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Abstract. The main objective of this paper is twofold. One is to classify and
construct SL(3, R)-intertwining differential operators between vector bundles over
the real projective space RP?. It turns out that two kinds of operators appear.
We call them Cartan operators and PRV operators. The second objective is then
to study the representations realized on the kernel of those operators both in the
smooth and holomorphic setting. A key machinery is the BGG resolution. In
particular, by exploiting some results of Davidson—-Enright—Stanke and Enright—
Joseph, the irreducible unitary highest weight modules of SU(1,2) at the (first)
reduction points are classified by the image of Cartan operators and kernel of PRV
operators.
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Key Words and Phrases: intertwining differential operator, generalized Verma
module, Cartan component, PRV component, BGG resolution, unitary highest
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1. Introduction

In this paper we study from a modern point of view the very classical topic
of real projective geometry in dimension two; this was already studied in Greek
mathematics, and in the Renaissance it became part of the theory of perspective in
art. Here there is (from the point of view of Sophus Lie) the 8-dimensional group
G = SL(3,R) of projective transformations acting on G/ P with (in modern language)
P a parabolic subgroup. As such it falls into the class of parabolic geometries, and
also the kind of structure that Joseph A. Wolf studied in depth, namely flag manifolds.
Our aim in this paper is to illustrate in detail several aspects of this geometry in
finding some invariants associated with homogeneous vector bundles on G/P; these
are G-intertwining differential operators for the natural action on sections, and we
shall see how they fit into the very general theory of parabolic geometry. This involves
by a natural duality of Verma modules and the celebrated BGG resolution, and we
will see natural constructions of representations of G in spaces of sections. It turns
out that it is related to the classification of some irreducible unitary highest weight
representations of another real form G, = SU(1,2) of G¢ = SL(3,C). The method
uses some aspects of the theory of the Rankin—Cohen operators, known from the
theory of automorphic forms; this allows quite explicit formulas for the differential
operators in question; as such we feel that the explicit case of 2-dimensional projective
geometry deserves attention. In the following, we shall describe our work in more
detail.

The first author was partially supported by JSPS Grant-in-Aid for Scientific Research(C)
(JP22K03362).
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1.1. Classification and construction

First, we briefly introduce some notation; more detailed notation will be intro-
duced in Section 3. Let G be a real reductive group and P = M AN, a Langlands
decomposition of a parabolic subgroup P. We write Irr(M )g, for the set of equivalence
classes of irreducible finite-dimensional representations of M. Likewise, let Irr(A)
denote the set of characters of A. Then, for the outer tensor product @ X v X triv of
w € Irr(M )gn, v € Irr(A), and the trivial representation triv of N, we put

I(w,v) = Ind$(w X v K triv)

for an unnormalized parabolically induced representation of G.

Let Diff¢(I(o, A), I(w, v)) denote the space of G-intertwining differential opera-
tors D: I(0,\) — I(w,v). In what follows, we often refer to them as IDOs.

In this paper, we consider the following problem for the case

(G,P) = (SL(3,R), Py 2),

where P, 5 is a maximal parabolic subgroup of G with partition 3 =1 + 2.

Problem 1.1. Do the following.
(A1) Classify (o, ), (w,v) € Irr(M)ga, % Irr(A) such that

Difta(I(0, \), I(,)) # {0}.
(A2) For (o, ), (w,v) € Irr(M)g, x Irr(A), determine the dimension
dim Diff¢(I (o, A), I(w,v)).
(A3) For (0,A), (w,v) € Irr(M)g, x Irr(A), construct generators
D € Diff(I1(o, \), I(w,v)).

For recent developments on Problem 1.1, see, for instance, the introduction
of [K(25] and references therein. The most outstanding recent advance in Problem 1.1
is the invention of the so-called F-method [KP16a; KP16b]. This is a powerful
machinery proposed by T. Kobayashi, which reformulates the problems (A1), (A2),
and (A3) to solving a certain system of partial differential equations. As such,
the F-method allows one to achieve the construction and classification of IDOs,
simultaneously. The method plays a pivotal role especially in taking care of the
differential symmetry breaking operators (DSBOs), which are G’-IDOs for G' C G
from a G-representation to a G’-representation. For instance, in [Kub], the first
author tackles Problem 1.1 for DSBOs D by using the F-method.

It is no harm to apply the machinery to the present situation. In fact, it is used in
our earlier work [K()25] to solve Problem 1.1 for the case (G, P) = (SL(n,R), Py ,,—1)
with dim o = 1 (line bundle case). However, in this paper, we take a more classical
approach to the problem, which stems from the duality between the space of IDOs
and that of homomorphisms between generalized Verma modules, as it appears
simpler in the present case. Combining the duality with the idea of “standard map”
of generalized Verma modules, we shall solve (A1) and (A2) in Section 4. It turned
out that, for any m, ¢ € Zs, there exists a non-zero IDO D with order [¢ —m/|. See
Theorems 4.1 and 5.1 for more details.
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To solve (A3), one needs to compute P-invariants of generalized Verma modules.
In doing so, there are, in principle, two steps to consider. The first is to compute MA-
invariants of the tensor product of three irreducible finite-dimensional representations
of MA. (On this matter, see [DES90, Theorems 4.3 and 5.5] and [EG11, Theorem 3]
as relevant works). The second is the evaluation of the n,-invariance of the MA-
invariants, where n, is the complexified Lie algebra of N, . This step can be thought
of as computing a conformal weight in conformal geometry.

The first step for the present work can be reduced to computing the projection
of the tensor product of two irreducible finite-dimensional representations of SL(2, R)
onto its irreducible components. Such projections are known as Gordan’s transvec-
tants, or equivalently, Rankin-Cohen brackets (see, for instance, [Cle25; El 06] for
a relationship between them). For this purpose, one can make use of the explicit
formula of Molchanov [Moll5]. We, nonetheless, compute the MA-invariance in a
more elementary way (see Section 5.3).

The evaluation of the n,-invariance in the second step is in general not easy,
especially for a vector bundle case. In the present work, we succeeded to avoid such a
computation by showing that any IDO in the present case comes from the standard
map between generalized Verma modules. This is done in Section 4.6.

It is noteworthy that only the so-called Cartan component and PRV component
among all SL(2, R)-irreducible components contribute to the construction of IDOs.
This verifies some insight made by Kable in [Kab18, Introduction] on his automatic
conformal invariance result for second order systems on vector bundles. In this paper,
we refer to the IDOs D coming from the Cartan component and PRV component as
the Cartan operator and PRV operator, respectively.

1.2. BGG resolution

The kernel Ker D and image ImD of IDOs D are naturally representations of G.
These representations are closely related to the composition structure of the parabol-
ically induced representations. Indeed, in [K()25], we exploited the composition
structure studied by Howe-Lee [HL.99] and van Dijk—Molchanov [DM99] to investigate
the representations on Ker D and ImD for the case (G, P) = (SL(n,R), P, ,,—1) with
dimo = 1. (See Remark 6.5 for more details.)

As opposed to the line bundle case, the composition structure for a vector
bundle case seems not fully investigated. Then, in the present work, we study
KerD and ImD via the BGG resolution. A BGG resolution, or more generally,
BGG sequence [CDO01; CSS01] is a powerful tool to construct IDOs D, which are
also referred to as equivariant differential operators, invariant differential operators,
or conformally covariant differential operators (in conformal geometry), among
others. Eastwood-Gover [EG11] carefully studied BGG resolutions for the case
(G, P) = (SL(n,R), P ,_1). With the aid of their results, we shall show that the
Cartan operators and PRV operators are the first and second BGG operators,
respectively. This in particular shows that every irreducible finite-dimensional
representation of GG is realized in the kernel Ker D with a suitable parity condition.

It is remarked that, as M for P = M AN, is M =~ SLi(Q, R), the representations
o € Irr(M)g, involve some parity. BGG sequences are well studied in parabolic
geometry; nonetheless, such a condition seems not to be paid attention to as it is
automatically fixed by the irreducible finite-dimensional representation realized in
KerD. The IDOs D are in fact “rigid” with respect to the parity of o € Irr(M)g,
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(cf. [KO19, Lemma 2.17]). So, if the BGG resolution is utilized to determine the
representations in KerD and ImD, then one should be careful for the parity of
representations of M. We shall return and discuss this point in more detail in
Section 6.1 (especially after Corollary 6.4).

1.3. Irreducible unitary highest weight modules

As there exists a duality between the space of IDOs D and that of homomor-
phisms between generalized Verma modules, the IDOs D are determined by the pair
of complex Lie algebras (g, p), where g and p are the complexified Lie algebras of
G = SL(3,R) and the parabolic subgroup P. So, the operators D are intertwining
operators also for another real form G, = SU(1,2).

More precisely speaking, let K be a maximal compact subgroup of GG,,. Then,
via the Borel embedding G,,/K — G¢/Pc, where FP¢ is the complexification of a
parabolic subgroup P, IDOs D are regarded as G -intertwining differential operators
on the space of holomorphic sections over G,,/K. In this context, IDOs D are more
often referred to as covariant differential operators (see, for instance, [HJ82; HJ83;
Jak85]).

In the above setting with G¢/Pc, where Pc is the complexification of the
opposite parabolic subgroup P to P, Davidson-Enright-Stanke [DES90; DES91]
uses IDOs D to classify unitary highest weight modules at the so-called reduction
points. In their study, the aforementioned PRV components play a central role.
(For a connection between unitary highest weight modules and PRV components,
see also Enright—Joseph [EJ90], Enright-Wallach [EW97], Pandzi¢-Prli¢-Soucek—
Tucek [Pan+23|, and Pandzi¢-Prli¢-Savin—Soucek-Tucek [Pan+25], among others.)

There is only one reduction point (first reduction point) for G, = SU(1,2).
Then, at the end of the paper, we shall classify those unitary representations by
the kernel of PRV operators and image of Cartan operators via the BGG resolution.
This is done in Theorem 7.1.

1.4. Organization of the paper

Now we describe the rest of the paper. There are seven sections including this
introduction. In Section 2, we recall the duality between the space of IDOs D and
that of homomorphisms between generalized Verma modules. We also review quickly
the notion of standard map between generalized Verma modules. Then, in Section 3,
we specialize the framework considered in Section 2 to (G, P) = (SL(3,R), P 5). In
particular, we fix some notation for Irr(M)g, and Irr(A), carefully.

Sections 4 and 5 are devoted to the classification of parameters ((A1l) and (A2))
and explicit construction of IDOs D ((A3)), respectively. The main results, namely,
Theorems 4.1 and 5.1 solve Problem 1.1 for the present case. In addition, we also
study the algebraic counterpart of Problem 1.1 for generalized Verma modules. These
are achieved in Theorems 4.2 and 5.3.

The representations in the kernel Ker D and image ImD are studied in Section 6.
This is done via the BGG resolution in Corollary 6.4. In this section we carefully
investigate the effect of the parity conditions to Ker D and image ImD.

