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Abstract. We propose a novel framework that unifies two fundamental concepts
in mathematics: matrix-valued spherical functions and scalar modular forms. By
extending the classical theory of modular forms to the matrix-valued setting, we
introduce and study modular spherical functions. These are smooth functions
defined on a connected unimodular Lie group G, a compact subgroup K and a
discrete subgroup I', with values in endomorphism spaces of finite-dimensional
vector spaces. Modular spherical functions are characterized as eigenfunctions of the
algebra D(G)¥, consisting of all G-left invariant and K-right invariant differential
operators on GG, while satisfying specific transformation properties under the actions
of G, K and T.

Focusing on the paradigmatic case G = SL(2,R), K = SO(2) and I' = SL(2, Z),
we partially extend the characterization of modular spherical functions. We describe
these functions in terms of polynomial eigenfunctions in two real variables for
the n-Laplacian in the upper half-plane. The results include explicit bases for
associated function spaces, recurrence relations for orthogonal polynomials, and
analytic continuation. This work advances the study of modular spherical functions,
opening new avenues in the representation theory of reductive Lie groups, orthogonal
polynomials, and modular forms.

Mathematics Subject Classification 2020: 11F11, 11F30, 22E46, 30C10, 30C45,
42A24

Key Words and Phrases: matrix-valued spherical functions, upper half plane,
modular functions, two variable polynomial eigenfunctions of the n-Laplacian,
generalized Laguerre polynomials

1. Introduction

The theory of spherical functions has its roots in the classical works of Elie
Cartan, Hermann Weyl, and Harish-Chandra, where scalar-valued spherical functions
naturally arose in the study of functions on symmetric spaces G/ K, with G a Lie
group and K a compact subgroup. Over the past decades, significant progress has
been made in extending these ideas to matrix-valued spherical functions, leading
to profound connections with matrix orthogonal polynomials, time-band limiting
problems, differential operators and related topics. A sense of these developments
can be obtained from: [AT92; GV88; GPT02; GPT03; GT07; KT76; Tir03; VPT24].

The article [Tir74] is based on thesis work carried out under the supervision of
Joe Wolf and contains, for the first time, an example of an operator valued spherical
function. Building on the foundational work of R. Godement [God52] on spherical
trace functions, we introduced in [Tir77] an intrinsic definition of operator valued
spherical functions and established their main general properties.

Simultaneously, scalar modular forms have played a central role in number
theory and analysis. Defined as holomorphic functions on the upper half-plane with
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specific transformation properties under SL(2,7Z), modular forms are indispensable
in understanding automorphic forms, elliptic curves, and L-functions.

This paper aims to bridge these two rich theories by introducing and studying
operator valued modular spherical functions, which generalize modular forms to take
values in operator spaces. These functions are defined on GG, K and I' and satisfy
both the functional and differential equations characteristic of spherical functions,
alongside modular transformation properties. The case G = SL(2,R), K = SO(2)
and ' = SL(2,7Z) provides an ideal setting for developing this theory, leveraging the
structure of the upper half-plane and the spectral properties of modular forms.

We present explicit results for modular spherical functions, including their
characterization as eigenfunctions of the Casimir operator, connections to polynomial
eigenfunctions, and bases for function spaces such as S, i n,. Furthermore, we establish
a correspondence between these functions and holomorphic sequences, providing a
spectral interpretation that aligns with classical modular forms.

This work sets the stage for future studies in modular spherical functions,
offering a unified perspective that merges the strengths of representation theory,
modular forms, and matrix-valued analysis.

Outline of the paper

This paper is organized as follows. Section 2 introduces the foundational
concepts and definitions, including the formal notion of modular spherical functions.

In Section 3, the necessary background on the groups G = SL(2,R), K = SO(2)
and I' = SL(2,Z) is given. This section focuses on the restriction of the Casimir
operator to the Borel subgroup and its connection to harmonic and polynomial eigen-
functions of the n-Laplacian in the upper half plane, providing explicit expressions
and key results. In Section 3 we consider the linear spaces

Snwkm ={f €Cla,y] - Anf = —(k+ 1)k f, deg(f) < m}

for n,k,m € Z; k,m > 0. After a considerable amount of work we could find bases
of these spaces given in Propositions 3.4, 3.6, 3.9, 3.12.

Section 4 explores the correspondence between some modular spherical functions
and holomorphic sequences, relating these functions to holomorphic functions on
the upper half-plane. This analysis includes bases for associated function spaces
and spectral characterizations of eigenfunctions. Our main result Theorem 4.8,
characterizes the analytic harmonic functions in the upper half plane in terms of
pairs of sequences ((am)mzo, (bm)m21) of complex numbers satisfying the convergence
conditions

A, Yiaml <1, i, §lbn] < 1

Finally, Section 5 characterizes specific invariant holomorphic function spaces
on the upper half-plane, emphasizing their transformation properties under some
subgroups of the modular group I'. This section connects modular spherical functions
with automorphic forms and modular transformations, highlighting the broader
implications of the results.

The paper develops a coherent framework for understanding modular spheri-
cal functions, combining tools from representation theory, harmonic analysis, and
modular forms to establish new connections and results.
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2. Definition

Let G be a connected unimodular Lie group, K a compact subgroup and I" a
discrete subgroup of GG of finite covolume. Given a finite dimensional complex left
[-module and right K-module M let us consider the following vector space

C™(G, M) K = {F € C%(G, M) : F(vgk) =~-F(g) -k, g€ G,y €T,k € K}.

Proposition 2.1. Let D(G)X be the algebra of all differential operators on G left
invariant by G and right invariant by K. If F € C=(G, M)'X | then

[DF)(vgk) = v - [DF)(g) - k
forallge G,vel' ke K.

Proof. Since D is left invariant by G and F(vg) =7 - F(g) we have [DF](yg) =
[D(vy- F)|(g) =~ -[DF](g). Similarly, since D is right invariant by K and F(gk) =
F(g) - k we have [DF|(gk) = [D(F - k)](g9) = [DF](g) - k. Finally

[DF|(vgk) =~ - [DF](gk) = v - [DF]|(g) - k. O

Let (X, x) be a finite dimensional complex representation of I" and (Vo) a
finite dimensional complex representation of K such that ¢ is a multiple of 7 € K.
Consider M = End(X) ® End(V) as a left [-module and a right K-module by
defining v- (S®7T) = x(7)S®T and (S®T) -k =S ® To(k). From now on Ix
will denote the identity transformation of X and Iy the identity transformation of
V. Also we will make use of the following identifications: End(X) = End(X) ® Iy,
End(V) = Ix ® End(V).

Definition 2.2. A modular spherical (operator valued) function is a function

® € C>°(G, M)"¥ such that:

(1) ®(e) = I = Ix ® Iy, the identity transformation of X ® V,
(2) [D®](g) = ®(g)[D®](e), for all D € D(G)¥X and g € G.

Proposition 2.3. Let ® € C(G, M)'*X be a modular spherical function. Then
D® € C>*(G, M)"™¥ for all D € D(G)® and

(1) ®(k) = o(k) for all k € K and ®(y) = x(vy) forally €T,
(2) [D®](e) € End(X) ® Endg (V) for all D € D(G)¥X.

Proof. In the first place we point out that D® € C=(G, M)T™E for all D € D(G)¥
was proved in Proposition 2.1. By definition ®(k) = ®(ek) = ®(e)o(k) = o(k) for
all k € K and ®(y) = ®(ve) = x(v) - P(e) = I for all vy € T". Also,

[D®](e)a(k) = [DP](k) = ®(k)[DP](e) = o(k)[DP](e),

the second equality follows from (2) in the definition of modular spherical
function. n

Corollary 2.4. If ® € C(G, M)"™ X s a modular spherical function and o is
irreducible, then the eigenvalue [D®](e) € End(X) ® Iy .
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3. The case (G, I', K) = (SL(2,R), SL(2,Z), SO(2))
Restriction of the Casimir operator of G to the Borel subgroup B

The isotropy subgroup of GG at the imaginary unit ¢ is K so the Borel subgroup
B = NA can be identified with H, namely the mapping

({1 b\ (d O 2.
is a diffeomorphism of B onto H. Furthermore we introduce in B the coordinate

system {b,d} by defining b(p) = b and d(p) = d for all p € B.
It is convenient to consider the following one-parameter subgroups of SL(2;R):

et 0 cosht sinht cost sint
exp(tH) = (O e‘t> , exp(tV) = (sinht cosh t) , exp(tW) = <— sint cos t) ’

with
1 0 01 0 1
=l 5) v=o) w=(%)
We have [H, V]| =2W, [H,W] =2V, [W,V] =2H. Then the Casimir of G has the

expression ) = H? +V? — W2

Proposition 3.1. Assume F' € C*(G) and F(gk) = 6,(k)F(g) for all g € G,k €
K, and let f(b(p),d(p)) = F(p) for allp € B. Then

0ri0) = (1050 + @5k - g~ e owaw).
forallp e B.
Proof. We start computing [W?F|(p) for p € B:
W2E) = | Fpe(sin) = S| jes(sw)
— () dp). (2)
Also

2

IPFI) = 55| Fes(sm) = S5| - r0(s),ds)

where b(s) = b(pexpsH), d(s) = d(pexpsH) for all s € R. From

H_lde e 0\ (1 b\ ([de? O
Pexpsi=Ag 1/lo a)\o e=*) "o 1/ 0 dle

it follows that b(s) = b, d(s) = de®. Hence

2

[H?F|(p) = & f(b,de®) = d* 2f(b d) +daf(b d) (3)
Pr=qs2),"\ "% = ¢ o ad" "
Finally we compute:
d2
V2FI(p) = 75 SZOF(pexp(SV))-
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For all s € R we have
v _ 1 b\ [(d O coshs sinhs
PexpsY- =140 1/l0 d') \sinhs coshs
(1D dcoshs  dsinhs
“\0 1) \d'sinhs d'coshs

dcosh s + bd~'sinhs dsinh s+ bd~! cosh s
d~1'sinh s d~!cosh s :

(4)

