
Lie derivatives of sections of
natural vector bundles
Peter W. Michor

Journal of Lie Theory
Volume 36 (2026) 133–138
https://doi.org/10.5802/jolt.1422Published online: June 17, 2026

© The author, 2026
This article is published under the terms of the
Creative Commons Attribution 4.0 International License
http://creativecommons.org/licenses/by/4.0/

C EN T R E
MER S ENN E

JoLT is a member of Centre Mersenne
https://www.centre-mersenne.org/

e-ISSN: 2981-2917

https://doi.org/10.5802/jolt.1422
http://creativecommons.org/licenses/by/4.0/
https://www.centre-mersenne.org/


Journal of Lie Theory
Volume 36 (2026) 133–138
© 2026 the author(s)

Lie derivatives of sections of natural vector bundles

Peter W. Michor

Communicated by Claudio Goroski

Abstract. Time derivatives of pullbacks and push forwards along smooth curves
of diffeomorphisms of sections of natural vector bundles are computed in terms
of Lie derivatives along adapted non-autonomous vector fields by extending a key
lemma of Mauhart and Michor [Arch. Math., Brno 28 (1992)]. There is also the
analogous result about the first non-vanishing derivative of higher order.
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1. Introduction

The following is an adaptation of the rather well-known method of Lie derivation
along mapping N → M as explained for differential forms in [Mic08, p. 31.11] and
more generally for purely covariant tensor fields in [Mic80, pp. 12.2–12.5]. It is used
in the by now classical proofs of the Poincaré lemma and the theorem of Darboux, see
e.g. [Mos65; Wei71]. Namely, we prove the following corollary of [MM92, Lemma 6];
the need for this result arose during the preparation of [BMV24].

Corollary. Let φt be a smooth curve of local diffeomorphisms. Then we get two
time dependent vector fields

Xt0 = Tφ−1
t0 ◦ ∂t

∣∣∣
t0
φt and Yt0 = ∂t

∣∣∣
t0
φt ◦ φ−1

t0 .

Then for any natural vector bundle functor F and for any section s ∈ Γ(F (M)) we
have the first non-vanishing derivative

∂tφ
∗
t s = φ∗

t LYts = LXt φ
∗
t s, (1)

∂t(φt)∗s = ∂t(φ−1
t )∗s = −(φt)∗LXts = −LYt (φt)∗s. (2)

We also include the analogous result for the first non-vanishing derivative of
higher order at fixed time points in Corollary 3.2.
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2. Background from [MM92]

2.1. Curves of local diffeomorphisms
Let φ : R ×M ⊃ Uφ → M be a smooth mapping where Uφ is an open neighbor-

hood of {0} ×M in R ×M , such that:
• Uφ ∩ (R × {x}) is connected for each x ∈ M ;
• φt is a diffeomorphism on its domain Uφt

:= Uφ ∩ ({t} ×M);
• φ0 = IdM .

We say that φt is a curve of local diffeomorphisms though IdM . From Lemma 2.1
below we see that if ∂j

∂tj

∣∣∣
0
φt = 0 for all 1 ≤ j < k, then X := 1

k!
∂k

∂tk

∣∣∣
0
φt is a well defined

vector field on M . We say that X is the first non-vanishing derivative at 0 of the
curve φt of local diffeomorphisms. We may paraphrase this as (∂k

t |0φ∗
t )f = k! LXf .

Lemma 2.1. Let c : R → M be a smooth curve. If c(0) = x ∈ M , c′(0) = 0,
. . . , c(k−1)(0) = 0, then c(k)(0) is a well defined tangent vector in TxM which is given
by the derivation f 7→ (f ◦ c)(k)(0) at x.

Moreover, if ψ is a local diffeomorphism defined near x ∈ M , then ψ ◦ c has
again first non-vanishing derivative at 0 which is given by (ψ ◦ c)(k) = Txψ.c

(k)(0).

Proof. The first claim is [MM92, Lemma 2]. The second claim follows since tangent
vectors at x are mapped by Txψ. □

2.2. Natural vector bundles
See [KMS93, p. 6.14]. Let Mfm denote the category of all smooth m-dimensional

manifolds and local diffeomorphisms between them. A vector bundle functor or
natural vector bundle is a functor F which associates a vector bundle (F (M), pM ,M)
to each manifold M and a vector bundle homomorphism

F (M)
F (f)

//

pM

��

F (N)
pN

��
M

f // N

to each f : M → N in Mfm, which covers f and is fiberwise a linear isomorphism.
If f is the embedding of an open subset of N then this diagram turns out to be a
pullback diagram. We also point out that f 7→ F (f) maps smoothly parameterized
families to smoothly parameterized families, see [KMS93, p. 14.8]. Assuming this
property all vector bundle functors were classified by [Ter78]: they correspond to
linear representations of higher jet groups, they are associated vector bundles to
higher order frame bundles, see also [KMS93, p. 14.8].

Examples of vector bundle functors are tangent and cotangent bundles, tensor
bundles, densities, M 7→ L(TM, TM), and also the trivial bundle M × R.

