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Abstract. Let G be a complex reductive Lie group acting on a compact Kéhler
manifold X. Assume that the action of a maximal compact subgroup K of G is
Hamiltonian. For each extreme point of the convex hull of the momentum map
image, there exists an associated open dense subset of X, that is invariant under
the action of a parabolic subgroup @ of G. We prove a Q-equivariant product
decomposition for the Q-action on this subset and discuss some applications of this
result. Additionaly, we establish a similar statement for real reductive subgroups
of G and the restricted momentum map.

In memory of Joseph A. Wolf

Introduction

For a finite dimensional representation V' of a complex reductive group G and
X = P(V), the following local structure theorem holds for any point x € X with
a compact G-orbit (see [BLV86] for the precise statement or Section 9). There
exists a Zariski open neighborhood €2 of z, a parabolic subgroup @ of G with Levi
decomposition () = R x L, an L-representation [’ such that the associated bundle
Q %I F to the L-principal bundle Q — Q/L is Q-equivariantly and algebraically
isomorphic to 2. The @) orbit through x is open in the compact orbit. Note that the
map R x F — @ x* F induced by the inclusion R x F' C @ x F' is an isomorphism.
In particular, 2 is an affine neighborhood of x. When restricting this situation to
G-invariant subvarieties of P(V'), the same result holds, with the L-representation F
replaced by an L-invariant affine subvariety of F'.

In this paper we prove a version of the local structure theorem for an invariant
compact submanifold of a Kahler manifold. More precisely, we consider a holomor-
phic action of a connected complex reductive group U® (with maximal compact
subgroup U) on a Kahler manifold Z such that the restriction of the action to U
on Z is Hamiltonian. This means, that the Kahler form w on Z is U-invariant and
there exists a U-equivariant momentum map p: Z — u*. We adoped the notations
introduced in [HSS08]. Specifically, we fix a U-invariant inner product (, ) on u and
use it to identify u with its dual. Additionally, we identify u with su. With these
identifications, a momentum map p on Z is a smooth U-equivariant map p: Z — iu
such that for every function u®: Z — R, defined by u®(xz) = (u(z), ) for a € iu,
the gradient condition

grad pu® = ay
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is satisfied. Here, the gradient is computed with respect to the Riemannian structure
induced by the Kéhler form w, and az denotes the vector field on Z given by the
one-parameter subgroup t — expta of U® and the U%-action on Z.

In the following, we fix a closed real subgroup G of U® that is compatible with
the Cartan decomposition

U® = U exp(iu)
in the sense that for K := U NG (a compact group) and p := g Niu, the mapping
Kxp—0G, (ka)— kexpa,

is an isomorphism.

The gradient remains unchanged when computed with respect to the induced
Riemannian structure on a G-invariant real submanifold X of Z. For a € p, the flow
of grad u®| X is given by

(t,y) — exp(ta) - y.
On X, we consider restricted momentum map (or gradient map)

fp: X — P

defined by py = u*|.X for a € p. Note that for X = Z, the restricted momentum
map p, coincides with the map m, o u, where m,: iu — p denotes the orthogonal
projection.

There are two important special cases to consider:

e Complex reductive groups: for example, we may assume X = Z and consider
the action of G = U® on X.

e Real forms: here, G is a real form of U®, and X is a G-stable real or complex
submanifold of Z.

In the following, we always assume that G is compatible with the Cartan decom-
position of U® and that X is a G-invariant compact submanifold of Z. For simplicity,
we refer to the case where G = U® and X is a compact complex submanifold of Z
as the complex case.

In general, we are interested in points z € X with compact G-orbit such that
the local structure theorem holds. In contrast to the complex case, very little is
known in the general real case. Under the quite strong assumption that X is a real
spherical variety (see [MS10]) a local structure theorem is established in [KIKS15].

In Section 6, we will prove the local structure theorem for points lying in special
G-orbits. To be precise, let E denote the convex envelope of the compact set p,(X).
Since E' is a convex body in p, it is the convex envelope of the set of its extreme
points. The orbits of interest are the G-orbits through points in the p,-fibers of
extreme points of E.

The set of extreme points of E has a rather simple description in terms of the
so called momentum polytope P which is as follows:

Let a be a maximal Lie subalgebra of g contained in p. The map

Ha 1= Tq O {1,
where m,: p — a denotes the orthogonal projection of p onto a, is a restricted
momentum map for the action of A =expa C G on X. Note that A is compatible
with the Cartan decomposition of U®. The convex envelope P of u4(X) is a convex

polytope. In fact, P is the convex hull the finite set j,(X*), where X4 denotes the
set of A-fixed points in X (see [BGH16, Proposition 3.1]).
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In the complex case we have p = i, a = it, where t is the Lie algebra of
a maximal torus T of K. Additionally, for a connected complex manifold X we have
P = uq(X) ([Ati82; GS82]). In the general non-complex case, however, no connected
compact manifold X is known for which p,(X) # P.

Let (-,-) denote the inner product on p. For any 5 € p we define the face

F3(E) := {oz € E:(B,a) =max{(8,7) :7 € E}}

A face F of E is called exposed by g if F' = F3(FE). In this case, we also say that /
exposes F'. If F'is exposed then the set

Cri={B€p: F=1I3E)}

of B which exposes F' is a cone in p. It is known that every face F' of E is exposed.
Moreover, the set of extreme points of E coincides with the union of the K-orbits of
the extreme points of P with respect to the coadjoint action of K on p (see [BGHI16,
Theorems 0.1, 0.2 and 0.3]).

Now let ¢ be an extreme point of £. The cone C, is invariant under the group

K ={geK:g-0=0}
which is the centralizer of ¢ in K. Since C, is K?-invariant and convex, the set
CE ={3eC,:g-B=p forall g€ K’}

of K°-fixed points in C, is non empty, and o is exposed by some 3 € p&°.
For any S € p we define the parabolic subgroup

GP- = {g eG: tLiinooexp(tﬁ)g exp(—tp) exists}
and its opposite
GH = {g eG: tLiI}looeXp(tﬁ)g exp(—tp) exists}.
The Levi factor of G- is given by the centralizer
G NG ={geG:Adg)-5=7},
and the unipotent radical of G®- is given by

B ._ ok Ca
R°- = {g €eG: tEeroo exp(tf)gexp(—tp) = e}.
We also consider the following G#-stable subsets of X:
XP = {x € X: u’?g(aj) = maxulﬁj(X)} c X8 .= {z € X : Bx(x) = 0},

max

and

max max

Xh- = {x € X : lim exp(tB) - v exists in X7 }
t——+o0

The set X7~ is open and GP--stable, while X2 is a smooth, GP-stable,
compact submanifold of X. There exists a surjective, smooth, and G”-equivariant
map

P X — X P77 (2) = lim_exp(t5) - z,

which defines a smooth G”-equivariant fibration (see Section 4 for further details).
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Our main result is the following theorem, whose proof is presented in Section 6:

Theorem A (Local structure Theorem). Let X be a G-invariant compact subman-
ifold of Z, and let o be an extreme point of the convex envelope E of ju,(X). Then,
for any B € CX” | there exists a normal subgroup I° of GP that is compatible with
the Cartan decomposition and contains exp(RB3). Moreover, the quotient G° /17 is
compact, and for every x € XP__ the following holds:

There exists

(i) an open neighborhood U C X8 of x,

(ii) an I?-representation F, with all weights of 3 strictly negative, and
(iii) a smooth RP- x IP-equivariant isomorphism

O (R % 17) <" F) x U — (p*) (V)
such that pP- o ® = py, where py is the projection onto U.

