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modular flows and wedge regions
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Communicated by Ivan Penkov

Abstract. We study open orbits of symmetric subgroups of a simple connected
Lie group G on a causal flag manifold. First we show that a flag manifold M of G
carries an invariant causal structure if and only if G is hermitian of tube type and M
is the conformal completion of the corresponding simple euclidean Jordan algebra,
resp., the Shilov boundary of the associated symmetric tube domain. We then study
open orbits in M under symmetric subgroups, also called causal Makarevič spaces,
from the perspective of applications in Algebraic Quantum Field Theory (AQFT).
A key motivation is the geometry of corresponding modular flows.

The open orbits are reductive causal symmetric spaces, which arise in two
flavors: compactly causal and non-compactly causal ones. In the non-compactly
causal case we determine the corresponding Euler elements and their positivity
regions. For compactly causal spaces, modular flows do not always exist and we
determine when this is the case. Then the positivity regions of the modular flows
are not globally hyperbolic, but these spaces contain other interesting globally
hyperbolic subsets that can be described in terms of the conformally flat Jordan
coordinates via Cayley charts. We discuss the Lorentzian case, including de Sitter
and anti-de Sitter space, in some detail.
Mathematics Subject Classification 2020: 22E46, 81R05, 53C50
Key Words and Phrases: causal manifolds, causal symmetric space, flag manifold,
Jordan algebra, Jordan spacetime, AdS/CFT-correspondence

1. Introduction

We call a homogeneous space M = G/H of a Lie group G causal if there exists
a G-invariant field (Cm)m∈M of pointed generating closed convex cones Cm ⊆ Tm(M).
This is equivalent to the existence of such a cone for the adjoint action of H on
TeH(M) ∼= g/h. Recent interest in causal homogeneous spaces in relation with
representation theory arose from their role as analogs of spacetime manifolds in the
context of Algebraic Quantum Field Theory (AQFT) in the sense of Haag–Kastler,
where one considers families (also called nets) of von Neumann algebras M(O) on a
fixed Hilbert space H, associated to open subsets O in some space-time manifold M
([Haa96]). The hermitian elements of the algebra M(O) represent observables that
can be measured in the “laboratory” O. We consider causal homogeneous spaces as
abstract variants of spacetimes that provide a geometric context in which various
features of nets of operator algebras can be studied in representation theoretic terms.
For some of them, the cone field comes from a time-oriented Lorentzian metric, but
our setting is more general, focusing on the causal structure, rather than on the
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Lorentzian metric. This allows us to study causality aspects of AQFT in a highly
symmetric context without the need of an invariant Lorentzian form.

An important feature of AQFT that ties the local algebras M(O) to unitary
group representations is that one expects modular groups of some of these algebras
(associated to cyclic separating vectors by the Tomita–Takesaki Theorem [BR87,
Thm. 2.5.14]) to correspond to flows on M , generated by Lie algebra elements h ∈ g
([BGL93; BGL02; Buc+00; BMS01; BS04]). In [MN24] we have shown that h is a
so-called Euler element, i.e., adh is diagonalizable with eigenvalues in {−1, 0, 1}, so
that g inherits a 3-grading

g = g1(h) ⊕ g0(h) ⊕ g−1(h).

The positivity regions W ⊆ M , on which the vector field Xh
M (m) = d

dt
|t=0 exp(th).m

is “timelike” in the sense that it takes values in the open cone C◦
m, generalize the

wedge regions in AQFT and thus deserve particular attention. We therefore call the
flows generated by Euler elements modular.

Causal symmetric spaces M = G/H form an important class of causal homoge-
neous spaces: Here G carries a non-trivial involution τ , H is an open subgroup of the
group Gτ of τ -fixed points, and q := ker(1+τ) ⊆ g can be identified with the tangent
space TeH(G/H) and the causal structure is determined by an Ad(H)-invariant cone
in C. We then say that M is compactly/non-compactly causal if C◦ consists of ellip-
tic/hyperbolic elements of g. In [MNÓ23] we describe a classification of irreducible
non-compactly causal symmetric spaces in terms of Euler elements. Irreducible
compactly causal spaces are Cartan dual to non-compactly causal ones, i.e., the Lie
algebra of the corresponding group is gc := h+ iq (cf. [HÓ97]). For the Lorentz group
G = SO1,d(R)e, we thus obtain the non-compactly causal de Sitter space dSd and its
Cartan dual is the compactly causal anti-de Sitter space AdSd ⊆ R2,d−1 on which
SO2,d−1(R) acts transitively. Wedge regions in irreducible causal symmetric spaces
have been studied in [NÓ23a; NÓ23b]. For representation theoretic constructions of
corresponding (free) nets of local algebras, we refer to [FNÓ25; MN24; NÓ23a]. Local
nets on causal flag manifolds are studied in detail in the forthcoming paper [MN].

The main goal of the present paper is to provide more geometric background
for this theory, such as a classification of causal flag manifolds and of the open orbits
of symmetric subgroups therein. A key feature of these orbits is that they possess
natural flat coordinates for the causal structure. These open orbits are known as
causal Makarevič spaces and have been studied in the 1990s in the context of the
Gelfand–Gindikin program (cf. [Gin92; KØ96; KØ97; ÓØ99]).

We start by showing that flag manifolds of simple Lie groups are causal if and
only if G is hermitian and M is the conformal completion of a simple euclidean
Jordan algebra V (Section 2). Then M can be identified with the Shilov boundary
of the corresponding symmetric tube domain (cf. [FK94]). The open orbits under
question are thus parametrized by involutive Jordan algebra automorphisms α and
we review the main facts concerning this classification, following work of W. Bertram
and J. Hilgert ([Ber96a; Ber00; BH98]). These open orbits are reductive causal
symmetric spaces, thus arising in two flavors: compactly causal spaces M (α) and
non-compactly causal spaces M (−α). Here M (±α) is the orbit of a connected subgroup
G(±α), whose Lie algebra is the fixed point algebra of an involutive automorphism
θ±α of g. In the non-compactly causal case we determine the corresponding Euler
elements and study their positivity regions W ⊆ M (−α). For compactly causal
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spaces, modular flows do not always exist and we determine when they do. In this
case the positivity regions are not globally hyperbolic in the sense that their causal
intervals are relatively compact subsets (cf. Section 7.6), but the spaces M (α) contain
other interesting globally hyperbolic subsets that can be described in terms of the
conformally flat Jordan coordinates via Cayley charts.

The following table lists the simple hermitian Lie algebras of tube type, the
only non-simple Lie algebra listed is so2,2(R) ∼= so1,2(R)⊕2, corresponding to the
non-simple Jordan algebra V = R1,1 ∼= R ⊕ R (the Minkowski plane, decomposing in
lightray coordinates).

Table 1. Hermitian Lie algebras of tube type and euclidean Jordan algebras

Hermitian Lie alg. g sp2r(R) sur,r(C) so∗(4r) e7(−25) so2,d(R)
Euclidean Jordan alg. V Symr(R) Hermr(C) Hermr(H) Herm3(O) R1,d−1

rank of V rk V r r r 3 2

The corresponding flag manifolds M have interesting geometric interpretations.
For g = so2,d(R), the manifold M is the isotropic quadric Q = Q(R2,d) in the real
projective space P(R2,d) (cf. Section 7), and for

Ω := Ω2r :=
(

0 1r

−1r 0

)
∈ M2r(K), K = R,C,H,

we obtain a uniform realization of the Lie algebras sp2r(R), ur,r(C) and so∗(4r) as
u(Ω,K2r) := {x ∈ gl2r(K) : x∗Ω + Ωx = 0}. (1)

Then M is the space of maximal isotropic subspaces L ⊆ K2r with respect to the
skew-hermitian form β(z, w) := z∗Ωw on K2r (cf. Section 8).

In [MD07] Mack and de Riese classify a class of causal homogeneous spaces
they call simple space-time manifolds (cf. also Remark 2.6). These manifolds are the
simply connected coverings of the causal flag manifolds. The same class of manifolds
has been studied by Günaydin in [Gün75; Gün93], where they are called Jordan
spacetimes.

Various aspects of the conformal geometry of Q(R2,d) and the submanifolds
M (±α) appear frequently in the Mathematical Physics literature. For instance [BS04]
deals with quantum systems on AdSd, where concepts appear that resemble “wedge
dualities” in AQFT. The unitary group U2(C), with its action of the conformal group
SU2,2(C), as a compactification of Minkowski space R1,3, also appears frequently in
conformal field theory (CFT) (cf. [Mor21; Tod19]) and the compactification of anti-de
Sitter space AdS4 with a 3-dimensional quadric Q(R2,3) at infinity is the geometric
framework of the celebrated AdS/CFT-correspondence and its holographic aspects
(see [BCW25; Boe01; Str01], and also [Woo24] for a recent popular article relating to
quantum cosmology). On the more geometric side, [HQR24] studies embeddings of
Lorentzian manifolds into Q(R2,d) to implement SO2,d(R) as a group of conformal
transformations.

In the 1990s a principal motivation to study those spaces M (±α) which are dense
in M , was that the conformal group of M can also be considered as a conformal
group of M (±α), acting with singularities, such as fractional linear maps on C. Causal
manifolds with open embeddings into some causal flag manifold M are conformally
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flat. In this context Bertram’s Liouville Theorem [Ber96b] asserts that local causal
diffeomorphisms on open subsets of V always extend to elements of the conformal
group Co(V), whose identity component is G.

We list a few of these applications. Open orbits of Cayley type were used by Ólaf-
sson and Ørsted in [ÓØ99] to study the Hardy space of the Cayley type spaces G/Gh.
For spaces M (α) which are groups (considered as causal symmetric spaces), this tech-
nique has also been used by Gindikin in [Gin92] and by Koufany/Ørsted in [KØ96].
Specifically, [KØ96] discusses the group G = U1,1(C) as a 4-dimensional Lorentzian
manifold, embedded into the conformal compactification U2(C) of R1,3, which enlarges
the 7-dimensional isometry group (G×G)/∆Z(G), acting on G, to the 15-dimensional
conformal group G♭ ∼= SU2,2(C), acting on U1,1(C). This is used to study the wave
representation of G♭. It continues ideas from I. Segal who used the compactification
U2(C) of Herm2(C) ∼= R1,3 in [Seg71] and [Seg76]. In [KØ97] embeddings for the
groups G = Up,q(C), Sp2r(R) and SO∗(2ℓ) and the corresponding conformal groups
G♭ = SUp+q,p+q(C), Sp4r(R) and SO∗(4ℓ) (see Section 8) are used to analyze the
Hardy space of G in terms of the classical Hardy space of the bounded symmetric
domain of G♭.

Structure of this paper
In Section 2 we show that the only causal flag manifolds M = G/Q are conformal

completions of euclidean Jordan algebras V, i.e., G is hermitian of tube type and M
is the minimal flag manifold specified by an Euler element.

In Section 3 we turn to causal Makarevič spaces and their parametrization in
terms of involutive automorphisms α of euclidean Jordan algebras V. This section
is partly expository, presenting the classification from the perspective developed
in [MNÓ23] and [NÓ23a; NÓ23b], where causal symmetric spaces are described in
terms of Euler elements. It also contains various refinements concerning the existence
of modular flows on reductive compactly causal symmetric spaces. In particular, we
describe several aspects of Jordan involutions, including their close connection to
the classification of modular compactly causal symmetric spaces, i.e., those with a
modular flow having a non-trivial positivity region (cf. Section 3.3 and [NÓ23a]).
Section 3.4 contains a table with the complete classification of causal Makarevič
spaces and the relevant data. We divide irreducible involutions of euclidean Jordan
algebras into several types: the flip involution on V ⊕ V (corresponding to Cayley
type (C)), Pierce involutions fixing a Jordan frame (type (P)), and the remaining
involutions are divided into split type (S) (rk V = rk Vα) and non-split type (NS)
(rk V = 2 rk Vα). Section 3.5 describes the involutions on the Jordan algebras
Hermr(K).

The orbits corresponding to flip involutions (Cayley type spaces) are discussed
in the short Section 4. In Section 5, we take a closer look at the properties of the
Pierce involutions and their associated non-compactly causal Makarevič spaces M (−α),
which can be realized as connected components of the set V× of invertible elements
of V. As they surround the cones ±V+ ⊆ V, they are also called satellite spaces.
Here θ−α is a Cayley type involution on g, hence conjugate to τh.

For applications in AQFT it is important to know which spaces

M (±α) ∼= G(±α)/H(±α)
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support a modular flow, i.e., αt(m) = exp(th).m, where h ∈ g(α) is an Euler element.
This is always the case for the non-compactly causal spaces M (−α) (Proposition 3.18,
[MNÓ23; NÓ23b]), but not for the compactly causal spaces M (α). In Section 6, we
describe those cases where Euler elements h ∈ g(α) exist. In general they are not
unique, but if they exist, there is always one which is also Euler in g, and these are
all conjugate under G(α). These Euler elements define a modular structure on M (α),
so that the general results from [NÓ23a] on modular compactly causal spaces imply
that their positivity regions (wedge regions) are non-empty (cf. Theorem 6.1).

Motivated by the importance of Lorentzian manifolds as spacetimes in physics,
we take a detailed look at the Lorentzian case in Section 7. Here we connect the
conformal compactification of the Jordan algebra V = R1,d−1 (Minkowski space) to
concepts from classical conformal geometry, such as stereographic projections. The
conformal completion Q = Q(R2,d) of Minkowski space R1,d−1 is the only Lorentzian
causal flag manifold, but the exceptional isomorphisms

Sym2(R) ∼= R1,2, Herm2(C) ∼= R1,3, Herm2(H) ∼= R1,5

also lead to interesting matrix models, in particular for spacetime dimension 4, where
Q ∼= U2(C). The Makarevič spaces in Q are conformally embedded copies of the
compactly causal symmetric spaces (Sd−k × AdSk)/{±1} and the non-compactly
causal spaces Hypd−k × dSk for k = 1, . . . , d, where AdSk is k-dimensional anti-de
Sitter space, Hypk is k-dimensional hyperbolic space, and dSk is k-dimensional de
Sitter space. This provides in particular natural flat conformal coordinates on these
spaces.

There are three classes of Makarevič spaces M (α) which are groups, namely
Sp2n(R), Up,q(C) and SO∗(2r). These spaces are discussed in a uniform fashion in
Section 8, where we explain in particular how the Cayley charts of these groups
appear naturally, which implies in particular that they are compatible with the
causal structure. We refer to [LY24] for a recent investigation of Cayley charts of Lie
groups in a much larger context.

We conclude this paper with a short section listing open problems (Section 9).

Notation.
• We write e ∈ G for the identity element in the Lie group G and Ge for its

identity component.
• Inn(g) = ⟨ead g⟩ is the group of inner automorphisms of the Lie algebra g and,

for a Lie subalgebra s ⊆ g, we write Inng(s) = ⟨ead s⟩ ⊆ Inn(g).
• V denotes a euclidean Jordan algebra, V+ ⊆ V the open positive cone

([FK94]), and for a, b ∈ V with a− b ∈ V+, we write
Da,b := (a− V+) ∩ (b+ V+) (2)

for the corresponding double cone (causal diamond) ([Ber18]). We call an
open subset O ⊆ V causally convex if a, b ∈ O implies Da,b ⊆ O.

• G := Co(V)e is the identity component of the corresponding conformal group
Co(V) ([Ber96a]).

• M = V̂ ∼= G/Qh is the conformal completion of V (cf. Section 2).
• Gx is the stabilizer of a point x in a G-space. For the adjoint action, we have

in particular
Gx = {g ∈ G : Ad(g)x = x}.
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• θ is a Cartan involution of the semisimple Lie algebra g, the corresponding
involution on G is denoted θG, and g = k ⊕ p is the associated eigenspace
decomposition.

• For x ∈ g and λ ∈ R, we write gλ(x) := ker(adx− λ1) for the corresponding
eigenspace in the adjoint representation.

• h ∈ p is an Euler element defining the 3-grading with g1(h) = V, τh = eπi ad h

is the corresponding involution, τG
h the corresponding involution on G, and

κh := e
πi
2 ad h ∈ Aut(gC).

• We write E(g) for the set of (non-central) Euler elements in g.
• For an involutive automorphism α ∈ Aut(V) of the unital euclidean Jordan

algebra V, we write σα ∈ Aut(g) for its canonical extension to g with
σα|g1(h) = α and σG

α ∈ Aut(G) for the corresponding automorphism of G,
given by σG

α (g) = αgα−1 on M .
• θα = θGσG

α = σG
α θ

G and θ−α := τG
h θα = θατ

G
h (involutions on G; see (22)).

• Ip,q =
(

1p 0
0 −1q

)
= diag(1p,−1q).

• For a causal G-manifold M and h ∈ g, the positivity region in M is

W+
M(h) =

{
m ∈ M : d

dt

∣∣∣∣
t=0

exp(th).m ∈ C◦
m

}
.
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2. Causal flag manifolds

In this section we classify causal flag manifolds (Theorem 2.5) and characterize
those which are orientable (Theorem 2.11). To define flag manifolds, let G be
a connected semisimple Lie group and x ∈ g be an element for which adx is
diagonalizable over R. Then

qx :=
∑
λ≤0

gλ(x), gλ(x) = ker(ad x− λ1),

is called the corresponding parabolic subalgebra, and

Qx := {g ∈ G : Ad(g)qx = qx}

the corresponding parabolic subgroup. The homogeneous spaces G/Qx are called flag
manifolds.

We determine those flag manifolds G/Q of semisimple connected Lie groups G
that carry a G-invariant causal structure. The main result is Theorem 2.5 which
implies, in the irreducible case, that G is hermitian of tube type and that Q = Qh is
a maximal parabolic subgroup corresponding to an Euler element h (this is equivalent
to the nilradical of q being abelian).

We also show in Section 2.3 that, for causal flag manifolds M = G/Qh, ori-
entability is equivalent to the connectedness of the stabilizer Ad(G)h. This is a special
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feature of causal flag manifolds because there are also Euler elements h for which
the flag manifold G/Qh is orientable, but the centralizer Ad(G)h is not connected.

2.1. A classification of causal flag manifolds
The following lemma can be derived from [Nee99, Prop. VII.3.4]. For the sake

of completeness, we include the nice short argument.

Lemma 2.1. If n is a nilpotent Lie algebra and C ⊆ n is a pointed generating
Inn(n)-invariant closed convex cone, then n is abelian.

Proof. We start with an abelian ideal a ⊆ n and a pointed generating invariant
cone C ⊆ n. For x ∈ C, we then obtain an affine subspace ead ax = x+ [x, a] ⊆ C,
so that the pointedness of C implies that [x, a] = {0}. As C spans n, the ideal a is
central.

Now pick N ≥ 2 maximal such that the descending central series defined by
C1(n) = n and Ck+1(n) := [n, Ck(n)], k ∈ N, satisfies CN(n) ̸= {0}. We have to
show that N = 1. For N ≥ 3, we have

[CN−1(n), CN−1(n)] ⊆ C2N−2(n) ⊆ CN+1(n) = {0},
so that CN−1(n) is an abelian ideal, hence central. This leads to the contradiction
CN (g) = {0}, so that N ≤ 2. Then the commutator algebra C2(n) = [n, n] is central
in n. For any x ∈ n, the subspace a := Rx + [n, n] now is an abelian ideal, hence
central, and therefore [x, n] = {0}. This shows that n is abelian. □

In the following g is a non-compact semisimple real Lie algebra, g = k ⊕ p is a
Cartan decomposition, θ the corresponding involution, and a ⊆ p a maximal abelian
linear subspace. We write

gα := {y ∈ g : (∀ x ∈ a) [x, y] = α(x)y}, α ∈ a∗,

for the corresponding root spaces and
Σ := Σ(g, a) := {α ∈ a∗ : 0 ̸= α, gα ̸= {0}}

for the corresponding root system. Note that θ(gα) = g−α for all α ∈ Σ.

Lemma 2.2. The root spaces (gα)α∈Σ, are irreducible g0-modules.

Proof ([Koo82, Cor. 5.8], [Kos10, Thm. 1.9]1 and [Wol67, Thm. 8.13.3]) Each
element of gα is a positive multiple of some xα ∈ gα, for which [xα, θ(xα)] ∈ a
is the unique element α∨ ∈ [gα, g−α] ∩ a with α(α∨) = 2 ([Koo82, Lem. 5.1]).
Then s := span{xα, θ(xα), α∨} ∼= sl2(R) and ∑

k∈Z gkα is an s-module. Now the
representation theory of sl2(R) implies that [xα, g0] = gα. This implies the lemma. □

Lemma 2.3. [gα, gβ] = gα+β for α, β ∈ Σ with α + β ̸= 0.

