.

Lastly, we remark that an analogous set of axioms for nets of von Neumann algebras
on abstract wedges that fits with second quantization can be provided ([42, 48]).

2.4.3. The Brunetti-Guido-Longo (BGL) net

The explicit construction of the free field we have seen in Sect. 2.4.1 for the free scalar
field is highly non-canonical. It has been shown in [38] that such a construction
is not feasible for infinite-spin representations of the Poincaré group as they lack
localized states in bounded regions. However, wedge subspaces are determined
by the wedge symmetries. Specifically, given an (anti-)unitary representation of
the proper Poincaré group P., for any wedge W C R, the wedge subspace is
reconstructed as follows: The operators

Al = U(—2rhyt), Jw = U(Thy,)

satisfy the commutation relation (18). In consequence Ay = exp(2mioU (hy)) and
Jw = U(Th,, ) define a the wedge standard subspace

H(W) = Fix(JwAL)

as we have seen in the previous section. Based on these remarks R.Brunetti,
D. Guido and R. Longo in [9] provided a construction of the one-particle net of stan-
dard subspaces of the free Poincaré and conformal covariant theories on Minkowski
space, Lorentz covariant theory on de Sitter space and Mobius covariant theory on
the chiral circle, on the corresponding index sets of wedge regions (see also [26, 33]).
This construction has been generalized to our abstract set of wedges for a Z,-graded
Lie group supporting Euler elements in [42]. The anti-de Sitter space can be included
in the picture and it is treated in [59, 58], see also [60].

Let G be a connected Lie group with trivial center, such that £(g) # 0. We fix
an Euler element h € g and 7, integrates to an involution on G. Let (U, H) be
an (anti-)unitary representation of G,,, W = (h,7,) € Gg be an Euler wedge, and
consider the couple of operators

JHU(W) = U(Th) and AHU(W) = @ZﬂiaU(h)_ (22)
1
They satisfy (18) and we can define Hy (W) := Fix(JHU(W)AaU(W)). The map
HBGLZ Ge(Gr) 2 W — HBGL(W) € Stand(H)

is the so-called BGL net associated to U and satisfies all the assumptions in Defi-
nition 2.1.
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Theorem 2.2. ([42, Thm 4.12, Prop. 4.16])  Let (U,H) be an (anti-) unitary
C-positive representation of G, where h € £(g). Then the BGL net

HECL: G(G,,) — Stand(H)

satisfies (HK1)—-(HKS) in Definition 2.1.

Theorem 2.2 can be stated in a more general framework of abstract non-Euler wedges
as in [42]. Given a Zs-graded Lie group G, = G x {e,0} with ¢ an involution on
GG, then one can define more general notion for the set of abstract wedges without
referring to Euler elements as follows:

G:={(h,7) €gx Go:Ad(r)(h) = h,7* = ¢} (23)

This set satisfies analogous properties to the set of Euler wedges and the BGL net is
still well defined on G given an (anti-)unitary representation of G, [42, Sect. 2|. In
Section 3.2 we will explain why Euler elements, hence Euler wedges, are the natural
choices for an index set of abstract wedges.

We have introduced an axiomatic framework for nets of standard subspaces on
wedges. This picture includes the well known models from AQFT and produces
new examples. Given any three graded Lie algebra g and h € £(g), the group
G = Inn(g) supports unitary representations that extend (anti-)unitarily to G,
(up to properly coupling representations). Consider Gg(G,) the set of Euler wedges
and Ad®(G,,)-invariant pointed cone C in g defining the inclusion rules of Euler
wedges. Then one can construct the BGL-net of standard subspaces on abstract
wedge regions.

We stress that if the cone C' = {0}, namely there are no non-trivial wedge inclusion,
then isotony property is trivially satisfied. Hermitian simple Lie algebras have a non-
trivial positive cone and their unitary positive energy representations are studied in
[40]. Then if U is a positive energy representation satisfying the spectral condition
(HK3) with respect to C' # {0}, the isotony property of the BGL-net follows
by the inclusion property of standard subspaces, in particular by the converse of
the Borchers theorem (cf. Sect. 2.4.2, [42, Thm. 4.12]). Once a net of standard
subspaces on abstract wedge regions is constructed the second quantization net of
von Neumann algebras is canonically provided by relations (12) and (13). If a Lie
group G has a non-trivial center, the locality property has to be reformulated in
terms of twisted central complements. This has been investigated in [42, Sect. 4.2.2].
In this case a proper second quantization procedure respecting a twisted locality
conditions has still to be established. Recent results on second quantizations are
contained in [17].