For z € p, (o), the orbits G® -z and G -z are compact. It should be emphasized
that p,'(0) = XJ,, for every 8 in C, ([BGH16, Lemma 3.1]). Furthermore, for

max

B € CE” the open subset X~ and the smooth fibration p”~ depend only on the

face o and not on the choice of 8 € CE” (see [BGH16, Lemma 3.4]).
In Section 7, we apply the above theorem to obtain the following result.

Theorem B (Structure Theorem). Let o be an extreme point of the convexr envelope

E of py(X), and let B € C,. Then
p o) = X8 c X9

max

If B € CE? | then KP = K and the R°--action on X2 _ is proper and free. The
quotient

Xiax/ B
is a complex manifold with an induced holomorphic G®-action. The map

pB* CXP- sy XP

max max

induces a I°-invariant holomorphic bundle map

q: X0- JRF- — XP

max

with typical fiber F.

The same theorem holds in the complex case. In this case, if X is connected,
then X2 and I” contains the connected component of the identity of G%. If G is

max

connected, then G® = I”. In particular, the holomorphic bundle map
q: X5 /R~ — XP

max

is a GP-invariant Stein map (see [HMP98]). The same is true for the holomorphic
map
X — X8

Let G be a connected complex reductive group. and let ¢ be an extreme point
o of E. For every 8 € C, we have XP_ c X" If 8 € CX7 we obtain the following

max
complex version of the above theorem:
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Theorem C (Local Structure Theorem, complex case). For any 8 € CX” and
every x € XB . there exists

max’
(i) an open neighborhood U C X8 of x,

(ii) a GP-representation F, with all weights of 3 being strictly negative, and
(iii) a GP--equivariant biholomorphic map

O (G <P F) x U — ()7 (U),
such that p° o ® = pq, where pq is the projection onto Q.

For examples of non-algebraic Kahler G-manifold with Hamiltonian K-action,
we refer to [GM18; GM23].

In contrast to the algebraic local structure theorem of Brion—-Luna—Vust in [BLV86],
our result does not imply the local structure theorem for all compact G-orbits in X.
Nevertheless, we show in Section 9 that the result in [BLV86] is implied by the above
theorem.

The proof of the local structure theorem in [BLV86] does not rely on momentum
maps. Instead, given a point z € P(V') with a compact G-orbit, Brion—Luna—Vust
explicitly construct an open cone in V' \ {0} by utilizing the complete reducibility
of G-representations. The image of this cone in P(V) yields the desired affine
neighborhood §2 of x. This neighborhood naturally contains candidates for F' and U.
The main challenge in this approach lies in proving the surjectivity of the map ®.
We provide a proof in Section 9, Corollary 9.2.

Personal note of the first author

I recall with great joy the many visits Joe made to Ruhr University Bochum.
Our connection with him was not merely mathematical, it was deeply personal. Joe
was always a welcome guest in our family, and he became a true friend to us all.

Mathematically, our contact was intense and fruitful. The Bochum complex
analysis group benefited immensely from Joe’s visits. It is no coincidence that the
work submitted in his memory aligns closely with Joe’s central interests: the actions
of real Lie groups on complex manifolds, with the fundamental example being the
flag manifolds he so cherished.

1. Basic properties of the momentum map

Let Z be a complex manifold with a holomorphic action of the complex reductive
group U®, where UC is the complexification of the compact Lie group U. The Cartan
involution associated with this setup is denoted by ©.

We assume that Z admits a smooth, U-invariant Kéahler structure and a U-
equivariant momentum map

w4 —u’,
where u is the Lie algebra of U and u* its dual. As in the introduction, we choose
a U-invariant inner product on u and use it to identify u* with u. To simplify
notation, we isometrically identify u as a U-representation with iu by multiplying
with i.

We also assume that G C U® is a closed subgroup such that the Cartan
decomposition U® = Uexp(in) ~ U x iu induces a Cartan decomposition G =
Kexp(p) ~ K xp, where K = UNG and p C du is an (Ad K)-stable linear subspace.
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In this case, we also say that GG is compatible with © or compatible with the Cartan
decomposition of U®.

Given this setup, we have the subspace p C iu and, by restriction, an induced
restricted momentum map

MP:Z—>p7

which is the composition of the orthogonal projection of iu onto p with .
For 8 € pand x € Z, let

p (@) = (). ).

Note that Mf = 1 and that with our convention, the momentum map condition
means that

grad pu) = Bz,

where (7 is the vector field on Z corresponding to # and grad is computed with
respect to the Riemannian metric induced by the Kahler structure. We call p, the
G-gradient map associated with y or the restricted momentum map. Note that the
condition on p means that for every £ € p, the vector field (if), is a Hamiltonian
vector field on Z with Hamiltonian function /ﬁ;.

For a G-stable subset X of Z, we may consider p, as a K-equivariant map

Mp3 X — p?
such that

grad i} = fx

holds orbit-wise. The gradient can be computed on each G-orbit with respect to
the induced Riemannian metric. The vector field Sx is given by the flow (¢,z) —
exp(tf) - x. Since X is G-stable, we have 8;(z) = Bx(z) for z € X, and the map p,
on X is the restriction of the map p,: Z — p. We are primarily interested in the
case where X is a compact G-invariant subset of Z.

Remark 1.1. If X in the above setup is smooth, we refer to this as the smooth
case. If X is a smooth complex submanifold of Z and G is a complex reductive
subgroup of U® that is compatible with the Cartan decomposition of U®, then the
Kahler form w on Z as well as the momentum map i, restrict to X, and we have
p = it. We refer to this setup as the smooth complex case. This case must be
distinguished from the case where X is smooth and complex and G is a non-complex,
O©-compatible Lie subgroup of U®.

We collect a few elementary properties of the restricted momentum map
s X — p. For more details, see [HS07a].
For a subspace m C g and z € X, we set

m-x:{gx(x):gem}, m$:{§€m§X(x):0}

If z is a smooth point of X and V is a subspace of T, X, let V* denote the orthogonal
complement of V' with respect to the Riemannian metric (-, - ), on the smooth part
of X. Note that any point z is a smooth point in its G-orbit.
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Lemma 1.2. Let m C p be a subspace. Then

ker d pim(7) = (m - z)*

on any smooth G-invariant submanifold X of Z.
Proof. This follows from grad u® = 3y for 5 € p. O

Lemma 1.3. Forall 3 € p and x € X, consider the curve v: R — X defined by
~v(t) = exp(tP) - x. Then, one of the following holds:

(i) z € XP, or
(i) the function t — pfh(y(t)) is strictly increasing.

Proof. This follows from the computation

d

3 (5 27) () = (Bx(v(0). Bx(x(0)_,. )

For 8 € p, let M, () := p,*(6). Since 3 = 0 plays a prominent role, we set
M, = M,(0). Using Lemma 1.3 and the K-equivariance of p,, we obtain the
following (see [HS07a, Lemma 5.5]):

Corollary 1.4. Let 8 be a K-fized point in p and x € M,(3). Then:

(1) G-2NMy(B) =K - .
(2) The G-isotropy group G, of x is compatible with the Cartan decomposition
of U. The decomposition is given by G, = K, exp(p,).