The last section, Section 7, is for the classification of the irreducible unitary
highest weight modules of SU(1,2) at the (first) reduction points. We first quickly
review a general theory of the Borel embedding G,,/K — G¢/Pc. Then we give a
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classification of such representations in terms of the kernel of PRV operators and
image of Cartan operators via the BGG resolution. This is achieved in Theorem 7.1.

2. Preliminaries

The aim of this section is to recall from the literature the so-called duality
theorem (Theorem 2.1) and the notion of standard map between generalized Verma
modules. Much of the material in this section is taken from [K()25]. In later sections,
we shall apply those ideas to the case (G, P) = (SL(3,R), Py 2).

2.1. Duality theorem

Let G be a real reductive Lie group and P = M AN, a Langlands decomposition
of a parabolic subgroup P of G. We denote by g(R) and p(R) = m(R) @ a(R) & n, (R)
the Lie algebras of G and P = M AN, respectively.

For a real Lie algebra n(R), we write y and U(y) for its complexification and
the universal enveloping algebra of vy, respectively. For instance, g,p, m, a, and n
are the complexifications of g(R), p(R), m(R), a(R), and n, (R), respectively.

For A € a* ~ Homg(a(R),C), we denote by C, the one-dimensional represen-
tation of A defined by a — a* = e*°8%)  For a finite-dimensional representation
(0,V) of M and A\ € a*, we denote by o, the outer tensor product representation
o X Cy. As a representation on V, we define oy: ma + a*o(m). By letting N,
act trivially, we regard o, as a representation of P. Let V := G xpV — G/P be
the G-equivariant vector bundle over the real flag variety G /P associated with the
representation (oy, V') of P. We identify the Fréchet space C*°(G/P,V) of smooth
sections with

C=(G, V)" = {f € C*(G,V): f(gp) = 05" (1) f(g) for p € P},

the space of P-invariant smooth functions on G. Then, via the left regular repre-
sentation L of G on C*°((G), we realize the parabolically induced representation
T(oA) = Ind%(oy) on C=(G/P,V). We denote by R the right regular representation
of G on C*(G).

Similarly, for a finite-dimensional representation (17,, W) of MA, we define
the induced representation m(, ) = Ind%(7,) on the space C=(G /P, W) of smooth
sections for a G-equivariant vector bundle W = G xp W — G/P. We write
Diff(V, W) for the space of intertwining differential operators D: C*(G/P,V) —
C>*(G/P,W).

Let g(R) = n_(R)@m(R)@a(R)Dn, (R) be the Gelfand-Naimark decomposition
of g(R), and write N_ = exp(n_(R)). We identify N_ with the open Bruhat cell
N_P of G/P via the embedding t: N_ — G/P, i~ nP. Via the restriction of the
vector bundle V — G/P to the open Bruhat cell N_ < G/ P, we regard C>°(G/P,V)
as a subspace of C*(N_) @ V.

We view intertwining differential operators D: C*(G/P,V) — C*(G/P,W) as
differential operators D': C*°(N_) ® V' — C*°(N_) ® W such that the restriction
D' ooy to CF(G/PV) is a map D'|cec(g/pyy: CF(G/PV) — C*(G/P,W)



98 KUBO AND ORSTED

(see the diagram below).

Co(N)®V Co(N_)® W

] I

C>(G/P,V) C=(G/P,W)

D=D'|poo (G /p,v)

In particular, we regard Diff¢(V, W) as
Diff(V, W) C Diffc(C=(N_) @ V,C®(N_) @ W) (1)
~ Diffc(C*°(N-)) @ Homc(V, W)
~ Diffc(C®(N_) @ V¥V @ W, (2)

where Diffc(C*°(N_)) denotes the space of differential operators on C*°(N_) and
VY := Homc¢(V, C).

For a finite-dimensional representation (o, V') of MA, we write ((oy)", V")
for the contragredient representation of (o, V). By letting n, act on V'V trivially,
we regard the infinitesimal representation do¥ X C_, of (o))" as a p-module. The
induced module

My(VY) = U(g) Sugp) V"
is called a generalized Verma module, provided that V is a simple p-module. Via

the diagonal action of P on M,(V'"), we regard M,(V") as a (g, P)-module. For the
proof of the following theorem, see, for instance, [CS90; KP16a; KR00].

Theorem 2.1 (Duality theorem). There is a natural linear isomorphism
D: Homp(W", M,(V")) = Diffc(V, W), (3)

where, for ¢ € Homp(WY, M,(VV)) and F € C>*(G/P,V) ~ C®(G,V)’, the
element D(¢)F € C°(G/P,W) ~ C=(G,W)¥ is given by

(D(p)F,w") = Z(dR(uj)F, vjv) for w¥ € WV, (4)

J

where p(w”) = Y u; @ vy € My(VY).

Remark 2.2. By the Frobenius reciprocity, the isomorphism (3) is equivalent to

D: Homg p(My(WY), My(VY)) = Diffa(V, W). (5)

2.2. Standard map

To introduce the notion of standard map between generalized Verma modules,
we first reparametrize them in terms of infinitesimal characters.

Let g be a complex simple Lie algebra. Fix a Cartan subalgebra h and write
A = A(g, h) for the set of roots of g with respect to h. Choose a positive system AT
and denote by II the set of simple roots of A. Let b denote the Borel subalgebra
of g associated with AT, namely, b = h @ @B,ca+ ga, Where g, is the root space for
ae AT

Let (-,-) denote the inner product on h* induced from a non-degenerate
symmetric bilinear form on g. For o € A, we write a¥ = 2a/(a, o). Also, write s,
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for the root reflection with respect to a € A. As usual, we let p = (1/2) > ca+ @ be
half the sum of the positive roots.

Let p D b be a standard parabolic subalgebra of g. Write p = [ & ny for the
Levi decomposition of p. We let II([) = {a € IT : g, C [}.

Now we put

P/ ={pneb*: (una’) €1+ Zs forall a € TI(I)}. (6)

For pn € P{", let E(n — p) be the finite-dimensional simple ¢ (I)-module with highest
weight u — p. By letting n, act trivially, we regard E(u — p) as a U(p)-module. Then
the induced module

~—

Ny(p) = U(g) u) E(1—p) (7
is the generalized Verma module with highest weight © — p. If p = b, then N () =
Np(p) is the (ordinary) Verma module with highest weight u — p.

Let p,m € Pf. Tt follows from a theorem by BGG-Verma (Theorem 2.4
below) that if Homg (N, (1), Ny(n)) # {0}, then Homy(N (1), N(n)) # {0} (cf. [Dix96,
Theorem 7.6.23] and [HumO8, Theorem 5.1]).

Conversely, suppose that there exists a non-zero g-homomorphism ¢: N(u) —
N(n). Let pr,: N(u) — N,(u) denote the canonical projection map. Then we
have p(Ker(pr,)) C Ker(pr,) [Lep77, Proposition 3.1]. Thus, the map ¢ induces a
g-homomorphism ¢gq: Np(pt) = Ny(n) such that the following diagram commutes:

N(p) —— N(n)

prul O lprn
No(p) —=%— Ny (n).

—— N,

The map @yq is called the standard map from N,(p) to N,(n) associated with ¢ [Lep77,
p. 501]. As dim Homgy (N (p), N(n)) < 1, the standard map ¢4 is unique up to scalar.
It is known that the standard map ¢gq could be zero, and even if pgq = 0, there
could be another non-zero map from N, () to Ny(n). Any homomorphism that is
not standard is called a non-standard map.

It is known when the standard map ¢gq is zero. To state the criterion, we
introduce the notion of a link between two weights.

Definition 2.3 (Bernstein—Gelfand-Gelfand). Let u,n € b* and Sy,..., 5, € A*.
Set 1o =mn and n; == sg, - -- 53,0 for 1 < i <t. We say that the sequence (8, ..., )
links 1 to w if it satisfies the following two conditions:

(1) me = g5
(2) (mi_1, B)) € Zsp for all i € {1,...,t}.

Let L(u) denote the unique irreducible quotient of the Verma module N (u).

Theorem 2.4 (BGG-Verma). The following conditions on (u,n) € (b*)* are
equivalent:
(i) Homg(N(u), N(n)) # {0}
(il) L(p) is a composition factor of N(n);
(iil) there exists a sequence (B, ..., [0;) with B, € AT that links n to p.
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The criterion on the vanishing of the standard map g q is first studied by
Lepowsky [Lep77] and then Boe refined Lepowsky’s criterion [Boe85]. The next
theorem is a version of Boe’s criterion [Boe85, Theorem 3.3].

Theorem 2.5. Let u,n € h* and suppose that there exists a non-zero g-homomorphism
¢ € Homy(N(n), N(n)). Then the following two conditions on (u,n) are equivalent:

(i) the standard map pga: Ny(p) = Np(n) associated with ¢ is non-zero;
(ii) for all sequences (B, ..., B:) linking n to pu, we have n; € P,

3. Specialization to (SL(3,R), P, 2)

The aim of this short section is to introduce the necessary notation for the rest
of the paper. The expositions of this section are mainly a specialization of [K()25] to
n=3.

3.1. Notation
Let G = SL(3,R) with Lie algebra g(R) = sl((3,R). We put
N = Eij1, Nj = Ej,, forje{l,2}, (8)

and
HO = é(2E1’1 — EQ,Q — Eg’g) = %dlag@, —1, —1),

where E; ; denote the matrix units. We normalize H, as ﬁo = %Hg, namely,

Hy=1(2E11 — Eay — F33) = Ldiag(2,—1,-1). (9)
Let

n, (R) = Ker(ad(Hy) — id) = Ker(ad(Hp) — 2id), (10)

n_(R) = Ker(ad(Hy) + id) = Ker(ad(Hp) + 2 id). (11)

Then we have
ni(R) = spang { Vi, Ny}

For X,Y € g(R), let Tr(X,Y) = Trace(XY') denote the trace form of g(R).
Then N;" and N; satisfy Tr(N;", N;) = 4;;. In what follows, we identify the dual
n_(R)Y with n_(R)Y ~ n(R) via the trace form Tr(-,-).

We put a(R) := RH, and

m(R) = {(0 X) X e 5[(2,R)} ~ sI(2, R). (12)

We have m(R) & a(R) = Ker(ad(Hy)) and the decomposition g(R) = n_(R) &
m(R) @ a(R) & n; (R) is a Gelfand-Naimark decomposition of g(R). The subalgebra
p(R) = m(R) @ a(R) & ny(R) is a maximal parabolic subalgebra of g(R) and the
nilpotent radicals ny(R) are abelian.

Let P = Ng(p(R)), the normalizer of p(R) in G. We write P = M AN, for the
Langlands decomposition of P corresponding to p(R) = m(R) @ a(R) @ n,(R). Then
A =exp(a(R)) = exp(Rﬁo) and N, = exp(ns (R)). The group M is given by

M = {(det(”_l g) ge SLi(z,R)} ~ SL*(2, R).
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For a closed subgroup J of G, we denote by Irr(J) and Irr(.J)s, the sets of equiv-
alence classes of irreducible representations of J and irreducible finite-dimensional
representations of J, respectively.