We have seen that there is a correspondence between abstract wedges and concrete
wedges on causal manifolds. It is possible to provide a construction for a net
of standard subspaces directly on the causal manifold extending the construction
presented for the free field on Minkowski space.

Given a unitary representation (U, H) of a connected a Lie group G and a homo-
geneous space M = G/H, we are interested in families (H(O))ocas of closed real
subspaces of H, indexed by open subsets O C M, called nets of real subspaces on M.
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This setting is depicted by the following set of axioms:

(Iso) Isotony: O; C Oy implies H(O;) C H(O)

(Cov) Covariance: U(g)H(O) = H(gO) for g € G.

(RS) Reeh-Schlieder property: H(O) is cyclic if O # ).
(

BW) Bisognano-Wichmann property: There exists an open subset W C M
(called a wedge region), such that H(W) is standard and Ay, = e2m9U")
for some h € g.

We remark that locality is not present among the list, since it is to be investigated
in [45]. Nets satisfying (Iso), (Cov), (RS), (BW) have been constructed on non-
compactly causal symmetric spaces in [22] and on compactly causal spaces in [58],
using the language of distribution vectors. Given the G-orbit of a wedge region, one
can define the maximal net on bounded regions by intersection of wedge subspaces
H™>(O) = N{H(gW) : O C gW, g € G}, this has been studied in [44, Sect. 2.2.4].

3. Euler elements, Bisognano-Wichmann property and algebra types

3.1. Non-modular covariant nets of standard subspaces

A long standing question in AQFT concerns the necessity to assume the Bisognano-
Wichmann property. In particular, given an isotonous, covariant, local, (positive
energy) net of von Neumann algebras, does the Bisognano-Wichmann property hold?
This is always the case if the local algebra net is generated by Wightman fields as it is
proved in [4]. It holds in conformal theories ([33, 8]) and in massive theories [52]. One
can give an algebraic sufficient condition on the covariant representation ensuring
the Bisognano-Wichmann property for one-particle nets that can be applied to prove
the Bisognano-Wichmann property in some possibly interacting theories [41, 19].
When infinite particle degeneracy is present many counterexamples to Bisognano-
Wichmann property arise [41, 50]. On the other hand in these counterexamples
the wedge modular groups implement a covariant representation of the symmetry
group. In [66], Yngvason provided a translation covariant von Neumann algebra net
where there is no geometric modular action of the wedge algebra. On the other hand
these nets are not expected to be Lorentz covariant. Further developments about
the relation between Modular Action, Wedge Duality and Lorentz Covariance for
generalized free fields are in [24].

Since the modular theory of a net of von Neumann algebras in the vacuum repre-
sentation is encoded in the standard subspace structure of wedge algebras, it is a
natural problem to provide counterexamples to the Bisognano-Wichmann property
in the net of standard subspaces context without the modular covariance property
of wedge subspaces. This problem has been recently faced in [43] providing a family
of non-local standard subspace nets with no geometric action of the wedge modular
groups. We summarize below the main steps of the construction.

Let G = Inn(g) where g is simple, let G, = G x {1,7}, where 7 is an Euler
involution, and let U be an (anti-)unitary representation of G, on a Hilbert space
H. Assume the existence of a subgroup H, = H x {e,7} C G,, two Euler
wedges Wy, = (hy,71) € Gg(H,) and Wy = (hy,72) € Gg(G,). Note that h; is
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not necessarily in £(g). Assume that the stabilizer Hy, of W; in H fixes Wy, in
particular [hy, ho] = 0. We denote the orbit H.W; with W, (H, W,).