Proof ([Kos10, Thm. 2.3]) If α + β ̸∈ Σ, then gα+β = {0} and the assertion is
trivial. We may therefore assume that α + β ∈ Σ. Since all root spaces (gα)α∈Σ, are
irreducible g0-modules (Lemma 2.2), it suffices to show that [gα, gβ] ̸= {0}. Suppose
1We thank Olivier Guichard for the reference to Kostant’s paper.
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that this is not the case. Then [g−α, g−β] = θ([gα, gβ]) = {0}. For the Cartan–Killing
form κ of g, this leads to

{0} = κ([g−α, g−β], gα+β) = κ(g−β, [g−α, gα+β]),

and hence to
[g−α, gα+β] = {0}. (3)

As in the proof of Lemma 2.2, we pick xα ∈ gα with [xα, θ(xα)] = α∨ ∈ a.
From [xα, gβ] = {0} it follows that β(α∨) ≥ 0, so that (β + α)(α∨) ≥ 2 > 0.
The representation theory of s := spanR{xα, x−α, α

∨} ∼= sl2(R) now implies that
[x−α, gα+β] ̸= {0}, contradicting (3). □

Lemma 2.4. Let g be a semisimple real Lie algebra and q = n⋊ l ⊆ g be a parabolic
subalgebra with nilradical n and l reductive. Then n is abelian if and only if there
exists an Euler element h ∈ g with

n = g1(h) with l = g0(h).

Proof. This can be derived from [RRS92, Lem. 2.2]. For the sake of completeness
and simplicity, we give a direct Lie algebraic proof.

If h ∈ g is an Euler element, then g = g1(h) + g0(h) + g−1(h) is a 3-grading of
g, and q := g1(h) + g0(h) is a parabolic subalgebra with abelian nilradical g1(h).

Suppose, conversely, that n is abelian. Writing g as a direct sum of simple
ideals, q is adapted to this decomposition, so that we may w.l.o.g. assume that g is
simple. We choose a maximal ad-diagonalizable subalgebra a ⊆ g such that

q = g0 +
∑

α∈Σq

gα for Σq ⊆ Σ,

where Σ = Σ(g, a) is the corresponding system of restricted roots. It is irreducible
because g is simple. With Σ0

q := Σq ∩ −Σq and Σ+
q := Σq \ Σ0

q, we then have g = n⋊ l,
l = g0 +∑

α∈Σ0
q
gα, and

n =
∑

α∈Σ+
q

gα with (Σ+
q + Σ+

q ) ∩ Σ = ∅, (4)

by Lemma 2.3. Let Σ+ ⊆ Σq be a positive system of Σ and Π = {α1, . . . , αr} ⊆ Σ+

the subset of simple roots. We enumerate them in such a way that α1, . . . , αk ∈ Σ0
q

and αj ∈ Σ+
q for j > k. Let β = ∑r

j=1 mjαj ∈ Σ+
q be the highest root and m ⊆ n be

the q-submodule generated by gβ. As n is abelian, only l acts on this space, so that
all a-weights of m are of the form γ = ∑r

j=1 m
′
jαj with m′

j = mj for j > k. For the
lowest a-weight γ of m, there exists a simple root αj, j > k, with γ − αj ∈ Σ. Then
γ = (γ − αj) + αj implies with (4) that γ − αj ̸∈ Σ+

q . From αj = γ + (αj − γ) we
infer that also γ − αj ̸∈ −Σ+

q , hence that γ − αj ∈ Σ0
q. The fact that Σ0

q is generated
by α1, . . . , αk, now shows that

mj = 1 and mi = 0 for k < i ̸= j ≤ r.

As all mj are positive, k = r − 1 and j = r. Hence q is a maximal parabolic
subalgebra and the coefficient mr of αr in β is 1. Then the dual element h := α∗

r ∈ a,
specified by αj(h) = 0 for j < r and αr(h) = 1 is an Euler element with the asserted
properties. □
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Theorem 2.5 (Classification of causal flag manifolds). Let G be a connected
semisimple Lie group and Q ⊆ G be a parabolic subgroup such that q contains no
non-zero ideals of g. Suppose that the corresponding flag manifold G/Q carries a
causal structure, i.e., a G-invariant field of pointed generating closed convex cones
Cm ⊆ Tm(G/Q). Then g is direct sum of hermitian simple ideals and there exists an
Euler element h ∈ g such that

q = qh = g0(h) + g−1(h).

If, conversely, this is the case, then G/Qh is a causal flag manifold.

Proof. Let q = n ⋊ l be the Levi decomposition of the Lie algebra of Q and
n = θ(n) the opposite nilpotent Lie algebra of n, so that g = n ⊕ l ⊕ n is a vector
space direct sum. For the Cartan–Killing form κ of g, we have κ(n, n) = {0}, κ is non-
degenerate on l× l and κ(l, n+n) = {0}. We thus obtain a natural Ad(Q)-equivariant
isomorphism

n −→ (g/q)∗ ∼= q⊥, x 7−→ κ(x, ·). (5)
Causal structures on G/Q correspond to Ad(Q)-invariant pointed generating

closed convex cones C ⊆ g/q ∼= TeQ(G/Q). Assume that such a cone exists. Then
its dual cone

C⋆ := {x ∈ n : κ(x,C) ⊆ [0,∞[}
is a pointed generating Ad(Q)-invariant cone in n. In particular this cone is invariant
under Inn(n), so that Lemma 2.1 implies that n is abelian.

We claim that the cone C ⊆ g/n ∼= g1(h) is adapted to the decomposition
g = g1 + · · · + gℓ of g into simple ideals. By assumption, g0(h) contains no non-zero
ideals of g, so that the Euler element h can be written as h1 + · · ·+hℓ with (non-zero)
Euler elements hj ∈ gj ∩ g0(h). Then the cone C is invariant under the 1-parameter
group induced by eR ad hj in g1(h). Further, adhj has on g1(h) only the eigenvalues 0
and 1 (1 on gj,1(h) and 0 on ∑

k ̸=j gk,1(h)). This implies that C is adapted to the
eigenspace decomposition of g1(h) under adhj (Lemma A.2), and thus

C = C1 + · · · + Cℓ with Cj = C ∩ gj = pgj
(C)

with pointed generating cones Cj ⊆ gj,1(hj). To show that each gj is hermitian, we
may therefore assume that g is simple.

Let Pmin = ZK(a)AN1 ⊆ Q be a minimal parabolic subgroup. Then exp(n) ⊴ N1
and the cone C⋆ ⊆ n is Ad(Pmin)-invariant. Let x ∈ a be such that α(x) > 0 for all
α ∈ Σ+, so that β(x), where β is the highest root, is the maximal eigenvalue of adx
on n. Hence the invariance of C⋆ ⊆ n under eR ad x implies that

D := C⋆ ∩ gβ ̸= {0}

(Lemma A.2). The closed convex cone D is fixed pointwise by n and invariant under
the compact group ZK(a). Hence it contains a non-zero ZK(a)-fixed point d. Then
R+d is a Pmin-invariant ray in g. Therefore the Kostant–Vinberg Theorem implies
that g contains pointed generating invariant cones ([Vin80, Thm. 1]), hence that g is
hermitian ([Vin80, Thm. 4]).

For the converse, we assume that M ∼= M1 × · · · × Mℓ is a product of flag
manifolds corresponding to the simple hermitian ideals gj and Euler elements hj ∈ gj .



148 NEEB

Let Cgj
⊆ gj be a pointed generating invariant closed convex cone. Its invariance

under eR ad hj implies that

Cj := pg1(Cgj
) = Cgj

∩ g1(h)

(cf. Lemma A.2) is also pointed and generating, and invariant under the action of
the parabolic subgroup Qhj

. We thus obtain on each flag manifold Mj = Gj/Qhj
a

causal structure, hence also on M . □

Remark 2.6. In their classification of simple space-time manifolds, Mack and de
Riese obtain the simply connected coverings of the causal flag manifolds G/Qh from
Theorem 2.5 ([MD07]). They start with the assumptions that

(A1) M = G/Qe for a parabolic subgroup Q ⊆ G
(A2) For the Levi decomposition q = n⋊ l, the nilpotent ideal n acts trivially on

the tangent space g/q of the base point in M . This is actually equivalent to
n being abelian.

(A3) There exists a global causal order on M . This implies that M is simply
connected and that g is hermitian.

As our arguments show, (A2) follows from Lemma 2.1 and the existence of the causal
structure on G/Qe, hence is redundant.

2.2. The corresponding Jordan algebras
If g is simple hermitian and Σ = Σ(g, a) its restricted root system, then either

Σ is of type Cr or BCr. Moreover, g contains an Euler element if and only if Σ is
of type Cr, i.e., g is of tube type, and in this case all Euler elements are Inn(g)-
conjugate (cf. [MN21, Prop. 3.11]). In particular h is symmetric in the sense that
−h ∈ Oh := Inn(g)h. Then there exist e ∈ g1(h) and f = −θ(e)/2 ∈ g−1(h) such
that

[e, f ] = h, and also [h, e] = e, [h, f ] = −f (6)
(cf. Appendix A.2 for notation related to sl2(R)). We then consider on V := g1(h)
the bilinear product

x ∗ y := [[x, f ], y], (7)
which defines a unital euclidean Jordan algebra (V, ∗, e) (cf. [FK94]). In particular,
the set of squares is a closed pointed generating convex cone (Koecher–Vinberg
Theorem; see [FK94, Thm. III.2.1]). Its interior V+ is the cone of invertible squares.
We refer to Table 1 in the introduction for a list of these Lie algebras and the
corresponding Jordan algebras

Remark 2.7. Although we will not use it explicitly in the following, we recall the
Jordan products of some Jordan algebras that appear below. The Jordan algebra
structure on the spaces Hermr(K) is given by the symmetrized matrix product

A ∗B := 1
2(AB +BA), (8)

and on Minkowski space R1,d−1 by

(x0,x) ∗ (y0,y) = (x0y0 + xy, x0y + y0x) (9)
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([FK94, pp. 25, 31]). This Jordan algebra embeds into the Clifford algebra Cl(Rd)
generated by anticommuting elements e1, . . . , ed with e2

j = 1, via

ι : R1,d −→ CAR(Cd), x = (x0,x) 7−→ x01 +
d∑

j=1
xjej

and the product (8). It is also called the spin factor.

Examples 2.8. We describe the natural Euler elements in the non-exceptional
hermitian Lie algebras from Table 1.

(a) For K = R,C,H, the Lie algebra
u(Ω,K2r) := {x ∈ gl2r(K) : x∗Ω + Ωx = 0}

=
{(

a b
c −a∗

)
: a ∈ glr(K), b, c ∈ Hermr(K)

}
(10)

contains the Euler element h := 1
2 diag(1r,−1r) and e = 1 is a natural

identity element in the Jordan algebra Hermr(K). This covers three cases at
once. For K = C, the Lie algebra u(Ω,C2r) ∼= ur,r(C) = Ri1 ⊕ sur,r(C) is not
semisimple, for K = R we obtain sp2r(R), and for K = H we get so∗(4r).

(b) In so2,d(R) a natural Euler element is given by
h := E1,d+2 + Ed+2,1,

where Ekℓ ∈ Md+2(R) are the matrix units.

Definition 2.9. The Möbius group PSL2(R) acts naturally on M ∼= G/Qh as the
integral subgroup corresponding to the Lie subalgebra ∆s generated by {h, e, θ(e)},
where e ∈ V ∼= g1(h) is the Jordan unit (cf. (6)). As PSL2(R) is generated by
Re-translations, dilations and the map θV(z) = −z−1. The corresponding pulled
back action of GL2(R)+ takes the form of fractional linear maps(

a b
c d

)
.z = (az + be)(cz + de)−1. (11)

In particular, the action of SO2(R) leads to the “conformal time translations”

ρ(t).z :=
(

cos(t/2) sin(t/2)
− sin(t/2) cos(t/2)

)
.z

= (cos(t/2) · z + sin(t/2) · e)(− sin(t/2) · z + cos(t/2) · e)−1.

We write zk = 1
2(e+ θ(e)) ∈ ∆s for the element corresponding to 1

2( 0 1
−1 0 ) ∈ sl2(R),

so that ρ(t) = exp(tzk). For t = π, we thus obtain the Cartan involution
ρ(π).z = exp(πzk).z = −z−1 = θV(z),

and for t = π/2 the real Cayley transform

c(z) := ρ(π/2).z = exp
(
π

2 zk
)
.z =

(
1 1

−1 1

)
.z = (e+ z)(e− z)−1. (12)

The Euler element h = 1
2 diag(1,−1) ∈ sl2(R) generates dilations

exp(th).z =
(
et/2 0
0 e−t/2

)
.z = etz,
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and the Euler element k := 1
2( 0 1

1 0 ) generates a flow of the form

exp(tk).z =
(

cosh(t/2) sinh(t/2)
sinh(t/2) cosh(t/2)

)
.z

= (cosh(t/2)z + sinh(t/2)e)(sinh(t/2)z + cosh(t/2)e)−1, (13)

fixing ±e.
The action (11) extends naturally to the action of PGL2(C) on the conformal

compactification MC of the complex Jordan algebra VC. From this complex per-
spective, PSL2(R) preserves the upper tube domain TV := V + iV+, generalizing the
complex upper half plane, and the subgroup PU1,1(C) preserves the open unit ball
D ⊆ VC and acts on its Shilov boundary Σ = ∂∨D. This action also provides the
Cayley transform

C(z) := exp
(

−πi

2 k
)
.z =

(
cos(π/4) −i sin(π/4)

−i sin(π/4) cos(π/4)

)
.z =

(
1 −i

−i 1

)
.z = z − ie

−iz + e
.

(14)
It satisfies C(TV) = D ([FK94, Thm. X.4.3]), which implies that

Gc := exp
(

−πi

2 k
)
G exp

(
πi

2 k
)

⊆ Inn(gC) (15)

is a subgroup preserving D and its Shilov boundary Σ.

2.3. Orientability and connectedness of Inn(g)h

In this subsection we address the orientability of causal flag manifolds. Theo-
rem 2.11 below asserts that it is equivalent to the connectedness of the centralizer
Inn(g)h = Ad(G)h. When this condition is satisfied is listed explicitly in [MNÓ23,
Thm. 7.8].

We assume that g is simple and also that Z(G) = {e}, so that G ∼= Inn(g).

Lemma 2.10. A flag manifold M = G/Q is orientable if and only if Adg/q(Q) ⊆
GL(g/q)+.

Proof. If Adg/q(Q) ⊆ GL(g/q)+, then M = G/Q inherits a GL(g/q)+-structure,
hence is orientable. If, conversely, M is orientable, then the connectedness of G
implies that it acts by orientation preserving diffeomorphisms. Hence the stabilizer
group Q of the base point eQ with TeQ(G/Q) ∼= g/q maps into GL(g/q)+, which is
equivalent to Adg/q(Q) ⊆ GL(g/q)+. □

In view of the preceding lemma, the connectedness of Gh = {g ∈G : Ad(g)h=h}
(which is equivalent to the connectedness of Qh

∼= N ⋊Gh) implies that M ∼= G/Qh

is orientable. But it may happen that Qh is not connected and still preserves the
orientation on V ∼= g1 (see Example 2.12). So the converse is more subtle.

Theorem 2.11. For an Euler element h in a hermitian simple Lie algebra g, the
flag manifold M = G/Qh is orientable if and only if Inn(g)h is connected. The
non-orientable flag manifolds correspond to g = so2,d(R) for d ≥ 3 odd, and to
g = sp2r(R) for r even.
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Proof. In view of [MNÓ23, Thm. 7.8], for g hermitian, the groups Inn(g)h are not
connected for g = so2,d(R) if d ≥ 3 is odd, and for g = sp2r(R) if r is even. In view
of Lemma 2.10, we have to show that in both cases M is not orientable.

(a) For V = R1,d−1, g = so2,d(R) and M = (S1 × Sd−1)/{±1} with d ≥ 3 odd,
we know that M is not orientable and the corresponding centerfree group is
G = SO2,d(R)e. We write rkℓ(t) ∈ SO2,d(R) for the t-rotation in the plane
spanned by ek and eℓ for k < ℓ. Then

g− = r12(π)r3,d+2(π) = diag(−1,−1,−1, 1, . . . , 1,−1) ∈ Gh

represents the non-trivial component of Gh (cf. Example 2.8(b)). As
r3,d+2(π) ∈ SOd(R)e for d ≥ 3, it acts on V ∼= g1 with determinant 1. More-
over r12(π) acts by − idV of determinant (−1)d = −1. Therefore Adg1(Qh) is
not contained in GL(g1)+ if d is odd.

(b) For V = Symr(R) and g = sp2r(R), we consider the group G∗ := Sp2r(R)
with maximal compact subgroup K∗ ∼= Ur(C), Z(G∗) = {±1}, and the Euler
element h = 1

2 diag(1r,−1r). Then

(G∗)h = {diag(g, g−⊤) : g ∈ GLr(R)} ∼= GLr(R)
is not connected, but if r is even, then −1 ∈ SLr(R) ⊆ (G∗)h

e , so that Inn(g)h

is not connected. Any g ∈ GLr(R) with det(g) < 0 represents an element
in the non-trivial component of Inn(g)h. Consider g− := diag(−1, 1, . . . , 1).
Then detV(Ad(g−)) = (−1)r−1 = −1 and therefore M is not orientable. □

The other examples of Euler elements in simple Lie algebras, where Inn(g)h is
not connected ([MNÓ23, Thm. 7.8]) do not correspond to euclidean Jordan algebras,
but they are also instructive, because they show that the preceding characterization
does not extend to arbitrary Euler elements in simple Lie algebras. The corresponding
flag manifolds M = G/Qh are non-causal symmetric R-spaces.

Example 2.12. Let g = sl2n(R) and h = 1
2 diag(1n,−1n) with V ∼= Mn(R). We

consider the connected Lie group G∗ = SL2n(R) with Z(G∗) = {±1} and find
(G∗)h ∼= S(GLn(R) × GLn(R)),

which has 2 connected components. If n is even, then −1 is contained in its identity
component, so that Inn(g)h = Ad(G∗)h is not connected. The group (G∗)h acts on
V by (g1, g2).A = g1Ag

−1
2 , so that

det(AdV(g1, g2)) = det(g1)n det(g2)−n = det(g1)2n > 0
for (g1, g2) ∈ (G∗)h. Therefore M is orientable, but Inn(g)h is not connected.

3. Causal Makarevič spaces

To any involutive automorphism α of the euclidean Jordan algebra V, we
associate two open submanifold M (±α) ⊆ M as orbits of reductive subgroups G(±α) ⊆
G, so that both are causal symmetric spaces for G(±α). The spaces M (±α) are called
causal Makarevič spaces and the subgroups G(±α) ⊆ G are the identity components
of fixed point groups of certain involutive automorphisms θG

±α of G. The embedding
into M provides flat coordinates on M (±α) and can be used to study their causal
structure and the properties of modular flows.
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In Section 3.2 we collect some observations on the causal structure on the spaces
M (±α) from the Euler element perspective, as developed in [MNÓ23] and [NÓ23a;
NÓ23b]. On a causal symmetric space M = G/H, we call a flow αt(m) = exp(th).m,
generated by an Euler element h ∈ g, a modular flow (cf. [MN24]). In [NÓ23a]
positivity regions of modular flows have been studied in modular compactly causal
symmetric spaces, because the existence of an Euler element in g already implies
the existence of a modular structure (Section 3.1, [NÓ23a, Prop. 2.7]), and this is
needed for wedge regions and positivity regions to be defined. As this involves Euler
elements in h, it is important that [NÓ23a, Thm. 3.2] provides a classification of
the Inn(h)-orbits of such Euler elements, i.e., the different possibilities for modular
structures. For applications to reductive spaces, we extend this result in Theorem 3.6,
so that it applies in particular to the reductive compactly causal symmetric spaces
M (α) ⊆ M .

In Section 3.3 we explain how Jordan involutions classify several structures,
including modular compactly causal symmetric spaces, i.e., those with a modular
flow having a non-trivial positivity region (cf. [NÓ23a]). Section 3.4 contains a table
with the complete classification of causal Makarevič spaces and the relevant data.
Finally, Section 3.5 provides a description of the involutions on the Jordan algebras
Hermr(K).

3.1. Causal symmetric Lie algebras

To describe the basic properties of the causal symmetric spaces M (±α), we
first recall some terminology and observations concerning symmetric spaces and
symmetric Lie algebras:

• A symmetric Lie algebra is a pair (g, τ), where g is a finite-dimensional real
Lie algebra and τ is an involutive automorphism of g. We write

g = h ⊕ q with h = gτ = ker(τ − 1) and q = g−τ = ker(τ + 1). (16)

• A causal symmetric Lie algebra is a triple (g, τ, C), where (g, τ) is a symmetric
Lie algebra and C ⊆ q is a pointed generating closed convex cone, invariant
under the group Inng(h) := ⟨ead h⟩ ⊆ Aut(g). We call (g, τ, C)

– compactly causal (cc) if C is elliptic in the sense that, for any x ∈ C◦

(the interior of C), the operator adx is semisimple with purely imaginary
spectrum.