For A € C, we define a one-dimensional representation C, = (x*,C) of A =

eXp(Rﬁo) by
X1 exp(tHy) — exp(At). (13)
Then Irr(A) is given by
Irr(A) ={C\: A e C} ~C.
For a € {#} ~ Z /27, a one-dimensional representation C, of M is defined by

(det(g)_l g) — sgn®(det(g)),

where
1 if @ =+,
sgn(det(g)) ifa=—.

sgn(det(g)) = {

To describe Irr(M )gy, let S™(C?) denote the space of symmetric tensors on C?
of homogeneous degree m. We then write Pol™(C?) := S™((C?)Y), the space of
polynomial functions on C? of homogeneous degree m. Since

Pol™(C?) = S™((C*)Y) ~ S™(C?)", (14)
the two spaces S™(C?) and Pol™(C?) are dual to each other.

Let sym% and poly;’ denote the irreducible representations of SL(2,R) on
S™(C?) and Pol™(C?), respectively. By the representation theory of sl(2, C), we have

Irr(SL(2,R))sn = {(sym’zn, Sm(CQ)) tm € Zzo}
= {(polyQ”,Polm((C2)> tm € Zzo}~

Then Irr(M)g, = Irr(SL*(2,R))gy is given by

Irr(M)gn = {Co @ w : (a, w) € {£} x Irr(SL(2,R))sin } ~ Z/2Z X Z>o.
Since Irr(P)gy =~ Irr(M)g, % Irr(A), the set Irr(P)g, can be parametrized by

Irr(P)gn >~ Z/27 x Z> x C.
For (a,polyy', \) € Irr(P)gy,, we write
I(polyy, \)* := Ind%((C, ® polyy') ¥ C,) (15)

for the unnormalized parabolically induced representation Ind%((C, @ poly?") X C)
of G. Likewise, for (o, sym7*, \) € Irr(P)gy,, we write

My (syms', \)* = U(g) Bug) (S™(C*)a B Cy), (16)
where S™(C?), stands for the M-representation
S™(C?), = C, @ S™(C?).
By the duality theorem (Theorem 2.1) and (14), we have
Diff (1(poly}’, \)*, I(poly}, v)?)
~ Hom, p (Mp(symg, —v)?, M, (symy, —)\)a). (17)
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Via the equivalence (17), we shall classify and construct both intertwining differential
operators

D e Diffg (I(poly;”, N, I(polys, 1/)6)
and (g, P)-homomorphisms

€ Homg p (M, (symb, v)°, M, (sym’, A)°)

in Sections 4 and 5.

4. Classification of parameters

The aim of this section is to classify the parameters (o, 8;m, (; A\, v) € (Z/27)* x
(Z>p)* x C? such that

Diff (1(polyy', A)*, I (polys, v)?) # {0}.

By the duality theorem (Theorem 2.1), it is equivalent to classify the parameters
such that

Homg p (Mp(symg, —v)? M, (sym}", —/\)O‘> # {0}.
The classification is given in Theorems 4.1 and 4.2 for the former and latter, respec-
tively.

4.1. Classification of parameters
We start by stating the main results. We put
Ay = {(a,ﬂ;m,f; M\ v) € (Z)27) x (Zsp)* x C*: (18) holds},
Ay = {(a,ﬁ;m,&)\,u) € (Z/27)* x (Zy)?* x C*: (19) holds},
and
ki=l—mels, B—a=k (\v)=(32-m=-2k),32-m+k), (18)
ki=m—l€Zlso, B—a=k (\v)=(3(4+m=2k), 4+m+k). (19)
Here, we understand § — o =k for k € Z as
B—a=(-1)" (20)
where § — o € {£} = {£1} is defined by

ﬁ—a:{+ if a =7,

1
2

1
2

— otherwise.

We set
A= A1 @) AQ.

The parameters are classified as follows.

Theorem 4.1.  The following conditions on («, B;m, U; A\, v) € (Z)27)* X (Z>()*x C?
are equivalent:
(i) Diff(I(polys', ), I(polys, v)”) # {0};
(if) dim Diffg(I(polyy’, A)®, I(polys, v)?) = 1;
(iii) one of the following two cases holds:
(a) (a,m,A) = (B,(,v);
(b) (e, Bym, &M, v) € A
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The next theorem is the algebraic counterpart of Theorem 4.1 via the duality
theorem.

Theorem 4.2.  The following conditions on («, B;m, U; A\, v) € (Z]27.)* X (Z>0)*x C?
are equivalent:

(i) Homy,p (M, (symh, —v)°, My (sym3', =\)*) # {0};
(11> dim Hom&P (MP (Symga _V)B7 MP (Symgnv _)\)a) = 1;'
(iii) one of the following two cases holds:
(a) (a,m,A) = (B,L,v);
(b) (e, Bym, &\, v) € A

4.2. Strategy of the proof of Theorems 4.1 and 4.2

Our basic strategy to prove Theorems 4.1 and 4.2 is to reduce the space
Diff(I(polyy', \)*, I(polyy. v)”)
as much as possible. More precisely, observe that as My ~ SL(2,R), we have
(My, Ad,_,n_) ~ (SL(2,R), std, C?), (21)
whose equivalence is simply given by
21Ny + 2Ny —— z1€1 + 2969,
where e; for j = 1,2 are the standard unit vectors. Equivalence (21) leads to
(Mo, A", S™(n_)) ~ (SL(2, R), symf’, §™(C?)).
Observation 4.3. By the duality theorem and (14), we have
Diff (1(poly}’, \)*, I(poly}, v)?)
~ Homy, p (Mp (sym$, —v)7, M, (sym}", —/\)a)
~ Homp (Se((?)/g XC_,, M,(sym3’, —)\)0‘)
= Homyya($°(C?)s B C_,, (My(symg', —))*)"")

C Homya(S*(C?) K C_,, M,(sym}', —\))
= Hom s ($/(C*) R C_,,, S(n) @ S™(C?)a ®C_y). (22)

Since the MA-representation S(n_) decomposes irreducibly into

S, = D ),

k)EZZo
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the space of MA-homomorphisms in (22) can be further simplified to
(22) = Homya(S(C?)3 W C_,, S(n_) ® S™(C*)o @ C_,)
= @ Homy(S"(C*)s R C_,, S¥(n_) ® S™(C?)a @ C_,)

kGZZO

C @ Homy (S'(C?)5, S (n_) ® S™(C?)a)

kEZZO

C @ Homy, (S°(C?), S*(n_) @ S™(C?))

k6220

~ P Homgrep (S(C?), SH(C?) @ S™(C?)).

kJEZZO

Based on Observation 4.3, we first show the equivalence (i) < (iii) of Theo-
rems 4.1 and 4.2 in stages by proceeding with the following four steps.

Step 1: Classify (k,m,{) € (Z>0)? such that
Homs ) (5°(C%), S(C%) @ 5™(C?)) # {0}.
Step 2: Classify (o, 8;¢,m, k) € (Z/27)?* x (Z>p)? such that
Homyy (8°(C%)s, $(n-) @ S™(C*)a) # {0}
Step 3: Classify (o, 8;m, k, l; \,v) € (Z)2Z)* x (Z>()* x C? such that
Homy (S4(C%)s @ C_,, S5 (n_) @ S™(C?)o ® C_y) # {0}.
Step 4: Classify (a, B;m, ;N\, v) € (Z/2Z)? x (Z>()* x C? such that
Homg,p (M, (syms, —v)°, My (sym3', =\)*) # {0}.

After achieving the equivalence (i) < (iii), we prove the whole equivalence in
Section 4.7.

4.3. Step 1
We start with the classification of (k, m, ¢) such that

Homgy, ) (5(C?), S*(C?) @ S™(C%)) # {0}.

Proposition 4.4. The following conditions on (k,m,l) € (Z>o)* are equivalent:

(i) Homsy o) (S(C?), S¥(C?) @ S™(C?)) # {0};
(ii) m+ k — € = 2d for some d € {0, ..., min(k,m)}.

Proof. Recall the classical Clebsch—Gordan formula:

SH(C?) & S™(C?)| ~ P S, (23)

SL(2,R)
(ZR) 0<d<min(k,m)

The assertion immediately follows from (23). O
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4.4. Step 2
The next goal is to classify (a, 8; €, m, k) such that

Homyy (84(C%)s, $(n-) @ S™(C*)a) # {0}

A direct computation shows that
(M, Ad,'ff,Sk(n_)) ~ (SLjE(Q,IR{),sgn’€ ®sym'§,8k(C2)>.

Thus, as an M-representation, we have

St (n_) ® S™(C?)q = S*(C*) @ S™(C) s,
where a + k € {£} is defined as

)+ ifa= (-1,
O‘+k_{— if o = (—1)F+1, (24

Proposition 4.5. The following conditions on («, B;0,m, k) € (Z/27)? x (Z¢)*
are equivalent:
(1) Homy (S°(C?)g, S*(n-) @ S™(C?)a) # {0}
(ii) both of the following conditions hold:
(a) m+k — € =2d for some d € {0,...,min(k,m)};

(b) B—a=k.
Proof. The proposition readily follows from Proposition 4.4 and the above obser-
vation. 0
4.5. Step 3

As a third step, we wish to classify («, 5;m, k, ¢; A\, v) such that
Homy (SY(C%)s @ €y, $5(n_) @ S™(C?), ® C_y ) # {0}.

It follows from (11) that Hy acts on S¥(n_) by weight — 2k, which shows that,
as an MA-module, we have

55 (n-) ® S™(C*)a ® Cop = (S*(C?) ® S™(C*)asr) RC_ s (25)

+5k)
Proposition 4.6. The following conditions on (a, B;m, k,(; \,v) € (Z/27Z)* x
(Z>0)? x C? are equivalent:

(i) Hompa(S*(C?)s @ C_,,S*(n_) ® S™(C?), ® C_,) # {0},
(ii) All of the following conditions hold:

(a) m+k — € =2d for some d € {0,...,min(k,m)};

(b) B —a= k;

(c) v—A=3k

Proof. Proposition 4.5 together with (25) concludes the proposition. O
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4.6. Step 4
In the final step, we wish to classify («, 5;m, ¢; A\, v) such that

Homg p (Mp(symg, )7 M, (sym}, —/\)0‘) # {0}. (26)

It follows from Observation 4.3 that if (26) holds, then the parameters («, 3; m, ¢,
A, v) satisfy the condition (ii) of Proposition 4.6 for some k € Zo. Further, by [K()19,
Corollary 2.16], the parameter « can be chosen freely as far as § — a € Z>o. Thus,
it suffices to classify (m, k,¢; \) € (Z>0)® x C such that

My (sym}', —\)%) # {0}

a+k

Hom, p (,MIJ (symg, —(A+ %k))

with condition
m+k—1

5 € Z N[0, min(k, m)].

