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Abstract. We study open orbits of symmetric subgroups of a simple connected
Lie group G on a causal flag manifold. First we show that a flag manifold M of G
carries an invariant causal structure if and only if G is hermitian of tube type and M
is the conformal completion of the corresponding simple euclidean Jordan algebra,
resp., the Shilov boundary of the associated symmetric tube domain. We then study
open orbits in M under symmetric subgroups, also called causal Makarevi¢ spaces,
from the perspective of applications in Algebraic Quantum Field Theory (AQFT).
A key motivation is the geometry of corresponding modular flows.

The open orbits are reductive causal symmetric spaces, which arise in two
flavors: compactly causal and non-compactly causal ones. In the non-compactly
causal case we determine the corresponding Euler elements and their positivity
regions. For compactly causal spaces, modular flows do not always exist and we
determine when this is the case. Then the positivity regions of the modular flows
are not globally hyperbolic, but these spaces contain other interesting globally
hyperbolic subsets that can be described in terms of the conformally flat Jordan
coordinates via Cayley charts. We discuss the Lorentzian case, including de Sitter
and anti-de Sitter space, in some detail.

Mathematics Subject Classification 2020: 22E46, 81R05, 53C50

Key Words and Phrases: causal manifolds, causal symmetric space, flag manifold,
Jordan algebra, Jordan spacetime, AdS/CFT-correspondence

1. Introduction

We call a homogeneous space M = G/H of a Lie group G causal if there exists
a G-invariant field (C,,)men of pointed generating closed convex cones C,, C T,,,(M).
This is equivalent to the existence of such a cone for the adjoint action of H on
T.u(M) = g/bh. Recent interest in causal homogeneous spaces in relation with
representation theory arose from their role as analogs of spacetime manifolds in the
context of Algebraic Quantum Field Theory (AQFT) in the sense of Haag—Kastler,
where one considers families (also called nets) of von Neumann algebras M(O) on a
fixed Hilbert space H, associated to open subsets O in some space-time manifold M
([Haa96]). The hermitian elements of the algebra M(QO) represent observables that
can be measured in the “laboratory” . We consider causal homogeneous spaces as
abstract variants of spacetimes that provide a geometric context in which various
features of nets of operator algebras can be studied in representation theoretic terms.
For some of them, the cone field comes from a time-oriented Lorentzian metric, but
our setting is more general, focusing on the causal structure, rather than on the
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Lorentzian metric. This allows us to study causality aspects of AQFT in a highly
symmetric context without the need of an invariant Lorentzian form.

An important feature of AQFT that ties the local algebras M(QO) to unitary
group representations is that one expects modular groups of some of these algebras
(associated to cyclic separating vectors by the Tomita—Takesaki Theorem [BR&7,
Thm. 2.5.14]) to correspond to flows on M, generated by Lie algebra elements h € g
([BGLI3; BGL0O2; Buc+00; BMS01; BS04]). In [MN24] we have shown that h is a
so-called Fuler element, i.e., ad h is diagonalizable with eigenvalues in {—1,0,1}, so
that g inherits a 3-grading

g=g1(h) ®go(h) ® g_1(h).

The positivity regions W € M, on which the vector field X% (m) = $|i—o exp(th).m
is “timelike” in the sense that it takes values in the open cone C;,, generalize the
wedge regions in AQFT and thus deserve particular attention. We therefore call the
flows generated by Euler elements modular.

Causal symmetric spaces M = G/H form an important class of causal homoge-
neous spaces: Here G carries a non-trivial involution 7, H is an open subgroup of the
group G7 of 7-fixed points, and q := ker(1+47) C g can be identified with the tangent
space Ty (G/H) and the causal structure is determined by an Ad(H )-invariant cone
in C. We then say that M is compactly/non-compactly causal if C° consists of ellip-
tic/hyperbolic elements of g. In [MNO23] we describe a classification of irreducible
non-compactly causal symmetric spaces in terms of Euler elements. Irreducible
compactly causal spaces are Cartan dual to non-compactly causal ones, i.e., the Lie
algebra of the corresponding group is g¢ := b +iq (cf. [H097]). For the Lorentz group
G = SOy 4(R),, we thus obtain the non-compactly causal de Sitter space dsS? and its
Cartan dual is the compactly causal anti-de Sitter space AdS? C R*%! on which
SO2,4-1(R) acts transitively. Wedge regions in irreducible causal symmetric spaces
have been studied in [NO23a; NO23b]. For representation theoretic constructions of
corresponding (free) nets of local algebras, we refer to [FNO25; MN24; NO23a]. Local
nets on causal flag manifolds are studied in detail in the forthcoming paper [MN].

The main goal of the present paper is to provide more geometric background
for this theory, such as a classification of causal flag manifolds and of the open orbits
of symmetric subgroups therein. A key feature of these orbits is that they possess
natural flat coordinates for the causal structure. These open orbits are known as
causal Makarevi¢ spaces and have been studied in the 1990s in the context of the
Gelfand-Gindikin program (cf. [Gin92; K096; KO97; O099]).

We start by showing that flag manifolds of simple Lie groups are causal if and
only if G is hermitian and M is the conformal completion of a simple euclidean
Jordan algebra V (Section 2). Then M can be identified with the Shilov boundary
of the corresponding symmetric tube domain (cf. [FK94]). The open orbits under
question are thus parametrized by involutive Jordan algebra automorphisms a and
we review the main facts concerning this classification, following work of W. Bertram
and J. Hilgert ([Ber96a; Ber00; BH98]). These open orbits are reductive causal
symmetric spaces, thus arising in two flavors: compactly causal spaces M(®) and
non-compactly causal spaces M(~® . Here M & is the orbit of a connected subgroup
G whose Lie algebra is the fixed point algebra of an involutive automorphism
0+, of g. In the non-compactly causal case we determine the corresponding Euler
elements and study their positivity regions W C M. For compactly causal
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spaces, modular flows do not always exist and we determine when they do. In this
case the positivity regions are not globally hyperbolic in the sense that their causal
intervals are relatively compact subsets (cf. Section 7.6), but the spaces M(® contain
other interesting globally hyperbolic subsets that can be described in terms of the
conformally flat Jordan coordinates via Cayley charts.

The following table lists the simple hermitian Lie algebras of tube type, the
only non-simple Lie algebra listed is s052(R) = s015(R)®2, corresponding to the
non-simple Jordan algebra V =R = R @ R (the Minkowski plane, decomposing in
lightray coordinates).

TABLE 1. Hermitian Lie algebras of tube type and euclidean Jordan algebras

Hermitian Lie alg. g sp,, (R) | su,,(C) | so*(4r) e7(—25) 505 4(R)
Euclidean Jordan alg. | V| Sym,(R) | Herm,.(C) | Herm, (H) | Herm3(Q) | RM4-1
rank of V tkV | r r r 3 2

The corresponding flag manifolds M have interesting geometric interpretations.
For g = 505 4(R), the manifold M is the isotropic quadric @ = Q(R?*9) in the real
projective space P(R*?) (cf. Section 7), and for

Q= Qy = (_01 10> € My,(K), K=R,C,H,

we obtain a uniform realization of the Lie algebras sp,,.(R),u,,(C) and so*(4r) as
u(Q,K*) == {x € g, (K) : 2*°Q + Qz = 0}. (1)

Then M is the space of maximal isotropic subspaces L C K?" with respect to the
skew-hermitian form ((z,w) := 2*Qw on K" (cf. Section 8).

In [MDO07] Mack and de Riese classify a class of causal homogeneous spaces
they call simple space-time manifolds (cf. also Remark 2.6). These manifolds are the
simply connected coverings of the causal flag manifolds. The same class of manifolds
has been studied by Giinaydin in [Giin75; Giin93], where they are called Jordan
spacetimes.

Various aspects of the conformal geometry of Q(R?¢) and the submanifolds
M) appear frequently in the Mathematical Physics literature. For instance [BS04]
deals with quantum systems on AdS?, where concepts appear that resemble “wedge
dualities” in AQFT. The unitary group Us(C), with its action of the conformal group
SU,5(C), as a compactification of Minkowski space R"3 also appears frequently in
conformal field theory (CFT) (cf. [Mor21; Tod19]) and the compactification of anti-de
Sitter space AdS* with a 3-dimensional quadric Q(R*3) at infinity is the geometric
framework of the celebrated AdS/ CFT-correspondence and its holographic aspects
(see [BCW25; Boe01; Str01], and also [Woo024] for a recent popular article relating to
quantum cosmology). On the more geometric side, [HQR24| studies embeddings of
Lorentzian manifolds into Q(R*?) to implement SO 4(R) as a group of conformal
transformations.

In the 1990s a principal motivation to study those spaces M which are dense
in M, was that the conformal group of M can also be considered as a conformal
group of M*®) acting with singularities, such as fractional linear maps on C. Causal
manifolds with open embeddings into some causal flag manifold M are conformally

(o)
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flat. In this context Bertram’s Liouville Theorem [Ber96b] asserts that local causal
diffeomorphisms on open subsets of V always extend to elements of the conformal
group Co(V), whose identity component is G.

We list a few of these applications. Open orbits of Cayley type were used by Olaf-
sson and Orsted in [()@99] to study the Hardy space of the Cayley type spaces G /G".
For spaces M(®) which are groups (considered as causal symmetric spaces), this tech-
nique has also been used by Gindikin in [Gin92] and by Koufany/Orsted in [K©96].
Specifically, [K(O96] discusses the group G = Uy ;(C) as a 4-dimensional Lorentzian
manifold, embedded into the conformal compactification U, (C) of R, which enlarges
the 7-dimensional isometry group (G x G)/A (@), acting on G, to the 15-dimensional
conformal group G” = SU, 5(C), acting on Uy 1(C). This is used to study the wave
representation of G?. It continues ideas from I. Segal who used the compactification
Uy(C) of Hermy(C) = RY3 in [Seg71] and [Seg76]. In [K(D97] embeddings for the
groups G = U, ,(C), Sp,,(R) and SO*(2¢) and the corresponding conformal groups
G’ = SUp4p14(C),Spy,.(R) and SO*(4¢) (see Section 8) are used to analyze the
Hardy space of GG in terms of the classical Hardy space of the bounded symmetric
domain of G”.

Structure of this paper

In Section 2 we show that the only causal flag manifolds M = G /@ are conformal
completions of euclidean Jordan algebras V, i.e., GG is hermitian of tube type and M
is the minimal flag manifold specified by an Euler element.

In Section 3 we turn to causal Makarevi¢ spaces and their parametrization in
terms of involutive automorphisms « of euclidean Jordan algebras V. This section
is partly expository, presenting the classification from the perspective developed
in [MNO23] and [NO23a; NO23b], where causal symmetric spaces are described in
terms of Euler elements. It also contains various refinements concerning the existence
of modular flows on reductive compactly causal symmetric spaces. In particular, we
describe several aspects of Jordan involutions, including their close connection to
the classification of modular compactly causal symmetric spaces, i.e., those with a
modular flow having a non-trivial positivity region (cf. Section 3.3 and [NO23a)).
Section 3.4 contains a table with the complete classification of causal Makarevic
spaces and the relevant data. We divide irreducible involutions of euclidean Jordan
algebras into several types: the flip involution on V@ V (corresponding to Cayley
type (C)), Pierce involutions fixing a Jordan frame (type (P)), and the remaining
involutions are divided into split type (S) (rk'V = rk V%) and non-split type (NS)
(tkV = 2rkV®). Section 3.5 describes the involutions on the Jordan algebras
Herm, (K).

The orbits corresponding to flip involutions (Cayley type spaces) are discussed
in the short Section 4. In Section 5, we take a closer look at the properties of the
Pierce involutions and their associated non-compactly causal Makarevi¢ spaces M (=),
which can be realized as connected components of the set V* of invertible elements
of V. As they surround the cones £V, C V, they are also called satellite spaces.
Here 6_, is a Cayley type involution on g, hence conjugate to 7.

For applications in AQFT it is important to know which spaces

M) o )/ fr(ee)



NEEB 143

support a modular flow, i.e., a;(m) = exp(th).m, where h € g(® is an Euler element.
This is always the case for the non-compactly causal spaces M(~®) (Proposition 3.18,
[MN(/)ZB; NO23b]), but not for the compactly causal spaces M. In Section 6, we
describe those cases where Euler elements h € g® exist. In general they are not
unique, but if they exist, there is always one which is also Euler in g, and these are
all conjugate under G®. These Euler elements define a modular structure on M),
so that the general results from [NOQB&] on modular compactly causal spaces imply
that their positivity regions (wedge regions) are non-empty (cf. Theorem 6.1).

Motivated by the importance of Lorentzian manifolds as spacetimes in physics,
we take a detailed look at the Lorentzian case in Section 7. Here we connect the
conformal compactification of the Jordan algebra V = R4~! (Minkowski space) to
concepts from classical conformal geometry, such as stereographic projections. The
conformal completion Q = Q(R?%) of Minkowski space R1¥~! is the only Lorentzian
causal flag manifold, but the exceptional isomorphisms

Sym,y(R) = R Hermy(C) = R™®,  Hermy(H) = R

also lead to interesting matrix models, in particular for spacetime dimension 4, where
Q) = Uy(C). The Makarevi¢ spaces in () are conformally embedded copies of the
compactly causal symmetric spaces (S * x AdS¥)/{#1} and the non-compactly
causal spaces Hyp? ™" x dS* for k = 1,...,d, where AdS" is k-dimensional anti-de
Sitter space, Hyp” is k-dimensional hyperbolic space, and dS* is k-dimensional de
Sitter space. This provides in particular natural flat conformal coordinates on these
spaces.

There are three classes of Makarevi¢ spaces M(® which are groups, namely
SPs, (R), U, 4(C) and SO*(2r). These spaces are discussed in a uniform fashion in
Section 8, where we explain in particular how the Cayley charts of these groups
appear naturally, which implies in particular that they are compatible with the
causal structure. We refer to [LY24] for a recent investigation of Cayley charts of Lie
groups in a much larger context.

We conclude this paper with a short section listing open problems (Section 9).

Notation.

e We write e € (G for the identity element in the Lie group G and G, for its
identity component.

e Inn(g) = (¢*9) is the group of inner automorphisms of the Lie algebra g and,
for a Lie subalgebra s C g, we write Inng(s) = (¢*d*) C Inn(g).

e V denotes a euclidean Jordan algebra, V. C V the open positive cone
([FK94]), and for a,b € V with a — b € V., we write

Dap:=(a—=Vi)N(b+Vy) (2)

for the corresponding double cone (causal diamond) ([Berl8]). We call an
open subset O C V causally convex if a,b € O implies D, C O.

e GG := Co(V), is the identity component of the corresponding conformal group
Co(V) ([Ber96a]).

o M =V =G/Q, is the conformal completion of V (cf. Section 2).

e (7 is the stabilizer of a point x in a G-space. For the adjoint action, we have

in particular

G*={ge G : Ad(g)r = x}.
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e 0 is a Cartan involution of the semisimple Lie algebra g, the corresponding
involution on G is denoted 0%, and g = ¢ @ p is the associated eigenspace
decomposition.

e For z € g and A € R, we write g)(z) := ker(ad z — A1) for the corresponding
eigenspace in the adjoint representation.

e 1 € pis an Euler element defining the 3-grading with g,(h) =V, 7, = ¢
is the corresponding involution, 7' the corresponding involution on G, and
K = e2 *h e Aut(ge).

e We write £(g) for the set of (non-central) Euler elements in g.

e For an involutive automorphism o € Aut(V) of the unital euclidean Jordan
algebra V, we write o, € Aut(g) for its canonical extension to g with
Oalgny = @ and 0 € Aut(G) for the corresponding automorphism of G,
given by 0%(g) = aga™! on M.

e 0, =0%%¢ =09 and 0_,, := 750, = 0,7 (involutions on G; see (22)).

1, 0 :
® lpq= ( 0 —1q) = diag(1,, —1,).
e For a causal G-manifold M and h € g, the positivity region in M is

miad h

dt

t=0

Wi (h) = {m eM: 4 exp(th).m € C’,‘;}
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2. Causal flag manifolds

In this section we classify causal flag manifolds (Theorem 2.5) and characterize
those which are orientable (Theorem 2.11). To define flag manifolds, let G be
a connected semisimple Lie group and z € g be an element for which adzx is
diagonalizable over R. Then

4z := > ga(z), gx(x) = ker(adz — A1),

A<0

is called the corresponding parabolic subalgebra, and

Q. ={9€G : Ad(9)q. = da}

the corresponding parabolic subgroup. The homogeneous spaces G/Q), are called flag
manifolds.

We determine those flag manifolds G/ of semisimple connected Lie groups G
that carry a G-invariant causal structure. The main result is Theorem 2.5 which
implies, in the irreducible case, that GG is hermitian of tube type and that @) = @Qy, is
a maximal parabolic subgroup corresponding to an Euler element h (this is equivalent
to the nilradical of q being abelian).

We also show in Section 2.3 that, for causal flag manifolds M = G/Qy, ori-
entability is equivalent to the connectedness of the stabilizer Ad(G)". This is a special
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feature of causal flag manifolds because there are also Euler elements h for which
the flag manifold G/Q}, is orientable, but the centralizer Ad(G)" is not connected.

2.1. A classification of causal flag manifolds

The following lemma can be derived from [Nee99, Prop. VIL.3.4]. For the sake
of completeness, we include the nice short argument.

Lemma 2.1. If n is a nilpotent Lie algebra and C' C n is a pointed generating
Inn(n)-invariant closed convex cone, then n is abelian.

Proof. We start with an abelian ideal a C n and a pointed generating invariant
cone C' C n. For z € C, we then obtain an affine subspace ¢*4%z = x + [z,a] C C,
so that the pointedness of C' implies that [x,a] = {0}. As C spans n, the ideal a is
central.

Now pick N > 2 maximal such that the descending central series defined by
C'(n) = n and C*(n) := [n,C*(n)], k € N, satisfies CV(n) # {0}. We have to
show that N = 1. For N > 3, we have

(€Y (n), CY ()] € C*F () € ¢V () = {0},

so that C™~!(n) is an abelian ideal, hence central. This leads to the contradiction
CV(g) = {0}, so that N < 2. Then the commutator algebra C?(n) = [n,n] is central
in n. For any x € n, the subspace a := Rx + [n,n| now is an abelian ideal, hence
central, and therefore [z, n] = {0}. This shows that n is abelian. O

In the following g is a non-compact semisimple real Lie algebra, g =€® p is a
Cartan decomposition, 8 the corresponding involution, and a C p a maximal abelian
linear subspace. We write

0o ={ycg: (Veea)lr,y =alr)y}, acd,

for the corresponding root spaces and

Yo=3X(g,a)={a€a : 0#aga #{0}}
for the corresponding root system. Note that 0(g,) = g_, for all a € ¥.