Let
d'sinh s d~'cosh s = n(s)a(s)k(s) (5)

where n(s) € N, a(s) € A and k(s) € K. Now consider the functions b(s) =
b(n(s)), d =d(a(s)) defined for all s € R, and introduce 0(s) = arcsin(ki2(s)) for all
—m/2 < s <m/2. Then

F(pexpsV) = F(n(s)a(s)k(s)) = f(b(s),d(s))0,(k(s)) = f(b(s),d(s))em.
Hence

_
s

+ 0,0y +

(d cosh s + bd ' sinh s dsinh s + bd~! cosh s)

(0)- A0 (O + 20— 1(0). )1 (0)0)
of " of

) % b(0). aoyw0) + 2

+ 2m'g£(b(0), d(0)H(0)(0) + 2mg§(b<o), d(0))d (0)¢/(0)

+ni f(b(0),d(0))8"(0) — n £ (b(0), d(0))6'(0)*. (6)

From (4) and (5) we get

[V2F](p)

(6(0),d(0))d" (0)

d~'sinh s d~! cosh s

_ (d(s) cos0(s) — b(s)d(s) ' sinf(s) d(s)sinf(s)+ b(s)d(s)~* cos 9(5)) (7)
—d(s)"'sin0(s) d(s)™t cosf(s) '

(d cosh s + bd~'sinhs dsinh s + bd~! cosh s)

Hence
d~'sinhs = —d(s) 'sinf(s), d 'coshs=d(s) " cosd(s). (8)
From the first equation by evaluating at s = 0 we get #(0) = 0 and from the
second one we get d(0) = d. Now by comparing the entries (1,2) of both matrices
in (7) for s = 0 we obtain b(0) = b.
If we differentiate the first equation in (8) we get
d~'coshs = d(s)2d'(s)sinf(s) — d(s)'6'(s) cos 0(s), (9)
and by evaluating at s = 0 we obtain d~! = —d~'¢’(0). Hence ¢'(0) = —1.
If we differentiate the second equation in (8) we get
d~'sinhs = —d(s)2d/(s) cos 0(s) — d(s)~'0'(s) sin O(s), (10)
and by evaluating at s = 0 we obtain 0 = —d~2d’(0), hence d'(0) = 0.
By looking at the entries (1, 1) of (7) we get
dcosh s + bd ' sinh s = d(s) cos 0(s) — b(s)d(s) ' sinf(s).
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If we differentiate this identity we have
dsinh s + bd~ " cosh s = d'(s) cos 0(s) — d(s)6(s) sinO(s) — b/ (s)d(s) " sin O(s)
+ b(s)d(s)"2d'(s)sinO(s) — b(s)d(s) ' (s) cosO(s). (11)
By looking at the entries (1,2) of (7) we get
dsinh s + bd~* cosh s = d(s) sin 0(s) + b(s)d(s) " cosO(s).
If we differentiate this identity we have
dcosh s + bd ™! sinh s = d'(s) sin 0(s) + d(s)8(s) cos O(s) + V'(s)d(s) " cos O(s)
— b(s)d(s)2d'(s) cos O(s) — b(s)d(s)'0'(s)sinf(s). (12)

If we evaluate (12) at s = 0 we obtain d = —d + V/(0)d !, therefore b'(0) = 2d?,
because d’'(0) =0 and ¢'(0) = —1.
If we differentiate (9) we get

d~'sinhs = —2d(s)*d'(s)*sin 0(s) + d(s)~2d"(s) sin 6(s)
+2d(s)72d'(5)0'(s) cos O(s) + d(s) 10" (s) cos ()
+d(s)7'0'(5)*sin O(s),

and evaluating at s = 0 we obtain 0 = d~'6"(0), hence 6”(0) = 0.
If we differentiate (10) we obtain

d~'cosh(s) = 2d(s)3d'(s)? cos O(s) — d(s)*d"(s) cos O(s)
+2d(s)2d'(5)0'(s) sin 0(s) — d(s) 10" (s) sin f(s)
—d(s)7'0'(s)? cos ().

At s =0 we get d' = —d2d"(0) —d'0'(0)> = —d~2d"(0) —d~*, hence d"(0) = —2d.
By differentiating (12) we get

dsinh s + bd~* cosh s
=d"(s)sinf(s) + 2d'(s)0'(s) cos O(s) + d(s)0"(s) cosH(s)
—d(s)0'(s)?sinf(s) +b"(s)d(s) "' cos(s) — 20'(s)d(s)2d'(s) cos O(s)
— 2V (s)d(s) 0’ (s) sinO(s) + 2b(s)d(s) " *d'(s)* cos O(s)

— b(s)d(s)"2d"(s) cos O(s) + 2b(s)d(s)2d'(5)8(s) sin O(s)
— b(s)d(s) 0" (s) sin B(s) — b(s)d(5)6(s)? cos B(s),

and at s = 0 we obtain

bd~ = B"(0)d~" — bd~2d"(0) — bd~" = B'(0)d~* + 2bd~2d — bd~* = b"(0)d"* + bd .

Therefore 4”(0) = 0. Summarizing we obtained

0(0) =0, d(0) = d, b(0) = b,
0'(0)=—1,  d'(0)=0, v'(0) = 2d°,
0"(0) =0, d"(0) =-2d, "(0)=0

Hence from (6) we get
0% f
ov?

of
ad

of

[V2F)(p) = 4d* == 5

(b, d) — 2d== (b, d) — 4nd*i==(b,d) — nf(b,d). ~ (13)
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Recall that Q = H? + V? — W2, Then from (2), (3), and (13) we obtain

0% f 0% f of Of
[QF)(p) = 4d4w(b, d) + dzﬁ(b, d) — d%(b, d) — 4nd22%(b, d). (14)

The proposition is proved. U

In order to identify the operator in the right hand side of (14) we make the
change of variables x = b, y = d?, which corresponds to the coordinate system in
the Borel subgroup B defined by p - i = y(p)i + xz(p) € H. Then we obtain

Theorem 3.2. If € C*(G) and F(gk) = 0,(k)F(g) for all g € G,k € K, let
[ (@(p), y(p)) = f(b(p),d(p)) = F(p) for allp € B. Then
-1 =2 (5 + G5 ) @) + i w500

Proof. By definition we have

af _of* ai_Zdaf*
ob  Ox’ od " oy’

and
82]0_82]6* a2f _ an* 82f_ af* 282f*
a2~ o aa agar o Zay T e
From (14) by putting (z,y) = (z(p), y(p)) we finally obtain
1 B N an* a2f* ) af*
—1[@F](p) =~y <8x2 (z,y) + 0 (@,9) | +iny— ~(z,y). O

In the literature (cf. [GH11, Chapter 3, p. 83]) the operator A,, = —y2A+inya%
is called the weight n-Laplace operator.

Polynomial eigenfunctions of A,

We start by considering the case n = 0 and eigenvalue A\ = 0.

Lemma 3.3. Let f =3 jay(r —a)’(y —b)"P. Ifn <1, then Af = 0. For
n>2, Af =0 if and only if
ap2(p+2)(p+1) +ap(n—p)(n—p-1)=0, 0<p<n,

where ap 1 = apyo = 0.

Proposition 3.4. Let fy =1 and

fn= 22 (2@) (= a)¥ (y — )",
h, = ]ZZ(:) (—Tfll)j (2/1 1) (@ — )+ (y — b)2!

for alln > 1. Then Af, =0 for alln > 0 and Ah,, =0 for alln > 1. Moreover,
{f; :0<53<n}U{h;:1<j<n}isa basis of all harmonic polynomials of degree
less or equal n.
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Proof. It is easy to check that f,, and h,, satisfy the conditions of the above lemma.
On the other hand, let C,[z,y] and H,[z,y] be, respectively, the linear subspaces of
all polynomials of degree less or equal to n and of all harmonic polynomials of degree
less or equal to n. It is well known that C,[x,y] = (2 + y*)C, o[z, y] ® H,[z,y].
Since dim C,[z,y] = (n + 2)(n + 1)/2 it follows that dim H,[z,y] = 2n + 1. This
completes the proof. O

The case n # 0 and A = 0 is more complex.

m

Lemma 3.5. Let f,, = > apaPy™ F be a homogeneous polynomial of degree m.

Ifm=0, then A, fo=0. Form > 1, A, fn =0 if and only if
~(p+2)(p+ Dapr2 — (m—p)(m —p—La, +in(p+ ay1 =0, 0<p<m,
where Ao = Qi1 = 0.

Finding the homogeneous polynomial f,, = 37", a,zPy™ P of degree m > 1
such that A, f,, = 0 is equivalent to solving the following system of linear equations

Ugp Yo Wo 0 0O 0 - 0 0 0 Qo
0 w v, wy 0 0 - 0 0 0 ai
0 0 U Vg Wo 0 - 0 0 0 (05}
0 0 0 0 0 0 - Um—2 Um—2 Wmp—2 Qp—2
0 0 0 0 0 0 - 0 Um—-1 Um—1 Ay —1
o 0 o 0o 0 0 - O 0 U, Qm,

with u, = —(m —p)(m—p—1),v, =in(p+1),w, = —(p+2)(p+1) for 0 < p < m.
We first observe that if A, f,,, = 0 then a,, = 0 because u,,, = ,,_1 = 0 and v,,_1 # 0.
Moreover if f,, # 0 then a,,_1 # 0 so we will choose a,,_1 = 1. Hence the eigenvalues
of the above upper tridiagonal matrix are

A=—(m—-p)(m—-p—-1), 0<p<m-1 (15)

all with multiplicity 1.
By choosing fy =1 for 1 < m < 7 we obtain

f0: 17
fl =Y,

.,
fo= iml/ +zy,

1
fz= —6(n2 +2)y° +inzy® + 27y,

1 1 3
fi=——in(n®*+8)y* — 5(712 +2)ay® + §in:1:2y2 + 23y,

24
1 1

f = g (" +200% + 24)y° — cin(n® + 8)ay' — (n* + 2)a°y” + 2ina®y” + 2y,
1 1

fi = sagin(n' +40n* +184)y° + 7 (n' +200° + 24)zy”

5 > 5)
— Em(n2 + 8)xy* — g(n2 + 2)23y® + §in$4y2 + 2y,
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=— 6 4 70n* 4 784n% 4+ 720)y" + 40 184
fr 5'040(71 + 70n* + 784n° + 720)y" + 20" in(n* + 40n* 4+ 184)xy"
1 5 5
+ g(n4 +20n? + 24)2%y° — 627”&(7”&2 + 8)zty* — §(n2 + 2)aty?