– non-compactly causal (ncc) if C is hyperbolic in the sense that, for any
x ∈ C◦, the operator adx is diagonalizable.

• For a symmetric Lie algebra (g, τ), the pair (gc, τ c) with gc := h + iq and
τ c(x + iy) = x − iy is called the c-dual symmetric Lie algebra. Note that
(g, τ, C) is non-compactly causal if and only if (gc, τ c, iC) is compactly causal.

• A modular causal symmetric Lie algebra is a quadruple (g, τ, C, h), where
(g, τ, C) is a causal symmetric Lie algebra, h ∈ gτ is an Euler element, and
the involution τh satisfies τh(C) = −C. This structure is motivated by the
geometric significance of the corresponding modular flow αt(m) = exp(th).m
on M (see [NÓ23a] for details).

Remark 3.1. (g, τ, C, h) is modular if and only if the c-dual quadruple (gc, τ c, iC, h)
is modular.
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For the following we recall that a symmetric Lie algebra (g, τ) is called effective
if h = gτ contains no non-zero ideal of g.

Lemma 3.2 (Modular structures on compactly causal symmetric Lie algebras).
Let (g, τ, C) be an effective reductive compactly causal symmetric Lie algebra with
C◦ ∩ [g, g] ̸= ∅. If g contains a non-central Euler element, then there exist an Euler
element h′ ∈ q = gτ and a cone C ′ ⊆ C such that (g, τ, C ′, h′) is a modular causal
symmetric Lie algebra.

Proof.
(a) First we use the Extension Theorem [NÓ23a, Thm. 2.4] to find a pointed

generating Inn(g)-invariant cone Cg in g with −τ(Cg) = Cg and C = Cg ∩ q.
It follows in particular that g is quasihermitian, i.e., its simple ideals are
either compact or hermitian. We write g = z(g) ⊕ gh ⊕ u with u compact
semisimple and gh a sum of hermitian simple ideals. Projecting along the
compact semisimple ideal pu : g → z(g) + gh (the fixed point projection of
the compact group Inn(u)), it follows that

C◦
g ∩ (z(g) + gh) = pu(C◦

g ) ̸= ∅

(cf. Lemma A.1) and likewise

C◦
g ∩ gh = pu(C◦

g ∩ [g, g]) ̸= ∅.

Here we use that our assumption implies that

∅ ≠ C◦ ∩ [g, g] = C◦
g ∩ q ∩ [g, g].

(b) Let h1 ∈ g be an Euler element. Then the ideal g1 ⊴ g generated by [h1, g]
has trivial center and contains no compact ideal, hence only simple hermitian
ones with an Euler elements, so that they are of tube type. The τ -invariant
ideal g2 := g1 + τ(g1) also has only simple hermitian tube type ideals. We
may thus replace h1 by an Euler element h2 ∈ [g, g] generating the ideal g2.

(c) Let j ⊴ g2 be a minimal τ -invariant ideal. Then either j is simple or a sum
of two simple ideals exchanged by τ . In the latter case j ∼= b ⊕ b with τ
acting by τ(a, b) = (b, a) ([NÓ23a]). Any generating Euler element in j has
non-zero components, and all these are conjugate under inner automorphisms
([MN21, Prop. 3.11]). So the projection of h2 to j is conjugate to an element
of the form (x, x) ∈ jτ . If j is simple, then h = gτ contains an Euler element
by [NÓ23a, Prop. 2.7]. Putting these results on minimal invariant ideals
together, we see that h2 is conjugate to an element of gτ , i.e., gτ contains an
Euler element h3 generating g2.

(d) The involution τ3 := τh3 commutes with τ . Next we observe that g−τ3 ⊆ g2 is
contained in a sum of hermitian simple ideals. Therefore [NÓ23a, Prop. 2.7(d)]
implies that the cones Cmin

g and Cmax
g are −τ3-invariant and

(Cmax
g )−τ3 = (Cmin

g )−τ3 = C−τ3
g .

As g2 intersects the interior of Cg and the cone Cmin
g ⊆ g2 is generating, it

follows with (Lemma A.1) that

∅ ≠ (C ∩ g−τ3
2 )◦ = (Cg ∩ g−τ3

2 )◦ = C◦
g ∩ g−τ3

2 .
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Now
C ′ := C ∩ (−τ3(C)) ⊆ q

is an Inn(h)-invariant pointed cone in q. As it contains Cg∩g−τ3
2 ∩q = C∩g−τ3

2 ,
hence interior points of Cg, it has non-trivial interior. Therefore (g, τ, C ′, h3)
is modular. □

Remark 3.3. The preceding lemma shows that, if (g, τ, C) is compactly causal
and g is simple, then the existence of a modular structure is equivalent to g being
hermitian of tube type (cf. [MN21, Prop. 3.11]).

We refer to [MNÓ23, Thm. 5.4] for a discussion of this fact from the perspective
of non-compactly causal symmetric spaces: For the c-dual non-compactly causal sym-
metric Lie algebra (gc, τ c, iC), the modularity of (g, τ) corresponds to the symmetry
of the causal Euler element (cf. Definition 3.4 below).

Definition 3.4 (The non-compactly causal symmetric Lie algebra associated to an
Euler element). Let g be a reductive Lie algebra and h ∈ g be a (non-central) Euler
element. We choose a Cartan involution θ on g in such a way that θ|z(g) = − idz(g)
and θ(h) = −h. Then τ := θτh is an involutive automorphism on g. We write h := gτ

and q := g−τ for the τ -eigenspaces in g. Then there exists in q a pointed generating
ead h-invariant cone C containing the Euler element h in its interior ([MNÓ23; Óla91]).
We call (g, τ, C) a non-compactly causal symmetric Lie algebra with causal Euler
element h.

The construction in Definition 3.4 is classical for the case where g is simple
([Óla91]), but the non-simple case has to be treated with some caution, as the
following examples show.

Examples 3.5.
(a) If g = z(g) ⊕ [g, g] and 0 ̸= h ∈ z(g) is central (a degenerate Euler element),

then τ = θ and q = p ⊇ z(g). Then Inn(h) is a compact group fixing h, so
that there exists a pointed generating Inn(h)-invariant cone C ⊆ q containing
h in its interior. It is easy to see that there is no minimal or maximal cone of
this type. In fact, pick an affine hyperplane E ⊆ q containing h+ (p ∩ [g, g]),
but not 0. Then E is Inn(h)-invariant, and any Inn(h)-invariant compact
convex neighborhood U of h in E yields a pointed generating invariant cone
CU := [0,∞[ · U ⊆ p.

(b) If g = g1 ⊕ g2 is semisimple, each gj is simple and h ∈ g1, then τ |g2 coincides
with θ|g2 . So

(g, τ) ∼= (g1, τhθ) ⊕ (g2, θ)

is a direct sum of a non-compactly causal symmetric Lie algebra and a
Riemannian one, hence non-compactly causal by the Cone Extension Lemma
([MNÓ23, Lem. B.2]). This lemma applies because tr(adx|q1) = 0 for every
x ∈ h1.

(c) A typical example is the Lie algebra g = so1,d(R) ⊕ so1,k(R) and the Euler
element h = (h0, 0), for which M := dSd × Hypk is a corresponding non-
compactly causal symmetric space (of Lorentzian type).
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The following theorem provides a very convenient test for modularity of a causal
symmetric Lie algebra:

Theorem 3.6 (Modularity test for causal symmetric Lie algebras). For a reductive
causal symmetric Lie algebra (g, τ) with z(g) ⊆ q, the following assertions hold:

(a) If (g, τ) is non-compactly causal, then it is modular in the sense that there ex-
ists a non-central Euler element h′ and a pointed generating Inng(h)-invariant
closed convex cone C ⊆ q satisfying −τh′(C) = C, if and only if the corre-
sponding non-central causal Euler element h with τ = θτh is symmetric.

(b) A compactly causal symmetric Lie algebra (g, τ) is modular if and only if its
dual, the non-compactly causal symmetric Lie algebra (gc, τ c), is modular.

Proof.

(a) Consider the decomposition g = z(g) ⊕ g1 ⊕ · · · ⊕ gℓ into simple ideals and
h = h1 + · · · + hℓ accordingly. Then every gj is τ -invariant ([MNÓ23, proof of
Thm. 4.2]) and h is symmetric if and only if each hj is symmetric.

The case of simple Lie algebras with hj ≠ 0 is covered by [MNÓ23, Thm. 5.4].
It follows that, h is symmetric if and only if hj ≠ 0 implies the existence of modular
structures (gj, τ |gj

, Cj, h
′
j). On all other simple ideals, τ |gj

is a Cartan involution.
Suppose that h is symmetric and let h′ := ∑N

j=1 h
′
j ∈ h. This is a non-central

Euler element in g and −τh′(D1) = D1 for D1 := ∑N
j=1 Cj. Now we use the Cone

Extension Lemma ([MNÓ23, Lem. B.2]) to find a pointed generating cone D2 ⊆ q
that is invariant under −τh′ and Inng(h). This lemma applies because tr(adx|qj

) = 0
for every x ∈ hj. We conclude that (g, τ,D2, h

′) is modular.
If, conversely, (g, τ,D, h′) is modular for some Euler element h′ ∈ h, then the

same holds for all ideals gj with hj ̸= 0, and this implies with [MNÓ23, Thm. 5.4]
that hj is symmetric. It follows that h is symmetric.

(b) This follows directly from the definition. □

Remark 3.7. [NÓ23a, Thm. 3.2] provides more details on the classification of
Inn(h)-orbits of g-Euler elements in h, resp., the different classes of modular structures
of an irreducible compactly causal symmetric Lie algebra (g, τ, C):

(G) For group type spaces (τ = τflip) with g ∼= h⊕h and gτ = ∆h the Lie algebra h
is simple hermitian of tube type and there is only one orbit of Euler elements
intersecting ∆h.

(C) For Cayley type (τ = τh) of real rank r there are r + 1 orbits.
(S) For split type (rkR h = rkR g), there are 2 orbits, lying in the same orbit of

the non-connected group Inn(g)τ .
(NS) For non-split type (2 rkR h = rkR g), there is only one orbit.

3.2. General properties of causal Makarevič spaces
From here on, we assume that g is a sum of hermitian simple ideals, that h ∈ p

is an Euler element, and that M = G/Qh is the corresponding causal flag manifold
(Theorem 2.5), where Z(G) = {e}. Then there exists a minimal invariant closed
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convex cone Cg ⊆ g for which
C+ := Cg ∩ g1(h) = V+

is the closed positive cone in the Jordan algebra V := g1(h), the tangent space of
the base point on M (cf. (7) in Section 2). We also write

V̂ = M, (17)
to emphasize that M is a conformal completion of V.

In z(k)∩Cg we choose an element zk for which ad(zk) defines a complex structure
on p, so that

θ = eπ ad zk (18)
(cf. Definition 2.9). In particular, θ is inner, so that

θ(Cg) = Cg, (19)
and thus

C− := −Cg ∩ g−1(h) = −θ(C+). (20)
Let α ∈ Aut(V) ⊆ Co(V) be an involution, so that α is fixed by the canonical

Cartan involution θG of Co(V), given by θG(g) = θVgθV = exp(πzk)g exp(−πzk),
where

θV(v) = −v−1 (21)
(cf. Definition 2.9). We write σα ∈ Aut(g) for the canonical extension of α to g with
σα|g1(h) = α fixing h, and σG

α ∈ Aut(G) for the corresponding automorphism of G.
We thus obtain two involutive automorphisms of G:

θα = θGσG
α = σG

α θ
G and θ−α := τG

h θα = θατ
G
h , (22)

where τG
h is the involution of G integrating τh. We put

G(±α) := (Gθ±α)e and M (±α) := G(±α).o, (23)
where we identify V with the open subset of M arising from the embedding

ιM : V ↪→ M = G/Qh, x 7−→ exp(x)Qh,

and consider o := ιM(0) as the base point in M . Following [Ber00, §XI.3], we call
M (±α) causal Makarevič spaces and write

g(±α) := L(G(±α)) = gθ±α

for the Lie algebra of G(±α).

Remark 3.8. As the involution σα fixes e ∈ V = g1(h) and commutes with θ, it
also fixes θ(e), hence the Lie algebra ∆s

∼= sl2(R), generated by these elements. In
particular, it fixes the element zk ∈ z(k) (cf. Definition 2.9).

Remark 3.9.
(a) The classification of the spaces M (±α) can be read from Makarevič’s pa-

per [Mak73], which unfortunately contains no proofs. He studies open orbits
in symmetric R-spaces (he calls them Nagano spaces). By [Loo85], these are
precise those flag manifolds G/Qh, where h is an Euler element. Here we are
only interested in the causal ones, called causal Makarevič spaces in [Ber96a].
As the classification in Section 2 shows, causal flag manifolds are precisely
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those symmetric R-spaces for which the corresponding group G is hermitian.
We refer to [GK98] for more related references.

(b) Compact hermitian symmetric spaces are the symmetric R-spaces, where G
is a complex simple group whose Lie algebra contains an Euler element. The
causal ones can be considered as real forms of these spaces, corresponding to
simple hermitian Lie algebras of tube type, i.e., to embeddings M ↪→ MC. On
the level of Jordan algebras, this corresponds to the embedding of a euclidean
Jordan algebra V in its complexification VC.

(c) Makarevič starts with elements α ∈ Str(V) ⊆ Co(V) satisfying θG(α) = α−1

(but not necessarily α2 = idV), which ensures that θ±α are involutions.
However, [Ber00, Lem. XI.3.1] reduces their classification to the special case
where α ∈ Aut(V) is an involution, which we take as our starting point.
We refer to Sections 3.5 (matrix case) and 7.2 (Minkowski case) for the
classification of involutive automorphisms of euclidean Jordan algebras.

(d) As we shall see below, the classification of the involutions α ∈ Aut(V)
can be linked to the classification of irreducible (non-)compactly causal
symmetric spaces (Proposition 3.18), hence can also be derived from the their
classification in terms of Euler elements ([MNÓ23; NÓ23a]).

Proposition 3.10. For an involution α ∈ Aut(V), the following assertions hold:
(a) M (±α) is an open subset of M and an effective causal symmetric space. The

corresponding causal symmetric Lie algebra is (g(±α), τh, C
(±α)), where

C(±α) := {x± θα(x) : x ∈ C+ = V+}.

(b) The symmetric spaces M (α) and M (−α) are c-dual to each other.
(c) M (α) is compactly causal with C(α) = Cg ∩ q(α), and M (−α) is non-compactly

causal.

Assertion (c) refines corresponding statements in [Ber96a] showing the existence
of hyperbolic, resp., elliptic elements in the cones C(±α).

Proof.

(a) First we show that the symmetric Lie algebras (g(±α), τh) is effective. If x ∈ h(±α)

is contained in an ideal of g(±α), then exp(Rx) acts trivially on M (±α), hence also on
M , but then x ∈ z(g) = {0}.

For the h-eigenspaces gj = gj(h), we have θ±α(gj) = g−j, so that

g(±α) = gθ±α = (g0)α + {x± θα(x) : x ∈ g1}

with
(g0)α = {x ∈ g0 : ad x ◦ α = α ◦ adx on g1},

which immediately implies that the orbit M (α) = G(α).0 ⊆ M is open. We also see
that (g(±α), τh) is a symmetric Lie algebra, where

g(±α),τh = g(±α) ∩ g0 = (g0)α,

so that the orbit M (α) = G(α).0 is a corresponding symmetric space.
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(b) ([Ber00, Prop. X.1.3]) The bracket
[x+ θα(x), y + θα(y)] = [θ(α(x)), y] + [x, θ(α(y))]

changes sign when α is replaced by −α. Therefore (g(α), τh) is c-dual to (g(−α), τh).

(c) ([Ber00, Prop. XI.3.2]) In q(±α) = g(±α) ∩ g−τh , the positive cone is
C(±α) := {x± θα(x) : x ∈ C+}. (24)

As α(C+) = C+ and θ(C+) = −C− by (20), we obtain
C(±α) = (C+ ± θ(C+)) ∩ q(±α) = (C+ ∓ C−) ∩ q(±α). (25)

Recall from [NØÓ21, Lem. 3.2(ii)] that, for any choice of Cg ⊆ g with Cg∩g1(h) = C+,
we have

Cg ∩ g−τh = C+ − C− and C◦
g ∩ g−τh = C◦

g ∩ (g1 ⊕ g−1) = C◦
+ ⊕ −C◦

−. (26)

Now q(α) ∩ Cg ⊆ g−τh ∩ Cg implies that
Cg ∩ q(α) = Cθα,−τh

g = (C+ − C−)θα = {x+ θα(x) : x ∈ C+} = C(α). (27)

Next we observe that α(e) = e implies that e+ θα(e) = e+ θ(e) ∈ C◦
g , so that C(α)

contains interior points of Cg. Thus Lemma A.1 implies C(α),◦ = q(α) ∩ C◦
g , so that

the cone C(α) is elliptic (because Cg is elliptic), i.e., that M (α) is compactly causal.
For the cone C(−α) ⊆ q(−α) = g(−α) ∩ g−τh , we first observe that the hyperbolic

element
e+ θ−α(e) = e− θα(e) = e− θ(e) (28)

lies in the interior of the hyperbolic cone C+ + C− ([NÓ23b, §7.2]). From the fact
that

C(−α) = (1 − θα)(C+) = q(−α) ∩ (C+ + C−)
contains the hyperbolic element e− θ(e) ∈ C◦

+ +C◦
−, we obtain with Lemma A.1 that

C(−α),◦ = q(−α) ∩ (C◦
+ + C◦

−).
As C+ + C− is hyperbolic, the cone C(−α) is hyperbolic. □

Example 3.11. For α = idV, we have θα = θ, so that G(α) = K, which acts
transitively on M , so that M (α) = M , considered as a compactly causal symmetric
space of K.

Accordingly, θ−α = θτh is the non-compactly causal involution of g associated
to h ([MNÓ23]),

g(− idV) = hk + qp

and M (− idV) is the open unit ball DV ⊆ V, in its Harish–Chandra embedding
(cf. [MNÓ24]).

For v ∈ V, let τv(x) := x+ v denote the translation by v, write θV(x) = −x−1

for the Cartan involution, and
τ̂ v(x) := (θVτvθV)(x) = −(v − x−1)−1 = (x−1 − v)−1.

For x, v ∈ V, we consider the Bergman operator of the Jordan algebra V, defined for
τ̂ v(x) ∈ V by

B(x, v) := d(τ̂ vτx)(0)−1
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([Ber98, §1.2]). We recall from [Ber98, Prop. 1.2.1] that B extends to a polynomial
operator-valued function on V. According to [Ber98, Lem. 1.2.5], we have

B(x, y) ∈ GL(V) ⇐⇒ τ̂−x(−y) ∈ V ⇐⇒ exp(−θ(x)).(−y) ∈ V. (29)

Lemma 3.12. If V is a euclidean Jordan algebra and DV ⊆ V its open unit ball with
respect to the spectral norm, then, for x, y ∈ DV, the operator B(x, y) is invertible.

Proof. [Nee99, Lem. XII.1.9] implies that, for z, w in the unit ball in VC, the
bounded symmetric domain of the conformal group Co(V), we have exp(w).z ∈ VC.
For z, w ∈ DV, it follows that exp(w).z ∈ V. Therefore B(z, w) is invertible
by (29). □

Proposition 3.13. We always have DV ⊆ M (±α).

Proof. If α ∈ Aut(V) is an involution, then ±α(DV) = DV implies that, for all
x ∈ DV, the operator B(x,±αx) is invertible. As [Ber98, Thm. 2.1.1(ii)] implies
that the intersection M (±α) ∩ V is a union of connected components of the set of all
x ∈ V with B(x,±αx) is invertible, Lemma 3.12 shows that DV ⊆ M (±α). □

The following proposition provides a sufficient criterion for modularity which is
easily verified in concrete cases. For (c), we recall the concept of a positivity region.

Definition 3.14. If M is a causal G-manifold with cone field (Cm)m∈M , and h ∈ g,
we define the corresponding positivity region by

W+
M(h) =

{
m ∈ M : d

dt

∣∣∣∣
t=0

exp(th).m ∈ C◦
m

}
.

Proposition 3.15 (Automatic modularity). If h′ ∈ g(±α) is an Euler element of g,
then the following assertions hold:

(a) If h′ ∈ h(±α), then (g(±α), τh, C
(±α), h′) is a modular causal symmetric Lie

algebra, i.e., τh′(C(±α)) = −C(±α).
(b) If h′ ∈ [g(α), g(α)], then h′ is conjugate under Inn(g(α)) to some h′′ ∈ h(α), and

the quadruple (g(±α), τh, C
(±α), h′′) is modular.

