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Abstract. In this paper, on one hand, based on the classical perm Yang–Baxter
equation, we investigate under what conditions a perm algebra must be a Nijenhuis
perm algebra. On the other hand, we derive the compatible conditions between
classical perm Yang–Baxter equation and Nijenhuis operator by a class of Nijenhuis
perm bialgebras.
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1. Introduction

Nijenhuis operators are very useful in the deformation theory of algebras, bial-
gebras theory, integrable systems, almost complex structures, Nijenhuis geometry,
etc.

Perm algebras are a class of associative algebras, namely, a (right) perm algebra
is a triple (g, · ), where g is a linear space. · : g ⊗ g → g is a linear map, such that, for
all x, y, z ∈ g

(xy)z = x(yz) = x(zy). (1)
For example, let g = K{e1, e2} be a 2-dimensional vector space satisfying the operation
e1e1 = e1 and e2e1 = e2, then g is a perm algebra.

In 2002, Kolesnikov and Sartayev [KS22] obtained the necessary and sufficient
conditions for a left-symmetric algebra to be embeddable into a differential perm-
algebra. More recently, in 2004, Mashurov and Sartayev [MS24] proved that any
metabelian Lie algebra can be embedded into an algebra in the subvariety of perm
algebras. Also in 2024, Hou [Hou24] studied the extending structures by the unified
product for perm algebras, and gave some properties for non-abelian extension as
a special extending structure. He also introduced perm bialgebras, equivalently
characterized by Manin triples of perm algebras and certain matched pairs of perm
algebras, especially focused on coboundary perm bialgebras leading to the perm Yang–
Baxter equation (there called “S-equation”). In 2025, Lin, Zhou and Bai [LZB25]
proved that there is a bialgebra structure for a perm algebra, i.e., perm bialgebra,
or for a pre-Lie algebra, i.e., pre-Lie bialgebras, which could be characterized by the
fact that its affinization by a quadratic pre-Lie algebra or a quadratic perm algebra
respectively gives an infinite-dimensional Lie bialgebra. They also studied the perm
Yang–Baxter equation and its solutions. We note that a perm algebra in [Hou24] is a
right perm algebra, while a perm algebra in [LZB25] is a left prem algebra.

This work is supported by National Natural Science Foundation of China (No. 12471033) and Natural
Science Foundation of Henan Province (No. 242300421389).
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According to the associative Yang–Baxter equation induced by coboundary ASI
biaglebras, in 2024, the first named author and Long [ML24] gave a method to obtain
a Nijenhuis associative algebra and also considered the compatible conditions between
the associative Yang–Baxter equation and the Nijenhuis operator via Nijenhuis ASI
bialgebras. Though a perm algebra must be an associative algebra, the Yang–Baxter
equation given in [Hou24; LZB25] for perm algebras are essentially different from the
associative Yang–Baxter equation for associative algebras. In view of this fundamental
difference, in this paper, we pay attention to the study for perm Yang–Baxter equation
and Nijenhuis perm algebra.

The paper is organized as follows. In Section 2, we introduce the notions of a Ni-
jenhuis perm algebra and a representation of a Nijenhuis perm algebra by infinitesimal
deformation. Then, based on the results about perm bialgebras in [Hou24], we present
the notion of a Nijenhuis perm bialgebra and give the equivalent characterizations by
using a matched pair of Nijenhuis perm algebras and a Manin triple of Nijenhuis Frobe-
nius perm algebra. We focus on the coboundary case of Nijenhuis perm bialgebra, then
obtain S-admissible perm Yang–Baxter equations. We also investigate that how we can
obtain Nijenhuis perm bialgebras in terms of O-operators on Nijenhuis perm algebras.
We end this section with the classification of 2-dimensional triangular noncommutative
perm bialgebras. In Section 3, we derive a method to obtain a Nijenhuis operator
on a perm (co)algebra highly depending on the classical perm Yang–Baxter equation
introduced in [Hou24]. Some examples are also given.

Notation. Throughout this paper, we fix a field K. All vector spaces, tensor
products, and linear homomorphisms are over K. We denote by idM the identity map
from M to M , by τ the flip map.

2. S-admissible perm Yang–Baxter equations

In this section, we mainly find the compatible conditions between perm Yang–
Baxter equation and Nijenhuis operator by establishing Nijenhuis perm bialgebras.

2.1. Nijenhuis perm algebras and representations
We introduce the notions of a Nijenhuis operator on a perm algebra and a repre-

sentation of a Nijenhuis perm algebra by means of infinitesimal deformation.

Definition 2.1 ([Hou24; LZB25]). Let (g, · ) be a perm algebra, V be a vector space
and ℓ, r : g → End(V ) be two linear maps. The triple (V, ℓ, r) is called a representation
of g, if, for all x, y ∈ g and v ∈ V , the equations below hold:

vr(xy) = (vr(x))r(y) = (vr(y))r(x), (2)
ℓ(xy)v = ℓ(x)(ℓ(y)v) = ℓ(x)(vr(y)) = (ℓ(x)v)r(y). (3)

Let (V1, ℓ1, r1) and (V2, ℓ2, r2) be two representations of two perm algebras (g, · )
and (h, ◦), respectively. A homomorphism from (V1, ℓ1, r1) to (V2, ℓ2, r2) consists of
a perm algebra homomorphism ϕ : g → h and a linear map f : V1 → V2 such that the
following conditions are satisfied:

f(ℓ1(x)v) = ℓ2(ϕ(x))f(v), f(vr1(x)) = f(v)r2(ϕ(x)), (4)
where x ∈ g and v ∈ V1.
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Lemma 2.2. Let µ,m : g ⊗ g → g (we write µ(x ⊗ y) = x · y, m(x ⊗ y) = x • y),
ηℓ, ηr, τ ℓ, τ r : g → End(V ) be linear maps and s, t be parameters. Define the following
new multiplication and linear maps:

x ·s,t y = sx · y + tx • y, ℓs,t = sηℓ + tτ ℓ, rs,t = sηr + tτ r,

where x, y ∈ g. Then
(1) (g, ·s,t) is a perm algebra if and only if (g, ·), (g, •) are perm algebras, and for

all x, y, z ∈ g,

(x • y) · z + (x · y) • z = x · (y • z) + x • (y · z) = x · (z • y) + x • (z · y).

(2) (V, ℓs,t, rs,t) is a representation of (g, ·s,t) if and only if (V, ηℓ, ηr) is a repre-
sentation of (g, ·), (V, τ ℓ, τ r) is a representation of (g, •) and for all x, y ∈ g,
u ∈ V ,

ηℓ(x • y)u+ τ ℓ(x · y)u = ηℓ(x)(τ ℓ(y)u) + τ ℓ(x)(ηℓ(y)u)
= ηℓ(x)(uτ r(y)) + τ ℓ(x)(uηr(y))
= (τ ℓ(x)u)ηr(y) + (ηℓ(x)u)τ r(y),

uηr(x • y) + uτ r(x · y) = (uτ r(y))ηr(x) + (uηr(y))τ r(x)
= (uτ r(x))ηr(y) + (uηr(x))τ r(y).