Remark 1.5. If i, is a restricted momentum map and o € p is a K-fixed point,
then fiy: Z — p, defined by p,(x) = py(x) + g, is also a restricted momentum map
for the G-action on Z (see Remark 2.2(3)).

If we assume Z to be connected, then up to an additive K-invariant constant
in p, a restricted momentum map p, is uniquely defined by the Kahler structure

on Z.
In Section 6, we need the following:

Proposition 1.6. Let X be a G-invariant subset of Z and assume that pu, is
constant on X. Then, for every x € X, the Lie algebra g, of the isotropy group G,
contains the ideal p + [p, p] of g.

Proof. First, we note that [p,p] C € and [¢,p] C p show that p + [p,p] is an ideal
of g. For the remaining part, it is sufficient to show the statement orbit-wise. Hence,
we may assume that X is smooth.

For all x € X, we have kerd u,(z) = (p - x)*. Since p, is constant, this shows
that p - = {0}. This implies p C g,. Since g, is a Lie algebra, it also contains the
ideal [p, p] + p. O
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The Lie algebra g of a ©-compatible subgroup G is real reductive. It admits
a direct sum decomposition:

0=30Pg D D gn,

where 3(g) denotes the center of g and the g; are the simple ideals of the semisimple
part of g.

Since Cartan involutions of semisimple Lie algebras are unique up to conjugation,
we obtain Cartan decompositions of the Lie algebras:

g =4 Dp;
for each j. Consequently, £ and p decompose as:
Ezzf@él@@kmv pzép@pl@@pn"w

where 3¢ = 3(g) N € and 3, = 3(g) N p.
An ideal g; is called compact if g; = €;. Without loss of generality, we may
assume that:
,gj:Ej for ]:1,,l
The connected Lie subgroup G, of G with Lie algebra

gnczﬁp@gl-&-l@"'@gm

is called the non-compact factor of G. The subgroup G,. of G is a normal,
©-compatible subgroup of G, and G/G,,. is a compact Lie group.

Remark 1.7. If G is connected and K; is the subgroup of G with Lie algebra
E=5D8D---DY,
then K is also a normal subgroup of G, and we have

G - KlGnc'

Corollary 1.8. Assume that p,: X — p is constant and let I := (\,cx G, denote
the ineffectivity of the G-action on X. Then the following statements hold:

(1) I is an normal subgroup of G which is compatible with the Cartan decomposi-
tion.

(2) I contains the non-compact factor of G.

(3) G/I is a compact Lie group. In particular every G-orbit is compact.

Proof. By assumption, we have X = M,(3) for a K-fixed point g € p. Corol-
lary 1.4 implies that all isotropy groups of G' are ©-compatible. Since intersections
of ©-compatible subgroups of G' are ©-compatible, this proves (1).

To prove (2), we need to show that the Lie algebra i of I contains p. It
suffices to consider the case where X is a G-orbit. Since p, is constant, we have:
T.Y = kerd yy(z) = p-a* for Y := G - z. This implies p-z = 0 for all z € X, and
thus p C i. Finally, part (3) follows from (2) or Corollary 1.8. O

Remark 1.9. Under the assumption of Proposition 1.6, the G-action on X is given
by the induced action of the compact group G/I. In particular, if G is a compatible
subgroup of U® without connected compact factors, then the group G acts on X as
the finite group G/I. Moreover, if G is also connected, the G-action is trivial.
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In the complex case, the ineffectivity /is a normal complex subgroup of G.
Therefore, in the complex case, the assumption in Proposition 1.6 always implies
that G/I is finite. If G is connected, the G-action on X is trivial.

2. The Slice Theorem

We will use the Slice Theorem of Luna type for Hamiltonian actions several
times. It is valid for the action of a ©-compatible subgroup G of U® on Z or slightly
more generally for the G-action on a G-invariant submanifold X of Z. The precise
statement is as follows.

Recall that the points in a twisted product G x Y are the H-orbits in G x Y
where H-acts by (h, g,y) — (gh™', hy). In the following we set [g,y] := H - (g,y) €
G x7'Y and identify Y with the subset {[e,y] :y € Y} of G x# Y.

Theorem 2.1 (Slice Theorem). Let X be a G-invariant submanifold of Z and
x € My(Bo). Then the following statements hold:

(1) G, = K, exp(ps) is a ©-compatible subgroup of G (Corollary 1.4).
(2) For any G,-equivariant splitting T,X = g-x ® W of the G,-representation
T,X, there exist:
(a) an open, G -invariant neighborhood U of 0 in W,
(b) an open, G-invariant neighborhood Q0 of x in X,
and a G-equivariant diffeomorphism ¥: G x% U — Q such that ¥([e,0]) = z.
(3) In the complex case, the splitting can be chosen to be C-linear, and the map
U is then a G-equivariant biholomorphism.

Proof. This shown in [HS07a, Section 14]. O

Remarks 2.2.

(1) In the complex case, the Slice Theorem 2.1 has been proven in [HL94| and
also in [Sja95].

(2) The group G, acts on T, X by the isotropy representation. Complete re-
ducibility on T, X for x € M,() follows from the fact that every a € p,
is represented on W = T, X as a self-adjoint operator with respect to the
K ,-invariant inner product (-,-), on T, X (see e.g. [HS07a, Lemma 14.7]).

(3) The proof of the Slice Theorem 2.1 can be reduced to the case where 5y = 0.
This is done using the shifting method which is also available for the G-action
on X and is as follows. For any 8y = p,(x) we replace Z be Z x O, where
O = U - y. The manifold O is a coadjoint orbit and it is a generalized
UC-homogeneous flag manifold. The action of U on O is Hamiltonian with
momentum map po(y) = —y. Since O is a compact Kéahler manifold, the
U-action extends to a holomorphic U%-action. In particular the group G
acts on O by holomorphic transformations and there is exactly one closed
G-orbit which is a K-orbit (see [Wol69]) in O. It turns out that K - fy is the
unique closed G-orbit in O. On Z x O we have the product Kahler form with
product momentum map p + pio. The zero fiber contains (z, 5y). In the case
where 3y is a K-fixed point, we can replace Z be Z x O and identify X with
the submanifold X x {fy} of Z x O. Then we can use the Slice Theorem 2.1
for the zero fiber of the new momentum mapping.
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(4) If x € X is a G-fixed point, then fy := p,(x) is a K-fixed point. The Slice
Theorem 2.1 is in this case a linearization theorem for the G-action in a
G-invariant neighborhood of z. It implies that the set of G-fixed points X¢
is a smooth submanifold of X.

(5) If in the complex case x is a K-fixed point, then it is G = KC-fixed. In this
case the G-action can be holomorphically linearized.

(6) For a commutative ©-compatible subgroup of G the Slice Theorem 2.1 holds
at every x € X. In particular it holds for every subgroup I's := exp(Rf)
where 5 € p.

