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Abstract. The notions of conformal Lie 2-algebras and conformal omni-Lie algebras
are introduced. It is proved that the category of conformal Lie 2-algebras and the
category of 2-term conformal Loo-algebras are equivalent. We construct conformal
Lie 2-algebras from conformal omni-Lie algebras and Leibniz conformal algebras.
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1. Introduction

The algebraic theory of Lie 2-algebras, which constitutes a categorification of Lie
algebras, was extensively developed by Baez and Crans [BC04]. As a truncated version
of L..-algebras, Lie 2-algebras replace the underlying vector space with a 2-term chain
complex of vector spaces (a 2-vector space) and the Jacobi identity with a natural
transformation called the Jacobiator, subject to specific coherence laws. Baez and
Crans established an equivalence between the category of Lie 2-algebras and that of
2-term L.-algebras. For further developments in this area, we refer to [L120; LSZ14;
SL13; SL16].

Omni-Lie algebras, introduced by Weinstein [Wei00], represent a central example
of Lie 2-algebras. They arise as linearizations of Courant algebroids [LWX97], and
since every Courant algebroid induces a Lie 2-algebra, omni-Lie algebras naturally
fall within this framework. Subsequent research has extended their study to various
generalizations, including omni-Lie algebroids and omni-Lie 2-algebras, as explored
in [CL10; KWO01; SLZ11]. More recently, [ZL14] investigated the Dirac structures of
omni-Lie superalgebras.

In this paper, we consider whether a categorification of Lie conformal algebras or
vertex Lie algebras exists. We answer this affirmatively by introducing the notion of a
conformal Lie 2-algebra, which is a Lie conformal algebra object in the category of
C[0]-modules internal to 2-vector spaces. We also define 2-term conformal L..-algebras
and prove an equivalence between the category of conformal Lie 2-algebras and that
of 2-term conformal L..-algebras.

The second part of the paper is devoted to constructing examples of conformal
Lie 2-algebras. In Section 4.3, we introduce conformal omni-Lie algebras and use them
to produce conformal Lie 2-algebras. Moreover, in the final part of Section 4, we
provide a construction of conformal Lie 2-algebras from Leibniz conformal algebras.

This research was supported by the National Natural Science Foundation of China (No.11961049)



2 ZHANG

To illustrate this construction, we also provide explicit examples, as not every Leibniz
conformal algebra arises from an omni-Lie algebra.

The paper is organized as follows. In Section 2, we recall background material
on Lie conformal algebras and Leibniz conformal algebras. Section 3 introduces
conformal Lie 2-algebras and 2-term conformal L..-algebras, and establishes the
categorical equivalence between them. Section 4 examines special cases of conformal
Lie 2-algebras, such as skeletal and strict types. We also define the conformal omni-Lie
algebra & associated with a Lie conformal algebra and a representation. Finally, we
construct conformal Lie 2-algebras from conformal omni-Lie algebras and Leibniz
conformal algebras.

Throughout this paper, we denote by C the field of complex numbers. Let M be
a vector space. The space of polynomials of A with coefficients in M is denoted by
MIN.

2. Preliminaries

In this section, we will recall some facts and definitions about Lie conformal
algebras and conformal Leibniz algebras, see [BKV99; DK98; GT14; HB20; Kac98;
LTW13; Lib08; Zhal5] for more details.

A conformal algebra R is a C[0]-module with a A-product -y - which defines a
C-linear map from A ® A — A[)] satisfying the conformal sesquilinearity condition

(0x)\y = —=Azpy, 220y = (0 + N2y, (1)
for all z,y € A.

Definition 2.1. A Lie conformal algebra R is a conformal algebra with the C-bilinear
map [-x-]: R x R — R[)| satisfying
[ZAY] = —[y—5-r%], (skew-symmetry) (2)
[2alyuz]] = [[Eaylrrnz] + [yuleazll,  (Jacobi identity) (3)
for all z,y,z € R.
Using the skew-symmetry condition, we can rewrite the Jacobi identity as the
following identity:
[2ay]atnz] = [alyp]] + [[2a2]-0—py]- (4)

Definition 2.2. A left Leibniz conformal algebra (R, [y -]) is a conformal algebra
satisfying the following left Leibniz identity

zox (youz) = (zorxy)orxtuz+you(zoxz) (5)

Definition 2.3. A right Leibniz conformal algebra (R, [y -]) is a conformal algebra
satisfying the following right Leibniz identity

(zoxy)oxyuz=zor(youz)+(zorxz)o_, vy (6)

Remark 2.4. Using the equivalent identity (4), we can see a Lie conformal algebra
as both a left and a right Leibniz conformal algebra. However, it should be noted that
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the converse is not true as the general Leibniz conformal algebra does not meet the
requirement of skew-symmetry.

Definition 2.5. A left module M over a Lie conformal algebra R is a C[d]-module

endowed with a map R x M — M), (z,v) — x>y v, satisfying the following axioms:

(Ox)brv=—=Azbdrv, x>y (V)= (0+ Nx>)v, (7)

[ZAY] Patp v =2y (YD v) — YDy (T PA V), (8)

for all z,y € R,v € M. Similarly, a right module M over a Lie conformal algebra

R is a C[0]-module endowed with a bilinear map M x R — M[)], (v,z) — v <y z,
satisfying the following axioms:

(Ov)yz=—-Avdyz, vdy(0r)=(0+Nvyz, 9)

vy [eay]l = (V< @) Dy — (V) 4, @ (10)

A right R-module become a left R-module if we define x>y v to be —v<_g_ x.

Definition 2.6 ([Zhal5]). A module or representation M over a Leibniz conformal
algebra (R, [ -]) is a C[0]-module endowed with two C-bilinear maps R x M — M][A],
(z,v) = zpyvand M x R — M), (v,2) — vz satisfying the following axioms
(a,be R,v e M):

(Ox)>rv=—Axb>rv, xb>)(OV)=(0+N)z>)\V, (11)
(Ov)<yz=—-Av<yz, vy (0z)=(0+Nv<yz, (12)
o> (y>pv) = (@ o) Y)>atv + Yy (zav), (13)
>y (v<4,Y) = (ZPAV) <Y + V<4, (T 0N Y), (14)
vax(z o, y) = (202) g py + 2Du(vAny). (15)
We denote it by (M, >y, <y).

