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Abstract. The index of a Lie algebra is an important invariant which arises in
several areas, e.g. in the study of coadjoint orbits for a Lie group, in invariant theory
and in representation theory. We study the index for several classes of nilpotent Lie
algebras. In particular, we give explicit formulas for free-nilpotent Lie algebras of
nilpotency class two and three, or of solvability class two, for graph Lie algebras, and
for filiform nilpotent Lie algebras.
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1. Introduction

The index of a Lie algebra was introduced by Dixmier [Dix96] because of its
importance in representation theory. For a connected Lie group G with associated Lie
algebra g one considers the stabilizer G(¥) of the coadjoint action, for £ € g*. Its Lie
algebra is denoted by g(¢), and the index of g is defined by

X(g) = inf{dimg(¢) | £ € g"}.
The stabilizer arises in the study of irreducible unitary representations of nilpotent Lie
groups, in Kirillov theory, in invariant theory, and in several other areas. There are
also connections to harmonic analysis, in the context of square-integrable irreducible
unitary representations of connected and simply connected nilpotent Lie groups. For
references see [BV25; CG90).

However, the general definition of x(g) is given over an arbitrary field K without
referring to the coadjoint action of a Lie group, by writing g(¢) as the radical of the
skew-symmetric bilinear form By(x,y) = £([z,y]). It can be generalized to the index
of a representation of a Lie algebra.

The index of Lie algebras has been studied by several authors in various contexts,
see for example [AM13; CM10; DK00; Oom20; Pan03; TYO05] and the references cited
therein. Despite of the results obtained, it still remains very difficult to compute the
index of an arbitrary Lie algebra. If g is reductive, then the index coincides with
the rank [TY05]. But for solvable and nilpotent Lie algebras there are only a few
explicit results known for the index. Furthermore, the index of a Lie algebra is also
related to another invariant of g, namely to a(g), the maximal dimension of an abelian
subalgebra of g. This invariant has also been studied in the literature, see [BC12], and
the references given therein.

Dietrich Burde is supported by the FWF, the Austrian Science Foundation, with the grant
DOI 10.55776/P33811. Karel Dekimpe is supported by Methusalem grant Meth/21/03, a long
term structural funding of the Flemish Government.
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In this paper we prove explicit formulas for the index of free-nilpotent Lie algebras
F,. . of nilpotency class ¢ > 2 with g generators, where ¢ = 2 and ¢ = 3, for the index
of two-step nilpotent graph Lie algebras, for the index of metabelian free-nilpotent Lie
algebras M, ., and for filiform nilpotent Lie algebras.

2. Preliminaries

Let g be a finite-dimensional Lie algebra over a field K. We will always assume
that K has characteristic zero, if not stated otherwise. Denote by Z(g) the center of g,
and by g* the vector space Hom(g, K). Each ¢ € g* determines a skew-symmetric
bilinear form

BK:QXQ—)Kv (1‘7y)}—>€([xay])
The radical of By is given by the subalgebra

g(l)={yeg|l[r,y]) =0 Vz €g}

of g. Obviously g(¢) contains the ideal Z(g) of g, but need not be an ideal itself in
general, see [CG90, Example 1.3.10]. Furthermore, g(¢) has even codimension in g,
see [CGI0, Lemma 1.3.2].

Definition 2.1. The index of a Lie algebra g over a field K is defined by
x(g) = inf{dimg(¢) | £ € g"}.

The definition goes back to Dixmier, see [Dix96, p. 11.1.6]. There is a large
literature on the index. In the book [TY05], by Tauvel and Yu, several results are
listed and references are given. For reductive Lie algebras, the index equals the rank.
For an arbitrary solvable or nilpotent Lie algebra computing the index is a difficult
problem. The index is also related to the invariants «(g) and 3(g) of a Lie algebra g.
They are defined as follows.

Definition 2.2. Let g be a Lie algebra over a field K. The maximal dimension of

an abelian subalgebra of g is denoted by a(g). The maximal dimension of an abelian
ideal of g is denoted by S(g).

Let us summarize a few properties of the invariants a(g) and x(g).

Proposition 2.3. Let g be a Lie algebra over an algebraically closed field K of
characteristic zero. Then «(g) and x(g) satisfy the following properties.
(1) dimZ(g) < x(g) < dimg.
) a(g) = B(g) for every solvable Lie algebra over K.
) x(g) < a(g).
) x(g) = 2a(g) — dimg.
) If g degenerates to b, then a(g) < a(h) and x(g) < x(h).
) Let {z1,...,2,} be a basis of g. Then the index of g is given by

n —rankp M(g),
where M(g) = ([z;,x;]) € My(R), and R is the quotient field of K[x1, ..., x,].
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Proof. Clearly we have x(g) < dimg because g(¢) is a subalgebra of g. Since
Z(g) C g(¢) for all £ € g*, property (1) is satisfied. Note that it holds over an arbitrary
field. For property (2) see [BC12, Proposition 2.6]. There are counterexamples for
fields, which are not algebraically closed. Properties (3)—(4) are stated in [Oom20,
formula (3), Section 1.2], with a reference to [Oom00, Theorem 14] for a proof. For
property (5) for a(g) see [NP06, Theorem 1, part 2]. The index is an upper semi-
continuous function, see [Pan03, Section 1]. Hence we have x(g) < x(bh) for g — qegh.
For property (6) also see [Pan03, Section 1]. O

For a Lie algebra g, denote by g' = g and g**! = [g, g¥] for k > 1 the terms of
the lower central series.