+ 3inx5y2 + :c6y.
We observe that for 1 <m <7
fm - Z Z.j_lcm,jpm,j (n>xm—jyj7
j=1

where ¢, ; € R and p,, j(n) is a monic polynomial of degree j — 1 in the variable n.
Also Cm,1 = Pm,1 = 1.

Proposition 3.6. Letn # 0. Let us consider the following homogeneous polynomi-

als f,, of degree m > 1
—1
—J

g

where q;(n) is a monic polynomial of degree j in the undetermined n. The sequence
of polynomials (g;) ;>0 satisfies the following three term recurrence relation:

)q] 1(n)z iyl

ng; = qj+1—J(J+1)gi-1, 7>0, g =1

Then A, fm = 0. Moreover the set {fo} U{fm : 1 < m <r} is a basis of the linear
space {f € Clx,y] : 0 < deg(f) <r:A,f =0}.

Proof. For m > 1 let

fn =2V P g(M)a™ Y, ey = pg = 1.
j=1

Then %f—;“ = (m—1)fm-1. In fact, % = 0 and for m > 2 we have

af,. m-1 . B S
I (1) Y 7 m 1) — 1) ey ()2
j=1

On the other hand
0 0
" (axfm) = g (Bufn) =0

Hence Y7517 (m — j)(m — 1) en jpm,j(n)a™ 71y = fo_ because it is also
homogeneous of degree m — 1 and the coefficient of 2™ 2y is 1. Hence

m—1

m—
Z Lem,jDm j(n) (m — )z Iy 7 et P15 (n) 2™ Y,
= 3:1

equivalently
(m — J)m,jpm,j(n) = (M — 1)epm—1,Pm-1,;(n).
for all 1 < 7 < m — 1. Therefore

(m—=Jgemj=(m—=1)cm 15,  Pmj(n) = pm-1,(n)
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Hence
m=1)  _ m=1m=-2
) (=) m =5 =1
:(m—1)(m—2)...(m—(m—j))cjj:ij<m—1>’

Cm,j = )Cm—Q,j =

(m—j
(m—j)m—j—1)---1 m—j

Pmj(n) = pm-1j(n) = =pj;(n).
Let p;j(n) = pjj(n). The recurrence relation satisfied by the sequence of polynomials
(pj)j>0 is consequence of Lemma 3.5: If f,, = 327" a,aPy™ P, then
—(p+2)(p+Dayo— (m—p)(m—p—1)a, +in(p+ a1 =0, 0<p<m,

where 10 = @mi1 = a, = 0. By changing the summation jndex p by 7 =
m —p we get fr, = X Gyt Iy = Y0 7 e jpm g (n) 2™ y? . Hence ay,_j =
e jpm j(n) and
—(m—j+2)(m—Jj+1)am—jr2—3(G—1)am—j+in(m—j+1)ap_j1 =0, 0<p<m.

Therefore

(m—37+42)(m—j+1)cpj—2pj—2(n) — j(J — 1)cmip;(n)
- n(m = j+ Demgo1pya(n) = 0. (16)

By induction we will first prove that ¢, = 1/k! for 1 <k <m — 1. For m =2
we have fy = zy + icgape2(n)y®. From

(A fo](z,y) = —2icaopa2(n)y® + iny* = 0.

Hence —2¢59+1 = 0. Now assume ¢, = 1/k! for 1 < k < m—2. From the inductive
hypothesis we obtain

k—1

[An foriport) (@ y) = =D 7 eprrperrj(n)(k + 1 — §)(k — j)ah 7~y
=1
k+1

— Z P 1 o j(n)3 (G — 1)zh+1 =Ty
=2

k
+in > 7 e gpes(n)(k + 1= j)a" Tyt =0.
=1

k+1

By looking at the coefficient of y*™" we get

k-2 k )
—20" " Cpy1 f—1Pkr1h—1 — O (K + 1) kChi1 pr1Pe+1 k41 + 0 Ch1 x1Pk41,5 = 0.

Hence
2¢k41 k—1Pk—1 — (K + 1) kcri1 kr1Pr+1 + Crr1xnpr = 0.
Since
Rk —1) k i’ |
CerLh-1 = =5 Gk = 5o and - Cpr1k = ki = = 1)
we obtain
k

1
mpk—1 — (k4 k1 k1P + mnpk = 0.
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By using (17)

K 1
m%q — (k+ 1)]€Ck+1,k+1(l{?(l{3 — 1)pp—1 + npk) - mnpk =0

The coefficient of n* is —(k + 1)kcgi1 1 + 1/(k — 1)1, thus g1 = 1/(k + 1)!
completing the inductive step.
Thus, going back to (16) we obtain

] SR T e T

(7 —2)! m—j+2 4! m—j

nm—j+1)( m-—1 -
(j—l)'(m i+ 1>pj1(n) = 0.
Hence
(m—j+2)(m—7+1) G- 1)
G- 2m—j+21G - 9P i — i - o™
n(m—j+1)

+

(G—DYm—j+1)(— 2)!293'71(”) =0.

By simplifying we obtain
(J =D = 2)pj-2(n) — p;(n) + npj_1(n) = 0. (17)
The sequence of polynomials g;(n) = pj11(n) (j > 0) satisfies the following
three term recurrence relation:
ng; = 4j+1 _.](.] + 1)Qj—17 .] Z 07 do = 1.
Finally:
noo 1 /m-1 o
T
jzl gi\m—j)"”
The last assertion in the statement of the proposition follows from (15). The
proof is complete. ]

A. Grinbaum [Grii25] found a similar expression of f,, in terms of another
sequence ¢; of orthogonal polynomials. In fact he obtained

~ Ui 1 k .
fm(z,y) = ( ,)cj-l(m)xmjyj, for all m > 1,
jz::l (G—=N\5)"

where o = 1,¢1(n) = n and g;(n) = ng;—1(n) — (j — 1)jg;—2(n) for all j > 2. By
Favard’s theorem it follows that (g;);>o is an orthogonal sequence with respect to
a weight measure dyu(x) on the real line. Furthermore it is worth to observe that
fm(xa y) = mfm(xa y) and ng(m) = ZJQJ(”)

In Proposition 3.4 we found a basis of all homogeneous harmonic polynomials.
Now we start to consider the polynomial eigenfunctions of the differential operator
—y?A with an eigenvalue X\ # 0.

Lemma 3.7. Let f =320 a,aPy"P. Then —2Af = \f if and only if
ap2(p+2)(p+1) +ap((n—p)n—p-1)+X) =0, 0<p<n, (18

where ap 1 = apyo = 0.
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In the following definition we introduce some homogeneous polynomials of
degree n that will be eigenvectors of the differential operator —y2A.

Definition 3.8. For 2 < j < n let:
(1) If n — j = 2k we define

2p, n— 2p
f]nx y Za2pnx

where the sequence (agn, a2, ..., 0,—jn,) is determined by the recurrence
relation

apron(p+2)(p+ 1) + ap,n((n —p)n—p—=1)—j(j - 1)) =0, an=1
(2) If n —j =2k + 1 we define

k

hj,n(xa y) = Z a2p+1,nI2p+1yn_1_2p7
p=0

where the sequence (a1, a3, ...,0,—jy,) is determined by the recurrence
relation

tpean@+2)(p+1) +apu((n=p)n —p—1)=j(G—1)) =0, ar,=1.

Proposition 3.9. The possible nonzero eigenvalues of —y*/\ in the space of ho-
mogeneous polynomials of degree n > 2 are \; = —j(j — 1), 2 < j < n, all with
multiplicity one and corresponding eigenvectors f;, or h;, according to n — j = 2k
orn — 5 =2k + 1, respectively. Explicitly, we have

(;) f[(n—25—|—2)(n—25+1)—j(j—1)), p>1, a=1; (19)

(1)
(2p+1)!

A2pn =

ﬁ(n—?s—i—l)(n—%)—y(g—l)) p>1, a;=1. (20)

Aop+1n =

Proof. From (18) for p = n we get a,(\) = 0. Hence a,, = 0. Now for p=n —1
we obtain a,_1(A) = 0. Therefore a,_; = 0. If p =n — 2 from Lemma 3.7 we get
an—2(2+ A) =0, hence A = =2 or a,,_» = 0.

Assume A\ = —2. We first observe that the following coefficient of the recurrence
relation (18) satisfies

m=—pn—p—-1)—-2=Mn—-p—2)(n—p+1) >4, 0<p<n-3.

Hence, from a,,_1 = 0, when n = 2k it follows a,,_5 = -+ = a1 = 0 and the sequence
(ap, ag, . .., a,_9) is determined by the recurrence relation

tp2(p+2)(p+1) + a((n—p)(n—p—1)—2) =0

and the value of ag. If we define

2p, n—2p _
foml(z,y) = Zapxy , ag=1,
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then f = agfs,. When n = 2k + 1, from a,,—, = 0, it follows a,,_3 = ap_5 = --- =

ap = 0 and the sequence (ay,as,...,a, o) is determined by the recurrence relation
ap2(p+2)(p+1) + a((n—p)(n—p—1)—2) =0

and the value of a; If we define

k—1

_ 2p+1, n—1—-2 _
h2,n(x7y) - Z a2p+1x P () p’ a; = 1.
p=0

then f = ajhoy.
Now we generalize the above argument by considering A; = — j(7=1),2<j <mn,
and f = Y073 a,aPy"P. Then —y?Af = \;f if and only if

apr2(p+2)(p+ 1)+ap<(n—p)(n—p—1)—|—)\j>:O, 0<p<n-—j  (21)
We first observe that the coefficient
(n=p)n—p-1+XN=Mn-p—jlln—p+j—1)>2j, 0<p<n-j-3.

