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1. Introduction

For a unitary representation 7 of a Lie group G in a Hilbert space V' we have for
each one-parameter subgroup exp(tX) a unitary one-parameter group of operators
U(t) = m(exp(tX)), and this is given by the Fourier transform of a spectral measure
on the real line with values in the projections in V. It is a fundamental question
to know this spectral measure and in particular the spectrum, i.e. its support.
When the generator of U(t) corresponds to a physical interpretation such as energy,
then one thinks of the notion of positive energy as related to the spectrum being
bounded below. This notion has been studied in great detail by Karl-Hermann Neeb
in connection with unitary highest weight representations, where also the connection
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to causality and field theory is central. In the works by Harish-Chandra this class of
representations was introduced as holomorphic Discrete Series of a semi-simple Lie
group G and related to analysis and holomorphic vector bundles on the Riemannian
Symmetric space G/K. Now in general for a unitary representation of a Lie group
G it is of interest to find the spectrum of its restriction to a subgroup H (just as
for one-parameter subgroups) — the branching law — and this will reveal much about
the nature of the representation. One important aspect is that one needs good
models of the Hilbert space in order to carry out the restriction explicitly, and again
typical models are in homogeneous vector bundles over GG/K in the semi-simple
situation, or equivalent versions (via parallelization of the bundles) in vector-valued
function on G/K. Whereas the overall principles are simple, the computations
involve the structures of G and H in suitable coordinates using the root systems.
The coordinates are relevant since we want to represent the branching laws using
integral kernel operators and also differential operators.

In this paper we continue our study of the Discrete Series of a connected linear
semisimple Lie group G, namely the unitary irreducible representations 7 arising
as closed subspaces of the left regular representation in L?*(G). Here G and a
maximal compact subgroup K have the same rank and Harish-Chandra gave a
parametrization of such 7, the so-called Discrete Series of G.

Our aim is to understand the restriction of the Discrete Series of G to a symmetric
subgroup H of G in the admissible case, namely when a 7 restricted to H is a
direct sum of irreducible subspaces, each of them Discrete Series p of H with finite
multiplicities. There are a number of techniques that we use here, firstly the theory
of reproducing kernels, corresponding to convenient models of the Discrete Series.
There are two kinds of operators we analyze, namely

o symmetry breaking operators, i.e. H equivariant linear maps from 7 to the
individual p

o holographic operators, i.e. H-equivariant linear maps from the individual p
to

As it turns out differential operators play a key role as symmetry breaking operators,
and we shall explain this using homogeneous vector bundles over G/K. Another
technique is that of pseudo-dual pair, a notion introduced in [28], and useful in our
situation is that we associate to H another symmetric subgroup Hy of GG, and there
is a corresponding duality Theorem, which in a sense reduces the branching law (the
explicit decomposition of 7) to a branching law for Hy under its maximal compact
subgroup.

We treat in special detail the case of G/K of Hermitian type and the holomorphic
Discrete Series; here we give a simpler proof of the duality Theorem and also
more information about the differential operators and kernel operators arising as
holographic operators. This case has been treated earlier using the models specific to
this case, namely seeing G/K as a bounded symmetric domain; we are particularly
interested in the nature of the symmetry breaking differential operators, in particular
whether they are purely tangential or contain normal derivatives.

There are a number of prerequisites of a technical nature that we assume in this
paper; the topic of Discrete Series representations of semisimple Lie groups is by
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its nature (and history) quite demanding, and we ask the reader some patience and
consultations of some of the literature. One important work here is the notion of
lowest K -type, which has been introduced by D. Vogan [38, Definition 5.1, Proposi-
tion 5.8] as a way to characterize certain representations, in particular the Discrete
Series. Also see the work by W.Schmid on realizations, i.e. concrete models of the
Discrete Series [2][17][34]. Some of our results are for quite general Discrete Series —
in fact as in our previous work [29][30][31] where the role of reproducing kernels in
treated in detail, and also some criteria for admissible restrictions of Discrete Series
are given. Finally we use the theory of the special case of holomorphic Discrete
Series (we call this the holomorphic case), for the groups where the Riemannian
symmetric space is a bounded symmetric domain; here we can be more explicit and
make our duality quite concrete. The holomorphic case has been studied in great
detail by R.Nakahama [25], and we have been much inspired by this work. For
other technical prerequisites we refer to the works of N. Wallach [11] [17] [39] and
obviously the fundamental works by T. Kobayashi on branching theory [19][21] [22].

In order to describe the main results we set up some notation.

From now on, G is a connected semisimple matrix Lie group. K is a maxi-
mal compact subgroup of GG. 6 denotes the Cartan involution associated to K.
Lie(G) = g = ¢ + p is the associated Cartan decomposition. We fix (7,W) a
representation of K. dg denotes a Haar measure in G. We recall the space

flak) = 7(k)f(2), k € K,

L*(G W) = G W
(G ) / - xGG,/ ||f(x)||%,vdx< 00
G

The left action on functions is denoted by LY, L..

A reductive pair (G, H) consists of G and a reductive, connected, closed subgroup
H of G. We can arrange and we will do matters so that L := K N H is a maximal
compact subgroup of H. Similarly, for each representation (o, Z) of L we have the
space L?(H X, Z). An example of reductive pair is a symmetric pair defined as
follows: for each involution ¢ in G that commutes with the Cartan involution 6, we
define H := (G7), the connected component of the identity of G?. The associated
subgroup to H is Hy := (G°%)y. L = K N H is a maximal compact subgroup of
both H, Hy. We call these two groups a pseudo-dual pair.

An irreducible unitary representation of G is square integrable, equivalently a Dis-
crete Series representation, if each of its matrix coefficient is square integrable with
respect to Haar measure. It is a Theorem that square integrable representations are
determined by their lowest K -type, in the sense of Vogan, and that the lowest K-
type has multiplicity one when we restrict a given square integrable representation
to the maximal compact subgroup K, [8][34][38]. Henceforth, we fix an irreducible
representation (7,W) of K which is the lowest K-type of a Discrete Series rep-
resentation. Thus, Frobenius reciprocity lets us conclude that a Discrete Series
representation of lowest K-type (7, W) has multiplicity one in L*(G x, W).

Let H?(G,7) C L*(G x, W) denote the unique closed linear subspace that re-
alizes the square integrable representation of lowest K-type (7,7). It can be
shown that H?*(G,7) is an eigenspace of the Casimir operator Q, [8]. We de-
note by ), the value of such eigenvalue. A key property of H?*(G,7) is be-
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ing a reproducing kernel subspace [1]. We denote the corresponding reproduc-
ing kernel by K, : G x G — Homc(W,W). We have K, (z,y) = K, (y,x)*,
K, (z,-)*w € H*(G,7),w € W. The orthogonal projector onto H?*(G,7) is the
integral operator f — [, K;(y,-)f(y)dy, and for every f € H*(G,7),w € W the

identity (f(z),w)w = [,(f(y), K+(y,z)*w)wdy holds. Also, the map
W sw— K.(e,-)*w e H*(G,7)[W]

is a K -equivariant isomorphism. Similarly, for an irreducible representation (o, Z)
of L, we consider H?(H,o) C L*(H %, Z).

To continue, we describe the main results and a resume of the paper. Before we pro-
ceed, we would like to point out that the style of this note is inspired by K.-H. Neeb
in the sense of aiming first a presentation with a high degree of generality followed by
particular (and interesting) more special cases. In Proposition 2.1, Proposition 2.3,
we recall scattered results on basic properties of intertwining linear operators be-
tween two representations modeled on reproducing kernel spaces. In 2.4.1,2.4.2, we
recall the general notion of differential operator in our context. With respect to the
main results a description is as follows: In Theorem 2.5, we generalize a result of Hel-
gason, we show whenever a symmetry breaking operator is equal to the restriction
of a plain differential operator, we may replace a differential operator by a canonical
differential operator between the vector bundles that describe the representations.
In the same section, we carry out in thorough detail the problem of writing a sym-
metry breaking operator as a differential operator given the kernel and viceversa. In
Theorem 2.8 we continue the study of the relation between symmetry breaking op-
erators for different realizations of the same representation, among them, maximal
globalization, Hilbert space realization, Harish-Chandra module realization.

In section 3, we consider the problem of representing a symmetry breaking oper-
ator as generalized gradient operator, the obtained result is valid for an arbitrary
symmetric pair (G, H) and arbitrary symmetry breaking operator for an arbitrary
H -admissible Discrete Series representation for G.

In section 4, we present a new proof of the duality Theorem for the holomorphic
setting, Theorem 4.1, Theorem 4.3, Theorem 4.4, Theorem 4.7. Our proof is of
algebraic nature. In order to carry out the proof, we introduce the subspace Lfy; ;
to be the linear span of of subspaces of HZ? (G,W) that realizes the lowest L-
type of each irreducible H-factor of H? (G,W). We also consider the subspace
U(ho)W :=the U(hg) submodule spanned by the subspace that realizes the lowest
K -type of the representation. Then, in Proposition 4.2, we find an explicit isomor-
phism Ly, 5 é U(ho)W . In Proposition 4.6 we show that D may be replaced by
the orthogonal projector onto U(ho)W . In Theorem 4.12 we show a new formula
for holographic operators based on the reproducing kernel for the initial space. As
a consequence, we show a “separation of variable” formula for the kernel of holo-
graphic as well for symmetry breaking operators, we believe this formula is valid
under more general hypothesis, see Corollary 4.16 and the previous corollaries.

In section 5 we present an overview of some of the results that will appear in a
sequel to this paper. The results are built on a quite careful analysis of when
all “first order” symmetry breaking operators are represented by normal derivative
differential operators. Later on, we study, when the totality of symmetry breaking
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operators are represented by normal derivative operators. That is, following [31,
Proposition 6.3], we analyze the equality Lf, ; = U(ho)W . Aspects of the notion of
duality via dual pairs (also called pseudo dual pairs) has been considered in earlier
papers by several authors, notably Jakobsen-Vergne, Kobayashi-Pevzner, Speh and
Nakahama; we believe it is useful for branching theory in quite general situations.
Some natural open problems arise from our study, for example we mention a few:

(1) the explicit nature of the branching laws in terms of the reproducing kernels for
the representations; since these are essentially generalized hypergeometric functions
with parameters coming from the large group (resp. the subgroup), there will be in
the admissible case an explicit identity expressing the kernel for the large group as
a sum over kernels for the subgroup.

(2) Since other families of unitary representations have aspects in common with
the Discrete Series (such as reproducing kernels given in terms of certain matrix
coefficients) we may have similar results for these.

(3) For the non-admissible cases of branching laws (with both a discrete and a con-
tinuous spectrum) it is still interesting to consider the symmetry-breaking operators
for the discrete spectrum - here we have some conjectures, but the theory remains
incomplete.

1.1. Notation

For unexplained concepts please consult the partial list below as well as the Section
Partial list of symbols and definitions, or [30][31]. The complexification of a real
vector space V is denoted V. Quite often we are somewhat sloppy in writing
the complex subindex C. For a module M and a simple submodule N, M[N]
denotes the isotypic component of N in M. That is, M[N] is the sum of all
irreducible submodules isomorphic to N. If topology is involved, we define M[N]
to be the closure of M[N]. Homy(V,U) denotes the linear space of continuous H -
intertwining linear maps from V into U. For a finite dimensional representation
Z and a representation U of a compact Lie group L, Homy(Z,U) is equal to
the set of linear maps from Z into U that intertwines the action of L. Given a
representation (7, V) of G, and a linear subspace U of V| invariant under the set
of linear operators m(H), for short, we will refer as: U is H-invariant.

2. Analysis of symmetry breaking (holographic) operators in the
symmetric space model

As we said in the introduction the Discrete Series has several different models on
the Riemannian symmetric space /K in concrete spaces of sections of vector
bundles; thus the most natural linear operators to consider between such spaces
are (a) integral kernel operators and (b) differential operators. For (a) we shall
use both reproducing kernels (whose existence follows from the ellipticity of the
equations defining the Discrete Series) and also kernel operators for both symmetry
breaking operators and holographic operators. For (b) a crucial point is to find a
canonical form of such differential operators, and this is most relevant for symmetry
breaking in the admissible case. Since G/K is simply connected, bundles can be
trivialized, and this will be relevant in our discussion. When we consider Discrete
Series we tacitly assume the equal rank condition of Harish-Chandra. We also refer
freely to some of our previous results on Discrete Series.



914 (DRSTED AND VARCAS

In the Introduction we have recalled the bundle model of a realization for Discrete
Series representations, we begin this section by recalling realizations of Discrete
Series representations in the symmetric space model. Next, in the realm of both
realizations for Discrete Series, we recall the description of intertwining linear op-
erators as integral operators and the description of intertwining linear operators as
differential operators, whenever it is possible. In the following, we carry out a com-
plete analysis on how to compute the kernel function that represents an intertwining
linear operator knowing its representation as a differential operator and viceversa.
To continue, we show a generalization of a Theorem of Helgason on differential op-
erators to a very general setting. For the sake of completeness, we present (without
proof) the general statement of our duality Theorem. We end up the section show-
ing a generalization of results of T. Kobayashi on symmetry breaking operators for
different models of the Harish-Chandra module attached to a Discrete Series repre-
sentation. Some of the results in this section will be basic for the end of section 2,
section 4, and the sequel to this paper.

2.1. Symmetric space model for Discrete Series

We recall G is connected, matrix, reductive Lie group, K is a maximal compact
subgroup of G. We assume there exists a Discrete Series representation H*(G, 1) of
G of lowest K-type (1,W). Let ¢, : G x G/K — GL(W) be a continuous cocycle.
Thus, c¢-(ab, ) = c;(a,bx)c,(b,x) and c.(k,eK) = 7(k),k € K. Let dmg/k denote
a G-invariant measure on G/K adjusted so that

/ F(x)dz = /G . / fak)dkdme, x (zK).

We recall the space (for a reference See [14] [26], [30])
LAG/K,W):=L2 (G/K,W) :={f:G/K - W :
HfH%g(G/KW) = / ((cT(x, eL)cT(a:’eL)*)_lf(;U),f(x))wdmg/;((:c) < oo} (2.1)
G/K

and the unitary representation m. of G on L2 (G/K,W) defined by means of the
equality .. (z)(f)(yK) = (27, yK) 7 fa 7y K).
As usual, 7. (X)(f) denotes the infinitesimal action of 7, .

Roughly speaking, the space L2 (G/K,W) may be thought of as the space of square
integrable functions with respect to the “measure”

fre, = (cr(z, €)er(z,e)*) dmeg k().
Henceforth, H? (G/K,W) denotes the A, -eigenspace of 7. (Qq) in L2 (G/K,W).
The map fr Ee () = (-, e) ()
is a G-equivariant unitary equivalence between
(L9, L2(G %, W) and (z,., 12 (G/K, W),
carrying H*(G,7) onto H? (G/K,W). Therefore, H? (G/K,W) is a reproducing

kernel space. We denote the corresponding reproducing kernel by

Ki(zK,yK) = c;(y,e K) K, (x,y)cr (z, e K)*. (2.2)
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We have, K¢(hy,hx) = c;(h,x)K:(y,z)c,(h,y)* forall h e G, z,y e G/K.
Since, K, (z,x) = d(m., )Iw, for every x € G it holds that
Ke(zK,z2K) =d(m.,) c;(x,e)c (z,e)*.