Definition 2.4. Let F; denote the free Lie algebra on g generators. Then
Fyo = Fy/F5t

is called the free-nilpotent Lie algebra with g > 1 generators and nilpotency class
c>1.

If g =1, then F| . is 1-dimensional and abelian. Hence we will assume that g > 2.
Also, for ¢ = 1, the Lie algebra F, . is abelian of dimension g. So let ¢ > 2. The
dimension of Fy . is given by the Witt formula.

Proposition 2.5. The dimension of F, . and its center are given by

dim(F, Z Z wu(d %
dim Z (F, Z p(d)ga.

d|c

3. The index of free-nilpotent Lie algebras

We first consider the free-nilpotent Lie algebras Fj o of nilpotency class ¢ = 2,
with g > 2 generators. We have dim Fj » = ( ) +g= (9+1) and Z(Fy2) = [Fy2, Fy 2]
is of dimension (g)

Proposition 3.1. We have a(F,2) = (g) +1 for all g > 2.

Proof. Let a be an abelian subalgebra of maximal dimension in Fj 5. Since a is self-
centralizing, we have Z(F,2) C ZF, ,(a) = a, where Zg(a) = {z € g | [z,a] = 0} is the
centralizer of a in g. For any element v1 € Fy o\ Z(Fy2) the linear span (vi, Z(Fy2))
is an abelian subalgebra of Fj o. However, if we now take any vs € Fyy 2\ (v1, Z(Fy.2)),
then [v1,v9] # 0. Indeed, suppose that [vh vg] = 0. We can pick v3,v4,...,04 € Fgo
in such a way that the elements

U1 +Z(Fg,2)7 U2+Z(Fg,2)>~--avg +Z(Fg,2)

form a basis of Fy2/Z(F,2). It follows that [Fg 9, Fy o] is spanned by the elements
[vi,v5] for 1 <@ < j < g. But as [v1,v2] = 0, this would imply that the dimension of
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[Fy2, Fy ] is at most () — 1 which is a contradiction. Hence [v1,v5] # 0 which shows
that the maximal dimension of an abelian subalgebra of Fy o is dim Z(F, ) +1. O

It is also possible to give an explicit formula for the index of Fj 5.

Proposition 3.2. The index of the two-step nilpotent Lie algebra Fy o with g > 2 is
given by

g e
X(Fgg) _ {(2), if g =0 mod 2,

(9)+1, ifg=1mod?2.
Proof. Let g = Fj; 5. The rank of the matrix M (g) in Proposition 2.3(6) is the
rank of a general skew-symmetric matrix of size g. Indeed, Consider a basis of g
consisting of the generators x1, ..., x4 supplemented with a basis of the center. Then
the last (g) rows and columns of M (g) are 0 while for the g x g block in the upper
left corner, the entries of the upper-diagonal part are exactly the (g) Lie brackets
[, x;] for 1 <i< j <g (and we have —[x;,x;] in the lower-diagonal part). It is well
known that such a matrix has full rank g, if g is even, and rank g — 1 if g is odd.
Indeed, the rank cannot be smaller than the rank for any specialization. So consider
the skew-symmetric matrix with entries 1 instead of [z;,z;] for ¢ < j, which has rank
g for even g, and rank g — 1 for odd g. By Proposition 2.3(6) the index is given by

x(F, ):{(g)+9—9=(§) ?ngOHIOdZ -
(3)+9-(g-1)=()+1 ifg=1mod2.

For example, the Heisenberg-Lie algebra F5 2 has index 1. The results show that
the above inequalities (3)-(4) can be strict. In fact, for g even we have x(Fj2) <
a(F,2), and for g > 3 odd we have x(Fy2) > 2a(Fy2) — dim Fy o, but x(Fy2) =
OL(F!LQ).