Next, we give some examples of Lie conformal algebras.

Example 2.7. Let g be a Lie algebra. Let Cur g := C[0] ® g be the free C[d]-module.
Then Curg is a Lie conformal algebra, called current Lie conformal algebra, with
A-bracket given by:

[(£(9) @ 2)A(9(9) @ y)] := f(=N)g(A + 0) @ [z, 4],
for all f(9),g(9) € C[0],z,y € g.

The Virasoro Lie conformal algebra Vir is the simplest nontrivial example of Lie
conformal algebras. It is defined by

Vir = C[0]L, [LaL] = (8 + 2)\)L.

Let M and N be C[0]-modules. A conformal linear map f from M to N is
a C-linear map fy : M — C[A] ® N such that f,0 = (0 + A)f. The category of
C[0]-modules with conformal linear maps as morphisms is denoted by Vect?.

Let Chom(M, N) denote the set of conformal linear maps from M to N. Then
Chom(M, N) is a C[d]-module via:

Ofx = =Afa
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The composition fg : L — N of conformal linear maps f : M — N and g : L —
M is given by (fag)y,, = fagu. If M is a finitely generated C[0]-module, then
Cend(M) := Chom(M, M) is an associative conformal algebra with respect to the
above composition. Thus, Cend(M) becomes a Lie conformal algebra, which is denoted
as Cend(M ), with respect to the following A-bracket

(139, = Frgu=x — Gu—xfx
equivalently,
[fag] = frg — g-0-af-

All C[0]-modules in this paper are assumed to be finitely generated.
A homomorphism between two Lie conformal algebras (R, [-x-]) and (R',[-x-])
is a conformal linear map f : R — R’ such that

P0(x) = 0+ Nfa(@),  f(lzay]) = [f@)rfW)]

for all z,y € R.
An n-cochain (n € Zx>g) of a Lie conformal algebra R with coefficients in a module
M is a C-linear map

v R®n—>M[)\17...,)\n,1],
(3317 cee 7mn) s 40 D N TNUND VY (33‘1, s ’xn) = fY(xl)\l . 'x"_l)\n—lxn)7
where M[\q, ..., \,—1] denotes the space of polynomials with coefficients in M, satis-

fying the following conditions:

(1) Conformal linearity:
Mgodn 1 (T3 0Tiy o ) = = NiVag a1 (T1y e o Tiy e ooy Tp).
(2) Skew-symmetry:
V@1, i1, O(X5)y ey ) = =¥(@1, o X, O(Xig1)s ey T

Let R®? = C so that a 0-cochain is an element v € M and (6v)yz = z)v. Define
a differential § of a cochain R by

((5’}/))\1,_“7)%(331,...71'n+1)
n+1
= Z 71+1$’L oW ’V)\l 7777 Niyeons )\n(m17"'7&.\i7"'7xn+1)
—+ Z (71) jryki_‘_}\j’)\l”“’j\i“”;\j,m)\n([aji)\iwj],xl,...,fi,...,fﬂ\j,...,xn_;.l).
1<i<j<n+1

It is proved that 42 = 0 [BKV99]. Therefore {C*(R, M),d} is indeed a cochain
complex, whose cohomology is called the cohomology of the Lie conformal algebra R
with coefficients in the representation M.
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Using the skew-symmetry, we can also write the differential § as follows:

(021 rnn (T15 -+ o, Tpr)

_Z l+1xz oW PY)\l ..... Niyeons )\n(x17"'7/$\i7"‘7xn+1)
+ (_1)n+17>\1,---7/\n71 (xlv cey xn)q)\1+'“+)\nxn+1
+ Z (_1)1%1,...,)\1-,...,,\#)\]-,...,/\n(551’""xj*l’[x“imj]’xﬂl’“"x”“)'
1<i<j<n+1

This formula was first appeared in [Zhal5] as the cohomology of a Leibniz conformal
algebras.

Remark 2.8. We use a slightly different notation as in [BKV99; DK98] where they
USE Yy, R, 1O denote the map =, but in fact the index \,y; always does’t
appear in the calculation of the cohomology theory of a Lie conformal algebra, so we
use vy, §,..., instead of it.

3. Conformal Lie 2-algebras and 2-term conformal L.-algebras

In this section, we introduced the concept of conformal Lie 2-algebras and 2-term
conformal L..-algebras. It is proved that the category of conformal Lie 2-algebras and
the category of 2-term conformal L..-algebras are equivalent.

3.1. Conformal Lie 2-algebras
Let’s denote the category of C[d]-modules or d-vector spaces by Vect?.

Definition 3.1. A conformal 2-vector space is a category in Vect?.

More precisely, a conformal 2-vector space V is a category with a C[d]-module
Vo and a C[0]-module V;. The category has source and target maps s,t: Vi — Vo,
an identity-assigning map i: Vo — V1, and a composition map o: V; Xy, V1 — V.
These maps are all conformal linear maps. A morphism f from source x to target y is
denoted by f: x — y, where s(f) = x and t(f) = y. The notation i(z) is also written
as 1,.

Conformal 2-vector spaces are in one-to-one correspondence with 2-term complexes
of C[0]-modules. A 2-term complex of C[0]-modules is a pair of C[d]-modules C; and

Co with a differential between them: C; 4 Cp. Given a conformal 2-vector space V,
Ker(s) 5N Vo is a 2-term complex of C[d]-modules. Conversely, any 2-term complex

of C[0]-modules V; 4 Vo gives rise to a conformal 2-vector space. In this conformal
2-vector space, the set of objects is Cyp and the set of morphisms is Cy @ C;. The source
map s is given by s(z, h) = x, and the target map ¢ is given by t(x, h) = x + dh, where
x € Vy and h € V1. The conformal 2-vector space associated to the 2-term complex
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% 4 Vo is denoted by V:
Vii=Co®Cy

V= { lt (16)

Vo = Co.