Proof. Straightforward. □

Theorem 2.3. Let (V, ηℓ, ηr) be a representation of (g, ·), (V, ℓs,t, rs,t) be a rep-
resentation of (g, ·s,t), N ∈ End(g) and α ∈ End(V ) be two linear maps. Then
(s idg +tN, s idV +tα) is a homomorphism from (V, ℓs,t, rs,t) of (g, ·s,t) to (V, ηℓ, ηr)
of (g, · ) if and only if for all x, y ∈ g,

x • y = N(x) · y + x ·N(y) −N(x · y), (5)
N(x • y) = N(x) ·N(y), (6)

τ ℓ(x) = ηℓ(N(x)) + ηℓ(x) ◦ α− α ◦ ηℓ(x), (7)
ηℓ(N(x)) ◦ α = α ◦ τ ℓ(x), (8)

τ r(x) = ηr(N(x)) + ηr(x) ◦ α− α ◦ ηr(x), (9)
ηr(N(x)) ◦ α = α ◦ τ r(x). (10)

Proof. It is direct. □

By Eqs. (5)–(6), we have:

Definition 2.4. A Nijenhuis perm algebra is a pair (g, N) including a perm algebra
g and a Nijenhuis operator N on g, i.e, a linear map N : g → g satisfies

N(x)N(y) +N2(xy) = N(N(x)y) +N(xN(y)), (11)

where x, y ∈ g.
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By Eqs. (7)–(10), one can obtain:

Definition 2.5. A representation of a Nijenhuis perm algebra (g, N) is a quadruple
(V, ℓ, r, α), where (V, ℓ, r) is a representation of (g, · ) and α : V → V is a linear map,
such that, for all x ∈ g, v ∈ V ,

ℓ((N(x))α(v) + α2(ℓ(x)v) = α(ℓ(N(x))v) + α(ℓ(x)α(v)), (12)
α(v)r(N(x)) + α2(vr(x)) = α(vr(N(x))) + α(α(v)r(x)). (13)

A linear map f : V1 → V2 is called a homomorphism from the representations
(V1, ℓ1, r1, α1) to (V2, ℓ2, r2, α2) of (g, · ) if for all x ∈ g, u ∈ V1,

f(ℓ1(x)u) = ℓ2(x)f(u), f(ur1(x)) = f(u)r2(x), f(α1(u)) = α2(f(u)).

If, further, f is bijective, then we call these two representations (V1, ℓ1, r1, α1) and
(V2, ℓ2, r2, α2) equivalent.

Example 2.6. Let (g, N) be a Nijenhuis perm algebra, then (g, L,R,N) is a repre-
sentation of (g, N), which is called the adjoint representation of (g, N), where L,R
denote the left and right multiplications respectively.

Proposition 2.7. Let (g, N) be a Nijenhuis perm algebra and (V, ℓ, r) be a represen-
tation of g, α : V → V be a linear map. Define a linear map N +α : g⊕V → g⊕V by

(N + α)(x+ u) = N(x) + α(u), (14)

and a linear operation by

(x+ u) ∗ (y + v) = xy + ℓ(x)v + ur(y), (15)

then (g ⊕ V,N + α) is a Nijenhuis perm algebra if and only if (V, ℓ, r, α) is a repre-
sentation of (g, N). This Nijenhuis perm algebra is called the semi-direct product of
(g, N) associated with (V, ℓ, r, α), denoted by (g⋉ℓ,r V,N + α).

Proof. First by [Hou24, Proposition 2.5] and (V, ℓ, r) is a representation of g, g ⊕ V
is a perm algebra. Next, by a similar discussion in [ML24, Proposition 3.6], we can
obtain that (g ⊕ V,N + α) is a Nijenhuis perm algebra if and only if (V, ℓ, r, α) is
a representation of (g, N). □

Next we introduce the dual representation of a representation of a Nijenhuis perm
algebra.

Lemma 2.8. Let (g, N) be a Nijenhuis perm algebra, (V, ℓ, r) be a representation of
g and β : V → V be a linear map. Then (V ∗, r∗ − ℓ∗, r∗, β∗) is a representation of
(g, N), where ℓ∗, r∗ : g → End(V ∗) by

⟨ℓ∗(x)u∗, v⟩ = ⟨u∗, ℓ(x)v⟩, ⟨u∗r∗(x), v⟩ = ⟨u∗, vr(x)⟩, ∀ x ∈ g, u∗ ∈ V ∗, v ∈ V

if and only if for all x ∈ g, u ∈ V , the following equations hold:

β(ℓ(N(x))u) + ℓ(x)β2(u) − ℓ((N(x))β(u) − β(ℓ(x)β(u)) = 0, (16)
β(ur(N(x))) + β2(u)r(x) − β(u)r((N(x)) − β(β(u)r(x)) = 0. (17)
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Proof. We note that (V ∗, r∗ − ℓ∗, r∗) is a representation of g by [Hou24, Lemma 4.2].
For all x ∈ g, u∗ ∈ V ∗, v ∈ V , we have〈

β∗(u∗)r∗(N(x)) + β∗2(u∗r∗(x)) − β∗(u∗r∗(N(x))) − β∗(β∗(u∗)r∗(x)), v
〉

=
〈
u∗, β(vr(N(x))) + β2(v)r(x) − β(v)r(N(x)) − β(β(v)r(x))

〉
.

Similarly,〈
(r∗ − ℓ∗)(N(x))β∗(u∗) + β∗2((r∗ − ℓ∗)(x)u∗)

− β∗((r∗ − ℓ∗)(N(x))u∗) − β∗((r∗ − ℓ∗)(x)β∗(u∗)), v
〉

=
〈
u∗, β(vr(N(x))) + β2(v)r(x) − β(v)r(N(x)) − β(β(v)r(x))

− β(ℓ(N(x))v) − ℓ(x)β2(v) + ℓ(N(x))β(v) + β(ℓ(x)β(v))
〉
.

Thus Eqs. (12)–(13) hold for β∗ if and only if Eqs. (16)–(17) hold. □

Definition 2.9. Let (g, N) be a Nijenhuis perm algebra, (V, ℓ, r) be a representation
of g, and β : V → V be a linear map. If Eqs. (16)–(17) hold, then we call that β is
admissible to Nijenhuis perm algebra (g, N) on (V, ℓ, r) or (g, N) is β-admissible on
(V, ℓ, r). When (V, ℓ, r) = (g, L,R), we say that β is admissible to (g, N) or (g, N) is
β-admissible.

Let (V, ℓ, r) = (g, L,R), we have:

Corollary 2.10. Let (g, N) be a Nijenhuis perm algebra. A linear map S : g → g is
admissible to (g, N) if and only if, for all x, y ∈ g

S(N(x)y) + xS2(y) −N(x)S(y) − S(xS(y)) = 0, (18)
S(xN(y)) + S2(x)y − S(x)N(y) − S(S(x)y) = 0. (19)

2.2. Nijenhuis perm bialgebras and equivalent characterizations
Dual to the notion of perm algebras, we have: a perm coalgebra is a pair (g,∆),

where g is a vector space and ∆ : g → g ⊗ g (Sweedler notation [Swe69]: ∆(x) =
x(1) ⊗ x(2)) is a linear map such that for all x ∈ g,

x(1)(1) ⊗ x(1)(2) ⊗ x(2) = x(1) ⊗ x(2)(1) ⊗ x(2)(2) = x(1) ⊗ x(2)(2) ⊗ x(2)(1). (20)

Proposition 2.11.
(1) If (g,∆) is a perm coalgebra, then (g∗,∆∗) is a perm algebra, where

∆∗ : g∗ ⊗ g∗ → g∗ is defined by

⟨∆∗(ξ ⊗ η), x⟩ = ⟨ξ, x(1)⟩⟨η, x(2)⟩, ∀ ξ, η ∈ g∗, x ∈ g.

(2) If (g, · ) is a finite-dimensional perm algebra, then (g∗, ·∗) is a perm coalgebra,
where ·∗ : g∗ → g∗ ⊗ g∗ is defined by

⟨ ·∗(ξ), x⊗ y⟩ = ⟨ξ, x · y⟩, ∀ ξ ∈ g∗, x, y ∈ g.