(7) If Y is a G-invariant subset of Z and = € M,(5y) NY then the Slice
theorem for Z gives by pulling back a Slice Theorem for Y. The map
U: G x% Uy — QNY is a G-equivariant homeomorphism, where U is
identified with {[e,u] € G x% U : u € U} and Uy := =Y N ¥ (U)).

If z is a I'g := exp(RPB) fixed point, then the group I's acts on the tangent
space T, X via the isotropy representation g — (d g)(z). Here, (dg)(x): T,X — T, X
denotes the derivative of g: X — X, y — g -y, at x for g € I'. The linear R-action
given by (t,v) — d(exp(t8))(z) - v on T, X corresponds to the linearized vector field
Pr,x = (dBx)(x). We view d Bx(z) as a linear operator on 7, X.

Applying the Slice Theorem 2.1 to the I'g-action at the fixed point z € X”
leads to the following linearization result.

Proposition 2.3. Let X be a smooth G-invariant submanifold of Z and let v € X°.
Assume there is given a ©-compatible subgroup I® such that Ty C I° C G,. Then
the following holds:

(1) The tangent space decomposes I°-invariantly as
T.X =Wh-oWf e Wit

where IP-acts on T, X wia the isotropy representation, and:
(i) WP is the sum of the eigenspaces corresponding to strictly negative
eigenvalues,
(ii) WP+ is the direct sum of the eigenspaces corresponding to strictly positive
etgenvalues, and
(iii) WP = T, X" is the sum of the eigenspaces corresponding to the zero
eigenvalue
of the linear endomorphism (d fx)(z): T,X — T,X
Moreover, there exists an open I°-stable neighborhood Q of x in X, an open
I8 invariant neighborhood U of 0 € T, X, and an I®-equivariant diffeomor-
phism V: U — ).
(2) In the complex setting, ¥ is biholomorphic and the decomposition of T, X is
complex linear.

Remark 2.4. Since G, C G” and G? is the centralizer of S,the linear map-
pings dh(z): T,X — T, for h € I? all commute with d Bx(x). Consequently, all
eigenspaces of d Bx(x) remain invariant under the linearized action of I°.
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Remark 2.5. It is important to note that W*- consists exactly of those points
y € T, X for which the limit

Jim exp(tf) -y

exists (see Section 4). Moreover, the limit exists if and only if there exists some
sequence tp — 400 such that the limit

Jmexp(t) -y

exists.

These kinds of limits generally fail to hold without a Hamiltonian assumption.
This failure extends even to holomorphic G = C*-actions at C*-fixed points. In
particular, there exist compact complex C*-surfaces that admit an orbit whose closure
is a singular complex curve with an isolated singularity, which is locally reducible at
the fixed point (see, e.g., [Hau96]).

3. Hilbert quotients

Let H be a subgroup of GG, and M a subset of an H-stable subset Y of Z. We
define the saturation of M in Y with respect to H as

Sg(M)(Y):={z€Y :H znM # 0},

where H - z denotes the closure of the orbit H - z in Y. In general, Sy(M)(Y) is
a proper subset of Sy(M)(Z) NY. However, if Y is closed in Z, these sets coincide.

The set Si(py)(Y) is called the set of semistable points of Y with respect to .
It has been shown in [HS07b] that S¢(p,(8))(Z) is open in Z for every § € p. In the
smooth complex case, this result is also contained in [Kir84]. For a closed G-stable
subset Y of Z, this implies that S¢(p(8))(Y') is open in Y. Since we have fixed X,
we will usually write S¢(py(3)) instead of Sg(p,(5))(X). The set of semistable
points plays a central role in [HS07a]. One reason for this is the following quotient
theorem:

Let Y C Z be G-invariant, and let z,y € Y. We define a relation ~ on Y by
declaring x ~ y if and only if

YNG-2NG-y#0.

If this relation is an equivalence relation, we denote the corresponding quotient by
Y /G and call it the topological Hilbert quotient of Y by the action of G.

Theorem 3.1 (Quotient Theorem [HS07a)). Let By € p be a K-fized point. Then
the topological Hilbert quotient Sq(M,(5o)) /|G exists and has the following properties.

(1) Every fiber of the quotient map 7: Sa(M,(Bo)) = Sa(My(5o)) G contains
a unique closed G-orbit. Any other orbit in the fiber has strictly larger
dimension.

(2) The closure of every G-orbit in a fiber of ™ contains the closed G-orbit.

(3) Every fiber of m intersects M,(Bo) in a unique K-orbit which lies in the
unique closed G-orbit.

(4) The inclusion M, — Sa(M;(Bo)) induces a homeomorphism M,/K =
Sa(My () /G-

(5) In the complex case, the quotient Sc(M,(5o)) /G is a complex space and the
quotient map w: Sg(M,y(Bo)) = Sa(My(Bo)) /G is holomorphic.
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Remarks 3.2. After shifting, we may assume that §y = 0 and Sg(M,(5)) =
Si(M,). If this set is non-empty, then the following statements hold:

(1) Sg(M,) coincides with an open stratum in the sense of [HSS08]. In the
complex case, this stratum is the minimal stratum associated with the norm
square of the (shifted) momentum map in the sense of [Kir84].

(2) For z,y € Sg(M,), we have 7(x) = 7(y) if and only if f(z) = f(y) holds for
every continuous G-invariant function f: S¢(M,) — R. In other words, the
quotient S¢(M,)/G is determined by the algebra of G-invariant continuous
functions on Sg(M,). It is worth noting that, in the real algebraic setting,
it is not sufficient to use G-invariant polynomials to separate the m-fibers.
A typical example is given by the R-action on R\ {0} defined by ¢ - z = t?.

(3) In the complex case, the sheaf of holomorphic functions on the quotient is
the sheaf of invariant holomorphic functions on S (M,), and the quotient
map 7 is a Stein map. That is, preimages of Stein subspaces of the quotient
are Stein subspaces of Sg(M,) (see [HMPI8] for more details). Such Hilbert
quotients are called analytic Hilbert quotients.

4. Parabolic subgroups

Let G be a ©-compatible subgroup of U® and G = K exp p the Cartan decom-
position of G.

Let 5 € p. We have the vector field g whose one-parameter subgroup is given
by (t,y) + exp(tB)y exp(—t3). Then,

GP={ycG:Baly) =0} ={y € G:exp(tB)yexp(—tB) =y for all t € R}

is the centralizer of 8 in G. We have (see for example [BGH13, Section 2.3]) the
parabolic subgroup

GP+ .= {y €G: lim exp(tf8)y exp(—tp) exists}

with unipotent radical
RP+ .= {y eG: tl}r_n exp(tf)yexp(—tf) = e}.

The group G+ is the semi-direct product of G# with R+ and we have the projection
oGP — GB 7P+ (y) = limy_, _ exp(tB)y exp(—t3). The opposite of G+ is the
parabolic subgroup G*- = ©(G%+) = G# - R%-, where

B— . _ T _ _
R~ = {y €eG: tngrnoo exp(tf)y exp(—tp) = e}.
Remark 4.1. Let Q be a parabolic subgroup of G with Levi decomposition
Q = R x L. The exponential map
exp:t — R

is an L-equivariant isomorphism, where the action is given by conjugation. That is,
for all h € L and & € t, the following holds:

exp(Ad(R)E) = hexp()h ™.
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Example 4.2. For the group G = SL,(R), one possible choice for the subspace p
is the space of symmetric matrices of trace zero. By conjugating with an element of
K =850,(R), we may assume that 5 € p is a diagonal matrix.