Next we want to compute the index of the 3-step nilpotent algebras Fj 3.
We have

glg+1)(29+1)

dim Fg’g = 6 s
3 _
dim Z(F,5) = 2 . J.
With respect to the index the case ¢ = 2 is different from the case g > 3.
Let x1,z2 be the generators of Fs 3, and x5 = [21,%2], 4 = [z1,[71, 22]] = [71, %3],
T35 = |12, [v1, 72]] = [22, 23]
Example 3.3. Let g = F5 3. Then the matrix
0 I3 Ty 0 0
—x3 0 ZIs 0 0
Mg =|-24 —z5 0 0 0],
0 0 0 0 O
0 0 0 0 0
has rank 2, so that x(g) = 3. Moreover we have a(g) =3
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Indeed, this follows from Proposition 2.3 (6). Furthermore, a = (z3, x4, z5) is an
abelian subalgebra of maximal dimension.
The general result for the index of Fj; 3 with g > 3 is as follows.

Theorem 3.4. The index of the free-nilpotent Lie algebra Fy 3 for g > 3 is given by

X(Fy) = dim Z(F, ) + <‘2’> -9,

= dim Fy 3 — 2g,
_ 2¢° 4397 — 11y
6
Proof. Let z1,22,...,24 be the generators of Fy 3, and let
zij = [zi, 24, I<i<j<y,
Tijk = [T, [T5, Tx]] 1<j<k<yg, 1<i<k<yg.

Then these elements x;, x;5, xsj, form a basis of Fy 5. Note that if £ < i and j < k,
then
[i, [x), 2]] = —[25, [Tr, 7)) + [k, [2, 24]]
= —Tjki + Tkjis
in terms of the basis elements. Now let £ € g* and write x in Fy 3 as
x= Y apzit+ Y. burretz,
1<k<g 1<k<t<g

where z € Z(Fy3) = (wijx | 1 <j<k<g,1<i<Ek<g). We want to estimate the
dimension of the subalgebra g(¢). We have = € g(¢) if and only if

([xs,2]) =0 foralll <i<g,
U[[zi,z4],2]) =0 foralll1<i<j<g.

Note that the central element z here plays no role, and can be chosen arbitrarily.
These conditions are equivalent to a system of equations

0= Z apl([x;, xk]) + Z brel([x4, T11), 1<i<g,
1<k<g 1<k<t<g

0= Z akﬂ([[xi,xj],xk]), 1 < 7 <j < g,
1<k<yg

in the g variables a; and (g) variables byy. The variables by, only appear in the first
set of equations, which are g equations. So there are at least (g) — g degrees of freedom
when determining the variables bye. Together with the fact that z € Z(F 3) can be

chosen freely, this shows that
dim g(¢) > dim Z(F3.,) + (g) —yg

for all ¢ € g*. It remains to show that there exists some ¢ € g*, for which we have
equality above. Denote by z7;, the dual linear form in g* corresponding to the basis
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vector x;j,. Then define an ¢ € g* as follows:

=Y (i+j+ka.
1<j<k<g
1<i<kZg

Fori¢>kand 1 <j <k < g we have

U([zi, [, ox]]) = U= ki) + L(Trji)
=—(+k+i)+(k+j+1)
=0.

As shown above, z € g(¢) is equivalent to two sets of linear equations. For example,
we have ¢([z1,x2], ) = 0, which is equivalent to

0 = arl([[z1, 2], 21]) + a2l([[v1, 2], 22]) + - + agl([[v1, 22], 74])
> 0= al([z1, [r1,22]]) + azl([x2, [21, 22]])
<= 0 = 4ay + 5aq,

where we have used that £([[x1,z2],2;]) = 0 for all i > 2, see above. Similarly,
{([x2,z3),2) = 0 and £([x1, z3],2) = 0 each yield a linear equation in the ay, so that
we have the system

0 =4a; + baq,

0= 501 + 602 + 7a3,

0 = 6a; + 7as + 8as.
The determinant of the corresponding matrix is equal to 6, so that we have a1 = ay =
az = 0. By induction it follows that a; = 0 for all 1 < i < g. For this, assume that

a3 =---=ag_1 =0 for some 4 < k < g. Then we must have £([[z1, 2], ]) = 0, which
means

(k+2)ay + (k+3)az + -+ + (2k)ag—1 + (2k + 1)ay, = 0.

Hence we have a;, = 0. So we are left with the system of equations

0= Z brel([zi,vr]), 1<i<g.
1<k<t<g

Let us order the variables as follows. We start with b15, then by3, bag, then by4, boy, b4
and so on. The first three equations then are given by

0 = 4b15 + bb13 + 6bo3 + .. .,
0 = 5byo + 6by3 + Tboz + .. .,
0= Tbis + 8bag +....