Definition 3.2. A conformal Lie 2-algebra consists of a conformal 2-vector space £
equipped with

e a skew-symmetric conformal sesquilinear functor, the bracket, [y -]: L x L —
LA,

e a conformal sesquilinear natural isomorphism, the Jacobiator,
Joriunezt [T [Ur2l] — [[2ayln4a.2] + [az (2, 2]]
such that the following Jacobiator identity is satisfied
Tariuagloagt] (1 + [yszmlmst]) (J[myhlwzm BT OVE NESW R W [whtJ)
= [z, Jyx22x3t] (JIM [yxs 2Irg+rgt T J-'Eklzkg, [yht]) ([erlyhz)\ﬁkﬁkst] +1+4[2x, szlyxzt})A (17)
We represent the Jacobiator identity in the following commutative diagram, which

illustrates the relationship between two methods of utilizing the Jacobiator to rebracket
the expression [z, [Ux,[225t]]]:

[zh [yM [ZA:; t]”

[@x1 Jyx, 22,1 Ty uaglzagt)
[2au [ 2o rstl] + [2; [23a [ya. ] ([ ¥aseae [22s )]+ [ne [z [22s]]]
Jioxy Wag FIagtagt T oa 2ag luay 1) 1 [yag Jay, 2xyt)
([ [ 2l 42020 t] + [[Ua22]xo s (2, 2] ([@xyln+az [2astl] + [na [[250 210 4 ]
+ [[2as 2l 420 o tl] + [ [2, (a2 t]] + [az [22 [2x, 1]
ey, VAZZ*1+*2+/\3"’]+1+[Zm r_o Jlaay viag +ag2ag t T Tuagloay 2ay 4agt T iy 2aglen, o

where P and @ are given by

P = [[[.’L‘)\ly],\1+)\22],\1+)\2+)\3t] + Hy/\z [m)\lz]])\1+>\2+)\3t] + Hy)\zz]/\er)\S [xAlt]]
+llonzbaias ratl] + [2xs [lEn gl entl] + [ v lend] =@

If we drop the skew-symmetric condition for the bracket, we obtain the concept
of conformal Leibniz 2-algebras.

Definition 3.3. A conformal Leibniz 2-algebra consists of a conformal 2-vector space
L equipped with a conformal sesquilinear functor [-y -]: £ x £ — L[A] and a conformal
sesquilinear natural isomorphism

szlyxgz: [x)q [y)\2ZH — [[x)\ly]A1+Azz] + [y/\Q [xArZH’

such that the above (17) is satisfied.
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In fact, all the results in the following of this section can be easily generalized to
the realm of conformal Leibniz 2-algebra, but we omit the details.

Definition 3.4. Given two conformal Lie 2-algebras (£, [-x-],J) and (L',[-x-],J'),
a conformal Lie 2-algebra morphism F': £ — L’ consists of:

e a conformal functor (F°, F!) from the underlying conformal 2-vector space of
L to that of £';
e a natural transformation

FR(z,y) : [FO(2)xFO(y)] — FO([zay])

such that the following diagram commutes:

[FO@)FO ), F ()] Sl [FO(@)AF([g2]))
TF0(2) \ FO (1), FO (= { JFf(wy[yM])
[F@NF @l PO + [FO)ulFO@FO () ) FO((ealy]])
[F}(x.y),1]"+[1,F3 (2,2)] l J/F"meuz

PO (eat)nen PO ()] + [FO(y), FOanz]y oD, o 1 2]) & POy faaz]).

The identity morphism id, : £ — L is associated with the identity functor and
an identity natural transformation (idz)s. The composition of a pair of conformal Lie
2-algebra morphisms, denoted by G o F, is defined as follows: let £, £’ and L" be
conformal Lie 2-algebras. The functor ((G o F)?, (G o F)!) is obtained by composing
(G° GY) and (FY, F'), while (G o F)? is defined as the following composition:

[G? 0 FO(2)3G 0 FO(y)]”

G2 (F°(2),F°(y)) GO o FO[zxy).

G (FE @)
GO[FO(2)a FO ()

It is easy to see that there is a category LieC2Alg with conformal Lie 2-algebras as
objects and conformal Lie 2-algebra morphisms as morphisms.

3.2. 2-term conformal L. -algebras

Now we introduced the concept of 2-term conformal L..-algebras. For general
theory of L..-algebras with applications, see [BHR10; Kon03; LS93; RW98; SS85].

Definition 3.5. A 2-term conformal L,-algebra V =V, @) is a complex consisting
of the following data:

o two C[0]-modules Vy and V; together with a conformal linear map d: V4 — Vg,
e a conformal sesquilinear map 13: V; x V; = V;1;[\], where 0 < i+ j <1,
e a conformal sesquilinear map lil)\z Vo x Vo X Vo = Vi[A1, Ag).
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These maps satisfy the following conditions:
() Blay) + 12, (n.2) =0,
(b) BZ(x,h)+12,  (h,x)=
(c) 12(h k) =0,
(d) 1%, 5, (2,9, z) is totally skew symmetric,
(&) d(i3(.h)) = &(z, dh),
(f) lf\(dh k) 13(h,dk),
) d( A1,A2 .Z‘ Y,z )) = lil (.’L‘, lg\Q (yv )) l§\1+>\2 (121(1}, y)v Z) - l?\g (%lg\l (.Z’, z))’
) B, @y, dh) =85 (2,8, (5, h) — 15,50, @, (2,9),h) — 3, (y. 5, (=, 1)),
) l)\l,)\g A (T, Y, 2, 1)
= l)\l ("’U7 l)\z,)\3 (y7 Z’ t)) - lg\z (y7 lil,)\g, (x7 Z’ t)) + lg\g (27 lil,)q (1'7 y’ t))
+ l§\1+z\2+)\3 (lil,AQ (.Z‘, Y,z )7 ) - l§1+)\2 A3 (lil (3:7 y)’ = t)
- liz,)\1+)\3 (yv lil (.%', Z) ) l)\g,)\g (y7 2, l?\l (:1"7 t)) + l:;’\l,)\2+)\3 (CE, lig (yv Z)? t)
+ l§)\17)\3 ('Ia Z, l§2 (y7 t)) - l)\l,)\g (SU, Y, l)\3 (Z, t))
= O’
for all z,y,z,t € Vy and h,k € V;.