Hence, from a,,—;1+1 = 0, when n — j = 2k it follows that a,,—;_1 = ap_j_3 = --- =
a; = 0 and the sequence (ag, as, . .., a,—;) is determined by the recurrence relation

apia(p+2)(p+1) +a,((n=p)n—p—1)+X;) =0

and the value of ag. If we define

2p, n—2
f]n xZ, y Za2pnx P P, ag;n = 1,

with

ﬁ(n_28+2(n_28+1)_‘7(]_1))7 p>1, (22)

A2p.n =

then f = aij,n-
When n — j =2k + 1, from a,,_;1 = 0, it follows that a,,—;_1 = ap_j_3 = -+ =
ap = 0 and the sequence (ay,as, ..., a,—;) is determined by the recurrence relation

2P+ 2)(p+1) +a((n—p)n—p—1)—j(i—1)) =0

and the value of a;. If we define

k
h]”n(l’, y) = Z a/2p+1x2p+1yn7172p, a; = 17
p=0
with
G y
a2p+1,n_wﬂ((n—28+1)(n—25)—j(]—1))’ p>1, (23)

then f = aihj,.

Since we found n — 1 different nonzero eigenvalues and the same number of
corresponding nonzero eigenvectors plus two linearly independent eigenvectors of 0
cigenvalue, see Proposition 3.4, we proved that the linear operator defined by —y2A
in the space of homogeneous polynomials of degree n > 2 is diagonalizable with
eigenvalues: 0 with multiplicity 2 and j(j — 1) for 2 < j < n with multiplicity 1.
The proposition is proved. ([l
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The remaining case to be considered is to find the eigenvectors of A,, n # 0 of
nonzero eigenvalues.

Lemma 3.10. Let f =370, a,2Py™ P, Then A, f = \f (A #0) if and only if
a2 (p+2)(p+ 1) + ap((m = p)(m —p— 1) + ) = inapy(p+1) =0,
0<p<m (24)
where i1 = apmyo = 0. Moreover, the eigenvalues are
Me=—(k+1k 0<k<m-—1 (25)
all with multiplicity 1.

Proof. Finding the homogeneous polynomial f,, = 37", a,zPy™ " of degree m
such that A, f,, = Af,, is equivalent to solve the following system of linear equations

Ug Vg Wp 0 0 0 - 0 0 0 ao ao

0 uy v w 0o 0 - 0 0 0 aq aq

0 0 Ug Vg W9 0 - 0 0 0 a9 a9

. . . =\ ,
0 0 0 0 0O 0 - Um—2 Ump—2 Wmp—2 Ay—2 Ay—2

0 0 0 0 0O 0 - 0 Um—-1 Um—1 Am—1 Qyp—1

o 0o 0 o0 0 0 - 0 0 U, , A

with u, = —(m—p)(m—p—1),v, = in(p+1),w, = —(p+2)(p+1) for 0 < p < m. We
first observe that if A, f,, = Afm, then m > 2 because A # 0. Besides a,, = a,,_1 =0
because u,, = u,,_1 = 0. Hence the eigenvalues of the above upper tridiagonal matrix
are

)\k:Um,kflz—(k—i-l)k, nggm—l

all with multiplicity 1. The proof is complete. 0

Proposition 3.11. The possible nonzero eigenvalues of A, in the space of homo-
geneous polynomials of degree m > 2 are \, = —(k+ 1)k, 1 <k <m —1, all with
multiplicity one and corresponding eigenvectors

m—k—1
fom = D apzPy™?
p=0

where the sequence (ag, a1, ,am——1) s defined by the recurrence relation
tp2(p+2)(p+ 1)+ ap((m—p)(m—p—1) = (k+ k) —inaya(p+1) =0, ao=1
for0<p<m-—k—1and anm—t = @Gmm—t+1 = 0.

Proof. From Lemma 3.10 for p = m we get a,,A = 0. Hence a,, = 0. Now
for p = m — 1 we obtain a,,_ 1A = 0. Therefore a,,_1 = 0. If p = m — 2 we get
am—2(2+ X) =0, hence A = =2 or a,,_» = 0.

Assume A = —2. We first observe that the following coefficient of the recurrence
relation (24) satisfies

(m—p)(m—p—1)—2=m—-p—2)(m—-—p+1)>4, 0<p<m-—3.
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Hence, if f = ;”;02 a,xPy™ P # 0 is a solution of A,f = Af the sequence
(ap, a1, . ..,am_9) is determined by the recurrence relation
tpr2(p+2)(p+ 1) +ap((m—p)(m—p—1)+A) —inapa(p+1)=0  (26)

and the value of ag.

We generalize this result by assuming that a,, = a1 = -+ = @y = 0
and a1 # 0 for 2 < k < m — 1. From (26) and p = m — k — 1 we obtain
A = A\, = —(k + 1)k. By taking this value of A we observe that the following
coefficient of the recurrence relation (26) satisfies

(m—p)(m—-—p—1)—(k+1Dk>2(k+1), 0<p<m-—Fk-—2.
Hence, if f = Z;”:_Oz a,xPy™ P # 0 is a solution of A,f = Aif the sequence
(agp, ag, . .., am_o) is determined by the recurrence relation

ap2(p+2)(p+1) + ay((m—p)(m —p— 1) + M) — inapa(p+1) =0 (27)
and the value of ag. We choose a,,,_1_1 = 1 and define

m—k—1
fom =Y apaPy™?
p=0

where (ag, a1, ,am_r_1) is defined by (27) for 0 <p<m—-k—-1,1<k<m-—1
with Am—k = Am—k+1 — 0. ]

For 2 <m <5 and A\; = —2 we obtain

Ji2 = yzv
L. g 2
Ji3= Rk + Y,
Lo, VRN U S
Jia= —?O(n +4)y* + 5iney + x%y°,
Ji5= —%20(713 + 14n)y° — 2?;)(712 + 4)zy* + iimﬂy:3 + 2392

We observe that for 2 <m <5
m—2
fim =3 Pempbmp(n)a™ P2y 2,
p=0

where ¢,,, € R and p,,,(n) is a monic polynomial of degree p in the variable n.
Besides ¢, 0 = pm,o = 1.
For 3 <m < 6 and Ay = —6 we obtain

42 3

fo6 = —%z’(ng’ +20n)y° — ﬂ(rﬂ +6)zy° + §in:c2y4 g

f2,3 :3/37
1.y 3
fos= giny +ay”,
L 5,0 L. 4 93
fos = ——=(n"+6)y° + —inxy” + x°y°,
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We observe that for 3 <m <6
m—3

f2,m = Z (_i)pcm,ppm,p(n)xmipigprrB7
p=0

where ¢,,, € R and p,,,(n) is a monic polynomial of degree p in the variable n.
Besides ¢,0 = pmo = 1.
For 4 <m <7 and A3 = —12 we obtain

f3a= Z/4>
L. s 4
fas = kS +xy,
Lo 6, L. 5 24
fas = —72(71 +8)y° + Ly’ 7y
Ja7 = —7202'(713 4 26n)y" — 214(712 + 8)ay® + :meyE’ + a3yt

We observe that for 4 <m <7
m—4
f3,m - Z ipcm,ppm,p(n)xm_p_4yp+47
p=0

where ¢, € R and p,, »(n) is a monic polynomial of degree p in the variable n.
Besides ¢,,0 = pmo = 1.

Proposition 3.12. Let n, k be nonzero integers, n # 0,k > 0 and A\, = —(k + 1)k.
Let us consider the following homogeneous polynomials fi., € Clx,y| of degree m > 2

Mk — k=1 (2k+j+1) 1 ke
i (m J i
Jem = Z .‘< . > < : ) pj(n)x k—j lyk+J+1
= ! J j
where pj(n) is a monic polynomial of degree j in the undetermined n. The sequence
of polynomials (p;)j>0 satisfies the following three term recurrence relation:
np; = pj1—Jj2k+j+1pj1, j=0, po=1.
Then A, fem = —k(k 4+ 1) fem, k > 1. Moreover the set

{fo=Lfi=ytU{fim:1<k<m-—1}
is a basis of the linear space {f € Clz,y] : 0 < deg(f) <m:A,f =\, € C}.

Proof. For 1 <k<m—1,let \y = —k(k+1) and
m—k—1
fk,m = Z ipcm,ppm,p(n)xm_k_p_lyk+p+17 Cm,0 = Pmyo = 1,
p=0
where ¢, , € R and p,,,(n) is a monic polynomial of degree p in the variable n.

If A fim = M fiom, then 25m — (m — k — 1) fy 1. In fact, 2mtm — 0 and
for K < m — 1 we have

afk,m m—k—2 . .
e =(m—-k—-1) Z PPCmppmpn)(m —k —p—1)(m —k —1)
p=0

% xm—kz—p—2yk‘+p+1 )
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On the other hand

0 0 0
A, (wfk,m> = %<Anfk,m> = )\k%fk,m-

Hence
m—k—2
> Pemppmpn)(m—k—p—1)(m—k— 1) lgmhr 2yl g
p=0
because it is also homogeneous of degree m — 1 and the coefficient of ™ *=2¢++1 is
1. Therefore
m—k—2
Z ipcm,ppm,p(n) (m —k— p— 1)(m — k- 1)_1xm_k_p—2yk+p+1
p=0
m—k—2
= fk,mq = Z Z'pcm,lyppmep(n)xm*k*p72yk+p+1.
p=0
Equivalently

(m —k—p-— 1>cm,ppm,p<n) = (m —k — l)cm—l,ppm—l,p(n>‘
for all 0 < p < m — k — 2. Therefore

(m—k—p— 1)Cm,p =(m—k— 1)Cm—1,pa pm,p(n) = pm—l,p(n)-

Hence
. (m—Fk—1) A (m—Fk—1)(m—k—2) o
m—k-p-1)"" (m—k-p-1(m—k-p-2)""""
(m=k-1)m—k—=2)---(m—k—(m—k—-p—1))
B m—k—-p—1)(m—-k—-p—2)---1 Chtptlsp
B m—k—1
= Ck+p+1,p< D >7
Pmp(n) = Pm-1p(n) = -+ = ppp(n).
Let p,(n) = ppp(n). The recurrence relation satisfied by the sequence of polynomials