(c) W+
M(±α)(h′) ̸= ∅.

Proof.

(a) We consider the linear isomorphism ψ : q(±α) → V = g1(h), corresponding to the
tangent map in 0 for the orbit map G(±α) → M, g 7→ g.o. It corresponds to the linear
projection g → g1(h), restricted to g(±α). Since h′ ∈ h(±α) ⊆ g0(h), the involution
τh′ commutes with adh, hence leaves g1(h) invariant, and ψ is τh′-equivariant.

As h′ is an Euler element of g, we have −τh′(Cmax
g ) = Cmax

g ([MNÓ23]). Thus
V+ = Cmax

g ∩ g1(h) implies that −τh′(V+) = V+, and finally the equivariance of ψ
entails that

−τh′(C(±α)) = −τh′(ψ−1(V+)) = C(±α).
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(b) As g(α) is quasihermitian (all simple ideals of g(α) are hermitian of tube type), h′

is contained in the commutator algebra if and only if it is symmetric. We claim that
it is conjugate under Inn(g(α)) to an Euler element in h(α). As (g(α), τh) is reductive,
effective and compactly causal (Proposition 3.10), this follows from part (c) in the
proof of Lemma 3.2.

If h′ ∈ g(α) is not contained in the commutator algebra, then h′ = h′
1 + h′

2 with
h′

1 central and h′
2 an Euler element of g(α), contained in the commutator algebra.

Applying the preceding argument to h′
2, we see that h′

2 is Inn(g(α))-conjugate to an
element of h(α). The center of g(α) is contained in q(α), so that h′ is not conjugate to
an element of h(α).

(c) That the positivity regions are non-empty for modular causal symmetric Lie
algebras follows from [NÓ23a, Thm. 6.5] for general compactly causal symmetric Lie
algebras and from [NÓ23b, Thm. 7.1] for reductive non-compactly causal ones. □

3.3. What involutions in Aut(V) classify
We have seen above that involutive automorphisms α of euclidean Jordan

algebras V lead to open submanifolds M (±α) ⊆ M which are symmetric spaces of
the subgroups G(±α) ⊆ G = Co(V)e. To understand the diversity of this family, it
is crucial to observe that these automorphisms classify various types of geometric
objects. In this subsection we briefly describe the connections to

• simple real Jordan algebras Vc = Vα + iV−α with the same complexification
as V ([NK19]), and

• irreducible modular compactly causal symmetric spaces (cf. [NÓ23a]).

Simple real Jordan algebras
Let (V, α) be a euclidean Jordan algebra and α ∈ Aut(V) an involution. The

pair (V, α) is called an involutive Jordan algebra. We further assume that (V, α)
is indecomposable, i.e., {0} and V are the only α-invariant ideals. Indecomposable
involutive Jordan algebras are in one-to-one correspondence with simple real Jordan
algebras by the assignment

(V, α) 7−→ Vc := Vα + iV−α ⊆ VC.

For a fixed V, we thus obtain all simple real Jordan algebras with the same complex-
ification VC (see Table 2 and [BH98; FG96; Hel69; NK19]). The symmetric R-space
M c associated to Vc can be realized as a totally real submanifold of the complex
hermitian R-space MC = GC/Qh (Qh ⊆ GC the corresponding parabolic subgroup;
cf. Section 2), which is a hermitian symmetric space of compact type.

Remark 3.16.
(a) If V is not simple and (V, α) is indecomposable, then (V, α) is equivalent

to the involutive Jordan algebra (Vα ⊕ Vα, α) with α(v, w) = (w, v) (flip
involution), and then

Vc = {(x+ iy, x− iy) : x, y ∈ Vα} ∼= (Vα)C.

This case corresponds to the situations, where Vc is a complex simple Jordan
algebra and the involution is antilinear.
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(b) The antiholomorphic involution τα(z) := −α(z) on the tube domain TV =
V + iV+ has the fixed point set

V−α ⊕ iVα
+ = TV ∩ iVc,

which is a real tube domain.

The following table lists the data related to the classification of simple real
non-complex Jordan algebras. For further details we refer to [BH98, §1.5] and [NK19];
see also [Hel69] and [FG96]. If α is not of Pierce type (P), we distinguish split type
(S) (rk V = rk Vα) and non-split type (NS) (rk V = 2 rk Vα). We write (S1), (S2),
. . . , and (NS1), (NS2), . . . , etc. for the sake of easier reference in Table 2.

Table 2. Simple real non-complex unital Jordan algebras Vc with
euclidean dual V

type V VC α on V Vα Vc

(P) Symp+q(R) Symp+q(C) Ip,qxIp,q Symp(R) Symp,q(R)
⊕ Symq(R)

(NS1) Sym2s(R) Sym2s(C) ΩxΩ−1,Ω2 = −1 Herms(C) Sym2s(C)
∩Ms(H)

∼= Aherms(H)
(P) Hermp+q(C) Mp+q(C) Ip,qxIp,q Hermp(C) Hermp,q(C)

⊕ Hermq(C)
(S1) Hermr(C) Mr(C) x Symr(R) Mr(R)
(NS2) Herm2s(C) M2s(C) ΩxΩ−1,Ω2 = −1 Herms(H) Ms(H)
(P) Hermp+q(H) Skew2(p+q)(C) Ip,qxIp,q Hermp(H) Hermp,q(H)

⊕ Hermq(H)
(S2) Hermr(H) Skew2r(C) (IxijI

−1)ij Hermr(C) Skew2r(R)
(P) Herm3(O) Herm3(O)C I1,2xI1,2 R ⊕ Herm2(O) Herm1,2(O)
(S3) Herm3(O) Herm3(O)C α0 Herm3(H) Herm3(Osplit)
(P) R1,d−1 Cd diag(1, 1,−1d−2) R1,1 Rd−1,1

(S4) R1,p+q−1 Cp,q diag(1,−1p−1,1q) R1,q Rp,q, p, q > 1
(NS3) R1,d−1 Cd diag(1,−1d−1) R Rd,0

Irreducible modular compactly causal symmetric spaces
Irreducible compactly causal modular symmetric Lie algebras (g, τ, C, h) (cf.

Section 3.1) arise in two types ([NÓ23a]):
• Group type: (g, τ) ∼= (h ⊕ h, τflip), (h, Ch) is a hermitian simple Lie algebra,

and Ch ⊆ h a pointed generating invariant cone. Then h = (h0, h0) holds for
an Euler element h0 ∈ h, so that the Lie algebra h must be simple hermitian
of tube type ([MN21, Prop. 3.11]).

• Simple type: g is simple hermitian of tube type and τ an involution satisfying
−τ(Cg) = Cg for a pointed generating invariant cone Cg ⊆ g satisfying
Cg ∩ q = C. If τ commutes with the Cartan involution θ, this is equivalent
to τ(zk) = −zk.

The following lemma follows from [Oeh22, Prop. 3.12].
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Lemma 3.17. Let g be simple hermitian of tube type, h ∈ g an Euler element,
and V := g1(h) the corresponding euclidean Jordan algebra. For every involutive
automorphisms α ∈ Aut(V), there exists a unique automorphism σα ∈ Aut(g) with
σα|V = α, and then (g, τhσα, C

−τhσα
g , h) is modular compactly causal. Conversely,

every modular compactly causal Lie algebra of simple type is of this form.

The following proposition connects the pairs (V, α) to irreducible compactly
causal symmetric Lie algebras, which have been classified in terms of Euler elements
in [MNÓ23] and [NÓ23a].

Proposition 3.18. Let g be simple hermitian of tube type, h ∈ E(g) and V = g1(h).
(a) The assignment

(V, α) 7−→ (g, τhσα, Cg ∩ g−τhσα , h)

from indecomposable involutive Jordan algebras to modular causal symmetric
Lie algebras, yields all modular compactly causal symmetric Lie algebras of
simple type.

(b) Every involutive automorphisms τ ∈ Aut(g) commuting with θ and satisfying
τ(zk) = −zk and τ(h) = h is of the form τhσα, hence in particular compactly
causal.

(c) For every involution α ∈ Aut(V), the involution θ−α defines a modular
compactly causal symmetric Lie algebra (g, θ−α, C, k), where C := Cg ∩ q(−α),
and

k := e− π
2 ad zkh (30)

is the corresponding Euler element fixed by θ−α = τkσα.
(d) The element k ∈ g(−α) from Definition 2.9 is a causal Euler element for the

non-compactly causal symmetric Lie algebra (g(−α), τh, C
(−α)). In particular,

∅ ≠ W+
M(−α)(k) ⊆ W+

M(k).

Proof.

(a) Lemma 3.17 implies that the involution τ of a compactly causal modular
symmetric Lie algebra (g, τ, C, h) of simple type is of the form τhσα.

(b) It follows from [Oeh22, Prop. 3.12(a)].

(c) For the Euler element k ∈ g we derive from θ = e−π ad zk that

θα = θσα = (θτh)(τhσα) = e− π
2 ad zkτhe

π
2 ad zk(τhσα) = τkτhσα = τhτkσα.

Accordingly,
θ−α = τhθα = τkσα. (31)

In view of (b), this is a modular compactly causal involution on g because σα(k) = k
implies θ−α(k) = k and θ−α(Cg) = −Cg follows from τk(Cg) = −Cg.

(d) Equation (28) in the proof of Proposition 3.10 shows that the element e−θ(e) ∈
C(−α) is hyperbolic. Comparing with the subalgebra s ∼= sl2(R)⊕r corresponding to
the strongly orthogonal roots (see (33) below), it follows that the Euler element k
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from (30) is a causal Euler element in g(−α). In particular, it is contained in the
diagonal subalgebra sl2(R) ∼= ∆s ⊆ s, spanned by h, e and θ(e). □

The following observation refines Proposition 3.18(d).

Proposition 3.19. The positivity region of the Euler element k = e− π
2 ad zkh in M

is the open unit ball for the spectral norm in V:

W+
M(k) = DV = (e− V+) ∩ (−e+ V+).

Proof. We derive from W+
M(h) = V+ ([MN, Lem. 2.7]) and (30) that W+

M(k) =
exp(−π

2 zk).V+. From (12) in Definition 2.9, we know that exp(π
2 zk) acts on V ⊆ M as

the Cayley transform c(x) = e+x
e−x

of order 4 with c2(x) = −x−1 = θM(x). Therefore
exp(−π

2 zk) acts by c−1(x) = x−e
x+e

. As c−1(R+) = (−1, 1), this shows that W+
M(k) =

c−1(V+) = DV. □

We conclude that
∅ ≠ W+

M(±α)(k) = M (±α) ∩ DV ⊆ V (32)

(cf. Proposition 3.18(d).)

Theorem 3.20. For a non-compactly causal space M (−α) ⊆ M and the causal
Euler elemenet k from Definition 2.9, the positivity region is

W+
M(−α)(k) = DV = (e− V+) ∩ (−e+ V+).

The subgroup Gk
e acts transitively on this domain.

Proof. We have seen in Proposition 3.18(d) that k is a causal Euler element for
M (−α), and in Proposition 3.19 that W+

M (k) = DV. Hence the assertion follows from
Proposition 3.13.

That the subgroup Gk
e acts transitively on DV follows from the fact that k is

conjugate to h (cf. (30)) and that Gh
e acts transitively on the open cone W+

M (h) = V+
([MN, Lem. 2.7]). □

The preceding theorem shows that the positivity region is a so-called real
bounded symmetric domain. For a detailed analysis of these domains, we refer
to [ÓS20]. We also refer to Table 1 in [GKÓ03], which lists those crown domains Ξ
of G/K that are bounded symmetric domains of larger groups.

The homogeneity of wedge regions seems to be curiously related to the discussion
of one-parameter groups of isometries in the recent paper [GZ25].

Remark 3.21.
(a) If (g, τ, h) is irreducible compactly causal modular, then τ = τhσα (Lem-

ma 3.17), τ fixes h and gτ
1 = V−α, so that
q = Vα ⊕ g−α

0 ⊕ gα
−1.

(b) The involution θα = θσα fixes Cg(α) = Cg ∩g(α) and zk, whereas τh(Cg) = −Cg.
Therefore (g(α), τh, Cg(α)) is compactly causal (cf. Proposition 3.10).
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(c) For the compactly causal involution τ := τhσα, the c-dual symmetric Lie
algebra (gc, τ c, h) is non-compactly causal modular (Proposition 3.10), so
that gc ∼= co(Vc) is the conformal Lie algebra of the simple non-euclidean
Jordan algebra Vc.

(d) We have the causal symmetric Lie algebras
(g(±α), τh|g(±α) , C(±α)) with h(α) = h(−α) = g0(h) ∩ g(±α), q(±α) = g(±α) ∩ g−τh .

The Euler element k is contained in g(−α) and causal for M (−α) (Proposi-
tion 3.18(d)), but it is not contained in h(α).

Both Euler elements h and k are contained in the diagonal subalgebra
sl2(R) ∼= ∆s ⊆ s ∼= sl2(R)⊕r (33)

(see Definition 2.9). On ∆s the involution θα fixes zk, hence is a Cartan
involution and

g(α) ∩ ∆s = Rzk = so2(R).
The involution θ−α = τhθα = τkσα (cf. (31)) satisfies

g(−α) ∩ ∆s = Rk = so1,1(R).
In particular, g(α) does not always contain Euler elements. This phenomenon
is discussed in detail in Section 6.

3.4. The classification of causal Makarevič spaces
Proposition 3.18(c) connects irreducible modular compactly causal symmetric

Lie algebras, resp., quadruples (g, τhσα, C, h) with the non-compactly causal sym-
metric spaces M (−α) of G(−α). In particular, it exhibits the subalgebras g(−α) as the
fixed point algebras of compactly causal involutions on g, which have been classified
in terms of Euler elements in [MNÓ23] and [NÓ23a].

We distinguish the following types (see also the introduction of [NÓ23a]):
(C) Flip involutions α correspond to group type spaces: (g ⊕ g)(−α) ∼= g, and

these correspond to Cayley type spaces M (−α) ∼= G/Gh, embedded in the
product space (V ⊕ V)̂ ∼= V̂ × V̂ (see Section 4).

(P) Pierce involutions α correspond to satellites M (−α) ⊆ V× (see Section 5 and
in particular (39) for details).

(S) Spaces of spit type, i.e., τ ̸= τh and rkR g
(−α) = rkR g:

(NS) Space of non-split type, i.e., τ ̸= τh, rkR g
(−α) = rkR g

2 :
Combining the classification from [NÓ23a] with the material from [Ber96a]

and [BH98], leads to the following table. Here co(V) denotes the conformal Lie
algebra corresponding to a pair (V, α), where α may also be a flip involution and V
not simple. For the correspondence between V and co(V), we refer to Table 1. For
Pierce type we also write (p, q) = (r − j, j) in the table. Although the symmetric
spaces M (±α) are determined up to covering by the symmetric pair (g(±α), h(±α)), we
sometimes list a global representative.

3.5. Involutions on Jordan matrix algebras
In this subsection we describe the involutive automorphisms on the matrix

Jordan algebras Hermr(K) following [BH98, §1.5]. Our grouping according to Pierce
type (P), split type (S) and non-split type (NS) corresponds to the classification of
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Table 3. Causal Makarevič spaces

Type co(V) g(α) g(−α) h(α) = h(−α) M (α) M (−α)

Symr(R) sp2r(R)
(C) sp2r(R)⊕2 sp2r(R) sp2r(R) glr(R)
(P) sp2r(R) up,q(C) glr(R) op,q(R) Up,q(C)/Op,q(R) Symr(R)×

(p,q)
(NS1) sp4s(R) sp2s(R)⊕2 sp2s(C) sp2s(R) Sp2s(R)

Hermr(C) sur,r(C)
(C) sur,r(C)⊕2 sur,r(C) sur,r(C) glr(C)/Ri1
(P) sur,r(C) up,q(C)⊕2/ slr(C) + R1 sup,q(C) Up,q(C) Hermr(C)×

(p,q)
R(i1, i1)

(S1) sur,r(C) so∗(2r) sor,r(R) sor(C) SO∗(2r)/ SOr(C)
(NS2) su2r,2r(C) sp4r(R) ur,r(H) sp2r(C) Sp4r(R)/ Sp2r(C)

Hermr(H) so∗(4r)
(C) so∗(4r)⊕2 so∗(4r) so∗(4r) glr(H)
(P) so∗(4r) u2p,2q(C) glr(H) up,q(H) U2p,2q(C)/Up,q(H) Hermr(H)×

(p,q)
(S2) so∗(4r) so∗(2r)⊕2 so2r(C) so∗(2r) SO∗(2r)

Herm3(O) e7(−25)

(C) e⊕2
7(−25) e7(−25) e7(−25) e6(−26) ⊕ R

(S3) e7(−25) su6,2(C) sl4(H) u3,1(H) SU6,2(C)/U3,1(H)
(P), j = 0 e7(−25) ec

6 ⊕ R e6(−26) ⊕ R ec
4 Hermr(O)+

(P), j = 1 e7(−25) e6(−14) ⊕ R e6(−26) ⊕ R f4(−20) Hermr(O)×
(2,1)

R1,d−1 so2,d(R)
(C) so2,d(R)⊕2 so2,d(R) so2,d(R) R

⊕ so1,d−1(R)
(S4), p+q= d so2,d(R) so2,p−1(R) so1,p(R) so1,p−1(R) (AdSp × Sq)/{±1} dSp × Hypq

× soq+1(R) × so1,q(R) × soq(R)
(NS3), q = 0 so2,d(R) so2,d−1(R) so1,d(R) so1,d−1(R) AdSd dSd

(P), j = 0 so2,d(R) R ⊕ sod(R) R sod−1(R) (S1 × Sd−1)/{±1} R × Hypd−1

⊕ so1,d−1(R)
(P), j = 1 so2,d(R) R R so1,d−2(R) (AdSd−1 × S1)/{±1} dSd−1 ×R

⊕ so2,d−2(R) ⊕ so1,d−1(R)

irreducible compactly causal symmetric spaces (Table 1 in [NÓ23a]), which is based
on the correspondence from Proposition 3.18. Our types correspond to types I, II
and III in [FG96, p. 8]. Involutions on the Minkowski spaces R1,d−1 are discussed in
Section 7.2 below.

Pierce involutions (P). On the Jordan algebras V of the form Hermr(K) with
K = R,C,H,O, we have the involutions

αq(z) := Ip,qzIp,q, p+ q = r, (34)

with

Vα = Hermp(K) ⊕ Hermq(K) and V−α ∼= Mp,q(K)

(cf. Example 5.2). Note that α0 = αr = idV. Here Vc is the space of hermitian
matrices with respect to the hermitian form β(z, w) = z∗Ip,qw of signature (p, q).
The corresponding spaces M (−α) are given by GLr(K).Ip,q

∼= GLr(K)/Up,q(K) and
discussed in some detail in Proposition 5.4 below.
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Split type involutions (S). These are the automorphisms of Hermr(K) induced
by automorphisms α0 of K, applied entry-wise:

α((xjk)) = (α0(xjk)).
So the involutions (S1,2,3) below correspond to the equal rank embeddings of
euclidean Jordan algebras:

Symr(R) ↪→ Hermr(C), Hermr(C) ↪→ Hermr(H), Herm3(H) ↪→ Herm3(O).

(S1) V = Hermr(C). Here α(z) = z with Vα = Symr(R), V−α = i Skewr(R) and
Vc = Mr(R).

(S2) V = Hermr(H). Consider the automorphism α0(z) = IzI−1 of H whose fixed
point space is R1 + RI ∼= C. We then have Vα = Hermr(C).

(S3) V = Herm3(O). Here α0 is the involution on O with Oα0 = H. Then
Vα = Herm3(H), V−α

C
∼= M6,2(C), Vc ∼= Herm3(Osplit).

Non-split type involutions (NS). Here r = 2s and α is related to conjugation
with

Ω :=
(

0 −12s

12s 0

)
.

The involutions of non-split type (NS1,2) correspond to the half-rank embeddings
Herms(C) ↪→ Sym2s(R), Herms(H) ↪→ Herm2s(C).

(NS1) V = Sym2s(R). Here α(x) = ΩxΩ−1, Vα = Herms(C), V−α = Syms(C). For
x =

(
a b

b⊤ d

)
∈ Sym2s(C) = VC, the antilinear extension α of α to VC takes the form

α

(
a b
c d

)
=
(

0 −1
1 0

)(
a b
c d

)(
0 1

−1 0

)
=
(
d −c

−b a

)
.