2.3. Pullback of sections
Let F be a vector bundle functor on Mfm as described in Section 2.2. Let M

be an m-manifold and let φt be a curve of local diffeomorphisms through IdM on M .
Then φt, for fixed t, is a diffeomorphism defined on an open subset Uφt of M . The
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mapping

F (M)
pM

��

F (Uφt)
⊇oo

��

F (φt)
∼=
// F (φt(Uφt))

⊆ //

��

F (M)
pM

��
M Uφt

⊇oo φt

∼=
// φt(Uφt)

⊆ // M

is then a local vector bundle isomorphism.
We consider a section s ∈ Γ(F (M)) of the vector bundle (F (M), pM ,M) and

we define for t ∈ R pullback and push forward as

φ∗
t s := F (φ−1

t ) ◦ s ◦ φt, (φt)∗s = (φ−1
t )∗s = F (φt) ◦ s ◦ φ−1

t .

These are local sections of the bundle F (M). If φt is smooth curve of diffeomorphisms
these are global sections. For each x ∈ M the value (φ∗

t s)(x) ∈ F (M)x := p−1
M (x) is

defined, if t is small enough. So in the vector space F (M)x the expression d
dt

∣∣∣
0
(φ∗

t s)(x)
makes sense. These fit together to a smooth section d

dt

∣∣∣
0
(φt)∗s which is globally

defined and is an element of Γ(F (M)), by the following argument:
For x ∈ M there exists ε > 0 and an open neighborhood U ⊂ V of x
with the closure U compact in V such that φ∗

t s is a smooth section in
Γ(F (V )) for each t ∈ (−ε, ε). Since (−ε, ε) × V ∋ (t, y) 7→ φ∗

t s(y) ∈
F (V ) is smooth, the curve t 7→ φ∗

t s ∈ Γ(F (V )) is smooth into the
Fréchet space Γ(F (V )) by [KM97, Lemma 30.8.1] with derivative
∂tφ

∗
t s ∈ Γ(F (V )).

If φt = FlXt is the flow of a vector field X on M the section

LXs := d
dt

∣∣∣∣∣
0
(FlXt )∗s

is called the Lie derivative of s along X. The Lie derivative satisfies LXLY −LY LX =
L[X,Y ]; see [KMS93, p. 6.20].

Lemma 2.2 ([MM92, Lemma 6]). Let φt be a smooth curve of local diffeomorphisms
through IdM with first non-vanishing derivative k!X = ∂k

t |0φt. Then for any vector
bundle functor F and for any section s ∈ Γ(F (M)) we have the first non-vanishing
derivative

k!LXs = ∂k
t

∣∣∣
0
φ∗

t s.

3. The results

Corollary 3.1. Let φt be a smooth curve of (local) diffeomorphisms. Consider the
two time dependent (locally defined) vector fields

Xt0 = Tφ−1
t0 ◦ ∂t

∣∣∣
t0
φt and Yt0 = ∂t

∣∣∣
t0
φt ◦ φ−1

t0 .

Then for any vector bundle functor F and for any section s ∈ Γ(F (M)) we have

∂tφ
∗
t s = φ∗

t LYts = LXt φ
∗
t s, (1)

∂t(φt)∗s = ∂t(φ−1
t )∗s = −(φt)∗LXts = −LYt (φt)∗s. (2)
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Proof. Let φ̃t = φ−1
t0 ◦ φt+t0 , a smooth curve of (local) diffeomorphisms through

IdM . We have
∂t

∣∣∣
0
φ̃t = ∂t

∣∣∣
0
φ−1

t0 ◦ φt+t0 = Tφ−1
t0 ◦ ∂t

∣∣∣
0
φt+t0 = Tφ−1

t0 ◦ ∂t

∣∣∣
t0
φt = Xt0 .

By Lemma 2.2 we get that

LXt0
s = ∂t

∣∣∣
t0
φ̃∗

t s = ∂t

∣∣∣
t0

(φ−1
t0 ◦ φt)∗s = ∂t

∣∣∣
t0
φ∗

t (φ−1
t0 )∗s

=⇒ LXt0
φ∗

t0s = ∂t

∣∣∣
t0
φ∗

t (φ−1
t0 )∗s which is part of (1).

For the second part of (1) we consider φt = φt+t0 ◦ φ−1
t0 , another smooth curve of

local diffeomorphisms through IdM . Here we have, again by Lemma 2.2,
∂t

∣∣∣
0
φt = ∂t

∣∣∣
0
φt+t0 ◦ φ−1

t0 = ∂t

∣∣∣
t0
φt ◦ φ−1

t0 = Yt0 ,

LYt0
s = ∂t

∣∣∣
0
φ∗

t s = ∂t

∣∣∣
0
(φt+t0 ◦ φ−1

t0 )∗s = ∂t

∣∣∣
0
(φ−1

t0 )∗φ∗
t+t0s

= (φ−1
t0 )∗∂t

∣∣∣
0
φ∗

t+t0s, since (φ−1
t0 )∗ : Γ(F (M)) → Γ(F (M)) is bounded linear,

= (φ−1
t0 )∗∂t

∣∣∣
t0
φ∗

t s which implies the second part of (1).