Theorem 4.7.  The following conditions on (m, k,l; \) € (Z>0)> x C are equivalent:

(i) Hotng p(My(syms, —(\ + 2K))+¥, My(symy', —\)%) # {0};
(ii) one of the following cases holds:

(a) (k,€) =(0,m) and X € C;

(b) t=m+k and X = 3(2 —m — 2k);

) l=m—kand A = 5(4+m —2k).

Remark 4.8. Theorem 4.7 shows that only the largest component S™+*(C?) and
the smallest component S™*(C?) of the tensor product decomposition of S*(C?) ®
S™(C?) in (23) contribute to the construction of intertwining differential operators.
These components S™*(C?) and S™*(C?) are called the Cartan component and
PRV component of S*(C?) @ S™(C?), respectively (cf. [Kum11]), where PRV comes
from the names K. R. Parthasarathy, R. Ranga Rao, and V. S. Varadarajan.

If m = 0, then we regard S*(C?) = S*(C?) ® S°(C?) as both the Cartan

component and PRV component.

We prove Theorem 4.7 by utilizing the idea of standard map between gener-
alized Verma modules. Then we first rewrite the generalized Verma modules as in
Section 2.2.

Take a Cartan subalgebra b of g such that b := {diag(as, as, as) : Z?Zl a; = 0}.
Let A = A(g, b) denote the set of roots of g with respect to h. As usual, we take
sets of positive roots AT and simple roots II as

At ={e; —ey,69 —£3,61 — €3} and Il = {e; — e9,62 — &3}

We realize h* as a subspace of C* by identifying ; with the canonical basis e;, and
write elements in h* in coordinates. For instance, half the sum of the positive roots

p = (1/2) Soea- o is given by
p=3(2,0-2)=(1,0,-1).

Likewise, the differential dx € h* of the character y of A with A = 1 defined in (13)

is expressed as

dy = 3(2,-1,-1), (27)

1
3
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so that dy? is given by
A =A-dy = 3(2,-1,-1).
A root reflection with respect to a € A is denoted by s,. The Weyl group W
of g is then given by
W = {e€, Sc; ey Ser—cs Sea—c5Se1—e21 Se1—enSea—ess Seq—enSer—e55e1—ea )} (28)
with
Se1—e28e0—e35e1—ea T Sscy_cy(e2—e3) T Se1—e3 T Sscy_cy(e1—e2) T Sea—e3Se1—c25ep—c3- (29)
Recall from Section 2.2 that, for u € P, for [ = m & a, we write
Np(p) = U(9) Qu) E(p— p),
where E(p — p) is the finite-dimensional simple U([)-module with highest weight
B p.
Write
wy = 2(0,1,-1).
Then the generalized Verma modules in consideration can be expressed as
M, (sym3', —\)* = Ny(mw; — Adx + p)?,
¢ 320)7° 3 B
M, (symg, —(A+ 51{:)) =N, (&ul — (A +5k)dx + ,0) .
Now we wish to classify (m, &, ¢; A) such that

a+k
Homyg p (Np (&ul — (A4 3k)dx + p) , Ny(mwy — Ady + p)o‘) # {0}  (30)
with condition
m+k—/
2
We start with a necessary condition of (30).

€ Z N[0, min(k, m)]. (31)

Proposition 4.9. If (30) holds, then one of the following conditions holds:
(a) (k,0) = (0,m) and X € C;
(b) L=m+k and X = (2 —m — 2k);
(c) t=m—k and A = $(4 +m — 2k).

Proof. By assumption, the infinitesimal character of Np(fwy — (X + 3k) dy + p)***
agrees with that of N,(mw; — Adyx + p)®. Thus, there exists w € W such that
lwy — (A + 3k) dx + p = w(mw, — Adx + p). (32)

For a simple expression of both sides of (32), we normalize A by

N2

A=A
Then the weights mw; — Adx +p and fw; — (A + %k) dx + p are given in coordinates as

mwy — Ady + p=mw — SXdy +p
=m(0,1,-1) — 3(2,—1,—1) + (1,0, 1)

=(1=X30+m), s —m—2))
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and
by — A+ 3k)dy +p=twr — 3N+ k) dx +p
= £(0,1,—1) — 24£(2, —1,—1) + (1,0, 1)
=(1=-A= k30 +k+0,50+k--2).
Thus (32) amounts to
(1=X=k 30 +k+0,50+k—0-2)) =w(1 =X F(A +m), ;A = m —2)).

Since the Weyl group element s, .. acts on h* C C3 as the exchange of the ith
entry with the jth entry, it follows from (28) that one of the following cases holds:

() 1=A=1-X—k;
2) 1-A=L1A+k+0);
B)1-A=1Q+k-t-2)

We consider these cases separately.

Case 1. Since 1 — X\ = 1 — A —k, we have k = 0. It then follows from (31) that m = ¢,
Thus,

N, (fwr — (A + 3k dy + p) " = Ny(muws — Adx + p)°.
In this case, for any A € C, we have
0 # id € Homg p(Ny(mwy — Adx + p)®, Ny(mw; — Adx + p)9), (33)
where id denotes the identity map.

Case 2. In this case, we have either

1-A=10+k+0),
IA+m)=1-X—Fk, (34)
IN=—m-2)=1A+k—1-2),

or

IX=m—=2)=1—X—Fk.
If (34) holds, then a direct computation shows that
A=12—m—2k
3 ( m ) ) (36)
{=m+Ek.

If (35) holds, then ¢ = k —m — 2. Since ¢ > 0, this implies that min(k,m) = m. It
then follows from (31) that there exists d € {0,...,m} such that { = k +m — 2d.
Thus,

k—m-—2=0=k+m—2d>k—m,

which is a contradiction. Therefore, (35) does not occur.
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Case 3. As in Case 2, in this case, we have either

l-A=1t(A+k—-1(-2),
A +m) =LA +k+0), (37)
IN=m-2)=1-X—F,
or N
1-A=3A+k—1(-2),
IA+m)=1-X—k, (38)
IN=m—=2)=IA+k+0)

If (37) holds, then we have
A=1(4+m—2k),
{=m—k.

If (38) holds, then ¢ = —(m + k +2) < 0, which contradicts the condition that ¢ > 0.
Thus, this case does not happen.

(39)

The conditions (33), (36), and (39) conclude the proposition. O
Now we are ready to prove Theorem 4.7.

Proof of Theorem 4.7. By Proposition 4.9, it suffices to show that condition (ii)
of Theorem 4.7 implies (26), equivalently, (30). Since we already checked that the
identity map id exists in condition (ii-a) in the proof of Proposition 4.9, we only
consider conditions (ii-b) and (ii-c). We are going to show that the standard map is
non-zero for these cases.

Condition (ii-b). As £ =m+k and XA = 5(2 —m — 2k), we have
lw — A+ 3k)dx+p=3(m—k+1,m+2k+1,—2m+k +2)),
mwl—)\dx—l—p:%(m—i—Qk—l—1,m—k—|—1,—(2m—|—k+2)).
Thus,
lw; — (A + 3k) dx 4 p = Sey—e (mwy — Adx + p).
Since
(mwy — Adx + p,e1 —€2) = k € Z>o,

the positive root €1 — €5 links mw; — Adx + p to w; — (A + %l{:) dyx + p. Thus, it
follows from Theorem 2.4 that there exists a non-zero g-homomorphism

©: N(&ul—(/\—l—%k:)dx—l—p) — N(mw; — Adx + p)

between (ordinary) Verma modules N (fwy — (A+ 2k) dy +p) and N(mw; —Adx +p).
Further, clearly, e; — €5 is the only linking positive root. Thus, by Theorem 2.5, the
standard map

a+k
Osta: Ny (&ul — (A4 3k)dx + p) — Np(mw; — Adx + p)®

associated with ¢ is non-zero.
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Condition (ii-c). As { =m —k and X = (4 + m — 2k), we have
lwy — A+ 3k)dx +p=3(—=(m+k+1),2m — k +2,—m + 2k — 1)),
mwy —Adx +p=3(—m+2k—1,2m —k+2,—(m+k+1)).
Thus,
lwr — (A + 3k) dx 4 p = Sep—ey (mwy — Adx + p).
Since
(mwy — Adx + p,e1 — e3) = k € Zxy,

the positive root e —¢3 links mw; —A dx+p to fw; —(A+2k) dx+p. Asin (29), we have
Sey—e9Seg—c5Se1—cy = Seg—e3Se—e9Seq—c5 = Se;—e5- HOWever, one can check that under
the condition m — k > 0, neither (€1 — 5,9 —£3,61 — €3) nor (69 — €3, 61 — €9, 69 — €3)
links mw; — Adyx +p to bwy — (A + %k‘) dx+p. Thus, e; — €3 is the only linking positive
root. Then, by Theorems 2.4 and 2.5, there exists a non-zero g-homomorphism

©: N(&ul — (/\—i—%k)dx—l—p) — N(mw; — Adx + p)
between the Verma modules and the associated standard map
a+k
Dsta: Np (&ul — (A4 3k)dx + p) — Ny(mwy — Ady + p)”

is non-zero. Now the proposed assertion follows. 0

4.7. Proof of Theorems 4.1 and 4.2

To finish this section, we are going to prove Theorems 4.1 and 4.2. By the
duality theorem, it suffices to show Theorem 4.2.

Proof of Theorem 4.2.  The equivalence of (i) and (iii) follows from Theorem 4.7
and its preceding arguments. To show the equivalence of (ii) and (iii), for 5—a = {—m
and v — A = 3|0 — m|, we have

dim Hom, p (Mp(symg, —v)?, M, (symy, —/\)"‘>

< dim Homgy o) (S*(C?), S-7(C?) @ S™(C?))
<1.

Now the desired equivalence follows. 0

Remark 4.10. If (30) holds, then the generalized Verma module N (mwi—Adx+p)
is reducible. Indeed, it follows from a criterion of Bai-Xiao in [BX21, Theorem 5.1]
that generalized Verma modules N,(mw; — Adx + p) for (m, ¢; A, v) satisfying (18)
or (19) are reducible.

5. Explicit formulas of D and ¢

Our next aim is to give explicit formulas for intertwining differential operators D
and (g, P)-homomorphisms ¢. Those formulas are given in Theorems 5.1 and 5.3,
respectively.

In the following, we define multiplication on the tensor product A ® B ® C' of
three rings A, B, and C, componentwise, that is, for a; € A, b; € B, and ¢; € C for
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j =1,2, we define (a1 ® by ® ¢1)(as @ by ® ¢3) by
(a1 ® by ® c1)(ag ® by ® ¢3) = a1a2 @ biby ® c1¢.

If the rings in concern have unity 1, we skip writing 1 in the component. For instance,
we abbreviate a @ b® 1 to a ® b.
As usual, for z,w € C, the binomial coefficient (2) is defined as

et ) € 1 Zsy,

w!
<Z> =11 ifw=0,
w
. .

otherwise.