Consider the BGL construction with respect to U, G, and Gg(G,). The standard
subspace Ny = Ny (Ws) is defined by

Jn, =U(m)  and Ay, = 29U,

Since the stabilizer Hyy, fixes Wy and the unitary group U(Hy,) fixes Ny, and we
can define an H -equivariant map

N: Gg(H,) DWW, =W, (H, W) = HW; — Stand(H), ¢.Wi+— U(g)Ns

which is uniquely determined by

N(W;) = Ns. (24)

The net N is not necessarily modular covariant. The following is an equivalent
condition for the modular covariance property (21) (cf. [43, Lem 3.1]). The net N
on W, (H, W) satisfies modular covariance if and only if, for all g € H,t € R, the

operator U(g)U (exp t(hn — ha))U(g)~"

fixes the standard subspace N, i.e.,
gexp(t(hy —ha))g™' € Gy, for g€ H,t €R. (25)
If ker(U) is discrete, then (25) is violated if
[h1 — ha, b] € ker(ad hs), (26)

where h = L(H), see [43, Remark 3.2].

We now indicate how to use this prescription to construct a non-modular covariant
net on the two-dimensional de Sitter space. The crucial step here is to choose h € g
as a non-symmetric Euler element in g, and to verify the failure of condition (25)
by testing condition (26). We refer to [43] for the general discussion and further
examples as non-modular covariant nets on Minkowksi space and the representation
theoretic results.

In the context described above, we fix g to be a simple non-compact real Lie
algebra. Consider a non-symmetric Euler element hy € g and the associated wedge
Wy = (he,72) € Gr(G,,). By [43, Lem. 2.15] there exists a gl,-subalgebra b C g
containing hs such that h := [b,b] = sly(R) satisfies [h, ho] # 0. We consider
H :=Innyg(h) = SLy(R) and H,, = H x {1, 72} (see [43, Lem 2.15(d)]). The Euler

element hy € b has a central component h,., so that
ho =h.—hy with h.€3(b) and hy € E(H). (27)

Choosing the isomorphims h — sly(R) suitably, we find

hlzé(?é). (28)
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Let V' be the restriction Uly, . The group H = SLy(R) is the double covering of
PSL,(R) = £1 | the Lorentz group of R, So it acts on the de Sitter space dS?
through the covering map A : SLy(R) 5 g — A(g) € PSLy(R). We thus obtain a
net H% on de Sitter spacetime as follows:

Let W 5 WS s HS(WS) ¢ Hy,
such that HS(A(g)W5%) := V(g)Ny (W) for g € H = SLy(R), (29)

where Ny is the BGL net defined by U [43, Thm. 3.4]. Then the net H% is Lorentz
covariant and does not satisfy modular covariance. Indeed hy — hy = h. — 2h; and

[hQ — hl, b] = [hl, h] Z ker(ad h1>

In particular (26) is violated since ad he|, = —ad h; and N is not modular covariant.

One can also see this by observing that the Lie algebra generated by ghog™! with

g € SLy(R) is gly(R) so that Aﬁds(gwds) = U(exp(—2mghsg~'t)) can not generate
R

a representation of SLy(R). Details in [43, Sect. 3.2.1 and 3.2.2]. We can further
comment that counterexamples satisfying Lorentz covariance, locality and violating
modular covariance are not covered by these examples and are still missing.

3.2. The Euler Element Theorem

The following theorem is an important step in the understanding the key role
of Euler elements in these constructions. It addresses the question: Are Euler
elements necessary for defining fundamental localization regions in one-particle and
von Neumann algebra nets? Given a unitary representation of a Lie group and a
standard subspace V satisfying the Bisognano-Wichmann property with respect to
a generic one-parameter group in G, the generator of the latter in U is an Euler
element if a regularity property is satisfied.

Theorem 3.1. (Euler Element Theorem) [44, Thm. 3.1] Let G be a connected
finite-dimensional Lie group with Lie algebra g and h € g. Let (U, H) be a unitary
representation of G for which

ker(dU) N [h, g] = {0}.
Suppose that V is a standard subspace and N C G an identity neighborhood such
that the following hold:
(a) Bisognano-Wichmann property: U(exp(th)) = Ay TR for t € R.

(b) Regularity property: Vy :=(,cn U(g)V is cyclic.