Proof. Similar to the case of Hopf algebra, see [Swe69]. □
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Let recall from [Hou24; LZB25] the definition of a perm bialgebra. Let g be
a perm algebra. A perm bialgebra is a triple (g, · ,∆) such that (g,∆) is a perm
coalgebra and, for all x, y ∈ g, the compatibility conditions below hold:

∆(xy) − τ∆(xy) = ∆(yx) − τ∆(yx)
= (R(y) ⊗ id)∆(x) − τ(id ⊗R(y))∆(x) + (id ⊗R(x))∆(y)

− τ(R(x) ⊗ id)∆(y), (21)

∆(xy) = (L(x) ⊗ id)∆(y) + (id ⊗R(y))∆(x) − (id ⊗L(y))∆(x)
= (L(x) ⊗ id)∆(y) + τ(id ⊗L(x))∆(y) + (id ⊗R(y))∆(x)
= (R(y) ⊗ id)∆(x) + (id ⊗R(x))∆(y) − (id ⊗L(x))∆(y)

− τ(R(x) ⊗ id)∆(y) + τ(L(x) ⊗ id)∆(y). (22)

2.2.1. Matched pairs of Nijenhuis perm algebras.

Proposition 2.12 ([Hou24]). Let g, h be two perm algebras, (h, ℓg, rg) be a repre-
sentation of g and (g, ℓh, rh) be a representation of h. Define a bilinear operation ⋆ on
g ⊕ h given by
(a+x)⋆(b+y) = ab+ℓh(x)b+arh(y)+xy+ℓg(a)y+xrg(b), ∀ a, b ∈ g, x, y ∈ h. (23)

Then g⊕h is a perm algebra if and only if (g, h, ℓg, rg, ℓh, rh) is a matched pair of perm
algebras, that is to say, for all x, x1, x2 ∈ g, y, y1, y2 ∈ h, the following equations hold:
ℓh(y)(x1x2) = ℓh(y)(x2x1) = (ℓh(y)(x1))x2 + ℓh(yrg(x1))(x2), (24)
(x1x2)rh(y) = x1(x2rh(y)) + x1rh(ℓg(x2)(y))

= x1(ℓh(y)(x2)) + x1rh(yrg(x2)) = (x1rh(y))x2 + ℓh(ℓg(x1)(y))(x2),
(25)

ℓg(x)(y1y2) = ℓg(x)(y2y1) = (ℓg(x)(y1))y2 + ℓg(xrh(y1))(y2), (26)
(y1y2)rg(x) = y1(y2rg(x)) + y1rg(ℓh(y2)(x))

= y1(ℓg(x)(y2)) + y1rg(xrh(y2)) = y2(y1rg(x)) + ℓg(ℓh(y1)(x))(y2). (27)

We extend the notion of a matched pair of perm algebras to Nijenhuis case.

Definition 2.13. A matched pair of Nijenhuis perm algebras (g, Ng) and (h, Nh)
is a hexatuple ((g, Ng), (h, Nh), ℓg, rg, ℓh, rh), where (h, ℓg, rg, Nh) is a representation
of (g, Ng) and (g, ℓh, rh, Ng) is a representation of (h, Nh), and (h, g, ℓg, rg, ℓh, rh) is
a matched pair of g and h.

Theorem 2.14. Let (g, Ng) and (h, Nh) be two Nijenhuis perm algebras, (g, h, ℓg, rg,
ℓh, rh) be a matched pair of g and h. Define a linear map Ng+h : g ⊕ h → g ⊕ h by

(Ng+h)(a+ x) = Ng(a) +Nh(x), ∀ a ∈ g, x ∈ h, (28)
and a linear operation ⋆ : (g ⊕ h) × (g ⊕ h) → g ⊕ h by Eq. (23), then (g ⊕ h, Ng+h)
is a Nijenhuis perm algebra if and only if ((g, Ng), (h, Nh), ℓg, rg, ℓh, rh) is a matched
pair of (g, Ng) and (h, Nh).

Proof. It can be proved by Proposition 2.12 and [ML24, Theorem 2.3.2]. □
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2.2.2. Manin triple of a Nijenhuis perm algebra. Let us recall from [Hou24]
that a bilinear form B on a perm algebra g is called invariant if for all x, y, z ∈ g,

B(xy, z) = B(y, zx) − B(y, xz). (29)

A Frobenius perm algebra (g,B) is a perm algebra g with a nondegenerate invariant
bilinear form B. A Frobenius perm algebra (g,B) is called skew-symmetric if B is
skew-symmetric.

Remark 2.15. If B is skew-symmetric, then for all x, y, z ∈ g, we have

B(xy, z) = B(x, zy). (30)

In fact, by Eq. (29), we have

B(x, zy) = −B(zy, x) = −(B(y, xz) − B(y, zx)) = B(xy, z).

Definition 2.16 ([Hou24; LZB25]). Let (g, · ) be a perm algebra. Suppose that
there is a perm algebra structure ◦ on its dual space g∗, and a perm algebra structure
on the direct sum g ⊕ g∗ of the underlying vector spaces of g and g∗ which contains
both (g, · ) and (g∗, ◦) as subalgebras. Define a bilinear form on g ⊕ g∗ by for all
x, y ∈ g and a, b ∈ g∗,

B(x+ a, y + b) = ⟨x, b⟩ − ⟨y, a⟩. (31)
If B is invariant, so that (g ⊕ g∗,B) is a skew-symmetric Frobenius perm algebra,
then the Frobenius perm algebra is called a (standard) Manin triple of Frobenius perm
algebra associated to (g, · ) and (g∗, ◦), which is denoted by ((g ⊕ g∗,B), g, g∗).

Lemma 2.17 ([Hou24]). Let (g, · ) be a perm algebra. Suppose that there is a perm
algebra structure (g∗, ◦) on its dual space g∗. Then there is a Manin triple of Frobenius
perm algebra associated to (g, · ) and (g∗, ◦) if and only if (g, g∗,
R·

∗ − L·
∗, R·

∗, R◦
∗ − L◦

∗, R◦
∗) is a matched pair of perm algebras.

We now extend these notions and properties to Nijenhuis perm algebras.

Definition 2.18. A Nijenhuis Frobenius perm algebra (abbr. NF perm algebra) is a
triple (g, N,B), where (g, N) is a Nijenhuis perm algebra and (g,B) is a Frobenius
perm algebra.

Let N̂ : g → g denote the adjoint linear transformation of N under the nondegen-
erate bilinear form B:

B(N(x), y) = B(x, N̂(y)), ∀ x, y ∈ g. (32)

Proposition 2.19. Let (g, N,B) be a skew-symmetric NF perm algebra. Then for the
adjoint operator N̂ in Eq. (32), the quadruple (g∗, R∗ −L∗, R∗, N̂∗) is a representation
of (g, N). Moreover, (g∗, R∗ − L∗, R∗, N̂∗) is equivalent to (g, L,R,N) as representa-
tions of (g, N). Conversely, let (g, N) be a Nijenhuis perm algebra and S : g → g be a
linear map that is admissible to (g, N). If the representation (g∗, R∗ − L∗, R∗, S∗) of
(g, N) is equivalent to (g, L,R,N), then there exists a nondegenerate bilinear form B

such that (g, N,B) is an NF perm algebra for which N̂ = S.
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Proof. For all x, y, z ∈ g, we have

0 = B(N(x)N(y) +N2(xy) −N(N(x)y) −N(xN(y)), z)
= B(N(x)N(y), z) + B(N2(xy), z) − B(N(N(x)y), z) − B(N(xN(y)), z)

(30)(32)= B
(
x, N̂(zN(y))

)
+ B

(
x, N̂2(z)y

)
− B

(
x, N̂(N̂(z)y)

)
− B

(
x, N̂(z)N(y)

)
= B(x, N̂(zN(y)) + N̂2(z)y − N̂(N̂(z)y) − N̂(z)N(y)).

Then, we obtain

N̂(zN(y)) + N̂2(z)y − N̂(N̂(z)y) − N̂(z)N(y) = 0,

i.e., Eq.(19) holds. On the other hand, by Eqs. (29) and (32), we have:

N̂(zN(y)) − N̂(N(y)z) + N̂2(z)y − yN̂2(z)

− N̂(z)N(y) +N(y)N̂(z) − N̂(N̂(z)y) + N̂(yN̂(z)) = 0.

Then Eq. (18) holds by Eq. (19). Hence (g∗, R∗ − L∗, R∗, N̂∗) is a representation of
(g, N).

Next, for all x, y ∈ g, we define the linear map ψ : g → g∗ by

ψ(x)y := ⟨ψ(x), y⟩ = B(x, y).

The nondegeneracy of B gives the bijectivity of ψ. Then by the definition of ψ, it is
direct to prove that (g∗, R∗ −L∗, R∗, N̂∗) is equivalent to (g, L,R,N) as representation
of (g, N).

