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Abstract. For n ∈ N and q ∈ [0, 1[, the Vaksman–Soibelman quantum sphere
S2n+1

q is described by an associative *-algebra A(S2n+1
q ) deforming the algebra of

polynomial functions on the 2n + 1 dimensional unit sphere. Its C*-enveloping algebra
is known to be independent of the deformation parameter q. In contrast to what
happens in the C*-algebraic setting, we show here that, for all q, q′ in the above range,
A(S2n+1

q ) is isomorphic to A(S2n+1
q′ ) if and only if q = q′. From a geometric point

of view, this means that quantum spheres corresponding to different values of the
deformation parameter are isomorphic as noncommutative topological spaces but not
as noncommutative algebraic varieties.
Mathematics Subject Classification 2020: 16T20, 20G42
Key Words and Phrases: Compact quantum groups, quantum homogeneous spaces,
q-deformations, Vaksman–Soibelman quantum spheres

1. Introduction

The idea of noncommutative geometry is to characterize spaces by their commu-
tative algebras of functions and, inspired by quantum mechanics, to look at noncom-
mutative algebras as dual objects of certain virtual “noncommutative” or “quantum”
spaces [Con94]. This idea has many different manifestations. The two that are relevant
to us are the following. In algebraic geometry, the category of affine schemes is
equivalent to the opposite category of commutative rings. In topology, the category
of compact Hausdorff spaces is equivalent to the opposite category of commutative
unital C*-algebras.

We are interested in (non-commutative) associative unital *-algebras over C,
and our typical examples will be quotients of free algebras by ideals generated by
non-commutative polynomials. Motivated by the above considerations, we think of
such an algebra as describing a noncommutative algebraic variety, and interpret its
C*-enveloping algebra (if it exists) as describing the underlying noncommutative
topology.

The prototypical example is given by the Weyl algebra (the canonical commutation
relation of quantum mechanics), given by

A(R2
ℏ) := C⟨p, q⟩ / ⟨pq − qp + iℏ1⟩ ,

with involution defined by p∗ = p and q∗ = q, and with ℏ ∈ R the deformation
parameter. It is not difficult to prove that A(R2

ℏ) and A(R2
ℏ′) are isomorphic for all

ℏ, ℏ′ ∈ R∖ {0} (it is a simple exercise to construct the explicit isomorphism).

This work is partially supported by the University of Naples Federico II under the grant FRA 2022
GALAQ: Geometric and ALgebraic Aspects of Quantization.
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The next example is the algebra A(T2
θ) of the noncommutative torus, where

θ ∈ R is the deformation parameter. This is generated by two unitaries u and v with
commutation relation

uv = e2πiθvu . (1)

Since the relation (1) only depends on the fractional part of θ, and there is an obvious
isomorphism A(T2

θ) ∼= A(T2
1−θ) (exchanging u and v), without loss of generality we

can assume that θ ∈ [0, 1
2 ]. We denote by C(T2

θ) the C*-enveloping algebra.
For θ, θ′ ∈ [0, 1

2 ], it is known that C(T2
θ) and C(T2

θ′) are isomorphic only if
θ = θ′ (this is true both for rational and irrational deformation parameter, see
e.g. [GVF01, Section 12.2] and references therein). Since isomorphic *-algebras would
have isomorphic C*-enveloping algebras, we deduce that the polynomial algebras
A(T2

θ) and A(T2
θ′) are also not isomorphic if θ ̸= θ′.

We finally arrived at the class of examples studied in this paper: the odd-
dimensional quantum spheres of Vaksman–Soibelman. For n ∈ N and q ∈ [0, 1] a
deformation parameter, the 2n + 1-dimensional quantum sphere S2n+1

q is described
by a filtered quadratic algebra A(S2n+1

q ), and was originally introduced in [VS91] for
n, q ̸= 0 as a quantum homogeneous space of the quantum unitary group SUq(n + 1)
(cf. Section 2 for the definition). For n = 0, one gets the algebra of polynomial functions
on the unit circle, and for n = 1 the quantum space underlying Woronowocz’s quantum
SU(2) group. The “classical limit” corresponds to the value q = 1 of the parameter.