(pp)p>o0 is a consequence of (24): If fi,, = Z;”L:_Ok_l a,xPy™ P satisfies A, frm =

Mefrms Ae = —(k 4+ 1)k, then for 0 <p < m —k — 1 we have

—(p+2)(p+ Dapss — ((m —p)m—p—1)+ )\k)ap +in(p+ 1ay41 =0
where a,, k11 = @ = 0. From

m—k—1 m—k—1

Z apxpym—p: Z im_k_p_lcm,m—k—p—lpm—k—p—l(n)xpym_p
p=0 p=0

we obtain a, =™ * P, 4 1pm_k_p-1(n). Therefore
- (p + 2)(]7 + 1)im_k_p_3cm,m—k—p—3pm—k—p—3(n)

—((m=p)m —p = 1)+ M) by 1Dm k1 (0)

+in(p + 1)z'm_k_p_2cmm_k_p_gpm_k_p_g(n) = 0.
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By putting j =m—k—p—1>1weget (m—p)(m—p—1)—(k+ 1)k =j52k+j+1),
p+1=m—k—jand

(m—k—j+1)(m—k—j)em;-2pj-2(n)— J(2k+j+1)0mypa( )

+ (m —k —j)emj—1npj-1(n) = 0. (28)
From the coefficient of n? we get: j(2k +j + 1)cm,; = (m —k — j)cmj—1. Thus
(m —k—j) _(m—k—j)m—k—j+1)

(
I T kD) T T G0kt F ) — D2k 1 )
_(m=k—j)m—k—j+1)---(m—k—1)
@Rk DG - DRE+5) 12k +2)
B (m—k—1)1(2k + 1)! L (m—k—1\[{2k+j+1\"
_jmn—k—j—lﬂ@k+j+nl_ﬂ< j )( j )'
Going back to (28) we obtain

() e

k+j+1) (m—k—1\[(2k+j+1\"
- (j—l)!( j )( j )pj(n)

S (G

Cm,O

By simplifying we obtain

(j — D)2k + j)pj—a(n) — pj(n) + np;_1(n) =0
for all j > 1.

The sequence of monic polynomials (p;);>o in the variable n satisfies the following
three term recurrence relation:

np; =pj+1 —Jj@2k+j+pj-1, 720, po=1.
Finally:

m—k—1 ((—1)k-1;)’ m— k — ; -1 . .
fem= 3 (<)Z)< k 1) (Qk "'"-? + 1) p;(n)agmRmI Ly

s j! J J

The last assertion in the statement of the proposition follows from (25). The
proof is complete. l

4. Analytic eigenfunctions of A on the upper half plane

The goal of this section is to find a good parametrization of all real analytic
eigenfunctions of A on H = {(z,y) € R? : y > 0}. It is first convenient to recall
some basic facts. For any power series Y, .~ @ (2 — 2,)™ there exists a number R,
0 < R < o0, called the radius of convergence, with the following properties:

(1) The series converges absolutely for every z € C with |z — 25| < R. The
convergence is uniform in every closed disc |z — 2p| < p < R.

(2) If |z — 29| > R the terms of the series are unbounded, and the series is
consequently divergent.
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(3) In |z — 29| < R, the sum of the series is an analytic function. The derivatives
can be obtained by termwise differentiation, and the derived series has the
same radius of convergence.

(4) The radius of convergence is given by Cauchy-Hadamard formula

r T o
7 Vil

(5) If f(2) is analytic in an open set D C C containing z,, then the Taylor

representation f(z) = 3,50 %(z — 2p) is valid in the largest open disc

of center zy contained in D.
The situation is quite different if we consider a power series Y°,,5 tm(z — 2,)™,
x,xo € R. For example the function
1
f@) = 1
is analytic in the whole real line but the radius of convergence of the series is one.
We start by considering the case n = k = 0. According to Proposition 3.4 we

know that the homogeneous harmonic polynomials of degree m are linear combina-
tions of f,, and h,,, where fy = 1 and

(m S (—1) m 4 o
= —1y 25, m—2j hm — 27+1, m—25—1
fr=2_(-1) (2;’)13 y" > <2j+1>x y

>0 >0 M

=1-a*+a2"—a2%—...

for all m > 1.

Lemma 4.1. If f € H(H) is harmonic, then
f($7y) :CL0+ Z(amfm<x7y_ 1)+bmhm($7y_1)) (29)

m>1
where the power series is absolutely convergent in an open polydisc P centered at
(0,1). The sequences of complex numbers (am)m>0, (bym)m>1 are unique and satisfy

1 m
— = lim
R

- o —
im an| < oo, = im |by| < 0.

Proof. The expression (29) follows from Proposition 3.4. By hypothesis f(z,y) =
> pg>0 Ap g (y — 1) where the power series is absolutely convergent in an open
polydisc P centered at (0,1). Then

fry) =a+ Y Y aper®y—1)"=a0+ Y (amfulz.y—1) +buhm(z.y—1)),
m>1p+qg=m m>1

since

Af=A > Y 2Py—-11= > A D zP(y—1)7=0.

p+q=m pt+q=m ptg=m  ptq=m
Moreover both series 32,51 @m fim(2,y — 1) and 32,51 by (2, y — 1) are absolutely
convergent in P. By contradiction suppose that lim,, o, 1/|am| = 0o. Then either

lim,, 500 2 |a2m| = 00 or limy, o0 7Y |@omi1| = 00, If Timy, o0 2/ |aom| = oo, for

y =1 and = # 0 we have
Z |a2mf2m<=r>0)| = Z |a2mx2m| = 0o,

m2>1 m>1
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because the radius of convergence of this power series is 0. But 3,51 agm fom (2, y) is
absolutely convergent in the polydisc P, which leads to a contradiction.
Now we observe that

(2m+ 1 . o
> ot foms1(2,Y) =Y D Qo Z(—l)]< >$2jy2m 2

m>1 m>1 7>0 2j

hence 32,51 Gomi1 Y js0(—1) (2";1) x%y?™=2 is also absolutely convergent in P.

From lim,, 500 2"Y/|om+1| = 00 and for y = 1 and x # 0 we get
> asmsr famsr (2, 0)] = Y (2m + 1)|agn12*™| = oo,
m>1 m>1

because the radius of convergence of this power series is 0 since

Tm 2m+\1/’<2m_|_ Dagmit| = rr%l_l;%o amiifo ] m@o 2| | = 00,

m— 00

contradicting the hypothesis that 3=, > Gam+1 foms1(2, ) is absolutely convergent in
the polydisc P.

Similarly one proves that lim,, ., %/|by| < co. The proposition is proved. [
The proof of the following theorem will be completed in Theorem 4.6.

Theorem 4.2. The linear space Hy = {f € H(H) : Af = 0} of all harmonic
analytic functions on the upper half plane is in a one to one correspondence with the
complex vector space S of all ordered pairs (a,b) of sequences of complex numbers
a = (am)m>0 and b = (by)m>1 such that

1 .
— = lim

VI
m— 00

1 —
am| < 00, ﬁ:nll_rgo |6 | < 00.
The alluded bijection is given by
f(xay): Z(amfm(xvy_1)+bmh’m(xay_1)) fOT all ($,y) GPa (30)

m>0

where P is an open polydisc centered at (0,1) in which the power series is absolutely
convergent.

Proof. The linear map & : Hy — S given in &(f) = ((am)mzo, (b )m>1) defined by
Lemma 4.1 is one to one by the principle of analytic continuation (see [Die60, (9.4.2)
p. 202]). To prove surjectivity we will show that if ((am)mzo, (bm)mZI) € S, then
the analytic function f defined in (30) can be analytically continued to #H. This is
equivalent to showing that the four series 3,50 am fn (€, ¥ —1), 350 bnhm (2, y — 1)),
m even or odd can be analytically continued to H.

Let us first consider the case of 3,50 @ frn(z,y — 1) for m even. We have

S aanon(o = 1) = X s X1 (1 )ty - 1

m>0 m>0 >0
1 . m - m
:2z>:oa2m((z:z:+y—1)2 + (iz —y + 1) )

Let us study the analytic continuation of F(z,y) = Y50 a2m(iz +y — 1)*™
By hypothesis, this power series is absolutely convergent in an open polydisc
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P={(z,y) € R*: |z| < p1,|y — 1] < p2}. Now let 0 < |z1| < p1, |y1 — 1| < p2 and
consider

2m
Fi(z,y) =) G2m(i(ﬂf —Ti+ )ty -ty - 1)

m>0

which is absolutely convergent in any polydisc centered at (x7,y;) contained in P.
We wonder if F} is absolutely convergent in a larger polydisc P; centered at (x1, ).
If this were the case, the function '« Fj given by

- {F(u,v) if (u,v) € P

(F ~ Fy)(u,v Fi(u,v) if (u,0) € P,

would be well defined and analytic on P U P;.
To estimate the size of P, we look at I} as a power series of (z — x1)P(y — y1)%:

Z “2’”Z ( )( p—a o)) (= o — 1)

-2 Z <2m> ZZ ( ) (qu_j>x“<yl =1 (i =) (= )",

If | — 21| <rand |y —yi| <r, then

ST (), o

m>0 p=0 ¢q=0

2 e Z ( j ) Z (;) 1P (g — 1 1)

m>0 p=0

e Z ( )(m' ) (g =14+ r) "

m>0

= |a2m|(|$1| +lyr — 1+ 2r)2m < o0

m>0

if |z1| +|yp — 1|+ 2r < R.
Therefore the function Fi(x,y) is analytic for all |z — x| < r, |y — | < 7.
Hence Fi(z,y) is analytic in

1
Pi={(wy) eR o —ail < ly—wl < 5(R= loal = Iy — 1) .

This leads us to think that analytic continuation of the function F', originally
defined on P, along arcs in ‘H could be proved. This would imply that F' can be
extended to the whole H because the upper half plane is simply connected. 0J