(g
(h

(i

Definition 3.6. Let (V;d, li,lil A,) and vsd, s l’)\l A,) be two 2-term conformal
Loo-algebras. A CLo.-morphism f = (f°, f1, 2) from V to V' consists of conformal
linear maps f° : Vo — V§, f1: V1 — Vi and f2: Vy x Vo — Vi[)\], such that the
following equalities hold for all z,y,z € Vy,a € V1,

(i) fod=d'f",
(i) SOR(2,y) = U3 (@), [ (y) = d' S (2, y),
(iii) f105 (2, a) = PA(f(x > (@) = f3(x, da),
(i) £ 8 e (@0,2) = U3 a (@), £ ), £2(2))

= f,\l(af,l,\g(ya z)) = f,\1+,\2(l§1 (2,9),2) — f,%z(yJil (z,2))

2 2
I,\1 (fo(x), f;z (y,2)) — l/)\1+>\2(f>\1 (z,y), fo(z)) - ZIAQ(fO(y), f,%l (z,2)).
If f2 =0, the CLyo-morphisms f is called a strict CL.,-morphisms.

Let f:V —V and g: V' — V" be two CLy.-morphisms, then their composition
gof:V — V"isa CLsy-morphism defined as (go f)° = g% o f°, (go f)! = g' o f! and
(g0 iz y) = g3 (@) () + " (i (2, y))-

The identity CLy.-morphism 1y, : ¥V — V has the identity chain map together
with (1v)2 =0.

There is a category 2CL., with 2-term conformal L..-algebras as objects and
CLs,-morphisms as morphisms.
3.3. Equivalence

Now we establish the equivalence between the category of conformal Lie 2-algebras
and 2-term conformal L..-algebras.

Theorem 3.7. The categories 2CLs, and LieC2Alg are equivalent.



ZHANG 9

Proof. First, we show how to construct a conformal Lie 2-algebra from a 2-term
conformal L..-algebra.

Let V= (W 4 Vo, li, lih)\z) be a 2-term conformal L..-algebra, we consider the
conformal 2-vector space L = (Vo @ V1 = Vp) given by (16), that is £ has objects
Lo =Vo, L1 =V @ V; and morphisms f: x — y in £y by f = (z,h) where z € Vy
and h € V;. The source, target, and identity-assigning maps in £ are given by

and we have t(f) — s(f) = dh.
Now we define a skew-symmetric conformal sesquilinear functor on £ by

[(z, Ay, k)] = (B (@, ), R (x, k) + B (h,y) + B (dh, k),

for all (z, h), (y, k) € Vo @& V;. The Jacobiator is given as follows

Jfﬂxlyxzz = ([xAl[y)QZ]]? l:;\l,)\2 (x,y,z)),

where z,y,z € V. Then by Condition (g), we have J, » is a morphism from

TX1Yxo
source [‘/L‘)q [yA2Z]] to target Hx)qy]}\ﬁr)az] + [y>\2 [x/\lz]]'
Next we show that J;, 4, . is a natural isomorphism. We only check naturality
in the third variable, the other two cases are similar. Let f: z — 2’. Then, Ju, 4,,- is
natural in z if the following diagram commutes:

([1e,1y],f]

[x)\l [y)\zz]] [l‘>\1 [ykzzl”

J.

TxyYrg? JI/\HAQZI

(Lo, 1y, 1412, f1,1y]

[[Zxyln+x:2] + [y, [, 2]] [[Zxyln42, 2T + [yas [, 2]

Thus we only need to show

([x)\l [y)\Q Z]]v l§1,>\2 (xa Y, ZI) + [‘r)q [yA2 h“)
= ([.13)\1 [ykzz]]’ [‘r/\1yb\1+k2h]] + [y>\2 [x)\lh‘“ + lil,/\Q ($7y’ Z))

This holds by condition (h) in Definition 3.5.
From condition (i) in Definition 3.5, we have

B, (2,3, 0 (052, 0) = B, (0, 13, 0, (2, 2,0)) + 13, (2,83, 5, (2,9, 1))
F 13 aeins (B e (2,9,2),8) = 3, oy 0, (13, (2, 9), 2, 1)
— B nine (B 3, (2, 2),8) = 13, 0, (052,03, (2,8)) + 13, nng (2,13, (9, 2), 1)
F 3 (12,13, (9, 1) = B, 5, (2, 9,13, (2,1) = 0.
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By the skew-symmetry of 2 = [y -], we obtain

lil,)\g (JS, Y, [Z,\St]) + [y)\z li1,)\3 (-73; Z, t))]
+ l§1+)\2,)\3 ([x)\l y]7 Z, t) + liz,)\1+)\3 (y7 [x)\lz]i t) + l§\2_’A3 (yv Z, [.’E)\ltD
= [3:)\1 liz,)\g (Z/7 2, t)] =+ [ZASZ§17A2 (:C, Y, t)]

+ [lil,Ag (21:7 Y, Z)>\1+>\2+>\3t) + lil,)\2+)\3 (xv [y&z]v t) + lil,)\g (x7 2, [yA2tD'

This is equivalent to Jacobiator identity (17) in Definition 3.2. Thus from a 2-term
conformal L..-algebra, we obtain a conformal Lie 2-algebra.

For any CLs-morphism f = (f°, f1, f2) from V to V', we construct a conformal
Lie 2-algebra morphism F' = T(f) from L =T (V) to L' = T'(V’) as follows.