2.2. Symmetry breaking operators
Let (G, H) be an arbitrary reductive pair, K,L := K N H respective maximal
compact subgroups, (7,W) is (resp. (0,Z)) irreducible representations of K, L.
We assume that there exists Discrete Series representations H?*(G, 1), H*(H,0).
Let ¢, : G x G/K — GL(W),c, : Hx H/L — GL(Z) be cocycles. Thus,
c(ab,x) = c(a,bx)c(b,z) and ¢, (k,eK) = 1(k),co(l,el) = o(l),k € K,l € L.
Next, we fix a continuous symmetry breaking operator

S:H2(G/K,W)— H:(H/L,Z).
Since the target space is a reproducing kernel space, there exists

K§:G/K x HIL — Hom¢(W, Z)
so that for z€ Z, he H, K§(-,hL)*z€ H? (G/K,W) and for all Fe H? (G/K,W),
he H, z € Z, it holds

(S(F)(hL),2)z = (F, K§(-, hL>*Z)L§T(G/K,W)' (2.3)

Similarly, for S* and each w € W, we have a kernel K¢.(-,2K)*w € H? (H/L,Z)
such that for all g, € H2 (H/L,Z),x € G, the equality

(S*(g1)(zK), w)w = (g1, Kfs**(wwK)*w)ng(H/L,Z)

holds. In the following, we show a result analogous to some statements in [30,
Proposition 3.7], and, in the proof of [30, Lemma 4.2].

Proposition 2.1.  Let (G, H) be a reductive pair of Lie groups and H? (G /K, W),
H? (H/L,Z) Discrete Series representations for G, H. Then, the following facts
hold for an H -intertwining continuous linear map

S:H(G/K,W)— H. (H/L,Z) :

Notation: hyye H, x€ G,z Z, we W, Fe H2 (G/K,W), ge L2 (H/L,Z).

(1) S(F)AL) = [ K§(0 K, DL (cr(w, €)ex(w,€)*) T F(aK )dmey (2K
(2) K4(xK,hL)w = K&, (hL, 2K )w = S(K¢(-,2K)*w)(hL).

(3) K& (zK,eL)w = S*(KS(-, eL)*w)(zK).

(4) K&(haK, hyL) = co(h,yL)K&(x K, yL)c (h, tK)*.

(5) K& (hL,zK)z = K&(xK, hL)*z = S*(K¢(-,hL)*2)(zK).

(6) The linear map,

Z 3z K§(-,el)*z = Ké.(eL,)z € H:(G/K, W),
is an L-map. Moreover, for each z € Z
K§(-,eL)*z = K¢.(eL,-)z € H2 (G/K,W)[HZ (H/L, Z)|(Z].
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(7) (S(K:(,zK)w)(hl), z)z = (w, S*(K5(-, hL)*2)(x K))w -
(8) (S*(9)(zK),w)w = (g, S(K(-, 2 K)* W) r2(s1/L.2) -

If we replace the space H?(H, o) by L*(H x, Z), the fourth identity might not hold!

Proof. A justification of all the statements but the fifth, is in [26]. We carry out
the necessary computation to justify the first and the sixth assertions.

(S(F)(hL),2)z

- /G/K((cf(x, e)e-(z,e)) ' F(2K), K§(x K, hL)*2)wdm(zK)

— /G/K(KE(xK, L) (o (. )er (z, €)) P (2K, 2) ydm(zK)

= < K&(zK,hL)(c (x,e)cr(z,e)*) ' F(zK)dm(zK), z)Z.
G/K

For the sixth statement, we apply the fourth statement to [ € L,z = eL = o0 = lo,
we obtain K&(ly, 0)* = ¢, (1, y)K&(y, 0)*c,(I,0)*. Since, c¢,(I,0)* = o(I™'), we have
cr(Ly) T KE(ly, 0)* = K&(y,0)*a(I71). Thus, the map 2z — K§(-,0)*z is an L-map.
Now, for Gy € (H2 (G/K,W)[H2 (H/L, Z)|)*, since H? (H/L, Z) is H-irreducible,
we have S(G1) = 0. Hence, 0 = (S(G1)(hL),2)z = (G1, K§(-, hL)*2) 2 x,w)
yields K§(-,hL)*z € HZ (G/K,W)[HZ (H/L, Z)], the previous computation gives
K§(-,hL)*z € H2 (G/K,W)[H2 (H/L,Z)|[Z] and we have verified (5). (6) and (7)
readily follow. [ |

For Discrete Series H*(H, o), H*(G,7) in bundle model and a symmetry breaking

operator S : H*(G,7) — H?(H,0), since both Hilbert spaces are reproducing kernel
spaces, there exists a smooth function Kg: G x H — Homc(W, Z) so that

(S(F)(h),2)z = [o(f(2), Ks(x, h)w)zdx
for all f € H*(G,7), 2 € Z. We have Kg(-,z)*w belongs to H?(G,T) for each
heH.

The diagram below shows how to transfer symmetry breaking operators .S for group
models of representations, to symmetry breaking operators S¢ in the symmetric
space model. The corresponding relation between the function kernels Kg, K¢. is

Kée(xK,hL) = cy(h,e)Kg(x,h)c, (x,e)*, Vh € H,x € G. (2.4)
[30, Proposition 3.7] yields K. is a smooth function.

Ee,

H*(G, 1) —— H2 (G/K,W) s

is J/SC
Ee,

HQ(H70>i>Hc26(H/L72) g—>cg(-,€)g(-).

(- e)f ()

Remark 2.2. Let 7 : H*(G,7) — C*(H x, W) denote the restriction map. In [29]
it is shown the image of r is contained in L?*(H x, W) and r is (2,2) continuous.
It readily follows that the corresponding map r¢: H? (G/K,W) — L? (H/L,W)
is again the restriction map. We will apply this observation for the restriction
ro: HX(G,7) — L*(Hy X, W).
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Note: Under the assumption that resy(H?(G, 7)) is H-admissible, in [30, Propo-
sition 6.8], we analyze the orthogonal projectors P.,, (resp. P¢,) onto the iso-
typic components H?*(G,7)[H*(H x, Z)| (resp. H? (G/K,W)[H? (H/L,Z)]) we
state without proofs the following relations among the respective kernels (see [30,
Proposition 6.8]):

K: (2K, yK) = c;(y,e) K70 (7, y)cr (7, €)".

K. o(2,y) = Onz(ux,z)(h — K.(h'z,y)).

KZ o (2,y) = Onzix, z)(h = K7 (W@, y)).
Here, ©py2(p«, 7 is the Harish-Chandra character of H*(H X, Z).

2.3. Holographic operators

Let (G,H) be an arbitrary reductive pair, K,L := K N H respective maximal
compact subgroups, (7, W) is (resp. (o, Z) ) irreducible representations of K, L.

We assume that there exists Discrete Series representations H*(G, 1), H*(H, o).
Let ¢, : G x G/K — GL(W) and ¢, : H x H/L — GL(Z) be cocycles. Thus,
clab,z) = c(a,bx)c(b,z) and c.(k,eK) =7(k), c,(l,eL) =0o(l), k€ K, l € L. By
definition, holographic operators are the continuous H -intertwining linear maps

T:H2(H/L,Z) — H-(G/K,W). (2.5)

Holographic operators, have properties quite similar to the symmetry breaking
operators, and they satisfy a Proposition quite similar to Proposition 2.1. In the
following, we state without proof (the proof is quite similar to the proof of facts valid
for symmetry breaking operators) facts about holographic operators necessary for
further developments. A holographic operator T is represented by a smooth kernel

K¢ :H/LxG/K — Home(Z, W)
so that for z € Z, h € H, K¢(hL,)z € HZ(G/K,W); for w € W,s € G,
K§(-,sK)Y*w € H2 (H/L,Z) and for g, € H2 (H/L,Z), w e W, x € G, we have
(T(g1)(zK), w)w = (g1, K¢(-, o K)*w) 2 (1y1,2)- The analogue to Proposition 2.1 is
the following:

Proposition 2.3.  Let (G, H) be a reductive pair of Lie groups and H? (G /K, W),
H? (H/L,Z) Discrete Series representations for G, H. Then, the following facts
hold for an intertwining continuous linear map

T H2(H/L,Z) — H2 (G/K, W),
Notation: hyye H, x € G, z€ Z, we W, g€ H2 (H/L,Z).
-1
1 T(g)(l’K) = fH/L K%(hL,QJK)(CU(h,G)CU(h, 6) ) g(hL)de/L(hL)
2) K&(hL,2K)z = K¢ (vK,hL)z =T(KS(-,hL)*2)(zK).

(1)
(2)
(3) K§(hyL,hzK) = c.(h,aK)K§(yL, 2 K)c,(h,yL)*.
(4)

4) K¢ (xK,hL)w = K¢(hL,xK)*w = T*(K¢(-,xK)*w)(hL).
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(5) The linear map
Z 3z Kg(eL,")z = K¢.(-,eL)*z € He,.*(G/K, W)
is an L-map. Moreover, for each z € Z ,
KG(-,eL)z = K§.(-,eL)*z € H2 (G/K,W)[HZ (H/L,Z)||Z].

(6) (T"(K7 (e K) w)(hl), 2)z = (w, T(Kg(-, hL)*2) (2 ) )w-

(7) Vg, (T(9)(xK),w)w = (gvT*(Kf-('axK)*w)Lga(H/L,Z)-

For Discrete Series H?(H, o), H*(G, ) in bundle model and a holographic operator
T : H*(H,o) — H*(G, ), since both Hilbert spaces are reproducing kernel spaces,
there exists a smooth function Ky : H x G — Homc¢(Z, W) so that

(T(g)(x), ww = [y (g(h), Kr(h, g)*w)zdh for all g € H*(H,0), w e W.
We have that Krp(-, z)*w belongs to H?(H, o) for each z € G.

The diagram below shows how to transfer holographic operators T" on bundle model
to holographic operators 7 in the symmetric space model. The corresponding
relation between the function kernels Kr, K¢. is

Kfe(hL,z2K) = ¢ (z,e)Kr(h,x)co(h,e)*, Yh € H, x € G. (2.6)
[30, Proposition 3.7] yields that K¢. is a smooth function.

HA(G,7)—=H2(G/K,W)  f—%c.(e)f()

2.4. Differential operators

2.4.1. Generalities on differential operators

Since Discrete Series are realized in spaces of functions, sometimes, symmetry break-
ing operators are equal to the restriction of differential operators. For example,
Rankin-Cohen brackets. The objective of this subsection is to study symmetry
breaking operators represented by differential operators. As a result we obtain a
way to find the integral kernel of a symmetry breaking operator knowing its repre-
sentation as differential operator and vice-versa. We also obtain a generalization of
a Theorem of Helgason.

For X € U(g), let Rx denote infinitesimal right derivative by X . Let (G, H) be an
arbitrary reductive pair, K, L := K N H respective maximal compact subgroups,
(1,W) is (resp. (0,Z7) ) irreducible representations of K,L. We assume there
exists Discrete Series representations H?(G,7), H*(H,o). Then, a definition of
differential operator is based on the fact (for a proof, [40, chap V]): A linear
map D : I'°(G x, W) — I'(G x, Z) is a differential operator if and only
if there exists finitely many smooth functions ¢, : G — Homc(W,Z) so that
D(f) =32 callyer..xon(f) or a similar expression by means of left derivatives.

Such a D is invariant by left translations by G if and only if, for every «, ¢, is a
constant function and > c, X7 - X2 € (Home(W, Z) @ U(g))*".



(ADRSTED AND VARGAS 919

As in [31, 4.0.1) S : H*(G,7) — H?*(H,0) is represented by a differential operator
if there exists a G-invariant differential operator D : I'°(G x, W) — I'*(G %, Z)
so that V f € H?(G,7) we have S(f) = res(D(f)). Here, res is the restriction
map res : I'°(G X, Z) — I'°(H X, Z). According to Theorem 2.5, in order to
show that S is the restriction of a differential operator, as in Fact 2.4, it suffices to
show S is the restriction of a global differential operator. We also recall that in [30,
Lemma 4.2] it is shown that S is the restriction of a differential operator if and only
if Kg(-,e)*z is a K-finite vector for each z € Z.

2.4.2. A theorem shown by Kobayashi-Pevzner

Let (7,W) and (n, F) be two finite dimensional representations of K. Then, from
C*(G) @ W into C*(G) ® F we have two families of operators, namely the one
constructed by means of the left infinitesimal translation

Lp,D eU(g) ® Homc(W, F),
and the one constructed via right infinitesimal translation
Rp,D € U(g) ® Home(W, F).

We know [40], when D € (U(g) ® Home(W, F))A4277°@n () ‘the operator Rp trans-
forms the subspace (C=(G) @ W)ESE) into the subspace (C*°(G) @ F)FE-EmEK)
whence, Rp defines a left invariant differential operator from I'*°(G x, W) into
I'*°(G x, F). In [40] it is shown that every G-left invariant differential operator
from I'*(G x, W) into I'°(G x,, F') is obtained in this way.

Kobayashi-Pevzner have generalized the previous result; we present a version ac-
cording to our future needs.

For this, we fix H C G connected reductive subgroups, H closed in G. We fix
respective maximal compact subgroups L C H, K C G so that L= K NH.

We fix (7, W) (resp. (n, F)) a finite dimensional representation of K (resp.of L).
Then, we have the natural inclusion H/L — G/K and the spaces

T(G x, W) = C%(G, W)EEWE) - ([ x, F) =~ C%(H, F)Red)

In [23, Theorem 3.1], they have shown the space of H-invariant differential operators
from I'°(G x,; W) into I'°(H X, F') is isomorphic to the space

HomL(FV,LI(g) ®u(g) WV> .

An isomorphism is given by the map: ¢ € Homp(F",U(g) @uw W) maps to the
differential operator Dy, defined, for f € C*(G) ® W, by the equality,

(Ds(f),2Y) = D (< Ruy (), w)) | for =¥ € FY, (27)
J
where ¢(z") = > ujwy (u; € U(g), w) € WY).
An equivalent expression for the H -invariant differential operator is
Fact 2.4. Dy(f)=>_ TRp,(f), Tj € Homc(W,Z), D; € U(g)
j
which corresponds to ¢ € Homp(FY,U(g) @uwy W) defined by
¢(z") =22, D; @ Tj(z").
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The L-equivariance of ¢ is represented by the equality

Y D;eT;=> Ad(l)(D;) @ o()Ty7(17"), Vi€ L. (2.8)

J
Next, we fix cocycles ¢, : G x G/K — GI(W), ¢, : H x H/L — GI(F). The
cocycles c;,c, carries respective parallelization for the respective vector bundles
G — Gx,. W, H— H x, F and respective isomorphisms as the following picture

shows B

[(Gx, W)—=T, (G/K,W) f——=c(e)f()

TT -is TCT lsc

T(H %, F)—T,,(H/L,F) g—=co(-€)9(").

Here, ', T, represents I, T'>°, L? L? and so on.
T T

In particular, when H = G, (1,W) = (n, F') we obtain three families of differential
operators on I'°(G/K, W), namely,

for D € U(g) ~ 7., (D), L :=E. LpE, " (2.9)
for D € (U(g) @ Home(W, W))Ad=m @) o pe .= F, RpE.