Conversely, suppose that ψ : g → g∗ is the linear isomorphism giving the
equivalence between (g, L,R,N) and (g∗, R∗ − L∗, R∗, S∗). Define a bilinear form B
on g by B(x, y) = ⟨ψ(x), y⟩. Then a similar argument gives the NF perm algebra
(g, N,B) and N̂ = S. □

We now extend the notion of Manin triple to NF perm algebras.

Definition 2.20. Let (g, · , N) and (g∗, ◦, S∗) be two Nijenhuis perm algebras. A
Manin triple of an NF perm algebra associated to (g, · , N) and (g∗, ◦, S∗) is a Manin
triple ((g ⊕ g∗,B), g, g∗) of Frobenius perm algebra associated to (g, · ) and (g∗, ◦)
such that (g ⊕ g∗, N + S∗,B) is an NF perm algebra. We denote it by ((g ⊕ g∗, N +
S∗,B), (g, N), (g∗, S∗)).

Lemma 2.21. Let ((g ⊕ g∗, N + S∗,B), (g, N), (g∗, S∗)) be a Manin triple of NF
perm algebra associated to (g, N) and (g∗, S∗).

(1) The adjoint N̂ + S∗ of N + S∗ with respect to B is S +N∗. Further S +N∗

is admissible to (g ⊕ g∗, N + S∗).
(2) S is admissible to (g, N).
(3) N∗ is admissible to (g∗, S∗).

Proof. It is similar to [ML24, Lemma 4.6]. □
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Theorem 2.22. Let (g, · , N) be a Nijenhuis perm algebra. Suppose that there is
aNijenhuis perm algebra structure (g∗, ◦, S∗) on its dual space g∗. Then there is
a Manin triple ((g ⊕ g∗, N + S∗,B), (g, N), (g∗, S∗)) of NF perm algebra associated to
(g, · , N) and (g∗, ◦, S∗) if and only if ((g, N), (g∗, S∗), R·

∗ − L·
∗, R·

∗, R◦
∗ − L◦

∗, R◦
∗)

is a matched pair of Nijenhuis perm algebras.

Proof.
(=⇒). The given Manin triple ((g ⊕ g∗, N + S∗,B), (g, N), (g∗, S∗)) associated to
(g, N) and (g∗, S∗) implies that ((g ⊕ g∗,B), g, g∗) is a Manin triple of Frobenius
perm algebra associated to g and g∗. Hence by Lemma 2.17, (g, g∗, R·

∗ − L·
∗, R·

∗,
R◦

∗−L◦
∗, R◦

∗) is a matched pair of perm algebras. Further, by Lemma 2.21, (g∗, R·
∗−

L·
∗, R·

∗, S∗) is a representation of (g, N) and (g, R◦
∗ −L◦

∗, R◦
∗, N) is a representation

of (g∗, S∗). Hence, (g, g∗, N, S∗, R·
∗ − L·

∗, R·
∗, R◦

∗ − L◦
∗, R◦

∗) is a matched pair of
Nijenhuis perm algebras.

(⇐=). Let (g, g∗, N, S∗, R·
∗−L·

∗, R·
∗, R◦

∗−L◦
∗, R◦

∗) be a matched pair of Nijenhuis
perm algebras. Then (g, g∗, R·

∗ − L·
∗, R·

∗, R◦
∗ − L◦

∗, R◦
∗) is a matched pair of perm

algebras. By Lemma 2.17, (g ⊕ g∗,B) is a Frobenius perm algebra. By Theorem 2.14,
the matched pair of Nijenhuis perm algebras also equips the perm algebra g ⊕ g∗ with
the Nijenhuis operator N + S∗, giving us an NF perm algebra. □

2.2.3. Nijenhuis perm bialgebras.

Definition 2.23. A Nijenhuis perm coalgebra is a triple (g,∆, S), where (g,∆) is a
perm coalgebra and S is a Nijenhuis operator on (g,∆), i.e., the equality below holds:

S(x(1)) ⊗ S(x(2)) + S2(x)(1) ⊗ S2(x)(2)

= S(S(x)(1)) ⊗ S(x)(2) + S(x)(1) ⊗ S(S(x)(2)), ∀ x ∈ g. (33)

Definition 2.24. A Nijenhuis perm bialgebra is a vector space g together with linear
maps · : g ⊗ g → g, ∆ : g → g ⊗ g, N,S : g → g such that

(1) (g, ·,∆) is a perm bialgebra.
(2) (g, ·, N) is a Nijenhuis perm algebra.
(3) (g,∆, S) is a Nijenhuis perm coalgebra.
(4) S is admissible to (g, · , N), that is, Eq. (18) and Eq. (19) hold.
(5) N∗ is admissible to (g∗,∆∗, S∗), that is, the equations below hold:

(S ⊗ id)∆N + (id ⊗N2)∆ − (S ⊗N)∆ − (id ⊗N)∆N = 0, (34)
(id ⊗S)∆N + (N2 ⊗ id)∆ − (N ⊗ S)∆ − (N ⊗ id)∆N = 0. (35)

We denote the Nijenhuis perm bialgebra by ((g, ·, N),∆, S).

Example 2.25. Let g be a perm algebra with basis B = {e1, e2} and the product is
defined by

· e1 e2
e1 e1 0
e2 e2 0

.
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Let ki, i = 1, 2, 3, 4 be parameters, define{
N(e1) = k1e1 + k2e2

N(e2) = k3e2,

then (g, · , N) is a Nijenhuis perm algebra.
Set {

∆(e1) = −e2 ⊗ e2

∆(e2) = 0,
and {

S(e1) = k3e1 + k4e2

S(e2) = k3e2,

then (g,∆, S) is a Nijenhuis perm coalgebra. Furthermore, ((g, · , N),∆, S) is a Nijen-
huis perm bialgebra.

By [Hou24, Theorem 4.11], we have

Lemma 2.26. Let (g, · ) be a perm algebra. Suppose that there is a perm algebra
structure ◦ on its dual space g∗. Then the triple (g, · ,∆) is a perm bialgebra if and
only if (g, g∗, R·

∗ − L·
∗, R·

∗, R◦
∗ − L◦

∗, R◦
∗) is a matched pair of perm algebras.

Theorem 2.27. Let (g, · , N) be a Nijenhuis perm algebra. Suppose that there
is a Nijenhuis perm algebra structure (g∗, ◦, S∗) on its dual space. Then the triple
((g, · , N),∆, S) is a Nijenhuis perm bialgebra if and only if (g, g∗, N, S∗, R·

∗ −L·
∗, R·

∗,
R◦

∗ − L◦
∗, R◦

∗) is a matched pair of Nijenhuis perm algebras.

Proof.
(=⇒). Let (g, · , N,∆, S) be a Nijenhuis perm bialgebra, by Definition 2.24, we
know that (g, · ,∆) is a perm bialgebra and S, N∗ are admissible to (g, N) and
(g∗, S∗) respectively. These mean that (g∗, R·

∗ − L·
∗, R·

∗, S∗) is a representation of
(g, N) and (g, R◦

∗ − L◦
∗, R◦

∗, N) is a representation of (g∗, S∗). By Lemma 2.26,
(g, g∗, R·

∗ − L·
∗, R·

∗, R◦
∗ − L◦

∗, R◦
∗) is a matched pair of perm algebras. Therefore,

(g, g∗, N, S∗, R·
∗ − L·

∗, R·
∗, R◦

∗ − L◦
∗, R◦

∗) is a matched pair of Nijenhuis perm
algebras.

(⇐=). Let (g, g∗, N, S∗, R·
∗−L·

∗, R·
∗, R◦

∗−L◦
∗, R◦

∗) be a matched pair of Nijenhuis
perm algebras. Then (g, g∗, R·

∗ − L·
∗, R·

∗, R◦
∗ − L◦

∗, R◦
∗) is a matched pair of perm

algebras and S, N∗ are admissible to (g, N) and (g∗, S∗) respectively. Hence, By
Lemma 2.26 and Definition 2.24, ((g, · , N),∆, S) is a Nijenhuis perm bialgebra. □

Theorem 2.28. Let (g, · , N) and (g∗, ◦ := ∆∗, S∗) be two Nijenhuis perm algebras.
Then the following conditions are equivalent:

(1) (g, g∗, N, S∗, R·
∗ − L·

∗, R·
∗, R◦

∗ − L◦
∗, R◦

∗) is a matched pair of Nijenhuis
perm algebras (g, · , N) and (g∗, ◦, S∗).