If all eigenvalues of 3 are distinct, then G consists exactly of the diagonal
matrices in G. In this case, the subgroups R”- and R’+ correspond to the lower
triangular matrices and upper triangular matrices, respectively.

If the eigenvalues of 3 have multiplicities, then G® consists of block diagonal
matrices, and analogous adjustments apply to R and R°+.

We introduce subsets of a G-invariant closed subset X of Z, analogous to G,
G+, and GP-. For 8 € p, consider the vector field Bx on X along G-orbits, whose
one-parameter subgroup is given by (,y) — exp(tf)-y. The set of I's := exp Rj-fixed
points is

XP={ye X : Bx(y)=0}=XnZ°

For a real number r, define

X(B,r) = {ac € X :expRB -z N (u’)(r) # @}.

Since X is closed in Z, these subsets are obtained by intersecting the analogous
subsets of Z with X.

If non-empty, the set X (/3,7) can be interpreted as a set of semistable points in
X for the action of the subgroup I's = exp Rf3, in the sense of Section 3 (see [HSS0S,
Proposition 4.3] and the correction in arxivimath/0611491v2). Note that I's is
a ©-compatible subgroup of G.

Since grad 1” (y) = Bz(y) = Bx(y) holds for every y € X and 3 € p, the set

XP=XB,r)nZ° = X(B,r)Nn X"

is both open and closed in X?. We have G’ = Kfexpp® and the map uf is
KP-invariant. This implies that G” stabilizes X, and thus also the subset

X5- = {y € X(B,r): tlgrn exptf -y exists in X(ﬁ,r)}.

Remark 4.3. For future reference, we note the following:

(1) The Slice Theorem 2.1 implies that X7~ is well-defined (see Proposition 2.3
and Remark 2.4 or the above reference [HSS08]). If g € G5~ and y € X%~

then
Jim_exp(t) - (9-y) = lim (exp(t8) g lim_exp(—t9) ) lm_exp(t5) -y)

=h-x,
where h € G® and x € X?. This shows that X/~ is a G’--stable set.
Similarly, we define the G#+-stable set
X5+ = {y e X(B,r): tEI—n exptf -y exists in X(ﬁ,r)}.

(2) The map p°-: XP- — X7, defined by p’- (y) = lim,_, ;o expt3 - y, is well-
defined. The calculation in (1) shows that for ¢ = rh € G#- = R’- and
y € X%~ we have

P (g-y)=h-p" (y).
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In other words, p®~: X/~ — X7 is a GP--equivariant fibration, where on X*
we consider the G®--action given by the homomorphism G%- — G, rh + h,
i.e., the map p~: X/~ — X7 is R—-invariant and GP-equivariant.

Remark 4.4. One can define the above subsets for any G-invariant subset X of Z.
In this case we have for X = Z° N X and X/~ C ZP- N X. If X is closed in Z,
then X~ = ZP- N X holds and similar for the +-case.

In the next section, we will also require the following result regarding the Hessian
of 1? at critical points.

Lemma 4.5. Let x € X? be a smooth point and let v € T,,(X) be an eigenvector of
B € p, with eigenvalue A(B). Suppose y(t) is a smooth curve in X such that v(0) = z
and L~(0) =v. Then

d2
@(Mﬁ © ’Y) (0) = A(B) vl
Proof. This follows from a direct calculation (see [HSS08, Proposition 2.5]). O

Remark 4.6. A calculation analogous to that in the proof of [HSS08, Proposi-
tion 2.5] shows that the eigenspaces of (d fx)(z) are orthogonal with respect to
the Hessian of ;1 at the point 2. Consequently, Lemma 4.5 implies that x? is a
Morse—Bott function.

Moreover, if z is a maximum of p#(X), then W5+ = {0}.

5. Extreme points

In this section X denotes a compact G-invariant subset of Z. Unless otherwise
stated, we do not assume X to be smooth. As before, the group G is assumed to be
compatible with ©.

Let o be an extreme point of the convex envelope E of u,(X) and K7 the
centralizer of ¢ in K.

Remark 5.1. Let a be a maximal subalgebra of g contained in p. Then A = exp a is
a ©-compatible subgroup of G. The convex hull P of p,(X) is simpler to analyze than
E and captures all relevant information about the extreme points of E. Specifically,
P is the convex hull of the finite subset u,(X*) ([BGH16, Proposition 3.1]) and is
therefore a convex polytope. In particular, every face of P es exposed.

An extreme point of E is a face of E of zero dimension. Theorem 0.2 in [BGH16]
applied to extreme points of £ shows that every extreme point o of E lies in the
K-orbit of an extreme point of P. Up to the action of the Weyl group on a, this
extreme point of P is uniquely determined by o.

In the smooth complex connected case, it is well known that p,(X) is convex
([Ati82; GS82]). This remains the case if X is only assumed to be an irreducible
analytic subset of Z. In the general compact case, however, it is only known that
(X)) is a finite union of convex polytopes ([BGH16, Proposition 3.1]; see also [HS10])
and the question of convexity remains open.
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Every face of E is exposed ([BGH16, Theorem 0.2]). In particular, the set C,
of 8 € p which expose ¢ is non-empty. By definition 5 € p exposes o if

EN H ( ) ={o}
where for any r € R we define

H(B) :={a€p:(B,a)=r}
The set C, is a K?-invariant convex cone in p. Since K7 is compact and acts linearly
on p, the set CX” of K°-fixed points in C, is non empty.
For an extreme point ¢ of E and 3 € C,, we introduce the following notation.
Let 7 := max p”(X) and define:

X8 . xB  xB- .— xB-

max ° T max ° T

(see Section 4).
We also define the map

X — X5

max max’

y— lim_exp(tf) -y

Next, we summarize the fundamental properties of the fibers of extreme points in E:

Proposition 5.2. For 3 €p and v € X/ we have

max

Bx(z) =
Moreover, using the notation of Propositz’on 2.5, it follows that WP+ = {0} if X is
smooth at x.

Proof. Since z is a maximum of the function p?|G - it follows that Bx(x) =0
The result W+ = {0} is then a consequence of Remark 4.6. O

Proposition 5.3. Let o be an extreme point of E.
) For every 3 € Cy we have ;' (o) = X}

max

2 is open and closed in X” and GP-stable.

) ma.X

) For 8 € C, every GP-orbit in X2 is compact and X5, c X*".
) For 3 € C, and all x € X2, we have t*+ - x = {0}

) For B € CX” we have K° = K*.

)

For 3 € CK” and x € XB__ we have x(x) # 0 for all non zero & € vF-.

max

(1
(
(3
(4
(5
(6

Proof.

e Part (1) is a special case of [BGH16, Lemma 3.1].

e Since p” is locally constant on X# we obtain the first part of (2). The
function p? is KP-invariant, and X” is G”-stable. Because G® = K* exp(p”)
and exp(p?) is connected, it follows that X2 is GP-stable.

e Since yu,| X2, is constant by (1), the restricted momentum map for the

GP-action on X#__is constant. Proposition 1.6 now implies (3).

e For (4), we apply Proposition 2.3 in the case where X = G - z. Using the
notation from there, we have W+ = {0} for every x € X2 . This implies

o+ = {0}.

e If 3is K?-fixed, then K? C K”. Since y, is K-equivariant and K° is the
K-isotropy group at o, we also have K” C K. This shows (5).
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e Let € € tP- such that £x(z) = 0. Since v+ -z = {0} and §(¢) € t#+, we obtain

(€ +0(8))x(x) = 0.