Example. If h(z) =1/z, then h is a holomorphic function on D = C\ {0}. Hence

T

f(»’l%y)zm
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is a harmonic function on D because it is the real part of the holomorphic function

h. We have

flz,y) = x2+(y_1)212(y_1)+1 —z—z(2®+ (-1 +2y - 1))
ta(? 4 -1 42y 1) —a(2® + -1+ 2y - 1) + -
:x—2x(y—1)—x(x2+(y—1)2)
+a(zt 4+ (y— 1) +4(y — 12+ 22%(y — 1)? + 4% (y — 1) +4(y — 1)°)
—8x(y—1)3---
:x—2x(y—1)—a:(x2+(y—1)2—4(y—1)2)
+a(zt 4+ (y— 1)+ 202y — 1)? +42%(y — 1) +4(y — 1)°)
—8z(y—1)%---
:x—2x(y—1)—x(x2—|—(y—1)2—4(y—1)2)
+a(4a?(y—1) =4y — 1)+
=z —2z(y—1)— x(m2 —3(y — 1)2) +4x(m2(y —1)—(y— 1)3) + -
= hi(z,y — 1) = 2ha(x,y — 1) + 3hs(x,y — 1) — dhy(z,y — 1) + - - -
Therefore
fy) =2 3 (0" (@ + (= DP +20 = 1) = 3 (1" mh(,y — 1),

m>0 m>1

It is not difficult to check that the power series in (z,y — 1) defining f(x,y) is
absolutely summable in the open polydisc {(x,y) € R? : |z|,|y — 1| < 1/2}. In fact,
if |z], |y — 1| <r < 1/2, then

> Z<2j+1> [Ty — 1T < Y Z(sz) =Y 2 < oo,

m>135>0 m>135>0 m>1

because the radius of convergence of the last power series is

_ -1 1
<lim vV 2”1> = _.
n—00 2

Lemma 4.3. The following identities hold for alln > 1:

2 (27;) - (2/11) -

More generally

n n 23550 (o) 2y if nis even,

(CL’ + y) + (I - y) = = 2]2 2j+1, n—2j—1 . .
23>0 2j+1)93 Y if n is odd.

(z+y)" —(r—y)" = 22520 2111)I2j+1yn_2j_1 if n is even,
250 (5)%y" % if n is odd.
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We have
R WET S (N E TR T
g1 ];0 2741
- Z (_1>m Z ( .m >(ix>2j+1(y . 1)mf2j*1
m>1 So\2j+1
— j) 2L (y — 1)2m—2i-
2
_ (i) 2+ (y — 1)2m-22
PO YL
Z(m—l—y—l (ix—y+1)2m>
m>1
_Z(MﬁLy 1201 4 (i y+1)2m1)_
m>1

Now we will consider the Taylor series expansion of the function f at (0,b) with
0 < b <1 by analyzing separately each of the four summands above. We start with

> (i +y—1)™" ZZ( ) )iy — b+ b— 1)

m>1 m>135=0

—ZZZ()O iy — b

m>1j=0 k=0

To estimate a polydisc of convergence of this power series in x and y — b we take
|z|, |y — b] < r and look at

£ 557 (Ra- vt
< EE(7) (o mree

m>13j=0 k=0

ZZ( ) 41 -0y = > (2r+1-0)*" <0
m>1

if 2r+1—b < 1orr < b/2. Therefore the Taylor series at (0,b) of 32,5, (iz +y—1)*"
converges absolutely in the open polydisc P = {(z,y) € R?: |z|, |y — b| < b/2}. Now
it is clear that the same happens with the other three summands, and hence with
the function f.

Hence, if we consider the arc y(t) = (0,1 —¢), 0 <t < e in H, it is not difficult
to see that the function f can be analytically continued along ~.

The unit disc

We will change our point of view, instead of working with the upper half plane
we will do so with the open unit disc D = {z € C: |z| < 1}. Of course, both spaces
are holomorphically equivalent and a holomorphic diffeomorphism of D onto H is
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provided by the bilinear map
1+z

7 .
11—z

w =

In fact the image of z(6) = € is

1+ cosf +isinf

w(=(0)) = "T—cosf —ising
(14 cosf +isind)(1 —cos +isind)
(1 — cos )2 + sin? 0
—2sind

(1 —cosf)? +sin?6’
Hence w(m) = 0 and when the point z(6) travels from z(7) to z(0) on the upper
semi-circle its image w(6) goes from w(w) = 0 to w(0) = —oco. While when the
point z(6) travels from z(m) to z(0) on the lower semi-circle its image w(#) goes from
w(m) =0 to w(0) = co. On the other hand w(0) = ¢ hence D is mapped onto H.

A very important and well-known fact is the following: if f(w) is a harmonic
function and w(z) is holomorphic then the composite function f(w(z)) is harmonic.
In fact Af(w(z)) = |w'(2)|?Af(w), see [Ahl53, p. 175]. If f(2) is holomorphic in a
domain D C C, then Re(f(z)) and Im(f(z)) are harmonic in D. If ¢(z) and ¢(z)
are harmonic functions such that f(z) = ¢(z) + i)(2) is holomorphic, then ¢ and 1)
are called conjugate harmonic functions, see [Ahl53, p. 40].

Lemma 4.4. The polynomial functions fu(z,y) = > ;50(—1)’ (Qmj)x%ymﬂj and

mhm(x, y) - (_1)]( ‘ >m2]+1ym—2j—1

;0 2741
are conjugate harmonic for m > 1. Moreover f(x,y) = fm(x,y) — imh,(x,y) =
(x +1iy)™.

Theorem 4.5. The linear space Hy(D) = {f € H(D) : Af =0} of all harmonic
analytic functions on the open unit disc is in a one to one correspondence with the com-
plex vector space S of all pairs of sequences of complex numbers ((am>m207 (bm)m21>
such that

lim /]an| <1, Lm {/|bn| < 1. (31)

m—00 m—00

The alluded bijection is given by
F=ay+ 3 (anful2,9) + bumh(z,y))  forall (z,y) €D,
m>1

where the power series is absolutely convergent.
In particular {1} U {fm(x,y), mhy,(z,y) : m > 1} is a basis of homogeneous
polynomials of all harmonic polynomials in Clx,y].

Proof. If (am)m>1, (bm)m>1 satisfy (31) it is obvious that (ca,)m>1 satisfy (31)
for all ¢ € C. By hypothesis for any € > 0 and any m sufficiently large we have

lan| <14 €and {/|b,| <14 € Hence |a,,| + [bn] < 2(1 4 €)™ and

Jin, el ol < Jim V300 = 1+
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Thus S is a complex vector space.

Let H(D) denote the space of all holomorphic functions in D and let S} =
{(@m)m>0 : limy, o0 ¥/]a,| < 1}. The linear map p : > om>0 2™ = (Am)m>0 from
H(D) into S; is one to one by the principle of analytic continuation. To prove
surjectivity take (am)m>o0 € S1 and let h(z) = 3,50 amz™. Then the radius of
convergence of this power series is greater than or equal to one. Thus h(z) is
holomorphic in D and (z + iy)™ = fi.(z,y) — imh,,(x,y), by Lemma 4.4. If a,, is
real for all m, then 3,5 @m [ (2, y) is analytic and harmonic in D, because it is the
real part of h(z).

In general when the given sequence in S is (@, + iby)m>0 and @, b, € R for
all m > 0, it follows that a = (an)m>0 and b = (b )m>0 € S. Therefore 3,51 ap fin
and >_,,~1 mby,hy, are analytic and harmonic in D as well as

f=ao+iby+ Y (amfr + mbnh).

m>1

Since &(f) = (a,b) the theorem is proved. O

Theorem 4.6. The linear space Ho(H) = {f € H(H) : Af = 0} of all har-
monic analytic functions on the upper half plane is in a one to one correspon-
dence with the complex vector space S of all pairs of sequences of complex numbers

((am)mZO; (bm)mZI) such that

lim {/]an| <1, Lm {/|b,| < 1.
m—00 m—00
The alluded bijection is given by
fm u? + v —1,2u) b mhy, (u? + v? — 1, 2u)
u?+ (v+1)2)m (w24 (v 1)2)m

f(u,v) —a0+z

m>1

for all (u,v) € H.

In particular
1y u fm(W? 4+ 0> —1,2u)  mhy,(u? +0v* —1,2u) )
(W + (+1)2)™ 7 (w4 (v +1)H)™ B

is a set of linearly independent analytic harmonic functions on H.

Jr

Proof. The bilinear map w(z)

H and its inverse is given by z(w) = ¥—.
If (am)m>0 € S, let F(2) = 3,50 am2™ be the corresponding holomorphic
function in D given in Theorem 4.5 and define

Gw) = F(z(w)) = 3 am<

m2>0

w—1\™

> , wEH.

w—+1

If a,,, b, are real for all m > 0, then we can compute the real and imaginary parts
of G(w). If w=u+ v, then
w—1 ww—ilw+w)—1 w?+v? -1 2u
= = — 1
w+i wo—ilw—w)+1 w4+ (v+1)?2 w4+ (v+1)2
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and
()" oy () (el T i Y
wti) H\J )\t (o 1) w4 (w+1)2)
Hence:
W= 1 [ m—2j .
R E— = —1) 2 2_1 9 2
(550 T R () -
S 4 0% — 1, 20)
@+ (v+1)2)m
w—1\™ -1 , m 21 |
I = _13 2 2_1 2 2j+1
(52 - e B e
_ mhy(u? +0? = 1, 2u)
(u? + (v+1)2)m
Therefore

fu,v) =ag+ Z

m>1

( S (u? + 0% — 1, 2u) mhy, (u? +v? — 1, 2u)>
e ) T (@t (v D)

is analytic and harmonic on H, because G/(w) is holomorphic on H.
Finally, assume

M fm(U2+’U2 - 1,2U) mhm(uz—i_?ﬂ_ 1,2U) =
(e e ) =

and let a = ag,ay,...,an,0,..., b =by,by... by, 0,.... Then (a,b) € S. Hence
(a,b) = 0. The theorem is proved. O

We move on to find the Taylor expansion of G(w) at w = i.