Then h is an Euler element (or central) and the conjugation Jy satisfies

JyU(expx)Jy = Ulexpmi(x))  for 1, =™ 2 g, (30)
The theorem implies that, under the above assumptions, if g is a compact Lie
algebra, then h € g is central, so that 7, = id,. Therefore, in this case, a standard
subspace V associated to a pair (h,7) € Gg by the BGL construction can only
satisfy the regularity condition in Theorem 3.1(b) if V is U(G)-invariant.
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It is a consequence of Theorem 3.1 that 75, integrates to an involutive automorphism
Tg ) on the group U (G) = G/ ker(U) that is uniquely determined by

T}(L](G)(exp x) =exp(m(z)) for ze€g.

In particular the theorem ensures the extendibility of U to an (anti-)unitary repre-
sentation of GT}? on the same Hilbert space if U is a faithful representation of G
satisfying Bisognano-Wichmann and regularity properties.

The regularity property is very natural in the setting of an analysis of state local-
ization in AQFT, see for instance [9, 25, 38]. Firstly note that the condition (b)
is equivalent to the existence of a cyclic subspace K C H such that U(g)K C V
for every g € N. This corresponds to a localization property of standard subspace
nets that are finer than wedges. To provide examples we firstly refer to theories on
Minkowski spacetime. We call an open subset O C RY spacelike if 23 < x? holds
for all (zg,x) € O. Here we will consider spacelike cones that are also pointed,
convex and causally complete cones, namely C = C”. Given a spacelike cone C with
apex in a € RY then C = N{gWr +a: g € L, gWr D C —a} and for every
wedge W there always exists a spacelike cone C C gW, for every g in some small
enough neighbourhood of the identity N C 731. Let H be a net of real subspaces
on open regions satisfying isotony, covariance, cyclicity on wedge regions, then the
assumption (a) and (b) in the theorem correspond respectively to the Bisognano-
Wichmann property and the cyclicity for H(C). The latter property is satisfied by
the free one-particle nets on Minkowksi space when C is a spacelike cone, see [9,
Sect. 4]. One can make an analogue remark for de Sitter spacetime. One can con-
sider the intersection of pointed convex spacelike cones with apex in the origin in
RY with de Sitter space dS? and C NdS? are bounded regions obtained by wedge
intersection.

Another remark, in view of [19] there exists no net of standard subspaces on spacelike
cone regions, satisfying the Bisognano-Wichmann property for wedge subspaces,
undergoing an irreducible massless finite (non-zero) helicity Pl-representation U.
By contradiction, if there exists such a net, then Theorem 3.1 applies and U should
extend to a representation of P, on the same Hilbert space. This is never the case
for finite non-zero helicity representation, cf. [64, Thm. 9.10].

The Euler Element Theorem can be applied to nets of standard subspaces on causal
manifolds, see [44, Thm. 3.4]. With notations as in Sect. 2.4.3, let (U, H) be
a unitary representation of the connected Lie group G with ker(U) discrete. If
(H(O))ocum is a net of real subspaces on (the open subsets of) a G-manifold M that
satisfies (Iso), (Cov), (RS) and (BW), then Theorem 3.1 applies to H(W), the Lie
algebra element h is an Euler element, and the conjugation J:= Jyw) satisfies (30).

The theorem applies also when von Neumann algebras are taken into account. Let
G, h and (U, H) be as in Theorem 3.1. Let 2 be a unit vector and M C B(H) be a
von Neumann algebra for which €2 is cyclic and separating. Assume that €2 is fixed
by U(G) and that the Bisognano-Wichmann property holds as U(exp(—2nth)) =
Aif,m Assume that for some e-neighborhood N C G, the vector  is still cyclic
for the von Neumann algebra

My = ﬂ M,, where M, ="U(g)MU(g)"".

geN
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Then h is an Euler element and the modular conjugation J = Jyqq of the pair
(M, Q) satisfies

JU(exp :E)J = U(exp Th<1’)) for T = em'adh.

This follows by applying Theorem 3.1 to the standard subspace H = M, (2, see [44,
Thm. 3.7].