Lemma 2.2. The root spaces (§a)acs, are irreducible go-modules.

Proof ([Koo82, Cor. 5.8], [Kos10, Thm. 1.9]' and [Wol67, Thm. 8.13.3]) Each

element of g, is a positive multiple of some z, € g,, for which [z,,0(z,)] € a

is the unique element o" € [ga,8-o) N a with a(a’) = 2 ([Koo82, Lem. 5.1]).
V ~J

Then s := span{z,,0(x,),a"} = sla(R) and Y,z ko is an s-module. Now the
representation theory of sly(R) implies that [z, go] = go. This implies the lemma. [

Lemma 2.3. (g4, 85 = gats for o, f € X with a+ 5 # 0.

Proof ([Kos10, Thm. 2.3]) If a+ f ¢ X, then g,43 = {0} and the assertion is
trivial. We may therefore assume that oo + § € . Since all root spaces (gq)acs, are
irreducible go-modules (Lemma 2.2), it suffices to show that [g., gs] # {0}. Suppose

IWe thank Olivier Guichard for the reference to Kostant’s paper.
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that this is not the case. Then [g_q, 9-5] = 0([ga, 95]) = {0}. For the Cartan—Killing
form k of g, this leads to

{0} = K([9-a) 9-5]; Bars) = (85, [9-a) Bats]),

and hence to

~—

(90 8oy 5] = {0} (3

As in the proof of Lemma 2.2, we pick z, € g, with [z,,0(z,)] = oY € a.
From [z,,g95] = {0} it follows that S(a") > 0, so that (5 + a)(a¥) > 2 > 0.
The representation theory of s := spang{z,,z_o,a"} = slh(R) now implies that
[T_0, 8a+p] # {0}, contradicting (3).

O

Lemma 2.4. Let g be a semisimple real Lie algebra and ¢ =nx [ C g be a parabolic
subalgebra with nilradical n and | reductive. Then n is abelian if and only if there
exists an Euler element h € g with

n=gi(h) with [=ge(h).

Proof. This can be derived from [RRS92, Lem. 2.2]. For the sake of completeness
and simplicity, we give a direct Lie algebraic proof.
If h € g is an Euler element, then g = g1(h) + go(h) + g_1(h) is a 3-grading of
g, and q := g1(h) + go(h) is a parabolic subalgebra with abelian nilradical g, (h).
Suppose, conversely, that n is abelian. Writing g as a direct sum of simple
ideals, q is adapted to this decomposition, so that we may w.l.o.g. assume that g is
simple. We choose a maximal ad-diagonalizable subalgebra a C g such that

qZQO‘l'Zga for qu27

a€dy

where ¥ = ¥(g, a) is the corresponding system of restricted roots. It is irreducible
because g is simple. With Zg = YN —X4 and Z;r =Yg\ Eg, we then have g = n x [
[= go + Zaezg Ja; and

n= Y g, with (Zf+XH)nNY=40, (4)

a62$

by Lemma 2.3. Let ¥ C X, be a positive system of ¥ and IT = {ay,...,a,} C X
the subset of simple roots. We enumerate them in such a way that ay,...,ax € Eg
and o € X for j > k. Let 8 = 3j_; mja; € ¥ be the highest root and m C n be
the g-submodule generated by gg. As n is abelian, only [ acts on this space, so that
all a-weights of m are of the form v = 377, mia; with m}; = m; for j > k. For the
lowest a-weight v of m, there exists a simple root oy, j > k, with v — o; € ¥. Then
v = (v — a;) + a; implies with (4) that v — a; ¢ ¥F. From a; = v+ (o — ) we
infer that also v — «a; ¢ —E;r, hence that v — «a; € 22. The fact that Zg is generated
by aq,...,a, now shows that

mj=1 and m; =0 for k<i#j<r

As all m; are positive, k = r — 1 and j = r. Hence q is a maximal parabolic
subalgebra and the coefficient m, of o, in 5 is 1. Then the dual element h := o € a,
specified by a;(h) =0 for j < r and «,.(h) =1 is an Euler element with the asserted
properties. ([l
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Theorem 2.5 (Classification of causal flag manifolds). Let G be a connected
semusimple Lie group and (Q C G be a parabolic subgroup such that q contains no
non-zero ideals of g. Suppose that the corresponding flag manifold G/Q carries a
causal structure, i.e., a G-invariant field of pointed generating closed convex cones
Cm CTw(G/Q). Then g is direct sum of hermitian simple ideals and there exists an
FEuler element h € g such that

q=dn = go(h) +g-1(h).
If, conversely, this is the case, then G/Qy, is a causal flag manifold.

Proof. Let q = n x [ be the Levi decomposition of the Lie algebra of @) and
n = 6(n) the opposite nilpotent Lie algebra of n, so that g =n @ [ & n is a vector
space direct sum. For the Cartan-Killing form « of g, we have x(n,n) = {0}, x is non-
degenerate on [ x [and x([,n+n) = {0}. We thus obtain a natural Ad(Q)-equivariant
isomorphism
n— (g/q)* gql’ JZI—>1€(ZE,'). (5)
Causal structures on G /@ correspond to Ad(Q)-invariant pointed generating
closed convex cones C' C g/q = Too(G/Q). Assume that such a cone exists. Then
its dual cone

C*:={zxen: k(z,C) C[0,0[}

is a pointed generating Ad(Q)-invariant cone in n. In particular this cone is invariant
under Inn(n), so that Lemma 2.1 implies that n is abelian.

We claim that the cone C' C g/n = gy(h) is adapted to the decomposition
g =91+ -+ g of g into simple ideals. By assumption, go(h) contains no non-zero
ideals of g, so that the Euler element A can be written as hy +- - - + hy with (non-zero)
Euler elements h; € g; N go(h). Then the cone C is invariant under the 1-parameter
group induced by e®ad"i in g;(h). Further, ad h; has on g;(h) only the eigenvalues 0
and 1 (1 on g;1(h) and 0 on >5;; gk,1(h)). This implies that C' is adapted to the
eigenspace decomposition of g;(h) under ad h; (Lemma A.2), and thus

C=Cy+---+C, with Cjzoﬂgj:p9j<c>

with pointed generating cones C; C g;1(h;). To show that each g, is hermitian, we
may therefore assume that g is simple.

Let Pyin = Zx(a)AN; C @ be a minimal parabolic subgroup. Then exp(n) < Ny
and the cone C* C n is Ad( Py, )-invariant. Let 2 € a be such that a(z) > 0 for all
a € X1 so that f(x), where (3 is the highest root, is the maximal eigenvalue of ad =
on n. Hence the invariance of C* C n under e®#7 implies that

D:=C"Ngs # {0}

(Lemma A.2). The closed convex cone D is fixed pointwise by n and invariant under
the compact group Zx(a). Hence it contains a non-zero Zg (a)-fixed point d. Then
R, d is a Py,-invariant ray in g. Therefore the Kostant—Vinberg Theorem implies
that g contains pointed generating invariant cones ([Vin80, Thm. 1}), hence that g is
hermitian ([Vin80, Thm. 4]).

For the converse, we assume that M = M; x --- x M, is a product of flag
manifolds corresponding to the simple hermitian ideals g; and Euler elements h; € g;.
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Let Cy; C g; be a pointed generating invariant closed convex cone. Its invariance

under e®2d% implies that

Cj = pgl(cgj) = Cg]- Ngi(h)

(cf. Lemma A.2) is also pointed and generating, and invariant under the action of
the parabolic subgroup @,,. We thus obtain on each flag manifold M; = G;/Qy, a
causal structure, hence also on M. O

Remark 2.6. In their classification of simple space-time manifolds, Mack and de
Riese obtain the simply connected coverings of the causal flag manifolds G /@, from
Theorem 2.5 ([MDO07]). They start with the assumptions that

(A1) M = G/Q. for a parabolic subgroup @ C G

(A2) For the Levi decomposition q = n x [, the nilpotent ideal n acts trivially on
the tangent space g/q of the base point in M. This is actually equivalent to
n being abelian.

(A3) There exists a global causal order on M. This implies that M is simply
connected and that g is hermitian.

As our arguments show, (A2) follows from Lemma 2.1 and the existence of the causal
structure on G/Q., hence is redundant.

2.2. The corresponding Jordan algebras

If g is simple hermitian and ¥ = (g, a) its restricted root system, then either
> is of type C,. or BC\.. Moreover, g contains an Fuler element if and only if X is
of type C,, i.e., g is of tube type, and in this case all Euler elements are Inn(g)-
conjugate (cf. [MN21, Prop. 3.11]). In particular h is symmetric in the sense that
—h € Oy, := Inn(g)h. Then there exist e € g;(h) and f = —0(e)/2 € g_1(h) such
that

le, fl=h, andalso [he]=c¢, [h,fl=—Ff (6)

(cf. Appendix A.2 for notation related to sly(R)). We then consider on V := g;(h)
the bilinear product

TxY = [[xmf]vy]v (7)

which defines a unital euclidean Jordan algebra (V, *,e) (cf. [FK94]). In particular,
the set of squares is a closed pointed generating convex cone (Koecher—Vinberg
Theorem; see [FK94, Thm. I11.2.1]). Its interior V is the cone of invertible squares.
We refer to Table 1 in the introduction for a list of these Lie algebras and the
corresponding Jordan algebras

Remark 2.7. Although we will not use it explicitly in the following, we recall the
Jordan products of some Jordan algebras that appear below. The Jordan algebra
structure on the spaces Herm, (K) is given by the symmetrized matrix product

AxB e ;(AB+BA), (8)

and on Minkowski space R"~! by

(x0,%) * (Y0,¥) = (ToYo + Xy, Zoy + YoX) 9)
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([FK94, pp. 25, 31]). This Jordan algebra embeds into the Clifford algebra CI(R9)

generated by anticommuting elements ey, ..., e; with e? =1, via
d
v : RY — CAR(CY), 2= (m9,x) —> 201 + Y zje;
j=1

and the product (8). It is also called the spin factor.

Examples 2.8. We describe the natural Euler elements in the non-exceptional
hermitian Lie algebras from Table 1.

(a) For K =R, C, H, the Lie algebra
u(Q,K*) :={x € g, (K) : 2*°Q+ Qz = 0}

- { (“ _Z) caegl(K),bce Hermr(K)} (10)

contains the Euler element h := 1diag(1,,—1,) and e = 1 is a natural
identity element in the Jordan algebra Herm, (IK). This covers three cases at
once. For K = C, the Lie algebra u(Q, C*") 2 u,,.(C) = Ril & su,,.(C) is not
semisimple, for K = R we obtain sp,,(R), and for K = H we get so*(4r).
(b) In s054(R) a natural Euler element is given by
h:=FEi g2+ Eqio1,

where Ey, € My, 2(R) are the matrix units.

Definition 2.9. The Mébius group PSLy(R) acts naturally on M = G/Q)}, as the
integral subgroup corresponding to the Lie subalgebra A generated by {h,e,0(e)},

where e € V = g;(h) is the Jordan unit (cf. (6)). As PSLy(R) is generated by

Re-translations, dilations and the map 6y (z) = —z~!. The corresponding pulled

back action of GLy(R) takes the form of fractional linear maps

(Z Z)z — (az + be)(cz + de) ™. (1)

In particular, the action of SO2(R) leads to the “conformal time translations”

[ cos(t/2) sin(t/2)
p(t).z == <_ sin(¢/2) COS(t/2)> ”

= (cos(t/2) - z + sin(t/2) - €)(—sin(t/2) - z + cos(t/2) - )"

We write z; = (e + 0(e)) € A, for the element corresponding to 3( % §) € sh(R),
so that p(t) = exp(tz). For t = 7, we thus obtain the Cartan involution

p(m).z = exp(nz).z = —2 1 = Oy (2),
and for t = w/2 the real Cayley transform
c(z) = p(n/2).2 = eXp(ng>.Z = (_11 }) z=(e+2)(e—2)"". (12)

The Euler element h = 3 diag(1, —1) € sly(R) generates dilations

t/2
exp(th).z = (eO eot/2> z=e'z,
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and the Euler element k := %((1] ) generates a flow of the form

cosh(t/2) sinh(¢/2
exp(th).z = (sinh((t?2)) cosh%t§2))>'z

= (cosh(t/2)z + sinh(t/2)e)(sinh(t/2)z + cosh(t/2)e) " *, (13)

fixing +e.

The action (11) extends naturally to the action of PGLy(C) on the conformal
compactification M¢ of the complex Jordan algebra V¢. From this complex per-
spective, PSLy(IR) preserves the upper tube domain 7y := V + ¢V, generalizing the
complex upper half plane, and the subgroup PU; ;(C) preserves the open unit ball
D C V¢ and acts on its Shilov boundary X = 9¥VD. This action also provides the
Cayley transform

o i [ cos(m/4)  —isin(w/4)\ (1 —i\ _  z—ie
Cle) = exp(—Qk).z N (—z’ sin(w/4)  cos(m/4) A S T L
(14)
It satisfies C'(7v) = D ([FK94, Thm. X.4.3]), which implies that

G = exp(—?k)Gexp(?k) C Inn(gc) (15)
is a subgroup preserving D and its Shilov boundary .

2.3. Orientability and connectedness of Inn(g)"

In this subsection we address the orientability of causal flag manifolds. Theo-
rem 2.11 below asserts that it is equivalent to the connectedness of the centralizer
Inn(g)" = Ad(G)". When this condition is satisfied is listed explicitly in [MNO23,
Thm. 7.8].

We assume that g is simple and also that Z(G) = {e}, so that G = Inn(g).

Lemma 2.10. A flag manifold M = G/Q is orientable if and only if Adgy/q(Q) C
GL(g/a)+-

Proof. If Ady/,(Q) € GL(g/q)+, then M = G//Q inherits a GL(g/q)-structure,
hence is orientable. If, conversely, M is orientable, then the connectedness of G
implies that it acts by orientation preserving diffeomorphisms. Hence the stabilizer
group @ of the base point eQ) with T.o(G/Q) = g/q maps into GL(g/q), which is
equivalent to Ady/(Q) € GL(g/q)+- O

In view of the preceding lemma, the connectedness of G* = {g € G : Ad(g)h=h}
(which is equivalent to the connectedness of Q, = N x G") implies that M = G/Q,,
is orientable. But it may happen that ) is not connected and still preserves the
orientation on V = g; (see Example 2.12). So the converse is more subtle.

Theorem 2.11. For an Euler element h in a hermitian simple Lie algebra g, the
flag manifold M = G/Qy, is orientable if and only if ITnn(g)" is connected. The
non-orientable flag manifolds correspond to g = s0y4(R) for d > 3 odd, and to
g = 5py,. (R) forr even.
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Proof. In view of [MNO23, Thm. 7.8], for g hermitian, the groups Inn(g)" are not
connected for g = s054(R) if d > 3 is odd, and for g = sp,,(R) if r is even. In view
of Lemma 2.10, we have to show that in both cases M is not orientable.
(a) For V.= RM~1 g = 50y ,4(R) and M = (S' x S471)/{£1} with d > 3 odd,
we know that M is not orientable and the corresponding centerfree group is
G = SO24(R).. We write rie(t) € SO34(R) for the t-rotation in the plane
spanned by e, and ey for £ < ¢. Then

g— = r12(m)13 442(m) = diag(—1,—-1,-1,1,...,1,—-1) € G"

represents the non-trivial component of G" (cf. Example 2.8(b)). As
r34+2(m) € SO4(R), for d > 3, it acts on V = g; with determinant 1. More-
over 715(7) acts by —idy of determinant (—1)¢ = —1. Therefore Adg, (Qp) is
not contained in GL(g;)+ if d is odd.

(b) For V.= Sym,(R) and g = sp,,(R), we consider the group G* := Sp,, (R)
with maximal compact subgroup K* = U,.(C), Z(G*) = {£1}, and the Euler
element h = 1 diag(1,,—1,). Then

(G*)" = {diag(g,9™ ") : g € GL.(R)} = GL,(R)

is not connected, but if r is even, then —1 € SL,(R) C (G*)", so that Inn(g)"

is not connected. Any g € GL,(R) with det(g) < O represents an element

in the non-trivial component of Inn(g)". Consider g_ := diag(—1,1,...,1).

Then dety(Ad(g_)) = (—1)"~! = —1 and therefore M is not orientable. O

The other examples of Euler elements in simple Lie algebras, where Inn(g)" is

not connected ([MNO23, Thm. 7.8]) do not correspond to euclidean Jordan algebras,

but they are also instructive, because they show that the preceding characterization

does not extend to arbitrary Euler elements in simple Lie algebras. The corresponding
flag manifolds M = G/Q), are non-causal symmetric R-spaces.

Example 2.12. Let g = sl,,(R) and h = 3 diag(1,, —1,) with V. = M, (R). We
consider the connected Lie group G* = SLs,(R) with Z(G*) = {£1} and find
(G*)" = S(GLn(R) x GL,(R)),

which has 2 connected components. If n is even, then —1 is contained in its identity
component, so that Inn(g)" = Ad(G*)" is not connected. The group (G*)" acts on
V by (g1,92).A = g1Agy ', so that

det(Adv(gl,gg)) = det(gl)" det(gg)_" = det(gl)2" >0
for (g1, g2) € (G*)". Therefore M is orientable, but Inn(g)" is not connected.

[

3. Causal Makarevic spaces

To any involutive automorphism « of the euclidean Jordan algebra V, we
associate two open submanifold M%) C M as orbits of reductive subgroups G*® C
G, so that both are causal symmetric spaces for G . The spaces M &) are called
causal Makarevi¢ spaces and the subgroups G*® C @ are the identity components
of fixed point groups of certain involutive automorphisms 6¢, of G. The embedding
into M provides flat coordinates on M *®) and can be used to study their causal
structure and the properties of modular flows.
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In Section 3.2 we collect some observations on the causal structure on the spaces
M) from the Euler element perspective, as developed in [MNO23] and [NO23a;
NO23b]. On a causal symmetric space M = G/H, we call a flow a,(m) = exp(th).m,
generated by an Euler element 7 € g, a modular flow (cf. [MN24]). In [NO23a]
positivity regions of modular flows have been studied in modular compactly causal
symmetric spaces, because the existence of an Fuler element in g already implies
the existence of a modular structure (Section 3.1, [NO23a, Prop. 2.7]), and this is
needed for wedge regions and positivity regions to be defined. As this involves Euler
elements in b, it is important that [NO23a, Thm. 3.2] provides a classification of
the Inn(fh)-orbits of such Euler elements, i.e., the different possibilities for modular
structures. For applications to reductive spaces, we extend this result in Theorem 3.6,
so that it applies in particular to the reductive compactly causal symmetric spaces
M C M.