(2) There is a Manin triple of NF perm algebra associated to (g, · , N) and
(g∗, ◦, S∗).

(3) ((g, · , N),∆, S) is a Nijenhuis perm bialgebra.
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Proof. It is obvious by Theorems 2.22 and 2.27. □

2.3. Coboundary Nijenhuis perm bialgebra
Let (g, · ) be a perm algebra. For r ∈ g ⊗ g, in [Hou24] ∆r is defined by

∆(x) := ∆r(x) := xr1 ⊗ r2 + r1 ⊗ xr2 − r1 ⊗ r2x, ∀ x ∈ g. (36)

Definition 2.29. A Nijenhuis perm bialgebra ((g, · , N),∆, S) is called coboundary
if there exists a r ∈ g ⊗ g such that Eq. (36) holds.

In [Hou24], the author provided the following results. Let (g, · ) be a perm algebra,
r ∈ g ⊗ g and ∆ : g → g ⊗ g be the linear map defined by Eq. (36). Then ∆ makes
(g,∆) into a perm coalgebra such that (g, · ,∆) is a perm bialgebra if and only if for
all x, y ∈ g

(L(xy) ⊗ id + id ⊗L(xy))(r − τ(r)) = (L(yx) ⊗ id + id ⊗L(yx))(r − τ(r)), (37)

(R(y) ⊗ L(x) + L(y) ⊗R(x) + id ⊗L(yx))(r − τ(r))
= (R(y) ⊗R(x) + id ⊗R(yx) + id ⊗L(xy))(r − τ(r)), (38)

(L(x) ⊗ L(y))(r − τ(r)) = 0, (39)

(R(y) ⊗ L(x) + L(y) ⊗R(x) + id ⊗L(yx))(r − τ(r))
= (R(y) ⊗R(x) + L(y) ⊗ L(x) + id ⊗L(xy))(r − τ(r)), (40)

(id ⊗ id ⊗(L(x) −R(x)))P (r) = (L(x) ⊗ id ⊗ id)J(r), (41)
(id ⊗ id ⊗(L(x) −R(x)))Q(r) = (L(x) ⊗ id ⊗ id)T (r) +M(r), (42)

where

P (r) = r13r12 − r13r23 + r23r12 − r12r23,

Q(r) = r13r12 − r13r32 + r23r12 − r12r23,

J(r) = r12r23 + r13r23 − r12r13 − r23r13,

T (r) = r12r23 + r13r32 − r13r12 − r32r12,

M(r) = (id ⊗L(x) ⊗ id)(r32r12 − r23r12) + (id ⊗R(x) ⊗ id)(r12r23 − r12r32),

r13r12 = r1r1 ⊗ r2 ⊗ r2 and similarly for others.
Let (g, N) be an S-admissible Nijenhuis perm algebra. In order for ((g, · , N),

∆, S) to be a Nijenhuis perm bialgebra, we only need to further require that (g∗,∆∗, S∗)
is an N∗-admissible Nijenhuis perm algebra, that is, (g,∆, S) is a Nijenhuis perm
coalgebra and Eqs. (34)–(35) hold.

Proposition 2.30. Let (g, N) be an S-admissible Nijenhuis perm algebra and r ∈
g ⊗ g. Define a linear map ∆ : g → g ⊗ g by Eq. (36). Then the following conclusions
hold.
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(1) Eq. (33) holds if and only if for all x ∈ g,

(id ⊗S ◦ L(x) − id ⊗S ◦R(x) − id ⊗L(S(x)) + id ⊗R(S(x)))(S ⊗ id − id ⊗N)(r)
+ (L(S(x)) ⊗ id −S ◦ L(x) ⊗ id)(N ⊗ id − id ⊗S)(r) = 0. (43)

(2) Eq. (35) holds if and only if for all x ∈ g,

(id ⊗L(N(x)) + L(N(x)) ⊗ id + id ⊗S ◦ L(x) − id ⊗S ◦R(x)
− id ⊗R(N(x)) −N ◦ L(x) ⊗ id)(id ⊗S −N ⊗ id)(r)

+ (id ⊗R(x) − id ⊗L(x))(id ⊗S2 −N2 ⊗ id)(r) = 0. (44)

(3) Eq. (34) holds if and only if for all x ∈ g,

(id ⊗L(N(x)) + L(N(x)) ⊗ id +S ◦ L(x) ⊗ id
− id ⊗R(N(x)) − id ⊗N(L(x)) + id ⊗N(R(x)))
(S ⊗ id − id ⊗N)(r) + (L(x) ⊗ id)(id ⊗N2 − S2 ⊗ id)(r) = 0. (45)

Proof of Proposition 2.30.

(1). For all x ∈ g, by Eq. (36), we have

(S ⊗ S)∆(x) = S(xr1) ⊗ S(r2) + S(r1) ⊗ S(ar2) − S(r1) ⊗ S(r2a),
∆(S2(x)) = S2(x)r1 ⊗ r2 + r1 ⊗ S2(x)r2 − r1 ⊗ r2S2(x),

(S ⊗ id)∆(S(x)) = S(S(x)r1) ⊗ r2 + S(r1) ⊗ S(x)r2 − S(r1) ⊗ r2S(x)
(19)= S(xN(r1)) ⊗ r2 + S2(x)r1 ⊗ r2 − S(x)N(r1) ⊗ r2

+ S(r1) ⊗ S(x)r2 − S(r1) ⊗ r2S(x),

(id ⊗S)∆(S(x))
= S(x)r1 ⊗ S(r2) + r1 ⊗ S(S(x)r2) − r1 ⊗ S(r2S(x))

(19)(18)= S(x)r1 ⊗ S(r2) + r1 ⊗ S(xN(r2)) + r1 ⊗ S2(x)r2 − r1 ⊗ S(x)N(r2)
− r1 ⊗ S(N(r2)x) − r1 ⊗ r2S2(x) + r1 ⊗N(r2)S(x).

Then Eq. (33) holds if and only if Eq. (43) holds.

(2) and (3). Similar to the proof of (1). □

Lemma 2.31.
(1) If (S ⊗ id − id ⊗N)(r) = 0, then (id ⊗N2 − S2 ⊗ id)(r) = 0.
(2) If (N ⊗ id − id ⊗S)(r) = 0, then (N2 ⊗ id − id ⊗S2)(r) = 0.
(3) If r is symmetric, then (S ⊗ id − id ⊗N)(r) = 0 if and only if (N ⊗ id −

id ⊗S)(r) = 0.

Proof. It can be proved directly. □
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Theorem 2.32. Let (g, N) be an S-admissible Nijenhuis perm algebra and r ∈ g⊗ g.
Define a linear map ∆ by Eq. (36). Then ((g, · , N),∆, S) is a Nijenhuis perm bialgebra
if and only if Eqs. (37)–(45) hold.

Proof. ((g, · , N),∆, S) is a Nijenhuis perm bialgebra if and only if (g∗,∆∗, S∗) is
an N∗-admissible Nijenhuis perm algebra. By Proposition 2.30, the latter holds if and
only if Eqs. (37)–(45) hold. □

Corollary 2.33. Let (g, N) be an S-admissible Nijenhuis perm algebra and r ∈ g⊗ g
be symmetric. Define a linear map ∆ : g → g ⊗ g by Eq. (36). Then ((g, · , N),∆, S)
is a Nijenhuis perm bialgebra if the following equations hold:

P (r) = r13r12 − r13r23 + r23r12 − r12r23 = 0, (46)
(S ⊗ id − id ⊗N)(r) = 0. (47)

Definition 2.34. Let (g, N) be a Nijenhuis perm algebra, S : g → g a linear map.
Then Eq. (46) together with Eq. (47) is called an S-admissible perm Yang–Baxter
equation in (g, N).