This implies that £ +0(§) € &, C & =8 C ¢’ C g =17 + g’ +1%+. Since
the last sum is direct, we conclude that £ = 0.
O

Remarks 5.4.
(1) Since X?

max

c X" and GP = K7 - exp(p?), it follows that
Gl x =K.z forall zeXP?

max*

(2) For 8 € CE”, Proposition 5.3(5) shows that X7 __is K”-stable. Furthermore,

max

Proposition 5.3 (3) implies that the ineffectivity

1% .= ﬂ (G”B)Z

2€X Bax

of the GP-action on X%

max
of I? contains the ideal

is a closed normal subgroup of G?. The Lie algebra

w07 @ p?
of g°.

Corollary 5.5. Let o be an extreme point of E and 3 € C,. Then the following
statements hold:

(1) For every x € X%

max’

(2) XP- is open in X.

max

(3) If X is connected and we are in the complex case, then XP- is dense in X .

the orbit G - x is a K-orbit.

Proof. Let z € X?__ be a fixed point.

By Proposition 5.3 (4), we have
R .z = {x}.
Since G+ = GPRP+ is a parabolic subgroup of G, it follows that G = KGP+. This
implies
G- r=KG’. .
Applying Proposition 5.3 (3) again, we obtain
Gzx=K-G - r=K -z,

which proves (1).

For (2), we apply Remark 4.6. It implies, in particular, that X%+ is an open
Morse stratum for p°.

Since in the complex case the open Morse stratum is unique, we also
obtain (3). O

Corollary 5.6. Assume that G is connected and that we are in the complex case.
Then the following statements hold:

(1) For 8 € C,, we have X5, c X6".

max

(2) For B € CX” we have G = G°.
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Proof. Since G* is connected for a connected complex reductive group G = K€,
p? =ik’ and GP = KPexp(p?) it follows that

X = x9o’ — x¢” O

Remark 5.7. As shown in [BGH16, Lemma 3.4], if 3 € CX” then bundle
PP X — XP

max

is independent of the choice of 3 € CK”.

6. The structure theorem

In this section, we prove a local structure theorem at any point = € ,up’l(cr),
where o is an extreme point of the convex envelope E of 1, (X), and X is a G-invariant
compact submanifold of Z.

To proceed, fix an element 3 € CE” (see Proposition 5.3(5)). Let I° be the
ineffectivity of the G®-action on X2 . By Corollary 1.8, I” is a ©-compatible normal
subgroup of G”. Furthermore, its Lie algebra contains the ideal [p?, p?] + p?, and
I8 is a ©-compatible normal subgroup of G that contains the non-compact factor

of G5,

Remark 6.1. In many cases, we have G? = I, and consequently, G%- = R°- x G”
holds as well. For example this occurs in the following situations:

(1) The group G” is connected and does not contain a non-trivial normal compact
subgroup.

(2) The group G is connected, and we are in the complex case (Corollary 5.6).

(3) The preimage (p°~)~1(o) is a singleton, i.e., (pP~)"1(0) = {z}.

Proposition 6.2. The map

P X XP

max max

; B
realizes XJ ..

also the IP-action.

as the topological Hilbert quotient of XP~_ with respect to the T's and

max

Proof. Let I® = L? exp(m?) be the Cartan decomposition of the ©-compatible
group I?. The momentum map

s X5 —m

max

is constant with value 5y € m and satisfies

fim (Bo) = X2

Since L? acts trivially on X?__, the claim follows from Theorem 3.1. U

Remark 6.3. Proposition 6.2 can also be verified directly using Proposition 6.4
below. Note that the only closed I'’-orbit in W#- is {0}. Since I° contains I'?, {0}
is also the only closed orbit of I7.

Moreover, the only I'g-invariant neighborhood of zero in W@ (where T'y :=
exp(Rp3)) is the entire space W#-.
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Since I? is ©-compatible and fixes X? _ pointwise we may apply the Slice

max
Theorem 2.1 at a point z € X?__. For the I°-representation on T, X there exist
an IP-equivariant splitting:

T.X =Wh e W’

(i) W¥ is the submodule of I”-fixed points, and
(ii) WP- is the I-submodule on which the linearized vector field (dSx)(x)-acts
with strictly negative eigenvalues.

Proposition 6.4. By the Slice Theorem 2.1, we obtain the following. There exists:

(i) an open neighborhood U of 0 in W#,
(ii) an open neighborhood V of x in X2, _,

(iii) a smooth isomorphism : U — V| and
(iv) an IP-equivariant smooth isomorphism W: Wh- x U — (p~)~}(V),

such that the following diagram commutes:

W6 x U2 (pf-)~Y(V)

l w |

UO—7—F7——V

where my denotes the projection onto the second factor U.

Proof. By the Slice Theorem (Proposition 2.3), there exists an open I°-stable
neighborhood Q; of 0 € 7, X and an open I”-stable neighborhood €, of z in X and
a IP-equivariant diffeomorphism ¥: Q; — Q, with ¥(0) = .

Since ' is contained in I° and the weights of dfx(z) are strictly negative
we may assume, after possibly shrinking €4, that ©; = W#- x U for some open
neighborhood U of 0 in W#. Because I? preserves the fibers of 7, the set W/~ x U
is I8-invariant. Moreover, since ¥ maps the set of I°-fixed points into the set of
IP-fixed points, its image Q5 is IP-invariant.

Since W|U has constant rank, it follows that V' := W(U) is an open subset of
XP and that the map v: U — V, defined by ¥(y) = ¥(y) is a diffeomorphism.
Furthermore, we have Qy = (p°~)~1(V).

To verify the commutativity of the diagram, note that for any w € p°~)=1(V)
there exists y € V such that p’~(w) =y € V. Since V' C Q, there exists t; € R
such that wy := exp(t15) - w € Qy. By the definition of ¥, we have w; = W(z) for
some z; € WP x U. Thus, ¥(z;) = w; which shows that Qy = (p”~)~1(V). This
completes the proof of Proposition 6.4. U

Remark 6.5. The fibers of p~ are invariant under the R’--action, which is free
(Proposition 5.3 (6)). Moreover, over the connected component of X?_  containing z,
each fiber is I®-equivariantly isomorphic to the I®-representation W4- i.e., p°- is
a locally trivial fibration with typical fiber W#-.

Additionally, in a product chart defined by ¥, we obtain a smooth action of
RP- on WP- x U such that ¥ is R°--equivariant. In other words, this yields a family

of RP--actions on W3- parametrized by U.
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Lemma 6.6. The tangent space t® -z of the R®--orbit through x is an I®-submodule
of WP=. The differential o, : t*~ — t%= -2 of the orbit map ®,: R*~ — X, g— g-x,
is an I°-equivariant isomorphism.