The C*-enveloping algebra C(S2n+1
q ) is independent of q, for all 0 ≤ q < 1. This

was originally proved by Sheu in [She97] using groupoid C*-algebras. Later on, Hong
and Szymański in [HS02] gave an independent proof using graph C*-algebras. For
a proof using graph C*-algebras one can see also the survey [DAn24a], while the
connection between the graph and the groupoid pictures is discussed in [DAn24b].

Thus, quantum spheres corresponding to different values of the deformation
parameter are isomorphic as noncommutative topological spaces. It is only natural
to wonder whether they are also isomorphic as noncommutative algebraic varieties,
i.e. whether the *-algebra A(S2n+1

q ) and A(S2n+1
q′ ) are isomorphic for q ̸= q′. The

difficulty of constructing an isomorphism between two such algebras suggests that the
answer to this question is negative. Surprisingly, there is no proof of this result in
the literature (there is a proof in [Krä08] that, for a fixed q, the algebra A(S2

q,s) of a
Podleś sphere does depend on the additional parameter s, but this proof cannot be
directly applied to our case). The aim of this paper is to fill this gap.

Let us fix the notation and terminology: in this paper, N is the set of natural
numbers (including 0), empty sums are zero, by an algebra we mean a unital associative
*-algebra over the field of complex numbers, by an ideal we mean a two-sided *-ideal,
by homomorphism we mean a unital *-homomorphism.

2. The Theorem

Let n ∈ N and q ≥ 0. We define A(S2n+1
q ) as the universal algebra generated by

the elements {zi, z∗
i }n

i=0 with relations:

zjzi = qzizj ∀ 0 ≤ i < j ≤ n , (2)
z∗

i zj = qzjz∗
i ∀ 0 ≤ i ̸= j ≤ n , (3)
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z∗
i zi = ziz

∗
i + (1 − q2)

n∑
j=i+1

zjz∗
j ∀ 0 ≤ i ≤ n , (4)

z0z∗
0 + z1z∗

1 + . . . + znz∗
n = 1 . (5)

Concretely, A(S2n+1
q ) is the quotient of the free algebra C ⟨{zi, z∗

i }n
i=0⟩ by the ideal

defined by the above relations. As the notation suggests, the *-involution is the map
defined on generators by zi 7→ z∗

i for all 0 ≤ i ≤ n.
For q = 0, A(S2n+1

q ) is an example of Leavitt path algebra [DAn24a; HS02].
When q = 1, (2-4) tell us that the generators commute with each other, and we can
think of A(S2n+1

1 ) as the algebra of polynomial functions on the unit sphere in Cn+1,
the set of solutions of the equation (5). For n = 0, A(S1

q ) is independent of q and
isomorphic to the algebra A(S1) of polynomial functions on the unit circle. We can
then focus on n ≥ 1.

Even if the definition is valid for every non-negative number q, it is well-known
that A(S2n+1

q ) is isomorphic to A(S2n+1
q−1 ) for all q > 0 (the reader can work out

the explicit isomorphism as an exercise). For every q ≠ 1 (and n ≥ 1), the algebra
A(S2n+1

q ) is non-commutative, hence not isomorphic to A(S2n+1
1 ). This leaves us with

the family of algebras with n ≥ 1 and parameter 0 ≤ q < 1. The question is whether
two algebras in this family can be isomorphic.

The rest of the paper is devoted to the proof of the following theorem.

Theorem 2.1. Let n ≥ 1, q, q′ ∈ [0, 1[ and q ̸= q′. Then, the algebras A(S2n+1
q ) and

A(S2n+1
q′ ) are not isomorphic.

3. The Proof

From this point on, we will make the following assumptions:

n ≥ 1, q, q′ ∈ [0, 1[ ,

and whenever we write q ̸= 0, we mean 0 < q < 1.
We need some preliminary results on the algebra of the quantum SU(2) group,

which we denote by A(SUq(2)). This algebra is generated by four elements α, β, α∗, β∗

with relations

βα = qαβ, β∗α = qαβ∗, [β, β∗] = 0
αα∗ + ββ∗ = α∗α + q2ββ∗ = 1.