In Section 3.3 we explain how Jordan involutions classify several structures,
including modular compactly causal symmetric spaces, i.e., those with a modular
flow having a non-trivial positivity region (cf. [NO23a]). Section 3.4 contains a table
with the complete classification of causal Makarevi¢ spaces and the relevant data.

Finally, Section 3.5 provides a description of the involutions on the Jordan algebras
Herm, (K).

3.1. Causal symmetric Lie algebras

To describe the basic properties of the causal symmetric spaces M&® we
first recall some terminology and observations concerning symmetric spaces and
symmetric Lie algebras:

e A symmetric Lie algebra is a pair (g, 7), where g is a finite-dimensional real
Lie algebra and 7 is an involutive automorphism of g. We write

g=hdq with bh=g =ker(r—1) and q=g  =ker(r+1). (16)

e A causal symmetric Lie algebra is a triple (g, 7, C'), where (g, 7) is a symmetric
Lie algebra and C' C q is a pointed generating closed convex cone, invariant
under the group Inng(h) := (e*1%) C Aut(g). We call (g, 7, C)

— compactly causal (cc) if C is elliptic in the sense that, for any z € C°
(the interior of C'), the operator ad x is semisimple with purely imaginary
spectrum.

— non-compactly causal (ncc) if C'is hyperbolic in the sense that, for any
x € C°, the operator ad x is diagonalizable.

e For a symmetric Lie algebra (g, 7), the pair (g¢ 7¢) with g := b + iq and
7¢(x +iy) = x — 1y is called the c-dual symmetric Lie algebra. Note that
(g, 7, C) is non-compactly causal if and only if (g¢ 7¢,iC) is compactly causal.

e A modular causal symmetric Lie algebra is a quadruple (g, 7, C,h), where
(g, 7,C) is a causal symmetric Lie algebra, h € g” is an Euler element, and
the involution 7, satisfies 7,(C') = —C'. This structure is motivated by the
geometric significance of the corresponding modular flow a,(m) = exp(th).m
on M (see [NO23a] for details).

Remark 3.1. (g, 7,C, h) is modular if and only if the c-dual quadruple (g¢, 7¢,iC, h)
is modular.
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For the following we recall that a symmetric Lie algebra (g, 7) is called effective
if h = g7 contains no non-zero ideal of g.

Lemma 3.2 (Modular structures on compactly causal symmetric Lie algebras).
Let (g, 7,C) be an effective reductive compactly causal symmetric Lie algebra with
C°Nlg,g] #0. If g contains a non-central Euler element, then there exist an Euler
element h' € q = g and a cone C' C C' such that (g,7,C’, ') is a modular causal
symmetric Lie algebra.

Proof.

(a) First we use the Extension Theorem [NO23a, Thm. 2.4] to find a pointed
generating Inn(g)-invariant cone Cy in g with —7(Cy) = Cy and C = Cy N q.
It follows in particular that g is quasihermitian, i.e., its simple ideals are
either compact or hermitian. We write g = 3(g) @ g, ® u with u compact
semisimple and g, a sum of hermitian simple ideals. Projecting along the
compact semisimple ideal p, : g — 3(g) + g (the fixed point projection of
the compact group Inn(u)), it follows that

Ce N (3(9) + o) = pu(Cy) # 0

(cf. Lemma A.1) and likewise

Cy Ngn =pu(Cy N g, 0]) # 0.

Here we use that our assumption implies that

0#C°Nlg, gl =Cynanig gl

(b) Let hy € g be an Euler element. Then the ideal g; < g generated by [hq, g]
has trivial center and contains no compact ideal, hence only simple hermitian
ones with an Euler elements, so that they are of tube type. The 7-invariant
ideal go := g1 + 7(g1) also has only simple hermitian tube type ideals. We
may thus replace h; by an Euler element hy € [g, g] generating the ideal go.

(c) Let j < go be a minimal 7-invariant ideal. Then either j is simple or a sum
of two simple ideals exchanged by 7. In the latter case j = b @ b with 7
acting by 7(a,b) = (b,a) (([NO23a]). Any generating Euler element in j has
non-zero components, and all these are conjugate under inner automorphisms
([MN21, Prop. 3.11]). So the projection of hsy to j is conjugate to an element
of the form (z,x) € j7. If j is simple, then h = g7 contains an Euler element
by [NO23a, Prop. 2.7]. Putting these results on minimal invariant ideals
together, we see that hy is conjugate to an element of g7, i.e., g contains an
Euler element hg generating g..

(d) The involution 73 := 75, commutes with 7. Next we observe that g=™ C g, is
contained in a sum of hermitian simple ideals. Therefore [NO23a, Prop. 2.7(d)]
implies that the cones C;“in and CJ"™ are —73-invariant and

(C;nax)ng — (Cénin>77'3 — C;Tg.

As g, intersects the interior of C; and the cone C’;ﬁn C g- is generating, it
follows with (Lemma A.1) that

D#(CNgy™) =(CaNgy™)° =C,Ngy™.
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Now
' = CN(=m(C)) Cq

is an Inn(h)-invariant pointed cone in q. As it contains CyNg, *Ng = CNgy ™,
hence interior points of Cy, it has non-trivial interior. Therefore (g, 7, C", h3)
is modular. 0

Remark 3.3. The preceding lemma shows that, if (g, 7,C) is compactly causal
and g is simple, then the existence of a modular structure is equivalent to g being
hermitian of tube type (cf. [MN21, Prop. 3.11]).

We refer to [MNO23, Thm. 5.4] for a discussion of this fact from the perspective
of non-compactly causal symmetric spaces: For the c-dual non-compactly causal sym-
metric Lie algebra (g¢, 7¢,iC'), the modularity of (g, 7) corresponds to the symmetry
of the causal Euler element (cf. Definition 3.4 below).

Definition 3.4 (The non-compactly causal symmetric Lie algebra associated to an
Euler element). Let g be a reductive Lie algebra and h € g be a (non-central) Euler
element. We choose a Cartan involution 6 on g in such a way that 6|, = — idy(g
and @(h) = —h. Then 7 := 07, is an involutive automorphism on g. We write b := g7
and q := g~ " for the 7-eigenspaces in g. Then there exists in q a pointed generating
e*dY_invariant cone C' containing the Euler element A in its interior ([MNO23; Ola91]).
We call (g, 7,C) a non-compactly causal symmetric Lie algebra with causal Euler
element h.

The construction in Definition 3.4 is classical for the case where g is simple
([Olag1]), but the non-simple case has to be treated with some caution, as the
following examples show.

Examples 3.5.

(a) If g =3(g) ® [g,9] and 0 # h € 3(g) is central (a degenerate Euler element),
then 7 = 0 and q = p D 3(g). Then Inn(h) is a compact group fixing h, so
that there exists a pointed generating Inn(h)-invariant cone C' C q containing
h in its interior. It is easy to see that there is no minimal or maximal cone of
this type. In fact, pick an affine hyperplane £ C q containing h + (p N [g, g]),
but not 0. Then E is Inn(h)-invariant, and any Inn(h)-invariant compact
convex neighborhood U of h in E yields a pointed generating invariant cone
CU = [0,00[U Cp.

(b) If g = g1 @ go is semisimple, each g, is simple and h € gy, then 7|y, coincides
with 6,,. So

<g7 T) = (gl7 Th‘9> S (927 (9)

is a direct sum of a non-compactly causal symmetric Lie algebra and a
Riemannian one, hence non-compactly causal by the Cone Extension Lemma
(IMNO23, Lem. B.2]). This lemma applies because tr(ad z|,,) = 0 for every
x € bl‘

(c) A typical example is the Lie algebra g = s0; 4(R) @ s0;x(R) and the Euler
element h = (hg,0), for which M := dS? x Hyp" is a corresponding non-
compactly causal symmetric space (of Lorentzian type).
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The following theorem provides a very convenient test for modularity of a causal
symmetric Lie algebra:

Theorem 3.6 (Modularity test for causal symmetric Lie algebras).  For a reductive
causal symmetric Lie algebra (g, ) with 3(g) C q, the following assertions hold:

(a) If (g,7) is non-compactly causal, then it is modular in the sense that there ex-
ists a non-central Euler element h' and a pointed generating Inng(h)-invariant
closed convex cone C C q satisfying —1/(C) = C, if and only if the corre-
sponding non-central causal Fuler element h with T = 01, is symmetric.

(b) A compactly causal symmetric Lie algebra (g,7) is modular if and only if its
dual, the non-compactly causal symmetric Lie algebra (g¢, 7€), is modular.

Proof.

(a) Consider the decomposition g = 3(g) ® g1 @ - -+ ® g, into simple ideals and
h = hy + --- + hy accordingly. Then every g, is 7-invariant ([MNO23, proof of
Thm. 4.2]) and h is symmetric if and only if each h; is symmetric.

The case of simple Lie algebras with h; # 0 is covered by [MNO23, Thm. 5.4].
It follows that, h is symmetric if and only if h; # 0 implies the existence of modular
structures (g;, 7g;, Cj, h}). On all other simple ideals, 7y, is a Cartan involution.

Suppose that h is symmetric and let A’ := Zév:l h’; € h. This is a non-central
Euler element in g and —7,/(Dy) = Dy for Dy := Z;VZI C;. Now we use the Cone
Extension Lemma ([MNO23, Lem. B.2]) to find a pointed generating cone Dy C g
that is invariant under —7;,, and Inng(h). This lemma applies because tr(ad z|q,) = 0
for every x € ;. We conclude that (g, 7, Ds, ') is modular.

If, conversely, (g, 7, D, k') is modular for some Euler element A’ € h, then the
same holds for all ideals g; with h; # 0, and this implies with [I\/’IN(/)Q?), Thm. 5.4]

that h; is symmetric. It follows that h is symmetric.
(b) This follows directly from the definition. O

Remark 3.7. [NO23a, Thm. 3.2] provides more details on the classification of
Inn(h)-orbits of g-Euler elements in b, resp., the different classes of modular structures
of an irreducible compactly causal symmetric Lie algebra (g, 7, C):

(G) For group type spaces (7 = Tqip) With g = h@bh and g” = Ay the Lie algebra b
is simple hermitian of tube type and there is only one orbit of Euler elements
intersecting Ay.

(C) For Cayley type (7 = 7,) of real rank r there are r + 1 orbits.

(S) For split type (rkg h = rkg g), there are 2 orbits, lying in the same orbit of
the non-connected group Inn(g)”.

(NS) For non-split type (2rkgr b = rkg g), there is only one orbit.

3.2. General properties of causal Makarevic spaces

From here on, we assume that g is a sum of hermitian simple ideals, that h € p
is an Euler element, and that M = G/@Q), is the corresponding causal flag manifold
(Theorem 2.5), where Z(G) = {e}. Then there exists a minimal invariant closed
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convex cone Cy C g for which
Ci:=Cyngi(h) =V,
is the closed positive cone in the Jordan algebra V := g;(h), the tangent space of
the base point on M (cf. (7) in Section 2). We also write
V=M, (17)

to emphasize that M is a conformal completion of V.
In 3(€) N Cy we choose an element z, for which ad(z¢) defines a complex structure
on p, so that

0 = e™adze (18)
(cf. Definition 2.9). In particular, 6 is inner, so that
6(Cy) = Cy, (19)
and thus
C_:=—-CyNg_1(h) =—-0(Cy). (20)

Let a € Aut(V) € Co(V) be an involution, so that « is fixed by the canonical
Cartan involution 6% of Co(V), given by 0%(g) = Ovgby = exp(mz)gexp(—mz),
where

Oy(v) = —v ! (21)
(cf. Definition 2.9). We write o, € Aut(g) for the canonical extension of o to g with
Oalai(n) = a fixing h, and ¢S € Aut(G) for the corresponding automorphism of G.
We thus obtain two involutive automorphisms of G:

0, = HGJg = USQG and 0_, := ThG(9a = QQThG, (22)
where 7¢ is the involution of G integrating 7;,. We put
GEY = (G%=), and MEY .= GE o (23)

where we identify V with the open subset of M arising from the embedding
ty 2 Vo M=G/Qn, x+— exp(x)Qp,

and consider o := 1)/(0) as the base point in M. Following [Ber00, §XI.3], we call
MEY) cqusal Makarevic spaces and write

g(ioz) — L(G(ia)) — QOia
for the Lie algebra of G+,

Remark 3.8. As the involution o, fixes e € V = g;(h) and commutes with 6, it
also fixes 0(e), hence the Lie algebra A; = sl3(R), generated by these elements. In
particular, it fixes the element z¢ € 3(¢) (cf. Definition 2.9).

Remark 3.9.

(a) The classification of the spaces M™% can be read from Makarevi¢’s pa-
per [Mak73], which unfortunately contains no proofs. He studies open orbits
in symmetric R-spaces (he calls them Nagano spaces). By [Loo85], these are
precise those flag manifolds G /@y, where h is an Euler element. Here we are
only interested in the causal ones, called causal Makarevi¢ spaces in [Ber96al.
As the classification in Section 2 shows, causal flag manifolds are precisely
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those symmetric R-spaces for which the corresponding group G is hermitian.
We refer to [GK98] for more related references.

(b) Compact hermitian symmetric spaces are the symmetric R-spaces, where G
is a complex simple group whose Lie algebra contains an Euler element. The
causal ones can be considered as real forms of these spaces, corresponding to
simple hermitian Lie algebras of tube type, i.e., to embeddings M < M¢. On
the level of Jordan algebras, this corresponds to the embedding of a euclidean
Jordan algebra V in its complexification V.

(c) Makarevi¢ starts with elements o € Str(V) C Co(V) satisfying (o) = a~!
(but not necessarily a? = idy), which ensures that 6., are involutions.
However, [Ber00, Lem. XI.3.1] reduces their classification to the special case
where o € Aut(V) is an involution, which we take as our starting point.
We refer to Sections 3.5 (matrix case) and 7.2 (Minkowski case) for the
classification of involutive automorphisms of euclidean Jordan algebras.

(d) As we shall see below, the classification of the involutions o € Aut(V)
can be linked to the classification of irreducible (non-)compactly causal
symmetric spaces (Proposition 3.18), hence can also be derived from the their
classification in terms of Euler elements ([MNO23; NO23al).

Proposition 3.10. For an involution o € Aut(V), the following assertions hold:

(a) MEY) s an open subset of M and an effective causal symmetric space. The
corresponding causal symmetric Lie algebra is (g(ia), Th, CF) | where

CHEY = {r+0,(x) : zeCy=V,}

(b) The symmetric spaces M® and M=) are c-dual to each other.
(c) M@ s compactly causal with C(® = CyN q‘“, and M is non-compactly
causal.

Assertion (c) refines corresponding statements in [Ber96a] showing the existence
of hyperbolic, resp., elliptic elements in the cones CF®).

Proof.

(a) First we show that the symmetric Lie algebras (g, 7,) is effective. If 2 € )

is contained in an ideal of g*®)| then exp(Rx) acts trivially on M*®) hence also on
M, but then x € 3(g) = {0}.
For the h-eigenspaces g; = g,(h), we have 6.,(g;) = g—;, so that

gt = glse = (go)* + {z £ 0,(z) : z € g1}
with
(g0)* ={z€go: adzoa=aocadz on g},

which immediately implies that the orbit M(®) = G®.0 C M is open. We also see
that (g*®),7,) is a symmetric Lie algebra, where

G = g g = (@),

so that the orbit M(® = G® 0 is a corresponding symmetric space.
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(b) ([Ber00, Prop. X.1.3]) The bracket
[2 4 0a(2),y + 0a(y)] = [0(a(2)), y] + [z, 0((y))]

changes sign when « is replaced by —a. Therefore (g(*), 7,) is c-dual to (g, 7,).

(c) ([Ber00, Prop. XI.3.2]) 1In q*® = g% N g=™ the positive cone is

CHEY = {x+0,(z) : zeC}. (24)
As a(Cy) = C4 and 0(C,) = —C_ by (20), we obtain
CE = (CL£0(C1)) Ng™ = (Cy FC )N g™, (25)

Recall from [NQOO21, Lem. 3.2 (ii)] that, for any choice of Cy C g with CyNg, (h) = Cy,
we have

CoNg™m=Cy—C_ and C/Ng ™ =C/N(g®g1)=Cl®-C°. (26)
Now q@ N Cy C g=™ N Cy implies that
CaNg'® =Clo ™ = (O = C)P ={a+0,(z) : x€C}=C™. (27

Next we observe that a(e) = e implies that e + 0,(e) = e + 6(e) € Cy, so that C)
contains interior points of Cy. Thus Lemma A.1 implies C@)e = gl n Cy, so that
the cone C'® is elliptic (because Cj is elliptic), i.e., that M (@) is compactly causal.
For the cone =% C q(=®) = g(=®) N g=™ we first observe that the hyperbolic
element
e+0_,(e)=e—0,(e) =e—0(e) (28)
lies in the interior of the hyperbolic cone C. + C_ ([NO23b, §7.2]). From the fact
that
CC = (1-0,)(C1) =q" N (C, +C)
contains the hyperbolic element e —6(e) € C5 + C°, we obtain with Lemma A.1 that

CEDe = g N (C9 +C°).
As C, + C_ is hyperbolic, the cone C-%) is hyperbolic. 0

Example 3.11. For o = idy, we have 6, = 6, so that G(® = K, which acts
transitively on M, so that M(® = M, considered as a compactly causal symmetric
space of K.

Accordingly, 6_, = 073, is the non-compactly causal involution of g associated
to h ([MNO23)),

9(_idV) =be +qp

and M(14v) is the open unit ball Dy C V, in its Harish-Chandra embedding
(cf. [IMNO24]).

For v € V, let 7,(x) := z + v denote the translation by v, write 0y (z) = —z~*
for the Cartan involution, and

7o(@) = Oy by)(z) = —(v —2H = (27t —wv)"h
For z,v € V, we consider the Bergman operator of the Jordan algebra V, defined for
To(z) € V by
B(x,v) := d(7,7,)(0) 7!
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([Ber98, §1.2]). We recall from [Ber98, Prop. 1.2.1] that B extends to a polynomial
operator-valued function on V. According to [Ber98, Lem. 1.2.5], we have

B(z,y) e GL(V) <= 7_,(—~y) eV <<= exp(—0(x)).(—y)eV. (29)

Lemma 3.12. IfV is a euclidean Jordan algebra and Dy C V its open unit ball with
respect to the spectral norm, then, for x,y € Dy, the operator B(x,y) is invertible.