The other equations do not involve the variables byo, b13, bog anymore. All remaining
equations are of the form (2k + 1)byx + ... for k > 4, so that the matrix corresponding
to all g equations has block form. The first block is the above 3 x 3-block, and the
second one is the (g — 3) x (g — 3)-block, which is an upper-triangular matrix, with
nonzero entries on the diagonal. Since the block of size 3 has again determinant 6, so
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rank 3, it is clear that the matrix has rank g. Hence the system of the equations in
the variables by, has a space of solutions of dimension (g) — g, so that

dim g(¢) = dim Z(F3 ;) + (g) —yg
for the ¢ defined above. This finishes the proof of Theorem 3.4. g

Corollary 3.5. Let K be an algebraically closed field of characteristic zero and g > 3.
Then we have

a(F, 5) = dim Z(F, 5) + (g)
= Xx(Fg3) + 9,
_ 2¢% 4 3g% — 59
e

Proof. Let g= F,3. Then [g, g]is an abelian subalgebra of g of dimension dim Z(g)+
(g) This implies

a(g) > dim Z(g) + (g)
On the other hand, Proposition 2.3 (4) implies that

x(g) +dimg  2¢% + 3¢ — 59
< =
afg) < 5 G ,

dim Z(g) + (g). O

2

Remark 3.6. For nilpotency class ¢ > 4 it seems to be difficult to obtain similar
formulas for the index of F,; .. We have computed the index for a few examples with
¢ =4 and ¢ = 5, using (6), i.e., by computing the nullspace and the rank of M (g):

g ‘ Fy 4 ‘ F54 ‘ Fya ‘ Fs 5
dim g 8 32 90 80
dimZ(g) | 3 | 18 | 60 | 48
rank M(g) | 4 8 14 | 12
(g) 4 | 24| 76 | 68

However, we are able to prove a general formula for the index of the metabelian
quotients of the Lie algebras Fy ., see Section 5.

4. The index of graph Lie algebras

Let K be a field, and G(V, E) be a finite simple graph with vertex set V and
edge set E. Associate to G(V, E) a 2-step nilpotent Lie algebra g over K as follows.
The underlying vector space for g is U & W, where U is the K-vector space with basis
V, and W is the subspace of A2(U) which is spanned by the elements

{’Ul A | {’1}1,’1)2} S E}
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Then dim g = |V| + |E|, and the Lie brackets for g are given by

1)1/\1)27 if {’Ul,’Ug}GE,
[v1,v2] = .
0, if {v1,v2} € E.

for v1,ve € V, where we require that W C Z(g). Note that we have [g, [g, g]] = 0.

Example 4.1. Let G(V, E) be the complete graph on V', with g = |V| > 2, i.e., such
that every pair of distinct vertices is connected by a unique edge. Then the associated
Lie algebra equals F o.

Definition 4.2. A matching of a simple graph G(V, E) is a subset S C E such that
each vertex of V' belongs to at most one element of S. A maximum match of G(V, E)
is a matching with a maximum number of edges.

Definition 4.3. The matching number of a simple graph G(V, E) is the number of
edges in a maximum match of G(V, E). It is denoted by v(G(V, E)).

We have the following result on the index of a graph Lie algebra.

Proposition 4.4. Let g be the 2-step nilpotent Lie algebra over a field K associated
to a finite simple graph G(V, E). Then the index of g is given by
x(g) = dimg — 2v(G(V, E))
= VI+|E| = 2v(G(V, E)).

Proof. Let V ={z1,xa,...,z,}. This is a basis for U. Then W is spanned by all
elements [z;, z;] = z; A z; with {z;,2;} € E. As a basis for W choose all elements
Tij = [Ii,ftj] =x; Nxj, i< g,

where {z;,z;} € E. For ¢ > j and {z;,x;} € E we have [x;,z;] = —x;;. So the
elements x; for 1 <7 < n and the x;; for ¢ < j together form a basis of g. Choose an
ordering of this basis as follows:

T1,L2y...Tp, xn+1,xn+2, e ,xn+m
where m = |E|, n = |V, and each z,,4 is one of the z;;. We have
x(g) = dim g — rank M (g)

by Proposition 2.3 (6), with the matrix M(g) = ([z;,2;]) € Mp4m(R). This matrix
has the last m rows and columns equal to zero, because x, .+ € Z(g) for all k. So we
may delete these rows and columns and pass to the matrix M = (M,;), with

Tjj, if {xi,xj}EE, i<j,
Mij =\ —Zij if {CCZ‘,CCJ'} S E, 7 > j,
O7 lf {l‘i,l'j} gE
This matrix is well known in graph theory and is called the skew-symmetric adjacency

matriz of G(V, E). 1t is a result of Lovdsz [Lov79], that rank(M) = 2v(G(V, E)). This
finishes the proof of Proposition 4.4. 0
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Remark 4.5. Let {{i1,j1}, {92,792}, -, {#m,Jm}} be a match in G(V, E). Using
the notation from the proof above (and assuming without loss of generality that
i < jx for all k) we let £ =z}, +af, +---+azf ; , where z} . is the dual

linear map corresponding to the basis vector z;, ;. Then it is easy to see that
dim g(¢) = dim g — 2m. So if the matching is maximal, this gives us a concrete £ with

dim g(¢) = x(g)-

Remark 4.6. The proposition above recovers Proposition 3.2. In fact, for a com-
plete graph G(V, E) with |[V| = g and |E| = (§), the index of g = F,, given by
Proposition 4.4 is x(g) = dimg — 2v(G(V, E)), where 2v(G(V, E)) = rankM (g).