Note that these are the same relations of A(S3
q ), up to renaming the generators.

However, it is convenient to introduce different notations to distinguish its generators
from those of A(S2n+1

q ) for a general n ≥ 1.
A surjective ∗-homomorphism A(S2n+1

q ) → A(SUq(2)) is defined on generators by

z0 7−→ α, z1 7−→ β, zi 7−→ 0 ∀ i ≥ 2.

For j ∈ Z and k, l ∈ N, let us define

ej,k,l :=
{

αjβk(β∗)l if j ≥ 0,

βk(β∗)l(α∗)−j if j < 0.
(6)
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If q ̸= 0, the family (ej,k,l)j∈Z,k,l∈N is a basis of the complex vector space A(SUq(2))
(see e.g. [KS97, Proposition 4.4]).

Remark 3.1. Note that the elements (6) are not linearly independent for q = 0,
since in this case it follows from the relation α∗α = 1 that α is an isometry, and
ββ∗ = 1 − αα∗ is an idempotent. Thus, βk(β∗)k = (ββ∗)k = ββ∗ for all k ≥ 1.

We now prove a series of results that involve the basis (6) and are valid if q ̸= 0.
All the claims from here to Remark 3.5 are only valid for q ̸= 0.

Definition 3.2. For m ∈ N, we define Vm := Span
{

ej,k,l : k + l ≥ m
}

.

We have a descending filtration

A(SUq(2)) = V0 ⊇ V1 ⊇ V2 ⊇ . . .

and clearly ⋂
m≥0

Vm = 0. (7)

Despite being elementary to proof, it is useful to collect the following formulas in
a Lemma for future reference.

Lemma 3.3. For all j, k ∈ Z+, if j ≥ k:

αj(α∗)k = αj−k
k−1∏
p=0

(1 − q−2pββ∗),

and if j < k:

αj(α∗)k = (α∗)k−j
k−1∏

p=k−j

(1 − q−2pββ∗).

Proof. We start by writing

αj(α∗)k = αj−1(1 − ββ∗)(α∗)k−1 = αj−1(α∗)k−1(1 − q−2(k−1)ββ∗)

and then use induction on k to prove the desired result. □

Proposition 3.4. For all m, m′ ∈ N, one has
(1) (Vm)∗ = Vm,
(2) Vm · Vm′ ⊆ Vm+m′ .

Proof.

(1). From the defining relations of SUq(2) we see that, for all j ∈ Z and k, l ∈ N,
one has

(ej,k,l)∗ = e−j,l,k. (8)
Thus (ej,k,l)∗ ∈ Vm whenever k+ l ≥ m, i.e. (Vm)∗ ⊆ Vm, and then Vm = ((Vm)∗)∗ ⊆ V ∗

m.
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(2). It is enough to show that ej,k,l ·ej′,k′,l′ ∈ Vm+m′ for all j, j′ ∈ Z and k, l, k′, l′ ∈
N with k + l ≥ m and k′ + l′ ≥ m′. If either j or j′ is zero, or they are both non-zero
and with the same sign, the thesis immediately follows from the equality

ej,k,lej′,k′,l′ = q(...)ej+j′,k+k′,l+l′ ,

where the power of q in front is irrelevant. Next, let j > 0 and j′ < 0 (the case j < 0
and j′ > 0 is similar and we omit it). Using Lemma 3.3 we get

ej,k,lej′,k′,l′ = q(...)αj(α∗)−j′
e0,k+k′,l+l′

= q(...) ej+j′,k+k′,l+l′︸ ︷︷ ︸
∈Vm+m′

∏
p=max{0,−j−j′}

(1 − q−2pββ∗),

where again we ignore the powers of q in front coming from the commutation relations.
Since Vm+m′ββ∗ ⊆ Vm+m′ , we get the thesis. □

Remark 3.5. It follows from Proposition 3.4 that, for each m ≤ m′, Vm′ is an ideal
in Vm. And in particular they are all ideals in A(SUq(2)).