Proof. For h € I” and g € R’ we have hgh™! -2 = h - (g - x). This shows that
¢, is an IP-equivariant surjective map. Proposition 5.3 (6) implies injectivity of ,.
Since W¥- is the tangent space of the fiber of (p~)~!(x) which contains R°- -z
we also have %~ - o C W5-. U

Remark 6.7. If 3 is represented on a finite-dimensional Euclidean vector space W
as a semisimple operator with strictly negative eigenvalues, then we have

Ts-D=W

for any neighborhood D of 0 in W. For example, this is the case for the representation
B+ ad(8) on t#-.

Since exp: t*~ — RP- is a ['g-equivariant diffeomorphism, we obtain
[s-N =R
for any neighborhood N of e € R°-.

Theorem 6.8 (Local Structure Theorem C). Let X be a compact G-invariant
submanifold of Z, o an extreme point of the convex envelope of p,(X) in p, f € CE°
and x € (p*)71(0).

Let Wh- =P~ .2 & F be an I°-equivariant splitting and U: WP x U — Q the
diffeomorphism obtained by the Slice Theorem 2.1. Then we can choose the open
neighborhood U of 0 € W# such that the map

d: R x FxU— (pP) V), (g,v,u) — g - V(v,u)

is a diffeomorphism.
The map is R%~ x I?-equivariant where the action on R°- x F x U is given by
(’I“, h)7 (ga v, U) = (rghila h - v, u)

Proof. By definition, the map & is equivariant.

We note that 3 is represented as a semisimple operator on v’~ @ F with strictly
negative eigenvalues.

Let v: R — I” be the one-parameter group defined by v(t) = exp(t3). For
every (g,v,u) € R® x F x U, we have

Jim (1) (g,0.0) = Jim (5(0g7(t)", A1) v 0) = (e,0,),
Additionally,
Jim y(t) - (g, v, u) = tgignoo(v(t)gv(t)‘l) ~(y(t) - v,u) = ¥ (0,u).

The differential of ® at the point (e, 0,0) is an isomorphism.

Every neighborhood of (e, 0,0) contains a product neighborhood B := N x D x U
of (e,0,0) such that ®| is a diffecomorphism. We have I'y- B = R~ x F x U. Since
® is ['g-equivariant, it is a local diffeomorphism on R~ x F x U. After possibly
shrinking U, we may assume that U = U. Since ¥({e} x {0} x U) = (U) = V, the
map is surjective.
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It remains to show that
d: R~ x FxU — (pP)71(V)

is injective. For a,b € R%- x F x U, there exists a t € R such that v(¢)-a,~(t)-b € B.
If ®(y(t) -a) = P(y(t) - b), then y(t) - a = v(t) - b due to the injectivity of ® on B.
This shows a = b. 0

Remark 6.9.

(1) In the complex case and for a connected G we have I? = G#. The map ® is
biholomorphic and the inclusion R~ x F' C G#- x F induces a G#--equivariant
biholomorphic map

RB*xeU—><G5*><GBF)><U.

(2) In the real case the inclusion R~ x F x U C (I’ x F) x U induces an
IP--equivariant diffeomorphism

R xFxU— ((RB— x[ﬁ) x 1 F) x U.

(3) If we replace X2, by some union C of its connected components, then in
a similar way as above we can define I? for this union C. Then Theorem 6.8
holds for this modified I” and any = € C.

(4) In the complex connected case X7 __is connected (see, e.g., [Ati82]).

Corollary 6.10. Let {z} be a connected component of X2 (i.e., an isolated
point). Then the following statements hold:

(1) 1P contains the identity component (G®)o of GP.
2) The preimage (p°-)~'(x) is the connected component of X5~  containing .
( p ge (p P max g
(3) (p°-)~Yx) is IP-equivariantly diffeomorphic to the I°-representation W5~ =
B
7= x F.
(4) (pP)"Hx) is RP~ x IP-equivariantly diffeomorphic with (R%~ x I°) x!° F.
Furthermore, if XP = {x} = u; (o), then I = G® and XP-_ is GP- -equivariantl
max lup max q y
diffeomorphic to the GP-representation W5- =%~ x F.

7. Quotients

In this section, let X be a G-invariant, compact, and smooth submanifold of Z.
Let o be an extreme point of the convex envelope of pp(X), and let 3 € CK”.
As a consequence of the Local Structure Theorem C, we obtain:

Corollary 7.1. The action of R®~ on XP-_is proper and free.

max

Proof. We use the notation of Theorem 6.8. The R’--action on R°- x F x U
by left-translation on the first component is proper and free. This implies that the
RP--action on X7 is free and locally over X2 __ it is also proper.

max max

Let (g7, ;) be a sequence in R~ x X5- such that g; -y and y; converge in X”-

max max*

Since p’~ is R°--invariant, we have p”~(g; - y1) = p~ (1), and both sequences
converge to some x € X2 . By Theorem 6.8, we may assume that = € V and ¢; - y;

max*

and y; lie in (p®~)~1(V).
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Since the R--action is proper on (p?~)~(V), the sequence g; has a convergent
subsequence in R%-. This shows that the action on X% is proper. ([l

max

The GPmax-action on XP- induces an G°-/RP--action on the quotient

X2~ JRP-. On XP__ the group G” and therefore also I” act by the artificial

max
RP- x GP-action given by the projection R°~ x G# — G#. Since p*-: X5~ — X8
is G’--equivariant we obtain, after the identification of G#-/Rf- with G, a G’-
equivariant map p: X2- /R~ — X5

max*

With this notations and conventions Theorem 6.8 now implies the following:

Theorem 7.2. Let X be a compact G-invariant submanifold of Z. Then the
diagram

Xp-

max

X/ B : X

max

commutes, where q: XP- — XP- /RP- denotes the quotient map. The following
statements hold:

(1) XZ- /RP~ is a GP-manifold.

(2) The quotient map q is G* -equivariant.

(3) The map q realizes X5~ as an R°--principal bundle.

(4)

The bundle map p°~: XB- — XB_ s a topological Hilbert quotient with
respect to the I®-action, with typical fiber an I°-representation WP~ that only
depends on the connected components of X5 _ .

(5) The map p induced by p°- is a topological Hilbert quotient with respect to the
IP-action, with typical fiber an I°-representation F that only depends on the
connected components of X5 __.

In the complex connected case, we have G® = IB, the fibrations are holomorphic
bundles and the maps p and p°~ are analytic Hilbert quotients (see Remarks 3.2).

Proof. A formal calculation confirms that all maps in the diagram are G”--
equivariant.

Parts (1)—(3) of Theorem 7.2 follow directly from Corollary 7.1.

For a point x € X/, we use the slice chart introduced in the Local Structure
Theorem C:

d: R x FxU — ()" Y(V).

The map W is R%- x I®-equivariant, where the action on R°- x F' x U is given by:
(r,h) - (g,v,u) —> (rgh_l, h - v,u).
In this notation: the map p’- is given by the projection:
np: R x FxU —U.