Lemma 4.7. Let g(w) = (w +1i)™™. Then g\ = (=1)(m);(w + i)~ ™+ and

(w+3)™ = (—1)mz(;)m+j (m - 1) (w — i),

320 m—1

o) = (S0) = ) (T oo

j=0 m =1

The coefficient (m); is the Pochhammer symbol for m(m+1)---(m+j5—1) if j > 1,
and (m)g = 1. The radius of convergence of the Taylor series of G(w) is R =1/2.

Proof. The first assertion follows by induction on j > 0. In fact ¢{0) = 1. Suppose
gV = (=1)7(m);(w + i)~™+) for j > 0. Then

gut) = —(=1)7 (m);(m + j)(w + )" "D = (=17 (m) ;1 (w 4 §) D,
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Hence

—1)(m).,(2¢)~(m+3)

. (w— i)’
j=>0 ’

—1)(m).,(2¢)~(m+) )
g e

The Taylor series expansion of G(w) is now obvious. Now we estimate the radius of
convergence of the Taylor series expansion of G(w):

. : ) — 1 1 . —1)m-1 1
lim m“\l 2—m=J <m+] > < — lim "‘“\J (m +J ) = —. U

j—o0 m—1 j—o0 (m —1)! 2

Theorem 4.8. The linear space Hy(H) = {f € H(H) : Af = 0} of all har-
monic analytic functions on the upper half plane is in a one to one correspon-
dence with the complex vector space S of all pairs of sequences of complex numbers

((am)mzo, (bm)mZI) such that

im lam| <1 and im |b| < 1.

The alluded bijection is given by
f(u,v) =ag+ Z (@ frn(w,v — 1) + byymhby, (u, v — 1))

m2>1

for all f € Ho(H). The power series being absolutely convergent in the polydisc
P ={(u,v) € R?*: |ul,|v—1] < 1/2}.

Proof. If f € Hy(#H) is real valued, then it is the real part of a holomorphic
function on H whose Taylor series expansion at w = ¢ has radius of convergence
R > 1. Hence the Taylor series expansion of f at (0,1) is absolutely convergent
in P. Associating monomials of total degree m we get a homogeneous harmonic
polynomial of degree m. From Proposition 3.4 we obtain

f(u,v) =ag+ Z (@ frn(w,v — 1) + byymhby, (u, v — 1))
m2>1
for all (u,v) € P, because the Taylor series expansion of f at (0, 1) is absolutely
convergent in P. In the general case, we have a function f +ih € Ho(H) where f
and h are real valued. Hence
f(u,v) = ag + Z (@ frn(u,v — 1) + byymhby, (u, v — 1))

m2>1

h(u,v) = ay+ > (al, fm(u,v — 1) + b, mhp,(u,v —1)).

m2>1

If we define o, = a,, + ial,, and B, = by, + ib), we get

(f +ih)(u,v) = a0+ > (mfm(u,v — 1) + Brymhp, (u,v — 1)),

m2>1
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for all (u,v) € P and ((am)m207 (ﬁm)mzl) € S because S is a vector space. Hence

we have a linear map & : Hy(H) — S given by &(f) = ((am)mzo, (bm),@l). It is

one to one by the principle of analytic continuation (see [Die60, (9.4.2) p. 202]).
To prove surjectivity take ((am)mzo, (bm)m21) € S and consider

o= S (50)" = ()

m>1 w41

A key observation is the following: both functions are holomorphic in H because
by hypothesis the corresponding functions F'(z(w)) = > ,,>0 amz™ and H(z(w)) =
> ms1 bm2™ are holomorphic in the open unit disc D. Hence Re F(w), Im F(w),
Re H(w) and Im H(w) are analytic in the upper half plane H.

Suppose first that the coefficients a,,, b,, are real valued and compute the real
and imaginary parts of F(w), H(w): From Lemma 4.7 we obtain

m—1

Re F(w) = 3 ap(—1)" Rez(é)’"“ (m +j - 1) (w— iy

=0 m—1
= S a1y (T Re S (M) (it — 1y
m>0  j>0 m—1 k>0 k
e (mAg—1 m+j mai—
— Z amZ(_l)Jz J< o ) Z ( o )(—)ku%(v _ 1) +j—2k
m>0  j>0 k>0
i [T +5-1
= any (—1)2 7< B >fm+j(u,v—1).
m>0  j>0 m—1

m—1

ImF(w) ==Y an Z(—l)ij*j (m I 1) (m + ) (w0 — 1),

ReH(w) =Y by > (—1)727m (m - 1) Smai(u, 0 = 1),

m>1  j>0 m—1

ImH(w) =Y by > (—1)27"7 (m - 1) (m + j)hmtj(u,v —1).

m>1 ;>0 m—1
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The Taylor series expansion of Re F'(w) at (0, 1) is absolutely convergent in P, as it
was proved before, and it is

Re F(w) =Y an Y (—-1)/27"" ]<m+i1 1>fm+j(u,v—1)

m>0  j>0

=ag+ Y ap Y (—1)Pm27P <51__11> fo(u,v —1)

m>1 p>m

—a+ Y (Z yP=mo P<p__11>>fp(u,v—1)

p>1 \m=1 m

=ag+ Y a,fy(u,v—1).

p>1

By what was proved at the beginning of the proof we have lim, ., {/ laf| < 1, and

zp: p (—1)P 2 p(p__11>. (32)

The infinite matrix of the system of linear equations (32) is lower triangular with

diagonal elements (271,272 273 .. .). Hence given a sequence of complex numbers

a’),>1 there is a unique sequence (a,,),>1 solution of (32). Moreover
p/PZ 2
p@o o/laj] <1 if and only if n@o Vlal, | < 1.

Thus, if we start with a sequence of real numbers (a;,), satisfying lim, o ¢/]a)| <1,
the function

Re F(w ReZam< ) =ag+ Y a, fp(u,v—1),

m>0 w0 p>1

with coefficients (a,)m>o defined by the system of linear equations (32), is harmonic
and analytic in H.
Similarly, we obtain

ImF(w) =Im Y _ a, (w—zi)m == a, phy(u,v — 1),

m>1 W+ p>1

where (@, )m>1 is the unique solution of the following system of linear equations:
Z p mo—p p—1 )
-1

Also, we get

ReH(w)=1Im > by, < Z‘)m:z:bj'vfp(u,v—l),

m>1 w1 p>1

where (by,)m>1 is the unique solution of the system of linear equations:

- S oy (27,

Finally, we obtain

ImH(w) =Im > _ by, <w+z) = b, phy(u,v—1),

m>1 p>1
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where (by,)m>1 is the unique solution of the system of linear equations:

P
“myp(P—1
o= S b, (—1)Pm2 .
! mzzl = (m - 1)
We have proved that, given a pair of real valued sequences ((a;)ng, (b;)p21) €S,
the functions

flu,v) =ay+ Za;(fp(u,v — 1) + phy(u,v — 1)),

p>1

h(u,v) =by+ > b;(fp(u,v — 1) + phy(u,v — 1))

p>1

are harmonic and real analytic in H and &(f + h) = ((a;)pzo, (b;)pzl), proving the
surjectivity assertion in this particular case. The general case is reduced to this one
by decomposing both sequences in their real and imaginary parts. This completes
the proof of the theorem. 0

5. Modular Harmonic Functions on the Upper Half Plane

In the proof of Theorem 4.5 we established a linear bijection p from the vector
space S; of all sequences of complex numbers (d,,)m>o such that lim,, o §/|an,| < 1
onto the vector space of all holomorphic functions f(w) on H given y

p<<am)m20> = Z (m (w n Z>m

m>0 w41

We move on to characterize some linear subspaces H(H)" of all holomorphic func-
tions on the upper half plane which are left invariant, or transform according to
a representation, under the left action of a subgroup I' of SL(2,7Z), in terms of

St =p L (HH)").
Lemma 5.1. For allm € N and |y| < 1 the following identity holds

) sl

k>0 iso\ m—1

11 0 -1
M= 0 1/° Y2 = 1 0 .
Then it is well known that {71,72} is a set of generators of I' = SL(2,Z). Therefore

HH" ={fe HH): f(y1-w) = f(y2-w) = f(w), for all w € H}.

Let G = SL(2,R), K = SO(2) and H = G/K the upper half plane. Let I" be a
discrete subgroup of G. Then I'\'H is an interesting object. Let us call a fundamental
domain F for I' in ‘H a subset of H which contains a representative for each orbit of
I' in ‘H and such that if two points w,w’ € F lie in the same orbit, then they lie on
the boundary of F. If I' = SL(2,Z) it is well known (see [Sch74, Chapter I]) that a

Let
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fundamental domain is

1 1
§§u§§, u2+0221,u>0}.

/

]—“:{w:u—l—m’:—

-1/2 1/2

The generators 7y, 72 of SL(2, Z) satisfy the key relations: 72 = —I and (y971)® =
—1I. Since —1I acts as the identiy transformation on H we are really interested in
PSL(2,Z) = SL(2,7Z)/{%1} generated by the images of 1,7, in PSL(2, Z) satisfying
the relations: 73 = I and (y971)® = I. Hence T'/{£1} = Zy * Z3 is the free product
of the cyclic groups Zs = (72) and Zz = (7971), (see [Sch74, Chapter IJ).

We say that two points in the boundary of the fundamental domain F are
['-equivalent if one is transformed into the other by an element of I'.

Proposition 5.2 (See [Sch74, Chapter 1]). The I'-equivalent classes of OF are:

{ 1—+ ' 1—+ '} d {—u+vi,u+vi}
—— 4 vi, = +vi an —u + vi,u + vi .
9 "9 v>v3/2 ) 0<u<1/2,u?2+v2=1
Let us consider the cyclic subgroup Z, = (72) of I' generated by ~. In the next
proposition we give a good characterization of the Zs-modular holomorphic functions

in the upper half plane.

Proposition 5.3. If f is a holomorphic function on H and we put

w—1\" _
fw) ao+g1a <w+z> o o lam] <

then f(y2 - w) = f(w) for allw € H if and only if a,, =0 for all odd m > 1.

Proof. By definition 75 - w = —1/w. Hence, for m > 1 we have

Yorw—1  w—1

Yorw+i  wHi
Then we have

flr-w)=ao+ 3 am(—l)m<w n i)m.