Moreover, the action of G on G/K by left translation gives rise to another family
of differential operators Lg/K, D elU(yg), f e C°(G/K)®@W by the formula for

X eg, LG/K(f)(a:) i= {4 f(exp(—tX)z)}i—o. We would like to recall the following
identities
forereG, Xeg, fe C”(G/K W)=C*G/K)e W),

Te. (X)(f)(x) = Lg;(/K(f —i—{ cr(exp(tX), exp(—tX)x }t Of
L} = #CT(D), D e U(g), (2.10)
Lp(f)(e) = Rp(f)(e), DeUl(g), fe€C(GW). (2.11)

In these formulas D — D is the antiautomorphism of U(g) associated to the map
g2 X ——-Xeg.
The equality L5, (f)(e) = R3(f)(e), D € U(g), f € C=(G/K, W), is not true, as it
readily follows from the formula for L .
However, it holds that [L$,(f)|(e) = [Rp(c (-, 0) L f(+))](e).
We could define R7Y for any D € U(g) @ Home(W, W) as follows: Let P be
the projector of C®(G) @ W onto (C®(G) @ W)FET(K): the projector is given by
integration along K . For any D € U(g) we set R}" = E. PyRpE_".
Certainly, the definition of differential operator in the language of supports, yields
R is a G-invariant differential operator on I'°(G x, W). Whence, the result of
Kobayashi-Pevzner just quoted, implies the existence of

DO c (u(g) ® Hom(c(W, W))(Ad@T\/@T)(K)
so that R}” = R}, . In Theorem 2.5, we show that Dy = Qo(D). Here, @ is usual
projector from U(g) ® Homc(W, W) onto

(U(g) ® Home (W, W))(Ad®7'v®7')(K) '
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2.4.3. Generalization of a theorem of Helgason

The technique developed in the next result has several applications. We would like
to point out that the result generalizes [13, Ch. II Theorem 4.6].

Theorem 2.5. We assume H C G is an arbitrary reductive pair, and there exists
Discrete Series representations H*(G,7), H*(H,o0). Let S : H*(G,7) — H?*(H,o0)
be a continuous H -intertwining map. We suppose there exists a differential operator
D:C®(GQ)@W — C*(H)® Z so that D restricted to H*(G, 1) is equal to S and
D=5 ,TiRp,, Tj € Homc(W, Z),D; € U(g). Then, there exists

DO = Zj P] ® Lj € (L[(g) X HOm(C<W, Z))(Ad@TV®U)(L) ,
so that Y P;Ry,; restricted to H*(G,T) is equal to S.

In Kobayashi-Pevzner notation,
Dy € Diff 4 ((C=(G) @ W)AdenE) (O (H) @ Z)Adwo)(L)
= Diff g (T°(G x, W), T°(H x, Z))
represents S. That is, in vector bundle language, and, according to definition 2.4, S

is equal to the restriction of a H-invariant differential operator from I'*°(G x, W)
into I'°(H x, Z).

Proof. For v € K, let x, (resp. d,) be the character of v (resp. the dimension
of v). Then, for the representation R® 7, the isotypic component corresponding to
v is

(=G W] = {f : d, / o ()7 (k) (f (k)b = f(2)},

then C(G@)@W =Cl(@,.zC7(G) @ Wv])
and C*(G)@W[Triv] :={f : 7(k)(f(zk)) = f(z)}.

Similarly, for n € L and the action R ® o the isotypic component is
(C=(H) ® Z)[n] =={/f: dn/LXn(l)U(l)(f(wl))dl = f(@)},

then C*H)® Z = Cl(EBnEZ(C’OO(H) ® Z)[n)).
We recall that
HomL(Zv,Z/{(g) ®u(g) W\/) = ((L[(g) ®u(g) WV) (29 Z) [TT’ZU]
> (S(p) @ WY @ Z)Aderead),

The equality is the expression for the isotypic component associated the trivial
character for the representation Ad ® 7V ® o of L. The equivalence is given by
means of the symmetrization map. For the representation Ad ® 7V ® o of L, we
write the decomposition U(g) @ue W' ® Z = &, .z (U(g) Suey W' @ Z)[n].

We write D =Do+ Y D,, D€ U(g)Ryp W’ ® 2)Aer @)
n;éTriveﬁ

and D, € (U(9) Quey WY @ Z)[n].
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We notice that D =" D, ® T, € (U(g) Quwy WY ® Z)[n] if and only if

Z/Lann(l)U(l) (! ) Raqwyp,dl = ZTRDS (2.12)

In the following, we verify for D, = > D, @ T, € (U(g) Quey WY @ Z)[n], that
D,(C>*(G) @ W)[Triv]) C (C*(H) ® Z)[n]. For this purpose we must verify for
f e (C®(G) @ W)[Triv] that

[ 0o Dm0 = Dy W), he B

and / 4%y (Do (1) Dy () (hl)dl = / dy %) 3 o (TR, () (h))dl.

S

The equality (Rp,(f))(hl) = 7(I7))(Raaap,(f))(h), applied to the last term yields
that the first term is equal to

/Ldnxn(l) > oO)Ter () (Raawp, (1)) (h)dl = Dy(f)(h).

S

We now finish the proof of the Theorem. For this purpose we notice that
H*(G,7) C C™(G) ® W[Triv]
and S(H*(G,7)) = D(H*(G, 7)) = Do(H*(G,7)) © @, 4ppier Dy (H* (G, 7)).

Since our hypothesis is S(H*(G, 7)) C H*(H,0) C C*(H) ® Z[Triv], and the sum
is direct we have D, (H2(G,7)) =0 for n # Triv € L, so D restricted to H*(G,T)
is equal to Dy restricted to H*(G, 7). u

Actually, the proof applies to the subspaces

(C*(G) @ W)[Triv], and (C*(H)® Z)[Triv],
to obtain that any D =) TiRp, so that

D((C*(G) @ W)[Triv]) C (C*(H)® Z)[Triv],

can be replaced by the component D, as above.

2.5. Differential symmetry breaking operators

In the following, we apply the previous definitions and results to the different
realization of Discrete Series representations.

2.5.1. Symmetry breaking op’s in case G-bundle model

We assume that H C G is an arbitrary reductive pair, and there exists Discrete
Series representations H*(G,7), H*(H, o).

Next, we recall and sketch a proof of a result in [30, Thm 4.3].

Theorem 2.6. We assume the restriction to H of (LY, H*(G, 7)) is an admissible
representation. Then, any intertwining map S : H*(G,7) — H*(H,o) is the
restriction of a differential operator.
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In the following, we outline a verification of Theorem 2.6, in turn, the proof yields
how to represent S as a differential operator from Kg and viceversa. We recall
in [30, Remark 3.8], we have shown that the function Kg(-,e)*z is L-finite. Thus,
owing to [19, Proposition 1.6], “In an H -admissible representation, L-finite vectors
are K -finite vectors”, our hypothesis forces that Kg(-,e)*z is a K-finite vector
in H?(G,7). We fix 0 # wy € W. In consequence the irreducibility of the
representation L¢ implies that there exists a linear function Z > z — D, € U(g),
so that Kg(-,e)*z = L, K.(-,e)*wy. Therefore,

(S(f)(e), 2)z = /G (f(2), Ks(z, ) 2)wiz
- / (&), L. (5., ) wo)wlz
G
— /G(LDgf(x), K. (z,e)*wo)wdx = (Lps f(e), wo)w.
Thus, (S(F)(h). 2)z = (S(Lu-r (1))(€): 2)z = (Loe (L (£)) (), wo)ow

We recall the equality Lp(f)(e) = Rp(f)(e). Hence,
(S(f)(h),2)z = (Rp, (Ln-1(f))(€), wo)w = (R, (f)(h), wo)w -

Whence, after we fix an orthonormal basis {z;,1 < j < dim Z} for Z, an expression
of S by means of left invariant differential operators is

S =3 (Rp, (A, wohw 2.

Next, we apply Theorem 2.5 and obtain a differential operator Dy, according to Fact
2.4, that represents S. We define T;:W — Z by the equality T;(w) = (w, wo)w z;.

Hence, S(f) =>_,T; RD* (f). The component “Dy” of the right hand side, accord-

ing to 2.12, is [, > Z)T T(I"YR, a0 (D, ydl. Next, we fix a ordered linear basis
{D;} for U(g). Thus Ad(l )( :,) =221 a;:(1) Dy and we obtain
S(f) thfL DTl l)ajt(l) dl Rp,(f)(h),

an expression of S as differential operator in the realm of Fact 2.4.
An expression for S by means of invariant differential operators is

S(Hh)y = > (Laamyoz,) (F)(R), wo)w 2;-

1<j<dim Z
In the ordered linear basis {D;};, we write Ad(h)(D;) = >, ¢1;(h)D; where
¢r;(-) € C*(H), and we obtain the expression ‘

Zfbm (Lo, f(h), wo)w 2;-

This concludes the outline for the direct implication in the proof of Theorem 2.6.

Next, we study the converse statement to Theorem 2.6, that is, we sketch a way to
recover the kernel K¢ when we know a representation of S as a differential operator.
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A tool is [19, Proposition 16] and the identity S(K,(-,z)*w)(h) = Kg(x, h)w, [30,
Proposition 3.7]. The hypothesis yields the existence of D; € U(g), and ¢;,1;,
Homc (W, Z)-valued smooth functions, so that for f € H*(G, 1),

SUNR) = 37 65(h) Lo, (1) (1) = 3 y(h) B, (D)(B). o € .

Both sums are finite sums!
In [30] it is verified that K. (-, h)*w is a smooth vector for H*(G, 7), hence, we have

Ks(, hyw = S(K (- 2) w)(h) = 3 6;(h) L) (K- ()" (w) (k)
=Y wEp) (K () () (h).

Therefore, knowing an expression of S as differential operator, we just follow the
above recipe to obtain the kernel Kg.

2.5.2. Symmetry breaking op’s for symmetric space GG/K-model

We recall our hypothesis, (G, H) is an arbitrary reductive pair, and there exists
Discrete Series representations H?(G,7), H*(H,o). We assume the representation
resp((7S ,H2 (G/K,W)) is admissible. We fix S¢: H? (G/K,W) — HZ? (H/L,Z)
a symmetry breaking operator.

Under these hypotheses it follows S¢ is represented by a differential operator.

Note that we already have an isomorphism between the bundle model and the
symmetric space model; but it is convenient to work entirely within the symmetry
space model.

In the following we show how to compute a differential operator that represents the
operator S¢ knowing the kernel K¢. and viceversa.

We recall that Proposition 2.1 shows
K§o(el)z € H2 (G/K,W)[H; (H/L, Z)][Z].

We fix a nonzero wy € W. Then, due to the hypothesis that the representation
H? (G/K,W) is H-admissible, we have K§.(-,eL)*z € HZ (G/K,W)k_gn (18],
also we have that infinitesimal representation in H? (G/K, W )x_y;, is algebraically
irreducible. Thus, there exists a linear function Z > z +— D, € U(g) so that

75 (D) (KE(-, e)*wo) () = Ko (-, eL)*z,z € Z.

C

Next, we point out equalities that will justify a later development:
e (D2) (K2 (- €)"wo) () = L (K7 (-, e)"wo) ().
LE(F)(x) = er(2,0) LG ((c- (€)' F()) (2): er(e,yK) = I
Ki(zK,eK) = c,(e,e K)K (x,e)c - (z,e K) = K, (z,e)c, (x, e K)*.

Equation 2.3 justifies the first equality, the others are justified by means of the
previous equalities

(Sc(f> (0)7 Z)Z = / ((CT<J:7 O)CT(x7 0)*)_1f($), Kgc (l’, GL)*Z)de(;/K(ZE)

G/K
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— /G/K((CT(Q:,o)cf(a:,o)*)_lf(x),LCDZ (K-, e)*wo) (2))wdme,x ()

(e o) (eclo)) e (2.0)7 )
Lo, (ex(, ) K (- €)wo) (2)welime e ()

_ /G/
= /G/K(LD; (er(-0) " F()) (@), erlw, 0) K (x, €) wo)wdme,x ()

= /G /K(LD; (cr(,0) 7 f()) (@), er(m,0) T er(,0) Ko (2, ) wo)wdme i (x)
= (Lp: (e (-, 0) 7 F () (€),wo)w = (Rps, (er (- 0) T (1)) (€), wo)w-

We compute,
(S(f)(h), 2)z = (co(h, 0)S(Ly-1(f))(0), 2)z = (S*(Li-1(f))(0), ¢ (R, 0)"2) 2
= (Rp, (Ln-1(cr (- 0) 7 F()))(0), wo)w

co (h,0)*z

= (Rp: ((er (-, 0) T F (D)) (R), wo)w-

co (h,0)*z

We fix a linear basis {D;} for U(g). Then, it readily follows from the fact, for
X € g, Rx is a derivation, that there exists a finite family ¢; of Homc(W, Z)-
valued smooth functions on H, giving,

S(h-o)= Y <Z¢, Fh-o), 2 )sz. (2.13)

1<j<dimZ =1
whence, S¢ is represented by a differential operator.

Next, in a similar path to the development of the GG-model, we apply Theorem 2.5
and obtain a differential operator Dy, according to Fact 2.4, that represents S¢.

In the following, we describe an algorithm to compute the kernel K¢, when we know
a representation of S¢ by means of differential operators.

The hypothesis is that 7. is H-admissible, the tools are 2.13 and the equality
Kz K, hL)w = K& (hL,xK)*w = S(K¢(-, 2 K)*w)(hL). Therefore

K&(xK, hL)w = S(K(-, xK)* )(hL)

Y (R (KR u)h 02

1<j<dim Z i=1

and we have computed the kernel Kge.

Remark 2.7. We would like to point out, the following fact shown in [30, Lemma
4.2]. S is represented by a differential operator if and only if the function Kge(-, e)*z
is a K -finite vector for each z € Z.

2.6. Some properties of symmetry breaking operators

Let (G, H) be an arbitrary reductive pair, K, L := K N H respective maximal com-
pact subgroups, (7,W) is (resp. (o, Z) ) irreducible representations of K (resp. L).
We assume there exists Discrete Series representations H*(G, 1), H*(H, o). In order
to begin with, we recall the Schmid operator D¢ , : I°(G x, W) — I'*(G x, Wy).
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For this, let qg : W ® pc — Wy be the quotient of W ® pc associated to the
Harish-Chandra parameter for H?(G, 7). Then, we have D¢ . (f) = qu(D_; Bx;(f)),
f e I'°(G x; W), where {X;} is an orthonormal basis for p (see [17], [29]).
The Schmid operator is elliptic and Ker(Dg,) N L*(G x, W) = H*(G,7). In
[34] and further work of [41], it is shown that Ker(Dg,) is a maximal model for
the representation H%(G,7). Under the assumption resy((LY, H*(G,1))) is H-
admissible in [30, Theorem 4.11] we find a proof that any continuous symmetry
breaking operator from H?(G,7) into H?(H, o) extends to continuous symmetry
breaking operator from the maximal model of the first representation given by the
kernel of the Schmid operator, into the maximal model of the second representation
constructed by means of the Schmid operator, and that any continuous symmetry
breaking operator from the maximal model of (L% H?(G, 7)) into the maximal
model of (L¥, H?(H, o)) is represented by a differential operator. In [23, Theorem
5.13], under the assumption of resy((LY, H*(H,o)) being H-admissible, and, in
the realm of holomorphic Discrete Series, they show that any symmetry breaking
continuous operator from the maximal model given by holomorphic functions on
the bounded domain Dy with values into the lowest K -type, into the maximal
model given by holomorphic functions on the bounded domain Dy into the lowest
L-type, carries the unitary model inside the maximal model onto the unitary model
contained in the maximal model. We would like to point out, that the result, as
well as the proof, yields the following generalization.

Let Ker(Dg,) denote the kernel of the Schmid operator, [30], owing to D¢, being
elliptic, Ker(Dg,) is contained in I'*°(G x, W). We endow I'*(G x, W) as
usual with the smooth topology. That is, the topology of uniform convergence
on compact subsets of the sequence as well as any of its derivatives. Then we have
that H*(G,7) C Ker(Dg,) is a dense subspace, the subspace of K -finite vectors
of each of them are identical [1][34][35]. A similar results holds for H. Let us recall
that when H?(G,7) is a holomorphic Discrete Series, the Schmid operator is equal
to the d-operator.