If A is an associative algebra, we denote by [a, b] := ab−ba the commutator of two
elements a, b ∈ A, and call commutator ideal the ideal generated by all commutators,
i.e. the intersection of all ideals containing the set [A, A].

Lemma 3.6. Let A1, A2 be algebras and denote by J1 (resp. J2) the commutator
ideal of A1 (resp. A2). If φ : A1 → A2 is a homomorphism, then φ(J1) ⊆ J2 and there
is an induced homomorphism

[φ] : A1/J1 −→ A2/J2

between quotient algebras defined by [φ](a + J1) := φ(a) + J2 for all a ∈ A1. Moreover,
if φ is surjective, then [φ] is surjective as well.

Proof. For the first claim, it is enough to observe that φ([a, b]) = [φ(a), φ(b)] for all
a, b ∈ A1. The inclusion φ(J1) ⊆ J2 implies that the induced map [φ] is well-defined,
and it is clearly a homomorphism. Assume that φ is surjective and let c ∈ A2. Then
c = φ(a) for some a ∈ A1 and c + J2 = [φ](a + J1), proving surjectivity of [φ]. □

Lemma 3.7. Let 0 ≤ q < 1. The commutator ideal In of A(S2n+1
q ) is generated by

the elements z1, . . . , zn. The quotient algebra A(S2n+1
q )/In is generated by the unitary

[z0] and is isomorphic to A(S1).

Proof. Let I ′
n be the ideal generated by z1, . . . , zn. From (3) it follows that, for all

i ̸= j, the element
zjz∗

i = (1 − q)−1[zj , z∗
i ]

belongs to In, which means that z∗
i zj = zjz∗

i + [z∗
i , zj ] ∈ In as well. From (4) we see

that
xi :=

∑
j≥i

zjz∗
j = (1 − q2)−1[z∗

i−1, zi−1]
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belongs to In for all 1 ≤ i ≤ n. So, ziz
∗
i = xi − xi+1 ∈ In for all 1 ≤ i < n, and

znz∗
n = xn ∈ In as well. From (5), for all i ̸= 0,

zi =
n∑

j=0
zjz∗

j zi

belongs to In, since z∗
j zi ∈ In for all j ̸= i and ziz

∗
i ∈ In. Thus,

I ′
n ⊆ In.

We now study the quotient map π : A(S2n+1
q ) → A(S2n+1

q )/I ′
n. From the defining

relations it follows that A(S2n+1
q )/I ′

n is commutative, hence all the commutators are
contained in the kernel of π, that is

In ⊆ ker(π) = I ′
n.

Thus, In = I ′
n, and this proves the first claim of the lemma.

We now pass to the second claim. The quotient algebra is commutative and
generated by [z0] and [z0]∗ = [z∗

0 ], with relation

[z0][z0]∗ = [z0z∗
0 ] = [z0z∗

0 + x1] = [1].

Thus, there is a homomorphism ϕ : A(S1) → A(S2n+1
q )/In that maps the unitary

generator u of the first algebra (the identity function on S1 ⊂ C) to [z0]. We must
show that ϕ is an isomorphism.

For every λ ∈ U(1) we have a character χλ of A(S2n+1
q ) defined by χλ(z0) = λ

and χλ(zi) = 0 for i > 0. This induces a homomorphism [χλ] : A(S2n+1
q )/In → C. Let

a =
∑

k akuk ∈ A(S1), with ak ∈ C and only finitely many coefficients different from
zero. Assume that ϕ(a) = 0. Then, a is in the kernel of fλ := [χλ] ◦ ϕ. But fλ(a) =∑

k akλk = 0 for all λ ∈ U(1) implies that the polynomial P (t) :=
∑

k aktk ∈ C[t] has
infinitely many zeroes, hence P (t) = 0. This means ak = 0 for all k, so that a = 0 and
ϕ is injective.

The image of ϕ contains the generator [z0] of A(S2n+1
q )/In, hence ϕ is also

surjective. □

Corollary 3.8. Let q ̸= 0. Then, the commutator ideal of A(SUq(2)) is I1 = V1.