Proof. [Nee99, Lem. XII.1.9] implies that, for z,w in the unit ball in V¢, the
bounded symmetric domain of the conformal group Co(V), we have exp(w).z € V.
For z,w € Dy, it follows that exp(w).z € V. Therefore B(z,w) is invertible
by (29). 0

Proposition 3.13. We always have Dy C M+,

Proof. If a € Aut(V) is an involution, then +a(Dy) = Dy implies that, for all
x € Dy, the operator B(z, £ax) is invertible. As [Ber98, Thm. 2.1.1(ii)] implies
that the intersection M™% NV is a union of connected components of the set of all
x € V with B(x, +ax) is invertible, Lemma 3.12 shows that Dy C M), O

The following proposition provides a sufficient criterion for modularity which is
easily verified in concrete cases. For (c), we recall the concept of a positivity region.

Definition 3.14. If M is a causal G-manifold with cone field (Cy,)men, and h € g,
we define the corresponding positivity region by

d
- = M . —
Wi (h) {m € T

exp(th).m € C’;}

t=0

Proposition 3.15 (Automatic modularity). If i’ € g™*® is an Euler element of g,
then the following assertions hold:

(a) If ' € hF) | then (g3, 7, CF) ') is a modular causal symmetric Lie
algebra, i.e., T (CFY) = —C=F),

(b) If b € [g\Y, g)], then h' is conjugate under Inn(g(®) to some h” € H(® and
the quadruple (g, 7, C&) h") is modular.

(€) Wypea () # 0.

Proof.

(a) We consider the linear isomorphism 1: & — V = g,(h), corresponding to the
tangent map in 0 for the orbit map G&® — M, g — g.o. It corresponds to the linear
projection g — g;(h), restricted to gi*®). Since k' € h&* C go(h), the involution
7, commutes with ad h, hence leaves g;(h) invariant, and 1) is 7-equivariant.

As I’ is an Euler element of g, we have —7, (C"*) = O (IMNO23]). Thus
Vi = Cr* N gy(h) implies that —7,/ (V) = V., and finally the equivariance of ¢
entails that

—7w (C) = =7 (7! (V1)) = O,
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(b) As g'® is quasihermitian (all simple ideals of g{® are hermitian of tube type), i’
is contained in the commutator algebra if and only if it is symmetric. We claim that
it is conjugate under Inn(g(®) to an Euler element in h®. As (g(*), 7,) is reductive,
effective and compactly causal (Proposition 3.10), this follows from part (c) in the
proof of Lemma 3.2.

If b’ € g® is not contained in the commutator algebra, then h' = k) + h), with
R} central and A} an Euler element of g(®, contained in the commutator algebra.
Applying the preceding argument to h}, we see that hj is Inn(g(®))-conjugate to an
element of h(®. The center of g(® is contained in q(®, so that A’ is not conjugate to
an element of h(@).

(c) That the positivity regions are non-empty for modular causal symmetric Lie
algebras follows from [NOQSa, Thm. 6.5] for general compactly causal symmetric Lie
algebras and from [NO23b, Thm. 7.1] for reductive non-compactly causal ones. [

3.3. What involutions in Aut(V) classify

We have seen above that involutive automorphisms a of euclidean Jordan
algebras V lead to open submanifolds M*® C M which are symmetric spaces of
the subgroups G** C G = Co(V).. To understand the diversity of this family, it
is crucial to observe that these automorphisms classify various types of geometric
objects. In this subsection we briefly describe the connections to

e simple real Jordan algebras V¢ = V¢ +¢V~* with the same complexification
as V ([NK19]), and
e irreducible modular compactly causal symmetric spaces (cf. [NO23al).

Simple real Jordan algebras

Let (V,a) be a euclidean Jordan algebra and o € Aut(V) an involution. The
pair (V,«) is called an involutive Jordan algebra. We further assume that (V,«)
is indecomposable, i.e., {0} and V are the only a-invariant ideals. Indecomposable
involutive Jordan algebras are in one-to-one correspondence with simple real Jordan
algebras by the assignment

(V,a) — Ve :=V*+ iV C Vg.

For a fixed V, we thus obtain all simple real Jordan algebras with the same complex-
ification V¢ (see Table 2 and [BHI8; FG96; Hel69; NK19]). The symmetric R-space
M€ associated to V¢ can be realized as a totally real submanifold of the complex
hermitian R-space Mc = G¢/Qn (Qn € Ge the corresponding parabolic subgroup;
cf. Section 2), which is a hermitian symmetric space of compact type.

Remark 3.16.

(a) If V is not simple and (V,«) is indecomposable, then (V,«) is equivalent
to the involutive Jordan algebra (V* & V*, a) with a(v,w) = (w,v) (flip
involution), and then

Ve={(z+iy,x—1iy) : z,y € V'} = (V).

This case corresponds to the situations, where V¢ is a complex simple Jordan
algebra and the involution is antilinear.
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(b) The antiholomorphic involution 7,(z) := —a(z) on the tube domain Ty =
V + 4V, has the fixed point set

which is a real tube domain.

V=@ iVe = Ty NiVe,

The following table lists the data related to the classification of simple real
non-complex Jordan algebras. For further details we refer to [BH98, §1.5] and [NK19];
see also [Hel69] and [FG96]. If « is not of Pierce type (P), we distinguish split type
(S) (rkV =1k V*) and non-split type (NS) (rkV = 2rk V). We write (S1), (S2),
..., and (NS1), (NS2), ..., etc. for the sake of easier reference in Table 2.

TABLE 2. Simple real non-complex unital Jordan algebras V¢ with
euclidean dual V

[type |V | Vc |aonV |V | Ve |
(P) Symp+q (R) Symerq(C) [quxlpﬂ Symp(R) Symp,q(R)
@ Sym, (R)
(NS1) | Sym,,(R) Sym,,(C) QzQ~ 1 0% = -1 | Herm,(C) Sym,,(C)
N M, (H)
= Aherm;,(H)
(P) Hermyo(C) | My,4(C) Lpqlpg Hemll-f((:) ©) Herm,, o(C)
® Herm,
(S1) | Herm,(C) | M,(C) T Sym, (R) M, (R)
(NS2) | Hermys(C) | M (C) QzQ~1,0% = -1 | Herm,(H) M (H)
(P) Hermy, o (H) | Skewa(p1q)(C) | Ip g lpq Herm,, (H) Herm,, ¢ (H)
@& Herm, (H)
(S2) | Herm,(H) | Skews,(C) (TziiI7Y)y Herm, (C) Skews,. (R)
(P) Herm3(0) | Herms(O)c RY IR R & Herm,(O) | Herm; 5(O)
(S3) | Herms(O) | Herms(O)e | ap Hermg(H) Herms(QOgpiit )
(P) | RLI! c? diag(1,1,-145) |RM Re-11
(S4) | Rttt Cre diag(1,-1,1,1,) | R RPY p g >1
(NS3) | R14-1 Cc? diag(1, —14_1) R R0

Irreducible modular compactly causal symmetric spaces

Irreducible compactly causal modular symmetric Lie algebras (g, 7,C, h) (cf.
Section 3.1) arise in two types ([NO23a)):

o Group type: (g,7) = (h @b, Taip), (h, Cy) is a hermitian simple Lie algebra,
and Cy C b a pointed generating invariant cone. Then h = (hy, hg) holds for
an Euler element hg € b, so that the Lie algebra b must be simple hermitian
of tube type ([MN21, Prop. 3.11]).

o Simple type: g is simple hermitian of tube type and 7 an involution satisfying

—7(Cy) = Cy for a pointed generating invariant cone C; C g satisfying
CyNg=C. If 7 commutes with the Cartan involution ¢, this is equivalent
to T(ze) = — 2.

The following lemma follows from [Oeh22, Prop. 3.12].
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Lemma 3.17. Let g be simple hermitian of tube type, h € g an Euler element,
and V := g1(h) the corresponding euclidean Jordan algebra. For every involutive
automorphisms « € Aut(V), there exists a unique automorphism o, € Aut(g) with
oulv = a, and then (g, 04, Cy ™7, h) is modular compactly causal. Conversely,
every modular compactly causal Lie algebra of simple type is of this form.

The following proposition connects the pairs (V, «) to irreducible compactly
causal symmetric Lie algebras, which have been classified in terms of Euler elements
in [MNO23] and [NO23a].

Proposition 3.18. Let g be simple hermitian of tube type, h € £(g) and V = g1(h).

(a) The assignment
(V,a) — (9, 7,04, Cy N g~ ™", h)

from indecomposable involutive Jordan algebras to modular causal symmetric
Lie algebras, yields all modular compactly causal symmetric Lie algebras of
simple type.

(b) Every involutive automorphisms 7 € Aut(g) commuting with 6 and satisfying
7(z¢) = —z¢ and T(h) = h is of the form 1,04, hence in particular compactly
causal.

(c) For every involution o € Aut(V), the involution 0_, defines a modular
compactly causal symmetric Lie algebra (g,0_q,C, k), where C':= Cy N q(=,
and

k= e 3% (30)

is the corresponding Fuler element fixed by 0_, = Tp0,.
(d) The element k € g©=® from Definition 2.9 is a causal Euler element for the

non-compactly causal symmetric Lie algebra (g(_"),Th, C(_a)). In particular,
0 # Wiior (k) C Wi ().

Proof.

(a) Lemma 3.17 implies that the involution 7 of a compactly causal modular
symmetric Lie algebra (g, 7, C, h) of simple type is of the form 7,0,.

(b) It follows from [Oeh22, Prop. 3.12(a)].

(c) For the Euler element k € g we derive from 6 = e~ 78d% that

z Z ad 2

0o =00, = (073,)(Th0o) = € 2 adzer o3 (ThOa) = TkThOa = ThTkO -

Accordingly,
0_, = 1,0, = TL0O,. (31)

In view of (b), this is a modular compactly causal involution on g because o, (k) = k
implies 0_, (k) = k and 6_,(Cy) = —Cj follows from 74,(Cy) = —Cj.

(d) Equation (28) in the proof of Proposition 3.10 shows that the element e —6(e) €
C=% is hyperbolic. Comparing with the subalgebra s = sl,(R)®" corresponding to
the strongly orthogonal roots (see (33) below), it follows that the Euler element k
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from (30) is a causal Euler element in g(=®). In particular, it is contained in the
diagonal subalgebra sly(R) = A, C s, spanned by h, e and 6(e). O

The following observation refines Proposition 3.18(d).

Proposition 3.19. The positivity region of the Euler element k = e~ 224%h in M
s the open unit ball for the spectral norm in V:

Wy (k) =Dy = (e = Vi) N (—e+ Vo).

Proof. We derive from Wy, (h) = V, ([MN, Lem. 2.7]) and (30) that W;(k) =
exp(—%52e).Vy. From (12) in Definition 2.9, we know that exp(52) acts on V.C M as

the Cayley transform c(z) = <2 of order 4 with ¢*(z) = —z~' = 6" (z). Therefore
exp(—52) acts by ¢7'(z) = 225, As ¢ (Ry) = (—1,1), this shows that Wy;(k) =
C_1<V+) = DV. O

We conclude that
O£ Wi (k)=MENDy CV (32)
(cf. Proposition 3.18(d).)

Theorem 3.20. For a non-compactly causal space M~ C M and the causal
Fuler elemenet k from Definition 2.9, the positivity region is

Wia (k) =Dy =(e—Vi)N(—e+Vy).

The subgroup G* acts transitively on this domain.

Proof. We have seen in Proposition 3.18 (d) that k is a causal Euler element for
M) and in Proposition 3.19 that W} (k) = Dy. Hence the assertion follows from
Proposition 3.13.

That the subgroup G* acts transitively on Dy follows from the fact that k is
conjugate to h (cf. (30)) and that G” acts transitively on the open cone Wy (h) = V.
([MN, Lem. 2.7]). O

The preceding theorem shows that the positivity region is a so-called real
bounded symmetric domain. For a detailed analysis of these domains, we refer
to [0S20]. We also refer to Table 1 in [GKO03], which lists those crown domains =
of G/K that are bounded symmetric domains of larger groups.

The homogeneity of wedge regions seems to be curiously related to the discussion
of one-parameter groups of isometries in the recent paper [GZ25].

Remark 3.21.

(a) If (g,7,h) is irreducible compactly causal modular, then 7 = 7,0, (Lem-
ma 3.17), 7 fixes h and g] = V™%, so that

q=V ®g,"dg?;.

(b) The involution 0, = 6o, fixes Cy) = CyN g and z, whereas 7,(Cy) = —C.
Therefore ('), 7, Cyw) is compactly causal (cf. Proposition 3.10).
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(c) For the compactly causal involution 7 := 75,0,, the c-dual symmetric Lie
algebra (g 7¢ h) is non-compactly causal modular (Proposition 3.10), so
that g¢ = co(V°) is the conformal Lie algebra of the simple non-euclidean
Jordan algebra V¢.

(d) We have the causal symmetric Lie algebras

(g(j:a), Th|g(ia)a C(ﬂ:a)) with [](Oc) — h(—a) — go(h) N g(:i:oc)’ q(:ta) - g(ﬂ:oz) Ng ™.

The Euler element k is contained in g=® and causal for M(~*) (Proposi-
tion 3.18(d)), but it is not contained in h(®).
Both Euler elements h and k£ are contained in the diagonal subalgebra

slh(R) = A, C 5 X sl (R)®" (33)

(see Definition 2.9). On A, the involution 0, fixes z¢, hence is a Cartan
involution and
g(a) N A5 = RZE = 502(R).

The involution 0_, = 1,0, = 70, (cf. (31)) satisfies
g(_a) N AS =Rk = 50171(]&).

In particular, g'® does not always contain Euler elements. This phenomenon
is discussed in detail in Section 6.

3.4. The classification of causal Makarevic spaces

Proposition 3.18(c¢) connects irreducible modular compactly causal symmetric
Lie algebras, resp., quadruples (g, 7,04, C, h) with the non-compactly causal sym-
metric spaces M of G(=®). In particular, it exhibits the subalgebras g(~®) as the
fixed point algebras of compactly causal involutions on g, which have been classified
in terms of Euler elements in [MNO23] and [NO23a].

We distinguish the following types (see also the introduction of [NO23a)):

(C) Flip involutions « correspond to group type spaces: (g @ g) " = g, and
these correspond to Cayley type spaces M(~® = G /G" embedded in the
product space (V@ V)" =V x V (see Section 4).

(P) Pierce involutions o correspond to satellites M~ C V* (see Section 5 and
in particular (39) for details).

(S) Spaces of spit type, i.e., T # 7, and rkg g™ = rkg g:

(NS) Space of non-split type, i.e., T # T3, rkg g™ = ﬂ%w:

Combining the classification from [NO23a] with the material from [Ber96al
and [BH98], leads to the following table. Here co(V) denotes the conformal Lie
algebra corresponding to a pair (V, «), where a may also be a flip involution and V
not simple. For the correspondence between V and co(V), we refer to Table 1. For
Pierce type we also write (p,q) = (r — j,7) in the table. Although the symmetric
spaces M*®) are determined up to covering by the symmetric pair (g, h&)), we
sometimes list a global representative.

3.5. Involutions on Jordan matrix algebras

In this subsection we describe the involutive automorphisms on the matrix
Jordan algebras Herm,.(K) following [BH98, §1.5]. Our grouping according to Pierce
type (P), split type (S) and non-split type (NS) corresponds to the classification of
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TABLE 3. Causal Makarevi¢ spaces

H Type ‘ co(V) ‘ g ‘ gt ‘ h = p ‘ M@ ‘ M=) ‘

Sym,.(R) 5Py, (R)
(C) 5p27'(R)@2 5p2r (R) 5p27‘(R) g[’V‘(R)
(P) spo, (R) 1,4(C) al.(R) 0p,q(R) Upa(C)/ Op4(R) Symr(R)&q)
(NSl) 511'45 (R> EPQS(R)(DQ 5;325(([:) 5p25 (R) Sp?a(R)
Herm, (C) su,.,.(C)
(C) su,,.(C)*? | su, . (C) su,.,.(C) gl.(C)/Ril
(P) su;,(C) up(C)*?/ s(C) + R1 | su,,(C) Upe(C) Hermr((c)(Xp,Q)

R(il,i1)
(S1) su,.(C) | s0*(2r) 50, (R) 50,(C) SO*(2r)/SO,.(C)
(NS2) suz;2,(C) | spy, (R) uy, (H) 5p,,(C) Spar(R)/ Sp,, (C)
Herm, (H) s0*(4r)
©) 50" (47)®2 | s0*(4r) s50*(4r) gl (H)
(P) 507 (4r) uz,24(C) gl (H) uyq(H) Usp,2¢(C)/ Up,o(H) HermT(H)équ)
(S2) 50*(4r) 50%(2r)®2 505,(C) 50*(2r) SO*(2r)
Herms(0) e7(—25)
(C) 233(2,25) e7(—25) €7(-25) es(—26) D R
(Sg) 27(,25) 5115’2(@) 5[4(H) 113’1(H) SU(,Q((C)/ U3‘1 (H)
(P) 7=0 e7(—25) eé DR €6(—26) PR eq HCI‘III,(@)Jr
P),j=1 e7(—25) eo—14) DR | eg26) DR | Fa(—20) Herm, (0) 5
RLdil 502@(R)
©) 502,4(R)®? | 502,4(R) 5024(R) R

®s5014-1(R)

(S4), p+q=d | 5024(R) 505,1(R) 501 ,(R) 501 ,-1(R) (AdS? x S7)/{£1} ds? x Hyp?

x §0441(R) x 5071 4(IR) x 504(R)
(NS3) q= 0 SOQYd(R) Sﬂgﬁdfl(R) Sﬂl.d(R) 5011(1,1(R) Ade de
(P),j=0 s004(R) | R@soy(R) |R s04_1(R) (S' x ¥ H/{£1} | R x Hyp®!

®s014-1(R)

(P),j=1 s054(R)  |R R 5014-2(R) | (AdST! x SY)/{£1} | dS?* xR

@Eﬂg,d,Q(R) @5011d71(R)

irreducible compactly causal symmetric spaces (Table 1 in [NO23a]), which is based
on the correspondence from Proposition 3.18. Our types correspond to types I, II
and III in [FG96, p. 8]. Involutions on the Minkowski spaces RY¥~! are discussed in
Section 7.2 below.