5. The index of metabelian free-nilpotent Lie algebras

A Lie algebra g is called metabelian, if [[g, g], [g, g]] = 0. It is also called 2-step
solvable in this case. Denote by M, . the free c-step nilpotent and metabelian Lie
algebra with g generators. We have

My.="Fy./[Fi.. Fo.],

where [F;c, FQQ’C] C F;’Q. In particular, all algebras Iy » and F} 3 are metabelian. For

computing the index of M, . we will use the following result of Ooms, see [Oom00,
Theorem 14 (2)].

Proposition 5.1. Let g be a Lie algebra with basis x1, .. .,T,, and let b be an abelian
subalgebra with basis hi, ..., hy. Then the following conditions are equivalent.

(1) x(g) =2dimbh — dimg.
(2) rankg([x;, h;]) = dimg — dim b.

The index of My . is given as follows.

Theorem 5.2. Let g= M., with g > 3 and c > 3. Then we have

x(g) = dimg —2g
= 2a(g) — dim(g).

Proof. Let z1,...,z, be the generators of My ., and ny = dim My, = dim Fj .
Order the elements [z;,z;] for 1 < i < j < g in some way and denote them by
Tg4l,---,Tn,. Furthermore let nz = dim M, 3 = dim F; 3 and denote the elements
[, [zj,xp]] for 1 < j <k <g,1<i<k<g,in some ordering, &,,11,...,Tn,. Let
n = dim M, . and choose a basis xy,41,..., Ty of M;C. Then x1,xs,...,x, is a basis
of Mg..

For the case ¢ = 3 we have shown in Theorem 3.4 that x (M, 3) = ns — 2g for all
g>3. Let h = F92’3. This subalgebra has a basis

{ngrl,---;$n2;$n2+1;-~-7xn3} = {h17h27"';hn37g}'
Thus we have dim ) = nz — g, so that

X(My3) =2dimb — ns.
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By Proposition 5.1 it follows that
rankp([z;, h;]) =ng —dimbh = g.
The matrix ([z;, h;]) is a block matrix, with a principal block ([z;, z44;]) with1 <i <g

and 1 < j < (3), and zero blocks otherwise. Note that [x;,Z¢1;] € (Tnyt1s-- -, Tny)-
It follows that also the principal block has rank g over R, i.e.,

rankp([z, 2444]) = g.
This will be used for the general case with ¢ > 4. Let
[) = M;C = <J}g+1, e ,J)n> = <]7,17 [N 7hn—g>-

Then the matrix ([x;, h;]) takes the block form

[%ggﬂ'} [Ti, T+ k] [T, Tng+0]
0 0 0 ’
0 0 0

where 1 <i<g,1<j<ng—g,1<k<ng—ngandl1</{<n-—mn3g. The matrix
in the top left corner is exactly the matrix we had obtained in the case ¢ = 3. Its
rank equals g, so that the rank of the above block matrix is also equal to g. Since
g = dim g — dim b, Proposition 5.1 (1) is satisfied. Hence (2) follows, i.e., we have
x(g) = 2dimbh —dimg
=2(dimg — g) —dimg
= dim g — 2g.

By [Oom00, Theorem 14], a(g) = dim b, so that x(g) = 2a(g) — dimg and «a(g) =
dimg —g. O

Let us state the last result on «(g) as a corollary.
Corollary 5.3. Let g= Mgy, for ¢ >3 and g > 3. Then a(g) = dimg — g.

It turns out that the statement of Theorem 5.2 is also true for g =2 and ¢ > 4.
However, we can no longer use Theorem 3.4 in the proof, which is only valid for g > 3.
Nevertheless we can adapt the proof to obtain the following result.

Theorem 5.4. Let K be an algebraically closed field of characteristic zero, and
g = My . with c > 4. Then we have

x(g) =dimg —4

= 2a(g) — dim(g)
Z—c—4

2
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Proof. Let us consider the following basis for g. We start with the generators x1, zo
and then take

[

zg = [[w2, 21], 21] = [w3, 4],
x5 = [[2, 21], w2] = [w3, 2],
ze = [[[w2, 21], 1], 21] = [, 74],
vy = [[[w2, 1], 1], 22] = [34, 72)]

= [[[z2, 1], 2], 1] = [25, 4],
vy = [[[w2, 71], 22], w2 = [w5, 2],

and complete the basis by choosing g, ..., 7, € g°. See e.g. [Porl4] for a complete

basis for the free metabelian Lie algebra. Now we can apply Proposition 5.1 with
h = 92 = <$3,.’L’4,. .. ,Z‘n) = <h15h2; .. -ahn—2>-

The matrix ([z;, h;]) is of the following form:

*
*

—X4 —Tg —X7
—r5 —X7 —Ig *
0 0 0

*

o
S
o

0 0 0 0 0 O
Clearly this matrix has rank 2. Since dimh =n — 2 = dim g — 2 we obtain
rank([z;, h;]) =2 =dimg — dim b.
Hence Proposition 5.1 yields
x(g) = 2dimbh — dim g.