Theorem 2.8.  Let (G, H) a general reductive pair. H*(G,7), H*(H, o) Discrete
Series representations. We assume resg(H?*(G, 7)) is an H -admissible representa-
tion. Then, the following four statements hold:

(a) Any continuous intertwining linear map from Ker(Dg, ) into Ker(Dp,) is the
restriction of a differential operator.

(b) Any continuous H -intertwining map from H*(G,T) into H?(H,o) extends to
a continuous linear map from Ker(Dg.) into Ker(Dy,).

(¢) Any nonzero continuous H -intertwining linear map from Ker(Dg,,) into
Ker(Dy,) maps continuously H*(G,7) onto H*(H,o).

(d) Any (b,L) morphism from H*(G,T)k_tin into H*(H,0)[—fin extends to a
continuous intertwining map from H*(G, ) into H*(H,0).

In [25, Theorem 3.6], for the holomorphic setting, we find a proof of some of the

statements in the Theorem.

Proof of Theorem 2.8. (a) and (b) are shown in [30]. For (c) we follow [23,
Theorem 5.13] quite closely. Let S : Ker(Dg,) — Ker(Dpy,) be a continuous
H-map.
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Ker(Dg ;) is a maximal model [34] [41], which yields
S(Ker(Dgr)k—fin) = S(H*(G,7)k—fin) = Ker(Duo)p—gin = H*(H,0) [ fin-

The hypothesis is that resy((LY, H*(G,7)) is H-admissible. We conclude by [6]
that resp((LY, H*(G,7)) is L-admissible. Then the work of Kobayashi [18] [19]
yields, [we write, for short, V\¥ := H?(G, 1), V/g = H*(H,0;)]

H*(G,7) = @1gj<oov,\G[V£] = @1§j<oomjv;j (Hilbert sum), and

HQ(G7 T)K—fin = @1§j<ooV>\G[VMH]L_fm = @1§j<oo[mj(VMH)]L_fm (algebraic sum).

i ;
Here, Vj,1 < m; < oo; for i # 5, VI 2 V[T

Thus, for all £ but one, S carries the isotypic component corresponding to V,,
in H*(G,7)k—_in to the zero subspace. Thus, one Vlﬁ is equal to H?*(H, o), say
pr = pa, and S(VE[VI]L_rin) # {0}. Let B; linear, invariant U(bh)-irreducible
subspaces so that we write m1 (V) pimn = (Va)k—finlV)['] = ®1<j<m, B;, and let’s
say S(Bj) # {0} for exactly 1 < j < m < m;. Then, H-irreducibility implies S
restricted to each Bj,1 < j <m is a equivalence with H*(H, o)1 fin .

By classical theory of Harish-Chandra, [40, Lemma 8.6.7], for 1 < j < m, S extends
to a continuous linear, injective (.S} is injective in the subspace of L-finite vectors),
H-map S; from the closure Cl(B;) of B; in H*(G,7) into H*(H,0).

Considering the polar decomposition S; = Uj;,/S575; we obtain that /575; is a
continuous intertwining linear operator on Cl(B;). The H -irreducibility of Cl(B;)
forces /575 is equal to a multiple of the identity mapping. Hence, S; is up
to a constant a partial isometry with dense image (the image contains the L-finite
vectors). Thus, S; is a surjective map. We define S = >7,_..,, S; on ®@CU(B;)1<j<m
and S =0 in either CI(3_ 5 ;_ ijl(Vqu)L_fm)) Or @mti1<j<m, Cl(B;).

Thus, S is a continuous H-map from H?(G,7) onto H*>(H, o). Owing to (b), the
map S extends to a continuous linear map from K er(D¢) into Ker(Dy,) and
the map S restricted to H 2(G, 1)Kk #in agrees with the restriction of S. Since the
subspace of K -finite vectors is dense in Ker(Dg), we have they agree everywhere.
Thus, S maps H*(G,7) onto H*(H,o), and we have shown (c). Finally, (d) is
shown in [21]. ]

Remark 2.9. Summary on automatic continuity.

If we assume that resy((LY, H?(G, 7)) is an admissible representation, then, in [21],
we find a proof of the following statements:

(a) Any (b, L) morphism T from H*(G,7)k_tin into H*(H,o)r_pim extends to a
continuous intertwining map from H?(G,7) into H*(H, o).

(b) Any continuous intertwining linear operator from the space of smooth vectors in
H?(G, 1) into the space of smooth vectors in H?(H, ) extends to a continuous
morphism between the corresponding maximal model representations.

We do not know whether or not (a) and (b) are true after we drop the H-
admissibility assumption.
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2.7. Duality theorem in G-bundle space model.

In this subsection we assume (G, H) is a symmetric pair. More precisely, G is a
connected reductive group so that H is the identity connected component of the
fixed points of an involution ¢ of G. Let K := G a maximal compact subgroup for
G so that o commutes with #. Hence L := HNK is a maximal compact subgroup of
H. Let Hy := (G°%)y the associated subgroup to H, then L is a maximal compact
subgroup of Hy. Next, we fix H*(G,7) a Discrete Series representation for G' so
that the resy(H?(G, 7)) is H-admissible. Let U(ho)W := U(ho)(H*(G,T)W])
denote the subspace of H?*(G,T) spanned by the left translates by U(hy) of the
lowest K-type H*(G,7)[W] of H*(G, 7). Finally, we fix a Discrete Series H*(H, o)
for H. Then, the duality Theorem [31, Theorem 1] claims that

Hompy(H?*(H,0), H*(G, 7)) = Homy(Z,U(ho)W).

In the following, we describe the isomorphism 2 and some structural facts for
U(ho)W . Later on, we will present an analogous statement in the realm of symmetric
space model realization of Discrete Series representations. In Section 4 we will
present an independent proof of the duality Theorem under the extra hypothesis:
the inclusion H/L — G/K is holomorphic and H?(G, 7) is a holomorphic Discrete
Series representation.

The following statements are verified in [31, 4.1.5].

(a) We write resr(7) as a sum of irreducible representations. That is, we write
resp(17) = 01 @ -+ ® og with (0, Z,,) an irreducible representation of L. Then,
each o; is the lowest L-type of a Discrete Series H*(Hy, ;) for Hy, and, U(ho)W
is (ho, L)-equivalent to the direct sum over 1 < j < R of the underlying Harish-
Chandra modules for H?(Hy, 0;). Formally,

Ubo)W = Di<jcr H*(Ho, 05) 1 fin

(b) Let Ly g the linear span of subspaces of H?(G,7) that realizes the lowest
L-type of each irreducible H-factor of H*(G, 7). That is,

EW,H = @HQ(H,M)ESPCC(T@SH(HQ(G,’T))H2(G’ T)[H2(H7 :u)] [ZM]
Here, (p1, Z,,) is the lowest L-type of H?(H,u). Then, there exists
a bijective, linear, L —map, D from Ly y onto U(bho)W. (2.14)

(c) Each T € H*(H,p) — H?*(G, 1) is represented by a smooth kernel
Kp:HXxG — Home(Z,,WW).
Then, for z € Z,, Kr(e,")z € H*(G,7)[H*(H, 1)][Z,], whence we obtain a map
from Z, into U(ho)W via D. This is the map
Z,2 2 D(G2aw Kr(e,x)z))(-) € U(ho)W.

The resulting map belongs to Homp(Z,,U(ho)W). In [31, Theorem 1] it is shown
that the map T+ (z — D(Kr(e,-)2)(+)) is bijective.



(ADRSTED AND VARGAS 929

(d) For each j we may and will realize Z,, as a linear subspace of W. Thus, we may
write W = @1<j<r Z,,, and we have the inclusions H?*(Hy,0;) C L*(Hy X4, Z,,)
and the equality L*(Hy X, W) = @1<j<g L*(Hy Xo, Z,,). We define the subspace

HQ(H(),T) = @1§j§R H2<H0,O'j) C L2<H0 X or W)

Now, since H?(G, T) consists of smooth functions, let ro : H*(G, 1) — C*°(Hyx, W)
denotes the restriction map. It is shown in [31, Proposition 1] that ry yields a
(ho, L)-equivalence from U(ho)W onto H*(Ho, 7)1 fin -

(e) The previous comments provide another version of the duality theorem, namely:
Theorem 2.10. Hompy(H?*(H,o0), H*(G,7)) = Homp(Z, H?*(Hy, 7)) via the map
Homy(H*(H,0), H*(G,7))>T
> (Z >z ro(D(Kr(e,)2))(-) € Homp(Z, H2<H0,T>>>.

(f) An expression for the inverse to the map defined in e) has been computed in
[31, Section 4]. A formula is:

Kr(h,z)z = <D’1 [ K, (ho, )C(ro(D(Kr(e, .>z))(.))(h0>dh0} ) (h~L).

Hy

Here, C' = (ror§)~"! is a bijective endomorphism of H?(Hy, 7).

When, D can be chosen equal to the identity map, the formula reads

Kr(h,z)z = | K.(ho,h™x)2)(C(ro((Kr(e,-))(-))(ho))dho.

Hy

Remark 2.11. In the holomorphic setting, in the formulas in (e), (f) we are able
to replace the linear map roD by ro. (See 4.7).

2.8. Duality theorem in symmetric space model

The statement in this case is:

Hompy(HZ (H/L,Z),H? (G/K,W)) = Hom(Z,H2 (Ho/L,W)).
An explicit isomorphism is:

HomH(HCQU(H/L, Z),HET(G/K, W))sT¢

> (Z >z 15(D(Kfe(e,+)2))(-) € Homy(Z,H2 (Ho/L, W)))

Here, resp (1) = ®j0;, H2 (Ho/L,W):=&;H? (Ho,0;),
U(bo)W :=U(bo) (B2 (Ho/L,W)[res,(W)]) € HZ (Ho/L,W),
D asin 2.14, D°:= E. DE_" : E. (Lw,u) =: Ljyz — U(bo)W .

2.9. Symmetry breaking operators in case of a holomorphic imbedding
H/L - G/K

The concepts and notation for this subsection is recalled in Section 4. For this

subsection, we assume, both symmetric spaces H/L,G/K are Hermitian symmetric
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and the inclusion H/L — G/K is holomorphic. We consider two holomorphic
Discrete Series representations realized, respectively on space of functions defined
over the corresponding bounded symmetric domains obtained by Harish-Chandra.
An aim of this subsection is to present a result on symmetry braking operators under
this setting.

We follow the notation of Section 4. We quote the necessary notation. g = £+ p,
h=Il+py=tNh+pNbh, pc=p"+p, p;r =pTNhH, DCp' the Harish-Chandra
realization of the Hermitian symmetric space G/K, Dy C p;r the realization of
H/L. Thus, we have the holomorphic inclusions Dy C D. Let (7, W) (resp. (¢, %))
irreducible representations of K (resp. L) so that the respective spaces of holomor-
phic functions (L7, V;) (resp. (L?,V,) on L%(D,W) (resp. L?(Dy, Z)) are nonzero.
From now on, (L?,V,) is an irreducible H -subrepresentation of resy (L7, V;). The
action of g in V, has been computed by [15], (See 4.0.1), the formulas they obtained
let us state.

For every D € U(g) (resp. D € U(h)), L}, (resp. L) is a holomorphic differential
operator on V, ( V).

Next, we fix a symmetry breaking operator S : V. — V. Then, due that V, is a re-
producing kernel space, as in 2.1, it follows there exists K§ : D x Dy — Homc(W, Z)
a smooth function, anti holomorphic in the first variable and holomorphic in the sec-
ond variable, so that

S(f)(z) = /DKg(w,z)Kﬁ(w,w)_lf(w) dmg/k(w), ¥V f € Vy, 2z € Dy.

Here, we have appealed to equation 2.2 and its consequences.

Our hypothesis implies V, is H -admissible, next, reproducing word by word the
computation in 2.5.2 and recalling L7, is a holomorphic differential operator, we
obtain S is represented by a holomorphic differential operator.

[23] have strengthed this observation to:
S is represented by a constant coefficient holomorphic differential operator.

In 2.6, 2.5.2, in order to obtain a representation of S as differential operator
from the kernel K§, we construct a linear map Z > z — D, € U(g) so that
Ly Ki(-, e)*wy = K§(-,e)*z, and compute.

In either the group model or symmetric space model, the function (z — D,) is in
Home(Z,U(g)) so that L}, K(-,e)*wy = K§(-,e)*z is far from unique. In fact, if
we consider the annihilator A in U(g) of the copy of W in each model, then we may
replace the function D by D+ D, where D is an arbitrary element of Home(Z, A).
However, when we consider the case H/L — G/K is a holomorphic embedding and
both V., V, are holomorphic Discrete Series representations, we may replace the
function Z 5 z +— D, € U(g) by a function from Z that takes on values in the
space U(p~) ® W, and, then, the new function z — D, is unique.

Proposition 2.12. We assume that H/L — G/K is a holomorphic embedding
and that both V. and V, are holomorphic Discrete Series representations. Let
S V. =V, be a symmetry breaking operator. Then, there exists an unique linear
function Z> zw D, =3 . D:@w; €U(p~) @ W so that we have for all z € Z,

K§( €)= = X5, Ly (K e)wy).
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Proof. Under our hypothesis, we may and use the notation in Section 4. Thus,
(Vi) k—fin is K-isomorphic to U(p~) ® W by means of the map

UPp )W 3 D@ww— L (KE(- e)*w)(-),

hence, after we fixed an ordered linear basis {w;, i = 1---dim W} for W, for
each v € (V;)k_fin, there exists a unique family (D;)i1<i<aimw € U(p~) so that
v =", L} K(e,-)*w;. Therefore, for each z € Z there is unique family D’ € U(p™)
so that K§(-,e)*z = 32, L, (K7(-, €)*w;). We define the new function D, to be
function Z 5 z +— Y, D: @w;. This function does not depend on the choice of basis
and is unique. [ |

A consequence of the previous discussion is that whenever 7 is one dimensional,
that is, V, is a scalar Discrete Series representation, there is a unique, up to a
constant that depends only on the choice of wy, map Z >z — D, € U(p~) so that
ng(, 6)*2 - LTDz (Kﬁ(a 6)*11}0) .

Remark 2.13. We like to point out, that Nakahama in [25, Section 3.3] has con-
sidered the problem of representing intertwining operators via differential operators
under the hypothesis of Proposition 2.12. His solution is constructive and quite
different to the one we found.

2.10. Normal derivative symmetry breaking operators

For this section (G, H) is a symmetric pair and H*(G,7), H*(H, o) are respective
Discrete Series representations. We keep the hypothesis and notation in 2.7, 2.4.1.
Generalizing the concepts in 2.4.1 and as in [31, 4.0.1] we say a symmetry breaking
operator S : H*(G,T) — H?*(H, o) is normal derivative differential operator if there
exist a G-invariant differential operator D : I'°(G x, W) — I'°(G X, Z) so that
V f e H*(G, 1) we have S(f) = res(D(f)) and

D:ZQCQRX;"I._XTOLML, Wlth Xfél__.thn EZ/[(f)o)
Here, res is the restriction map res : I'°(G x, Z) — I'°(H X, Z).

In [31, Proposition 5, 6.1], we have shown in the group model the following result:

Let (G,H) denote a symmetric pair and H*(G,7), H?(H,o) respective Discrete
Series representations. Then, Ly g = U(bo)W if and only if for every (o,Z) we
holds that every symmetry breaking operator is represented by a normal derivative
differential operator. Actually, it follows from the proof of the previous statement
that if S: H*(G,7) — H?*(H,0) is a continuous H-map with the property Vz € Z,
Kg(e,-)z = Ki(-,e)*z € U(ho)W, then S is represented by a normal derivative
differential operator, and conversely.