5.1. Explicit formulas of D

We start with the explicit formulas of intertwining differential operators D. As
in (1), we understand D € Diff(I(polyy", \)*, I(polys, v)?) as a linear map

D: C®(R?) ® Pol™(C?) — C*(R?) ® Pol(C?) (40)
via the diffeomorphism
R?* = N_, (21,29) — exp(z1N] + 22N5). (41)

In order to distinguish between Pol™(C?) on the source and Pol‘(C?) on the target
n (40), we write

Pol™(C?) := C™[uy, us)] and Pol(C?) == C*{vy, va).
Then we consider
D: O®(R?) @ C™[uy, ug] — C(R?) @ C*lvy, vy]. (42)
With respect to the coordinate (41), the infinitesimal right translation dR(N;")

for j = 1,2 is given by dR(N; ) = %. It then follows from the duality theorem

(Theorem 2.1) that intertwining differential operators D in (42) have constant
coefficients only. Thus (2) reads

Diff (I(polyy’, \)*, I(polys, »)?) € C[;%, 2] ® C™uy, ua]" @ C'lvy,va].  (43)
Via the identification C™[uy, ug]¥ ~ C™ [% %} we further regard (43) as
Diff (1(polyy’, \)*, I(polys, v)?) € Cl3%, 2] ® C" 52, 52| @ C'lvy,va).  (44)

om m|_0 0 ;
For G T5a] eC {aul, 8u2}, we write

“om 1 om
oul" ™ o, a (m— ) oul 7 oud,”
For (o, B;m, 0; \,v) € Ay with k := ¢ —m, we define
prik = pt C>(R?) ® C™[uy, ug] — C=(R?) @ C™*[vy, vy]

mk — mfm

by

1/ 0 0 L o g
D:Zj;k_ <8u1®1)1+82®’02> (81®’01+a2®’02>, (45)
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which amounts to

o Tom
Dm+k _ ® ® ,Uerk j— rvj+r_
m.k Jz:‘)?;) (r) YToxh T oul T oud
For
[z, 22) ij T, %) @ Uy e C*®(R?) @ C™[uy, usy),
we have

m—i—k & k akfj m+k—j—r ]—i—r
D f 1’1,.2?2 ZZ axk ra T(.T1,£E2)®U U3 (46)
7=07r=0 1

Similarly, for (a, 8;m, ¢; A\, v) € Ay with k :=m — {, we define
Dﬂ kk = Dfn m—e- c= (]R2> ® c™ [ula Ug] — C™ (RQ) & Cm_k[vla U2]

by

S (AP "o g0 9 oY
Dm’k o 8u1®vl+5) 2®U2 8xl®6uQ 8ZE2®8U1 ’ (47)

which amounts to

m—k k <m—k)( k ) o “om
O D I S} [ RS e © U
* 7=0 ,;0 (ké’lfr) O} 31‘2 Ou" ™ I Quy i
i (") 0E) o o
= (=)~ Eor ——— ® o @ v
pz;)kﬂz—;:p (7;) Oz} Oxy  Oui' P ouh ?
For
[z, 20) = pr(acl,xg) @ ul" Pub € O (R?) @ C™[uy, uy),
p=0
we have
mfk k
) ok i
ok f T1, T2) Z Z ( 7)n(k ) kf{p r(xla@)@Ul g v,
p=0k+j—r=p (p) axl 8.1’2
Theorem 5.1. The following holds:
CDt ,_ ( BmZAu)EAl
Diff (1 (polyy', A)*, I(polyy, v)?) = § ™ ’
1 G( (pOY27 ) 7 (pOY2’V) ) CDfmm—E f( 75;m7€;)‘7y) EA27
{0} otherwise.

Remark 5.2. The intertwining differential operators D§ 0.¢ are constructed in [K()25].
In the cited paper, Df , are denoted by D. (See also [Kub Remark 7.2].)
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5.2. Explicit formulas of ¢

Next we consider the explicit formulas of (g, P)-homomorphisms
¢ € Homg p (Mp (symb, —v)?, M, (sym}", —)\)O‘)
via the identifications
Homy p My (syms, —v)?, My (sym3', —))*)
~ Homp (SE(C2),3 XC_,, M,(sym3’, —)\)0‘)
C Home (S°(C?), S(n_) ® S™(C?))

~ S(n_) ® S™(C? ® Pol‘(C?). (48)
As in Section 5.1, we regard
Pol‘(C?) ~ C'[vy, va), S4(C?) ~ Cé{a%ﬁ 8%2]’
S(n-) = CINT Ny T, S™(C) = [, 2],

We then identify the map
@: SY(C?*) — Sn_) ® S™(C?)
with
o C| %, 2] — CINT, Ny l@ C™ |2, 2],

which is, via (48), considered as

¢ € C[N;, Ny ] (X)(Cm[i i} ® Cloy, va.

Ou1’ Ous

For v} Pv8 € Cuy, vo], we write
—_ — 1
l—p, D\ .__ . -p,p
(vy Fvy) = € —p)p! Uy V3.

For (Oé,ﬁ;m,f; /\, V) € Ay with k=70 — m, we define
Pk = Pt O[30 50| — CIND N0 © [0 57

by

1 0 5, "
mtk N N k 49
Pk (m+k)!<8u1®vl+8u2®v2> (N @ v + Ny ®@wg)", (49)

which amounts to

om i

m+k—j—r_ j+r
ou" 9w, ® )

1

am

m-+k—p_p
auyiow =)
1 2

For
m—+k aerk

c k[ o o
p=0 811{”%7108@5 [ } ’

Ovy ? Ovg
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we have
" e )G ey o 2"
ato-3 2 o Qoctonre gl

For (o, B;m, 0; \,v) € Ay with k :=m — ¢, we define
@%kk:%nm 0 cm k[avlaﬁ] —>(Ck[N1 7N ]®Cm[8ul7622}
by

m—k k
m—k .__ 1 a a _ 8 _ _ 8
Pk = (m — k)!'\ Ouy o Ouy @ v M & Ous Ny ® ) (50)

which amounts to

O = Z Z ( ) (NDF(Ny ) ® DU gy ® (o7 ud).
1 2

For

m—k 6mfk

vi= a4j———— € C"F| 2 O
= Jav;nfkﬂav% [6%1 Ovz}
we have
N m—k k k . 8m
e (v) = a;j(—1)" N "(Ny )" @ : —.
eni) = & S ()TN © Gt
Theorem 5.3. The following holds:
Cid if (,m, A) = (B,4,v),
(Csofn,@—m ( 57m7€) >\a V) € A17

Y4 . B m o\
HOIH&P(MP(SYIHQ? v)”, My(symy', —A) ) = C@ﬁ@,m—f if (v, B;m, ;N\, V) € Ao,

{0} otherwise.

5.3. Proofs of the explicit formulas
We show the explicit formulas of (45), (47), (49), and (50), uniformly. To this
end, we first construct

0 # ¥ € Homgy o) (S™H24(C?), SH(C?) @ S™(C?))

~ (Sk(CQ) X Sm(CQ) ® P01m+k_2d(C2))SL(2’R)

for d € {0,...,min(k,m)}.
Let £; € (C?)¥ denote the dual basis of e; € C? for j = 1,2, namely, ¢;(e;) = d; ;.
We regard ¢; as the dual basis of N~ as well. Write
SH(C?) = C*[Ny,Ny], S™(C?) =CMey,ey], Pol™F24(C?%) = C™ g &)
Then we wish to construct

0# ¥ € (CHNT, Ny ] @ C™[er, €] ® C™H2[ey, ]

As dim(C*[Ny, Ny | @ C™[ey, e5] @ CHE=2d[2; £5])SEER) = 1 (see (23)), we have
)SL(2,1R)

) SL(2,R)

(Ck[Nf, Ny ® C™[ey, €3] @ C™ T2 g] = C¢ for some 1) # 0.
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We write
N~ = (N;,Ny), e=(e,e), e:=(e1,e2).
Then define
PIRH(NT e, €) € CHNT, Ny ® C™[er, ) @ C™2e; &)
by
YmE2(N= e )

=(Ny ®e1 + Ny ® 52)k_d(el Qe +e @) UNT @ ey — Ny ® el)d. (51)

Proposition 5.4. Ford € {0,...,min(k,m)}, we have

)SL 2R)

(Ck[Nl_, N2_] ® Cm[el, 62] X Cm+k_2d[81, 82] = (Cl/}m+k 2d( ,6, 5),

Proof. It is clear from (51) that
Ui (N7 e,€) € CHINT, N3] ® C™er, 0] ® €™ *'[ey, &),

Thus, it suffices to show that @Z)mJ’k 21N~ e, ) is SL(2, R)-invariant.
Observe that as

(C2 ® (CZ)V

SL(2,R
)™ ~ Homg.2)(C%, €?) = Cid,

we have SL2R)
1 REL+eaReg € (C2®(C2)v) .

Therefore,
(e1®@e1+ea®e)" € ((C”[el, e2) ® C"[eq, 52])SL(2’R). (52)
On the other hand, it follows from the SL(2,R)-invariance of the determinant
det(y %) = xz — wy that we have
Ny ®ey— Ny ®e; € (n_ @ C?)SLER),
which yields

_ _ " AT AT— n SL(2,R)
(NT ®ex = Ny @ )" € (C'INT, Ny ] @ e, ea]) (53)

Now the SL(2, R)-invariance of ¢ t*>*(N~, e, ¢) follows from (52) and (53). O

We write
Oy = (Biul’ 6%2) and v = (v, V).
Then, under the identifications My ~ SL(2,R) and
C™[ey, €9 ~ S™(C?) ~ Cm[auﬂ 822} (54)
Cm+k_2d[51, 82] ~ Polm—i—k—Qd(CQ) ~ Cm+k 2d[v17 ,U2]’ (55)

Proposition 5.4 shows that

(CHINT, Ny @ €[5, 2] © € 2uy, v,]) ™ = Cymtt 2N, 8, v).

Ouy’ Ouso

In particular, for d = 0, we have

CY (N, 8,,0) = (CHINT, Ny @ €[5, 52] © T oy, va))
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with

0 0 "
wz;k(N77auav) = (au ®'Ul + 87 ®'U2> (Nf ®'U1 + N; X Uz)k.
1 2

For d = k with m > k, we have

Bul’TuQ

CYH (N, 0,,0) = (CHINT, Ny ] @ €[5, 52] © C™*[uy, va))

with

) 0 mk ) o \"
(N = — Ni®@——Ny ® — | .
mk (N7, 04,v) <8u1 ® vy + s ®v2> ( T ® s 5y ® 8u1>

Now we are ready to prove Theorems 5.1 and 5.3.
Proof of Theorem 5.3. By (48), we have

Homp (S(C?)s ® C_,,, My(sym}', —A)*) € C[N, Ny ] @ C" [ ;2 ;2] @ C'lvy, va].