Pierce involutions (P). On the Jordan algebras V of the form Herm, (K) with
K =R, C, H, O, we have the involutions

ag(z) = Ipgzlpy, pPH+q=r, (34)
with
V® = Herm,(K) ® Herm,(K) and V *= M, (K)

(cf. Example 5.2). Note that oy = «a, = idy. Here V¢ is the space of hermitian
matrices with respect to the hermitian form §(z,w) = 2*I, ;w of signature (p, q).
The corresponding spaces M~ are given by GL,(K).I,, = GL.(K)/ U, ,(K) and
discussed in some detail in Proposition 5.4 below.
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Split type involutions (S). These are the automorphisms of Herm,.(K) induced
by automorphisms aq of K, applied entry-wise:

a((zjr)) = (ao(zj))-
So the involutions (S1,2,3) below correspond to the equal rank embeddings of
euclidean Jordan algebras:

Sym, (R) < Herm,(C), Herm,(C) < Herm,(H), Herms(H) — Herm;(O).

(S1) V = Herm,(C). Here a(z) = z with V¢ = Sym, (R), V=* = i Skew,(R) and
Ve = M, (R).

(S2) V = Herm,(H). Consider the automorphism «g(z) = IzI~! of H whose fixed
point space is R1 +RJ = C. We then have V* = Herm,(C).

(S3) V = Herm3(0). Here o is the involution on O with @* = H. Then
V* = Herms(H), Vi = Mg 2(C), V¢ = Herms(QOgpiit)-

Non-split type involutions (NS). Here r = 2s and « is related to conjugation

with
0 =1y
pe (01,

The involutions of non-split type (NS1,2) correspond to the half-rank embeddings
Herm(C) < Sym, (R), Hermy(H) < Herms,(C).

(NS1) V = Sym, (R). Here a(z) = QzQ~!, V* = Herm,(C), V™ = Sym,(C). For
r = ( . Z) € Sym,,(C) = V¢, the antilinear extension @ of o to V¢ takes the form

a6 6 0)- ()

Therefore x € V€ is equivalent to d = a and ¢ = —b, which is equivalent to z € M, (H).
We thus obtain V¢ = Sym, (C) N M (H).

QL

(NS2) On V = Hermys(C) with V¢ = My, (C), we consider the involution a(z) =
QzQ™! with V® = Herm,(H), V™% = Aherm,(H), and V¢ = M (H).

4. Flip involutions and Cayley type spaces

In this brief section we discuss flip involutions and show that the corresponding
open orbits correspond to Cayley type spaces G/G", embedded in My := M x M as
open G-orbits (cf. [BN04; Kou94]).

If v is an involution on a euclidean Jordan algebra and there exists no non-trivial
a-invariant ideal, then either the Jordan algebra is simple or consists of two simple
ideals flipped by a. In the latter case, there exists a simple Jordan algebra V such
that we have a situation of the type

Vao=VaeV with alv,w)=(w,v). (35)

These involutions correspond to so-called Cayley type spaces which are briefly
discussed in this subsection. Let G4 := G' x G be the double of G = Co(V)..
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On the group G4 = Co(Vy)., we obtain o,(g1,92) = (g2, ¢1), and hence the
automorphism

ea(gla 92) = (GG(QQ)’ eG(gl)7
which leads to

GY =T1(6%) =~ G = Co(V)..
Further, gi™™ = {(2,60(z)) : = € go(h)} = go(h), so that
M = G/G" = 0,

is a Cayley type space.
Writing 7. = 67, for the non- compactly causal involution defined by h (cf. Def-
inition 3.4), we obtain from 6_, = 754, = 7G40, the relation

(9—04(917 92> - (Tncc(92)7 Tncc(gl))'
This leads to .
—Q),T. d

GO 2 D(ree) 2 G and  GL ™ = gh

This shows that MCE_O‘) = Oy, as a symmetric space. Specifically, we have Cy, ;. =
Cy @ Cy Cgya(h), and therefore

CHY = {(z,y) £ (0(y), 0(x)) : 2,y € C1}
={(z£0(y),yx0(z)) : 2,y Cy} =T(£b|c,vc_) = CL FC_.

The cone C(®) = ¢ — C_ is elliptic and C-® = C'| + C_ is hyperbolic ([NO23b,
§7.2]). Thus, in the first case, O, inherits a compactly causal structure and in the
second case a non-compactly causal structure (cf. also Proposition 3.10).

To see how M is embedded in M x M, we write 8™ for the involution
defined by exp(mz;) on M and
o0 := 0M(0) = exp(nz).o.

Then

M := G.(0,00) C My
is the set of “transversal pairs”, which is open and dense. It intersects the open
subset V x V in

= {(x, y)EV2 cr—yevV©y
(see [MN;, §3.1] and [BNO4 § 5]). As Md C M x M is the G-orbit of (0,0) under
the action g.(z,y) := (9.7,0%(g).y), we obtain

MY = (idy, xeM)(MdT ). (36)
Writing 72, for the involution induced by 7&. on M, the relation
My~ = (i <7l ) (M), (37)

follows from the fact that this is the G-orbit of (0,0) under the action g.(z,y) :=
(9.2,7%.(g).y) and M (0) = co. Both orbits are open and dense.

ncc

Proposition 4.1. For the Euler element hq := (h,—h) € h&)  the following
assertions hold:

(a) W;(,a)(hd) = Wi (h) x Wi (=h) 2V, x(=V,), and this domain is causally

comjlex, hence globally hyperbolic.



168 NEEB

(b) W;(Q)(hd) C V. x (—Vy) is the subset of all pairs (z,y), with x +y~* € V*.
d
c) All Euler elements in g(ia) = g are conjugate to hy.
d
Proof.

(a) The Euler element hy defines on ( g&ia), Thy, C (£) | h4) the structure of a modular

causal symmetric Lie algebra, and the inclusion into M, is equivariant for the modular
flow. First we use [MN, Lem. 2.7] to obtain Wj;(4h) = &V, which leads to

Wi, (ha) = Vi x (=V4) C M, .

As TM (z) = 27t = —0M(x) for & € V leaves —V invariant, we derive from

V+ +V+ g V+ g V* that
W Coy(ha) = {(z,y) € Vi x (=V3) t o —Te(y) =z —y ' € V=V x (=V).

(—a)
Md

7_M

ncc*

(b) Tt follows with a similar argument with ), instead of

(c) It follows from [MN21, Prop. 3.11] because g is of tube type (see also Theo-
rem 6.1). O

M

= 0M7M is not because 7}

Note that 6™ is a causal involution on M but 724
flips the causal structure.

Example 4.2. It is instructive to visualize the preceding proposition for the
simplest case where V = R and M = R, = S! is the one-point compactification.
Here 0M(z) = —2~' and 700 (2) = z~'. Further W)} (hq) = Ry x (=Ry) and

M] = My \ Ayr. Therefore
My = M \T(rM) = {(z,y) €Ry x (-Ry) : y £ 27"} =Ry x (—Ry)
and
MY = M \T(OM) = {(z,y) €Ry x (-Ry) 1 y # —a7'}
is the complement of a hyperbola in a quater plane (cf. Proposition 7.6 and Exam-

ple 7.7).

5. Pierce involutions and satellites of the positive cone

Beyond the flip involutions (cf. Section 4), the Pierce involutions can easily be
understood in terms of the Pierce decomposition of the euclidean Jordan algebra. We
use [FK94] as a reference for euclidean Jordan algebras. In this section V is always a
simple euclidean Jordan algebra of rk(V) = r and (¢y,...,¢.) € V is a Jordan frame.
We consider the Pierce decomposition

V= @Rck D @ng with V= {U eV :cu=cv= ;U} (38)
k=1 k<t
([FK94, §IV.1]). For g = co(V) and h € a, where a C p is maximal abelian, we choose
a maximal set {71,...,7-} C X(g, a) of strongly orthogonal roots (cf. Appendix A.3).
We then have
RC]' = g"fj and ng =9

L (ve+7e)°
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Definition 5.1. For x; :==¢; + -+ +¢;,7 =0,...,r, the element a; := >™£@i) ¢

Str(Ve) fixes each ¢; in V, and for v € Vi, we find

v for k{4<j or k,{>}
a;(v) :{ (39)

—v for k<5<l

This shows that a; € Aut(V) is an involutive automorphism of V, called a Pierce
involution. Note that oy = o, = idy.

Let s C g be the subalgebra isomorphic to sly(R)®" generated by the elements
¢; € g1(h) and 0(c;) € g_1(h). We put

s; 1= Rey + R[cj7 Q(Cj)] + RQ(CJ’) =0y, T 09—y, + R,ij =~ slh(R)

(cf. Appendix A.3). Then h € s can be written as a sum

1
h:h1+..._|_hr:5(71V_|_...+77Y),

where hj = 37 € s; is an Euler element satisfying [h;, ¢t] = d;xc;. In Aut(g), we
then have
0o, = exp(2miad(hy + -+ + hy_;)) = exp(2miad(—h,_jp1 — -+ — hy)). (40)

Examples 5.2.

(a) For V = Herm,(K) a natural Jordan frame consists of the matrix units
¢; = Ej; and Vi = K(Eke + Egi,). In this case we find with (34)

a;(r) = lr—jelej;.
(b) For V = R""! we have r = 2 and the two lightlike vectors
cp=e€eyte, =€ —e
form a Jordan frame. The only Pierce space is V1o = span{es, ..., €41} and
a; =diag(1,1,—1,...,—1) = L 4o.

Proposition 5.3. Let a; € Aut(V), j = 0,...,r, be a Pierce involution and
consider the Fuler elements

hWo=hi+-Ahj—heji1——h, and Kk :=e 22=pi (41)

Then the following assertions hold:

(a) 0_q, is the non-compactly causal involution Tne. = 07,5 on g, specified by the
FEuler element h? in the sense of Definition 3.4.

(b) 0_o, = T4 for the Euler element k7. In particular, the symmetric Lie algebra
(9,0_,) is of Cayley type and k7 € q(=*7).
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(a) The subalgebra s also contains the element z¢ € 3(€) N C, for which e™d = §
is the Cartan involution of g (cf. (18)). Therefore 6, is given by conjugation (in G¢)
with the element
exp(mze) exp(2mi(hy + - - + hy—j)), (42)

and 0_,, by conjugation with

exp(mze) exp(—mih) exp(2mi(hy + - -+ + he—;))

= exp(mz) exp(mi(hy + -+ 4+ hpj — hp_jy1 — -+ — h,)) = exp(mze) exp(mih?).
Hence 6_,, is the non-compactly causal involution 7,.. = 67,5 on g, specified by the
Euler element 1/ of g (Definition 3.4).

(b) For the Euler element

K=o 5odmp @ bk ke — o — k€80, (43)
we then derive from 73,;(2¢) = —2 and (a) that
0 o, =07 = emmadz = emradzy eyada — o (44)
(cf. Example A.3). Finally, k7 € q(-%) = g(=®)=" follows from
(k) = e2 247 (B) = g3 242 pd — grad=pd — oIy = — kI, O

The set V* of invertible elements of V has r + 1 connected components that can
be described as follows. We fix a spectral decomposition z = >7%_; ;¢; of an element
x € V, where (¢1,...,¢) is a Jordan frame ([FK94, Thm. III.1.1]). This means that,
under the automorphism group Aut(V), the element z is conjugate to > :cjcj.Q
The element z is invertible if and only if all coefficients x; € R are non-zero, and
if this is the case, we say that z is of signature (p,q) if p is the number of positive

coefficients x; and ¢ = r — p the number of negative ones. We write

Vo VS pta=r, (45)

for the open subset of elements of signature (p,q). These are orbits of the group
G = Str(V).. For 0 < p < r, they are called satellites of the open convex cone
Vi = V(- Note that =V, =V, and

d=c+---+ Cr—j = Cr—jp1 — """ — Cp € V(f"*j:j)' (46)

The following proposition relates the domains VZ;L g to the open orbits M (=)
for Pierce involutions.

Proposition 5.4. In the subalgebra s = slo(R)®" from (A.3), we consider the
elliptic element
o=z bt B Bl — o P
and put d; := exp(%z{). Then the following assertions hold:
2For V = Herm, (K), this corresponds to the conjugation of a hermitian matrix z by U,(K) to a

diagonal matrix, and for Minkowski space, it corresponds to conjugation of an element € R14~1
under Og_1(R) to one with 29 = -+ =xz4_1 = 0.
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(a) 0_o, = Ad(d;) "', Ad(d;).

(b) dj. M) =V . and d (0) =d.

(c) The involution 7, on =) = Ad(d;)"*go(h) corresponds to the non-compactly
causal involution on go( ) defined by the Euler element h/ € go(h).

(d) The positivity region of b’ in M is contained in V (r—j, and given by the
convex cone

Wy (W) = Wi (h7) = (Ve N Vi (R))° = (Vi N V_y (W) + V(') (47)

)

For r = 2 and j = 1 (Lorentz boost on Minkowski space), the wedge domain
Wit (h') in Minkowski space RV~ is known as the Rindler wedge. For j = 0,7, we
obtain the open cones V, and —V, for any Jordan algebra.

Proof.

(a), (b) The Cayley transform c(z) = exp(%ze).x = X2 from (12) satisfies c(0) = e
and ¢7'(0) = —e. Using the subalgebra s & 5[2(R)@T, we apply ¢ in the first r — j
components and its inverse in the last j components. Concretely, we obtain

d;.0 = exp(gzg) 0=d. (48)

Therefore the Str(V).-orbit V(XT_ i) of ¢/ corresponds to the orbit of 0 under the
connected subgroup with the Lie algebra

— —Zadzd 49) 3 e
Ad(d;) g (h) = e T+ go(h) = go() "= g,
where we use (80) in Appendix A.2 to see that
W= e 585 =y bkl — kyjey — e — Ky (49)

With Proposition 5.3, this shows that g(=®) = go(k’) = Ad(d;)"'go(h), hence (a)
and (b).

(c) On g=®) the involution is given by 73, so that

Ad(dj)h = €3*4 % h = —ky — -~k + kg + o H ke =~ (50)

and T_p; = T = 07, imply that the corresponding involution on go(h) is 7
(cf. (44)). In view of Definition 3.4, this proves (c).

(d) The eigenspaces of A’ on V are given by

@RC[@ @ Vims Vo(hj): @ Vim, (51)

l<m<r—j I<r—ji<m
= EB Roe® @ Vim,
I>r—j r—j<i<m

where Vi (h7) are Jordan subalgebras of E. By [NOO21, eq. (B.4)], the positivity
region of A/ in V is

W (W) ={z eV : [IW,a] € Vi} = (VanVi(1))* = (VLNV_i (1)) +Vo(h) (52)
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Further [NOO21, Cor. B.5] shows that Wi} (h/) C M; := Vis_j ), S0 that Wit (h/)

ool

The cones WiF (h7) are in particular causally convex subsets of V.
Lemma 5.5. x € V* if and only if h € [x,g9-1(h)].

Proof. In view of the Spectral Theorem for euclidean Jordan Algebras ([FK94]),
we may assume that o = 7', x;¢; with z; € R. With respect to the strongly

j=1
orthogonal roots 71, ...,7, with g,, = Rc;, we then have
[z,9-1(h)]Na= [x, Zgwl =Y Ry/.
j:1 :Bj#(]

Hence h = 33,7, is contained in [z, g_1(h)] if and only if all z; are non-zero, i.e., if
x e V™. O

Lemma 5.6. Vo(h/) NV* %0 if and only if r = 2j.

Proof. We have
Vo)=Y V= 3 810

k<r—j</{ k<r—j</{
An element = Y4 o, Tpe With xy € 91 (7 4+, 18 invertible in Vo(h?) if and only
if Lemma 5.5 implies that h = [z, y] for some y = > ;yre € g—1(h). We then must
have h =37, (14, yre] because all other brackets lie in different a-eigenspaces. For
any € X(g,a), we have py([gs, 9-5]) = R3Y (B is the corresponding coroot), so
that
\/ .
h e Z R(M) C (W)*.
k<r—j<t 2
This implies that hLh’/ with respect to the Cartan—Killing form. As

1 1
h=gOf +--+7) and B =o(n +- 4+ =% =),

and the v are pairwise orthogonal of the same length, it follows that r = 2;.
Assume, conversely, that 7 = 2j. Then r is even, so that either V = R (for
r =2), or V= Herm,(K) for r > 2 and K € {R,C,H}. For r = 2, the space V,(h')
(h' a Lorentz boost) contains non-zero spacelike points (because d > 1 by simplicity
of V), and these are invertible elements of V.
For r > 2 even, V = Herm, (K), and for j = r/2 we have

V(W) = {(5 8) . be Mj(K)}. (53)
The invertible elements in this set are those for which b is invertible. U
The non-compactly causal symmetric spaces

Prop. 5.4
I

A ~ M) (54)
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carry natural flows generated by the Euler elements h, £ =0, ...,r, of g contained in
go(h) = g=®). The following proposition clarifies the existence of positivity regions
and fixed points:

Proposition 5.7 (Modular flows on V(i ). For the flow generated by the Euler
element h* € go(h) on Vi._jj): the following assertions hold:
(a) The positivity region of h* is non-empty if and only if { = j.
(b) The symmetric space V(erj’j) is the non-compactly causal symmetric space
corresponding to the pair (go(h), h?) (cf. Definition 3.4).
(¢) It has fized points if and only if r = 25 and € = j.
(d) For r = 2j, there exists an Fuler element ' € h(=%) N [g(=) g(=2)] for
which
(g 0_,.,C) p))
y V—a )
is a modular causal symmetric Lie algebra, i.c., 0_,,(h') = h and
T (C)) = —C=a9),

Assertion (a) implies that all Euler elements h?, ¢ # j, have empty positivity
regions in V,_, » (cf. Definition 3.14).

Proof.

(a) As the positivity region W* of h® in V is contained in V(._re by Proposi-
tion 5.4 (d), it intersects V;_; - non-trivially if and only if j = (.

(b) It follows from the fact that the corresponding involution on go(h) is 73,60
(Proposition 5.4 (c)), and that 3(go(h)) C go(h) nie.

(c) By Lemma 5.6, the existence of fixed points in V* is equivalent to r = 2¢. It
remains to verify that they are have signature (r — ¢,¢) = (¢,£). We thus assume
that r is even. For r = 2, the flow of ' (the Lorentz boost) has only spacelike fixed
points, and these are of signature (1,1).

For r > 2 even, we have V = Herm,(K) for K € {R,C,H} and (53) implies
that the invertible elements in Vo(h*) are of the form

0 b
(b* 0), be GL@(K)
It contains the elements

(2 8) b = diag(by, ..., bs), by € R, (55)

and it is easy to see that all these elements are of signature (¢, ¢). For K = C, H, the
open subset GL,(K) is connected, and for K = R, it has 2 connected components.
They contain matrices as in (55), so that they are completely contained in V(XM).