3. Symmetry breaking operators as generalized gradients

It is natural to find inspiration in the holomorphic case, i.e. in the theory of the
holomorphic Discrete Series, to find more general facts in connection with branching
laws, symmetry breaking and holographic operators, at least in the admissible case
where we consider quite general Discrete Series representations for both G' and H.
In [4] and references therein, we find a proof that intertwining operators between
representations realized as spaces of holomorphic functions are given by covariant
differential operators. We may reinterpret their results in the language of symmetric
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spaces as follows, we assume G/K is Hermitian symmetric space and consider the
“symmetric pair” (G, G), then, a special case of a symmetry breaking operator
is that of an intertwining operator between two respective holomorphic Discrete
Series representations of both G, G. Then, for this setting, they have shown that
each symmetry breaking operator is represented by a covariant differential operator.
In this section, we generalize their result to an arbitrary symmetric pair (G, H)
and an H -admissible Discrete Series representation for G. As side remark, we
recall that in [30, Theorem 4.4] we find a proof that the existence of a nonzero H -
symmetry breaking operator represented by a differential operator forces the Discrete
Series of G that we are dealing with is H-discretely decomposable. In the same
paper, we find a proof that if every H-symmetry breaking operator is represented
by differential operators, then the representation is H-admissible. Thus, symmetry
breaking operators can be represented as “generalized gradients” only under the
hypothesis of H-admissibility.

For this section, G is an arbitrary connected semisimple Lie group, K = GY is
a maximal compact subgroup of G. (G,H) = (G7)y) is a symmetric pair, and
Hy := (G°%)y the associated subgroup to H .

We fix (LY, H?(G, 7)), an H-admissible Discrete Series for H of lowest K -type (7, W).
Let (LY, H?(H,o)) be an irreducible factor of resy(m). The lowest L-type of
H?*(H,o) is (0,Z). We note that for each representative of the equivalence class as-
sociated to (o, 7), we obtain a different space of functions H?(H, o). We will show
that the expression of each symmetry breaking operator S : H*(G,7) — H?*(H,0)
as “generalized gradient operator” is obtained from a particular choice of a repre-
sentative of the class of (o, 7).

In order to present the definition of “generalized gradient operator” we recall def-
initions and facts from [29]. For this section the symbol e denotes the natural
representation of L in the vector space S™(py,) @ W.

The normal derivative operator of order n, r,, is a map from
H?(G,7) into C(H x4 Homc(S™(pp,), W)) = C®(H X4 S™(py,) @ W).
The formal definition of r,, is: for Xy, -, X,, € py,,
ra(f) (X1 Xa)(h) = Xee, Bx,) o Bx) (F)(B).

The first order normal derivative map is a gradient in the direction orthogonal to the
tangent space to H/L — G/K. The n'-order normal derivative may be thought
as an iteration of first order normal derivative, whence, we call a n'*-order normal
derivative a “generalized gradient”, actually for H = {e}, r, is the iteration of
gradients. In [29] we find a proof for the statement:

r,(H*(G, 7)) C L*(H x4 Homc(S™(py,), W)) and 1, is (2,2)-continuous.
A generalized gradient representation of a symmetry breaking operator
S: H*G,7)— H*(H,o0)

is a composition of the form S = Rr,, where R : S™(py,) @ W — Z is an L-map,
and R : C™(H x4 S™(py,) ® W) — C®(H x, Z) is the map R(g)(h) := R(g(h)),
g€ C®(H x¢ S™(Py,) @W), he H.
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It readily follows that the uniqueness of the lowest L-type of a Discrete Series repre-
sentation yields that any nonzero intertwining operator from H?(H,o) C L*(H x,Z)
into H2(H,00) C L*(H X4, Z) is the restriction of an operator R. R is an equiv-
alence from Z onto 2.

Theorem 3.1. Let (G, H) denote a symmetric pair of reductive groups. We
assume H*(G,7) is an H -admissible Discrete Series representation for G. Let
S : H*(G,7) — H?(H,o) be a symmetry breaking operator. Then, for a convenient
choice of a representative of the equivalence class of (0,7), S is represented as a
generalized gradient operator.

Proof. We define T':= S*. In [31, 3.1], we find a proof for the inclusion
T(H*(H,0)|Z]) C H*(G,7)[H*(H,0)][Z].

We claim the subspace T(H?*(H,o)[Z]) is intrinsic, that is, does not depend on
the choice of representative of the equivalence class of (0,7). In fact, we fix an
intertwining linear operator, which we may assume is unitary, R from (o, Z) onto

(01, 7Z1). Hence, the map L*(H X, Z) 3 g i (h — R(g(h))) € L*(H X,, Z1) is
a unitary, H-equivalence that maps H2(H,o) onto H?(H,oy), as well as R maps

H?(H,0)[Z] onto H*(H,0,)][Z]. Finally, TR is equivalent to 7. Whence, we

have shown the claim.

Next, we fix some n > 0 so that for j < n,
ri(T(H*(H,0)[Z])) = {0} and r(T(H?*(H,0)[Z])) # {0}.
We claim that

~ H?(H,o) does not occur as a subrepresentation for L*(H x4 Homc(S7 (py,), W))
for j < n, and that

— (0,7) occurs in S™(py,) @ W.

In fact, to begin with, we assume that the rank of K is equal to the rank of L
and the system of positive roots ¥ determined by the Harish-Chandra parameter
of H?(G,7) has the Borel de Siebenthal property, for unexplained notation or facts
we refer to [31, Section 4. The duality Theorem 2.7, [31, Theorem 1] together with
the elements in the proof of [31, Lemma 3, Lemma 4] implies the Harish-Chandra
parameter of (o, 7) is equal to A+ p,, + B, here, B stands for a sum of noncompact
roots in Wy , we observe that the coefficient, of the unique noncompact simple
for Wy, in the expression of B as a linear combination of simple roots, is equal to
n. The general case follows from a similar line of computation.

An argument based on the fact, that any noncompact root in Wy, is equal to 3 plus
a linear combination of compact simple roots, as well as that the highest weight of
any irreducible component of a tensor product is equal to the highest weight of one
factor plus weight of the other factor, shows that A + p, — pr + B is not an L-type
for S7(pp,) @ W and j < n.

We note that since r,(T(H?(H,o))) # 0, Frobenius reciprocity yields:
r(T(H?*(H,0))) contains an L-type in S™(py,) @ W.

Now, a result of Schmid, See [31, Proof of Lemma 3, Lemma 4] gives that any L-
type of H?(H, o) is equal A+ p, — pr + B + B, where Bj, stands for a sum of roots
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in Wy, Next, comparing the coefficient of the noncompact the simple root of ¥ in
A+ pn — pr + B + By, and the weight structure of S™(py,) ® W we obtain By, = 0,
and, hence Z is an L-type of S™(py,) ® W. Thus, H?*(H,o) does not occur as a
subrepresentation for L?(H x4 Homc (S (py,), W)) for j < n. Thus, we have shown
the claim.

We set Zy = r,(T(H*(H,0)[Z]))) and we conclude the proof of Theorem 3.1.
The subspace Zy of S"(py,) ® W gives a representation of L equivalent to (o, Z).
Let P denote the orthogonal projector in S™(py,) ® W onto Z,. In consequence,
g— P(g)() :== P(g(-)) maps L*(H x, Home(S™(py, ), W)) into L*(H X4 Zy), and

R := Pr,T is a nonzero H-intertwining continuous linear map from H?(H, o) onto
H?(H, «). Hence, R = Ry, with Ry an L-map from Z onto Z,. T = S* yields the
equality Ry = Pr,S*. Now SS* = T*T = clp2(p,0), ¢ > 0. Thus, RoS = %PrnS*S,
and S = Ry'Pr,. Whence, we have verified Theorem 3.1. n

Comment. In Theorem 3.1, we have obtained a generalization of [4], we would like
to point that the covariant differential operators in their setting are also generalized
gradients (covariant derivative followed by projection).

4. Holomorphic embedding, duality theorem

In this section we present a new and self contained proof of the duality Theorem for
the holomorphic setting. We actually, present four different versions of the duality
Theorem in the context of a holomorphic embedding. The precise statements are in:
4.1,4.3,4.4,4.7. The original result for this section is Theorem 4.12 on the structure
of holographic operators. Later on, we derive consequences on the structure of
symmetry breaking operators. For specific applications of the duality Theorem to
branching laws, see [31].

A statement for the duality Theorem is:

Theorem 4.1.  Let (G, H) be a symmetric pair so that the inclusion H/L — G/ K
is a holomorphic map. Let V,,, V. be holomorphic Discrete Series representations for
respectively H,G. Then, there exists a linear isomorphism between Hompy(V,,V;)

and Homp(Z,U(ho)W).

In order to present the remaining elements in the formulation of the Theorem, in
the following, we recall the standard description of a symmetric complex domain
realizartion of the holomorphic Discrete Series (details in [5], [27, XIL.5]):

e G a semisimple Lie group and a maximal compact subgroup K of G.
« (G,H =(G")y) is a symmetric pair.

o Hy:= (G9Y%), associated subgroup to H.

e L =KnNH amaximal compact subgroup of H.

e H/L — G/K a holomorphic embedding.

e (L7,V}) is a holomorphic Discrete Series for G of lowest K -type (7, W), which is
realized as holomorphic W -valued functions in the bounded symmetric domain
D = G/K. The action, LT of g, is recalled bellow.
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e (L%,V,) is a holomorphic Discrete Series for H of lowest L-type (o, Z), which
is realized as holomorphic Z-valued functions in the bounded symmetric domain
Dy=H/L.

Next, we recall the definition of holomorphic embedding. First of all, the symmetric
space G/K (G simple) admits a G-invariant holomorphic structure if and only
if the center of K is one dimensional torus. Similarly, for H/L, H simple. The
natural inclusion H/L — G/K is a holomorphic embedding if both symmetric spaces
admits an (H-invariant) G-invariant complex structure and the natural inclusion
is holomorphic. The inclusion is holomorphic is equivalent to: the holomorphic
tangent bundle of H/L is a subset of the holomorphic tangent bundle for G/K . The
inclusion H/L — G/K being holomorphic, implies the center of K is contained in
the center of L and viceversa.

Further notation: 7" maximal torus of K so that U =T N H is a maximal torus of
L. o:=the coset eK . See Section 6 for holomorphic system. We fix ¥ holomorphic
system in ®(g,t), ¥y, Uy, holomorphic systems in ®(h,u), (ho,u) so that

Dpeun 98 =P =Py = ph+ + p;ro
are isomorphic to the respective holomorphic tangent spaces at o. Therefore,
G C Py KcP_, and we have the Harish-Chandra realization as bounded symmetric
domain G/K =D C p*, H/L =Dy C p;, Hy/L = Dy, C p . For this, we recall
the triangular decomposition

P,KcP_ 3> 2 = exp(xy)woexp(z_), v+ € p*, 20 € K.

Then, the Harish-Chandra embeddings are: G/K > zK — z, € D C pT,
H/L>hL— hy € Dy CDCp*, Hy/L>hL+— hy € Dy, CD.

The cocycle ¢, and the reproducing kernel K¢ that defines the Hilbert structure
and the representation on V, are: for g € G, z,w € D,

cr(g,2) = 7((gexpz)o), K (w,z) = 7(((expw) texpz)o) . (4.1)

Here, we take the conjugation with respect to the real form g.
We consider the space L2(D, W) := L2 (D, W) and the subspace

V, =V ={fecOMDW): /D(Kﬁ(w,w)f(w),f(w))deg/K(w) < oo} (4.2)

The action L] := 7., (g),9 € G in O(D,W) is defined by the formula
L(f)(z) = 7((g expz)o)  f((9  exp2)4), g € G, z € p*.

Then, [27], it can be shown that (L7, V}) is a unitary, irreducible representation for
G. Due that any matrix coefficient of (L7,V,) is square integrable for the Haar
measure on G, henceforth, we refer to:

(L7, V) is a holomorphic Discrete Series for G.

We recall the subspace Vi _ i, of K-finite vectors in V; is
Vic_fin = P(p", W) ZU(g) Qurpy W= S(pT)@W (4.3)

Here, we have identified W with the subspace of constant functions.
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The isomorphisms in 4.3 are L}, (w) < [D @ w] <~ D @ w.

Here, we use that p* is an abelian Lie algebra, and hence, the symmetrization map
may be thought as the identity map.

4.0.1. In [15] Jacobsen and Vergne have computed the action of g (resp.K) in
O(D,W). For this
we define  (§(z)f)(v) = limy_,o w 7

then, for p € O(D, W), and for
)(v) = 7(2)(p(v)) = (6([z, v])p)(v),
)(v) = —(d(z)p)(v),
2(p)(v) = 7([z, v])(p(v)) — 5(8([[, 0], v])p) (v),
ke K:  Li(p)(v) = 7(k)(p(k~"v)).

x €t L7 (p)(v

(
zept:  Li(p
rep LI

(

It readily follows that

.
VP =W, Vo= {p € Vic_yin : 0(x)p =0,V € pg } = P(py,, W).

The hypothesis, the inclusion H/L — G/K is a holomorphic embedding and V, is
a holomorphic Discrete Series representation yields that the restriction of (L7, V})
to H is an H-admissible representation and the totality of irreducible factors are
holomorphic Discrete Series for H for a reference [22]. Therefore, after we write

T@SHG/;) = @ueSpec(resH(Vf))‘/T[VpH]’

the subspace Lf, , 1= E. (L)), defined in [37][31], equal to the sum of the lowest
L-type’s of the totality of irreducible H -factors of resy(V;), is equal to P(p;ro, w).
That is,

‘C(I:/V,H = ECT (‘CVV,H) - EB,uGSpec(resH Vr )V [V HV pwH +pH ]
={p € Vk_fin : 8(x)p = 0,Yx € py } = P(p,,, W).

Via the Killing form, B, p; is in duality with p;“o, which provides an isomorphism
between P(py, W) and S(p; ) ® W. That is, the inverse map to

P ®@W Y @w— (pf 5 X 25 B(X,Y)w) € P(p), W),
extends to an L-equivariant isomorphism

Dy : P(pg,, W) = S(py,) @ W.

The action of L in S(p, ) ® W is the tensor product action.

We recall that W is identified with the constant functions, we have the equality
bo = py, + 1+ p;ro, and V, is a holomorphic Discrete Series representation. Next, as
in [31][37], we consider the subspace

Uho)W = {Lpw, D € U(ho),w € W} = {Lpw, D € U(p,,), w € W}
and the map D; defined by U(p, )@ W > D@ w 2L Lyw € U(ho)W



(ADRSTED AND VARGAS 937

4.0.2. Then, 4.3 yields that D; is a L-equivariant isomorphism.

Finally, we recall that p; is an abelian Lie algebra, hence, the symmetrization map

from S(py,) onto U(p, ) may be thought of as an identification. Thus, we have
given a new proof of [31, Proposition 1] [37] in the holomorphic setting.

Proposition 4.2.  The map D := DDy is a L-equivariant, degree preserving,
linear isomorphism between Ly and U(bo)W .

Obviously, Dg preserves the degree of polynomials. D; preserves the degree of poly-
nomials owing to the explicit formula for L7, x € p~, hence Lr(w) is a polynomial
of the same degree as the degree of R € U(p~).

The map D in Proposition 4.2 is an example of the map D¢ in 2.8.

4.0.3. Statement and proof of the first version of duality

We are ready to provide a statement and proof of the first version of the duality
Theorem for holomorphic setting.