Ouy’ Ous

Further, Theorem 4.2 and Observation 4.3 show that, for (a, 8;m, ¢; \,v) € A with
k = |m — ¢|, we have

Homp (SZ(CQ)g XC_,, My(symy', _A)a)
= (O, Ny o 2, 2] @ Cor,wa)) ™. (56)

Dur Dum
Since
mtk 1 m+k ( AT— m—k 1 m—k ( nT—
Pmk — mwm,k (N7, 0usv) and Pk — mwm,k (N7, 0u,v),
the arguments preceding this proof conclude Theorem 5.3. O

Proof of Theorem 5.1. Theorem 5.1 just follows from Theorems 2.1 and 5.3.
Indeed, by these theorems, we have

D: Homp(S(C?)5 R C_,, My(sym§', —A)*) = Diffg (I(polyy', A)?, I(polys, »)?),
¢7€1, [m—¢| (N_7 aua U) L wfn’ lm—| (dR(N_), ﬁu, U) .

As dR(N; ) = % for j = 1,2, the differential operators ¥*, (dR(N7), 0y, v) are

given by

7‘m76‘

Vo iy (AR(NT), 00, 0) = M0, O, ),

m, ‘mfe‘

where 0, = (6%1’ %). Since

1 1
Dtk _ %wz;k(&m Ou,v)  and Dk = ﬁwﬁjzk(@z, Ou, v),

m,k T

the desired assertion holds. O



KUBO AND ORSTED 117

5.4. Cartan operators and PRV operators

In Theorem 5.1, we constructed two families Dﬁzk and Dﬁ;k of differential
operators. To end this section, we study a relationship between Df,ﬁck and Dfnl;k In
order to distinguish between them, we write

crth =Dtk and  PRF =Dk (57)

m,k

As remarked in Remark 4.8, the operators Cf;”,;k and Pf,;;k are obtained from the
Cartan component and PRV component of the tensor product of two irreducible
finite-dimensional representations of SL(2,R), respectively. We then call C;’;‘Zk and

Pﬁzk Cartan operators and PRV operators, respectively. We remark that C{{k are
also regarded as PRV operators as there is no tensor product decomposition in this
case (see Remark 4.8).

To simplify notation, we write

I(m, \)* = I(polyy’, \)“. (58)

Then, by Theorem 5.1, we have

« a+k+1
Crtkst I(m, —3(m+2k))" — I(m+k+ 1,33 —m+k)) (59)

and
Pt I(mo 3@+ m=20))" — I(m—k = L3(G+m+k)", (60)

where, for o € {£} = {£1} and n € Z>, we define a +n € {£} as in (24). We
denote the kernel and image of D € {C;it54", P iv"} in (59) and (60) by

Ker(D)* and  Im(D)*™ .

)a+k+1

We put
Cartan = {Cﬂ;ﬁl :m, k€ Zzo}
and

m

PRV = {Prikit im kom —k — 1 € Zy ).

Theorem 5.5. There exists a bijection
©: Cartan — PRV

such that

+k+1
T (Cprih i)+t ¢ Ker(0(Cohih)™

Proof. Put

A=

O = =
o O =

1
0| € GL(2,R) x R
1

Then, for m, k € Z>(, we set
(m, k) = (m+k—+1,m) = A(m, k, 1), (61)

where the space R? is realized as an affine subspace of R? under the identification
(a,b)" ~ (a,b,1)". Then define

mAk+1y . pm—k—1
OCnii1) = P77L,]€+1 '
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We show that © satisfies the desired properties.
(1) Well-definedness. Asm=m-+k+1>m+1= k + 1, the PRV operator

PR (b m—2h) — (@ -k -1i6+m+h)T (62)
is well-defined. Thus, ©(C;»t*1') € PRV.
(2) Inverse. Observe that the inverse A™! of the matrix A is
0 1 0
At=11 -1 -1
0 0 1
Then, for m,k € Z>o with m — k —1 € Z>(, we set
(M, k) == (k,m —k—1) = A~ (m, k,1)". (63)
By the choice of m, k, clearly we have 71, k € Z>(. Thus the Cartan operator
cothet g (m, —3(m+28)" — (7 +F+ 1,56 -7+ )

is well-defined. We then define © ' (P 47") = Cg%irl By (61) and (63), the maps

m

© and ©7! are clearly inverses to each other.

(3) Im C Ker. By (61), we have
Pkl _ pk

m k41 m+k+1,m+1>

Y

I(m7 %(2 +m — 2%))a+k+l - [(m th+ 1’ %(3 —m+ k))a+k+1

I(’rﬁ —k—-1,16+m+ %))M’E+1

Then (62) reads

= I(k, 36 +2m+ k)"

a+k+1 a+m+k

Phisiimer: I(m+k+1,53=m+k) — Ik, 5(6+2m + k) .
(64)

By (59) and (60), we have
o cm+k+1 a
I(m, =L (m +2k)" — s Itk 4+ 1L 3@—m+ k)
Pk arTm

Sty gk 36+ 2m 4 k)T (65)

Clearly, the composition P¥ ., ., oCm Kk is an intertwining differential operator.

However, Theorem 5.1 shows that
a a+m+k
DiffG(I(m, —3(m+2k))", (K, 3(6 + 2m + k) et ) — {o}.
Therefore, we have

m+k+1\a+k+1 k a+k+1
Im(C307) C Ker(Ppips1.m+1) .

This proves the proposition. ([l
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Remark 5.6. One can easily check that (Cﬁj;f{l, @(Cr’ng{l)) is the only pair
(Dy, D) of non-identity and non-zero operators Dy, Dy such that the composition
Dy 0 Dy is defined as an intertwining differential operator.

In the next section, we shall show that

!
Im(CZJ};ﬁTl)” = Ker(an-i-k—i-l,m—i-l )e

/

(66)

for appropriate o’ € Z /27 for which the sequence (65) constitutes a BGG resolution.

6. BGG resolution

The aim of this section is to show that the sequence (65) is an exact sequence
for appropriate o’ € Z/2Z. As byproducts, we determine the G-representations on
Ker(Cpth4h)e and Im(PE ;.1 ,, 1), and also show that the identity (66) holds
for such o’/. These are achieved in Theorem 6.1 and Corollary 6.4. We continue to
denote our intertwining differential operators D by C;T,;ff{l and P,Z";_kgl as in (57).

We remark that one may read off part of our results in this section in [CGH12,

Proposition 2.1} and [EG11, Section 4].

6.1. Main results

We start with the main results of this section; the proofs of them will be
discussed in Section 6.2.

Let @, and ws be the first and second fundamental weights of g = sl(3,C),
respectively, that is,

= 1(2,-1,-1) and @y = 1(1,1,-2).

We denote by V(mw; + kws) the irreducible finite-dimensional representation of g
with highest weight mw; + kwos.

Theorem 6.1 (BGG resolution). There exists an injective G-intertwining operator

T2 V(mw, + kwo)—> I(m, —(m +2k))""

such that the following sequence is exact:

0 — V(mw + kwy) — 7 ](m, —2(m+ 2k))m+k

Cm+k+1

1 m+1
L>1‘(m+k+1,%(3—m+k)) ’

’Pk 1,m+1
ey 1k, 16+ 2m 4 k)T — 0 (67)
with T(k, 16 + 2m + k)™ = I(k, 1(6 + 2m + k)22 (see (24)).

It is known that the resolution (67) is a so-called BGG resolution for the pair
(G, P) = (SL(3,R), P, 5) (cf. [CDO1; CSS01; EG11]). Theorem 6.1 shows that the
Cartan operators Cn"f,;ff{l and PRV operators Pk ;1 .., are the first and second

BGG operators, respectively.
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Remark 6.2. As V(0w; + Ows) = Cyy is the trivial representation of G, if
(m, k) = (0,0), then (67) can be thought of as the de Rham complex on R?:

0— C — C®(R?) @ A°(C?) -5 C=(R?) @ AY(C?) L C®(R?) ® AX(C?) — 0

with d = C§ ; for the first differential and d = P}, for the second differential (see (45)
and (47)).

Remark 6.3. As in (58), write
M,(m, A) == M, (symj', A).

Here, as opposed to Sections 4 and 5, we regard generalized Verma modules merely as
g-modules; thus, we omit the parity condition o € Z/27Z. Then the BGG resolution
of generalized Verma modules corresponding to (67) is given as

k
0 — My(k, —1(6+2m + k)) = M (mt b+ 1,43 — m+ k)
m-+k+1

s My (m, L (m o+ 2k))

— 2 V(kw, + mwy) — 0, (68)

where pr denotes the natural projection onto its irreducible quotient and V' (kw; +
mws) = V(mwy + kws)Y, the dual of V(mw; + kws).

The next corollary is an immediate consequence of Theorem 6.1.

Corollary 6.4. The following hold:
(1) Ker(CﬁIf{l)m*k ~ V(mw; + kws);
(2) Im(cq:znjlgﬁl)mﬂ = Ker(PﬁHkH’mH)m“;
(3) Im(P7’:z+k+1,m+l)+ = I(kv %(6 +2m + k))+

We remark that Corollary 6.4 does not fully determine the representations on the
kernels and images of intertwining differential operators in consideration. Indeed, if
we change the parity condition m+k for I(m, —3(m+2k))™** to m+k+1, then (67)
does not conclude anything for the representation on the kernel Ker(Cpiphi!)m++!

mk+1
of C;3q for

m m+k+1
Cothat: ](m, —2(m+ 2k))

— I(m+k+1,43-m+k)".

We shall show in Proposition 6.11 that Ker(Cpt5t")™++1 = {0} by making use of

the ellipticity of Cartan operators C;T,;ﬁl

Remark 6.5. In [K(25], the composition structures of parabolically induced
representations are utilized to determine the K-type structure of the G-representation
on the kernel Ker(ngngrl)“ for any « for SL(n,R). Further, the kernels Ker(Cé“j;}rl)o‘
are computed explicitly in the non-compact picture in [Kub]. (See Remark 5.2 for
the difference of notation of differential operators between [Kub; K(025] and this

paper.)
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6.2. Construction of T

Remark that the construction of the desired 7 in Theorem 6.1 is well known
in the context of parabolic geometry in great generality (see, for instance, [CDO1;
(SS01]). In particular, the BGG resolution in concern is studied in, for instance,
Cap-Gover-Hammerl [CGH12] and Eastwood-Gover [EG11]. However, in contrast
to the cited papers, we need to determine the character aw € Z/27 of M explicitly.
In doing so, we give a detailed account of 7 in this section.

6.2.1. Grading on V(mw; + kwy). We start with a grading on V(mw; + kws)
induced by the parabolic subgroup P = M AN, . Recall from (9) that

Hy = 1 diag(2,-1,-1). (69)

For s € C, we write W|s] for the eigenspace of H, associated with eigenvalue s,
namely,

Wis] = {v € V(mwy + kws) : Hy-v = sv},

where the dot (-) denotes the action of Hy on V(mw; + kwy). Since M commutes
with A = exp(RHy), the space W(s] is an MA-representation.