Let FO = f0 F' = 9@ f!, and F? be given by

FR(z,y) = (@), £ (,9))-

Then F?(x,y) is a natural isomorphism from [FO(z),F°(y)] to F°[z)y], and F =
(FO, F1, F?) is a conformal Lie 2-algebra morphism from £ to £'.
One can also deduce that T preserves the identity CL..,-morphisms and the
composition of CLy,-morphisms. Thus, we obtain a functor from 2CL., to LieC2Alg.
Conversely, given a conformal Lie 2-algebra £, we define li and lih A, On the

2-term complex £1 D ker(s) = V; 4, Vo = Lo by

l1h = t(h) for he V; C ,Cl,

B(z,y) = [z\y] for z,y € Vo = Lo,

3(x,h) = [1z2h], for x € Vg = Lo and h € V; C Ly,

13(h,k) =0 for h,k € V1 C Ly,

3,0, (@59, 2) = P1Jay ys, = for 2,9, 2 € Vo = Lo, where py : L1 = Vo® V1 = V)
is the projection.

Then one can verify that (); 4 Vo, l?\, li’\l)\z) is a 2-term conformal L.-algebra.

Let F = (F°,F',F?): L — L' be a conformal Lie 2-algebra morphism, and
S(L) =V, S(L') =V'. Define S(F) = f = (f° f1, f?) as follows. Let f* = F9,
J* = F'|v,—Ker(s) and define f2 by

fR(,y) = FR(z,y) = i(s(FX(2,y))).

It is easy to see that f is a 2CL.-algebra morphism. Furthermore, S also preserves
the identity morphisms and the composition of morphisms. Thus, we obtain a functor
from LieC2Alg to CL.

One show that there are natural isomorphisms o : T o S — 1p.c241y and
B:SoT — 1scr,, . This complete the proof. d

4. Construction of conformal Lie 2-algebras

In this section, we present concrete examples and special cases of conformal Lie
2-algebras. These include Lie conformal algebras with 3-cocycles, crossed modules
of Lie conformal algebras, string Lie conformal algebras, and conformal omni-Lie
algebras. Finally, we demonstrate that conformal Lie 2-algebras can be derived from
any Leibniz conformal algebra.
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4.1. Skeletal conformal Lie 2-algebras

In the case of a 2-term conformal L.,-algebra with d = 0, it is referred to as
skeletal. From conditions (a) and (g), it can be deduced that V, constitutes a Lie
conformal algebra. Furthermore, conditions (b) and (h) indicate that V; serves as a
representation of Vy through the action established by x>y h := l?\ (z, h). Moreover,
condition (i) can be expressed as a 3-cocycle condition in the Lie conformal algebra
cohomology of Vy with respect to V; as its values.

Proposition 4.1. Skeletal 2-term conformal Lo -algebras are in one-to-one corre-
spondence with quadruples (R, M,>y, lil)\z) where R is a Lie conformal algebra, M

is a C[d]-module, >y is an action of R on M and I3, is a 3-cocycle on R with
coefficients in M.

Let M be a C[d]-module. A conformal bilinear form on M is a C-bilinear map
(+,)x: M x M — C[A] such that
(Ov,w)y = —Av,w)\ = —(v,0w)y, for all v,w € M.

The conformal bilinear form is symmetric if (v, w)y = (w,v)_ for all v,w € V. The
conformal bilinear form in a Lie conformal algebra R is called invariant if

([Zuy], 2)y = (2. [yr—o2l), = — (2, [z-x9]),,.,
for all x,y,z € R.

Example 4.2. Given a Lie conformal algebra (R, [y -]) with symmetric invariant
conformal bilinear form (-, - ), we construct a 2-term conformal L..-algebra as follows.
Let Vi = C,Vy = R,d = 0, and define I3,15, ,, by

Rzy) =loayl, Bla,h) =0, 5,5, (2,9,2) = ([23,9], 2) ) (18)
where z,y,z € R,h € C. All the conditions in the Definition 3.5 are satisfied. Thus

we obtain a 2-term conformal L.,-algebra (C % R, 13, lilm). We call it the string
conformal Lie 2-algebra.

4.2. Strict conformal Lie 2-algebras

Another kind of 2-term conformal L..-algebra is called strict if lil, x, = 0. These
conformal Lie 2-algebras can be characterized using crossed modules of Lie conformal
algebras.

Definition 4.3. Let (R,[-,-]g) and (H,[-,-]x) be two Lie conformal algebras. A
crossed module of Lie conformal algebras is a homomorphism of Lie conformal algebras
¢ : H — R together with an action of R on H, denoted by = > h, such that

p(xeah) = [zrp(W)]r, (k) eak = [hak]n,
for all h,k € H,z € R.

Proposition 4.4. There is an one-to-one correspondence between strict 2-term
conformal Lso-algebras and crossed modules of Lie conformal algebras.
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Proof. LetV; i> Vo be a 2-term conformal L-algebra with lil Ay = 0. We construct

Lie conformal algebras on R =1, and H = V); as follows. The bracket on R and H
are defined by

[hak]g == 13(dh, k), VY h ke H=V,
[xky]R = l§\<xay)7 V%ZJER:VO

By condition (a) and (g) in Definition 3.5, it is easy to see that [-) -|g satisfies the
Jacobi identity. By (h), we have

[Pk ul]] = [[Pak]aspl] = [kulh, Al]
= [3(dh, [(dk, 1) = 134, (I3 (dh, k), 1) — % (dk, [3(dh, 1))
= [3(dh, 13 (dk, 1)) = 134, (R (AR, dk), 1) — 1% (dk, I3 (dh, 1))
=0.
Thus [ - -]z satisfies the Jacobi identity. Now let ¢ = d, then by (e), we have
p([hak]e) = d(5 (dh, k) = [(dh, dk) = [p(h)rp(k)] R,

which implies that ¢ is a homomorphism of Lie conformal algebras.
Now define the maps of >y : R x H — H[A] by

oy h:=I3(x,h), YxeRheH,
which is an action of R on H and it is easy to check that
p@or h) = d(B(w, ) = B, dh) = [2o ()],
w(h) >y k= li(dh7 k) = [hak]m.
Therefore, we obtain a crossed module of Lie conformal algebras.