(d) Assume that r = 2j. Then the proof of Proposition A.4 below implies that
the Euler element h/ € go(h) is symmetric, hence in particular contained in the
commutator algebra [go(h), go(h)], which is semisimple. This implies the existence
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of a f-invariant sly-subalgebra sy C go(h) containing A/ ([MNO23, Thm. 5.4]). The
subalgebra g, is also invariant under 6_,, = 07;,;. The fixed point space for the
latter involution on sq is RA' for some Euler element A’ € Inn(sp)h C Inn(g)h. Then
h' € g=%) is an Euler element of g. By construction, k' € go(h), so that h' € H(=%).
Now (a) follows from Proposition 3.15 (b). O

Proposition 5.8. The positivity regions WMFQJ-)(hj) are real tube domains on
which the subgroup (G"). acts transitively.

Note that the subgroup (Ghj)6 is in general not contained in G(~®), hence
does not act by automorphisms of the symmetric space M%) on WM(—aj)(hj )
(Example 5.9).

Proof. Since the group G = Co(V), acts transitively on the set £(g) of Euler
elements in g ([MN21, Prop. 3.11]), there exists a ¢ € G with Ad(g)h = h?. Then

-\ Prop 5.4(d) :

Ad(g)V = Ad(g)Wi(h) = Wi (1) "2 Oy ),
and since (G"), acts transitively on V, = W} (h), the group (G"), = Str(V), acts
transitively on W' . (k7). O

Example 5.9. For V = R"! and the Rindler wedge
Wr = {(20,%) = 21 > |wo|} = Wi (h'),
the affine subgroup
span{ey, ..., eq 1} x RY SO 1 (R), = Vo(h') x exp(Rh + RA') C Gt
acts transitively on Wpg. It is not contained in G=*1) 2 Str(V), = R, SOy 4_1(R)..

6. Modular flows on causal Makarevic¢ spaces

The Cayley type spaces discussed in Section 4 are always modular, but the
modularity property is not always satisfied for the non-compactly causal spaces
M) of Pierce type, for which it is equivalent to » = 24, and this condition
also characterizes the modularity of the dual compactly causal space M (). The
main result of this section describes those compactly causal symmetric Lie algebras
(g, 7, C(®)) which are modular in the sense that h® = g(®) N gy(h) contains an
Euler element /' of g(® satisfying —7,,(C®) = C(®), If, in addition, k' € h(®) is an
Euler element of g, then the latter invariance condition is automatically satisfied by
Proposition 3.15. In this context it is remarkable that Theorem 6.1 asserts that the
existence of non-central Euler elements in g(®) already implies the existence of an
Euler element of g, contained in §(®).

Theorem 6.1 (Classification of the modular spaces M®). Whenever the Lie
algebra g\ contains a non-central Euler element, then (® N [g(o‘),g(o‘)] contains an
Euler element of g. All Euler elements in [g(®), g(®] are conjugate under Inn(g®),
and for any such Euler element h', the corresponding positivity region W;}w(h’) is
non-empty. This happens for Cayley type and in the following cases:

(P) Forr even and j =r/2,
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(S) for (S1) and (S2) if r is even, and for (S4) and g'® = s0,4(R) ® s04_1(R) if
1<k<d-2.
(NS) always for (NS1), (NS2), (NS3).

Proof. In view of Proposition 3.15(b), all Euler elements of g, contained in
[9(®), g(] are Inn(g(®)-conjugate to some A’ for which (g(*), 7, C®, ') is a modular
compactly causal symmetric Lie algebra, and by Proposition 3.15(c), this implies that
W . (R) is non-empty. It therefore remains to check when g{® contains non-central
Euler elements A’ (then its component in the commutator algebra is also Euler), and
that all Euler elements of g, contained in [g(®, g(®] lie in the same Inn(g(®))-orbit.
Cayley type. For flip involutions we have géa) =~ g for gg = g%? (see Section 4). If
g contains an Euler element b’ = (0(h"”),h”), then A" is an Euler element of g and A’
an Euler element of g;. Then g is simple hermitian of tube type, so that all Euler
elements in g are conjugate ([MN21, Prop. 3.11]).

Having dealt with the Cayley type involutions, we now address the other three
types (P), (S), and (NS), according to the type of the corresponding simple euclidean
Jordan algebra V.

V = Sym, (R) and g — sp,, (R).
(P) In this case g ~u;, ;(C) 2 R ® su;, ;(C), and this Lie algebra contains
a non-central Euler element if and only if » = 2j. Assuming that r = 2s is
even, it corresponds to the embedding

0 = u4(C) = spy, (R).
Realizing u, ((C) = u(Q,C*) as in (10) (Examples 2.8 (a)),

1
h= diag(1,, —1,) € b N [, g]

is an Euler element, and since it has only two eigenvalues, it is also Euler
in gl (R) = gl,, (R), hence in particular in sp,,.(R). All other Euler elements
of the commutator algebra su, ;(C), which is hermitian of tube type, are
conjugate by [MN21, Prop. 3.11].

(NS1) Here g(®) = sp, (R)®2 C g = sp, (R). In this case g® contains 3 conjugacy
classes of Euler elements, represented by (hg, ko), (ho,0) and (0, ko), where
ho = 3 diag(1,, —1,) € sp,,(R). The Euler elements (ho, 0) and (0, ho) have
3-eigenvalues on R**, hence are not Euler in sp,,(R) because this Lie algebra
contains only one class of Euler elements ([MN21, Prop. 3.11]). But h :=
(ho, ho) € H®) is also Euler in sp,,(R), corresponding to 1 diag(1s,, —1as).

V = Herm,(C) and g = su,,.(C).
(P) In this case g® =~ R(il, —il) @ su;, ;(C)®2, and this Lie algebra contains
a non-central Euler element if and only if » = 25, which corresponds to the
modularity of the compactly causal symmetric Lie algebra (g(®), 6, C(®))

(Proposition 3.15). Assuming that r = 2s is even and j = s, it corresponds
to the embedding

R @ su, ,(C)** < su,,.(C).
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Realizing u,4(C) C u(Q,C*) as in (10) in Examples 2.8(a), we see that
ho = 1 diag(1,, —1;) is an Euler element in su, ,(C) = [g‘*), g(®], and since
it has only two eigenvalues, h := hg @ hy is also Euler in su,,.(C) (there is
only one conjugacy class by [MN21, Prop. 3.11]). The other Euler elements
in the commutator algebra of g(®) are conjugate to (hg,0) or (0, ko), which
are not Euler in su,.,.(C).

Here g(® = 50*(2r) = s50*(4s), which contains an Euler element if and only if
r = 2s is even, i.e., g® is of tube type. Then we have a natural embedding

50%(45) =2 u(Q, H**) < s1y,9,(C) = su,,.(C) = [u(2, C**), u(Q, C*)],

(Example 2.8 (a)). This Lie algebra contains a single orbit of Euler elements,
represented by h = 1diag(1,,—1,) € gl,,(H), and this also is an Euler
element of su,,.(C).

Here g = sp, (R) C g = suy,.5.(C). In this case g(® contains a single
conjugacy class of Euler elements ([MN21, Prop. 3.11}), represented by
h = %diag(lgr, —15,), and this is also an Euler element of sus,. 5, (C).

V = Herm, (H) and g = so*(4r).

(P)

(52)

In this case g(a) = Uy, 9,—2;(C), and this Lie algebra has a non-central Euler
element if and only if » = 25. Assuming that r = 2s is even and j = s, it
corresponds to the embedding

., (C) 2 u(Q, C*) — u(Q,H*) = s0*(4r)

(Examples 2.8(a)). So hy = 3diag(1,,—1,) is an Euler element in the
commutator algebra su,.,.(C), which is also Euler in u(Q, H?*"). Uniqueness of
the conjugacy class in su,.,.(C) follows from [MN21, Prop. 3.11].

Here g(®) 22 50%(2r)®2 C 50*(4r). In this case g(®) contains an Euler element
if and only if » = 2s is even ([MN21, Prop. 3.11]). There exist three
orbits of Euler elements, represented by (hg, hg), (ho,0) and (0, hy), where
ho = 3 diag(1,, —1;) € u(€2, H*) = s0*(4s). The elements (ho,0) and (0, k)
are not Euler in s0*(4r), but /' := (hg, ho) € h® is also Euler in so*(4r).

V= Herm3(©) and g = e7(—25)-

(P)

(S3)

Here it suffices to consider the case j = 1, where g(® = R & Co(—14)- 1ts
commutator algebra is hermitian, but not of tube type, so that it contains
no non-central Euler element. Here r = 3 is odd.
In this case g = su,4(C), which is hermitian, not of tube type, so that it
contains no Euler element ([MN21, Prop. 3.11]).

V =R and g = s054(R). From [MNO26, §2.3] it follows that, for d > 2, and a
subalgebra of type s025(R) = sl5(R)®?, the only conjugacy class of Euler elements
in 09 5(R) that consists of Euler elements of s05 4(R) is the one consisting of Euler
elements whose centralizer contains no non-zero ideal. We shall use this several times
below for the uniqueness of the conjugacy class in g®.

(P)

Here j =1 = and g 2 RDs0y4 o(R). Its commutator algebras 505 4 o(R)
contains Euler elements of g, and, by [MNO%, §2.3], they are all conjugate,
even for d = 4.
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TABLE 4. Modular causal Makarevic¢ spaces

H Type ‘ co(V) ‘ g ‘ gt ‘ h@ =) ‘ M (@) ‘ M) ‘

(C) 5p27’(R)€92 5p27'(R) ser(R) g[r(R>

(P) spus(R) - ugs(C) gy, (R) 05.4(R) Uss(C)/ Os(R) Symy, (R)(; )

(NSl) 5p4s(R) ’gpQS(R)@Z spZS((C) spZS(R) Sp25‘(R)

Herm, (C) su,,(C)

©) su,.,.(C)®? | su,,.(C) su,.,.(C) sl (C)OR

(P) Slgs.25(C) | us,5(C)®2/ 5hs(C) +R1 | su, ,(C) U, 5(C) Hermy (C)f§

R(il,i1)

(S1) Sltgs 25(C) | s0*(4s) 505 25(R) 5045(C) SO*(4s)/ SO4,(C)

(N52) 520 (C) | 5p4, (R) ur (H) 5ps,(C) Spy,(R)/ Sp,, (C)

Herm, (H) s50*(4r)

©) 507 (4r)2 | 50 (4r) 50*(4r) gl,.(H)

(P) 50%(8s) Ups.25(C) aly, (H) u, (H) Uss05(C)/ Uss 5 (H) HCrm%(H)(Xs,s)

(S2) 50*(8s) 50%(45)%2 50,45(C) 50%(4s) SO*(4s)

Herms(@) €7(—25)

(C) 2?(2,25) e7(—25) e7(—25) eg(—26) DR

RY4=1 d >3 | 5094(R)

(©) 509 4(R)®? | 509,4(R) 509,4(R) R®s0141(R)

(S4),p>2 |s094(R) |50, 1(R) 501 ,(R) 501, 1(R) (AdSP x S§7)/{£1} |dSP x Hyp?
ptqg=d ®50,.1(R) @507 ,(R) ®s50,(R)

(NS3),q=0 |s054(R) | 5054 1(R) 5014(R) 501,4-1(R) Ads? das?

(P),j=1 5054(R) | R® 504 5(R) | R® 5014 1(R) | 504 5(R) (AdS*! x S1)/{#1} | dS*! xR

(S4) Here g = 5054(R) @ 5041 (R) with 0 < k < d — 2 (see (61) below), and

this Lie algebra contains non-central Euler elements which are also Euler in

502 4(R) if and only if £ > 1. Even for k = 2 the Lie algebra s0,5(RR) is not
simple, but there is only one such class by [MNO26, §2.3].

(NS3) Here gl® = 5094-1(R) contains Euler elements which are also Euler in

5094(R). Even for d = 3, there is only one such class by [MNO26, §2.3]. O

7. The Lorentzian case

As Lorentzian causal manifolds are particularly relevant for applications ins
physics, we now discuss the Lorentzian Makarevi¢ spaces in some detail. It is
well-known that the Lorentzian symmetric spaces

AdS* x STk, dS* xHyp®™, k=1,....d

are conformally flat, i.e., locally conformal to d-dimensional Minkowski space R*4~!
(cf. [Ber00, §X1.5.3]). Therefore it is no surprise that (up to coverings), these are
precisely the Lorentzian Makarevi¢ spaces. For k = 1, we obtain in particular
S! x S9!, a two-fold covering of the conformal completion M of RM~! and
R x Hyp?™!, considered as causal symmetric spaces.

We start this section by describing the conformal completion of V = Rb4-1
as the isotropic quadric Q(R*?) of isotropic lines in R?¢ (Section 7.1). The simple
classification of the involutive automorphisms of the Jordan algebra R“~! is given
in Section 7.2, and this leads to simple descriptions of the corresponding spaces
ME) C Q(R?*?). In Section 7.3 we describe the boundary orbits of the M&®) in
Q(R%%), which is motivated in particular by potential applications to holographic
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aspects of AQFT. For the two most important examples, de Sitter space and anti-de
Sitter space, we describe the wedge regions in Section 7.4 and Section 7.5 and
show that the wedge regions in anti-de Sitter space are not globally hyperbolic
(Proposition 7.6).

7.1. The conformal completion of Minkowski space

For the conformal Lie algebra g = 505 4(R) of V = R""1 we consider V :=
R24 =R @V @ R, endowed with the symmetric bilinear form

B((t,v,8), (t', 0, 8) =t + B(v,0v") — ss.

We write ey, ..., eq12 for the canonical basis vectors and consider the Euler element
h € s054(R), defined by
he1 = €442, hed+2 = € and hej = 0, j = 2, R ,d — 1. (56)

Its eigenspaces are
Vi(h) = R(e14eqss), V_i(h) = R(ej—eqr) and  Vo(h) = span{es, ... e}

For v = (vg,v) € V, we write v’ = (v, —v), considered as a row matrix. Then a

short calculation yields
0 v 0
gi(h)=<¢|—-v 0 v| :veVy,
0 v 0

where the 3 x 3-block structure corresponds to the decomposition V= Re;®VERe 0.
We write

0 —’Ub 0 _6<qu) 0 ﬁ(U,U)
X,=|v 0 —v|eg(h), sothat X2= 0 0 0
0 —'Ub 0 _ﬁ<vv U) 0 6(”7”)
leads to
e*(er — eqrz) = (1= Bv,v))er + 20 — (1 + B(v,v))eass.
We realize the conformal completion M of V as the quadric
Q= QR*") == {[t] € P(V) : §(7,7) = 0} (57)
with the open dense embedding

nV-—0, n():= 1_62(1)720:1):—“_62(0’”)

= exp(Xy).[e1 — ear2] € P(V), (58)
corresponding to the action of the translation group (V,+) = g1(h) on Q. Its range is
nV)={[t:v:s]ePR&VOR) : t —s#0}.

We also note that
exp(th).n(v) = n(e'v) for veV,te€R and exp(mih).n(v) =n(—v). (59)
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Remark 7.1. The eigenspace V_j(h) = R(e; — e4ys) is isotropic and invariant
under the parabolic subgroup @,. Maximality of the subgroup @, C G = SO94(R).
implies that it coincides with the stabilizer of this eigenspace, so that we obtain an
embedding

M = G/Qn = GV _1(h) = Q(R*?) C P(R>?).

Remark 7.2. Note that Q(R?*%)\ n(RY471) is the set of all rays [z; : ... : Zqyo] With
T = Tgyo. For 1 = 24,9 = 0, this specifies a projective quadric Q(R>4~1) = §4-2 of
Minkowski space, and for x1 = x4,2 # 0, we may normalize to 1 = x4, = 1, which
leads to a manifold diffeomorphic to the light cone N' = {x € RY¥=1 : B(x,z) = 0}.

7.2. The Jordan involutions on Minkowski space

For the d-dimensional Minkowski space V = R"*~! with Jordan unit ey, we
have

Aut(V) = Ol7d_1(R)e0 = Od—l(R)'

Involutions in this group are orthogonal reflections ¢ in subspaces F, C R4
and their conjugacy classes are determined by dim F, € {0,...,d — 1}. We write
r; € Aut(V) for the involutive automorphism with

i = ]d—j,j = diag(ld_j, _1]) S OLd_l(R)eO, j = O, e ,d — 1.
Here r = rk'V = 2 and for the Jordan frame
c1 =¢€y+e, Cy=e€— ey,

there is only one Pierce space Vy5 = span{es,...,e;1}. Therefore the only non-
trivial Pierce involution is

a) =rg_o =diag(1,1,—-1,...,—1).

The trivial ones are ag = oy = idy.
Deviating from our convention, we write in this section G := SOg 4(R)., which

for d even is a 2-fold covering of the conformal group Co(V).. In G, the involution
T, = —idy is implemented by

77 = diag(—1,1,...,1,—1) € SO 4(R)
([HN12, §17.4.2]), and 6 corresponds to

0% = exp(rz) = diag(—1,—1,1,...,1).
We may therefore implement 0, = G

?j = dlag(l, —1, 1d—j—1> —1j+1) € Og,d(R),

o, by conjugation with

We then obtain

505, 4(R)(7") = 50, 4(R)"
501 4(R) for j=d—1 (NS3)
= 15011(R) & 5014-1(R) forj=d—-2 (P) (60)
5014-1—;(R) @501 ;11(R) for0<j<d—2 (54).
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Forp=j+1=1,...,d, and ¢ :== d — p, we can thus identify the spaces M(~"3)
in the quadric Q(R??) as follows. We use (60) to obtain in G = SOy 4(R). the
subgroups

GU) 2 80 4(R), x SO1,(R).,

which leads to the non-compactly causal symmetric spaces
M) = G p(0) = [SO; 4(R),.e1 — SO p(R),.€q12] = Hyp? x dSP
(note the rearrangement of the indices, where e, is exchanged with e,.5). Here
dS? C R'” is p-dimensional de Sitter space and Hyp? C R% denotes g-dimensional
hyperbolic space, an irreducible Riemannian symmetric space.”
The involution 0,, = HGUTJ. can be implemented by conjugation with
dlag(—l, —1, 1d—j—17 _1j7 1),
which is conjugate to
’;’vj = diag(—1j+2, ]-dfj)'
We then obtain
5027(1_1(R) fOI"j =d-1 (ng)
5054(R)") = 505 4(R)™7 2 { 5054 o(R) @ 505(R) for j=d—2 (P) (61)
505 ;(R) ®s04_;(R) for0<j<d—2 (54).
We obtain forp=7+1=1,...,d and ¢ = d — p the corresponding compactly causal
symmetric spaces

MU = G 1(0) = [SOgp-1(R)e-€1 — SOy11(R)e-€qr2] = (AdSP x S7)/{£1}, (62)

where AdS? C R?P~1 is p-dimensional anti-de Sitter space. For p =d = j + 1 we
obtain with S° 2 {£1} that

Mra-1) = AdS?, (63)
In all cases, the “intersection with V”, is given by
M(ia) N U(V) = {[37] S M(ia) P X1 — Tdy2 §£ O} (64)

7.3. Conformal boundaries

The compactness of Q = Q(R??) implies in particular that the closure of M &)
is compact and invariant under the group G&®. We now describe the boundary
orbits of this compactification, having in particular applications to holographic
constructions in AQFT in mind.