For this, we assume the inclusion H/L — G/K is holomorphic. Let (L7,V;) be a
holomorphic Discrete Series representation for G realized in a Hilbert subspace of
O(D,W). Let V, a holomorphic Discrete Series for H of lowest L-type (o, %), re-
alized as a Hilbert space of holomorphic Z-valued functions on the bounded domain
Dy C ph+ associated to H/L. Thus, resy(V;) is an H-admissible representation.
Each continuous linear, H-map, T, from V, into V, is represented by a kernel
K& Dy x D — Home(Z,W). Among the properties of K§ we recall for

reD, weW, K¢(,2)weV,, z€ Z, K§(o,)z € VI[V,]Z] C Lwu C Vik_fin:
the map Z 3 z — K§(o,-)z € V; is an L-map.

Theorem 4.3.  We suppose that (G, H) is a symmetric pair and that the inclusion

H/L — G/K is a holomorphic map. We fix V,, V, holomorphic Discrete Series

representations for respectively H,G. Then, we have a linear isomorphism between
Homy(V,,V;) and Homp(Z,U(ho)W). An explicit isomorphism is the map

Homy(V,,V;) 3T — (Z 3z D(K§(o,-)2)(-) € Homp(Z,U(ho)W)).

Proof. We recall a Discrete Series representation for H is determined by its
lowest L-type. The following computation shows that the two involved spaces have
the same dimension

dim Hompy (V,, V;) = dim L§, ;[ 7] 2 dimU (o)W [Z] = dim Homp(Z,U(bo)W).
The map T +— D(K%(e,-)) being injective, owing to D is injective and the equality
KS(h-o,w) = cy(.y . ) K& (0, ™1 - w)e, (.., ..). The equality of dimensions shows the
surjectivity. [ ]

We suggest to compare Theorem 4.3 with [25, Theorem 3.10][31, Theorem 1] and
Subsection 2.7.

4.0.4. Multiplicity formulae

In the following, we present a brief summary of [31, Subsection 3.4]. The duality
Theorem provides a formula for dim Homy(H?*(H,0), H*(G,7)) in terms of a
partition function based on the noncompact roots for (ho,u) and a Weyl group,
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see [6], [31] and references therein. In [11] we also find a multiplicity formula based
on a partition function and Weyl groups. In [20, Theorem 8.3] the author computes
the Harish-Chandra parameters of all the irreducible factors in resy(V;). In [12] is
shown a multiplicity formula for either weak factors or factors based on the map r,
considered by [29]. On the other hand, Paradan, [32], Duflo and Vergne, [7] have
obtained dim Homy(V,,V;) as the volume of an orbifold.

4.1. Structure of U(hy)W and another versions of the duality theorem

We keep the hypotheses and notation of the previous subsection. We fix a decom-
position W = Z; + --- + Z,, with Z; a L-invariant, L-irreducible linear subspace.
Then, since for € pi ,w € W we have Ljw = 0. It readily follows that U(ho)Z;
is the underlying Harish-Chandra module of the irreducible square integrable rep-
resentation of lowest L-type Z;. Therefore,

U)W = Brgjcr Uho) Zj = Sr<jzr UD0) Syerpy ) Zi- (4.4)

Whence, we have obtained the decomposition of U (ho)WW as the sum of underlying
Harish-Chandra modules of Discrete Series representations for Hy. The conclusion
of Theorem 4.3 can be written as,

Theorem 4.4. For H/L — G/K a holomorphic embedding and Discrete Series
representations Vy, = O(Dy, Z) N L2(Dy, Z), V. = O(D,W) N L2(D,W), we have a
linear isomorphism

HO??”LH(VU, VT) = @1§j§r HomL(Z,Z/l([jo) ®U([<c+!3;'0) Zj).

We would like to point out that Theorem 4.4 follows from facts proven in Kobayashi-
Pevzner [24, Theorem 2.7], Nakahama [25][Lemma 3.4, Theorem 3.6]. Our proof is
of algebraic nature.

Owing to our hypothesis Dy, is a subset of D and the inclusion is holomorphic, we
may restrict holomorphic function on D and we obtain holomorphic functions on
Dy, . Let ro : O(D, W) — O(Dy,, W) denote the restriction map. In [29] it is shown
that ro maps L?-continuously the space V; into L2 (Dy,, W). In [31, Lemma 1] it is
shown that the kernel of r( is equal to the orthogonal to the subspace CL{U (ho)W).
Whence, 1o : CL{U(ho)W) — L2 (Dy,, W) is injective. Now, L2 (Dy,, Z;) contains
just once the holomorphic Discrete Series of lowest L-type Z;. (See Introduction)
Let’s denote by HZ (Dy,, Z;) such a subspace. Actually, H? (Dy,, Z;) is the kernel
of the 9 operator in L2 (Dy,, Z;)). As in [31], we define

H? (Dy,, W) := ®1<j<, H? (Dy,, Z;) C L (Dy,, W)

Then, from the previous calculations, it readily follows that the image of rq is
H? (Dy,,W). Finally, we define

re : Homy(V,, V) = Homp(Z,H2 (Dy,, W)) (4.5)
by the rule & (T)(2) = ro(D(K5(0,-)2)).
Thus we have:
Theorem 4.5.  Hypothesis as in Theorem 4.4, rP is a linear bijection.

The isomorphism ¥ is our third version of the duality Theorem.
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4.2. Another equivalence map for Lf, ; = U(ho)IW and fourth version of
the duality theorem

To begin with, we show that we can replace the map D defined in Proposition 4.2
by the orthogonal projector ¢ onto Cl(U(ho)W). That is,

Proposition 4.6.  We assume H/L — G/K is a holomorphic embedding. Let
V; = O(D,W)NLZ (D,W) be a holomorphic Discrete Series for G. Let Q : V. — V;
denote the orthogonal projector onto CLU(ho)W). Then,

Q : Ljy g — U(bo)W is an L-equivalence.

Proof. Indeed, to begin with we recall P(p™, W) C V, = O(D,W)n L2(D,W).
Here, Lf, 5 = P(p;ro,W). Thus we have ro(p) = p, Vp € P(p;O,W). We write
V. > p=np + Q(p) with p, € ClU(ho)W)*,Q(p) € ClU(hoy)W). Since, [31,
Lemma 1] Ker(rg) = Cl(U(bo)W )+, we have

ro(p) = 10(Q(p)) Vp € V.,

hence, @ restricted to Lf, 5 = P(p;ro,W) is injective. A proof of the surjectiv-
ity of @ is: @ is an L-map, hence () maps each isotypic component in Lfy
into the correspond isotypic component in CHU(ho)W )r—fin = U(ho)W . The L-
admissibility of V. gives that each L-isotypic component is a finite dimensional
vector space. The bijective map D shows that each L-isotypic component in Ly, 5
has the same dimension that the corresponding L-isotypic component in (). Thus,
Q from Lfyy = Plpy,, W) into U(ho)W is surjective. Hence, we obtain @ re-
stricted to Ly, 5 is a bijection onto U(ho)W . Since the equivalences between the
different models are unitary intertwining operators, it readily follows the general
statement. |

We believe that Proposition 4.6 holds for arbitrary symmetric pairs (G, H) under the
hypothesis of H-admissibility. A consequence of this proposition is an improvement
of the duality theorem.

Theorem 4.7.  We assume Dy = H/L — G/K = D is a holomorphic embedding.
Let V, = O(Dy, Z)N L2 (Dy, Z), V, be holomorphic Discrete Series representations
for H, G. Then,
(a) For Ty,Ty € Homu(Vy, V), we have K¢ = K§, if and only if

Kr (e, ho)z = Kp,(e,ho)z Yz € Z hg € Hy.
(b) The following linear map is bijective,

HOTTLH(VU, ‘/7—) 5T —

(Z 2 2z 1o(K%(e,-)2)(-) € H*(Dy,, W))) € Homp(Z, H*(Dy,, W)).

Actually, (a) can be extracted from [25, Lemma 3.4]. Statement (b) can be deduced
from [25, Lemma 3.4] or the work of Kobayashi [20, Proof of Lemma 8.8]. Their
proofs apply quite different techniques.

Note: (a) In [31, Proposition 4] we have computed the orthogonal projector @ in
terms of the operator r{ry, for example, when 7 restricted to L is irreducible, @)
is up to a constant the operator r§rg, whence, applying the results in [31, 4.2.4]
we may compute the inverse to the map defined in part b) of the Theorem. In
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general, under the hypothesis of H-admissibility, in [31, Proposition 1] it is shown
that Im(rg) is a finite sum of irreducible Discrete Series representations for Hy, and
that rory is a bijective linear operator for Im(rg). From the computation in [31,
4.2.4] it can be shown that Q = rj(rorg) 'ro.

(b) Due to the equality ro = 9@, we obtain a simpler description of the inverse to
the map in Theorem 4.7 b). In fact, formula 2.7 (f) simplifies to

Ki(h,x)z = (Q'[ [ Kr(ho, )(C(ro(KF(e,)2))(-))(ho)dho]) (h™ x).

Ho

Here, C' := (rorg)~' is a bijective endomorphism of H?*(Hy, ), and, Q™! is the
inverse map to @ : Cl(Lw.x) — CL{U(ho)W).

4.3. Other versions of the inversion formula

In Theorem 4.7 we have presented a new proof that the map
Homy(V,,V;) 2 T (2 — ro(KS(e,)2)(+)) € Homp(Z, H*(Dy,, W)).

is bijective. Actually, we have shown injectivity and that both spaces are equidi-
mensional. In this manner, we have obtained the surjectivity of the map. Nakahama
[25](See Proposition 4.8) has written an explicit inverse map based on the reproduc-
ing kernel of the target space V, and the realization of holomorphic Discrete Series
in spaces of functions on the bounded symmetric domain attached to the group G.
In the next paragraph we present Nakahama’s formula, and, in Theorem 4.12, we
show another expression for the inverse map, based on the reproducing kernel of the
initial factor V, and a different realization of the Discrete Series representation on
space of functions on G.

4.3.1. Nakahama’s formula in bounded symmetric realization’s

The hypothesis for Proposition 4.8 is:

The inclusion Dy = H/L — G/K = D is a holomorphic map, and V;, V,
are holomorphic Discrete Series representations for G, H realized in a space of
holomorphic functions. Thus, V, = O(D,W) N L3(D,W) is an H-admissible
holomorphic Discrete Series representation for G.

We consider the triangular decomposition,
P KcP_ >z =exp(xy) (z)gexp(z ), z+ € Lie(Py) = p*, () € Kc.

Let Py : p* — py. be the projection onto p; along py . Let z +— T denote the
conjugation associated to the pair (gc, ).

In [25, Proposition 3.3] we find a proof of

Proposition 4.8. (Nakahama'’s formula) Let T':V, — V, a continuous H-map.
Then, for w € Dy, z € D, the function kernel K is given by,

Ki(w, z) = KS(w, z) K7(o, Pg((exp(—w)e:vp(z))+)). (4.6)
Thus, Nakahama provides an explicit inversion formula to the map in Theorem 4.7(b).

Note. Nakahama'’s statement as well as his proof is written in the language of Jordan
algebras. We are able to obtain a quite long proof of the Proposition without the
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terminology of Jordan algebras, however, it is just a copy, without Jordan algebras
language, of the techniques of Nakahama. Our proof replaces, the result Nakahama
needs from [9, Part V, Thorem III.5.1(ii)], by facts in [27, Lemma XII.1.8] [33,
Chapter II, § 5].

4.3.2. Nakahama s formula for the kernel of a holographic operator together with
Theorem 2.1 let us compute the kernel of a symmetry breaking operator. The final
result is:

Proposition 4.9. We assume H/L — G/K is a holomorphic embedding, and
V, = O(D,W) N LAD,W) (resp.V, = O(Dy,Z) N L2(Dy, Z) ) is a holomorphic
Discrete Series representation of G (resp.is a holomorphic Discrete Series for H ).
Then, for each S € Homg(V,,V,), and the function

g = K§.(0,-) € Homy(Z,P(ps.,, W)) = (P(pg.) @ Home(Z, W))E-@o"en(L)
we have K§(z,w)() = (Ps(P((exp(—w)exp(z ))+))*(K‘;(z,w)(~)), z2€D, we Dy.
Actually, for each ® € HomL(Z,P(p;ro, W), there is a unique symmetry breaking
operator S so that &g = .
When we write ®g(v)(20) = >, Cr(v)25,v € Z, C, € Home(Z, W), 2 € py, , then,
(25(2))" =3, Cr 2.
4.3.3. Nakahama’s formula in group model

Proposition 4.10. We assume H/L — G/K is a holomorphic embedding,

H?*(H,o0),H*(G,T) are respective holomorphic Discrete Series representations. Let
T : H*(H,o) — H*(G,T) be a holographic operator. Then,

Kr(h,x) = K-(h,x) Kr(e, (h); (9a (9a)g ") (R)5 ).
Proof. To begin with we recall that for z € D, the unique g, € exp(p) NG so that
g.-0=zis g. = exp(2)K:(z, 2)/%exp(z). We note K¢(z,2)"/? is well defined due
to the identity K¢(w, z) = K¢(z, w)il, and in consequence, K¢(z,z) belongs to the

exp(p)-part of K¢ = Kexp(iLie(K)) so log(K¢(z,z)) is defined [33, Chap II, § 5,
Exercise 2][27].

For w € Dy, z € D, we write (at least for small w, z it is true)

Py((exp(—w)exp(z))+) = ga - 0, a € Dy, ga € exp(p Nho).
Now, we apply 2.6 and Nakahama’s formula 4.6 to obtain

KT(gw7 gz) = KT<gw7 gz) T((gw)())*T((ga) ) KT(67 ga) U((gw)O)*il

= K+(gu-9:) Kr(e, ((90)0)" o (((9)0)"(90)0) )
= K (9w, 9-) Kr(e, ((90)0)" (9a (9a)5") ((gw)o) ™).
The second equality is due to Kr(e,lzk) = 7(k™')Kr(e,z)o(I7'). Owing to real

analyticity of both sides in the formula, the equality holds for every w, z. Next, we
write h = gp.ol, T = g,., k, and compute

KT<h, ;C) = T(k’il)KT(gh-m gm-o)o- l)
= T(k_l)KT(gh'oa 9z-0)) T((Gn-0)0)*T7((ga)o) K1 (e, ga) 0((9h~0)>0)*_10(l)
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K (gh~olvg$~0k) U(l_l)KT(evo-(l_l)((gho)O) (((gh o) )*( ) ) 1)
Ko (h, ) Kr(e,o(I7")(gho)o)™ (9a (9a)o ) ((gno))o)* ™ o (D))
K (h,z) Kr(e, (h) (9a (9a)0 ") (R)5)- n

We note that ((guw)o)* (9a (9a)o?) ((guw)o)* ™t = €"e®, 7 € p;}, S € Py, -
When both representations are scalar the formula turns into

K1(guw, 92) = 7((90)0)*7((9a)0) 0((gw)o)* " K+ (9w, 9:) Kr(e, ga).

4.4. A formula for holographic operator’s in the H? -model

In Theorem 4.7 we have presented a new proof that the map
Homy(V,,V.) 2 T+ (2 — ro(Kr(e,)2)(+)) € Homy(Z, H?(Hy x, W)).

is bijective. Actually, we have shown injectivity and that both spaces are equidi-
mensional. Nakahama (See Proposition 4.8) have written an explicit inverse map
based on the reproducing kernel of the target space V, and the realization of holo-
morphic Discrete Series in spaces of functions on the bounded symmetric domain
attached to the group G. In the next paragraph we will present another expression
for the inverse map, based on the reproducing kernel of the initial factor V, that
we are considering and a realization of the Discrete Series representation on space
of functions on G.

In order to present the formula we recall a fact shown by Bailey-Borel and another
realization for the holomorphic Discrete Series. We assume G/K is isomorphic to
a bounded symmetric domain D C p*. Let (7,W) denote the lowest K-type of a
holomorphic Discrete Series representation realized in V, = O(D, W) N L3(D,W).

