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Abstract. Time derivatives of pullbacks and push forwards along smooth curves
of diffeomorphisms of sections of natural vector bundles are computed in terms
of Lie derivatives along adapted non-autonomous vector fields by extending a key
lemma of Mauhart and Michor [Arch. Math., Brno 28 (1992)]. There is also the
analogous result about the first non-vanishing derivative of higher order.

Mathematics Subject Classification 2020: 58 A32
Key Words and Phrases: Lie derivative, diffeotopy, natural bundle

Dedicated to the memory of Joseph A. Wolf

1. Introduction

The following is an adaptation of the rather well-known method of Lie derivation
along mapping N — M as explained for differential forms in [Mic08, p. 31.11] and
more generally for purely covariant tensor fields in [Mic80, pp. 12.2-12.5]. It is used
in the by now classical proofs of the Poincaré lemma and the theorem of Darboux, see
e.g. [Mos65; Wei7l]. Namely, we prove the following corollary of [MM92, Lemma 6];
the need for this result arose during the preparation of [BMV24].

Corollary. Let ¢; be a smooth curve of local diffeomorphisms. Then we get two
time dependent vector fields

Then for any natural vector bundle functor F' and for any section s € I'(F(M)) we
have the first non-vanishing derivative

Oiprs = i Ly,s = Lx, ¢r's, (1)
(pr)es = 0@y )*s = — (1) Lx,5 = =Ly, (01)ss. (2)

We also include the analogous result for the first non-vanishing derivative of
higher order at fixed time points in Corollary 3.2.
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2. Background from [MM92]

2.1. Curves of local diffeomorphisms

Let o: Rx M D U, — M be a smooth mapping where U, is an open neighbor-
hood of {0} x M in R x M, such that:

o U,N (R x {z}) is connected for each x € M;

e ¢, is a diffeomorphism on its domain U,, = U, N ({t} x M);

® o = Idpy.
We say that o is a curve of local diffeomorphisms though Idy,. From Lemma 2.1
below we see that if 2 JPt= Oforalll <j <k, then X = %% o P is a well defined

ots
vector field on M. We say that X is the first non-vanishing derivative at 0 of the

curve ¢y of local diffeomorphisms. We may paraphrase this as (0F|,07)f = k! Lx f.

Lemma 2.1. Let ¢: R — M be a smooth curve. If ¢(0) = x € M, ¢(0) = 0,
., cEF1(0) = 0, then ¢®)(0) is a well defined tangent vector in T, M which is given
by the derivation f v+ (f o c)®(0) at .
Moreover, if 1 is a local diffeomorphism defined near x € M, then 1 o c has
again first non-vanishing derivative at 0 which is given by (¢ o ¢)®) = T,ap.c®)(0).

Proof. The first claim is [MM92, Lemma 2|. The second claim follows since tangent
vectors at x are mapped by T,. O

2.2. Natural vector bundles

See [KMS93, p. 6.14]. Let M f,,, denote the category of all smooth m-dimensional
manifolds and local diffeomorphisms between them. A wector bundle functor or
natural vector bundle is a functor F' which associates a vector bundle (F(M), par, M)
to each manifold M and a vector bundle homomorphism

FM) 2 vy

lpM le

M—L N

to each f: M — N in M f,,, which covers f and is fiberwise a linear isomorphism.
If f is the embedding of an open subset of N then this diagram turns out to be a
pullback diagram. We also point out that f — F(f) maps smoothly parameterized
families to smoothly parameterized families, see [KMS93, p. 14.8]. Assuming this
property all vector bundle functors were classified by [Ter78]: they correspond to
linear representations of higher jet groups, they are associated vector bundles to
higher order frame bundles, see also [KMS93, p. 14.8].

Examples of vector bundle functors are tangent and cotangent bundles, tensor
bundles, densities, M — L(T'M,TM), and also the trivial bundle M x R.

2.3. Pullback of sections

Let F' be a vector bundle functor on M f,,, as described in Section 2.2. Let M
be an m-manifold and let ¢; be a curve of local diffeomorphisms through Id;; on M.
Then ¢y, for fixed ¢, is a diffeomorphism defined on an open subset U, of M. The
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mapping

th Z Pt ( ULPt )

is then a local vector bundle isomorphism.
We consider a section s € I'(F'(M)) of the vector bundle (F(M), par, M) and
we define for t € R pullback and push forward as

ors=F(p; ) osop,  (p)es= (g ")'s=F(p)osop; .

These are local sections of the bundle F'(M). If ¢; is smooth curve of diffeomorphisms
these are global sections. For each o € M the value (p}s)(z) € F(M), = p,/(x) is
defined, if ¢ is small enough. So in the vector space F'(M), the expression %‘O(gofs)(x)

makes sense. These fit together to a smooth section % 0(%)*8 which is globally

defined and is an element of T'(F(M)), by the following argument:
For z € M there exists € > 0 and an open neighborhood U C 'V of x
with the closure U compact in V' such that ¢}s is a smooth section in
[(F(V)) for each t € (—¢,¢). Since (—¢,e) x V 3 (t,y) — ¢;s(y) €
F (V) is smooth, the curve t — ¢js € I'(F(V)) is smooth into the
Fréchet space I'(F(V)) by [KM97, Lemma 30.8.1] with derivative
dpys € T(F(V)).