As m ~ s((2, C), the restriction V (mw; + kw,)|, decomposes into a direct sum
of m-irreducible components. Let W, denote the irreducible component containing
a unique (up to scalar) lowest weight vector v, of V(mw; + kws). We then have
W, = U(m)v,. Since A commutes with M, the group A acts on W, by scalar. Thus,
W, C W|so| for some sy € C. Further, if W, C W/sq], then there would be another
lowest weight vector v, ¢ Cuv,, which contradicts the irreducibility of V (mw; + kws).
Therefore, we have W, = W{sg.

It follows from (10) that we have

ny - Wis)  Wis+ 3. (70)
Since V(mwoy + kws) = U(n )y, this yields a (non-irreducible) MA-decomposition
V(mam + k)|, =W [so+ 1]
j=0

with W sy + 2rg] # {0} for some ry € Zxo.

Lemma 6.6. We have
so = —1(m + 2k) and 1o =m+k.

Proof. Observe that the first and second fundamental weights w; and w, are
@y = 3(2,—1,-1)(= dx) and  wy = 3(1,1,-2)
in coordinates from Section 4.6. Then the highest weight mw, + kw, reads
mwy + kwy = 5(2m + k, —m + k, —m — 2k).
As the longest Weyl group element is s, _.,, the lowest weight of V (mw + kws) is
Sey—eq (M + kwa) = —(kwy + mwy)
(see, for instance, [GW09, Theorem 3.2.13]). In coordinates, we have

— (kw1 + mws) = —5(m + 2k, m — k, —2m — k). (71)
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It follows from (69) that wy(Ho) = 1 and ws(Hy) = 1, vielding
(mewy + kws)(Hy) = m + sk=102m+k),
— (kw1 + mw)(Ho) = —(k + im) = —3(m + 2k).
Now, to determine sg, observe that
sovg = Ho - vy = — (ke +mawoa) (Ho)ve = —1(m + 2k)vy, (72)

which shows that sy = —3(m + 2k).
For 7, observe that as

ny - W[=4(m+2k) + 3ro| € W[—5(m+2k) + 3(ro + 1)] = {0},

the component W [—1(m + 2k) + 3r,] contains a unique (up to scalar) highest weight
vector v,. As in (72), this shows that

W[_%(m + 2k) + %ro] = W[%(Qm t ’f)]v

which forces ro = m + k. O

By Lemma 6.6, we obtain
m+k

V(mm + k)| = @ W [=3(m+2k) + 3j]. (73)

Now we claim that, as MA-representations, we have

W[—4(m +2k)] ~ (Cpnis ® polys’) K C

1 .
—§(m+2k)

Toward this end, first we show its m & a-equivalence.

Proposition 6.7. As m & a-modules, we have

W|=4(m + 2k)| ~ polyy' & C_

(m+2k)
modules, it suffices to show that the lowest weights of these two modules are the
same. The highest weight of poly;' is mw; with wy = %(0, 1, —1); in particular, its

lowest weight is —mw;. Thus, the lowest weight of polyy' XIC 1 (ma2k) S
—Lim

—mwy — 5(m+ 2k)dx = 5(0,—m,m) — & (m + 2k)(2,—1, 1)
= —Ym+2k,m —k,—2m — k).
3 ) Y

On the other hand, it follows from (71) that the lowest weight of W[—3(m + 2k)],
which is the lowest weight of V (mw + k), is

Proof. As both W[—%(m + 2k)] and polyy K C are irreducible m & a-
2

— (kw1 + mws) = —5(m + 2k, m — k, —2m — k).

Now the claim follows. [

Proposition 6.8. As MA-modules, we have

W[—%(m + 2]{)} ~ (Cp4x ® polyy') X C,%(mwk)'
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Proof. We wish to determine the character of M =~ SL(2,R)* on W|[—1(m + 2k)].
Let vy be a lowest weight vector of W[—1(m + 2k)]. Then W[—1(m+ 2k)] = U(m)v,.
It follows from a direct computation that

(M, Ad, m) ~ (SL*(2,R), triv ® Ad,s((2,C)).

Thus, to determine the character of M on W|[—21(m + 2k)], it suffices to observe the
character of M on v,.

Let B = T'N¢ be the Borel subgroup of G¢ := SL(3,C) consisting of upper
triangular matrices with 7' the group of diagonal matrices and NZ the group of
upper triangular matrices with 1 on the diagonal. As in [Sep(07, Exercise 7.34], we
write qp): T — C* for the character of T" associated with (a,b) = aw, + bw, for
a,b € Z. Then, by the Borel-Weil theorem and Weyl’s unitary trick, the irreducible
representation V (mw; + kwsy) of G can be realized as the space O(G, C,(km))B of
B-invariant holomorphic functions on G¢, namely,

O(G@,C_(hm))B = {f S O(G(c) : f(gtn) = 5—(k,m)(t_1)f(g) for tn € TNE_},

where G acts on O(Gg,C_(.,m))? by left translation, i.e., L(go)f(g) = f(g0"'9)-
Then put

fe(g) = dety(g)*deta(g)™,
where det,(g; ;) = det; j<,(gi ;). One can easily check that fy(g) is a lowest weight

vector of O(Ge, C_ym))”. A direct computation shows that, for ho= (det(h)_l h) €
M with h € SL*(2,R), we have

L(R)flg) = Fulhg) = det(h)™* £((* ) )g).

which shows that h acts on O(Gg, C_(k,m))? as det(h)™*L(1 ). Now the proposed
assertion follows. d

6.2.2. Construction of 7. Put

m—+k
Wy =@ W[-L(m+2k) + 4],

j=1
the direct sum of the MA-components in (73) with j > 0, so that

V(mw: + ko) = W[—1(m +2k)] & W,.
This allows to identify the MA-representation W[—1(m + 2k)] with

W{—%(m + 21{:)] ~ V(mw; + kws) /W (75)

It follows from (70) that W, is an ny-module; thus, W, is indeed a P-representation.
Via the identification (75), we regard W[—1(m + 2k)] as an irreducible P-representa-
tion.

Regarding a G-representation V' (mw; + kwy) as a P-representation, consider
the induced representation from V(mw; + kws):

Tp(mwl + k”WQ) = Indg(V(mwl + sz))
Then, via the MA-projection
proj: V(mw + k) —» V(mw, + kaoo) /Wy ~ W |=1(m +2k)|  (76)
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and the MA-module equivalence (74), one can define a G-intertwining map
m+k
Proj: Tp(mwy + kws) — I(m, —3(m+ 2k;)> ’ , Fr—projoF. (77)

Now, let 0: G — GL(V (mw, + kws)) denote the representation of G on V(mw; +
kws). For v € V(mw;, + kws), define

T: V(mw, + kws) — C*(G) @ V(mw; + kws)
vi— fulg) =o(g ).

By definition, the map 7 is an injective intertwining operator:

T: V(mw 4 kwy) — C(G) @ V(mw; + kwy). (78)
Further, as f,(gp) = o(p~') f.(g) for p € P, we have f,(g) € Tp(mw; + kws). Thus,

T: V(mw;, + kws) — Tp(mw; + kws). (79)

By composing 7 in (78) with Proj in (77), we obtain an injective G-intertwining
operator

)m—i-k:

T: V(mw, + kwy) — I(m, —2(m + 2k) , v (Projo T)(v). (80)

Proposition 6.9. We have

ImT C Ker(Coihit)™t*,

Proof. The proposition can be shown in the same line with the proof for [K()25,
Theorem 6.5]. Indeed, let do denote the differential of the representation o of G on
V(mw, + kws). Then the representation dm, of g=n_ @ [Hn, with [:=m @ a on
the non-compact picture of the induced representation Tp(mw, + kws) C C*°(N_)®
V(mw, + kwy) is given by

dr, (X)F(71) = do((Ad(m~) X)) F(71) — (dR((Ad(- ) X), )F)(7@)  (81)

for X € g and F(n) € C°(N_) ® V(mw, + kwy). Here (-); and (-),_ denote
the projections g — [ and g — n_, respectively, and dR is the infinitesimal right
translation (see, for instance, [K025, (2.4)]). In particular, as n_ is abelian, for
U € n_, we have

dm, (U)F(n) = —dR(U)F(n).
Further, a direct computation shows that

dﬂ'g(Nji)F(.Tl, LCQ) = —aa (a:l’ 33'2) (82)
Lj
in the local coordinates (41) for F(z1, ;) € C*(R?*) ® V(mw + kws), where N
(j = 1,2) are the vectors of n_ defined in (8).

Now take a lowest weight vector v, € V(mw; + kwy). As N_ acts on vy trivially,
we have dm,(N; )T (v) = 0 in the non-compact picture of Tp(mw; + kws). It
then follows from (82) that ;2-v, = 0 for j = 1,2 in the local coordinates (41).
Thus, T (v) is a constant function in the non-compact picture of Tp(mw; + kws);
consequently, so is 7 (v;) € C®(N_) @ W([—3(m+ 2k)] in the non-compact picture of

I(m, —%(m+ 2k))™**. It then follows from (46) that Cn”;ﬁﬂl%(w) = 0. Therefore,
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T (ve) € Ker(C:n”j;ﬁl). Now the proposed assertion follows from the fact that
T (V(mwy + kws)) = U(n,)T (v) and the G-invariance of Ker(Cptith). O

Remark 6.10. The image ’7~‘(V(kw2)) for m = 0 is explicitly given in [Kub,
Proposition 8.5].

Now we are ready to show Theorem 6.1.

Proof of Theorem 6.1. It follows from Theorem 5.5 and Proposition 6.9 that
the sequence (67) is a complex. Now one can compare (67) with the one in [EG11,
Section 4] to conclude that it is in fact a resolution. O]

A similar idea to the proof of Proposition 6.9 shows the following.

Proposition 6.11. We have:
(1) Ker(Cpphit)ym 1 = {0}
(2) Im(Cprtfithy™ ~ I(m, —§(m + 2k))m L,

Proof. The second statement follows from the first as the sequence

>m+k+1 et
ey

O—)](m,—%(m+2k) ](m+k+1,%(3—m+k))m
is exact. Thus, it suffices to show the first assertion.

Assume the contrary, namely, Ker(CﬁIﬁl)m%H # {0}. Observe that as the

Cartan operator Cﬁf,;f{l is obtained from a Cartan component, it is an elliptic operator

cf. [Kal+96]). Thus, the kernel Ker(C™AT1)ym+k+l  [(m, —1(m + 2k))"HF+1 ig
m,k+1 2

finite-dimensional. In particular, the G-representation Ker(Cpith1")™++! has a

non-zero lowest weight vector vy.
Let 7 denote the MA-representation on the fiber W := (C,,, 11 ® polyy')
C L son) of I(m,—3(m + 2k))™**1. Then, as in (81), the representation dr. of g
~Lm

on the non-compact picture of I(m, —1(m + 2k))™ ™ C C>(N_) ® W is given by
dr(X)F(7) = dr((Ad(m") X)) F(m) — (dR((Ad(- ") X)a_ ) F)(7)
for X € gand F(n) € C*°(N_) ® W. In particular, for Z € m & a, we have
dr(Z)F(n) = d7(Z)F(n) — (dR(Ad(- 1 Z — Z)F)(n).