Proposition 7.3. The boundaries of M*®) in Q(R>9) are as follows:
(CC) The open subset M® = (AdS? x S?)/{+1},q=0,...,d—1, p=d—q, is
dense in Q(R*%) and its boundary is a (p — 1)-dimensional quadric Q(R?*P~1).
(NCC) The open subset M=® = dSP x Hyp?, ¢ = 0,...,d — 1, p = d — p, is not
dense. Its boundary is a union
SPL U (SP7 x R* x S171),
where we put S™t = 0. The other open orbit of G is Hyp? x dS?.

3We use this notation, and not the more customary H, to distinguish it from the skew-field H of
quaternions.
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Proof.

(CC) The image of AdS? x S? in Q(R?“) consists of pairs [v; : vy with v; € R?P~1
and vy € RI*! satisfying B(vl, Vi) = _B(VQ, vy) = 1. As this is equivalent to vy # 0,
this is an open dense submanifold. Its complement, consisting of projective pairs
with vy = 0, is the (p — 1)-dimensional quadric Q(R*?~!).

(NCC) The image of dS? x Hyp? consisting (after rearrangement of the coordinates
€y <> €,42) of pairs [vy : vo] with vi € R'"? and v, € RY satisfying (v, vi) =

—B(vy,vy) = —1. If B(va,v3) > 0, we may normalize to 1 and obtain elements of
dS” x Hyp?.
For f(vy,ve) = 0 and vy # 0, we obtain the boundary manifold

(RXSP' x R*S971)/R* 22 SP~1 x R* x S471,

and for vy = 0, we get SP~!. Since there are also elements with B(Vg,vg) < 0,
the embedding of dS” x Hyp? is not dense. The interior of its complement is a
causal embedding of Hyp” x dS?, on which the group SO; ,(R). x SO; 4(R). acts by
isometries. U

The following observation is the geometric key to the celebrated AdS/ CFT-
correspondence in QFT.

Corollary 7.4. The boundary of AdS® in Q(R*%) is the (d—1)-dimensional quadric
Q(R>I=Y) j.e., compactified (d — 1)-dimensional Minkowski space, and the boundary
of dS? is the sphere S% 1.

7.4. De Sitter space

We consider the d-dimensional de Sitter space M (a1 = dS? (type (NS3)
n (60)). Applying (87) in Appendix 7.5 to (V, —f3), for which dS* is the unit sphere,
we obtain a diffeomorphism

dS\{zg =1} — V\ S(V,8) ={v €V : B(v,v) #1}. (65)

In particular, =1 (M 7e-1) = n=1(dS?) is the complement of S(V, ), hence has 3
connected components. The inverse of this map is given, for 5(v,v) # 1, by (58)

v — (Y0, ¥),
00 = 1 T S| =y

(notation from Appendix A.4). In these coordinates the map (65) corresponds to the
stereographic projection with center e; € dS?. Our base point in Q is [e1 — eqial,
corresponding to —e, € dS?¢ C R4

Note that

with (yo,y) € VY

n(S(V,5)) ={[0:v:1] : f(v,0) =1} = Hyp" ",

The embedding of dS? in @ is also compatible with the canonical causal orien-
tations: In dS? C VY, the curve v(t) = —eqy2 + tey is causal, and the corresponding
curve in V has a tangent vector in 0 that is a positive multiple of e, € RV,
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Proposition 7.5. We consider the Euler element b’ € 501 4(R) C 505 4(R) speci-
fied by

h'ey = —eqi2, h'egio=—e€y and he; =0 for 2<j<d+2. (66)

Its positivity region Wd+sd (k') has the following properties:

(a) Wia(R') is contained in n(V) =V, where it corresponds to the double cone
Dey,—e,- In particular, it is causally convex and therefore globally hyperbolic.

(b) The group (SOs4(R)"). = SO;1;1(R). x SO14-1(R). acts transitively on
W;Sd(h’ ) and turns it into a mon-compactly causal Lorentzian symmetric
space diffeomorphic to R x Hyp?™*.

Proof.

(a) As h/(—eqy2) = ey is positive timelike, b’ is a causal Euler element (cf. Defini-
tion 3.4). Its positivity region is

W+

Fa(h) ={y € dS" TR : —yy > |yo|} S (V).

The inequality —y4 > |yo| corresponds to —zgyo > |75 in the R*4-coordinates. It
implies in particular that x4, < 0, so that x4 # 1, i.e., Wi.(h') € n(V).
We consider the curve

i (—1,1) — dS? C Q(R*),

1_t2'te' 1+t2]_[1_ 2t 14t
. 2 . 2 — .1_t22. 1_t2

C(t) = n(teg) =

Then (() corresponds to the curve

2t +t2+1
e
1—2 72 21

(=1,1) — dS?,  t+— eqpo € dS?.
For t := tanh(s/2), we have ((t) = [1 : sinh(s)e; : —cosh(s)] = e**'e .2, so that
C((—1,1)) is the causal geodesic €X' .(—ezy5) C dS%.

Its causally convex hull in dS? is the positivity region Wia(h') (IMNO24]),
and the causally convex hull of (—1,1)ey in Minkowski space V is the double cone
Dy = Dey,—e,- This implies that

n(’Deo,*eo) = W;sd(h/)
(cf. Theorem 3.20).

(b) Tt follows that the positivity region of the Euler element A’ is diffeomorphic
to R X Dga-1, where Dga-1 € R4! is the open unit ball, which is also a model of
hyperbolic space Hyp?™!. This is a homogeneous space of the group

(802,d(R)h/)e = 501,1(R)e X SO 4-1(R),,

which acts isometrically with respect to the natural non-compactly causal symmetric
space structure on R x Hyp?™'. ([l
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7.5. Anti-de Sitter space
We consider the d-dimensional anti-de Sitter space
M=) 2 AdS? 2 SOy 41 (R).[1:0: —1] € Q(R*?)

(type (NS3) in (61)). In view of (87) in Appendix A.4, (M +-1) is the complement
of S(V, —f3) = dS"™™, hence has 2 connected components for d > 2. For §(v,v) # —1,
we obtain from (58)

1 — B(v,v) 2v
= : =1 = T .. -1
1= 15 8(0,0) T+ Bw,0) s s ]
with 2 + 23 — a3 — -+ — 23, =1, ie, f"(z,z) =1 (cf. Appendix A.4 for ). In

these coordinates, the rational map
AdS*\ {z; = -1} — (V) 2V

corresponds to the stereographic projection discussed in Appendix A.4, applied to
the bilinear form A" on V" = R?1 and

n Y AdSY) = V\dST™ = {v eV : B(v,v) # —1}. (67)

Our base point is [e; —e449], corresponding to e; € AdS? C R24-!, This embed-
ding of AdS? is also compatible with the canonical causal orientations, determined by
[es] € Te, (AdS?) being positive ([NO23a, §11]). In AdS? C VN =2 R>%1 the curve
~(t) = e + teq is causal, and the corresponding curve in V has a tangent vector in 0
that is a positive multiple of the basis vector e, € span{es, ..., ez} = V.

Proposition 7.6. We consider the Euler element h" € s014-1(R) C s054(R),
specified by

h'e; =eqi1, h'eqp1=e2 and h'e; =0, j#2,d+ 1. (68)

Its positivity region W ,(h") has the following properties:

Ads¢
(a) It is contained in the open dense subset n(V) C M and

Wi (") =2 W (R")\ ds?t.

Ads¢
(b) It has two connected components.
(c) As causal manifolds, its connected components are not globally hyperbolic.

Proof.

(a) First we observe that

W) N (AAS?) = {(y1,¥2, - -+, Yar1) € VNAST © yapr > |uol}

is not convex.

Next we observe that the positivity region of A” in AdS? is contained in its
timelike domain, specified by the inequality 2, , > 22. If z € AdS” \ n(V), then
xr1 = —1, so that

l=af+ay—ay— - —gy =1+ —a5— =25,
leads to 23 = 23+ - - -+ a3, |, and hence to z3,, < z3. Therefore z cannot be timelike
for n”.
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(b) By [NO23a, Lem. 11.2], the positivity region of 2’ in AdS? has two connected
components. We also see this by applying the inverse of  and Proposition 7.6:

W;dsd(h”) =~ Wy (k") \ dS? = {y € RM" ¢ yyq > |yol} \ dS™ .

That this set has exactly two components follows from the fact that every ray in the
Rindler wedge Wi (h") intersects dS?~! in exactly one point.

(c) As both connected components are isomorphic (cf. [NO23a, Lem. 11.2]), it
suffices to show that one of them is not globally hyperbolic. The component

O:={y e R ys 1 >yl —1 < B(y,y) <0}

is easily seen to be not globally hyperbolic. For 0 < ¢ < 1, it contains the two
clements e; + cey and the O-causal interval De, 1 ceye,—ce, Petween these two points
clusters in the boundary point e, hence does not have compact closure in O. [

Example 7.7. We take a closer look at the 2-dimensional case. We consider the
lightlike basis
_ €y + e; and ¢y = ey — e

2 2
of R and write (y1,y2) for the corresponding coordinates; called lightray coordinates.
Then

Cp:

x0:y1+y2 x1:y1—y2
2 2
In lightray coordinates, we consider the conformal transformation (yo, y1) — (5, ¥}) =
(yo, —y1"). Then

and Yo =x0+ 1, Y1 =T0— T1.

1

1 — Xy

/ / / /
ry+ay =x0+x and ) —a) =

;1 _ad-af 1l 1-Baa) _ flax) -1
Tog= z|xo+ 21+ = = =
2 1 — X 2([[’1 —l‘o) 2([131 —l‘o) 2(1‘0 —l'1>

and
,  —1—=px,z)  Blz,x)+1
= 2(1’1 — 330) - 2(&30 — .’I]l) '

The conformal maps ¥(z) = (2}, 2}) maps dS' to the z-axis:

1
= 0) = 0
Y(x) (951 ~ zo’ ) (zo + 21, 0),
and in particular t(sinh ¢, 4+ cosht) = (£e**,0). In lightray coordinates it is clear
that the Rindler wedge W satisfies 1)(Wg) = Vi, so that
Y(Wr\ dS') = V4 \ Rey.

In this picture the two connected components of W, ., (h"), the left and right half
of V., \ Rey, are not globally hyperbolic.

Example 7.8 (Globally hyperbolic domains in AdS?; the elliptic type). The double
cone Dey e, € V is contained in the intersection of V. C Q(R*%) with AdS?
(Propositions 3.13), which corresponds to V \ dS*™*. It is a globally hyperbolic
domain in V, so that its image under 7 in AdS? also has this property.
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We have
n(e0) D [0 £ey: —1] = [£es — eg] ~ £e, € AdS? C R24
(notation from Appendix A.4). Further, for [¢t| < 1,

(teo) 11—t 2te 1—¢2 N 2t
€)= |——=: =1 = e €y — e
n{teo 112 1+ 1_'_7521 1—|—t22 d+2
1—t2 2t
~— —— e, € AdS?
1% 1y 2™

parametrizes the half circle {z1e; + z9€y : 1 > 0,27 + 23 = 1} C AdS? connecting
n(—ey) = —ey by a causal curve with 7(ey) = e,. Therefore 7(De,,o,) € AdS? is
the open domain of all points on causal curves from —e, to e,.

We recall from [NO23a, §11] the exponential function of the symmetric space
Ads?:

sin(y/6"(y,9) )
Y.
BNy, y)

Timelike vectors y € T,,(AdS?) generate closed geodesics and 3" (y,y) = 72 implies
Expp(y) = —p. In particular, all timelike geodesics through —e, also pass through
ey. As all points in 7(De, —e,) lie on geodesics, we obtain

N(Dey,—ey) = Exp_e, ({y = (11,0,¥) : 11 > 0,0 < B (y,y) < ©°}).

Exp, () = cos(\/B(y,y) )p + (69)

7.6. An application to the general case

We have seen in Proposition 7.6 that the positivity regions Wx—:dsd(h/ ') in anti-de
Sitter space is not globally hyperbolic. We now show that the same is true for all
modular compactly causal spaces M(®. We start with a remark that will be needed
in the proof.

Remark 7.9.

(a) Let M = G/H be a semisimple symmetric space, on which the connected
Lie group G acts faithfully. In particular, the corresponding symmetric Lie
algebra (g, 7) is effective. We choose a Cartan involution  commuting with
7, so that we obtain polar decompositions

G = Kexp(p) O H = Hg exp(hy).
Now [Loo69, Thm. IV.3.5] implies that the map
K xq, — M, (k,z)— kExp.y(z)

factors through a diffeomorphism K X, q, = M, thus defining on M the
structure of a vector bundle over K/H.

For any 7 and #-invariant connected subgroup S C (&, we have a symmetric
subspace Mg = S/Hg, where Hg = HN.S. Moreover S = Kgexp(pNs), and
we obtain a diffeomorphism

KS X HxnS (qp ﬂs) = Ms.

As the decompositions of M and Mg are compatible, the inclusion Mg — M
is a proper map if the inclusion Kg/(Hk NS) — K/Hy is proper.
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(b) If f: My — M, is a proper morphism of causal homogeneous spaces and M,
is globally hyperbolic, then M; is also globally hyperbolic.

Theorem 7.10. Let Mg = G/H be a compactly causal symmetric space correspond-
ing to the irreducible modular compactly causal symmetric Lie algebra (g,7,C,h').
Then the connected components of Wi (h') are not globally hyperbolic.

Proof. The dual non-compactly causal symmetric Lie algebra (g, 7¢,iC, h’) con-
tains a causal Euler element A" € p° N iC°, which implies that 7,/(h') = —h/
(recall that 7,» = 6°7°). Now the proof of [MNO23, Thm. 5.4] implies that h’
and h” generate a subalgebra s¢ C g¢ isomorphic to sly(R), which is invariant un-
der 7¢ and 6. So the inclusion (s¢ 7¢) < (g 7°) corresponds to an embedding of
2-dimensional non-compactly causal symmetric spaces. On the c-dual side, we thus
obtain an embedding (s,7) < (g,7) of compactly causal symmetric Lie algebras,
where s = sl5(R) is generated by the elliptic element ¢h” and the Euler element A'.
Anti-de Sitter space AdS? is a global symmetric space corresponding to (s, 7).
Proposition 7.6 now implies that the connected components of the positivity
region Wy (h') € Mg are not globally hyperbolic. Here we use that the failure
of global hyperbolicity of positivity regions is inherited by all covering spaces of
AdS? because all connected components of Wi (W) are diffeomorphic to R3 , hence
simply connected and therefore lift to coverings. Moreover, Kg = exp(Rih”) is
a closed subgroup of K C G, so that we obtain with Remark 7.9 a proper map
Mg — M on the level of causal symmetric spaces. As W;}S(h’ ) is not globally
hyperbolic, it contains a causal interval with non-compact closure in Mg, and then
the corresponding interval in Mg cannot have compact closure. [l

Theorem 7.11. If the compactly causal symmetric space M(® is modular, then its
positivity region is not globally hyperbolic.

Proof. If M(® is irreducible, then the assertion follows from Theorem 7.10. Accord-
ing to Table 4, this leaves us with the group case M(® = Us.s(C) and the Lorentzian
case V = RI4~1

In the latter case M@ = (AdSP x S9)/{%1} withp >2andp+q=d > 3
(cf. (62)). Then the Euler element in h(® leaves a subspace isomorphic to AdS?
invariant. Hence the failure of global hyperbolicity for the components of W;ds2(h” )
implies the same for W, (h").

For the group case U, 4(C), we have a causal embedding of

Up1(C) = (S' x SU1(C))/{£1} = (S" x AdS?)/{£1} D AdS®.
Therefore the assertion follows from the failure of global hyperbolicity of positivity
regions in AdS?®. U

8. Cayley transforms and group type spaces
In this section we discuss some specific properties of the group type spaces
M@ = Sp, (Q),U,,(C),S0*(2r).

They permit a unified approach via skew-hermitian forms over K = R, C, H. The
groups are simple for K = R, H, but for K = C their center is a circle group. We
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also refer to [K096] and [K(97] for a uniform treatment of the 3 series of group type
spaces from a different perspective (see also [Ber00, §1.6.1]).

8.1. Unitary groups of skew-hermitian forms

Let K € {R,C,H}. We consider K" is a K-right module, so that a skew-

hermitian form on K" is a map of the form
f(z,w) = z*Bw, where B € Aherm,(K).
Changing the basis by g € GL,(K), leads to a change of the representing matrix to
g*Bg. In this sense, the normal forms are B = )y, for K = R (r = 2s needs to be
even), B =il,,, p+q=r, for K=C, and B = i1, for K = H ([Bri85, p. 434]).
This specifies the corresponding unitary Lie algebras
u(B,K") :={z € gl (K) : 2B+ Bz =0},
and, concretely,
592.(R) = 5p(Q20, BY),  140(C) = w(il,,,s ), 50" (2r) = (il HY).

The corresponding groups are Sp,,(R), U, ,(C) and SO*(2r). These are precisely the
groups among the causal Makarevi¢ spaces (Table 3). In this section we take a closer
look at these spaces and the corresponding geometric structures.

8.2. Maximal isotropic Graflimannians

On E = K" we consider the non-degenerate skew-hermitian form
B(z,w) = 2"Qw, where Q= = (-01 1OT>

Forms that can be represented in this way are precisely those of Witt index r ([Bri85]).
We write

G = U(Q,E) = {g € GLou(K) : (¥ z,u) Blgz, gu) = B(z,w)}
={g € GLy,(K) : ¢"Qg = Q}
for the corresponding isometry group and M C Gr,(K*") for the space of maximal
isotropic subspaces L C E. Note that G acts transitively on M by Witt’s Theorem
([Bri85]).
Euler elements h € u(2, E) correspond to orthogonal decompositions

E=FE, oFE_ (70)

into isotropic subspaces E. = ker(h F %1) Then the parabolic subgroup Q) C G

(cf. Section 2) is the stabilizer of F_, so that M = G/Q)}, is the associated causal flag
manifold.