Therefore x ∈ Vc is equivalent to d = a and c = −b, which is equivalent to x ∈ Ms(H).
We thus obtain Vc = Sym2s(C) ∩Ms(H).

(NS2) On V = Herm2s(C) with VC = M2s(C), we consider the involution α(z) =
ΩzΩ−1 with Vα = Herms(H), V−α = Aherms(H), and Vc = Ms(H).

4. Flip involutions and Cayley type spaces

In this brief section we discuss flip involutions and show that the corresponding
open orbits correspond to Cayley type spaces G/Gh, embedded in Md := M ×M as
open G-orbits (cf. [BN04; Kou94]).

If α is an involution on a euclidean Jordan algebra and there exists no non-trivial
α-invariant ideal, then either the Jordan algebra is simple or consists of two simple
ideals flipped by α. In the latter case, there exists a simple Jordan algebra V such
that we have a situation of the type

Vd = V ⊕ V with α(v, w) = (w, v). (35)
These involutions correspond to so-called Cayley type spaces which are briefly
discussed in this subsection. Let Gd := G×G be the double of G = Co(V)e.
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On the group Gd
∼= Co(Vd)e, we obtain σα(g1, g2) = (g2, g1), and hence the

automorphism
θα(g1, g2) = (θG(g2), θG(g1),

which leads to
G

(α)
d = Γ(θG) ∼= G = Co(V)e.

Further, g(α),τh

d = {(x, θ(x)) : x ∈ g0(h)} ∼= g0(h), so that

M
(α)
d

∼= G/Gh ∼= Oh

is a Cayley type space.
Writing τncc = θτh for the non-compactly causal involution defined by h (cf. Def-

inition 3.4), we obtain from θ−α = τGd
h θα = τGd

nccσα the relation
θ−α(g1, g2) = (τG

ncc(g2), τG
ncc(g1)).

This leads to
G

(−α)
d

∼= Γ(τncc) ∼= G and G
(−α),τGd

h
d

∼= Gh.

This shows that M (−α)
d

∼= Oh, as a symmetric space. Specifically, we have Cgd,+ =
C+ ⊕ C+ ⊆ gd,1(h), and therefore

C(±α) = {(x, y) ± (θ(y), θ(x)) : x, y ∈ C+}
= {(x± θ(y), y ± θ(x)) : x, y ∈ C+} = Γ(±θ|C+∓C−) ∼= C+ ∓ C−.

The cone C(α) ∼= C+ − C− is elliptic and C(−α) ∼= C+ + C− is hyperbolic ([NÓ23b,
§7.2]). Thus, in the first case, Oh inherits a compactly causal structure and in the
second case a non-compactly causal structure (cf. also Proposition 3.10).

To see how M
(±α)
d is embedded in M × M , we write θM for the involution

defined by exp(πzk) on M and
∞ := θM(o) = exp(πzk).o.

Then
M⊤

d := G.(0,∞) ⊆ Md

is the set of “transversal pairs”, which is open and dense. It intersects the open
subset V × V in

V⊤
d = {(x, y) ∈ V2 : x− y ∈ V×}

(see [MN, §3.1] and [BN04, §1.5]). As M (α)
d ⊆ M ×M is the G-orbit of (o, o) under

the action g.(x, y) := (g.x, θG(g).y), we obtain

M
(α)
d = (idM ×θM)(M⊤

d ). (36)
Writing τM

ncc for the involution induced by τG
ncc on M , the relation

M
(−α)
d = (idM ×τM

ncc)(M⊤
d ), (37)

follows from the fact that this is the G-orbit of (o, o) under the action g.(x, y) :=
(g.x, τG

ncc(g).y) and τM
ncc(o) = ∞. Both orbits are open and dense.

Proposition 4.1. For the Euler element hd := (h,−h) ∈ h(±α), the following
assertions hold:

(a) W+
M

(−α)
d

(hd) = W+
M (h)×W+

M (−h) ∼= V+ × (−V+), and this domain is causally
convex, hence globally hyperbolic.
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(b) W+
M

(α)
d

(hd) ⊆ V+ × (−V+) is the subset of all pairs (x, y), with x+ y−1 ∈ V×.

(c) All Euler elements in g
(±α)
d

∼= g are conjugate to hd.

Proof.

(a) The Euler element hd defines on (g(±α)
d , τhd

, C(±α), hd) the structure of a modular
causal symmetric Lie algebra, and the inclusion into Md is equivariant for the modular
flow. First we use [MN, Lem. 2.7] to obtain W+

M(±h) = ±V+, which leads to
W+

Md
(hd) = V+ × (−V+) ⊆ M⊤

d .

As τM
ncc(x) = x−1 = −θM(x) for x ∈ V leaves −V+ invariant, we derive from

V+ + V+ ⊆ V+ ⊆ V× that
W+

M
(−α)
d

(hd) = {(x, y) ∈ V+ × (−V+) : x− τM
ncc(y) = x− y−1 ∈ V×} = V+ × (−V+).

(b) It follows with a similar argument with θM instead of τM
ncc.

(c) It follows from [MN21, Prop. 3.11] because g is of tube type (see also Theo-
rem 6.1). □

Note that θM is a causal involution on M but τM
ncc = θMτM

h is not because τM
h

flips the causal structure.

Example 4.2. It is instructive to visualize the preceding proposition for the
simplest case where V = R and M = R∞ ∼= S1 is the one-point compactification.
Here θM(x) = −x−1 and τM

ncc(x) = x−1. Further W+
Md

(hd) = R+ × (−R+) and
M⊤

d = Md \ ∆M . Therefore

M
(−α)
d = Md \ Γ(τM

ncc) = {(x, y) ∈ R+ × (−R+) : y ̸= x−1} = R+ × (−R+)
and

M
(α)
d = Md \ Γ(θM) = {(x, y) ∈ R+ × (−R+) : y ̸= −x−1}

is the complement of a hyperbola in a quater plane (cf. Proposition 7.6 and Exam-
ple 7.7).

5. Pierce involutions and satellites of the positive cone

Beyond the flip involutions (cf. Section 4), the Pierce involutions can easily be
understood in terms of the Pierce decomposition of the euclidean Jordan algebra. We
use [FK94] as a reference for euclidean Jordan algebras. In this section V is always a
simple euclidean Jordan algebra of rk(V) = r and (c1, . . . , cr) ∈ V is a Jordan frame.
We consider the Pierce decomposition

V =
r⊕

k=1
Rck ⊕

⊕
k<ℓ

Vkℓ with Vkℓ :=
{
v ∈ V : ckv = cℓv = 1

2v
}

(38)

([FK94, §IV.1]). For g = co(V) and h ∈ a, where a ⊆ p is maximal abelian, we choose
a maximal set {γ1, . . . , γr} ⊆ Σ(g, a) of strongly orthogonal roots (cf. Appendix A.3).
We then have

Rcj = gγj
and Vkℓ = g 1

2 (γk+γℓ).
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Definition 5.1. For xj := c1 + · · · + cj, j = 0, . . . , r, the element αj := e2πiL(xj) ∈
Str(VC) fixes each cj in V, and for v ∈ Vkℓ we find

αj(v) =

v for k, ℓ ≤ j or k, ℓ > j

−v for k ≤ j < ℓ.
(39)

This shows that αj ∈ Aut(V) is an involutive automorphism of V, called a Pierce
involution. Note that α0 = αr = idV.

Let s ⊆ g be the subalgebra isomorphic to sl2(R)⊕r generated by the elements
cj ∈ g1(h) and θ(cj) ∈ g−1(h). We put

sj := Rcj + R[cj, θ(cj)] + Rθ(cj) = gγj
+ g−γj

+ Rγ∨
j

∼= sl2(R)

(cf. Appendix A.3). Then h ∈ s can be written as a sum

h = h1 + · · · + hr = 1
2(γ∨

1 + · · · + γ∨
r ),

where hj = 1
2γ

∨
j ∈ sj is an Euler element satisfying [hj, ck] = δjkcj. In Aut(g), we

then have

σαj
= exp(2πi ad(h1 + · · · + hr−j)) = exp(2πi ad(−hr−j+1 − · · · − hr)). (40)

Examples 5.2.
(a) For V = Hermr(K) a natural Jordan frame consists of the matrix units

cj = Ejj and Vkℓ = K(Ekℓ + Eℓk). In this case we find with (34)

αj(x) = Ir−j,jxIr−j,j.

(b) For V = R1,d−1 we have r = 2 and the two lightlike vectors

c1 = e0 + e1, c2 = e0 − e1

form a Jordan frame. The only Pierce space is V12 = span{e2, . . . , ed−1} and

α1 = diag(1, 1,−1, . . . ,−1) = I2,d−2.

Proposition 5.3. Let αj ∈ Aut(V), j = 0, . . . , r, be a Pierce involution and
consider the Euler elements

hj := h1 + · · · + hr−j − hr−j+1 − · · · − hr and kj := e− π
2 ad zkhj. (41)

Then the following assertions hold:
(a) θ−αj

is the non-compactly causal involution τncc = θτhj on g, specified by the
Euler element hj in the sense of Definition 3.4.

(b) θ−αj
= τkj for the Euler element kj. In particular, the symmetric Lie algebra

(g, θ−αj
) is of Cayley type and kj ∈ q(−αj).
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Proof.

(a) The subalgebra s also contains the element zk ∈ z(k) ∩ Cg for which eπ ad zk = θ
is the Cartan involution of g (cf. (18)). Therefore θαj

is given by conjugation (in GC)
with the element

exp(πzk) exp(2πi(h1 + · · · + hr−j)), (42)
and θ−αj

by conjugation with
exp(πzk) exp(−πih) exp(2πi(h1 + · · · + hr−j))
= exp(πzk) exp(πi(h1 + · · · + hr−j − hr−j+1 − · · · − hr)) = exp(πzk) exp(πihj).

Hence θ−αj
is the non-compactly causal involution τncc = θτhj on g, specified by the

Euler element hj of g (Definition 3.4).

(b) For the Euler element

kj = e− π
2 ad zkhj (80)= k1 + · · · + kr−j − kr−j+1 − · · · − kr ∈ s ∩ p, (43)

we then derive from τhj (zk) = −zk and (a) that
θ−αj

= θτhj = e−π ad zkτhj = e− π
2 ad zkτhje

π
2 ad zk = τkj (44)

(cf. Example A.3). Finally, kj ∈ q(−αj) = g(−αj),−τh follows from
τh(kj) = e

π
2 ad zkτh(hj) = e

π
2 ad zkhj = eπ ad zkkj = θ(kj) = −kj. □

The set V× of invertible elements of V has r+ 1 connected components that can
be described as follows. We fix a spectral decomposition x = ∑r

j=1 xj c̃j of an element
x ∈ V, where (c̃1, . . . , c̃r) is a Jordan frame ([FK94, Thm. III.1.1]). This means that,
under the automorphism group Aut(V), the element x is conjugate to ∑r

j=1 xjcj.2
The element x is invertible if and only if all coefficients xj ∈ R are non-zero, and
if this is the case, we say that x is of signature (p, q) if p is the number of positive
coefficients xj and q = r − p the number of negative ones. We write

V×
(p,q) ⊆ V×, p+ q = r, (45)

for the open subset of elements of signature (p, q). These are orbits of the group
Gh

e
∼= Str(V)e. For 0 < p < r, they are called satellites of the open convex cone

V+ = V×
(r,0). Note that −V+ = V×

(0,r) and

cj = c1 + · · · + cr−j − cr−j+1 − · · · − cr ∈ V×
(r−j,j). (46)

The following proposition relates the domains V×
(p,q) to the open orbits M (−α)

for Pierce involutions.

Proposition 5.4. In the subalgebra s ∼= sl2(R)⊕r from (A.3), we consider the
elliptic element

zj
k := zk,1 + · · · + zk,r−j − zk,r−j+1 − · · · − zk,r

and put dj := exp
(

π
2 z

j
k

)
. Then the following assertions hold:

2For V = Hermr(K), this corresponds to the conjugation of a hermitian matrix x by Ur(K) to a
diagonal matrix, and for Minkowski space, it corresponds to conjugation of an element x ∈ R1,d−1

under Od−1(R) to one with x2 = · · · = xd−1 = 0.
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(a) θ−αj
= Ad(dj)−1τh Ad(dj).

(b) dj.M
(−αj) = V×

(r−j,j) and dj(0) = cj.
(c) The involution τh on g(−αj) = Ad(dj)−1g0(h) corresponds to the non-compactly

causal involution on g0(h) defined by the Euler element hj ∈ g0(h).
(d) The positivity region of hj in M is contained in V×

(r−j,j) and given by the
convex cone

W+
M(hj) = W+

V (hj) = (V+ ∩ V1(hj))◦ − (V+ ∩ V−1(hj))◦ + V0(hj) (47)

For r = 2 and j = 1 (Lorentz boost on Minkowski space), the wedge domain
W+

V (h1) in Minkowski space R1,d−1, is known as the Rindler wedge. For j = 0, r, we
obtain the open cones V+ and −V+ for any Jordan algebra.

Proof.

(a), (b) The Cayley transform c(x) = exp
(

π
2 zk
)
.x = e+x

e−x
from (12) satisfies c(0) = e

and c−1(0) = −e. Using the subalgebra s ∼= sl2(R)⊕r, we apply c in the first r − j
components and its inverse in the last j components. Concretely, we obtain

dj.0 = exp
(
π

2 z
j
k

)
.0 = cj. (48)

Therefore the Str(V)e-orbit V×
(r−j,j) of cj corresponds to the orbit of 0 under the

connected subgroup with the Lie algebra

Ad(dj)−1g0(h) = e− π
2 ad zj

k g0(h) (49)= g0(kj) 5.3(b)= g(−αj),

where we use (80) in Appendix A.2 to see that

kj = e− π
2 ad zj

kh = k1 + . . . kr−j − kr−j+1 − · · · − kr. (49)

With Proposition 5.3, this shows that g(−αj) = g0(kj) = Ad(dj)−1g0(h), hence (a)
and (b).

(c) On g(−αj) the involution is given by τh, so that

Ad(dj)h = e
π
2 ad zj

kh = −k1 − · · · − kr−j + kr−j+1 + · · · + kr = −kj (50)

and τ−kj = τkj = θτhj imply that the corresponding involution on g0(h) is τkj

(cf. (44)). In view of Definition 3.4, this proves (c).

(d) The eigenspaces of hj on V are given by

V1(hj) =
r−j⊕
ℓ=1

Rcℓ ⊕
⊕

ℓ<m≤r−j

Vℓm, V0(hj) =
⊕

ℓ≤r−j<m

Vℓm, (51)

V−1(hj) =
⊕

ℓ>r−j

Rcℓ ⊕
⊕

r−j<ℓ<m

Vℓm,

where V±1(hj) are Jordan subalgebras of E. By [NØÓ21, eq. (B.4)], the positivity
region of hj in V is

W+
V (hj) = {x ∈ V : [hj, x] ∈ V+} = (V+∩V1(hj))◦−(V+∩V−1(hj))◦+V0(hj) (52)
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Further [NØÓ21, Cor. B.5] shows that W+
V (hj) ⊆ Mj := V×

(r−j,j), so that W+
V (hj) =

W+
Mj

(hj). □

The cones W+
V (hj) are in particular causally convex subsets of V.

Lemma 5.5. x ∈ V× if and only if h ∈ [x, g−1(h)].

Proof. In view of the Spectral Theorem for euclidean Jordan Algebras ([FK94]),
we may assume that x = ∑r

j=1 xjcj with xj ∈ R. With respect to the strongly
orthogonal roots γ1, . . . , γr with gγj

= Rcj, we then have

[x, g−1(h)] ∩ a =
[
x,

r∑
j=1

g−γj

]
=
∑

xj ̸=0
Rγ∨

j .

Hence h = 1
2
∑

j γ
∨
j is contained in [x, g−1(h)] if and only if all xj are non-zero, i.e., if

x ∈ V×. □

Lemma 5.6. V0(hj) ∩ V× ̸= ∅ if and only if r = 2j.

Proof. We have

V0(hj) =
∑

k≤r−j<ℓ

Vkℓ =
∑

k≤r−j<ℓ

g 1
2 (γk+γℓ).

An element x = ∑
k≤r−j<ℓ xkℓ with xkℓ ∈ g 1

2 (γk+γℓ) is invertible in V0(hj) if and only
if Lemma 5.5 implies that h = [x, y] for some y = ∑

k,ℓ ykℓ ∈ g−1(h). We then must
have h = ∑

k,ℓ[xkℓ, ykℓ] because all other brackets lie in different a-eigenspaces. For
any β ∈ Σ(g, a), we have pa([gβ, g−β]) = Rβ∨ (β∨ is the corresponding coroot), so
that

h ∈
∑

k≤r−j<ℓ

R
(
γk + γℓ

2

)∨
⊆ (hj)⊥.

This implies that h⊥hj with respect to the Cartan–Killing form. As

h = 1
2(γ∨

1 + · · · + γ∨
r ) and hj = 1

2(γ∨
1 + · · · + γ∨

r−j − γ∨
r−j+1 − · · · − γ∨

r ),

and the γ∨
j are pairwise orthogonal of the same length, it follows that r = 2j.

Assume, conversely, that r = 2j. Then r is even, so that either V ∼= R1,d (for
r = 2), or V ∼= Hermr(K) for r > 2 and K ∈ {R,C,H}. For r = 2, the space V0(h1)
(h1 a Lorentz boost) contains non-zero spacelike points (because d > 1 by simplicity
of V), and these are invertible elements of V.

For r > 2 even, V ∼= Hermr(K), and for j = r/2 we have

V0(hj) =
{(

0 b
b∗ 0

)
: b ∈ Mj(K)

}
. (53)

The invertible elements in this set are those for which b is invertible. □

The non-compactly causal symmetric spaces

V×
(r−j,j)

Prop. 5.4∼= M (−αj) (54)
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carry natural flows generated by the Euler elements hℓ, ℓ = 0, . . . , r, of g contained in
g0(h) ∼= g(−αj). The following proposition clarifies the existence of positivity regions
and fixed points:

Proposition 5.7 (Modular flows on V×
(r−j,j)). For the flow generated by the Euler

element hℓ ∈ g0(h) on V×
(r−j,j), the following assertions hold:

(a) The positivity region of hℓ is non-empty if and only if ℓ = j.
(b) The symmetric space V×

(r−j,j) is the non-compactly causal symmetric space
corresponding to the pair (g0(h), hj) (cf. Definition 3.4).

(c) It has fixed points if and only if r = 2j and ℓ = j.
(d) For r = 2j, there exists an Euler element h′ ∈ h(−αj) ∩ [g(−αj), g(−αj)] for

which
(g(−αj), θ−αj

, C(−αj), h′)
is a modular causal symmetric Lie algebra, i.e., θ−αj

(h′) = h′ and
τh′(C(−αj)) = −C(−αj).

Assertion (a) implies that all Euler elements hℓ, ℓ ̸= j, have empty positivity
regions in V×

(r−j,j) (cf. Definition 3.14).

Proof.

(a) As the positivity region W ℓ of hℓ in V is contained in V×
(r−ℓ,ℓ) by Proposi-

tion 5.4(d), it intersects V×
(r−j,j) non-trivially if and only if j = ℓ.

(b) It follows from the fact that the corresponding involution on g0(h) is τhjθ
(Proposition 5.4(c)), and that z(g0(h)) ⊆ g0(h)−τ

hj θ .

(c) By Lemma 5.6, the existence of fixed points in V× is equivalent to r = 2ℓ. It
remains to verify that they are have signature (r − ℓ, ℓ) = (ℓ, ℓ). We thus assume
that r is even. For r = 2, the flow of h1 (the Lorentz boost) has only spacelike fixed
points, and these are of signature (1, 1).

For r > 2 even, we have V ∼= Hermr(K) for K ∈ {R,C,H} and (53) implies
that the invertible elements in V0(hℓ) are of the form(

0 b
b∗ 0

)
, b ∈ GLℓ(K).

It contains the elements(
0 b
b 0

)
, b = diag(b1, . . . , bℓ), bk ∈ R×, (55)

and it is easy to see that all these elements are of signature (ℓ, ℓ). For K = C,H, the
open subset GLr(K) is connected, and for K = R, it has 2 connected components.
They contain matrices as in (55), so that they are completely contained in V×

(ℓ,ℓ).

(d) Assume that r = 2j. Then the proof of Proposition A.4 below implies that
the Euler element hj ∈ g0(h) is symmetric, hence in particular contained in the
commutator algebra [g0(h), g0(h)], which is semisimple. This implies the existence
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of a θ-invariant sl2-subalgebra s0 ⊆ g0(h) containing hj ([MNÓ23, Thm. 5.4]). The
subalgebra s0 is also invariant under θ−αj

= θτhj . The fixed point space for the
latter involution on s0 is Rh′ for some Euler element h′ ∈ Inn(s0)h ⊆ Inn(g)h. Then
h′ ∈ g(−αj) is an Euler element of g. By construction, h′ ∈ g0(h), so that h′ ∈ h(−αj).
Now (a) follows from Proposition 3.15(b). □

Proposition 5.8. The positivity regions W
M(−αj )(hj) are real tube domains on

which the subgroup (Ghj )e acts transitively.