Proposition 2.35. Let (g, N) be an S-admissible Nijenhuis perm algebra and r ∈
g⊗g be a symmetric solution of the S-admissible perm Yang–Baxter equation in (g, N).
Then ((g, · , N),∆, S) is a Nijenhuis perm bialgebra, where the linear map ∆ = ∆r is
defined by Eq. (36). We call this Nijenhuis perm bialgebra triangular.

Proof. It is obvious by Corollary 2.33 and Definition 2.34. □

For a vector space g, by isomorphism g ⊗ g ∼= Hom(g∗, g) and r ∈ V ⊗ V , define
a linear map r♯ : V ∗ → V by

r♯(u∗) = ⟨u∗, r1⟩r2, ∀ u∗ ∈ V ∗.

We say that r ∈ V ⊗ V is nondegenerate if the linear map r♯ is a bijection.

Theorem 2.36. Let (g, N) be a Nijenhuis perm algebra and r ∈ g ⊗ g be symmetric.
Let S : g → g be a linear map. Then r is a solution of the S-admissible perm
Yang–Baxter equation in (g, N) if and only if r♯ satisfies

r♯(x∗)r♯(y∗) = r♯
(
y∗R∗(r♯(x∗)) − L∗(r♯(x∗))y∗ + x∗R∗(r♯(y∗))

)
, ∀ x∗, y∗ ∈ g∗ (48)

N ◦ r♯ = r♯ ◦ S∗. (49)

Proof. By [Hou24, Proposition 4.19], r is a solution of perm Yang–Baxter equation
in g if and only if Eqs. (48) holds. Moreover, for any x∗ ∈ g∗, we have

r♯(S∗(x∗)) = ⟨S∗(x∗), r1⟩r2 = ⟨x∗, S(r1)⟩r2,

and

N(r♯(x∗)) = ⟨x∗, r1⟩N(r2).

Hence, Eq. (49) holds if and only if Eq. (47) holds. These finish the proof. □
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2.4. O-operators on Nijenhuis perm algebra
Definition 2.37. Let (g, N) be a Nijenhuis perm algebra, (V, ℓ, r) be a representation
of g and α : V → V be a linear map. A linear map T : V → g is called a weak
O-operator associated to (V, ℓ, r) and α if T satisfies

T (x)T (y) = T (ℓ(T (x))y + xr(T (y))), ∀ x, y ∈ V, (50)
N ◦ T = T ◦ α. (51)

If (V, ℓ, r, α) is a representation of (g, N), then T is called an O-operator associated to
(V, ℓ, r, α).

Theorem 2.36 can be rewritten in terms of O-operators as follows.

Corollary 2.38. Let (g, N) be a Nijenhuis perm algebra, r ∈ g⊗ g be symmetric and
S : g → g be a linear map. Then r is a solution of the S-admissible perm Yang–Baxter
equation in (g, N) if and only if r♯ is a weak O-operator associated to (g∗, R∗ −L∗, R∗)
and S∗. In addition, if (g, N) is an S-admissible Nijenhuis perm algebra, then r is a
solution of the S-admissible perm Yang–Baxter equation in (g, N) if and only if r♯ is
an O-operator associated to (g∗, R∗ − L∗, R∗, S∗).

In what follows, we will prove that O-operators can provide solutions of the
admissible perm Yang–Baxter equation in semi-direct product Nijenhuis perm algebras
and then produce Nijenhuis perm bialgebras.

Lemma 2.39. Let g be a perm algebra, (V, ℓ, r) be a representation of g and T : V →
g be a linear map which is identified as an element in (g⋉r∗−ℓ∗,r∗ V ∗)⊗(g⋉r∗−ℓ∗,r∗ V ∗)
through Hom(V, g) ∼= g⊗V ∗ ⊆ (g⋉r∗−ℓ∗,r∗ V ∗) ⊗ (g⋉r∗−ℓ∗,r∗ V ∗). Then r = T + τ(T )
is a symmetric solution of the perm Yang–Baxter equation in the semi-direct product
perm algebra g⋉r∗−ℓ∗,r∗ V ∗ if and only if T is an O-operator of (g, · ) associated to
(V, ℓ, r).

Proof. Let {e1, e2, . . . , en} be a basis of V and {e∗
1, e

∗
2, . . . , e

∗
n} be the dual basis.

Then

r =
n∑

i=1
(T (ei) ⊗ e∗

i + e∗
i ⊗ T (ei)).

Then, we get

r13r12 − r13r23 + r23r12 − r12r23

=
∑

1≤i,j≤n

((
T (ei)T (ej) − T (eir(T (ej))) − T (ℓ(T (ei))ej)

)
⊗ e∗

j ⊗ e∗
i

− e∗
i ⊗

(
T (ei)T (ej) − T (eir(T (ej))) − T (ℓ(T (ei))ej)

)
⊗ e∗

j

+ e∗
j ⊗

(
T (ei)T (ej) − T (eir(T (ej))) − T (ℓ(T (ei))ej)

)
⊗ e∗

i

− e∗
i ⊗ e∗

j ⊗
(
T (ei)T (ej) − T (eir(T (ej))) − T (ℓ(T (ei))ej)

))
.

So r is a solution of the perm Yang–Baxter equation in the semi-direct product perm
algebra g⋉r∗−ℓ∗,r∗ V ∗ if and only if T is an O-operator associated to (V, ℓ, r). □
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Theorem 2.40. Let (g, N) be a Nijenhuis perm algebra, (V, ℓ, r) be a representation
of (g, · ), S : g → g and α, β : V → V be linear maps. Then the following conditions
are equivalent.

(1) There is a Nijenhuis perm algebra (g⋉ℓ,r V,N + α) such that the linear map
S + β on g ⊕ V is admissible to (g⋉ℓ,r V,N + α).

(2) There is a Nijenhuis perm algebra (g⋉r∗−ℓ∗,r∗ V ∗, N +β∗) such that the linear
map S + α∗ on g ⊕ V ∗ is admissible to (g⋉r∗−ℓ∗,r∗ V ∗, N + β∗).

(3) The following conditions are satisfied:
(a) (V, ℓ, r, α) is a representation of (g, N);
(b) S is admissible to (g, N);
(c) β is admissible to (g, N) on (V, ℓ, r);
(d) For all x ∈ g and u ∈ V , the following equation holds:

β(ℓ(x)α(u)) + ℓ(S2(x))u = ℓ(S(x))α(u) + β(ℓ(S(x))u), (52)
β(α(u)r(x)) + ur(S2(x)) = α(u)r(S(x)) + β(ur(S(x))). (53)

Proof of Theorem 2.40.

(1) ⇐⇒ (3). By Proposition 2.7, we have (g ⋉ℓ,r V,N + α) is a Nijenhuis perm
algebra if and only if (V, ℓ, r, α) is a representation of (g, N). Let x, y ∈ g and u, v ∈ V ,
then we have

(S + β)((N + α)(x+ u))(y + v) = S(N(x)y) + β(ℓ(N(x))v + α(u)r(y)),
(x+ u)(S + β)2(y + v) = xS2(y) + ℓ(x)β2(v) + ur(S2(y)),

((N + α)(x+ u))((S + β)(y + v)) = N(x)S(y) + ℓ(N(x))β(v) + α(u)r(S(y)),
(S + β)((x+ u)((S + β)(y + v))) = S(xS(y)) + β(ℓ(x)β(v) + ur(S(y))).

We obtain that

S(N(x)y) + β(ℓ(N(x))v) + β(α(u)r(y)) + xS2(y) + ℓ(x)β2(v)
+ ur(S2(y)) −N(x)S(y) − ℓ(N(x))β(v) − α(u)r(S(y))

− S(xS(y)) − β(ℓ(x)β(v)) − β(ur(S(y))) = 0. (54)

Then, Eq. (54) holds if and only if Eq. (18) (corresponding u = v = 0), Eq. (16)
(corresponding u = y = 0) and Eq. (53) (corresponding x = v = 0) hold. Similarly,
Eqs. (17), (19) and (52) hold. Hence, (1) holds if and only if (3) holds.

(2) ⇐⇒ (3). In (1), take

V = V ∗, ρ = ρ∗, ℓ = r∗ − ℓ∗, r = r∗, α = β∗, β = α∗.