1 w+ 1

Hence f(v2 - w) = f(w) for all w € H if and only if a,, = 0 for all m odd. O
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Let us consider the cyclic subgroup Z; = (73) of ' generated by 72 = —I. In
the next proposition we give a good characterization of the holomorphic functions f
in the upper half plane such that f(v-w) = x(v)f(w) for all w € H,~ € Z,. Here x
denotes the nontrivial character of Zs.

Proposition 5.4. If f is a holomorphic function on H and we put

w—1i\"™" .
foy oot San (G5) " with i el <

then f(v3-w) = —f(w) for all w € H if and only if a,, = 0 for all even m > 0.

Proposition 5.5. Let us consider the entire functions e,(w) = e*™* n € Z.
Then e, (71 - w) = e,(w) for allw € C, and

en(w) = Zc§")<w — i)j, forall weH, (33)

>0 w+1

where the sequence (cﬁn)

equations: iV = e=2™ " = e=2™(_47n) and

N (39

o j—1 7!

)j>0 is defined inductively by the following system of linear

for all v > 1. Since e,(w) is holomorphic on H it follows that lim;_,., ¥, ‘cg-")‘ < 1.

Moreover, we have the following explicit formula:

J ; k
() _ o~ (I 7 1) (F4mn) .
c; =e kgﬂ (k; B 1) o forall j>1. (35)

Proof. From (33) we get

1 W SSr=A
Since
Gn(U)) — p2mniw _ 627rni(w7i+i) _ 6727Tn€27rni(w7i) _ 2 Z (27Tm(w — 2))
=0 r!
we obtain
n d n r—1 r—j L\" T —2mn 27TTLZ'(UJ—Z')T
cngzcﬁ”( )(—1) (5) w=iy=e y Gt 20)
=11 7—1 21 >0 r!
or equivalently c(()") =e 2™ and for all r > 1
T " ] -1 2 \T 4 r
ch )(_1)1“*] 7’ — 67271'71(22')1”( 7rm) — 727rn( Wn)
= j—1 7 r!

We now observe that the coefficient matrix of this infinite system of inhomogeneous
linear equations is a lower triangular matrix with ones in the diagonal. Therefore it

(n)

has a unique solution (¢;");>1.
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Now we will check the explicit formula for an):

S e(; i)(z:i)“w
”“”Z 47T'n i_l)”C_l)(i:D:emw’

jar’ j—1 7!
because
it r— 1) <j — 1) = (=) (r—1)
—1)- _
2 J [ 2 =G — k!
(7"—1)"’*1 _fr—k
= (=) . =0
(r—r! = j—k
The lemma is thus proved. O

The statement of the next proposition is due to A. Griinbaum and is a significant
contribution. He discovered the three term recurrence relation (37) by using software
of computing algebra, see [Grii25].

Proposition 5.6. Let (cx(x))r>0 be the sequence of polynomials of degree k defined
by the following system of infinite linear equations: co = 1 and

3 cula)(~1)" k(lj) S (36)

|
=1 r

for all ¥ > 1. Then the sequence (ci(x))r>o satisfies the following three term
recurrence relation

kE—1 k E+1

1 Ck_l(.flf) + §Ck($) — 1

Cer1(z) = xeg(x).

If we replace x by x/4 we get

—(k = ep <4> + 2kck<4> — (k4 1)cp (Z) - xck<i> (37)

which s the three term recurrence relation
(k+ 1LY (2) — 2k — 2) L7V (@) + (k= DL (2) =0

satisfy by the generalized Laguerre polynomials L,ga)(x) with parameter a = —1.
Therefore ci(x) = L,(g_l)(élx).

Proof. Since the explicit formula (35) holds for all n by putting x = 47n we get
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Now we start checking the three term recurrence relation (37):

= (§) 2521 () - 6 D (5)

S (TS s (D) S s (D) S

() ()
- 2j<‘]i ~ 1) + (‘;_ 1>k —(+ 1)<k i 1)) - 2(5__96)1;! + é—_x;;
L= J{?J“ G+ ) (o) _ (o™
J: -1
S (172 () (e, )
=0
because

_(j—1)<i,:i> +2j<i:i> + (‘;:;>k—(j+1)<kil>

( —1(j _-_1)! I (G =k+ D) —k) +2j(G—k+1) + k(k—1) = (j+1)j)
— 0. -

Corollary 5.7. The sequence (cgn))jzo defined in (34) in terms of the sequence of

polynomials cx(x) introduced in (36) is given by cg-") = e ?™¢;(mn). Therefore
—(7—1e (,)1 + 2]6( ™ —(j+ 1)c§-7fr)1 = 47mc§-n).

Let us consider the cyclic subgroup Z = (1) of I' generated by 7. In the next
proposition we give a large family of Z-modular holomorphic functions in the upper
half plane.

Proposition 5.8. Let us consider the formal power series Y ,,>o Gmem(w). The

series is absolutely convergent for all w € H if and only if lim,, e /|am| < 1.
Moreover f(w) = 3,50 Gmem(w) is holomorphic on H and f(yi - w) = f(w) for all
w e H.

Proof. We have [e?™%| = ¢=2™" where w = u + vi. Hence for all v > 0

Z lamem(w)| = Z || €72 < Z || < oo
m>0 m>0 m>0
if imy, oo 1/ |am| < 1.
Conversely, if i = limyoo §/|am| > 1, then 3,50 |am|e ™ = oo for all
O<v<—5 logR Contradlctlon
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Since the last assertions are now obvious the proposition is proved. 0

Lemma 5.9. The following asymptotic upper bound for Lgfl)(x) holds for all xz > 0,
Jj>1:

70| < jeVir

X

Proof. This follows from the following asymptotic upper bound of Lg_l)(x) in
terms of the Bessel function of first kind J;(z). For > 0 we have

et/2 7 (2 \/j»l’)

see [Sze7h, Chapter VIII|. Now from the integral representation

T ! T
72F(%)F(%) /_1\/1—152@ tdt

taken from [Sze75, (1.71.6) p. 15], we obtain

PAGIES i/_ll Ja—ed=2

@) <

Jl(l’) =

Hence
jeoc/Q

@) < 255 (o) < 220

The lemma is proved. U

Theorem 5.10. Let us consider the holomorphic function f(w) = 3,50 mem(w)
on H, where

A, Ylam] <1

Then the double series 3, ;>0 amc(m) (;‘:ﬁ)m s absolutely convergent for all w € H,
(m) om

0T Y i>0 mC;j 2™ is absolutely convergent for all |z| < 1. Therefore

_ (m)) (W =1
-2 (Z ) (55
and f(y1 - w) = f(w) for allw € H.

Proof. To prove the first assertion it is enough to recall the biholomorphic corre-

spondence w(z) =172,z € D and z(w) = w—i,w € H between the unit disc and the

upper half plane, introduced in the proof of Theorem 4.6.

From Proposition 5.6 and Corollary 5.7 we obtain c§ ™ = 6_27””L(-71) (47mm). By
\/’ 2™m

using the previous Lemma we know that ’L§ (47rm)‘ < X T for m > 0 and
jJ > 1. Hence

Z |amc§.m)zj| = ’a0| + Z |am|€—27rm + Z 47Tm\am|e_2”m\z| + Z Z |amc§m)z9

m,j7>0 m>0 m>0 m>0j5>1
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We have
>3 land™ 2" = 30 3 lamle”> ™| LS (47m) |2
m>0j5>1 m>0j5>1
|am|
<2 2.3 2 = ﬁzly 27 < oo,
m>0_7>1 \/7 m>0 2 j>1 \/7
since > ,~1 jv/7|2]7 < oo because the radius of convergence is one, and 2, 2‘\‘}% <
0o because
T: m ‘ m m
A\ 3 == i e Jim, s o, Ve <1
by hypothesis. Moreover Y,,5q [am|e ™ < 0o and Y,,-q 4mmlam,|e ™|z < oo
This completes the proof. 0

Let V be a finite dimensional complex vector space and take 7" € End(V).
Let Z = () and consider the representation x : Z — GL(V') defined by x(v1) =
exp(2mmiT’). Set the operator valued entire function E,,(w) = exp(2rmiwT’). Then

F(y1-w) =exp2mmi(w + 1)T) = exp(2rmiT + 2rmiwT) = x (7)) F(w).

Proposition 5.11. If lim,, ,o §/|am| < 1 the power series >0 Am Lo (W) s
absolutely convergent for all w € H, in any operator norm. Hence the operator valued
function F(w) = 3,50 amEm(w) is holomorphic on H. Conversely Y, n Erm(w)

is not absolutely convergent in norm if lim,, oo ¥/|am| > 1.

Proof. Choose an operator norm | - || in End(V). If w = u + vi we have

T
| exp(@rmiwT)|| < exp(|2mmiw]|T]) = exp(|2mmiw]) "
= exp(2rmiu — 2mmo)71 = exp(—2mmu)I71.

Therefore, for all v > 0

Y llamEn(w)l =3 |am|(eX]D(—27w||T||))m < 00

m>0 m>0

if limy, e 1/ |am| < 1.

We now start to prove the converse assertion: If A is an eigenvalue of 7', then
|T|| > |Al, and for w = v, v > 0 we have

Y lam|l exprmiwT)|| = Y~ |am| exp(—2mmv Re \)

m>0 m>0

= 3" [t (exp(~20Re V) = 00

m>0

if & =Tlimpoe §/|am| > 1 and 270 Re A < —log R. The proposition is proved. [

In the literature, there are many deep results on elliptic modular functions
including instances of holomorphic modular functions on the upper half plane which
are invariant by large subgroups I' of SL(2,7Z). For example in [Thr53, Section 30] a
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holomorphic function pu(w) on H is constructed, which satisfies (¢ - w) = p(w) for
all p € &, w € H. Here @ is the subgroup of SL(2,Z) generated by

a3 ). on(3Y)

® is a proper subgroup of SL(2,Z) because it contains only hyperbolic and parabolic
elements.

Also the elliptic modular function J is holomorphic on the upper half plane
and it is invariant for all v € SL(2,Z). It is a fundamental object in the theory of
modular forms. The J-function parameterizes isomorphism classes of elliptic curves
over C.
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