Note that the subgroup (Ghj )e is in general not contained in G(−αj), hence
does not act by automorphisms of the symmetric space M (−αj) on W

M(−αj )(hj)
(Example 5.9).

Proof. Since the group G = Co(V)e acts transitively on the set E(g) of Euler
elements in g ([MN21, Prop. 3.11]), there exists a g ∈ G with Ad(g)h = hj. Then

Ad(g)V+ = Ad(g)W+
M(h) = W+

M(hj) Prop 5.4(d)= W+
M(−αj )(hj),

and since (Gh)e acts transitively on V+ = W+
M(h), the group (Ghj )e

∼= Str(V)e acts
transitively on W+

M(−αj )(hj). □

Example 5.9. For V = R1,d−1 and the Rindler wedge
WR = {(x0,x) : x1 > |x0|} = W+

V (h1),
the affine subgroup

span{e2, . . . , ed−1} ⋊R×
+ SO1,1(R)e

∼= V0(h1) ⋊ exp(Rh+ Rh1) ⊆ Gh1

acts transitively on WR. It is not contained in G(−α1) ∼= Str(V)e = R+ SO1,d−1(R)e.

6. Modular flows on causal Makarevič spaces

The Cayley type spaces discussed in Section 4 are always modular, but the
modularity property is not always satisfied for the non-compactly causal spaces
M (−αj) of Pierce type, for which it is equivalent to r = 2j, and this condition
also characterizes the modularity of the dual compactly causal space M (αj). The
main result of this section describes those compactly causal symmetric Lie algebras
(g(α), τh, C

(α)) which are modular in the sense that h(α) = g(α) ∩ g0(h) contains an
Euler element h′ of g(α) satisfying −τh′(C(α)) = C(α). If, in addition, h′ ∈ h(α) is an
Euler element of g, then the latter invariance condition is automatically satisfied by
Proposition 3.15. In this context it is remarkable that Theorem 6.1 asserts that the
existence of non-central Euler elements in g(α) already implies the existence of an
Euler element of g, contained in h(α).

Theorem 6.1 (Classification of the modular spaces M (α)). Whenever the Lie
algebra g(α) contains a non-central Euler element, then h(α) ∩ [g(α), g(α)] contains an
Euler element of g. All Euler elements in [g(α), g(α)] are conjugate under Inn(g(α)),
and for any such Euler element h′, the corresponding positivity region W+

M(α)(h′) is
non-empty. This happens for Cayley type and in the following cases:

(P) For r even and j = r/2,
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(S) for (S1) and (S2) if r is even, and for (S4) and g(α) ∼= so2,k(R) ⊕ sod−k(R) if
1 ≤ k < d− 2.

(NS) always for (NS1), (NS2), (NS3).

Proof. In view of Proposition 3.15(b), all Euler elements of g, contained in
[g(α), g(α)] are Inn(g(α))-conjugate to some h′ for which (g(α), τh, C

(α), h′) is a modular
compactly causal symmetric Lie algebra, and by Proposition 3.15(c), this implies that
W+

M(α)(h′) is non-empty. It therefore remains to check when g(α) contains non-central
Euler elements h′ (then its component in the commutator algebra is also Euler), and
that all Euler elements of g, contained in [g(α), g(α)] lie in the same Inn(g(α))-orbit.

Cayley type. For flip involutions we have g
(α)
d

∼= g for gd = g⊕2 (see Section 4). If
g contains an Euler element h′ = (θ(h′′), h′′), then h′′ is an Euler element of g and h′

an Euler element of gd. Then g is simple hermitian of tube type, so that all Euler
elements in g are conjugate ([MN21, Prop. 3.11]).

Having dealt with the Cayley type involutions, we now address the other three
types (P), (S), and (NS), according to the type of the corresponding simple euclidean
Jordan algebra V.

V = Symr(R) and g = sp2r(R).
(P) In this case g(α) ∼= uj,r−j(C) ∼= R ⊕ suj,r−j(C), and this Lie algebra contains

a non-central Euler element if and only if r = 2j. Assuming that r = 2s is
even, it corresponds to the embedding

g(α) ∼= us,s(C) ↪→ sp2r(R).

Realizing us,s(C) ∼= u(Ω,C2s) as in (10) (Examples 2.8(a)),

h = 1
2 diag(1s,−1s) ∈ h(α) ∩ [g(α), g(α)]

is an Euler element, and since it has only two eigenvalues, it is also Euler
in gl4s(R) = gl2r(R), hence in particular in sp2r(R). All other Euler elements
of the commutator algebra sus,s(C), which is hermitian of tube type, are
conjugate by [MN21, Prop. 3.11].

(NS1) Here g(α) ∼= sp2s(R)⊕2 ⊆ g ∼= sp4s(R). In this case g(α) contains 3 conjugacy
classes of Euler elements, represented by (h0, h0), (h0, 0) and (0, h0), where
h0 = 1

2 diag(1s,−1s) ∈ sp2s(R). The Euler elements (h0, 0) and (0, h0) have
3-eigenvalues on R4s, hence are not Euler in sp4s(R) because this Lie algebra
contains only one class of Euler elements ([MN21, Prop. 3.11]). But h :=
(h0, h0) ∈ h(α) is also Euler in sp4s(R), corresponding to 1

2 diag(12s,−12s).

V = Hermr(C) and g = sur,r(C).
(P) In this case g(α) ∼= R(i1,−i1) ⊕ suj,r−j(C)⊕2, and this Lie algebra contains

a non-central Euler element if and only if r = 2j, which corresponds to the
modularity of the compactly causal symmetric Lie algebra (g(α), θα, C

(α))
(Proposition 3.15). Assuming that r = 2s is even and j = s, it corresponds
to the embedding

R ⊕ sus,s(C)⊕2 ↪→ sur,r(C).
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Realizing us,s(C) ⊆ u(Ω,C2s) as in (10) in Examples 2.8(a), we see that
h0 = 1

2 diag(1s,−1s) is an Euler element in sus,s(C) = [g(α), g(α)], and since
it has only two eigenvalues, h := h0 ⊕ h0 is also Euler in sur,r(C) (there is
only one conjugacy class by [MN21, Prop. 3.11]). The other Euler elements
in the commutator algebra of g(α) are conjugate to (h0, 0) or (0, h0), which
are not Euler in sur,r(C).

(S1) Here g(α) ∼= so∗(2r) = so∗(4s), which contains an Euler element if and only if
r = 2s is even, i.e., g(α) is of tube type. Then we have a natural embedding
so∗(4s) ∼= u(Ω,H2s) ↪→ su2s,2s(C) ∼= sur,r(C) = [u(Ω,C2s), u(Ω,C2s)],
(Example 2.8(a)). This Lie algebra contains a single orbit of Euler elements,
represented by h = 1

2 diag(1s,−1s) ∈ gl2s(H), and this also is an Euler
element of sur,r(C).

(NS2) Here g(α) ∼= sp4r(R) ⊆ g ∼= su2r,2r(C). In this case g(α) contains a single
conjugacy class of Euler elements ([MN21, Prop. 3.11]), represented by
h = 1

2 diag(12r,−12r), and this is also an Euler element of su2r,2r(C).

V = Hermr(H) and g = so∗(4r).
(P) In this case g(α) ∼= u2j,2r−2j(C), and this Lie algebra has a non-central Euler

element if and only if r = 2j. Assuming that r = 2s is even and j = s, it
corresponds to the embedding

ur,r(C) ∼= u(Ω,C2r) ↪→ u(Ω,H2r) ∼= so∗(4r)

(Examples 2.8(a)). So h0 = 1
2 diag(1r,−1r) is an Euler element in the

commutator algebra sur,r(C), which is also Euler in u(Ω,H2r). Uniqueness of
the conjugacy class in sur,r(C) follows from [MN21, Prop. 3.11].

(S2) Here g(α) ∼= so∗(2r)⊕2 ⊆ so∗(4r). In this case g(α) contains an Euler element
if and only if r = 2s is even ([MN21, Prop. 3.11]). There exist three
orbits of Euler elements, represented by (h0, h0), (h0, 0) and (0, h0), where
h0 = 1

2 diag(1s,−1s) ∈ u(Ω,H2s) ∼= so∗(4s). The elements (h0, 0) and (0, h0)
are not Euler in so∗(4r), but h′ := (h0, h0) ∈ h(α) is also Euler in so∗(4r).

V = Herm3(O) and g = e7(−25).
(P) Here it suffices to consider the case j = 1, where g(α) ∼= R ⊕ e6(−14). Its

commutator algebra is hermitian, but not of tube type, so that it contains
no non-central Euler element. Here r = 3 is odd.

(S3) In this case g(α) ∼= su2,6(C), which is hermitian, not of tube type, so that it
contains no Euler element ([MN21, Prop. 3.11]).

V = R1,d−1 and g = so2,d(R). From [MNÓ26, §2.3] it follows that, for d > 2, and a
subalgebra of type so2,2(R) ∼= sl2(R)⊕2, the only conjugacy class of Euler elements
in so2,2(R) that consists of Euler elements of so2,d(R) is the one consisting of Euler
elements whose centralizer contains no non-zero ideal. We shall use this several times
below for the uniqueness of the conjugacy class in g(α).

(P) Here j = 1 = r
2 and g(α) ∼= R⊕so2,d−2(R). Its commutator algebras so2,d−2(R)

contains Euler elements of g, and, by [MNÓ26, §2.3], they are all conjugate,
even for d = 4.
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Table 4. Modular causal Makarevič spaces

Type co(V) g(α) g(−α) h(α) = h(−α) M (α) M (−α)

Symr(R) sp2r(R)
(C) sp2r(R)⊕2 sp2r(R) sp2r(R) glr(R)
(P) sp4s(R) us,s(C) gl2s(R) os,s(R) Us,s(C)/Os,s(R) Sym2s(R)×

(s,s)
(NS1) sp4s(R) sp2s(R)⊕2 sp2s(C) sp2s(R) Sp2s(R)

Hermr(C) sur,r(C)
(C) sur,r(C)⊕2 sur,r(C) sur,r(C) slr(C) ⊕ R
(P) su2s,2s(C) us,s(C)⊕2/ sl2s(C) + R1 sus,s(C) Us,s(C) Herm2s(C)×

(s,s)
R(i1, i1)

(S1) su2s,2s(C) so∗(4s) so2s,2s(R) so2s(C) SO∗(4s)/ SO2s(C)
(NS2) su2r,2r(C) sp4r(R) ur,r(H) sp2r(C) Sp4r(R)/ Sp2r(C)

Hermr(H) so∗(4r)
(C) so∗(4r)⊕2 so∗(4r) so∗(4r) glr(H)
(P) so∗(8s) u2s,2s(C) gl2s(H) us,s(H) U2s,2s(C)/Us,s(H) Herm2s(H)×

(s,s)
(S2) so∗(8s) so∗(4s)⊕2 so4s(C) so∗(4s) SO∗(4s)

Herm3(O) e7(−25)

(C) e⊕2
7(−25) e7(−25) e7(−25) e6(−26) ⊕ R

R1,d−1, d ≥ 3 so2,d(R)
(C) so2,d(R)⊕2 so2,d(R) so2,d(R) R ⊕ so1,d−1(R)
(S4), p ≥ 2 so2,d(R) so2,p−1(R) so1,p(R) so1,p−1(R) (AdSp × Sq)/{±1} dSp × Hypq

p+ q = d ⊕ soq+1(R) ⊕ so1,q(R) ⊕ soq(R)
(NS3), q = 0 so2,d(R) so2,d−1(R) so1,d(R) so1,d−1(R) AdSd dSd

(P), j = 1 so2,d(R) R ⊕ so2,d−2(R) R ⊕ so1,d−1(R) so1,d−2(R) (AdSd−1 × S1)/{±1} dSd−1 ×R

(S4) Here g(α) ∼= so2,k(R) ⊕ sod−k(R) with 0 ≤ k < d − 2 (see (61) below), and
this Lie algebra contains non-central Euler elements which are also Euler in
so2,d(R) if and only if k ≥ 1. Even for k = 2 the Lie algebra so2,2(R) is not
simple, but there is only one such class by [MNÓ26, §2.3].

(NS3) Here g(α) ∼= so2,d−1(R) contains Euler elements which are also Euler in
so2,d(R). Even for d = 3, there is only one such class by [MNÓ26, §2.3]. □

7. The Lorentzian case

As Lorentzian causal manifolds are particularly relevant for applications ins
physics, we now discuss the Lorentzian Makarevič spaces in some detail. It is
well-known that the Lorentzian symmetric spaces

AdSk × Sd−k, dSk × Hypd−k, k = 1, . . . , d
are conformally flat, i.e., locally conformal to d-dimensional Minkowski space R1,d−1

(cf. [Ber00, §XI.5.3]). Therefore it is no surprise that (up to coverings), these are
precisely the Lorentzian Makarevič spaces. For k = 1, we obtain in particular
S1 × Sd−1, a two-fold covering of the conformal completion M of R1,d−1, and
R × Hypd−1, considered as causal symmetric spaces.

We start this section by describing the conformal completion of V = R1,d−1

as the isotropic quadric Q(R2,d) of isotropic lines in R2,d (Section 7.1). The simple
classification of the involutive automorphisms of the Jordan algebra R1,d−1 is given
in Section 7.2, and this leads to simple descriptions of the corresponding spaces
M (±α) ⊆ Q(R2,d). In Section 7.3 we describe the boundary orbits of the M (±α) in
Q(R2,d), which is motivated in particular by potential applications to holographic
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aspects of AQFT. For the two most important examples, de Sitter space and anti-de
Sitter space, we describe the wedge regions in Section 7.4 and Section 7.5 and
show that the wedge regions in anti-de Sitter space are not globally hyperbolic
(Proposition 7.6).

7.1. The conformal completion of Minkowski space

For the conformal Lie algebra g = so2,d(R) of V = R1,d−1, we consider Ṽ :=
R2,d = R ⊕ V ⊕ R, endowed with the symmetric bilinear form

β̃((t, v, s), (t′, v′, s′)) := tt′ + β(v, v′) − ss′.

We write e1, . . . , ed+2 for the canonical basis vectors and consider the Euler element
h ∈ so2,d(R), defined by

he1 = ed+2, hed+2 = e1 and hej = 0, j = 2, . . . , d− 1. (56)

Its eigenspaces are

Ṽ1(h) = R(e1+ed+2), Ṽ−1(h) = R(e1−ed+2) and Ṽ0(h) = span{e2, . . . , ed+1}.

For v = (v0,v) ∈ V, we write v♭ = (v0,−v), considered as a row matrix. Then a
short calculation yields

g1(h) =


 0 v♭ 0

−v 0 v
0 v♭ 0

 : v ∈ V

,
where the 3×3-block structure corresponds to the decomposition Ṽ = Re1⊕V⊕Red+2.
We write

Xv :=

0 −v♭ 0
v 0 −v
0 −v♭ 0

 ∈ g1(h), so that X2
v =

−β(v, v) 0 β(v, v)
0 0 0

−β(v, v) 0 β(v, v)


leads to

eXv(e1 − ed+2) = (1 − β(v, v))e1 + 2v − (1 + β(v, v))ed+2.

We realize the conformal completion M of V as the quadric

Q := Q(R2,d) := {[ṽ] ∈ P(Ṽ) : β̃(ṽ, ṽ) = 0} (57)

with the open dense embedding

η : V −→ Q, η(v) :=
[

1 − β(v, v)
2 : v : −1 + β(v, v)

2

]
= exp(Xv).[e1 − ed+2] ∈ P(Ṽ), (58)

corresponding to the action of the translation group (V,+) ∼= g1(h) on Q. Its range is

η(V) = {[t : v : s] ∈ P(R ⊕ V ⊕ R) : t− s ̸= 0}.

We also note that

exp(th).η(v) = η(etv) for v ∈ V, t ∈ R and exp(πih).η(v) = η(−v). (59)
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Remark 7.1. The eigenspace Ṽ−1(h) = R(e1 − ed+2) is isotropic and invariant
under the parabolic subgroup Qh. Maximality of the subgroup Qh ⊆ G = SO2,d(R)e

implies that it coincides with the stabilizer of this eigenspace, so that we obtain an
embedding

M ∼= G/Qh
∼= G.Ṽ−1(h) =: Q(R2,d) ⊆ P(R2,d).

Remark 7.2. Note that Q(R2,d)\η(R1,d−1) is the set of all rays [x1 : . . . : xd+2] with
x1 = xd+2. For x1 = xd+2 = 0, this specifies a projective quadric Q(R1,d−1) ∼= Sd−2 of
Minkowski space, and for x1 = xd+2 ̸= 0, we may normalize to x1 = xd+2 = 1, which
leads to a manifold diffeomorphic to the light cone N = {x ∈ R1,d−1 : β(x, x) = 0}.

7.2. The Jordan involutions on Minkowski space

For the d-dimensional Minkowski space V = R1,d−1 with Jordan unit e0, we
have

Aut(V) ∼= O1,d−1(R)e0 ∼= Od−1(R).
Involutions in this group are orthogonal reflections σ in subspaces Fσ ⊆ Rd−1,
and their conjugacy classes are determined by dimFσ ∈ {0, . . . , d − 1}. We write
rj ∈ Aut(V) for the involutive automorphism with

rj = Id−j,j := diag(1d−j,−1j) ∈ O1,d−1(R)e0 , j = 0, . . . , d− 1.

Here r = rk V = 2 and for the Jordan frame

c1 = e0 + e1, c2 = e0 − e1,

there is only one Pierce space V1,2 = span{e2, . . . , ed−1}. Therefore the only non-
trivial Pierce involution is

α1 = rd−2 = diag(1, 1,−1, . . . ,−1).

The trivial ones are α0 = α2 = idV.
Deviating from our convention, we write in this section G := SO2,d(R)e, which

for d even is a 2-fold covering of the conformal group Co(V)e. In G, the involution
τh = − idV is implemented by

τG
h = diag(−1, 1, . . . , 1,−1) ∈ SO2,d(R)

([HN12, §17.4.2]), and θ corresponds to

θG = exp(πzk) = diag(−1,−1, 1, . . . , 1).

We may therefore implement θ−rj
= τG

h θ
Gσrj

by conjugation with

r̂j = diag(1,−1,1d−j−1,−1j+1) ∈ O2,d(R),

We then obtain

so2,d(R)(−rj) = so2,d(R)r̂j

∼=


so1,d(R) for j = d− 1 (NS3)
so1,1(R) ⊕ so1,d−1(R) for j = d− 2 (P)
so1,d−1−j(R) ⊕ so1,j+1(R) for 0 ≤ j < d− 2 (S4).

(60)
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For p = j + 1 = 1, . . . , d, and q := d− p, we can thus identify the spaces M (−rj)

in the quadric Q(R2,d) as follows. We use (60) to obtain in G = SO2,d(R)e the
subgroups

G(−rj) ∼= SO1,q(R)e × SO1,p(R)e,

which leads to the non-compactly causal symmetric spaces
M (−rj) := G(−rj).η(0) = [SO1,q(R)e.e1 − SO1,p(R)e.ed+2] ∼= Hypq × dSp

(note the rearrangement of the indices, where e2 is exchanged with eq+2). Here
dSp ⊆ R1,p is p-dimensional de Sitter space and Hypq ⊆ R1,q denotes q-dimensional
hyperbolic space, an irreducible Riemannian symmetric space.3

The involution θrj
= θGσrj

can be implemented by conjugation with
diag(−1,−1,1d−j−1,−1j, 1),

which is conjugate to
r̃j := diag(−1j+2,1d−j).

We then obtain

so2,d(R)(rj) = so2,d(R)r̃j ∼=


so2,d−1(R) for j = d− 1 (NS3)
so2,d−2(R) ⊕ so2(R) for j = d− 2 (P)
so2,j(R) ⊕ sod−j(R) for 0 ≤ j < d− 2 (S4).

(61)

We obtain for p = j + 1 = 1, . . . , d and q = d− p the corresponding compactly causal
symmetric spaces
M (rj) := G(rj).η(0) = [SO2,p−1(R)e.e1 − SOq+1(R)e.ed+2] ∼= (AdSp ×Sq)/{±1}, (62)

where AdSp ⊆ R2,p−1 is p-dimensional anti-de Sitter space. For p = d = j + 1 we
obtain with S0 ∼= {±1} that

M (rd−1) ∼= AdSd. (63)
In all cases, the “intersection with V”, is given by

M (±α) ∩ η(V) = {[x] ∈ M (±α) : x1 − xd+2 ̸= 0}. (64)

7.3. Conformal boundaries

The compactness of Q = Q(R2,d) implies in particular that the closure of M (±α)

is compact and invariant under the group G(±α). We now describe the boundary
orbits of this compactification, having in particular applications to holographic
constructions in AQFT in mind.