Borchers and Buchholz in [5, Theorem 6.2] proved that given a local, Lorentz
covariant, weakly additive net of von Neumann algebras on bounded regions of
de Sitter space, assuming that vacuum state looks for any observer in a wedge
moving through the corresponding boost-time evolution like an equilibrium state
with some apriori arbitrary temperature, namely a KMS-state, then the geodesic
temperature of vacuum state has to be equal to the Gibbons-Hawking temperature.
This corresponds to the fact that the boost generator - properly parametrized -
is an Euler element. A first geometric approach to the [5] result is in [61]. The
Euler Element Theorem gives a standard subspace reformulation of this picture [44,
Cor. 5.16, 3.3 and 3.5].

3.3. Regularity and localizability

Given a connected Lie group G, such that h € £(g), and an (anti-)unitary repre-
sentation U of G, , one can construct a net of standard subspaces on wedges as in
Sect. 2.4.3. The Bisognano—Wichmann property holds, which naturally raises the
question of the extent to which the regularity property (b) from Theorem 3.1 is also
satisfied. This is a representation theoretic question investigated in [44] that in part
uses the results of [22].

In this setting we reformulate the property as follows. Assuming that h is an Euler
clement and (U, H) an (anti-)unitary representation of G, . Let V be the standard
subspace associated to the wedge (h,7,) by the BGL-construction. We shall say
that U is regular with respect to h, or h-regular, if there exists an e-neighborhood
N C G such that Vy = cx U(g)V is cyclic. Replacing N by its interior, we may
always assume that N is open.

This property passes to direct sums, direct integrals and sub-representations as
follows [44, Lem. 4.4]:
(a) If U =U; ® U, is a direct sum, then U is h-regular if and only if U; and U,
are h-regular.
(b) If U is h-regular, then every subrepresentation is h-regular.
(c) A direct integral representation U = [ ;f Up dpp(m) is regular if and only if

there exists an e-neighborhood N C G such that, for p-almost every m € X,
the subspace V,, y is cyclic.

We now present the state of the art on the analysis of this property.

3.3.1. Regularity via generating positive cone

In conformal Algebraic Quantum Field Theory, the geometry of the model ensures
that one can shrink wedge regions: conformal symmetries in Minkowski space can
transform a wedge region W into a doublecone region O € W and both regions
are associated 1-1 to Euler elements; for the Mobius wedge geometry, intervals are
associated to Euler wedges, and interval inclusions are associated to inclusions of
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Euler wedges [8, 9, 42]. In particular, provided the BGL construction for these
models, there exists an open neighborhood of the identity N C G such that given
a gen YW1 contains a wedge region supporting a cyclic subspace, hence regularity
for the BGL net holds.

Firstly, we situate the general framework within the Lie theory context, where the
regularity property stems from the existence of a generating positive cone. Theorem
[44, Thm. 4.9] claims that, if (U, H) is an (anti-)unitary representation of G,, for

which the cones
C:t = :|:CU N gﬂ(h) (31)
are linearly generating g.;(h), then (U, H) is regular.

As examples one can consider the Mobius group. Here, the condition (31) holds for
positive energy representations of the Mobius group. Up to sign, the only pointed,
generating closed convex Ad-invariant cone has been introduced in (7). Given a
positive energy representation U of Mob, then Cy = C'. Considering the Euler

171 0
element h = 5( 0 -1 ),We have

01 0 0
Ci=+CnNgsi(h), CL=Ry (O O)a C_ =Ry (1 0)>

and the half lines Cy generate gyq(h). This property is not satisfied by positive
energy representations of the Poincaré group on R'3. We will see in the next section
how to deal with this case.

Another example is the the following. Let g = s0(2,d + 1) the Lie algebra of the
conformal group of the Minkowski spacetime R consider the Euler element h € g
generating the dilations exp(ht)z = ez where z € RV, then g, ~ RY? and the
positive cone C; = {z € RY : 22 > 0,15 > 0} is generating in g; (and analogously
for g_1). The generating property holds for all hermitian simple real Lie algebras,
see [59, Lemma 3.2].