Proof. Lemma 3.7 for n = 1, after a change of notations, tells us that the commutator
ideal of A(SUq(2)) is generated by β and β∗. Since β = e0,1,0 and β∗ = e0,0,1 belong
to V1, one has I1 ⊆ V1. On the other hand, for all j, k, l with k + l ≥ 1, one has
ej,k,l = q(...)ej,k−1,lβ if k ≥ 1 or ej,k,l = q(...)ej,k,l−1β∗ if j ≥ 1 (where the power of q
is irrelevant). In either case, ej,k,l ∈ I1, hence V1 ⊆ I1. □

Lemma 3.9. Let u denote the unitary generator of A(S1). Then, every unitary
element of the algebra A(S1) is of the form λuj for some λ ∈ U(1) and j ∈ Z. In
particular, every unitary generator of A(S1) has either the form λu or λu∗, for some
λ ∈ U(1).

Proof. Let a =
∑

k akuk be a non-zero element in A(S1), with ak ∈ C for all
k and only finitely many non-zero coefficients. Call i0 := min{i : ai ̸= 0} and
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i1 := max{i : ai ̸= 0}. Then

aa∗ =
(

i1∑
k=i0

akuk

)( −i0∑
k=−i1

a∗
−kuk

)

= ai0a∗
i1

ui0−i1 +
i1−i0∑

k=i0−i1+1
(. . .)uk.

If aa∗ = 1, since ai0a∗
i1

≠ 0 by construction, from the previous equality we deduce
that i0 = i1. Hence a = ai0ui0 . This proves the first claim. The second claim is
obvious. □

Lemma 3.10. Let 0 ≤ q < 1, 0 < q′ < 1 and let φ : A(S2n+1
q ) → A(SUq′(2)) be a

surjective homomorphism. Then, either

φ(z0) = λα + x (9a)

or
φ(z0) = λα∗ + x (9b)

for some λ ∈ U(1) and x ∈ V1.

Proof. Denote by J1 the commutator ideal of A1 := A(S2n+1
q ) and by J2 the

commutator ideal of A2 := A(SUq′(2)). Recall that A1/J1 ∼= A(S1) is generated by the
unitary [z0] and A2/J2 ∼= A(S1) is generated by the unitary u := [α] (cf. Lemma 3.7).
The induced map [φ] : A1/J1 → A2/J2 is surjective (cf. Lemma 3.6), which means
that [φ(z0)] is a unitary generator of A2/J2. From Lemma 3.9 it follows that either
[φ(z0)] = λu = λ[α] or [φ(z0)] = λu∗ = λ[α∗], for some λ ∈ U(1). Hence, either
φ(z0) = λα + x or φ(z0) = λα∗ + x for some λ ∈ U(1) and x ∈ J2. But J2 = V1
(cf. Corollary 3.8), hence the thesis. □

Lemma 3.11. Let 0 ≤ q < 1 and 0 < q′ < 1. If q is not a positive power of q′, then
any homomorphism A(S2n+1

q ) → A(SUq′(2)) vanishes on the commutator ideal In.

Proof. Let φ : A(S2n+1
q ) → A(SUq′(2)) be a homomorphism. Fix 1 ≤ i ≤ n and

let φ(zi) =: y. For φ(z0) we have the two cases in Lemma 3.10. Since zi is in the
commutator ideal (Lemma 3.7), y must be in the commutator ideal (Lemma 3.6),
which means y ∈ V1. Under the hypotheses of the Lemma, we shall prove by induction
on m ≥ 1 that

y ∈ Vm =⇒ y ∈ Vm+1. (10)

Thus, y ∈
⋂

m≥0 Vm, and from (7) it follows that y = 0. Since φ(zi) = 0 for all
1 ≤ i ≤ n and z1, . . . , zn generate In, we get the desired result that φ(In) = 0.

Now we prove the implication (10). Assume that y ∈ Vm (inductive hypothesis),
i.e. that

y =
∑

k+l≥m

yj,k,lej,k,l (11)

for some yj,k,l ∈ C. We distinguish two cases.
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Case I. Assume that φ satisfies (9a). Since φ is a homomorphism,

0 = φ(ziz0 − qz0zi) = φ(zn)φ(z0) − qφ(z0)φ(zn) = λ(yα − qαy) + yx − qxy︸ ︷︷ ︸
∈Vm+1

.