Proposition 7.3. The boundaries of M (±α) in Q(R2,d) are as follows:
(CC) The open subset M (α) ∼= (AdSp × Sq)/{±1}, q = 0, . . . , d − 1, p = d − q, is

dense in Q(R2,d) and its boundary is a (p− 1)-dimensional quadric Q(R2,p−1).
(NCC) The open subset M (−α) ∼= dSp × Hypq, q = 0, . . . , d − 1, p = d − p, is not

dense. Its boundary is a union
Sp−1 ∪̇ (Sp−1 × R× × Sq−1),

where we put S−1 = ∅. The other open orbit of G(−α) is Hypp × dSq.
3We use this notation, and not the more customary H, to distinguish it from the skew-field H of
quaternions.
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Proof.

(CC) The image of AdSp ×Sq in Q(R2,d) consists of pairs [v1 : v2] with v1 ∈ R2,p−1

and v2 ∈ Rq+1 satisfying β̃(v1,v1) = −β̃(v2,v2) = 1. As this is equivalent to v2 ≠ 0,
this is an open dense submanifold. Its complement, consisting of projective pairs
with v2 = 0, is the (p− 1)-dimensional quadric Q(R2,p−1).

(NCC) The image of dSp × Hypq consisting (after rearrangement of the coordinates
e2 ↔ ep+2) of pairs [v1 : v2] with v1 ∈ R1,p and v2 ∈ R1,q satisfying β̃(v1,v1) =
−β̃(v2,v2) = −1. If β̃(v2,v2) > 0, we may normalize to 1 and obtain elements of
dSp × Hypq.

For β̃(v2,v2) = 0 and v2 ̸= 0, we obtain the boundary manifold
(R×Sp−1 × R×Sq−1)/R× ∼= Sp−1 × R× × Sq−1,

and for v2 = 0, we get Sp−1. Since there are also elements with β̃(v2,v2) < 0,
the embedding of dSp × Hypq is not dense. The interior of its complement is a
causal embedding of Hypp × dSq, on which the group SO1,p(R)e × SO1,q(R)e acts by
isometries. □

The following observation is the geometric key to the celebrated AdS/CFT-
correspondence in QFT.

Corollary 7.4. The boundary of AdSd in Q(R2,d) is the (d−1)-dimensional quadric
Q(R2,d−1), i.e., compactified (d− 1)-dimensional Minkowski space, and the boundary
of dSd is the sphere Sd−1.

7.4. De Sitter space

We consider the d-dimensional de Sitter space M (−rd−1) ∼= dSd (type (NS3)
in (60)). Applying (87) in Appendix 7.5 to (V,−β), for which dSd is the unit sphere,
we obtain a diffeomorphism

dSd \{xd = 1} −→ V \ S(V, β) = {v ∈ V : β(v, v) ̸= 1}. (65)

In particular, η−1(M (−rd−1)) = η−1(dSd) is the complement of S(V, β), hence has 3
connected components. The inverse of this map is given, for β(v, v) ̸= 1, by (58)

v 7−→ (y0,y),

η(v) =
[
1 : 2v

1 − β(v, v) : β(v, v) + 1
β(v, v) − 1

]
= [1 : y0 : y] with (y0,y) ∈ V∨

(notation from Appendix A.4). In these coordinates the map (65) corresponds to the
stereographic projection with center ed ∈ dSd. Our base point in Q is [e1 − ed+2],
corresponding to −ed ∈ dSd ⊆ R1,d.

Note that
η(S(V, β)) = {[0 : v : 1] : β(v, v) = 1} ∼= Hypd−1 .

The embedding of dSd in Q is also compatible with the canonical causal orien-
tations: In dSd ⊆ V∨, the curve γ(t) = −ed+2 + te2 is causal, and the corresponding
curve in V has a tangent vector in 0 that is a positive multiple of e0 ∈ R1,d−1.
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Proposition 7.5. We consider the Euler element h′ ∈ so1,d(R) ⊆ so2,d(R) speci-
fied by

h′e2 = −ed+2, h′ed+2 = −e2 and h′ej = 0 for 2 < j < d+ 2. (66)

Its positivity region W+
dSd(h′) has the following properties:

(a) W+
dSd(h′) is contained in η(V) ∼= V, where it corresponds to the double cone

De0,−e0. In particular, it is causally convex and therefore globally hyperbolic.
(b) The group (SO2,d(R)h′)e

∼= SO1,1(R)e × SO1,d−1(R)e acts transitively on
W+

dSd(h′) and turns it into a non-compactly causal Lorentzian symmetric
space diffeomorphic to R × Hypd−1.

Proof.

(a) As h′(−ed+2) = e2 is positive timelike, h′ is a causal Euler element (cf. Defini-
tion 3.4). Its positivity region is

W+
dSd(h′) = {y ∈ dSd ⊆ R1,d : −yd > |y0|} ⊆ η(V).

The inequality −yd > |y0| corresponds to −xd+2 > |x2| in the R2,d-coordinates. It
implies in particular that xd+2 < 0, so that xd+2 ̸= 1, i.e., W+

dSd(h′) ⊆ η(V).
We consider the curve

ζ : (−1, 1) −→ dSd ⊆ Q(R2,d),

ζ(t) = η(te0) =
[

1 − t2

2 : te2 : −1 + t2

2

]
=
[
1 : 2t

1 − t2
e2 : −1 + t2

1 − t2

]
.

Then ζ(t) corresponds to the curve

(−1, 1) −→ dSd, t 7−→ 2t
1 − t2

e2 + t2 + 1
t2 − 1ed+2 ∈ dSd .

For t := tanh(s/2), we have ζ(t) = [1 : sinh(s)e2 : − cosh(s)] = esh′ed+2, so that
ζ((−1, 1)) is the causal geodesic eRh′

.(−ed+2) ⊆ dSd.
Its causally convex hull in dSd is the positivity region W+

dSd(h′) ([MNÓ24]),
and the causally convex hull of (−1, 1)e0 in Minkowski space V is the double cone
DV = De0,−e0 . This implies that

η(De0,−e0) = W+
dSd(h′)

(cf. Theorem 3.20).

(b) It follows that the positivity region of the Euler element h′ is diffeomorphic
to R × DRd−1 , where DRd−1 ⊆ Rd−1 is the open unit ball, which is also a model of
hyperbolic space Hypd−1. This is a homogeneous space of the group

(SO2,d(R)h′)e
∼= SO1,1(R)e × SO1,d−1(R)e,

which acts isometrically with respect to the natural non-compactly causal symmetric
space structure on R × Hypd−1. □
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7.5. Anti-de Sitter space
We consider the d-dimensional anti-de Sitter space

M (rd−1) ∼= AdSd ∼= SO2,d−1(R)e.[1 : 0 : −1] ⊆ Q(R2,d)
(type (NS3) in (61)). In view of (87) in Appendix A.4, η−1(M (rd−1)) is the complement
of S(V,−β) ∼= dSd−1, hence has 2 connected components for d > 2. For β(v, v) ̸= −1,
we obtain from (58)

η(v) =
[

1 − β(v, v)
1 + β(v, v) : 2v

1 + β(v, v) : −1
]

= [x1 : x2 : . . . : xd+1 : −1]

with x2
1 + x2

2 − x2
3 − · · · − x2

d+1 = 1, i.e., β∧(x, x) = 1 (cf. Appendix A.4 for β∧). In
these coordinates, the rational map

AdSd \ {x1 = −1} −→ η(V) ∼= V
corresponds to the stereographic projection discussed in Appendix A.4, applied to
the bilinear form β∧ on V∧ ∼= R2,d−1, and

η−1(AdSd) = V \ dSd−1 = {v ∈ V : β(v, v) ̸= −1}. (67)

Our base point is [e1 −ed+2], corresponding to e1 ∈ AdSd ⊆ R2,d−1. This embed-
ding of AdSd is also compatible with the canonical causal orientations, determined by
[e2] ∈ Te1(AdSd) being positive ([NÓ23a, §11]). In AdSd ⊆ V∧ ∼= R2,d−1, the curve
γ(t) = e1 + te2 is causal, and the corresponding curve in V has a tangent vector in 0
that is a positive multiple of the basis vector e2 ∈ span{e2, . . . , ed+1} ∼= V.

Proposition 7.6. We consider the Euler element h′′ ∈ so1,d−1(R) ⊆ so2,d(R),
specified by

h′′e2 = ed+1, h′′ed+1 = e2 and h′′ej = 0, j ̸= 2, d+ 1. (68)
Its positivity region W+

AdSd(h′′) has the following properties:
(a) It is contained in the open dense subset η(V) ⊆ M and

W+
AdSd(h′′) ∼= W+

V (h′′) \ dSd−1 .

(b) It has two connected components.
(c) As causal manifolds, its connected components are not globally hyperbolic.

Proof.

(a) First we observe that

W+
V (h′′) ∩ η−1(AdSd) = {(y1, y2, . . . , yd+1) ∈ V \ dSd−1 : yd+1 > |y2|}

is not convex.
Next we observe that the positivity region of h′′ in AdSd is contained in its

timelike domain, specified by the inequality x2
d+1 > x2

2. If x ∈ AdSd \ η(V), then
x1 = −1, so that

1 = x2
1 + x2

2 − x2
3 − · · · − x2

d+1 = 1 + x2
2 − x2

3 − · · · − x2
d+1

leads to x2
2 = x2

3 + · · ·+x2
d+1, and hence to x2

d+1 ≤ x2
2. Therefore x cannot be timelike

for h′′.
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(b) By [NÓ23a, Lem. 11.2], the positivity region of h′′ in AdSd has two connected
components. We also see this by applying the inverse of η and Proposition 7.6:

W+
AdSd(h′′) ∼= WV(h′′) \ dSd = {y ∈ R1,d−1 : yd−1 > |y0|} \ dSd−1 .

That this set has exactly two components follows from the fact that every ray in the
Rindler wedge W+

V (h′′) intersects dSd−1 in exactly one point.

(c) As both connected components are isomorphic (cf. [NÓ23a, Lem. 11.2]), it
suffices to show that one of them is not globally hyperbolic. The component

O := {y ∈ R1,d−1 : yd−1 > |y0|,−1 < β(y, y) < 0}
is easily seen to be not globally hyperbolic. For 0 < ε < 1, it contains the two
elements e1 ± εe0 and the O-causal interval De1+εe0,e1−εe0 between these two points
clusters in the boundary point e1, hence does not have compact closure in O. □

Example 7.7. We take a closer look at the 2-dimensional case. We consider the
lightlike basis

c1 := e0 + e1

2 and c2 := e0 − e1

2
of R1,1 and write (y1, y2) for the corresponding coordinates; called lightray coordinates.
Then

x0 = y1 + y2

2 , x1 = y1 − y2

2 and y0 = x0 + x1, y1 = x0 − x1.

In lightray coordinates, we consider the conformal transformation (y0, y1) 7→ (y′
0, y

′
1) =

(y0,−y−1
1 ). Then

x′
0 + x′

1 = x0 + x1 and x′
0 − x′

1 = 1
x1 − x0

leads to

x′
0 = 1

2

(
x0 + x1 + 1

x1 − x0

)
= x2

1 − x2
0 + 1

2(x1 − x0)
= 1 − β(x, x)

2(x1 − x0)
= β(x, x) − 1

2(x0 − x1)
and

x′
1 = −1 − β(x, x)

2(x1 − x0)
= β(x, x) + 1

2(x0 − x1)
.

The conformal maps ψ(x) = (x′
0, x

′
1) maps dS1 to the x0-axis:

ψ(x) =
( 1
x1 − x0

, 0
)

= (x0 + x1, 0),

and in particular ψ(sinh t,± cosh t) = (±e±t, 0). In lightray coordinates it is clear
that the Rindler wedge WR satisfies ψ(WR) = V+, so that

ψ(WR \ dS1) = V+ \ Re0.

In this picture the two connected components of W+
AdS2(h′′), the left and right half

of V+ \ Re0, are not globally hyperbolic.

Example 7.8 (Globally hyperbolic domains in AdSd; the elliptic type). The double
cone De0,−e0 ⊆ V is contained in the intersection of V ⊆ Q(R2,d) with AdSd

(Propositions 3.13), which corresponds to V \ dSd−1. It is a globally hyperbolic
domain in V, so that its image under η in AdSd also has this property.
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We have

η(±e0)
(58)= [0 : ±e0 : −1] = [±e2 − ed] ∼ ±e2 ∈ AdSd ⊆ R2,d−1

(notation from Appendix A.4). Further, for |t| < 1,

η(te0) =
[

1 − t2

1 + t2
: 2te0

1 + t2
: −1

]
=
[

1 − t2

1 + t2
e1 + 2t

1 + t2
e2 − ed+2

]

∼ 1 − t2

1 + t2
e1 + 2t

1 + t2
e2 ∈ AdSd

parametrizes the half circle {x1e1 + x2e2 : x1 > 0, x2
1 + x2

2 = 1} ⊆ AdSd connecting
η(−e0) = −e2 by a causal curve with η(e0) = e2. Therefore η(De0,−e0) ⊆ AdSd is
the open domain of all points on causal curves from −e2 to e2.

We recall from [NÓ23a, §11] the exponential function of the symmetric space
AdSd:

Expp(y) = cos
(√

β∧(y, y)
)
p+

sin
(√

β∧(y, y)
)

√
β∧(y, y)

y. (69)

Timelike vectors y ∈ Tp(AdSd) generate closed geodesics and β∧(y, y) = π2 implies
Expp(y) = −p. In particular, all timelike geodesics through −e2 also pass through
e2. As all points in η(De0,−e0) lie on geodesics, we obtain

η(De0,−e0) = Exp−e2({y = (y1, 0,y) : y1 > 0, 0 < β∧(y, y) < π2}).

7.6. An application to the general case

We have seen in Proposition 7.6 that the positivity regions W+
AdSd(h′′) in anti-de

Sitter space is not globally hyperbolic. We now show that the same is true for all
modular compactly causal spaces M (α). We start with a remark that will be needed
in the proof.

Remark 7.9.
(a) Let M = G/H be a semisimple symmetric space, on which the connected

Lie group G acts faithfully. In particular, the corresponding symmetric Lie
algebra (g, τ) is effective. We choose a Cartan involution θ commuting with
τ , so that we obtain polar decompositions

G = K exp(p) ⊇ H = HK exp(hp).
Now [Loo69, Thm. IV.3.5] implies that the map

K × qp −→ M, (k, x) 7−→ k ExpeH(x)
factors through a diffeomorphism K ×HK

qp ∼= M , thus defining on M the
structure of a vector bundle over K/HK .

For any τ and θ-invariant connected subgroup S ⊆ G, we have a symmetric
subspace MS

∼= S/HS, where HS = H ∩S. Moreover S = KS exp(p∩ s), and
we obtain a diffeomorphism

KS ×HK∩S (qp ∩ s) ∼= MS.

As the decompositions of M and MS are compatible, the inclusion MS ↪→ M
is a proper map if the inclusion KS/(HK ∩ S) ↪→ K/HK is proper.
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(b) If f : M1 → M2 is a proper morphism of causal homogeneous spaces and M2
is globally hyperbolic, then M1 is also globally hyperbolic.

Theorem 7.10. Let MG = G/H be a compactly causal symmetric space correspond-
ing to the irreducible modular compactly causal symmetric Lie algebra (g, τ, C, h′).
Then the connected components of W+

M(h′) are not globally hyperbolic.

Proof. The dual non-compactly causal symmetric Lie algebra (gc, τ c, iC, h′) con-
tains a causal Euler element h′′ ∈ pc ∩ iC◦, which implies that τh′′(h′) = −h′

(recall that τh′′ = θcτ c). Now the proof of [MNÓ23, Thm. 5.4] implies that h′

and h′′ generate a subalgebra sc ⊆ gc isomorphic to sl2(R), which is invariant un-
der τ c and θ. So the inclusion (sc, τ c) ↪→ (gc, τ c) corresponds to an embedding of
2-dimensional non-compactly causal symmetric spaces. On the c-dual side, we thus
obtain an embedding (s, τ) ↪→ (g, τ) of compactly causal symmetric Lie algebras,
where s ∼= sl2(R) is generated by the elliptic element ih′′ and the Euler element h′.
Anti-de Sitter space AdS2 is a global symmetric space corresponding to (s, τ).

Proposition 7.6 now implies that the connected components of the positivity
region W+

MS
(h′) ⊆ MS are not globally hyperbolic. Here we use that the failure

of global hyperbolicity of positivity regions is inherited by all covering spaces of
AdS2 because all connected components of W+

MS
(h′) are diffeomorphic to R2

+, hence
simply connected and therefore lift to coverings. Moreover, KS = exp(Rih′′) is
a closed subgroup of K ⊆ G, so that we obtain with Remark 7.9 a proper map
MS → M on the level of causal symmetric spaces. As W+

MS
(h′) is not globally

hyperbolic, it contains a causal interval with non-compact closure in MS, and then
the corresponding interval in MG cannot have compact closure. □

Theorem 7.11. If the compactly causal symmetric space M (α) is modular, then its
positivity region is not globally hyperbolic.

Proof. If M (α) is irreducible, then the assertion follows from Theorem 7.10. Accord-
ing to Table 4, this leaves us with the group case M (α) ∼= Us,s(C) and the Lorentzian
case V = R1,d−1.

In the latter case M (α) ∼= (AdSp × Sq)/{±1} with p ≥ 2 and p + q = d ≥ 3
(cf. (62)). Then the Euler element in h(α) leaves a subspace isomorphic to AdS2

invariant. Hence the failure of global hyperbolicity for the components of W+
AdS2(h′′)

implies the same for W+
M(α)(h′′).

For the group case Us,s(C), we have a causal embedding of
U1,1(C) = (S1 × SU1,1(C))/{±1} ∼= (S1 × AdS3)/{±1} ⊇ AdS3.

Therefore the assertion follows from the failure of global hyperbolicity of positivity
regions in AdS3. □

8. Cayley transforms and group type spaces

In this section we discuss some specific properties of the group type spaces
M (α) ∼= Sp2r(Ω),Up,q(C), SO∗(2r).

They permit a unified approach via skew-hermitian forms over K = R,C,H. The
groups are simple for K = R,H, but for K = C their center is a circle group. We
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also refer to [KØ96] and [KØ97] for a uniform treatment of the 3 series of group type
spaces from a different perspective (see also [Ber00, §1.6.1]).

8.1. Unitary groups of skew-hermitian forms
Let K ∈ {R,C,H}. We consider Kr is a K-right module, so that a skew-

hermitian form on Kr is a map of the form
β(z, w) = z∗Bw, where B ∈ Ahermr(K).

Changing the basis by g ∈ GLr(K), leads to a change of the representing matrix to
g∗Bg. In this sense, the normal forms are B = Ω2s for K = R (r = 2s needs to be
even), B = iIp,q, p + q = r, for K = C, and B = i1r for K = H ([Bri85, p. 434]).
This specifies the corresponding unitary Lie algebras

u(B,Kr) := {x ∈ glr(K) : x∗B +Bx = 0},
and, concretely,

sp2s(R) = sp(Ω2s,R2s), up,q(C) = u(iIp,q,Cr), so∗(2r) = u(i1r,Hr).
The corresponding groups are Sp2s(R),Up,q(C) and SO∗(2r). These are precisely the
groups among the causal Makarevič spaces (Table 3). In this section we take a closer
look at these spaces and the corresponding geometric structures.

8.2. Maximal isotropic Graßmannians

On E = K2r we consider the non-degenerate skew-hermitian form

β(z, w) := z∗Ωw, where Ω = Ω2r =
(

0 1r

−1r 0

)
.

Forms that can be represented in this way are precisely those of Witt index r ([Bri85]).
We write

G := U(Ω, E) = {g ∈ GL2r(K) : (∀ z, w) β(gz, gw) = β(z, w)}
= {g ∈ GL2r(K) : g∗Ωg = Ω}

for the corresponding isometry group and M ⊆ Grr(K2r) for the space of maximal
isotropic subspaces L ⊆ E. Note that G acts transitively on M by Witt’s Theorem
([Bri85]).

Euler elements h ∈ u(Ω, E) correspond to orthogonal decompositions
E = E+ ⊕ E− (70)

into isotropic subspaces E± = ker(h ∓ 1
21). Then the parabolic subgroup Qh ⊆ G

(cf. Section 2) is the stabilizer of E−, so that M ∼= G/Qh is the associated causal flag
manifold.