3.3.2. Regularity in a semidirect product

As a second step, it looks natural to study the regularity property for (anti-)unitary
representations of semidirect products where one can split the problem checking two
conditions on the two defining subgroups. This picture now contains the Poincaré
group that is not simple. Furthermore any simply connected Lie group G, is a
semidirect product G = N xS, where S is semisimple and N is the solvable radical
(Levi decomposition, see e.g. [28, Thm. 11.1.19]).

We consider a general (connected) semidirect product Lie group G = R x L, let
h € &E(g), and (U, H) be an (anti-)unitary representation of G, . Theorem 4.11 in
[44] proves that (U, H) is regular under the following two conditions

(a) the cones Cy := £Cy Nty(h) generate tyi(h) where v = L(R).
(b) (Ulr,,,H) is h-regular.

This theorem applies to (anti-)unitary positive energy representations of the Poincaré
group Gr, . In this context let R = RV, L =Ll and h = hy, € E(g), one can
check the generating property of the one-dimensional cones C. in the eigenspaces
ty1(hw,) that corresponds to the lightrays R(ey & e;)t = ty; and the regularity
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property for the restriction of the representation to the identity component 51 of
the Lorentz group. The first property follows from the spectral condition, namely
positivity of the energy of the the Poincaré representation. The second one holds for
every representation of the Lorentz group, as one can see from Theorem 4.25 in [44].

To study the regularity property for reductive Lie groups G one can introduce the
localizability property. Given an (anti-)unitary representation (U,H) of the Lie
group G, , this property ensures the existence of a concrete cyclic real subspace of
the representation Hilbert space localized on an open region of a causal symmetric
manifold M lying in the intersection of wedge subspaces (wedge regions as described
in Sect. 2.3). In [22], the authors explicitly constructs local subspaces (in analogy
with the the free field case) and prove the Bisognano-Wichmann property for stan-
dard subspaces of wedge regions and the cyclicity of the subspaces associated to
open regions that are intersections of wedge regions. This result is recalled to con-
clude regularity in [44]. Results in [44, Thm. 4.23, Cor 4.24] guarantee localizability
for representations of a connected reductive Lie group. Then Theorem 4.11 in [44]
applies to the cases where G = R x L, U|g satisfies (a) and L is reductive.

Currently, it is unknown whether all (anti-)unitary representations of Lie groups

of the form G, are regular. The preceding discussion suggests that resolving this
question requires a more detailed analysis of the case of solvable groups.

3.4. The type of wedge algebras

Von Neumann algebras can be classified in terms of the geometry of their projection
and the spectrum of the modular action [63, 62, 15]. Algebras involved in an AQFT
are proven to be of type III; in many cases, and they are expected to always be of
this type when nontrivial (see for instance [18, 32, 23, 10, 5, 21]). Recently, type
IT, algebras have become increasingly relevant in certain constructions within the
AQFT context, see [12, 20].

We prove that our generalized AQFT setting also respects this type I11; expectation.
Let G be a connected Lie group with Lie algebra g. We say that h is anti-elliptic
if n, + Rh = g where n, < g be the smallest ideal of g such that the image of h
in the quotient Lie algebra g/ny, is elliptic. Let (U,H) be a unitary representation
of G with discrete kernel, N' C M C B(H) an inclusion of von Neumann algebras,
and Q € H a unit vector which is cyclic and separating for N' and M. Assume
that the following properties hold:

(Mod) €U = A g, and
(Reg’) {g€G: Ad(U(g9))N C M} is an e-neighborhood in G.

Then the following assertions hold:
(a) h is an Euler element.
(b) The conjugation J := Jyq satisfies
JU(expz)J = U(expy(z)) for 7, = ™" 2 cg. (32)
(c) HE = ker(0U(h)).
(d) The restriction of iOU (h) to the orthogonal complement of the subspace H

of fixed vectors of the codimension-one normal subgroup N, := (exp(n;)) < G,
has absolutely continuous spectrum.
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If, in addition, HY = CQ # H, then M is a factor (i.,e. M N M’ = C1) of type
IIT;. This theorem is [44, Thm. 5.15].