As in the last line of the proof of Proposition 5.2 we have a(g) = dimg — 2. It is well
known (e.g. see the basis for the free metabelian Lie algebra as in [Porl4]) that
2—c+4

5 .
This finishes the proof of Theorem 5.4. d

n=dimg=

6. The index of filiform nilpotent Lie algebras

Let g be a filiform Lie algebra of dimension n > 3 over a field K of characteristic
zero. According to Vergne, see [Ver70, p. 103], g has an adapted basis, which is a basis

{e1,ea,...,e,} of g as a vector space satisfying:
le1,e;] =eipq, for i=2,3,...,n—1
le1,en] =0, [e2, 3] € (€5,€6,---,€n)-

As shown in [Ver70], it follows also that there is an a € K such that
[ei,ej] S <€i+jaei+j+17~-~,en> if 1+7<n
[eiyens1-i] = (—1)'ae, for i=2,3...n—1 with a=0 ifnisodd.

For i =1,2,...,n we define the subspaces g; = {€;,€;11,...,€n).
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Lemma 6.1. Letn > 4. The spaces g; are independent of the chosen adapted basis
for g. They are characteristic ideals of g.

Proof. It is clear that for i > 3 we have g; = g°~!, so these spaces are indeed

independent of the chosen basis and theses are characteristic ideals of g. For ¢ = 2, we
consider the natural projection

prog—a=g/a".
We use ¢; = p(e;) to denote the natural projection of the basis vectors. Then

[l
[N

€5 =

and {€1, €3, €3, €4} forms a basis of g and the only non trivial Lie brackets between
these basis vectors are

€1
Note that go = p~1({€2,€3,4)) = p~1(g2). But (€2, €3,e4) is a characteristic ideal of
g since
(2,83, e1) = C5((e3,84)) = C5(8°) = {x € §] [,8°] = 0},
and it is clear that this is a characteristic ideal of g. Moreover, this ideal is independent
of the chosen basis, so we can conclude that also gs is independent of the chosen
adapted basis and is a characteristic ideal of g. d

Definition 6.2. Let L, be the standard graded filiform Lie algebra with adapted
basis {ej,...,en}, with Lie brackets [e1, e;] = e;41 for 2 < i < n — 1, and all other
brackets (not involving e;) equal to zero.

For n even, let @, the graded filiform Lie algebra with adapted basis {e1,...,e,},
and nonzero Lie brackets defined by

[61,6,’]:6“_1 f0r2§i§n—1,

[eisens1-i] = (=1)%e, for2<i< g

The index of graded filiform Lie algebras has been determined in [AM13]. In
particular we have x(L,) =n — 2, and x(Q,) = 2. Lie algebras g with x(g) = 0 are
Frobenius Lie algebras. They have trivial center and hence cannot be nilpotent. So
the minimal index of a filiform Lie algebra is equal to 1. The Heisenberg Lie algebra,
which is L3, has index 1. We can give a characterization for filiform Lie algebras
of index 1 as follows. Recall that the dimension of a Lie algebra with odd index is
necessarily odd.

Theorem 6.3. Let g be an odd dimensional filiform Lie algebra. Then we have
x(g) =1 if and only if [gi, 9n—i] #0 foralli=1,...,n—1.

Proof. Let us fix an adapted basis ej, e, ..., e, of a given odd dimensional filiform
Lie algebra g. Recall that [e;, e,—;] = a;e, for some oy, with oy = —a,—1 = 1, and
that [e;, e;] = 0 as soon as i+ j > n (since we are in the odd dimensional case). Now let
a = a;e;+a;11€i41+ - +aney, € giand b =b,_;en_;+bp_iyi1€n_ir1+- - +bpen € gn;.
Then we have [a,b] = a;b,—;a;en, 80 [gi, 9n—i] = 0 if and only if a; = 0.
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The index of g is 1 if and only if we can find an element ¢ € g* such that the
subalgebra

9(0) ={z € g|[y,2]) =0 forally € g}

has dimension 1. Let us consider an element ¢ € g*. Then x = z1e1 +x2ea+- -+ xpen,
belongs to g(¢) if and only if ¢([e;,z]) =0 for all i =1,2,...,n — 1. This leads to a
system of n— 1 linear equations in the variables z1, s, . .., £,_1 where the i*" equation
is given by
0 =£([es, z]) = L(21[es, 1] + @2[ei, e2] + -+ + anles, en])