If ¢, = FIX is the flow of a vector field X on M the section

d .
Lxs = T O(FL;X) s

is called the Lie derivative of s along X . The Lie derivative satisfies Lx Ly — Ly Lx =
Lix,yy; see [KMS93, p. 6.20].

Lemma 2.2 ([MM92, Lemma 6]).  Let ¢, be a smooth curve of local diffeomorphisms
through 1dy; with first non-vanishing derivative k!X = 0F|,:. Then for any vector
bundle functor F' and for any section s € T'(F(M)) we have the first non-vanishing
derivative

kKlLxs = 85’0%‘3.

3. The results

Corollary 3.1. Let ¢; be a smooth curve of (local) diffeomorphisms. Consider the
two time dependent (locally defined) vector fields

Xto = T@;}l e} at‘t()g&t and }/;50 = 3t‘t0g0t ) gp;)l
Then for any vector bundle functor F' and for any section s € I'(F(M)) we have

owpis = p; Ly,s = Lx, o}, (1)
O(e)es = Oy 1)'s = —(@1)Lx,s = —Ly, (p1)ss. (2)
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Proof. Let §; = ¢;.' 0 9114y, a smooth curve of (local) diffeomorphisms through
Idy,. We have

8t‘0§5t = 8,5‘0%0;)1 O Yitty = T@E)l o 8t’0<10t+t0 — Tsoa)l o 8t‘t0(,0t _ Xto,
By Lemma 2.2 we get that
‘CXtos = 875’25095:5 = 8t‘t0(¢;)1 © (Pt)*s = at‘to@:(@,;)l)*s
= Lx, 1,5 = &g‘togo,f(go;)l)*s which is part of (1).

For the second part of (1) we consider @, = @44, © go,;)l, another smooth curve of
local diffeomorphisms through Id,;. Here we have, again by Lemma 2.2,

at’()@t = at‘OSOttho ° 80;)1 = at‘to% ° 90;)1 =Y,
‘CYtOS = at‘O@:S = 3t’0(90t+t0 o 90;)1)*3 = at‘O(SOEJl)*SD;rtOS
- (@;)*at\ocpgtos, since (p;.')": T(F(M)) — I'(F(M)) is bounded linear,
= (90;)1)*8t‘t090;“ s which implies the second part of (1).
To show (2) note first that
0=08,(Id) = Dy 0 r) = (Dupy 1) 0 or + Tyt 0 Dy,
Ol ') = =Ty " o (Oipr) o 1
T 00(p; ") = —(Opr) 07t = =Y,
Owpi ) opr = =T 0 (Ohpr) = =X
Hence, replacing ¢, by ¢; * in (1) replaces X; by —Y; and Y; by —X, and noting that
(1) = (p;1)*s transforms (1) into (2). O

First non-vanishing derivatives of order higher than one make sense only at
discrete time points and not along whole curves of diffeomorphisms which would
turn out to be constant. The result is as follows.

Corollary 3.2. Let ¢; be a smooth curve of diffeomorphisms which for a fixed
time ty has a first non-vanishing derivative k! = = Gf]togot; it is a vector field along
the diffeomorphism @y,

TM

= l”M

M —— M.

Ptg

Consider the two (now autonomous) vector fields
X:TQO;JIOE and Y:Eogpt_ol.

Then for any vector bundle functor F' and for any section s € T'(F(M)) we have the
fist non-vanishing derivatives at time tg

8f‘t0g0;‘5 =kloj Lys = k! Lx o} s, (3)

OF |, (or)s = OF, (07")"s = —kL (1) Lxs = —kI Ly (p1,)-5. (4)
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Proof. We consider ¢; = ¢;.' 0 114, a smooth curve of local diffeomorphisms
through Id,;. By the second part of Lemma 2.1 it has the following first non-vanishing
derivatives at tg

aﬂ Pt = Gf‘ (‘P;Ol 0 Prity) = T@;Jl © aﬂ Yt = k!TSO;Dl oZ=klX.
0 0 to
Then Lemma 2.2 may be applied as follows:
Kl Lxs = 0f| @rs = 0F| (93, op)™s = OF| @i(py')"s
0 0 0
= k! Lxyp;s= @‘t ©; (pi1)*s  which is part of (3).
0

For the second part of (3) we consider @, = @14 © 5", another smooth curve
through Id,;. As above we have:

atk’o@t - aﬂg@@tﬂo oy = atk’to% ol =k!Eog, = kY,
E'Lys = 85‘0@:3 = 35 0(@t+to ) got_ol)*s = 3f‘o(g0t_01)*g02‘+t03
= (9‘);)1)*85‘090;15037 since (90;)1)*1 [(F(M))— T'(F(M)) is bounded linear,

= (cp;)l)*af‘to ;s which implies the second part of (3).

To show (4) note first that for the first non-vanishing derivatives at ¢, we have
0=0f|, (1) = 0f|, (o o) = (OF], o) o 1o + Ty, 0 O], o,
O, (or') = =Tyt o (3F], 1) 0 i,
T 0 0f], (v") = ~(9F], o) o s, = Y,
(0F], 0") 0 v = —Tioi,! o (9F], 1) = —X.

Hence, replacing ¢y, by cpt_ol in (3) replaces X by —Y and Y by —X and noting that
(¢10)+8 = (03,1)*s transforms (3) into (4). d
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