Note that if h € £(g) is anti-elliptic, then go C Rh+[g1, g-1]. Anti-elliptic elements
are called essential elements in [61]. One can apply this setting when it is considered
a unitary representation U on an Hilbert space H of the connected Lie group G
with discrete kernel, a vector 2 € H that is the unique unit vector fixed by U(G)
and M C B(H) be a von Neumann algebra for which 2 is cyclic and separating.
Assume that h € g is anti-elliptic and the following properties.

230U (h

(Mod) Modularity: There exists an element h € g for which e )= Apma.

(Reg) Regularity: For some e-neighborhood N C G, the vector € is still cyclic
(and obviously separating) for the von Neumann algebra

My = ﬂ M,, where M, =U(g)MU(g)"".

geEN

Then h is an Euler element and M is a type I1I; factor. This picture includes the
cases of nets of von Neumann algebras on Euler wedges when, under the previous
assumptions, the map

Wi 3 Wi M(gW) =U(g)M(Wp)U(g)"' € B(H), geG

where M(W},) = M and W), = (h,73,), defines a G-covariant isotonous net of von
Neumann algebras.

In the case Q is cyclic and separating but the set of U(G)-fixed points is not one
dimensional, then one can consider the von Neumann algebra

A= ([UMy)" S BH)

geG

generated by all algebras M, = U(g)MU(g)*. If M' = M,, for some gy € G
then we have direct integral decompositions

e ® &
M = / M, du(z), U :/ Ugdu(x), and A= / B(H,)du(x).
X X X
We have a measurable decomposition X = X,UX;, where dimH, = 1 for z € X,
and the representations (U,).cx, are trivial. For = € X, the algebras M, are
factors of type III; and (M,,Q,,U,) satisfies (Reg) and (Mod), where U, is the
representation of G/ ker(U,) induced by U,. Further details in [44, Thm. 5.22].

4. An outlook on hermitian Lie algebra

We have seen that various aspects of the geometric framework of Algebraic Quantum
Field Theory (AQFT) can be explored at the Lie theory level. In particular, the
Bisognano-Wichmann and modular reflection properties give rise to a generalized
wedge-boost correspondence, where the Euler elements assume a central role. As
we have seen along these lines, this framework allows for the deduction of properties
of wedge regions, wedge symmetries, wedge standard subspaces and wedge von
Neumann algebras.
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Within this generalized setting, conformal models stand out due to the significant
role played by orthogonal wedges, offering a rich structure [42]. Here the Lie algebra
of the symmetry group is assumed to be simple and hermitian. Specifically a simple
Lie algebra is hermitian if the center of a maximal compactly embedded subalgebra
¢ C g is non-zero. Equivalently, a simple real Lie algebra g is hermitian if and
only if it has a convex Inn(g)-invariant cone C' # {0} or g. Furthermore a simple
hermitian real Lie algebra contains an Euler element if and only if it is of tube type,
i.e. the restricted root system is of type C, (see [42, Prop.3.11]). In view of the
classification in Sect.2.2, in the hermitian simple case there exists a unique Inn(g)-
orbit of symmetric Euler elements. By [42, Theorem 3.13], in a simple Lie algebra
symmetric Euler elements have orthogonal Euler element partners: We shall say
that he, hy € £(g) in a Lie algebra g are orthogonal Euler elements if they satisfy
the condition
Tha(hb) = —hb.

As examples, this is the case of the Euler elements associated to the right half-circle
and the upper half-circle of the wedge geometry on S* and the case of Euler elements
associated to R"-Minkowksi wedges W; = {z € R" |zo| < z;} with ¢ = 1,2 and
d>2.

One can consider couples of orthogonal elements in a simple Hermitian Lie alge-
bra and study orbits of orthogonal elements. The existence of disjoint orbits is
particularly evident in Conformal Field Theory on Minkowksi spacetime. Given
a unitary representation U of the universal covering of the conformal group G,
where g = s0(2,d + 1), inequivalent couples of orthogonal Euler elements gener-
ate inequivalent representations of SLy(R) not all of them satisfying a non-trivial
spectral condition. A systematic analysis of these orthogonal pairs, along with a
geometric examination of the conformal models, will be discussed in forthcoming
papers together with an analysis of their relationship with conformal AQFT models
([45, 48, 49]).
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