The tangent space of M . The decomposition (70) identifies the tangent space
TE−(M) naturally with the set of all K-linear maps φ : E− → E+ whose graph

Γ(φ) = {v + φ(v) : v ∈ E−} (71)
is isotropic. This means that β(v, φ(w)) + β(φ(v), w) = 0 for v, w ∈ E−, hence that

γφ(v, w) := β(v, φ(w)) = −β(φ(w), v) = β(w,φ(v))
defines a hermitian form on E−. We thus obtain a natural identification

TE−(M) ∼= V := Hermr(K),
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an embedding φ 7→ Γ(φ) into M , and also a causal structure by the convex cone of
positive semi-definite forms on E−.

Fractional linear transformations. Any matrix g = ( a b
c d ) ∈ U(Ω,K2r) (with

the block structure according to E = E+ ⊕ E− as in (70)) satisfies
g.Γ(φ) = Γ((aφ+ b)(cφ+ d)−1), (72)

so that U(Ω,K2r) acts naturally by fractional linear transformations on Hermr(K).

Jordan automorphisms. On the Jordan algebra V = Hermr(K), we consider an
automorphism α(x) = JxJ−1, where J ∈ Ur(K) satisfies J∗ = −J and is given by:

J =


Ω2s for K = R, r = 2s,
iIp,q for K = C, r = p+ q,

i1r for K = H.
(73)

Then σα(x) := JdxJ
−1
d , for Jd := J ⊕ J , is the corresponding automorphism of

g = u(Ω,K2r) and thus θα(g) = Jd(g∗)−1J−1
d . The fixed point group G(α) = Gθα then

consists of those matrices commuting with the matrix

JdΩ =
(

0 J
−J 0

)
,

which is an involution. Its eigenspaces are
ker(JdΩ ∓ 1) = Γ(±J) = {(v,±Jv) : v ∈ Kr},

and the restriction of β to these spaces is represented by the matrix ±2J . We
conclude that, for (F, βF ) with βF (v, w) = v∗2Jw, we have

(E, β) ∼= (F, βF ) ⊕ (F,−βF ). (74)
For g ∈ GL(F ), the graph Γ(g) is isotropic if and only if g ∈ U(F, βF ). We thus
obtain an embedding of the corresponding groups

Γ: U(F, βF ) −→ M, g 7−→ Γ(g). (75)
Then (72) still holds with respect to the matrix block structure defined by (74),
i.e., g = ( a b

c d ) ∈ U2r(Ω,K2r) acts naturally by fractional linear maps on the unitary
group U(F, βF ).

The decomposition (74) of E also leads to an inclusion
U(F, βF )2 ↪→ U(E, β), (g1, g2) 7−→ g1 ⊕ g2.

As (g1, g2)Γ(φ) = Γ(g2φg
−1
1 ), the map Γ in (75) is equivariant for the natural action

of U(F, βF )2 on U(F, βF ) by (g1, g2).g = g2gg
−1
1 .

This leads to the desired realizations of three families of groups as a space M (α):
(R) Sp2s(R) for V = Sym2s(R).
(C) Up,q(C) for V = Hermr(C), for r = p+q. For q = 0, we have a diffeomorphism

Ur(C) → M .
(H) SO∗(2r) for V = Hermr(K).

To determine the corresponding biinvariant causal structures on these groups,
we observe that, for A ∈ End(F ), the sesquilinear form βA

F (z, w) := βF (z, Aw) on
F is hermitian if and only if A∗ = −A with respect to βF . This defines a natural
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bijection u(F, βF ) ∼= Herm(F ) and also a natural specification of the invariant cone
in u(F, βF ) by

C := {A ∈ u(F, βF ) : βA
F ≥ 0}.

This cone determines the biinvariant causal structure on U(F, βF ) for which the
embedding is a causal map. Concretely, we have

(R) C = {A ∈ sp2s(R) : Ω2sA ≥ 0}, corresponding to the positive semidefinite
forms on R2s.

(C) C = {A ∈ up,q(C) : iIp,qA ≥ 0} is a minimal invariant cone in up,q(C) ([HN93,
§8.5]).

(H) C = {A ∈ so∗(2r) = u(i1r,Hr) : iA ≥ 0}.

Remark 8.1. Conformal embeddings into flag manifolds defined by Euler elements
exist also for other groups, but these spaces are not causal. In particular SO2,d(R)
embeds into non-Lorentzian quadrics (see [GK98] for more details).

Remark 8.2 (Lorentzian spaces of group type).
(P) The group Un(C) ∼= (T × SUn(C))/Cn carries a biinvariant Lorentzian

structure, but the causal structure on Un(C), as the conformal comple-
tion of Hermn(C), corresponds to the positive cone Hermn(C)+ which is only
Lorentzian for n = 2. So we only obtain natural Lorentzian structures on the
groups Up,q(C) for p+ q = 2.

(NS1) The group Sp2s(R) is Lorentzian of dimension 3 for s = 1. Note that
SL2(R) ∼= Sp2(R) ∼= SU1,1(C) ∼= AdS3.

(S2) The group SO∗(2r) is Lorentzian of dimension 6 for r = 1.

Remark 8.3. For Pierce involutions α on Hermr(K), the group G(−α) commutes
with some Euler element, hence preserves a pair of complementary isotropic subspaces,
which leads to

G(−α) ∼= {(g1, g2) ∈ GL(E−) × GL(E+) : g2 = g−∗
1 } ∼= GL(E−) ∼= GLr(K)

and M (−α) ∼= Hermr(K)×
(p,q).

Remark 8.4. For (E, β) ∼= (F, βF ) ⊕ (F,−βF ), the subspaces

E∓ := Γ(±1) = {(v,±v) : v ∈ F} ∼= F

are maximal isotropic with E = E+ ⊕ E−, which can be used to specify the Euler
element h = 1

2 diag(1,−1) in u(Ω,K2r)

8.3. Relations to Cayley transforms
In this subsection we discuss charts of the group type spaces coming from Cayley

transforms. The well-known Cayley transform Hermr(C) → Ur(C) arises in our
context by mapping Γ(z) ∈ M for z ∈ Hermr(C) to the corresponding element of
Ur(C). From

(zv, v) =
(
zv − iv

2 , i
zv − iv

2

)
+
(
zv + iv

2 ,−izv + iv

2

)
,
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it follows that Γ(z) corresponds to the unitary matrix
C̃(z) = (z + i1)(z − i1)−1. (76)

More generally, we write

(zv, v) =
(
zv − Jv

2 , J
zv − Jv

2

)
+
(
zv + Jv

2 ,−J zv + Jv

2

)
,

and find the Cayley transform Hermr(K) → U(J,Kr)
C̃(z) := (z + J)(z − J)−1. (77)

9. Perspectives and open problems

9.1. Open problems of general nature

Problem 9.1. Find an explicit description of the positivity regions W+
M (hλ) for the

Euler elements hλ = hj + λh in g(−αj) for the Pierce type involutions αj (cf. Proposi-
tion A.4). For the modular cases [NÓ23a, Prop. 6.1] may be useful.

Problem 9.2. Let M (α) be a modular compactly causal symmetric space (cf. The-
orem 6.1).

• Describe the wedge regions W := W+
M(±α)(h′) more concretely (cf. [NÓ23a;

NÓ23b]).
• Determine the fundamental groups π1(W ) of the wedge regions. They are

never globally hyperbolic by Theorem 7.11.
• Does the identity component of GW := {g ∈ G : g.W = W} commute with

the modular flow, i.e., GW,e ⊆ Gh′? Note that the Euler element h′ is also
one in g.

For flip involutions, W+
M

(α)
d

(hd) is dense in W+
Md

(hd) (Proposition 4.1(b)), so
that GW,e preserves W+

Md
(hd) = V+ × (−V+), hence is contained in Gh

e ×Gh
e

and thus commutes with hd.
• When does GW act transitively on W? For the non-compactly causal spaces,

this follows from Theorem 3.20, but for the compactly causal spaces it is
false in general. For AdS2 ∼= M

(α)
d with V = R and Vd

∼= R1,1, Example 4.2
implies that GW,e ⊆ GW +

Md
(hd),,e

∼= R2
+ is a proper closed subgroup, hence

equal to exp(Rhd). Therefore it cannot act transitively on the 2-dimensional
domain W .

Problem 9.3. Characterize those spaces M (−α) which are dense in M .
• For Cayley type (C), this is always the case.
• For Pierce type (P), this is never the case.
• In the Lorentzian case M (−α) is not dense (Proposition 7.3).

Here is a positive result for compactly causal spaces:

Theorem 9.4. The compactly causal subspaces M (α) are dense in M .

Proof. This follows from [Ber98, Thm. 3.3.6]. It can also be derived from Theo-
rems 5.1 and 5.9 in [Bet03], which unfortunately uses the defective tables in [Mak73].
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As a consequence, Betten misses the compactly causal space of type (S3), correspond-
ing to g(α) = su6,2(C) and h(α) ∼== u3,1(H). □

9.2. Causal convexity of wedge regions
Definition 9.5. We call an open subset O ⊆ V of the euclidean Jordan algebra V
causally convex if, for a, b ∈ O, the corresponding double cone

Da,b := (a− V+) ∩ (b+ V+)

is contained in O.

Problem 9.6. Are connected open subsets O ⊆ V which are globally hyperbolic
also causally convex?

Causal convexity implies global hyperbolicity: For a, b ∈ O, pick ε > 0 with
a + εe0, b − εe0 ∈ O. Then the closure of the double cone between a and b is
contained in Da+εe0,b−εe0 ⊆ O, so that O is globally hyperbolic.

Olaf Müller has an example of an open connected subset of R1,2 which is globally
hyperbolic but not causally convex ([Mül]). It is a union of double cones, aligned
along a spiral with timelike axis.

Example 9.7. We have seen in Proposition 4.1 that, for flip involutions (Cayley
type), the wedge region in M (−α) has a causally convex realizations as V+ × −V+ ⊆
V × V.

Problem 9.8. Show that the open domains V×
(p,q), the connected components of

V×, are causally convex in V. We expect that, for a, b in this domain with b ∈ a−V+,
the pair a, b is contained in a wedge region W ⊆ V×

(p,q), and this in turn contains the
corresponding double cone Da,b.

For r = 2, the critical case is V×
(1,1), which is the set of spacelike elements. If

a, b are spacelike and Da,b ̸= ∅, then (a − V+) ∩ V+ = ∅ and (b + V+) ∩ −V+ = ∅
imply Da,b ⊆ V×

(1,1).

Problem 9.9. In the modular case the Euler element h′ ∈ h(±α) is also one in
g (Theorem 6.1), hence conjugate to h. So some conjugate of the wedge region
W = WM(±α)(h′) is contained in V. When is there a G-transform g.W which is
causally convex in V? This is false for anti-de Sitter space by Proposition 7.6 because
this requires W to be globally hyperbolic (cf. Problem 9.6).

By Theorem 7.11, this is never the case for the compactly causal spaces M (α).
For flip involutions and Pierce involutions, Propositions 4.1 and 5.4 shows that it is
true for M (−α).

Problem 9.10. Irreducible non-compactly causal symmetric spaces M = G/H

possess maximal and minimal causal structures. For the maximal one, [MNÓ24,
Lem. 5.2, Thm. 5.7] implies the causal convexity of the wedge regions in the globally
hyperbolic space M , hence that wedge regions are globally hyperbolic. What about
the other invariant causal structures? Are their wedge regions also globally hyperbolic?
Note that, for a given Euler element, the wedge region depends on the causal structure.
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The discussion of the group type spaces M (α) in Section 8 shows that the causal
structure need not be maximal, which is inherited by the non-compactly causal duals
M (−α). Therefore the arguments in [MNÓ24] do not apply to these spaces.

Problem 9.11. Let G be a simple hermitian Lie group, Cg := Cmax
g a maximal

invariant cone in g, and zk ∈ z(k) ∩ (Cmax
g )◦ the unique element for which ad zk defines

a complex structure on p. Then Ck := Cmax
g ∩ k is an Ad(K)-invariant cone satisfying

Cg = Ad(G)Ck, zk ∈ C◦
k , and

Dk := C◦
k ∩ (2πzk − C◦

k )

is a causal interval in k. Further

Dg := Ad(G)Dk ⊆ C◦
g

is an open elliptic domain in g mapped by the exponential function diffeomorphically
to a domain DG ⊆ G. In [HN24, Thm. 6.1] it is shown that this domain is globally
hyperbolic for the biinvariant causal structure on G.

This domain lies in a compactly causal symmetric space M . Its structure
resembles the domains we find by considering for the dual non-compactly causal
symmetric space M c the open subset

Ξ ∩M = Expe(Ωq),

where Ωq ⊆ Cq is a suitable open subset and Ξ is a crown domain for Gc (cf. [NÓ23b]).
Are the regions Ξ ∩M in the causal homogeneous space M globally hyperbolic?

9.3. Non-reductive spaces
In this paper we only studied open orbits of symmetric subgroups of the

conformal group G = Co(V)e. Using [BB12], it should also be possible to develop a
similar theory for open orbits of non-reductive subgroups. An important example
arises from the group G1 ⋊G0 = exp(g1)Gh

e acting on V by affine maps. Specifically,
the Poincaré group R1,d−1 ⋊ SO1,d−1(R)e acts with open orbits on Minkowski space
and its compactification Q(R2,d).

9.4. Holography

The open orbits M (±α) ⊆ M have natural compactifications obtained by their
closure in M . Can these embeddings be used to develop “holographic” techniques
on the level of nets of real subspaces on M (±α) and its boundary orbits? We refer
to [Reh00] for the relations between wedge regions in anti-de Sitter space AdSd and
regions in Minkowski space “at infinity” by light rays. For more on holographic
aspects, we refer to [Boe01; Str01] (which deals with de Sitter space), [BCW25],
and [Woo24].

Describe the boundary orbits under G(±α) which are causal. Here the closed
orbits should be of particular interest because they should be causal flag manifolds
of G(±α). For the embedding AdSd ↪→ Q(R2,d), the boundary is a copy of Q(R2,d−1),
compactified Minkowski space of codimension 1 (Proposition 7.3).
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9.5. More connections with Physics?

[KK25] and [KKR25] deal with super versions of the embedding of AdSd in
Q(R2,d). In this context the existence of such embeddings characterizes some “super-
conformal flatness”; see also [BC18; FL15; Gün01].

We also mention [Pat04], which develops a nice picture relating causal structures
on manifolds and positive energy conditions for representations. It touches on topics
such as horizons, supergravity and string theory, from a group theoretic perspective.
In the non-super context, some of this is under development in [MN].

A. Essential tools

A.1. Some facts on convex cones

Lemma A.1 ([MNÓ23, Lem. B.1]). Let E be a finite dimensional real vector space,
C ⊆ E a closed convex cone and E1 ⊆ E a linear subspace. If the interior C◦ of
C intersects E1, then C◦ ∩ E1 coincides with the relative interior C◦

1 of the cone
C1 := C ∩ E1 in E1.

Lemma A.2. Let V be a finite-dimensional real vector space, A ∈ End(V ) diago-
nalizable, and let C ⊆ V be a closed convex cone invariant under eRA. Let λmin and
λmax be the minimal/maximal eigenvalues of A. For an eigenvalue λ of A we write
Vλ(A) for the corresponding eigenspace and pλ : V → Vλ(A) for the projection along
all other eigenspaces. Then

pλmin(C) = C ∩ Vλmin(A) and pλmax(C) = C ∩ Vλmax(A). (78)

If A has only two eigenvalues, it follows that C = pλmin(C) ⊕ pλmax(C).

Proof. Since we can replace A by −A, it suffices to verify the second assertion
in (78). So let v ∈ C and write it as a sum v = ∑

λ vλ of A-eigenvectors. Then

vλmax = lim
t→∞

e−tλmaxetAv ∈ C

implies that pλmax(C) ⊆ C ∩ Vλmax(A), and the other inclusion is trivial. □

A.2. sl2-data
Example A.3. In sl2(R), we fix the following notation. We consider the Cartan
involution θ(x) = −x⊤ with k = so2(R). For the Euler elements

h := 1
2 diag(1,−1) and k := 1

2

(
0 1
1 0

)

we then have

k = 1
2(e− θ(e)) and h = 1

2[e, θ(e)]] for e =
(

0 1
0 0

)
. (79)

Further,

zk := 1
2

(
0 1

−1 0

)
= [h, k] satisfies [zk, h] = 1

2

(
0 −1

−1 0

)
= −k,
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so that we have

e− π
2 ad zkh = −[zk, h] = 1

2

(
0 1
1 0

)
= k. (80)

A.3. Strongly orthogonal roots
Let g be a simple real Lie algebra and h ∈ g an Euler element. Let θ be a

Cartan involution with θ(h) = −h and a ⊆ p := g−θ be a maximal abelian subspace
containing h. In

Σ1 := {α ∈ Σ(g, a) : α(h) = 1}

we pick a maximal set {γ1, . . . , γr} of long roots which are strongly orthogonal, i.e.,
neither α+β nor α−β is a root. We refer to [MNÓ23, §3.2] and [MNÓ26, Thm. 2.9]
for more on systems of strongly orthogonal roots.

Then there exist elements cj ∈ gγj
such that the Lie subalgebras

sj := spanR{cj, θ(ej), [cj, θ(cj)]} = gγj
+ g−γj

+ Rγ∨
j , j = 1, . . . , r, (81)

are isomorphic to sl2(R), so that

s :=
r∑

j=1
sj

∼= sl2(R)⊕r. (82)

Proposition A.4. If g is hermitian, then the Euler elements

hj := 1
2(γ∨

1 + · · · + γ∨
r−j − γ∨

r−j+1 − · · · − γ∨
r ), j = 0, . . . , r, (83)

represent the Inn(g0(h))-conjugacy classes in E(g) ∩ g0(h). The Inn(g0(h))-conjugacy
classes of Euler elements of g0(h) are represented by the elements of the form

λh+ hj, λ ∈ R, j = 1, . . . , r − 1.

Note that h = h0 = −hr.

Proof. The first assertion follows from [NÓ23a, Thm. 3.2]. Now we turn to Euler
elements of the subalgebra g0(h). An element x = 1

2
∑r

j=1 xjγ
∨
j ∈ a is an Euler

element in the subalgebra h = g0(h) with the root system

Σ(h, a) =
{1

2(γj − γk) : j ̸= k
}

∼= Ar−1

if and only if

(∀ j ̸= k) 1
2(xj − xk) ∈ {0,±1}. (84)

Subtracting a real multiple of the central element h ∈ g0(h) and acting with the
Weyl group, we may assume that 1 = x1 ≥ x2 ≥ · · · ≥ xr. Then (84) implies that
there exists a j with x1 = · · · = xj = 1 and xj+1 = · · · = xr = −1, i.e., x = hj. This
proves the assertion. □
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A.4. The general stereographic projection
For a finite-dimensional linear space V, endowed with a non-degenerate sym-

metric bilinear form β, we consider the extensions
V∧ := R ⊕ V ⊆ Ṽ := R ⊕ V ⊕ R ⊇ V∨ := V ⊕ R (85)

with
β̃((t, v, s), (t′, v′, s′)) = tt′ + β(v, v) − ss′ and β∧ := β̃|V∧×V∧ .

We write
S(V∧, β∧) := {v ∈ V∧ : β∧(v, v) = 1}

for the unit sphere in V∧. Then −e1 = (−1, 0, 0) ∈ S(V∧, β∧) and a line
−e1 + R(v + e1), v ∈ V, is tangent to S(V∧, β∧) if and only if β(v, v) = 0. All
other lines of this form intersect S(V∧, β∧) in exactly one other point η1(v), provided
β(v, v) ̸= −1. This leads to a map

η1 : V \ S(V,−β) −→ S(V∧, β∧), η1(v) := 1 − β(v, v)
1 + β(v, v)e1 + 2

1 + β(v, v)v, (86)

whose inverse is given by

η−1
1 : S(V∧, β∧) \ {w1 ̸= −1} −→ V, w 7−→ w

1 + w1
for w = (w1,w) ∈ V∧.

This map is the stereographic projection of S(V∧, β∧) to V. If
η : V −→ Q(Ṽ) := {[ṽ] ∈ P(Ṽ) : β̃(ṽ, ṽ) = 0}

is the natural embedding

η : V −→ Q, η(v) :=
[

1 − β(v, v)
2 : v : −1 + β(v, v)

2

]
∈ P(Ṽ)

(cf. also (58)), then η ◦ η−1
1 extends to a map S(V∧, β∧) → Q(Ṽ), v̂ 7→ [v̂ : −1] that

induces a diffeomorphism
η−1

1 : S(V∧, β∧) \ {w1 ̸= −1} −→ V \ S(V,−β). (87)
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