The same arguments as in the proof of Proposition 6.9 show that the lowest weight
vector vy is a constant function in the non-compact picture. Thus, dm, (Z)vy(n) =
dr(Z)vo(n). As vo(n) is a lowest weight vector in I(m,—3(m + 2k))™ T we
have d7(Z " )vg(n) = dm(Z7 )ve(n) = 0 for all negative root vectors Z~ € m.

Thus, vg(7) can be thought of as a lowest weight vector of poly;y' X C (et 2k)’
~Lem

Since the weight of vy(7) is the same as the lowest weight of V(mw; + kws),
this shows that dm (U(g))ve() ~ V(mw; + kwsy) as G-modules; in particular,
dr(U(m @ a))ve(n) =~ W[—35(m + 2k)] as MA-modules.
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Now, let 0, denote the action of MA on C*°(N_) ® W induced by the left
translation on I(m, —%(m + 2k))™ 1 that is, for F(n) € C*(N_) @ W, we have

5-(O)F(n) = r(O)F (¢ 'al).
As vg(7) is a constant function, we have vy (¢l

5,(0) dm (Z)vo(7i) = T

for Z € m@ a and ¢ € MA, which yields that dm,(U(m & a))vg(n) ~ W as
MA-modules. Therefore, we have the isomorphisms of M-representations

Crrti1 @ polyy’ =~ W’M
~ dm, (U(m & a))ve(7)
~ W [=3(m+2k)]|
x~ (Cm—i-k ® pOlygL,

which is a contradiction. Now the proposed assertion follows. U

7. Unitary highest weight modules of SU(1,2)

The aim of the last section is to exploit the results from the previous section
to classify the irreducible unitary highest weight modules of SU(1,2) at the (first)
reduction points. This is achieved in Theorem 7.1.

7.1. Preliminaries

Let G, := SU(1,2). The maximal compact subgroup K is K = S(U(1) x
U(2)) ~ U(2). The complexified Lie algebra of G, is g = s[(3,C) and that of K is
t=mda~gl(2,C). The Cartan decomposition of the complex Lie algebra g is then
given by g =t ® s with s =n, ®n_. Let G¢ and K¢ denote the complexification
of G, and K, respectively. Then G¢ = SL(3,C) and K¢ = GL(2,C). Write NZ
for the analytic subgroup of G¢ with Lie algebra ny. Then Pc = KcNg is a
parabolic subgroup of G¢ with Lie algebra p=¢®n_ =m® ad n_. Via the Borel
embedding, we realize G, /K as an open subset of N P¢, which is open dense in
Gc/Pc (cf. [WolT2)):

G./KC NfPc d"c Ge/Pe.

A holomorphic representation V' of K¢ is regarded as a Pr :== KcNg& and Pe-
representation by letting Ng act trivially. Then we write V¢ = G¢ % Pe V — G¢/Pc
for the Gc-equivariant holomorphic vector bundle over G¢/Pc. The restriction to the
open set G,/ K defines a holomorphic vector bundle Vi = G, xx V over G,,/K. We
then obtain a Ge-representation O(Gc/Pc, Ve) and G,-representation O(G, /K, Vi)
on the spaces of holomorphic sections on G¢/P¢ and G, /K, respectively.

In the theory of Davidson—Enright—Stanke [DES90; DES91], it plays a role that
the t-representation V' of the holomorphic vector bundle Vo = G¢ Xp, V' is also
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the inducing €-representation of a generalized Verma module. Indeed, for the space

O(Gc/Pe,Ve)i of K-finite vectors of O(G¢/Pc, V), we have
O(G@/F@,Vc)[( = Pol(n+) QK V ~ S(n_) RV ~ Mp(V)

In order to apply their theory, we consider V' = sym}' X C_), instead of polys" X C,
for Ve so that V' is the same as the inducing &-representation of the generalized
Verma module in the previous sections, where sym4* ~ (polys')" =~ polysy'. Then, as
in (58), for V- =sym45* X C_, we put

Op,(m,\) = O(Gc/Pc,Ve)  and  Og(m,\) = O(G./K, V).

For the rest of this section, we resume the notation defined in Sections 4.6
and 6.1. For instance, the Cartan subalgebra h of g consists of trace-free diagonal
matrices and w; denotes the first fundamental weight. As in (6), we write P{ for
the set of &-dominant integral weights. The sets of positive compact roots A} and
positive noncompact roots A} are

At ={ey — &3} and At ={e) —ey,61 — &3}

7.2. Classification of irreducible unitary highest weight modules at reduc-
tion points

For € P, put L(n) = {p + 2w : 2 € R}. According to the classification
theory of Enright—-Howe—Wallach [EHWS83], there exists o € L(u) such that the
irreducible highest weight module L(p) corresponds to a limit of discrete series
representation. We then put

L(po)u = {po + zow1 C L(uo) : L(po + zwo1) is unitarizable}.

It follows from [EHWS83] that L(ug), takes the following form:

A

The right end point A is called the first reduction point. It is remarked that since
G. = SU(1,2) has split rank one, there exists only one reduction point for each line.
Then we put

— {irredueible unitary highest weight modules of Gu} /

Gu)y . = . .
(Gudnr at the (first) reduction points

Now observe that, by the same arguments as in Section 6.2.2, one can define
the injective G-intertwining operator

T: V(mw: + k) — Op_(m, §(m + 2k)). (83)

Here, as we consider (—Ady, C) instead of (Ady, C) for the fiber of the induced
representation, we have 1(m + 2k) in place of —1(m + 2k) in (83). Then, as in (67),
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we have an exact sequence

0 — V(mwy + ko) 7 Op. (m, %(m + Qk))

m—+k+1
Cm,k+1

Opc(m—l—k:—l—l,—%(i%—m%—k))

k
Pm+k+l,m+l

—)(’)pc(k:,— (6+2m+k:)) — 0,

1
2

which gives rise to an exact sequence for O (m, —\):

0 — V(mm: + k) ——— Oxc(m, (m +2k))

m—+k+1

&(’)K(m+k+1,—%(3—m—l—k‘))

,Pk 1,m+1
I O (ky =36+ 2m + k) — 0, (84)

where the differential operators Ct5t" and Pk, | | are defined as in Section 5

via the local coordinates
C* =5 N&, (21, 2) — exp(z1 Ny + 2o NSh). (85)

We remark that the orders of C,’jj”,:ﬁl and PF 1 .0 are k+1 and m+1, respectively.
Let Kero(Cnih1") denote the kernel of Ci%1" as an operator in (84). The

Cm+k+1

spaces Imo (Coi i 1!) and Kero(PF ;11 1) are defined, similarly. Then, combining

the resolution (84) with the theory of Davidson—Enright-Stanke [DES90; DES91] on

covariant differential operators, the set (G,), , can be classified as follows.

Theorem 7.1. We have

—

(Gu)h,,, = {Ker@(C&I)} U {Kero(P,erM) ke ZZO} (86)
= {Kero(Céyl)} U {Im<9<c(])€,z«lu) ke Zzo}- (87)

Proof. It follows from [DES90, Theorem 3.2] and [EJ90] that the irreducible unitary

highest weight modules © € (G,),,, are classified by the kernel of PRV operators
whose orders are equal to the level of reduction of 7. In the present case, the level of
reduction is always 1 as there is only one reduction point. Since the order of the PRV

operator Php 11 41 18 m 41, we have Kero(Pf, ) € (Gu),, for all k € Zxo. As

remarked in the beginning of Section 5.4, the operators C&Z}rl are also PRV operators,

which implies that Kerp(Cj,) € (/G?)M. Since the right-hand side of (86) exhausts
all PRV operators with order 1, the identity (86) follows.
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The second line (87) is the direct consequence of (86) and the following resolu-
tion:
0 — V(kws) —— Ok (0, k)

k+1

S, O (k1,13 + k)

7)5-0-1,1 1
5 Ok (k, —3(6+ k) — 0. (88)

This concludes the theorem. O

Remark 7.2. For 7 € (/Gu\),”, denote by 7 the space of K-finite vectors of .

Then the highest weights of Kero(Cj,)x and Kero(Pf,, )k are given as follows.
If m = 0, then the BGG resolution (68) of generalized Verma modules reads

0 — M, (k,—(6+ k) Fera, My(k+1,-33 +k))
k+1

L 14y (0.8)

2 V(kw,) — 0.

By [DES90, Theorems 2.4 and 3.2], we have
Kero(C&l)K ~ M, (0, O)/Im(%l),l) ~ Ciriv,
Kero(Pioy )i = My(k +1, =53+ k) /(g ).
Then, in the coordinates used in Section 4.6, the following hold:
(1) the highest weight of Kero(Cy,)x is (0,0,0);
(2) the highest weight of Kerp(Pg,,,)x is
(k+Lw — 23+ k)dx = (-1,1,0) + £(-1,2,-1),
where wy = 3(0,1,—1) and dx = 3(2,—1,—-1).
Remark 7.3. It follows from [EHWS83] that a root system @ is associated to
the first reduction point. (Also, see [DES90, Table 6.22]). In the present case,
there are only two possibilities on @, namely, @ = SU(1,1) or SU(1,2). The sets

{Kero(Cj,)} and {Kerp(Pf,,,) : k € Zxo} correspond to the cases @ = SU(1,2),
SU(1,1), respectively. Here are some details.

—

In [DES90], the highest weights of 7 for 7 € (G.,),, are given by
Ay + Cy,

which is associated to the root system @ = SU(1,¢’) for ¢ = 1,2 [DES90, Defini-
tion 6.5 and Proposition 6.6]. Here, A\, is

)‘q’ = —(3 - q')wl + [
and Cy is an integral cone of £-dominant integral weights defined by

Cq’ = {k(—wl + W3_q/) ke ZZO}
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(see [DES90, Tables 6.21 and 6.22] for the full description). Now we consider the
cases Q = SU(1,2), SU(1,1), separately.

(1) @ = SU(1,2): In this case, we have Ay = (0,0,0) and Cy = {(0,0,0)}.
Thus, the corresponding highest weight is (0,0,0). By Remark 7.2(1), this
corresponds to Ker@(C&l).

(2) @ =SU(1,1): In this case, we have

)\1 = —2@1 + wy = (—1, 1,0)

and

= {k(—wl +’WQ) ke Zzo} = {%(—1,27 —1) ke ZEO}-

So, the highest weights have the form

(—1,1,0) + £(-1,2,-1),

which is the highest weight of Kero(Pf, )k by Remark 7.2(2).
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