Conversely, a crossed module of Lie conformal algebras gives rise to a 2-term
conformal Ly.-algebra with d = ¢, V9 = R and V; = H, where the brackets are
given by

B(z,y) == [xylr, Va,y€R,
B(x,h):=2>\h, VheH,
li(h, k) :=0.

The crossed module conditions give various conditions for 2-term conformal L .-
algebras with lil)\z =0. g

Given a crossed module (R, H, ), we consider g = ker(¢) and M = ker(yp). The
Lie conformal algebra structure on H induces a Lie conformal algebra structure on g.
Moreover, the action of H on R induces an action of g on M. Hence a crossed module
yields an exact sequence

0—M-SR-2H "5 g—s0,

where 7 : H — g is the projection map. Two crossed modules (R, H, ¢) and (R, H', ¢')
over g with kernel M are said to be equivalent if there is a morphism of crossed modules
(R,H, ) — (R',H',¢') which induces identity maps on g and M. Let Cross(g, M) be
the equivalence classes of such crossed modules.
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Proposition 4.5. The equivalence classes of crossed modules are in one-to-one
correspondence with the elements of third cohomology group of g with coefficients in M.

Proof. Given a crossed module extension
0— M-SR H "5 g—0.
Choose C-linear sections s : g — H with 7s = id and ¢ : Im(9) — R with dq = id.
Since 7 is a Lie conformal algebra homomorphism, for all x,y € g, we have
m([s(@)as(y)] — slzay]) = [rs(@)ams(y)] — wsleay] = [zay] — [zay] = 0.

This shows that [s(z)as(y)] — s[zay] € ker(r) = Im(9). Take

ga(@,y) = q([s(zx)rs(y)] — slzay]) € R.
Define a map ¢ s, : g2 — M[)] by

Og.5,q(7,Y, 2) = [8(2)29.(Y, 2)] — [92(@, Y)a+,5(2)] — [5(¥)vga(z, 2)]
= ru[ayl, 2) + o (@, [yu2]) + 9, ([xa2], ).

Since 9 is a map of H-modules, it follows that 9(0¢ s 4(z,y,2)) = 0. Thus we obtain
Os s.q(x,y,2) € ker(9) = M. Therefore g 5, : g®3 — M[)] is well defined. Moreover,
the map 6¢ 5 4 is a 3-cocycle (6(8¢ 5,4) = 0) in the cohomology of g with coefficients in
M. Tt follows that equivalence classes of crossed modules gives the same cohomology
3-cocycle classes. The proof is similar as the Lie algebra case, see Wagemann [Wag06]
for more details. O

Let R be a Lie conformal algebra, recall that a map D € Cend(R) is called a
conformal derivation [GT14] if

Di[zpyl = [(Drx)r+py] + [2,(Dry)]-
For example, the adjoint action (ad ), defined by
(adz)x(y) = [zay]

from R to itself is a conformal derivation. This is called the inner conformal derivation.
Denote by Der(R) the vector space spanned by all conformal derivations. We
find that Der(R) becomes a Lie conformal algebra under the bracket

[DAD') = D\D' — D' , D,

equivalently,
[D)\D/])\/ = D)\Dl)\/i/\ - Dl)\/i)\D)\,
where D, D’ are conformal derivations of R.

For an operation w on R such that wy : R x R — R[)\|, we define the adjoint
operator ad,, : R — Cend(R) by

adwk(’l})(y):w)\(l‘,y) GRa Vm,yGR.
Then the graph of the adjoint operator
Fo:={adyx+z|Vre R} CE:=Cend(R)® R

is a subspace of £.
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Proposition 4.6. D is a conformal derivation of R if and only if F,, is an invariant
subspace of D, that is D o F,, C F,,, where the action D on F, is defined by

Dy o (ady, (z) + ) = [Dxad,,, ()] + Dz, (19)
for all ady,, (z) +x € Fo,.

Proof. The right hand side of (19) is contained in %, if and only if
[Dyady, (z)] = ad,,, (Dxz),
this is equivalent to
Dyady, (z)(y) —adw, (#) D(y) — adw, (Daz)(y) = Dalzuy] = [2u(Day)] = [(Daz) a4 Y]
=0.
Thus D is a conformal derivation if and only if D o F,, C F,,,. O

We call the set of D € Cend(R) such that D o F,, C F, the normalizer of F,,,
which is denoted by N(F,).

Proposition 4.7. Let D and D’ be two conformal derivations. Then [DxD'] is also
a conformal derivation. Thus we have Der(R) = N(F,) is a conformal Lie subalgebra
of Cend(R).
Proof. Let Do F, C F, and D’ o F, C F,, then
[Dyady, ()] = ady, (Dxx), [Dy ady, (z)] = ad,,, (Dy/x).
By the Jacobi identity of Cend(R), we have
([DAD'|x4x ady, (2)] = [DA[Dy ady, (2)]] = [D) [Dx ady, (2)]
~ [Daad, (Dya)) — [Dy ads, (Dra)
= ady, (DAD),z) — ady,, (D), Dyx)
= ady, ([DaDTr4a ).

This is equivalent to [DxD’'] o F, C F,, so the bracket in Der(R) is closed. Thus
Der(R) is a Lie conformal algebra as a conformal Lie subalgebra of Cend(R). O

Proposition 4.8. Let R be a Lie conformal algebra, Der(R) and Inn(R) be the set
of their conformal derivations and inner conformal derivations. Then we obtain a
crossed module i : Inn(R) — Der(R), with Der(R) acting Inn(R) by D>y ad, = adp, 4.