The tangent space of M. The decomposition (70) identifies the tangent space
Tg_(M) naturally with the set of all K-linear maps ¢: E_ — FE, whose graph

I(p) ={v+epv) : ve £} (71)
is isotropic. This means that (v, o(w)) + B(¢(v), w) = 0 for v,w € E_, hence that
’y@(v,w) = 5(U7 gD(U))) = —6((,0("&)), U) = 6(w7 ()O(U>>
defines a hermitian form on £_. We thus obtain a natural identification

Tg (M) =V := Herm,(K),
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an embedding ¢ — ['(¢) into M, and also a causal structure by the convex cone of
positive semi-definite forms on F_.

Fractional linear transformations. Any matrix g = (2%) € U(Q,K*") (with
the block structure according to £ = E, @ E_ as in (70)) satisfies

9.0(¢) =T ((ap + b)(cp + d) ), (72)

so that U(Q, K?') acts naturally by fractional linear transformations on Herm, (K).

Jordan automorphisms. On the Jordan algebra V = Herm, (K), we consider an
automorphism a(x) = JzJ !, where J € U,(K) satisfies J* = —J and is given by:

Qg for K =R, r = 2s,

J=1il,, for K=C,r=p+q, (73)
11, for K = H.
Then o4(x) := JgzJ;*', for J; := J @ J, is the corresponding automorphism of

g = u(,K?") and thus 6,(g) = J4(g*)"*J; . The fixed point group G(®) = G% then
consists of those matrices commuting with the matrix

0 J
JdQ_<_J 0),

which is an involution. Its eigenspaces are
ker(J;QF1) =1(xJ) = {(v,x£Jv) : v € K"},

and the restriction of 5 to these spaces is represented by the matrix £2.J. We
conclude that, for (F, fr) with Sp(v,w) = v*2Jw, we have

For g € GL(F), the graph I'(g) is isotropic if and only if g € U(F, 8r). We thus
obtain an embedding of the corresponding groups
[: U Br) — M, gr—T(g). (75)

Then (72) still holds with respect to the matrix block structure defined by (74),
iLe, g=(2Y) € Uy (Q,K?) acts naturally by fractional linear maps on the unitary
group U(F, fr).

The decomposition (74) of E also leads to an inclusion

U<F76F)2(_>U(E76)7 (91792) —> g1 D ga.

As (91,92)T(¢) = T'(gapgr ), the map I in (75) is equivariant for the natural action
of U(E, Br)* on U(F, Br) by (g1, 92).9 = 92991 -
This leads to the desired realizations of three families of groups as a space M():
(R) Spy,(R) for V = Sym, (R).
(C) Up4(C) for V = Herm, (C), for r = p+q. For ¢ = 0, we have a diffeomorphism
U,(C) — M.
(H) SO*(2r) for V = Herm, (K).
To determine the corresponding biinvariant causal structures on these groups,
we observe that, for A € End(F), the sesquilinear form 4(z,w) := Br(z, Aw) on
F' is hermitian if and only if A* = —A with respect to Sr. This defines a natural
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bijection u(F, fr) = Herm(F') and also a natural specification of the invariant cone
in u(F7 BF) by
C:={Acu(F, Br) : B >0}

This cone determines the biinvariant causal structure on U(F, r) for which the
embedding is a causal map. Concretely, we have

(R) C = {A € spy(R) : Q9,4 > 0}, corresponding to the positive semidefinite
forms on R?.

(C) C :]){A € u,,(C) : il,,A > 0} is a minimal invariant cone in u, ,(C) ([HN93,
§8.5]).

(H) C ={A € so*(2r) = u(i1,,H") : iA > 0}.

Remark 8.1. Conformal embeddings into flag manifolds defined by Euler elements
exist also for other groups, but these spaces are not causal. In particular SO 4(R)
embeds into non-Lorentzian quadrics (see [GK98| for more details).

Remark 8.2 (Lorentzian spaces of group type).

(P) The group U,(C) = (T x SU,(C))/C, carries a biinvariant Lorentzian
structure, but the causal structure on U,(C), as the conformal comple-
tion of Herm,,(C), corresponds to the positive cone Herm,,(C), which is only
Lorentzian for n = 2. So we only obtain natural Lorentzian structures on the
groups U, ,(C) for p+ ¢ =2.

(NS1) The group Sp,,(R) is Lorentzian of dimension 3 for s = 1. Note that
SLy(R) = Spy(R) = SU, 1 (C) = AdS?.
(S2) The group SO*(2r) is Lorentzian of dimension 6 for r = 1.

Remark 8.3. For Pierce involutions & on Herm, (K), the group G=® commutes
with some Euler element, hence preserves a pair of complementary isotropic subspaces,
which leads to

GTY = {(g1,9:) € GL(E-) x GL(Ey) : g2 = g "} = GL(E-) = GL,(K)
and M(—a) = Hermr(K)X

(pa)’
Remark 8.4. For (E, () = (F,Sr) ® (F,—fr), the subspaces
E+ =T(£1)={(v,2v) : vE€ F} 2 F
are maximal isotropic with £ = F, & E_, which can be used to specify the Euler
element h = 1 diag(1, —1) in u(Q2, K*")
8.3. Relations to Cayley transforms

In this subsection we discuss charts of the group type spaces coming from Cayley
transforms. The well-known Cayley transform Herm,(C) — U,(C) arises in our
context by mapping I'(z) € M for z € Herm,(C) to the corresponding element of
U,(C). From

2V — 1V 2V — W 2V 4+ 2V + W
(zv,v):< ,1 >+< ,—1 ),
2 2 2 2
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it follows that I'(z) corresponds to the unitary matrix
C(z) = (z+i1)(z —i1)~L. (76)
More generally, we write

2v—Jv _zv—Jv zv+ Ju z2v + Ju
(ZU’U)_( 5 7T )+< SR )

and find the Cayley transform Herm,(K) — U(J,K")
Cz) = (z+J)(z—J)~\. (77)

9. Perspectives and open problems
9.1. Open problems of general nature

Problem 9.1. Find an explicit description of the positivity regions Wy, (hy) for the
Euler elements hy = h/ + Mh in g(=%) for the Pierce type involutions a; (cf. Proposi-
tion A.4). For the modular cases [NO23a, Prop. 6.1] may be useful.

Problem 9.2. Let M(® be a modular compactly causal symmetric space (cf. The-
orem 6.1).

e Describe the wedge regions W := W .., (?’) more concretely (cf. [NO23a;
NO23b]).

e Determine the fundamental groups (W) of the wedge regions. They are
never globally hyperbolic by Theorem 7.11.

e Does the identity component of Gy := {g € G : g.W = W} commute with
the modular flow, i.e., Gy, € G"? Note that the Euler element A’ is also
one in g.

For flip involutions, W;[(Q) (hq) is dense in Wy (hg) (Proposition 4.1 (b)), so

d
that Gy, preserves Wy (hq) = V4 % (=V ), hence is contained in G x G»
and thus commutes with hy.
e When does Gy act transitively on W7 For the non-compactly causal spaces,
this follows from Theorem 3.20, but for the compactly causal spaces it is
false in general. For AdS* = Méa) with V=R and V; = RY, Example 4.2

implies that Gy, C GW& (ha)me = R? is a proper closed subgroup, hence
d bhl
equal to exp(Rhgy). Therefore it cannot act transitively on the 2-dimensional

domain W.

Problem 9.3. Characterize those spaces M (=% which are dense in M.

e For Cayley type (C), this is always the case.
e For Pierce type (P), this is never the case.
e In the Lorentzian case M(~*) is not dense (Proposition 7.3).

Here is a positive result for compactly causal spaces:
Theorem 9.4. The compactly causal subspaces M®) are dense in M.

Proof. This follows from [Ber98, Thm. 3.3.6]. It can also be derived from Theo-
rems 5.1 and 5.9 in [Bet03], which unfortunately uses the defective tables in [Mak73].
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As a consequence, Betten misses the compactly causal space of type (S3), correspond-
ing to g = sug(C) and @ 2= uz, (H). O

9.2. Causal convexity of wedge regions

Definition 9.5. We call an open subset O C V of the euclidean Jordan algebra V
causally convez if, for a,b € O, the corresponding double cone

Doy :=(a—Vi)N(b+Vy)
is contained in O.

Problem 9.6. Are connected open subsets O C V which are globally hyperbolic
also causally convex?

Causal convexity implies global hyperbolicity: For a,b € O, pick € > 0 with
a+ ceg, b —eeyg € O. Then the closure of the double cone between a and b is
contained in Dy cepp—ce, © O, so that O is globally hyperbolic.

Olaf Miiller has an example of an open connected subset of R*? which is globally
hyperbolic but not causally convex ([Miil]). It is a union of double cones, aligned
along a spiral with timelike axis.

Example 9.7. We have seen in Proposition 4.1 that, for flip involutions (Cayley
type), the wedge region in M=% has a causally convex realizations as V, x —V, C
V x V.

Problem 9.8. Show that the open domains V(Xp’ q) the connected components of
V>, are causally convex in V. We expect that, for a, b in this domain with b € a —V_,
the pair a, b is contained in a wedge region W C V& g) and this in turn contains the
corresponding double cone D, .

For r = 2, the critical case is V(j ;,, which is the set of spacelike elements. If
a,b are spacelike and D, # 0, then (a — V,) NV, =0 and (b+V,)N-V, =0
imply Dap € V(i -

Problem 9.9. In the modular case the Euler element i/ € h*% is also one in
g (Theorem 6.1), hence conjugate to h. So some conjugate of the wedge region
W = Wypze(R') is contained in V. When is there a G-transform ¢.W which is
causally convex in V7 This is false for anti-de Sitter space by Proposition 7.6 because
this requires W to be globally hyperbolic (cf. Problem 9.6).

By Theorem 7.11, this is never the case for the compactly causal spaces M ().
For flip involutions and Pierce involutions, Propositions 4.1 and 5.4 shows that it is
true for M),

Problem 9.10. Irreducible non-compactly causal symmetric spaces M = G/H
possess maximal and minimal causal structures. For the maximal one, [MN(/)24,
Lem. 5.2, Thm. 5.7] implies the causal convexity of the wedge regions in the globally
hyperbolic space M, hence that wedge regions are globally hyperbolic. What about
the other invariant causal structures? Are their wedge regions also globally hyperbolic?
Note that, for a given Euler element, the wedge region depends on the causal structure.
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The discussion of the group type spaces M@ in Section 8 shows that the causal
structure need not be maximal, which is inherited by the non-compactly causal duals
M), Therefore the arguments in [MNO24] do not apply to these spaces.

Problem 9.11. Let G be a simple hermitian Lie group, Cy := CJ** a maximal
invariant cone in g, and 2 € 3(€) N (C;**)° the unique element for which ad z; defines
a complex structure on p. Then Cy := CF** N is an Ad(K)-invariant cone satisfying

Cy = Ad(G)C%, z € Cf, and
Dy := Cy N (2mze — CY)
is a causal interval in €. Further
D, := Ad(G)D: C Cy

is an open elliptic domain in g mapped by the exponential function diffeomorphically
to a domain Dg C G. In [HN24, Thm. 6.1] it is shown that this domain is globally
hyperbolic for the biinvariant causal structure on G.

This domain lies in a compactly causal symmetric space M. Its structure
resembles the domains we find by considering for the dual non-compactly causal
symmetric space M¢ the open subset

=N M = Exp,(9,),

where ; C C, is a suitable open subset and = is a crown domain for G¢ (cf. [NO23b]).
Are the regions Z N M in the causal homogeneous space M globally hyperbolic?

9.3. Non-reductive spaces

In this paper we only studied open orbits of symmetric subgroups of the
conformal group G = Co(V),. Using [BB12], it should also be possible to develop a
similar theory for open orbits of non-reductive subgroups. An important example
arises from the group G| x Gy = exp(g1)G" acting on V by affine maps. Specifically,
the Poincaré group RY¥~1 x SO, 4_1(R). acts with open orbits on Minkowski space
and its compactification Q(R*%).

9.4. Holography

The open orbits M&» C M have natural compactifications obtained by their
closure in M. Can these embeddings be used to develop “holographic” techniques
on the level of nets of real subspaces on M*® and its boundary orbits? We refer
to [Reh00] for the relations between wedge regions in anti-de Sitter space AdS? and
regions in Minkowski space “at infinity” by light rays. For more on holographic
aspects, we refer to [BoeOl; Str01] (which deals with de Sitter space), [BCW25],
and [Woo24].

Describe the boundary orbits under G*® which are causal. Here the closed
orbits should be of particular interest because they should be causal flag manifolds
of G&®). For the embedding AdS? < Q(R*?), the boundary is a copy of Q(R>*1),
compactified Minkowski space of codimension 1 (Proposition 7.3).
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9.5. More connections with Physics?

[KK25] and [KKR25] deal with super versions of the embedding of AdS? in
Q(R*%). In this context the existence of such embeddings characterizes some “super-
conformal flatness”; see also [BC18; FL15; Giin01].

We also mention [Pat04], which develops a nice picture relating causal structures
on manifolds and positive energy conditions for representations. It touches on topics
such as horizons, supergravity and string theory, from a group theoretic perspective.
In the non-super context, some of this is under development in [MN].

A. Essential tools
A.1l. Some facts on convex cones

Lemma A.1 ([MNO23, Lem. B.1]). Let E be a finite dimensional real vector space,
C C FE a closed convex cone and E1 C E a linear subspace. If the interior C° of
C intersects Fy, then C° N Ey coincides with the relative interior Cy of the cone
Cl =0nN E1 m El.

Lemma A.2. LetV be a finite-dimensional real vector space, A € End(V') diago-
nalizable, and let C C V be a closed convex cone invariant under e®4. Let A\ and
Amax b€ the minimal/mazimal eigenvalues of A. For an eigenvalue X of A we write
Vi(A) for the corresponding eigenspace and py: V' — Vi(A) for the projection along
all other eigenspaces. Then

Pruin(C) = C NV, (A) and - py,,, (C) = CNV, (A). (78)
If A has only two eigenvalues, it follows that C' = py_. (C) & px,...(C).

Proof. Since we can replace A by —A, it suffices to verify the second assertion
n (78). So let v € C' and write it as a sum v = >, vy of A-eigenvectors. Then

Ve = lim e Amexetdy € O
t—00
implies that py,.. (C) C CNV,,..(A), and the other inclusion is trivial. O

A.2. sl,-data
Example A.3. In sly(R), we fix the following notation. We consider the Cartan

involution #(z) = —z" with € = s05(R). For the Euler elements
1 (01
h = 5 diag(1l,—1) and k:= 2<1 O>
we then have
1 1 01
k= 5(6 —6(e)) and h= 5[6,9(6)]] for e= (O O)' (79)

Further,

1/0 1 . C1f0 -1\
2 1= 2(_1 O) = [h, k] satisfies [ze, h] = 2(_1 0 > = —Fk,
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so that we have

x 1
e EMg — [y B] = 2<0 1> _ k. (80)
A.3. Strongly orthogonal roots

Let g be a simple real Lie algebra and h € g an Euler element. Let 6 be a
Cartan involution with #(h) = —h and a C p := g% be a maximal abelian subspace
containing h. In

Y :={a€X(g,a) : a(h) =1}

we pick a maximal set {v1,...,7,.} of long roots which are strongly orthogonal, i.e.,
neither o + 8 nor a— /3 is a root. We refer to [MNO23, §3.2] and [MNO26, Thm. 2.9]
for more on systems of strongly orthogonal roots.

Then there exist elements ¢; € g,, such that the Lie subalgebras

s; = spang{c;, 0(¢;), [¢;, 0(c))]} = g5, + 9, + Ry, j=1,....m (81)

are isomorphic to sly(R), so that
s:= > 5; Zsh(R)Y. (82)
j=1

Proposition A.4. If g is hermitian, then the Fuler elements

L v

hjizg(’}/l+"'+f}/,\ﬂ/_j_77\n/_j+1_"'_’77\"/)7 j:O,---,T, (83)

represent the Inn(go(h))-conjugacy classes in £(g) Ngo(h). The Inn(go(h))-conjugacy
classes of Euler elements of go(h) are represented by the elements of the form

MA+R, NeR,j=1,....,r—1.
Note that h = h® = —h".

Proof. The first assertion follows from [NO23a, Thm. 3.2]. Now we turn to Euler
elements of the subalgebra go(h). An element 2 = $3%_ 277 € a is an Euler
element in the subalgebra h = go(h) with the root system

S(0,0) = {505~ w) 5 A K} = A

if and only if
, 1
(V5 #K) gla— ) € {0,%1} (s4)

Subtracting a real multiple of the central element h € go(h) and acting with the
Weyl group, we may assume that 1 = x; > 29 > -+ > z,. Then (84) implies that
there exists a j with z; =+ =2; =1land zj41 = =2, = —1, i.e.,, x = Y. This
proves the assertion. ([l
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A.4. The general stereographic projection

For a finite-dimensional linear space V, endowed with a non-degenerate sym-

metric bilinear form [, we consider the extensions
VN=R®@VCV:=Ra&VaRDOV':=VaR (85)

with
B((t,v,s), (', v, ) =tt' + Bv,v) — ss’ and 8" = Blyrxva.

We write

S(VA BN i={ve V" : fv,v) =1}

for the unit sphere in VA. Then —e; = (-1,0,0) € S(V", (") and a line
—e; + R(v + e;1), v € V, is tangent to S(V*, ") if and only if f(v,v) = 0. All
other lines of this form intersect S(V”, 5") in exactly one other point 7 (v), provided
B(v,v) # —1. This leads to a map

1—6(v,v) 2

i VAS(V, =) — SV 6Y), mv): T T B,

T 1+ B(v,v) (86)

whose inverse is given by

it S(VA B\ {wy # -1} — V,  wr— w

1 -+ w1
This map is the stereographic projection of S(V", 5") to V. If
n:V— Q(V) = {[t] € P(V) : B(7,) = 0}

is the natural embedding

for w= (wy,w)e€ V"

11— 1 ~
n:V—0Q, n):= 62(1}’0) T _1+ oWy 52(1}71)) e P(V)

(cf. also (58)), then 5o n; ! extends to a map S(V", ") = Q(V), 0 — [0 : —1] that

induces a diffeomorphism

't SV B\ {wy # =1} — VA S(V, =p). (87)
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