The map ¢ is given by the projection:

Texy: R X FxU — F x U.
The map p is given by the projection:

pu: FxU—U.
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Since I# contains I's and 3 acts on t%~ x F as a self-adjoint operator with strictly
negative eigenvalues, we obtain (4)—(5). The complex case follows analogously from
these observations. O

Remark 7.3. In the complex connected case, the structure group of the bundle
pi- XB- s XP

max max
is the group of G#-equivariant biholomorphic maps s: W5~ — 20%-. This group
is a Lie group and contains, as a retract, the group GLgs(W?-) of GP-equivariant
complex linear isomorphisms. Since p®- is an analytic Hilbert quotient, it is a Stein
map. In particular, the Oka principle can be applied. This implies that for an open
Stein submanifold @ of X~ . the structure group of the bundle p®-: X5~ —

max’ max

X5 can be reduced to the linear group GL¢s(W?-). Consequently, the bundle

max

pP-: XB- — XP__is, over Q, a holomorphic GP-vector bundle with typical fiber

Wh- =+~ x F.
The analogous statement also holds for the bundle

p: X2~ JRF- — XP

Over a Stein submanifold of X#_ | this bundle is a holomorphic vector bundle with
typical fiber F' (see [Hei89] for details). We do not know of any example where the

vector bundle structure is not given globally.

8. Compact orbits

Let X be a compact G-invariant subset of Z, and consider the function n: Z — R
defined by 1(y) = ||(y)||*. The gradient of n at = € X is given by

gradn(z) = 20x (),

where 3 := u,(z). Note that the flow of 7 is along G-orbits.
We now consider the maximal strata in the sense of the work of Kirwan in [Kir84]
associated with the function n from the point of view developed so far.

Proposition 8.1. Let x € X be such that n(x) is mazimal, and set = p,(x).
Then (3 is an extreme point of the convex envelope E of juy(X), and v € X2

max

Proof. This follows from the general theory developed in [Kir84] (see also [HSSOS]
for the general case). For the sake of completeness we give a more direct proof here.
Since x is a maximum of 7|q.,, it follows that z € X#. Moreover, we have

pp () = (pp(), B) = () = || BII*.
Since 1 attains its maximum at x, we obtain 7(y) < n(z) for every y € X. This
implies
1) = (), B) = (mp(v), () < ) = pf (),
and thus r € X/

max"*

The affine hyperplane H)g2 := {a € p : (o, 8) 2 ||5]|*} through § with normal
vector [ intersects the sphere of radius ||3|| centered at the origin only at /5. Since

pp(X) C E C Hpyp = {aep:(a,p) <8I},

it follows that (8 is an extreme point of E. O
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Lemma 8.2. The following statements hold:

(1) Every G-orbit in X has a compact orbit in its closure.
(2) Every compact G-orbit in Z is a K-orbit.

Proof. For z € X, let Y := G - 2 be the closure of the G-orbit through 2. Since
Y is compact, there exists an extreme point ¢ of the convex envelope of y,(Y).
Since 0 = p,(y) for some y € Y, Corollary 5.5 applied to X = G - y implies that
G-y=K-y. 0

Remark 8.3. Even in the smooth compact complex case, not every compact
G-orbit in X can be realized as an orbit through a point in X?__ for some /3.

The simplest case occurs when the compact set X contains exactly one compact
G-orbit. We collect some properties that hold in this case:

Lemma 8.4. Assume that X contains exactly one compact G-orbit Y. Then:

(1) pp(Y) is a K-orbit in p.
(2) This K-orbit coincides with the set of extreme points of the convex envelope
E of pp(X).
(3) If o is an extreme point, then o exposes itself, and R~ acts freely on X3 .
Proof. By Proposition 8.1, the set of extreme points of E is a K-orbit. The freeness
of the RP--action follows from o € CX” and Proposition 5.3 (6). O

Finally, we note the following:

Lemma 8.5. Let X be a compact smooth G-invariant submanifold of Z with exactly
one compact orbit. Then

X=G- X5

max*

Proof. The set G- X7 isopenin X, and Y = X \ G - X2~ is compact. If we

max max

assume that Y is non-empty, Lemma 8.2 leads to a contradiction. 0

9. The projective case

In this section we give a proof of the result of Brion-Luna—Vust ([BLV86]).

Assume that G = K is a connected complex reductive group with maximal
compact subgroup K. Let V be a finite dimensional unitary representation of K,
and set X :=P(V). The action of K is Hamiltonian with respect to the standard
Kéhler metric on P(V') and we have a momentum map p: X — it. For a given linear
subspace W of V' we write in the following P(W) for the image of W \ {0} in P(V).

Let G - = be a compact orbit in P(V'). Then there is an irreducible subrepre-
sentation W of V such that G -z C P(W). Note that P(W) contains exactly one
compact G-orbit.

Let 8 be an extreme point of the convex envelope of p(P(W)). Note that
P(W)8B, . is an isolated fixed point of G* in P(W).

max
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For W we have the orthogonal decomposition W = Wy, & W, ---® Wy into S-
eigenspaces with eigenvalues 3; where W3, = W# is the line in W which corresponds
to x.

The Slice Theorem 2.1 shows that P(W)f- can be identified with a G°-

max

representation. Let wy be a basis of Wg,. For w =wy @ w; & --- S w,, € W\ {0} C
Wsy @ Wp, - -- & Wy, we have for its image [w] in P(W) that

exptf - [w] = [wo e Py @ @ eﬁm_ﬂowm}
holds for all ¢ € R. Note that wy # 0 is a basis of Wj, and that §; — 5y < 0 for
j=1,...,m. This shows that

P(W ) = [0 & W, - & W, ] = P(W) \ P((Ws,)"™).

max

Since eigenspaces corresponding to different eigenvalues are orthogonal we have the
orthogonal decomposition

W = WBO @tﬁ_ - Wy D (g 'UJO)J'W

The representation F' in Theorem 6.8 is now given as a subset of P(WW) by

P(wo & (g wo)") = P(Wg, & (g~ wo)" ) \P((W)").

Theorem 6.8 shows the following.

Theorem 9.1. The restriction
: R x (B(Ws, @ (- wo)™) \B((g-wo)™)) — BOV) \ B((Ws,)")

of the action map is an isomorphism.

In the general case we have a orthogonal decomposition V =W g U, W =
Wy @ (Wao) 2, WV = W5 @ U and (g-wo)tv = (g-wo)™" @ U. Note that P(U)
is a G-invariant subset of P(V'). The following is shown in [BLV86].

Corollary 9.2. The restriction
®: RO x (P(Wp, @ (8- wo)™ ) \P((W) ")) — B(V) \ P((W5,)")

of the action map is an isomorphism.

Proof. Let z € P(Wg, & (W)W @ U) \ P((Wg,)*V). As above let wy be a basis
of Wp,. Since z ¢ P((Wp,)1V) we have [z] = [wo + w; + u] with w; € (Cwg)*W and
ueU.

Using the result in the irreducible case there are r € R%-, a € C* and
w € (Ws,)*W such that

r- [(awy +w) +u] = [r- (qwo +w) +7-u] = [wo +wy +r-ul.
This shows that 7 - [(awy + w) + 771 - u] = [(wo + w1) + u] = z.

For injectivity, assume that r - [wg + a1 + b1] = [wo + as + bs], where ay,
as € (Ws,)*" and by, by € U. Tt follows that 7 - (wo + ay + b1) = Mwp + ag + by) with
A € C*. This shows 7 - (wg + a1) = AM(wo + az) and 7 - by = Aby. Theorem 9.1 implies
r = e and we obtain [wg + a1 + b1] = [cwg + as + by O
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