Then, we have triangular decomposition G C PTKcP~, z = exp(xy)(z)oexp(x_),
the cocycle ¢, (x,w) = 7((zexp(w))o), * € G,w € D, the reproducing kernel for
V, is Ky(w,z) = 7((exp(—w)exp(z))y'). We also have the linear isomorphism
E.. : C®G x, W) — C®°(D,W) defined by E. (f)(xK) = c.(z,0)f(x) (see
2.9). Then, Bailey-Borel [3] have shown the pre-image of the space of holomorphic
functions O(D, W), via the map E._, is equal to the subspace
: : |
OG %, W) = {f : G — W : smooth, f(xk)=71(k _)f(a:),} . (47
ke K, €G, Rx(f)=0 VX €p

We also consider similar isomorphisms for the domains H/L,Hy/L. Now, we
may realize holomorphic Discrete Series representations in spaces of “holomorphic”
sections in I'*°(G x, W). That is, given (7, W) the lowest K -type of a Holomorphic
Discrete Series representation, we consider the realization

FiG =W 0 flak)=7(k")f(z), ke K, v €G,

H2,(Gx, W) . (4.8)

/|f )?dx < 0o, and Rx(f) =0, VX € p~

In a similar way, we realize the holomorphic Discrete Series representations for H or
Hy. In order to justify this realization of Holomorphic Discrete Series we recall that
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the equivalence E._ is an isometry from L*(G x, W) onto LS(D, W), see section 2
and references therein.

Let (G, H) be a reductive pair. We suppose there exists Discrete Series represen-
tations H? (G x, W), H? ,(H x, Z), for the respective groups. Since both spaces
are reproducing kernel spaces, for each continuous linear map,

T:HE,(H %, Z)— HE (G x, W),

there exists a smooth function K : H x G —> H ome(Z, W) with the properties
K- x) e Hiy(Hx,Z), x € G, and (T(g)(x), w)w = [,(g(h), K} (h, x)*w)zdh,
reG,weW, ge H? ,(H x, Z) (see [30])

The hypotheses for the next result, Theorem 4.11, are:

(G, H) is a symmetric pair, Hy = (G°?)y, and the generalized Cartan decomposition,
[10], is the smooth decomposition

G = exp(b Np)exp(ho Np)K

For x € G, we write the corresponding unique decomposition z = x;x9k [10]. The
respective Discrete Series representations are H7 (G x, W) and H?,(H X, Z).

Theorem 4.11.  The function kernel K" of a holographic operator
T:H?,(HX,Z)— H2,(Gx, W),
decomposes as the composition “separation of variables formula™
KR h, z120k) (2) = 7(k7 Y Kl (e, 29) (Ky(h, 21)2),
where h € H, x1 € exp(hNp), x2 € exp(hoNp), k€ K, z € Z.

To begin with, we consider a holomorphic Discrete Series H7 ,(H X, Z) for H and
we fix & : Z — O(Hy x; W). We define Tp : O(H X, Z) = C>(G x,. W) by the
rule: For @ = xy29k, z1 € exp(hNp), 2o € exp(hoNp), k€ K

To(g)(x) = (k™) P(g(21))(@2). (4.9)

We claim: Ty is H -intertwining map for the respective left translation actions if
and only if

() (Iyl™) = 7(O)P(e(I7)()(y), V1 € L,y € exp(ho N p). (4.10)
In fact, we fix h € H. We write hxy = z3l3 with z3 € exp(h Np), I3 € L,
hayzok = x3l32903 '3k, Then, the equality Te(g)(hx) = Te(Ly-19)(z) is equivalent
to the equalities
T(k™ )75 2(9(23)) (lsaly ) = T(K~ ) 7151 @(g(hanls ")) (lswals )
= (k™) 7(15 ") (0 (la)g(har)) (lawal3 )
= (k™)@ (g(h1)) (x2).

Since the set linspanc{g(hz,):g€ H?,,(H,0)[Z]} is equal to Z we get the equiva-
lence.

We would like to point out that condition (4.10) on ® is equivalent to ® belongs to
Homp(Z,C>®(Hy x; W)).
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4.4.1. Injectivity of 7 restricted to Ly yg = L)

In 4.4 we have shown the restriction map r§ : C®°(D, W) — C>(Dy,, W) when
restricted to Ly 5 is injective. The commutativity of the diagram below shows that
the restriction map 7o : I'°(G x, W) — I'*(Hy x, W) restricted to Ly,g = L, is
one to one.

Ly, - Ly — = H2 (G x, W) C L*(G x, W)
Hiy(G 7 W) Liy1 <V, C LD, W)

I o 4

L2(Hy %, W) 27 [2(Dy,, W) L2(Dy,, W).

Here, Ly := L is the linear span of the totality of lowest L-type subspaces on
each irreducible factor for resy(H?,(G x, W)), that is,

Ly, = DOz (Hx,z)eSpecy (H? (GXTW))HfQLol(G X W)[Hjy(H x5 Z)|[Z].

hol
V. = O(D,W)N LXD,W). Lwu = P(py,,W) is the linear span of the lowest
L-type subspaces on each H-isotypic component for resy(V,). Further, E. is
the map f +— ¢, (-,e)f(). E., establishes a H-bijection between H?7 ,(G x, W)
(resp. L*(G x, W)) and V; (resp. L} (D, W)). LSy y = Ec,(Lw,)-

4.4.2. In the following Theorem 4.12 we present a new expression for holographic
operators and its kernel.
The hypotheses are:

(G, H) is a symmetric pair. We recall Hy = (G°%)y and the “generalized Cartan
decomposition”; that is, the smooth decomposition G = exp(h N plexp(hy N p)K
[10]. We also assume H/L — G/K is a holomorphic embedding, and H? ,(G x, W)
(resp. H?,,(H X, Z)) is a holomorphic Discrete Series representation of G (resp. is
a holomorphic Discrete Series representation for H). Then,

Theorem 4.12.  For each holographic operator
T:Homy(H:,(H X4 Z) — HE (G x, W),

there exists ® € Homp(Z, H:,,(Hy X, W)) so that for every g € H},(H %, Z),
G 3>z =xx0k, 1 € exp(bNp), xo € exp(hoNp), k € K, we have

T(g)(z) = To(g)(z) = T(k~")@(g(z1))(x2).
Whence, its kernel function K3 is:
KU h,2)z = 7(k~Y)® (K, (21, h)*2)(22) = T(k™H®(Ky(h, 11)2)(12).
Here, K,(h,z1)z is the reproducing kernel for H? ,(H X, Z).
Theorem 4.12 generalizes [25, Theorem 5.1].
Proof. For Hy 3> hg = xsl, 2o € exp(hoNp), L € L, z € Z, we define
O (2)(wal) 1= Khl(e, 20l)(2) = 7(I71) KR (e, 24)(2).
Hence, ®(2)(-) € I°(Hyx,W). Next, the H-invariance ( K2 (hx, hy) = K2 (x,y))
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for the kernel function K yields that ® satisfies condition 4.10, and, owing to
Rx(KI(h,-)2) = 0 for each h € H, X € p~ we obtain ® is “holomorphic”, that is,
Rx(®(2)(-)) = 0 for each X € p; . Therefore, ® € Hom(Z,O(Hy x, W)). In the
following, we verify ®(z)(-) belongs to L?(Hy x, W). Owing to the representation
H? (G x, W) is H-admissible, we may apply the result of T.Kobayashi [19] “In
an H-admissible representation, every L-finite vector is K -finite” and we obtain in
consequence KMl(e, )z € H? (G x, W)[H}E,(H %, Z)|[Z] C HE (G X2 W)k fin.
A result due to Schmid, Knapp-Wallach [34] [17, Cor. 9.6] shows

HE (G X W)k pin = H*(G X W)k_tin and HE (G x, W) C H*(G x, W).

Finally, 7o maps H?*(G x, W) into L?*(Hy x, W) (See [29]), and, ®(z)(z3l) =
(17 ro (K2 (e, -)2)(w2),, whence we have verified ®(2)(-) € HZ,,(Hy X, W).

It readily follows: Tg(g) is “holomorphic” for each g € HZ ,(H x, Z).

Since, via E., , H?,(H X, Z) is isomorphic to the kernel of an elliptic operator,
we have that L?-convergence in H? ,(H X, Z) implies convergence in the natural
topology in O(H x, Z). We conclude that Ty : H? ,(H x, Z) — O(G x, W)
is a continuous linear map. Moreover, since for ¢ € H? ,(H x, Z) the equality
g(h) = [, Ks(y,h)g(y)dy, h € H holds, we have Tp is a kernel linear map
represented by the kernel

Ky (h, 2122k) () := 7(k ™) @(Kq (h, 21)(-)) (2)-

Owing to Te(K,(-,e)*)(2)) = Kr,(e,-)(2), as in Proposition 2.3(5), we obtain
Kr,(e,-)(z) is a L-finite vector. Thus, E. (Kr,(e,-)z) is a L-finite vector in
the H-admissible representation (L7, O(D,W)), [19] implies E. (Kr,(e,-)) is a
K -finite vector, now, we recall that a K -finite holomorphic function is polyno-
mial, thus E. (Kr,(e,-)) € O(D,W) N L32(D,W) and hence, Kr,(e, )z as well
as Lp(Kr,(e,")) = Kry(h,) belongs to H?,(G x, W). Finally, the equality
Kr,(e,")z = To(K,(-,e)*z) yields
Kr,(e,-) € Hiy (G x- W)[Hjo (H %o Z)[Z] C Lvn-

Also, Khol(e,-)(z) € Lwpg. By construction, ro(Ki'(e,-)z) = ro(Kry(e,-)z),
whence, due that ry is injective in Ly y (see 4.4.1) we obtain that both kernels

are equal and T'=Tg. [ |

Remark 4.13. The converse to Theorem 4.12 holds too. In fact, if we have
® € Homp(Z, H},;(Hy x, W), the duality Theorem 4.7 shows that there exists
Ty € Homy(H?,;(H x, Z), H? (G x, W)) so that ro(Kr,(e,-)z) = ®(z2).

ol

Corollary 4.14.  The kernel K of each holographic operator T € Homy
(H? ,(H x, Z),H? (G x, W)), decomposes as the composition “separation of vari-
ables formula”

KRN h, z120k) (2) = 7(k~ 1) KRl e, 20) (Ky(h, 21)2),
where h € H, x1 € exp(h Np), xo € exp(hoNp), k € K.

Theorem 4.12 above and its corollary 4.14 generalize [30, example 10.1] for the case

G=SUn,1), H=SU(n—1,1) x U1)), Hy = S(U(n — 1) x U(L, 1)).
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In the following, we rewrite Theorem 4.7 in the symmetric space model. Later on,
after a change of the coordinates (z1,x2) to holomorphic coordinates we obtain
another formula for the kernel of a holographic operator.

We recall that to each holographic operator T : H? ;(H x, Z) — H? (G X, W) we
have associated an unique H-operator T°¢: HS (H/L,Z) — H (G/K,W) via the
composition T, = £, TE_ ! and the respective kernels are related by the equality 2.6

K$o(hL,2K) = c;(z,e) K1 (h, x)co(h,e)*, VYh € H,z € G. (h)
Hence, the formula for K2 obtained in Corollary 4.14 and 2.3 (5) yields
Corollary 4.15. K$.(hL,z12:K)=7((x1exp(x2)+)o) K$e(0, (x1)022K)KS(hL, 21 K).
Here, 21 € exp(hNp), z2 € exp(hoNp), G > a = exp(ay) (a)gexp(a_), ax € p* and
(a)g € Kc. In fact, the equality (1), a-0=ay,
Cr(2122,0) = ¢ (21, T2 - 0)¢r (22, 0) = T((zr€xp((22)4)))0)T((22)0)
¢o(b,0) = a((b)o) and 2.2 imply
Kfe(hL, z122K)2 = 7((21e2p((22)1)))0)T((22)0) K1 (€, 22) (Ko (h, 21)0 ((h)o)"2
= 7((z1eap((22)+)))o) Kie (e, 22K )0 ((21)0) K (hL, 21 K)z.
[30, Example 10.1] for (SU(n,1),S(U(n — 1,1) x U(1)) and holomorphic scalar

representations in the bounded symmetric space realization, shows that the factor

7((z1exp(w2)+)o) Kfe (0, 22K) o ((21)g ")

does not depends on z; € p;’. We do not know, in the bounded symmetric
realization of holomorphic Discrete Series, when “separation of variables via K¢”
does hold. On the positive side, in the Hj, realization, Corollary 4.14 gives:

Corollary 4.16.  Let S: H?,,(G x, W) — H} ,(H x, Z) be a symmetry breaking
operator. Then, Kg(z1x2k, h) = Kg(xa,€)Ky(x1,h)T(k).

The next example, shows the complexity of computations for splitting variables.
Example 4.17. G=SU(1,1)xSU(1,1), o(z,y)=(y,z), H={(z,z):2€SU(1,1)},
K =T = {(diag(e*, e~1%), diag(e", e *))}, G = Hy = {(z,*"1) : 2 € SU(1, 1)},
ho = LieHy = {(z, —2*) : v € su(1,1)} = (1 X Oay1,1)) H .

exp(p Nb)
= {xl(a) = <cosh(|a|)] + sinh(lal) (2 g), cosh(|a|)I + sinh(lal) (2 8)), a€ C}.

lal lal

= {x3(a) := (cosh(]a\)[ + Sin(Z('MI) (2 g), cosh(|a|)I + Smr;(”a) (2 8)),@ e C}.
The generalized Cartan decomposition for G reads: G 3 x = z1(a)x2(b)k, a,b € C,
ke K. Weset 7y(exp(o(§2))) =e? \>2.

Let Us((% 2)) = (A)sa 3%, then, vy € H?,,(SU(1,1),7)[Tat2s]. An orthonormal
basis for H?,(SU(1,1),7y) is {vs,s = 0,1,...}. For H?,(SU(1,1),7») we denote

the corresponding basis for vy, t =0,1,....
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A computation in the unit disc, for A\, X > 2, yields
Hiy(SU(L,1),7) ® Hipyy(SU(L, 1), 7n) [Tav20] N Lesuany = CR(1)(4),

where, for z € C,

o)) =2 3 (-0 (1) AT ATt e e,

s —149)!
0<s<n

Therefore, the associated holographic operator
Ty : Hppp (SU(L, 1), Tainson) = Hiy(SU(L,1),70) ® Hjpy(SU(L, 1), 7v)
is the operator that maps g € HZ ,(SU(1,1), Tayny2n) tO
To(g)(w1(a)xa(D) (K1, ko)) = T2 © 7o (K, ko) (P(g(w1(a))) (22(D))
= 7alky )7 (ky 1) g(w1(a))
< 30 (1) AT A ) (e ®) ).

0<s<n ’

Remark 4.18. For an arbitrary symmetric pair (G, H), a pair H*(H, o), H*(G,7),
and, for ® € Homg(Z, H*(Hy x, W)), the linear map Ty defines a H-map,
Ty € Homy(H?(H x, Z),C(G x, W)). If we could show Dgenmia(Kr,(h,-)) =0
and [, || Te(g)|*dg < oo for all ¢ € Hp,(H,0) we would obtain holographic
operators. By means of the analysis of leading exponents of a representation (See
[39, Chap IV]) we are able to show that Tg(g) is square integrable for Harish-
Chandra parameters far away from the walls. The equality Dgsenmia(Kry(h,-)) =0
would follows if we knew a Hartog’s Theorem for the Schmid operator. We refer
to Hartog’s Theorem as the Theorem that shows: a function is holomorphic if and
only if it is holomorphic in each variable.

4.4.3. A result of Kitagawa on holographic operators

Recently, some remarkable new results have been obtained by Kitagawa, as follows:
Let (LY VY := H*G,7)) be an H-admissible Discrete Series representation. Let
VI .= H?(H, o) be an irreducible factor of resy (V).