4.3. Conformal omni-Lie algebras

The notion of omni-Lie algebras was generalized to omni-Lie superalgebras
in [ZL14]. In this subsection, we introduce the concept of conformal omni-Lie algebras
and construct 2-term conformal L..-algebras from them.

Let R be a Lie conformal algebra and M be a left R-module. We define an
operation o on £ := R&@® M by

(z +u)ox (y+v) = [eay] + x>0, (20)
for all x,y € R and u,v € M. Then we have
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Proposition 4.9. (&,0,) is a Leibniz conformal algebra.

Proof. We have to check the Leibniz identity for the operation o). Let e; =
T+ u,es =y +v,e3 =z + w. Then we have

{e10xea}oryye3 —ero0x{ezo, ezt —eao, {e10xes}
= ([exyl +zoav) oagp (2 +w) = (2 4+ u) ox ([yu2] +y>u w)
— (W +v) o ([x0r w] + 205 w)
= [[zxylrnz] — [Ealypz]] — [yulzazl]
+ @Ayl Patp w —aox (Yo w) =y (ToAw)
=0.

The right hand side of the above equation is zero because R is a Lie conformal algebra
acting on M. O

We call this type of Leibniz conformal algebra structure on £ the hemisemidirect
product of R with M as in [KWO01], denote it by R x g M. Note that the operation oy
is not skew-symmetry. The skew-symmetrized bracket of it is:

[(z +ua(y + )] = [zay] + 5 (Prv —y> o u). (21)
This is called demisemidirect product of R with M, denoted by R xp M.
Fore; =x+u,es =y +v,e3 =2+ w € &, denote by

T(e1, 2, €3) = [erx, [eanses]] — [eans[enn, es]] — [[enn, ea]n, 4.e3]-
Then j(el, es,e3) # 0. For example, let e; = z,e9 = y,e3 = w, then
J(@,y,2) = =3yl oaspa, w.
Thus R xp M can not to be a Lie conformal algebra but a Lie conformal 2-algebra,
see Theorem 4.10 as follows.
Now, for a Lie conformal algebra R and a left R-module M, let

V():]%I><D]\47 Vle, d:ilM‘—)RD(DM,
where 7 is the inclusion map and define

12 = [[.A .]]7 lil,)\Q = j’

Theorem 4.10. Let R be a Lie conformal algebra and M a left R-module. Then we

obtain a nontrivial 2-term conformal Lo -algebra (M < Rxp M, 13, li’\h/b).

Proof. It can be checked that various conditions in Definition 3.5 hold. First we
have

[ +wa(y + o)) + [(y + v)—o-r(z + u)]

=[zay] + 3 (@Pr v — Y_g-au) + [y—o-r2] + 5 (y_o9-ru — x>y V)
1
2

= [2Ay] + [y—0-r2] + 3 (@A v — y—g-ru) + 5 (Y—og-au — T>A V)

=0.
Thus condition (a) holds.
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Let e; = x,e5 = y,e3 = z where z,y,2 € R and e, =t € M, then we have

[, 83, 20 (4 2] = [uasI3, 2, (2, 2,)]
+ [2aa 3, 0, @ 1, O] + [, 20 (@, 9, 2) a0 420420 t] = B 4 ([20,0], 2, )
— 13, 0 W [, 2], 1) = 15, 5, (0, 2, [2a,2])
13, ngins (@ [na 2D 1) + 13, 0, (@, 2, [yast]) — 13, a, (@0, [2201])
=520 ([Wra2]raas B 1) + 5y P, (20,210,405 > 1)

— 520 ([2,9]Par000 ) + 0+ Fllea vl a0 2] Pariratag ¢

- i[[xAlz]AhL)\gy] DAL +Aa+As t+ %[[y/\zzthr/\sx] P+ +As t
+ %[3»02] PXo4Az (Z‘ B t) - %[J»\lz] L OVED (y DX, t) =+ %[xkl y] OVED (Z >Xs t)

= —3([zx, [yne 2l = [[2a,yan 202 = [aal2a, 2]]) Paysao s t
=0.

Thus condition (i) holds. The other conditions can be checked similarly. O

Furthermore, we define a symmetric bilinear form on £ with values in M[\] by

(T+u,y+v)y=3(z>rv+yd>yu). (22)

The triple (E,[-x-], (-, )a) is called a conformal omni-Lie algebra.

When R = Cend(M), all possible Lie conformal algebra structures on M can be
characterized by means of the conformal omni-Lie algebras.

For an operation wy : M x M — M|[)], we define the adjoint operator

ady, : M Cend(M), ady, (z)(y) = wr(z,y) € M[A],

where z,y € M. Then the graph of the adjoint operator:

Fo=Aady,z+z|Vere M} C&=Cend(M)OM

is a subspace of £. Denote F.- the orthogonal complement of F,, in £ with respect to
the symmetric bilinear form (-,-) on & given in (22).

Proposition 4.11.  With the above notations, (M,w)) is a Lie conformal algebra if
and only if its graph F,, is mazimal isotropic, i.e. F., = F=, and is closed with respect
to the bracket [ -5 -].

Proof. If w) is skew symmetric, i.e. wy(x,y) +w_g_x(y,x) = 0, then

<adwx (l‘) +z,ady , (y) + y>)\ = (a’dwx (x)y +ady_,_, (y)l‘)

(r(@,y) + w_a-a(y, 2))-

N[ N[

This means that w) is skew-symmetric if and only if its graph is isotropic, i.e. F,, C Ft.
Moreover, by dimension analysis, we have F,, is maximal isotropic.
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Next let [x2y] := wx(z,y), we shall check that the Jacobi identity on M is satisfied
if and only if F,, is closed under bracket (21) on £. In fact,

[adu, (z) + @, ad, (y) + ] = [adw, (), adw, ()] + 5 (ade, (@)y — adu_,_,, (y)2)
= [ade (3’3)7 adw“ (y)] + %(WA (x’ y) - w*@*)\(?ﬁ x))
= [adwx (.73), ade (y)] + wx (.73, y)
Thus this bracket is closed if and only if
[ade (l‘), adwu (y)] = adwx+u (w/\ (.%‘, y))