Then from the above equivalence between (1) and (3), we have (2) holds if and only
if (3a)–(3c) hold and for all x ∈ g, v∗ ∈ V ∗, the following equation holds:

α∗(β∗(v∗)r∗(x)) + v∗r∗(S2(x)) − β∗(v∗)r∗(S(x)) − α∗(v∗r∗(S(x))) = 0, (55)

α∗((r∗ − ℓ∗)(x)β∗(v∗)) + (r∗ − ℓ∗)(S2(x))v∗ − (r∗ − ℓ∗)(S(x))β∗(v∗)
− α∗((r∗ − ℓ∗)(S(x))v∗) = 0. (56)
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For all x ∈ g, u ∈ V and v∗ ∈ V ∗, one can get that〈
α∗(β∗(v∗)r∗(x)) + v∗r∗(S2(x)) − β∗(v∗)r∗(S(x)) − α∗(v∗r∗(S(x))), u

〉
=

〈
v∗, β(α(u)r(x)) + ur(S2(x)) − β(ur(S(x)) − α(u)r(S(x))

〉
.

We can obtain Eq. (55) holds if and only if Eq. (53) holds. Similarly, Eq. (56) holds if
and only if Eq. (52) holds. Therefore, (2) holds if and only if (3) holds. □

Theorem 2.41. Let (g, N) be a Nijenhuis perm algebra, (V, ℓ, r) be a representation
of (g, · ), (V ∗, r∗ − ℓ∗, r∗, β∗) be a representation of (g, N), S : g → g, α : V → V and
T : V → g be linear maps.

(1) r = T + τ(T ) is a symmetric solution of the (S + α∗)-admissible perm Yang–
Baxter equation in the Nijenhuis perm algebra (g ⋉r∗−ℓ∗,r∗ V ∗, N + β∗) if
and only if T is a weak O-operator associated to (V, ℓ, r) and α, and satisfies
T ◦ β = S ◦ T .

(2) Assume that (V, ℓ, r, α) is a representation of (g, N). If T is a weak
O-operator associated to (V, ℓ, r, α) and T ◦ β = S ◦ T , then r = T + τ(T ) is
a symmetric solution of the (S + α∗)-admissible perm Yang–Baxter equation
in the Nijenhuis perm algebra (g⋉r∗−ℓ∗,r∗ V ∗, N + β∗). In addition, if (g, N)
is S-admissible and Eqs. (52)–(53) hold such that the Nijenhuis perm algebra
(g⋉r∗−ℓ∗,r∗ V ∗, N +β∗) is (S+α∗)-admissible, then there is a Nijenhuis perm
bialgebra (g⋉r∗−ℓ∗,r∗ V ∗, N + β∗,∆, S +α∗), where the linear map ∆ = ∆r is
defined by Eq. (36) with r = T + τ(T ).

Proof. It is similar to [ML24, Theorem 5.17]. □

2.5. Classification of 2-dimensional triangular noncommutative perm bial-
gebras

Theorem 2.42. There are four kinds of noncommutative perm algebras of di-
mension 2 (see [Hou24, Example 2.3]). We now give all triangular perm bialge-
braic structures on these 2-dimension perm algebras, where λ, ν, κ are parameters,
see (a)–(d).

(a) For perm algebra

· e1 e2
e1 e1 0
e2 e2 0

,

perm r-matrices perm coalgebra
induced by r-matrices

r = λe1 ⊗ e1 + κe1 ⊗ e2
+κe2 ⊗ e1 + νe2 ⊗ e2

(κ2 = λν)


δr(e1) = λe1 ⊗ e1 − νe2 ⊗ e2

δr(e2) = λ(e2 ⊗ e1 + e1 ⊗ e2)
+2κe2 ⊗ e2.
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(b) For perm algebra

· e1 e2
e1 e1 + e2 0
e2 e2 0

,

perm r-matrices perm coalgebra induced by r-matrices

r = λe2 ⊗ e2

{
δr(e1) = −λe2 ⊗ e2

δr(e2) = 0.
(c) For perm algebra

· e1 e2
e1 0 e1
e2 0 e2

,

perm r-matrices perm coalgebra induced by r-matrices

r = λe1 ⊗ e1

{
δr(e1) = 0
δr(e2) = λe1 ⊗ e1

r = λe2 ⊗ e2

{
δr(e1) = λ(e1 ⊗ e2 + e2 ⊗ e1),
δr(e2) = λe2 ⊗ e2.

(d) For perm algebra

· e1 e2
e1 0 e1
e2 0 e1 + e2

,

perm r-matrices perm coalgebra induced by r-matrices

r = λe1 ⊗ e1

{
δr(e1) = 0
δr(e2) = −λe1 ⊗ e1.

Proof. It can be proved by a direct computation. □

Remark 2.43. Example 4.17 of [Hou24] corresponds to the case of λ = 0,
ν = 1, κ = 0 in (a). We note that there is missing a negative sign in [Hou24,
Example 4.17] and ∆(e1) should be −e2 ⊗ e2.

3. A method to obtain a Nijenhuis perm algebra

In this section, we give a method to construct a Nijenhuis operator on a perm
algebra. The method is strongly dependent on the perm Yang–Baxter equation, so it
is essentially different to the case of associative algebras in [ML24].

3.1. Symplectic perm algebras from dual triangular perm bialgebras
Proposition 3.1. Let (g, ·) be a perm algebra. If r ∈ g ⊗ g is a symmetric solution
of the classical perm Yang–Baxter equation in (g, · ), i.e., Eq. (46). Then (g, · ,∆r)
is a perm bialgebra, where ∆r is defined by Eq. (36). In this case, we call this perm
bialgebra triangular and denoted by (g, · , r,∆r).
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Proof. It is direct by [Hou24, Corollary 4.15]. □

Proposition 3.2. Let (g, · ) be a perm algebra and r ∈ g⊗g be a symmetric element.
Then the quadruple (g, · , r,∆r) is a triangular perm bialgebra, where ∆r is defined by
Eq. (36), if and only if

(∆r ⊗ id)(r) = r1 ⊗ r1 ⊗ r2r2 (57)
or

(id ⊗∆r)(r) = r1r1 ⊗ r2 ⊗ r2 (58)
holds.

Proof. By Eq. (36), we have

(∆r ⊗ id)(r) = r1r1 ⊗ r2 ⊗ r2 + r1 ⊗ r1r2 ⊗ r2 − r1 ⊗ r2r1 ⊗ r2.

Then (46) ⇔ (57). By the symmetry of r, we obtain that (58) ⇔ (46). □

Definition 3.3. Let (g,∆) be a perm coalgebra and ω ∈ (g ⊗ g)∗ be a bilinear form.
The equation for all x, y, z ∈ g

ω(x(1), z)ω(x(2), y) − ω(x, z(1))ω(y, z(2))
+ ω(y(1), z)ω(x, y(2)) − ω(x, y(1))ω(y(2), z) = 0, (59)

is called a classical co-perm Yang–Baxter equation in (g,∆).

Proposition 3.4.
(1) Let (g,∆) be a perm coalgebra and ω ∈ (g ⊗ g)∗ be a solution of a classical

co-perm Yang–Baxter equation in (g,∆). Then ω∗ ∈ g∗ ⊗ g∗ defined by
ω∗(x, y) = ω(x, y) is a solution of a classical perm Yang–Baxter equation in
(g∗,∆∗).

(2) Let (g, ·) be a finite-dimensional perm algebra and r ∈ g ⊗ g be a solution of a
classical perm Yang–Baxter equation in (g, ·). Then r∗ ∈ (g∗ ⊗ g∗)∗ defined
by r∗(a∗, b∗) = ⟨a∗, r1⟩⟨b∗, r2⟩, where a∗, b∗ ∈ g∗, is a solution of a classical
co-perm Yang–Baxter equation in (g∗, ·∗).