= l(x1]ei, e1] + wales, o] + -+ Tpgei, eni])

= x10([es, e1]) + x2l([ess e2]) + - + Tn—i—1b([€i, en—i—1]) + Tn_sil(ey).
Note that indeed the variable x,, does not appear in the system of equations, which

reflects the fact that Z(g) C g(¢) for all £. So, g(¢) is of dimension 1 if and only if
Z(g) = g(¢) which is equivalent to the fact that the system of linear equations in the

variables x1, s, ..., x,_1 only has the trivial solution z1 = x5 =--- =x,_1 = 0. The
matrix corresponding to this system of equations is given by:
ler,er]) (e e2]) .. Ler,en—3]) Ller,en—2]) aif(en)
llea,e1]) (e e2]) ... ez, en—3]) asl(en) 0
l[es,e1])  L([es,e2]) ... asl(en) 0 0
Ulen—2,€1]) an—2f(en) ... 0 0 0
an—14(en) 0 . 0 0 0

The system of equations only has the trivial solution if and only if the matrix has full
rank, which is the case when ¢(e,) # 0 and «; # 0, for all i =1,2,...,n — 1. We can
always choose ¢ such that ¢(e,) # 0, e.g. take ¢ = e}. The requirement that a; # 0
for all 4 is equivalent to the fact that [g;, gn—i] # 0 for all i, which is finishes the proof
of Theorem 6.3. O

We can also obtain a lower bound on the index of filiform Lie algebras as follows.

Theorem 6.4. Let g be a filiform Lie algebra of dimension n. Suppose that [g, 9] =
0 for some k > 2. Then we have x(g) > n —2(k —1).

Proof. As in the proof of the previous theorem we fix an adapted basis
{e1,ea,...,en},
for the filiform Lie algebra g and consider an element £ € g*. Again an element
x =w1e1 + xoes + -+ xTpe, € g(0),

if and only if the variables z1, s, ..., z,_1 satisfy a system of n — 1 linear equations,
where the i*" equation is given by

0 =£([es, z]) = x1€([es, e1]) + x2€([es,e2]) + -+ - + n_1€([es, €n—1])-

Let A denote the (n —1) x (n — 1) matrix associated to this system of linear equations,
then A; ; = £([es, e;]). The condition [gi, gx] = 0 implies that A, ; = 0 as soon as
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i>kand j > k. So A is of the form

Aix .. Ak Al k Argrr . Aipa
A1 oo Ap—ip—1 | A1k Ak—ikt1 - Ar—1n-1
A= Ak,l Ak,kfl 0 0 0
Ak+1’1 Ak+1’k,1 0 0 0
Anfl,l Anflkal 0 0 0

From this it is clear that the rank of A is at most 2(k — 1) and so the dimension of
g(¢) is at least n — 2(k — 1). O

Remark 6.5. We can give an alternative proof of this theorem by using the inequality

x(g) > 2a(g) — dimg

from Proposition 2.3. For this, we may assume that K is algebraically closed. By
assumption g is an abelian subalgebra of dimension n — k + 1. This yields

x(g) >2(n—k+1)—n=n-2(k—1).

We now want to show that the bound on x(g) given in the theorem is sharp,
for 2k < n. We will do this by constructing a family of filiform Lie algebras g, j
depending on two integer parameters n and k where n > 3 will be the dimension of
the filiform Lie algebra and k is an odd number satisfying 3 < k < n.

The Lie algebras g, will be constructed using semidirect products, so let us
shortly recall the semidirect product of two Lie algebras. Let a and b be two algebras
where the respective brackets will be denoted by [-, -] and [+, -]p. Assume moreover
that there is a Lie algebra morphisms p : b — Der(a), then we can define the semidirect
product Lie algebra a X, b which has a x b as an underlying vector space and where
the Lie bracket is given by

[(a1,b1), (az,b2)] = ([a1, az]a + p(b1)(az) — p(b2)(a1), [b1, b2]b),

for all ay,as € a and all by;,b; € b. We now fix n > 3 and an odd integer k& with
3 <k <n. Welet a be the (n — 1)-dimensional Lie algebra with basis {€s,€3,...,€,}
and where the Lie brackets are given by

-~ 0 — i+j#Ek,
[eia ej}u = i~ . .
(-1)ye, <= i+j=k.
Note that these brackets define an alternating bilinear product, since if i + j = k, then
[gjvgi]u = (_l)jgn = (_1)k7ign = _(_1)ign = _[givgj]uv

where we used that k is odd. As [€,,¢;]a =0 for all i = 2,3,... n it is trivial to see
that the Jacobi identity is satisfied (every triple Lie bracket is 0), so [+, ]q does define
a Lie algebra structure on a. Note that for k = 3, a is just the abelian Lie algebra,
but this is also allowed.
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Now we define a linear map D : a — a with D(€;) =€;41 fori =2,3,...,n—1
and D(e,) = 0. We claim that D € Der(a). For this we need to show that

D([giagj]a) = [D(gi)7gj]u + [giaD(gj)]Cl for 4,5 € {2337' . .,Tl}.