To show (2) note first that
0 = ∂t(Id) = ∂t(φ−1

t ◦ φt) = (∂tφ
−1
t ) ◦ φt + Tφ−1

t ◦ ∂tφt,

∂t(φ−1
t ) = −Tφ−1

t ◦ (∂tφt) ◦ φ−1
t ,

Tφt ◦ ∂t(φ−1
t ) = −(∂tφt) ◦ φ−1

t = −Yt,

(∂tφ
−1
t ) ◦ φt = −Tφ−1

t ◦ (∂tφt) = −Xt.

Hence, replacing φt by φ−1
t in (1) replaces Xt by −Yt and Yt by −Xt and noting that

(φt)∗s = (φ−1
t )∗s transforms (1) into (2). □

First non-vanishing derivatives of order higher than one make sense only at
discrete time points and not along whole curves of diffeomorphisms which would
turn out to be constant. The result is as follows.

Corollary 3.2. Let φt be a smooth curve of diffeomorphisms which for a fixed
time t0 has a first non-vanishing derivative k! Ξ = ∂k

t |t0φt; it is a vector field along
the diffeomorphism φt0

TM

πM

��
M

Ξ
<<

φt0
// M.

Consider the two (now autonomous) vector fields
X = Tφ−1

t0 ◦ Ξ and Y = Ξ ◦ φ−1
t0 .

Then for any vector bundle functor F and for any section s ∈ Γ(F (M)) we have the
fist non-vanishing derivatives at time t0

∂k
t

∣∣∣
t0
φ∗

t s = k!φ∗
t0LY s = k! LX φ∗

t0s, (3)

∂k
t

∣∣∣
t0

(φt)∗s = ∂k
t

∣∣∣
t0

(φ−1
t )∗s = −k! (φt0)∗LXs = −k! LY (φt0)∗s. (4)
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Proof. We consider φ̃t = φ−1
t0 ◦ φt+t0 , a smooth curve of local diffeomorphisms

through IdM . By the second part of Lemma 2.1 it has the following first non-vanishing
derivatives at t0

∂k
t

∣∣∣
0
φ̃t = ∂k

t

∣∣∣
0
(φ−1

t0 ◦ φt+t0) = Tφ−1
t0 ◦ ∂k

t

∣∣∣
t0
φt = k!Tφ−1

t0 ◦ Ξ = k!X.

Then Lemma 2.2 may be applied as follows:

k! LXs = ∂k
t

∣∣∣
t0
φ̃∗

t s = ∂k
t

∣∣∣
t0

(φ−1
t0 ◦ φt)∗s = ∂k

t

∣∣∣
t0
φ∗

t (φ−1
t0 )∗s

=⇒ k! LXφ
∗
t0s = ∂t

∣∣∣
t0
φ∗

t (φ−1
t0 )∗s which is part of (3).

For the second part of (3) we consider φt = φt+t0 ◦ φ−1
t0 , another smooth curve

through IdM . As above we have:
∂k

t

∣∣∣
0
φt = ∂k

t

∣∣∣
0
φt+t0 ◦ φ−1

t0 = ∂k
t

∣∣∣
t0
φt ◦ φ−1

t0 = k! Ξ ◦ φt0 = k!Y,

k! LY s = ∂k
t

∣∣∣
0
φ∗

t s = ∂k
t

∣∣∣
0
(φt+t0 ◦ φ−1

t0 )∗s = ∂k
t

∣∣∣
0
(φ−1

t0 )∗φ∗
t+t0s

= (φ−1
t0 )∗∂k

t

∣∣∣
0
φ∗

t+t0s, since (φ−1
t0 )∗ : Γ(F (M)) → Γ(F (M)) is bounded linear,

= (φ−1
t0 )∗∂k

t

∣∣∣
t0
φ∗

t s which implies the second part of (3).

To show (4) note first that for the first non-vanishing derivatives at t0 we have
0 = ∂k

t

∣∣∣
t0

(Id) = ∂k
t

∣∣∣
t0

(φ−1
t ◦ φt) = (∂k

t

∣∣∣
t0
φ−1

t ) ◦ φt0 + Tφ−1
t0 ◦ ∂k

t

∣∣∣
t0
φt,

∂k
t

∣∣∣
t0

(φ−1
t ) = −Tφ−1

t0 ◦ (∂k
t

∣∣∣
t0
φt) ◦ φ−1

t0 ,

Tφt0 ◦ ∂k
t

∣∣∣
t0

(φ−1
t ) = −(∂k

t

∣∣∣
t0
φt) ◦ φ−1

t0 = −Y,

(∂k
t

∣∣∣
t0
φ−1

t ) ◦ φt0 = −Tφ−1
t0 ◦ (∂k

t

∣∣∣
t0
φt) = −X.

Hence, replacing φt0 by φ−1
t0 in (3) replaces X by −Y and Y by −X and noting that

(φt0)∗s = (φ−1
t0 )∗s transforms (3) into (4). □
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