Proof. It is direct by Proposition 2.11. □

Theorem 3.5. Let (g,∆) be a perm coalgebra and ω ∈ (g ⊗ g)∗ be a symmetric (in
the sense of ω(x, y) = ω(y, x)) solution of the classical co-perm Yang–Baxter equation
in (g,∆). Then (g, ·ω,∆) is a perm bialgebra, where the multiplication on g is defined
by

x ·ω y = x(1)ω(x(2), y) + y(1)ω(x, y(2)) − y(2)ω(x, y(1)), ∀ x, y ∈ g. (60)
This bialgebra is called a dual triangular perm bialgebra denoted by (g,∆, ω, ·ω).

Proof. Straightforward. □

Proposition 3.6. Let (g,∆) be a perm coalgebra and ω ∈ (g ⊗ g)∗ be symmetric.
Then the quadruple (g,∆, ω, ·ω) is a dual triangular perm bialgebra, where ·ω is defined



MA and SONG 483

by Eq. (60), if and only if
ω(x ·ω y, z) = ω(x, z(1))ω(y, z(2)) (61)

or
ω(x, y ·ω z) = ω(x(1), y)ω(x(2), z) (62)

holds, where x, y, z ∈ g.

Proof. It is direct by Eqs. (59)–(60). □

Definition 3.7. Let (g, ·) be a perm algebra and ω ∈ (g ⊗ g)∗ be symmetric. If for
all x, y, z ∈ g, the equation below holds:

ω(xy, z) + ω(xz, y) = ω(zx, y) + ω(zy, x). (63)
Then (g, ·) is a symplectic perm algebra denoted by (g, · , ω).

Proposition 3.8. Let (g,∆) be a perm coalgebra and ω ∈ (g ⊗ g)∗ be symmetric. If
(g,∆, ω, ·ω) is a dual triangular perm bialgebra, where ·ω is defined by Eq. (60), then
(g, ·ω, ω) is a symplectic perm algebra.

Proof. For all x, y, z ∈ g, we have

ω(x ·ω y, z) + ω(x ·ω z, y) − ω(z ·ω x, y) − ω(z ·ω y, x)
(61)= ω(x, z(1))ω(y, z(2)) + ω(x, y(1))ω(z, y(2))

− ω(z, y(1))ω(x, y(2)) − ω(z, x(1))ω(y, x(2))
(59)= 0,

as desired. □

3.2. Nijenhuis operators from symplectic perm algebras
Theorem 3.9. Let (g, · , ω) be a symplectic perm algebra and r ∈ g⊗g be an element.
If (g, · , r,∆r) is a triangular perm bialgebra together with the comultiplication ∆r

defined in Eq. (36) and further (g,∆r, ω, ·ω) is a dual triangular perm bialgebra together
with the multiplication ·ω given in Eq. (60). Then (g, N) is a Nijenhuis perm algebra,
where N : g → g is given by

N(x) = ω(x, r1)r2, ∀ x ∈ g. (64)

Proof. By Eqs. (59) and (36), for all x, y, z ∈ g, one has
0 = ω(xr1, z)ω(r2, y) + ω(r1, z)ω(xr2, y) − ω(r1, z)ω(r2x, y)

− ω(x, zr1)ω(y, r2) − ω(x, r1)ω(y, zr2) + ω(x, r1)ω(y, r2z)
+ ω(yr1, z)ω(r2, x) + ω(r1, z)ω(x, yr2) − ω(r1, z)ω(x, r2y)
− ω(x, yr1)ω(z, r2) − ω(x, r1)ω(yr2, z) + ω(x, r1)ω(r2y, z)

= ω(xr1, z)ω(r2, y) + ω(r1, z)ω(xr2, y) − ω(r1, z)ω(r2x, y)
− ω(x, zr1)ω(y, r2) − ω(x, r1)ω(y, zr2) + ω(x, r1)ω(y, r2z)
− ω(r1, z)ω(x, r2y) + ω(x, r1)ω(r2y, z).
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Since, further, (g, · , ω) is a symplectic perm algebra, we obtain

ω(r2, y)ω(zx, r1) −ω(r2, y)ω(xz, r1) −ω(r1, z)ω(xy, r2) +ω(x, r1)ω(zy, r2) = 0. (65)

Now we can check that N defined in Eq. (64) is a Nijenhuis operator on (g, · ).

N(x)N(y) −N(N(x)y + xN(y) −N(xy))
(64)= ω(x, r1)ω(y, r1)r2r2 − ω(x, r1)ω(r2y, r1)r2 − ω(y, r1)ω(xr2, r1)r2

+ ω(xy, r1)ω(r2, r1)r2

(65)= ω(x, r1)ω(y, r1)r2r2 − ω(x, r1)ω(r2y, r1)r2 − ω(y, r1)ω(xr2, r1)r2

− ω(r2, y)ω(xr1, r1)r2 + ω(r2, y)ω(r1x, r1)r2 + ω(x, r1)ω(r1y, r2)r2

(63)= ω(x, r1)ω(y, r1)r2r2 − ω(x, r1r2)ω(y, r1)r2

+ ω(x, r1)ω(y, r2r1)r2 − ω(x, r1)ω(y, r1r2)r2 (46)= 0.

These finish the proof of Theorem 3.9. □

Example 3.10. Let (g, · ) be a 2-dimensional perm algebra with basis {e1, e2} and
the product · given by

· e1 e2
e1 e1 0
e2 e2 0

.

Set r = λe1 ⊗ e1 (λ is a parameter), then (g, · , r,∆r) is a triangular perm bialgebra,
where ∆r is given as below:{

∆r(e1) = λe1 ⊗ e1

∆r(e2) = λ(e1 ⊗ e2 + e2 ⊗ e1).

Set
ω e1 e2
e1 ν 0
e2 0 0

(ν is a parameter),

then (g,∆r, ω, ·ω) is a dual triangular perm bialgebra. Then by Theorem 3.9, let{
N(e1) = λνe1

N(e2) = 0,

then (g, N) is a Nijenhuis perm algebra.

Nijenhuis operators on perm coalgebra can be derived by the following way.

Definition 3.11. Let (g,∆) be a perm coalgebra and r ∈ g ⊗ g be a symmetric
element. Assume that

r1
(1) ⊗ r1

(2) ⊗ r2 + r1
(1) ⊗ r2 ⊗ r1

(2) − r1
(2) ⊗ r2 ⊗ r1

(1) − r2 ⊗ r1
(2) ⊗ r1

(1) = 0.

Then (g,∆) is called a cosymplectic perm coalgebra denoted by (g,∆, r).
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Proposition 3.12. Let (g, · ) be a perm algebra and r ∈ g ⊗ g symmetric. If
(g, · , r,∆r) is a triangular perm bialgebra, where ∆r is defined by Eq. (36), then
(g,∆r, r) is a cosymplectic perm coalgebra.

Proof. It is direct by Eqs. (46) and (36). □

Theorem 3.13. Let (g,∆, r) be a cosymplectic perm coalgebra and ω ∈ (g ⊗ g)∗.
If (g,∆, ω, ·ω) is a dual triangular perm bialgebra together with the multiplication ·ω
defined in Eq. (60) and further (g, ·ω, r,∆r) is a triangular perm bialgebra together
with the comultiplication ∆r defined in Eq. (36). Then (g,∆, S) is a Nijenhuis perm
coalgebra, where S : g → g is given by

S(x) = r1ω(r2, x), ∀ x ∈ g.

Proof. Similar to Theorem 3.9. □

Example 3.14. Let (g,∆) be a 2-dimensional perm coalgebra with basis {e1, e2}
and the coproduct ∆ given by {

∆(e1) = e1 ⊗ e1

∆(e2) = e2 ⊗ e1.

Set
ω e1 e2
e1 ν 0
e2 0 0

,

then (g,∆, ω, ·ω) is a dual triangular perm bialgebra with the multiplication ·ω:
·ω e1 e2
e1 νe1 νe2
e2 νe2 0

,

where ν is a parameter.
Set an element r ∈ g ⊗ g by

r = λe1 ⊗ e1,

where λ is parameter, then (g, ·ω, r,∆r) is a triangular perm bialgebra. Then by
Theorem 3.13, let {

S(e1) = λνe1

S(e2) = 0,
then (g,∆, S) is a Nijenhuis perm coalgebra.
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