In this case, for all z € M, we have

[adw, (), adw, (9)](2) — adw, ., (wr(z,9))(2)
= ady, () adw, () (2) — adw, (y) adw, (2)(2) — adw, ., (Wa(2,9))(2)
= ady, (x)wu (y,2) — adw“ (y)w)\($7 Z) — Wi+tp (wWa(z,y), Z)

= wk(x’wu(y? Z)) - wu(y7w)\(xa Z)) - OJ)\.HL(LUA(I,y), Z)

= [ealyuzl] = lyuleazl] = [[Zaylrpz]
=0.
This is exactly the Jacobi identity on M. O

We define a Dirac structure of Cend(M)@®M to be any maximal isotropic subspace
L C Cend(M)®M which is closed under the bracket operation. Then we obtain that
(M,wy) is a Lie conformal algebra if and only if F,, is a Dirac structure of the
conformal omni-Lie algebra RGM.

For a general characterization for all Dirac structures of £, we adapt the theory
of characteristic pairs developed in [Liu00]. One can prove the following result.

Proposition 4.12. There is a one-to-one correspondence between Dirac structures
of the conformal omni-Lie algebra (Cend(M) @& M, [-x-],{-,-)r) and Lie conformal
algebra structures on subspaces of M.

4.4. Skew-symmetrization of Leibniz conformal algebras

From above subsection, we have seen that a conformal omni-Lie algebra £ =
R xp M is in fact the skew-symmetrization of Leibniz conformal algebra R x iy M and
M is the left center of £. This observation prompts the following question: Can we
derive a conformal Lie 2-algebra from any given Leibniz conformal algebra? In the
following subsection, we provide a positive answer to this inquiry.

Let L be a Leibniz conformal algebra. We define the Leibniz kernel Ker(L) of L
to be the set of elements spanned by

{roxy+yo_p_rz|Va,ye L}

Note that if L is a Lie conformal algebra, then Ker(L) = 0, otherwise if L is a non-Lie
Leibniz conformal algebra, then Ker(L) # 0.
The left center Z'(L) of L is defined by

ZYL)={te L|toyz=0,YxeL}.
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It is easy to see that Ker(L) and Z'(L) are ideals of L and the quotient algebras
L/Ker(L) and L/Z'(L) are Lie conformal algebras.

Proposition 4.13. The Leibniz kernel Ker(L) is contained in the left center Z'(L).
Thus for any non-Lie Leibniz conformal algebra, the set Z'(L) is not empty.

Proof. Let xoyy+yo_g_x € Ker(L). Then we get

(zoxy+yo_g-xa)orguz
=wzox(youz) —you(woxz)+you(zorz) —xzox(yoyz)
:07

for all z € L. Thus z o5y +yo_p_»a € Z'(L). Therefore Ker(L) is contained in
ZY(L). O

For a Leibniz conformal algebra (L, o)), since the operation oy is not skew-
symmetry, we introduce the following skew-symmetric bracket on L by

[xxyl =2 (xony—yo_9-rz), Va,yel, (23)

and let J be given by

J(x,y7z) = [[[[x)\1y]])\1+)\2’zﬂ - [[x)\l [[y)\2z]]ﬂ - [[y/\Q [[x)\lz]]:”' (24)
Now it is easy to prove that

Proposition 4.14. Ift € Z!(L), i.e. tox =0 for all x € L, then we have

[eat] = 3wont, J(z,y,t) = —f(wox, y)ox, g, t.

At last, for any non-Lie Leibniz conformal algebra L, we construct nontrivial
conformal Lie 2-algebras as follows. Let

Vo=L, Vi=2ZL), d=i:Z L)L, B=[x] 8B, =]

Theorem 4.15. With the above notations, from a Leibniz conformal algebra (L, o)),

we derive a nontrivial 2-term conformal Loo-algebra (Z'(L) SN L, 3, lf’\h)\z).

Proof. By definition of d, /3 and lil)\z, it is easy to see that conditions (a)—(h) hold.
For condition (i), we verify the case of 2,9,z € L and t € Z!(L) as follows:

[[x/\l liz,)\g, (y7 Z’ t)]] - [[y)\Z lil,)\g (xﬂ Z? t)]]
=+ [[z)\B l;‘)’\l,)\Q (Iv Y, t)ﬂ =+ Hlil,)\z (SC, Y, Z)/\l +>\2+>\3t]] - l§\1+z\2,>\3 ([[13\1 y]]: 2, t)
- l§2,/\1+)\3 (ya [["'UMZ]L t) - liQ,)\g, (yv 2, [[x/\1t]])

+ l§1,/\2+)\3 (x’ Hy)\z Z]]’ t) + lil,)\a (iE, 2, [[yx\zt]]) - lil,/\g (ZE7 Y, [[zx\at]])
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= 3 {(Iex (o 2) oxang O] = [ra((@ 03, 2) Oxping O]
+ [2xs (@ oy y) oayx: )] = 0= ([2a, 9] Ox 422 2) Oxi4ratrs
+ ([x, 2] oxy 425 ¥) Ox4x0t2s £ — (Y Oxy 2) Oxgtns [T2, 1]
— (@ ox, [yroz]) oxi4rotns £+ (T ox, 2) 0x 4as [Urat]

- (:E O\ y) OX1+A2 [[Z/\?,tﬂ)

_%(m OX1 (y OX2 Z) - (‘T OX1 y) OXN1+A2 # — YO, ($ OXy Z)) OX1+A2+A3 t
=0.

The other cases can be checked similarly. The proof is completed.
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O

It is natural to introduce the general notions of L..-conformal algebras and
Leibo-conformal algebras. In fact, an initial version of this paper appeared in
arXiv: 2301.06903. Since then, several articles developing the theory presented in this
manuscript have been appeared, such as those in [AW24; DS23; SD23]. We encourage

interested readers to consult these references for further developments in the field.
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