The H-admissibility hypothesis yields:

For any intertwining map 7': (V¢)>°[VH] — (V)* in particular, for each ReU(g),
either T or LS : (VE)®[VH] — (V&) extents to a continuous linear endomorphism
for VE[VH].

In fact, we write VE[VH] = M, @ --- @ M), where M; are irreducible H -factors,
thus L& maps the U(h)-irreducible representation (M;)r,_ s, into the unitary rep-

resentation VE[VH] we now apply [40, Lemma 8.6.7] and obtain T or L% extents
to a continuous linear map from M; into VE[V#] whence the claim follows.

A consequence of this is that for any T € Hompy(VH V) and for any R € U(g)?,
the composition map LET from (V#);_;, — V¢ extends to a holographic oper-
ator. Whence, U(g)? also acts in Homy(VH V) by the rule R-T = L§T. We
note, we have verified the inclusion Homg (VI V) C Hompy((VH)>, (VE)H=0)
becomes an equality. In [16, Theorem 5.26|, appealing to a particular Zuckerman
functor’s realization of the space of K -finite vectors of a Discrete Series representa-
tion, it is shown that the action of U(g)* in Homg(VH V%) is irreducible.
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Thus, we obtained the observation: once we know one nonzero holographic operator
T from VH into V¢, all the others have the shape LET, R € U(g)*.

5. Further perspectives

In a sequel to this paper, we shall continue the more detailed analysis of the nature of
differential operators that are symmetry breaking (holographic). Below, we mention
some of those results to be proven in the sequel to this paper, and in the final
Section 5.1 below we give two final concrete examples of the case of admissible
restriction, our primary focus, this time outside the holomorphic case. A major goal
of branching laws is to understand the structure of symmetry breaking (holographic)
operators for a general pair (G, H) and (m,V) an H-admissible Discrete Series.
For this, we present some considerations on the structure of symmetry breaking
operators. Whence, we fix a symmetry breaking operator S : H*(G, 1) — H?*(H,0),
represented by the kernel Kg: G x H — Homc¢(W, Z) and recall that the subspace

Zs = Image(Z > z — Kg«(e,)(2) = Ks(-,e)*z € H*(G, 1))

is a L-irreducible subspace contained in Ly, y. Thus, either Zg NU(ho)W = {0}
or Zs C U(ho)W . Our hypothesis is that (m, V') is an H-admissible representation,
hence, every symmetry breaking operator is represented by differential operator’s
2.4.1, 2.6, [30, Proposition 4.4]. We recall in [31, Proposition 6.1], it is shown that
in the case Zg C U(ho)W, S is represented by a normal derivative differential
operator, See 2.10, whereas in the case Zg NU(ho)W = {0}, S is represented by a
differential operator that never will be a normal derivative differential operator. To
be more precise, we write

Homp(V, Vo) ={5: Zs CU(bo)WIU{S : ZsNU(ho)W = {0}}. (1)

After ignoring the zero operator, this is a disjoint union, the first subset is the
one that contains the symmetry breaking operators that are represented by normal
derivatives operators and the second subset is its complement. Roughly speaking,
Lw uNU(Ho)W measures the “quantity” of symmetry breaking operators represented
by normal derivatives operators, whereas, Ly g \(Lw.z NU(Ho)W), “measures” the
totality of “non normal” derivative symmetry breaking operators. We do not know,
if for given o, 7, both subsets in () might be nonempty.

Obviously, if H?(H,o) has multiplicity one in H?*(G,7), the nonzero symmetry
breaking operators are either normal derivatives differential operators or not.

Henceforth, our hypotheses are: H/L — G/K is a holomorphic immersion and
(L7,V,) is H-admissible holomorphic Discrete Series representation of lowest K-
type (1, W).

Since the Lie algebra p~ is an Abelian Lie algebra, the symmetrization from S(p~)
onto U(p~) becomes an associative algebra isomorphism. Whence, after we recall
4.3, U(p~) ® W may be written as a graded vector space, the n'* subspace being

V) = lin.spanc{L7 ., (w), z; € p~\{0},w € W}.

T1Tn
It follows from the computation in 2.5.2 that whenever Zg C V™, then, S is
represented by an n'-order differential operator.

The meaning of next Proposition 5.1 is: when we represent symmetry breaking op-
erators via differential operators, the totality of “first order” symmetry breaking
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operators are given by means of normal derivatives if and only if 7 is a one dimen-
sional representation unless G is not locally isomorphic to SU(m,n), m > 2, n > 2.

Proposition 5.1. H/L — G/K is a holomorphic embedding. V,,V, holomor-
phic Discrete Series representations for H,G. We assume g is simple and is not
isomorphic to su(m,n), m > 2,n > 2, then, U(ho)W N Ly N VY = Ly N YD
if and only if T is a one dimensional representation.

We also have a similar equivalence for g = su(m,n), m >2,n > 2.

We have computed examples, for 7 not unidimensional, so that among the symmetry
“first order” operators, we find nonzero “first order normal differential operators”,
as well as, nonzero “first order non normal differential operators”. This statement,
is equivalent to that the inclusions {0} C Lw.x N VY NUH)W C Ly N VWY are
proper. A part of the result is,

Proposition 5.2.  Same hypothesis as in 5.1. For a pair (g,h) so that both b, by
are isomorphic to the product of one noncompact simple Lie algebra times a compact
Lie algebra, and, T is not a scalar representation. Then, the representation of L
in U)W N Lwg N V) s irreducible and not a scalar representation. Moreover,
U)W N L.z N VWY s a proper subspace of Ly z N VD,

The following fact shows that, sometimes, every “second order” symmetry breaking
operator is represented via normal derivative operators.

Proposition 5.3.  Same hypothesis as in 5.1. For a scalar representation (1, W),
we have: U(ho)W N Ly NVE = Ly gy N VP if and only if [Py 05 1, Pl = {0}

It follows, via the Poincaré-Birkoff-Witt Theorem, that

Proposition 5.4.  Same hypothesis as in 5.1. For a scalar representation (1, W),
whenever every “first order” as well as every “second order” symmetry breaking
operator is represented by mormal derivative differential operator. Then, every
symmetry breaking operator is represented by normal derivatives.

This is due that the equalities U (o)W N VO = Ly N VO i = 1,2 yields the
equality Ly, g = U(ho)W.

5.1. Examples and comments on branching laws

Many open problems on branching laws remain, for example, in [30], for a quater-
nionic Discrete Series representation 75P(:P+1)  we derive an abstract decompo-
sition for resgp(1)xsp(1p) (TPEPH) | however, we do not explicitly present such a
decomposition. That is, we do not provide equations for the isotypic component
L) [ Sp()xSP(LP)] - as well as, for the symmetry (holographic) operators. Other
open problem is to explicit the continuous spectrum for the restriction of a Dis-
crete Series representation, important results on the subject are found in the work
Harris-He-Olafsson [12], see also [29].

The final part of this section is to make explicit two examples of admissible restric-
tion. See [31]. The first symmetric pair (G, H) is so that the corresponding pair of
Lie algebras is (eg(2), faay). This is not a holomorphic pair. We have, there exists a
Borel-de Siebenthal system Wpg of positive roots in ®(eg,t) so that a Discrete Se-
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ries for Eg(2) whose Harish-Chandra parameter A is dominant with respect to ¥pg
has an admissible restriction to a subgroup H = Fj4). We fix a compact Cartan
subgroup 7' C K = SUs(maz) X SU(6) so that U := T N H is a compact Cartan
subgroup of L = KNH = SUs(paz) X SP(3). Let aypnqe denote the maximal root for
Ups. Among the H-admissible representations are the so-called quaternionic rep-

resentations, they are the representations H?(Eg (), ngfn%’f;;;if]((j)),n =1,2,--

The associated pair is (eg2),sp(1,3)). Let g, denote the restriction map from t*
into u*. Then, A\ dominant with respect to Vpgg, determines systems of positive
roots, Wy, Wep(1,3),1 that satisfies the Borel-de Siebenthal property and they are
quaternionic. We denote by f,,4. the maximal root for ‘Ilf4( A+ The fundamental

weight A; associated to external short root in the Dynkin diagram is % Brmaz -

The highest weight of the lowest K -type for Discrete Series of Harish-Chandra pa-
rameter n®ue + pgy ) for Fgo),n > 1 is

Up = Oémaan + pSU( 6) + p\I/BS — pe = (n + 10) Oér;ax .

Thus, the duality Theorem applied to the restriction of the quaternionic represen-
tation H?(Eg2), ™ SUQ(am‘”)XSU( ) to Fyy, yields

resp,., (HQ(E6() SUz(atmaz) ><SU(6) @ H F4( 0,7 SUg(am,w)xSp(?)))

Vn On,m
m>0
Here, the highest weight 0, is: 0pm = (0 + 11+ m)%mes 4 mA, .
However, this is in some sense an abstract decomposition, owing to we do not provide
either the equations or a description of each isotypic component
502 (@maz) < SU (6) 9 502 (@maz) < Sp(3)

H (EG( 2), ™ nIL 4o (6) )[H <F4( 4) (n+11+m)"maz+mA1)}
Nevertheless, in [30, Proposition 6.8] we have obtained a formula for the kernel
that represents the orthogonal projector onto a given isotypic component, for the
precise statement, see Remark 2.2. We note that the Harish-Chandra parameter
of the irreducible Fj4)-factors are dominant with respect to a Borel-de Siebenthal

system of positive roots. Moreover, each Fj)-irreducible factor is a generalized
quaternionic representation. This ends the first example.

The second example is on the pair (so(2m,2),s0(2m,1)). From Spin(2m,?2),
m > 2, we restrict to Spin(2m,1). We notice the isomorphism between the pair
(Spin(4,2), Spin(4,1)) with (SU(2,2),Sp(1,1)). In this setting,

K = Spin(2m) x Zx, L= Spin(2m), Zx =T.

Obviously, we may conclude that any irreducible representation of K is irreducible
when restricted to L. In this case Hy = Spin(2m,1) (for m =2, Hy = Sp(1,1)).
We always have: the representation H?(Hy, 1) is irreducible. Therefore, the duality
theorem together with the fact that any irreducible representation for Spin(2m,1)
is L = Spin(2m)-multiplicity free [36, page 11], implies:

Any Discrete Series representation for Spin(2m,2), with an admissible restriction
to Spin(2m, 1), is a multiplicity free representation.

We fix a maximal torus T for K, so that U := L NT is a maximal torus for L.
Then, there exists a orthogonal basis €i,...,€,,0 for it* so that 35 = Cd, and
O(s0(2m,2),t) :={E(ex £ €5), 1 <k <s<m}U{x(e; £6),1 <j<m}.
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We consider the systems of positive roots in ®(s0(2m,2),t) defined as follows:
U_=5.,-6%,+6¥y and UV, ={e,te, 1<k <s<m, (%06), 1 <j<m}.

The systems W, are not Borel-de Siebenthal.

For Spin(2m,2),m > 3 in [37, Table 2 |, [22] it is verified that any Discrete Series of
Harish-Chandra parameter A dominant with respect to one of the systems W, has
admissible restriction to Spin(2m,1) and no other Discrete Series representation
has admissible restriction to Spin(2m,1).

Let ¢, denote the restriction map from t* onto u*. For A € it* dominant integral for
one of the systems W, the highest weight Harish-Chandra parameter (infinitesimal
character) of the lowest K -type for the Discrete Series of Spin(2m, 1) attached to
Ais A+ pr+. Thus,

(7_7 W) _ (TSpin(2m)><SO(2) VSpin(Qm)XSO(Q))'

v v
Atpn + ’ Atpn +

The restriction of (7, W) to L is the irreducible the representation

Spin(2m) Spin(2m)
T Ty Wy )
At ™) (A pn™)

Let Specr(H?*(Spin(2m,1),res((t,W)))) C iu* denote the totality of the infinites-
imal character, dominant with respect to W, N®.Niu*, of the irreducible L-factors
of H?(Spin(2m,1),res((r,W))). In [36], we find an algorithm to compute the set
Specr,(H?(Spin(2m, 1), resp((r,W)))). Then, the duality theorem yields

€S Spin(2m,1) (HQ(Spin@m, 2), Tjﬁ;@(im)xsom))

— EB H?(Spin(2m, 1),7'Spm(2m)).

o€Specr (H?(Spin(2m,1),resr((1,W))))

The above formula provides a description of the restriction, however, we have not
been able to compute the isotypic component,
H?*(Spin(2m, 2), TSpm(2m)XSO(2))[H2(Spm(2m, 1), TSPm(?m))].

v
Apn = 7

Also we did not make explicit, either holographic or symmetry breaking operators.
Nevertheless, in [30, Proposition 6.8] we have obtained a formula for the kernel that
represents the orthogonal projector onto a given isotypic component, for the precise
statement see Remark 2.2 in this paper.

6. Partial list of symbols and definitions

o (1,W), (0,2), (LY, L*(G x. W), (L¥,L*(H x, 7)), K., K,
H*(G,7)=V,=V{, H*(H,0) =V, (L,H)|H2(H70) =7/, 7 =x[. (Section 1).

« H(G/K,W), n. , 7 (X), X € U(g), E.,, d(r§), K¢, K¢, K&, Kg, K$%,
Kr (Section 2).

o« (LT,V,), (L°,V,), K,, P(pT,W)=W -valued holomorphic polynomial functions
on pt, L2(D,W) (Section 4).

e Px orthogonal projector onto subspace X . Ix identity map on the set X.

o For a closed linear map R between Hilbert spaces, R* is its adjoint.
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My pin(resp M, MH~>) K—finite vectors in M (smooth vectors in M, H-
smooth vectors in M ).

dg, dh Haar measures on G, H.

A unitary representation is square integrable, equivalently a Discrete Series repre-
sentation, (resp. integrable) if some nonzero matrix coefficient is square integrable
(resp. integrable) with respect to Haar measure on the group in question.

H .

“w

My _gise is the closure of the linear subspace spanned by the totality of irreducible
H-submodules. Mo := Ma_gisc-

A representation M is H-discretely decomposable it My _ 450 = M .

O (...) Harish-Chandra character of the representation =

A representation is H-admissible if it is H-discretely decomposable and each
isotypic component is equal to a finite sum of H-irreducible representations.

U(g) (resp.3(U(g)) = 3,) universal enveloping algebra of the Lie algebra g
(resp. center of universal enveloping algebra).

Cl(X) =closure of the set X.
T = S' = SO(2) one dimensional torus.

ST(V) the rt"-symmetric power of the vector space V.

= = isomorphic.

Cartan decomposition Lie(G) =g = t+p, 6 Cartan involution associated to €,
t maximal abelian subalgebra for €.

d(g,t) = P(g) = P root system attached to the pair (gc,tc). Then, either
go C tc (a is compact) or g, C pc (« is noncompact).

O, = O(¢,t) set of compact roots.

D, = ®(p,t) = ¢, (g) = ®"(g) = @ = P set of noncompact roots.

For a system of positive roots ¥ = ¥ = ¥(g) in (g, t):

U, =V t) :=UNd. =T NPE L),

U, :=W,(g):=¥8 :=0UNd,=UNP(p,t) =V NP,(g) = VNP (g).

A system of positive roots ¥ C ®(g,t) is holomorphic if on every irreducible
component there is at most one noncompact simple root and each noncompact
simple root has multiplicity at most one in maximal root.

o involution in g that commutes with 6. h = {X € g : o(X) = X},
q={X€g:o(X)=-X}, g=b+aq, [=bhNt ho=[+qnp, u=tNt.
Similar notation for the pairs (h,u), (ho,u).
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