Now, x ∈ V1 and y ∈ Vm imply that the underbraced element belongs to Vm+1 and,
since the sum is zero, it must be also

yα − qαy ∈ Vm+1.

We compute the q-commutator (recall that q can be 0, but q′ ̸= 0):

yα − qαy

=
∑
j≥0

k+l≥m

(q′k+l − q)yj,k,lej+1,k,l +
∑
j<0

k+l≥m

yj,k,le0,k,l

(
(α∗)−jα − qq′−k−lα(α∗)−j

)
.

By induction on j one proves that α(α∗)−j and (α∗)−jα are both equal to (α∗)−j−1

modulo V2, so

yα−qαy =
∑
j≥0

k+l≥m

(q′k+l −q)yj,k,lej+1,k,l +
∑
j<0

k+l≥m

(1−qq′−k−l)yj,k,lej+1,k,l mod Vm+2

This belongs to Vm+1 if and only if the components (j, k, l) with k + l = m vanish,
that means

(q′m − q)yj,k,l = 0 ∀ j ∈ Z, k + l = m.

Since q is not a power of q′, we get yj,k,l = 0 for all j ∈ Z and k + l = m. Thus, (11)
becomes

y =
∑

k+l≥m+1
yj,k,lej,k,l,

which proves that y ∈ Vm+1.

Case II. Assume φ satisfies (9b). We start again from

0 = φ(ziz0 − qz0zi) = φ(zn)φ(z0) − qφ(z0)φ(zn) = λ(yα∗ − qα∗y) + yx − qxy︸ ︷︷ ︸
∈Vm+1

,

which now implies
yα∗ − qα∗y ∈ Vm+1.

We compute the q-commutator:

yα∗ − qα∗y

=
∑
j≤0

k+l≥m

(1 − qq′k+l)yj,k,lej−1,k,l +
∑
j>0

k+l≥m

yj,k,l

(
q′−k−lαjα∗ − qα∗αj

)
e0,k,l.
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By induction on j one proves that αjα∗ and α∗αj are both equal to αj−1 modulo V2,
hence

yα∗ − qα∗y

=
∑
j≤0

k+l≥m

(1 − qq′k+l)yj,k,lej−1,k,l +
∑
j>0

k+l≥m

(q′−k−l − q)yj,k,lej−1,k,l mod Vm+2.

This belongs to Vm+1 if and only if the components (j, k, l) with k + l = m vanish,
that means

(q′−m − q)yj,k,l = 0 ∀ j ∈ Z, k + l = m.

Since q′−m > 1 and q < 1, one has q′−m − q ̸= 0. Hence, it must be yj,k,l = 0 for all
j ∈ Z and k + l = m, which means y ∈ Vm+1. □

We are now ready to prove the main theorem.

Proof of Theorem 2.1. Since the statement is symmetric under the exchange
of q with q′, it is enough to consider the following two cases: 0 = q < q′ < 1 and
0 < q′ < q < 1. In both cases, q′ is not zero, and q is not a positive power of
q′: in the first case the statement is obvious, and in the second case it follows from
q′m ≤ q′ < q for all m ∈ Z+. By contradiction, assume that there exists an isomorphism
A(S2n+1

q ) → A(S2n+1
q′ ). Composed with the quotient map A(S2n+1

q′ ) → A(SUq′(2))
this gives a surjective homomorphism

φ : A(S2n+1
q ) −→ A(SUq′(2)).

It follows from Lemma 3.11 that φ vanishes on the commutator ideal In, hence it
induces a surjective homomorphism

φ : A(S2n+1
q )/In −→ A(SUq′(2)).

This is impossible, since A(S2n+1
q )/In

∼= A(S1) is commutative, while A(SUq′(2)) is
not. □

Nota Bene

After this paper appeared on arXiv, an analogous result was proved by
R. Yuncken for q-deformations of homogeneous spaces of simply connected compact
semisimple Lie groups with Poisson–Lie stabilizers, cf. [Yun24].
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