The left hand side of this equation is always zero, and the equation is trivially satisfied

if : = n or j = n, so we may assume that ¢ < n and j < n. We have to show that
[D(€i), €jla + [€i, D(€))]a = [€i+1,€jla + [€is €j41]a = 0.

Ifi+j #k—1, then i+ j+1 # k and we have that [€;11, €j]qa + [€i, € 41]a =0+0 = 0.

If on the other hand i + j = k — 1 we have that [€;41,€]a + [, €j41]a = (—1)"T1E, +

(—1)%¢, = 0, which shows that D € Der(a).

We now consider the 1-dimensional abelian Lie algebra with basis e; and we
define the linear map p : b — Der(a) with p(e;) = D. As b is 1-dimensional, p is
automatically a morphisms of Lie algebras and we obtain a semidirect product Lie
algebra g, 1 = a x, b. We will use {e; = (0,€1),e2 = (€2,0),e3 = (€3,0),...,e, =
(€n,0)} as a basis for g,, x. It is now easy to see that the non-zero Lie brackets between
basis vectors are given by:

[e1,ei] =eiy1, 1=2,3,...,n—1 and [e;ep_i] = (=1)'e, for2<i<k-—2.

It follows that g, 5 is indeed a filiform Lie algebra and {e1, es,...,e,} is an adapted
basis for g,, ;. Note that for k = 3, g,, is the standard graded filiform Lie algebra L,,.

Lemma 6.6. Letn > 3 and k be an odd integer with 3 <k <n and let g = gn k-
Form = (k+1)/2 it holds that [gm, gm] = 0.

Proof. The subalgebra [g,,, gn] is spanned by elements [e;, e;] with 4,5 > m > 2.
In this case ¢ +j > k + 1 from which it follows that i + j # k and so [e;,e;] =0. O

In the next proposition we compute the index of the Lie algebras g, ; and thereby
we will also show that the lower bound obtained in Theorem 6.4 is sharp.

Proposition 6.7. Let n > 3 and let k be an odd integer with 3 < k <n. The index
of gnk s —k+1.

Proof. Let m = (k+1)/2, then Lemma 6.6 and Theorem 6.4 imply that the index
of gp i is at least n —2(m — 1) = n—k + 1. So it suffices to find a linear form £ € g, ,
such that g, x(¢) has dimension n — k + 1. Take ¢ = e}. As before, determining which
T =161 + Toeg + - - + Tpe, belong to g, x(¢) leads to n — 1 equations £([e;, z]) = 0,
i =1,2,...n — 1, involving the variables x1,x2,...,x,_1. The first equation i =1 is
0 = e} ([e1,z]) = 0 which reduces to

Tpn—1 = 0.
For 2 <i <k —2 we have 0 = e} ([e;, 7]) = e} (=r1e41 + 2p—i(—1)ie,) = —(1)'ap_;
so these k — 2 equations are
O=zp o=m)_3="=13=1T2.

For k—1<i<n-—2weget0=e}([esz]) =e:(—x16i41) = 0, so these are all the
trivial equation 0 = 0. Finally, the last equation 0 = e} [e,,—1, 2] = e (—x1e,) = —21
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(for i =n — 1) leads to
0= xXq.
As a conclusion, we have that € g,, (¢) if and only if
Ty =Tg =+ =Tk-3=Th—2 = Tp—1 = 0.

So the dimension of g, ;(£) is n — (k — 1) which was to be shown. O

Corollary 6.8. Letn > 3 and let i € {1,3,5,...,n — 2} when n is odd or i €
{2,4,6,...,n — 2} when n is even. Then there exits a filiform Lie algebra g of
dimension n and with x(g) = .

Proof. Takek =n—i+1. Then k is odd and 3 < k < n and therefore we can consider
the Lie algebra gy, . The index of this Lie algebra is n—k+1 =n—(n—i+1)+1=4. O

The above proof also shows the following result on the graded filiform Lie algebra
Q., for n even.

Proposition 6.9. Let g be a filiform Lie algebra whose associated graded Lie algebra
is isomorphic to Q. Then we have x(g) = 2.

Proof. The fact that the associated graded Lie algebra of g is isomorphic to @,
means that g has an adapted basis in which [e;, e, 1] = (—1)%, for 2<i<n—1
holds. By choosing ¢ = e} and proceeding as before with the system of linear equations
0 = e} ([ei, x]), one can see that the dimension of g(¢) is 2, which implies that the
index is also 2. 0
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