JolI'

Journa
of Lie
Theory

Reducibility of scalar generalized
Verma modules
of minimal parabolic type II

Jing Jiang and Siying Wu

Journal of Lie Theory

Volume 36 (2026) 529-559
https://doi.org/10.5802/jolt.1439
Published online: October 1, 2026

© The authors, 2026

This article is published under the terms of the
@ ® CREATIVE COMMONS ATTRIBUTION 4.0 INTERNATIONAL LICENSE
BY http://creativecommons .org/licenses /by/4.0/

.4 JoLT is a member of Centre Mersenne
‘ https://www.centre-mersenne.org/
MERSENNE e-ISSN: 2981-2917


https://doi.org/10.5802/jolt.1439
http://creativecommons.org/licenses/by/4.0/
https://www.centre-mersenne.org/

Journal of Lie Theory
Volume 36 (2026) 529-559
© 2026 the author(s)

Reducibility of scalar generalized Verma modules
of minimal parabolic type II

Jing Jiang and Siying Wu

Communicated by Rita Fioresi

Abstract. Let g be an exceptional complex simple Lie algebra and q be a parabolic
subalgebra. A generalized Verma module M is called a scalar generalized Verma
module if it is induced from a one-dimensional representation of q. In this paper, we
will determine the first diagonal-reducible point of scalar generalized Verma modules
associated to minimal parabolic subalgebras of exceptional Lie algebras by computing
explicitly the Gelfand—Kirillov (GK) dimension of the corresponding highest weight
modules.
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Introduction

Let g be a finite-dimensional complex simple Lie algebra and U(g) be its universal
enveloping algebra. Fix a Cartan subalgebra h and denote by A the root system
associated to (g,5). Choose a positive root system AT C A and a simple system
II ¢ AT. Denote p the half sum of positive roots. Let g = n® b ® n be the triangular
decomposition of g with nilpotent radical n and its opposite nilradical n. Choose a
subset I C II, which generates a subsystem A; C A. Let q; be the standard parabolic
subalgebra corresponding to I with Levi decomposition q; = I; @ u;. So when I = (),
we have gy =hdn="b.

Let q; = [ ® u; and F)\ be a finite-dimensional irreducible [;-module with the
highest weight A € h*. It can also be viewed as a qr-module with trivial uy-action.
The generalized Verma module My()) is defined by

M) = U(9) ®u(q) Fa-

The irreducible quotient of M (\) is denoted by L(\), which is a highest weight module
with highest weight A. It is also the irreducible quotient of My(\). In the case when
dim(Fy\) = 1, we usually denote it by Cy and M;()) is called a scalar generalized
Verma module.

The theory of highest weight modules of simple complex finite-dimensional Lie
algebras is built on the original work of Verma [Ver68]. In that work, Verma introduced
and studied the generic family of highest weight modules known as Verma modules,
which have become the foundation of the field. There have been several attempts to
extend the theory of Verma modules, and one of the most natural ways is to generalize
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the Verma modules themselves. This can be accomplished in various ways, such as
in [Gyo93; Lep77; Roc80]. Generalized Verma modules (GVM) have been studied
from various perspectives, and many of the properties of classical Verma modules
have either been proved in GVMs or have been generalized. For a study of GVM, see
Mazorchuk’s work in [Maz00]. In this article, he provided a comprehensive survey of
GVM for parabolic subalgebras of simple Lie algebras using parabolic induction and
outlined the historical development of the subject.

The problem of reducibility of generalized Verma modules is of great significance
in representation theory and is closely related to several other problems, as described
in [BX21; EHWS83; Mat06]. The essential tool for solving this problem is Jantzen’s cri-
terion [Jan77], although it can be quite complicated in practical applications. However,
Kubo [Kub12] found some practical reducibility criteria for solving the reducibility of
scalar generalized Verma modules associated with exceptional simple Lie algebras and
certain maximal parabolic subalgebras. Using Kubo’s results, He [Hel6] established
the reducibility of all scalar generalized Verma modules of Hermitian symmetric pairs.
Then He-Kubo—Zierau [HKZ19] extended it to all scalar generalized Verma modules
associated with maximal parabolic subalgebras. Recently, Bai-Xiao [BX21] solved the
reducibility problem for all generalized Verma modules of Hermitian symmetric pairs.

The GK dimension plays a fundamental role in describing algebraic structures
with infinite dimensions. It has been used to measure the size of the representations
of Lie algebras and Lie group since Joseph’s work [Jos78]. Recently, a study led
by Bai—Xiao [BX19a] proved that a scalar generalized Verma module is reducible if
the GK dimension of its simple quotient is smaller than the dimension of u. (This
approach does not rely on the reduction method outlined in [HKZ19].) For classical
Lie algebras, by using this result and the algorithm of computing GK dimension
as in [BXX23; BX19b], Bai-Jiang [BJ24] gave a new proof for the complete list of
highest weights for which the scalar generalized Verma modules associated to maximal
parabolic subalgebras are reducible. Jiang [Jia25] gave a proof for the complete list of
highest weights for which the scalar generalized Verma modules associated to classical
minimal parabolic subalgebras are reducible. For exceptional Lie algebras, we can
use the same technique as in [Bai+25] to compute the GK dimension of the scalar
generalized Verma modules associated to minimal parabolic subalgebras. The web
page http://test.slashblade.top:5000/1ie/GKdim in [Bai+25] is convenient to
compute the GK dimension of L()); the program takes A as the input and returns
GKdim L()).

The paper is organized as follows. The necessary preliminaries for GK dimension,
minimal parabolic subalgebra, Robinson—Schensted (RS) insertion algorithm, Lusztig’s
a-function and PyCox are given in Section 1. The reducibility of scalar generalized
Verma modules of type G2 and Fj are given in Section 2. In Section 3, we give
the reducibility of scalar generalized Verma modules of type E. In the appendix we
tabulate the sets of reducible points of M, I(ng) corresponding to each exceptional Lie
algebra.

1. Preliminaries

In this section, we will give brief preliminaries for GK dimension, minimal
parabolic subalgebra, Lusztig’s a-function, RS algorithm, integral root system and
PyCox. See [Bai+25; Jia25] for more details.
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1.1. Minimal parabolic subalgebra

A parabolic subalgebra q; is said to be minimal if I is a minimal nonempty subset
of II. In other words, there is only one element in I.

Lemma 1.1 ([Jia25, Lemma 3.2]). If q; is the minimal parabolic subalgebra, then
dim(u) = |AT| — 1.

Proof. We know q; = [; @ u; and dim(A™(I)) = 1, then the value of dim(u) is
obvious. 0

Thus we have the following table.

TABLE 1. dim(u) of G with minimal parabolic.

G |AT| dim(u)
SL(n,C) nncl)  zlncl) g
SO(2n+1,C) n? n?—1
Sp(2n,C) n? n?—1
SO(2n,C) n?—n n?—n-—1
Eg 36 35

E; 63 62

jon 120 119

Fy 24 23

Gy 6 )

1.2. Lusztig’s a-function

Let (W, S) be a Coxeter group with Coxeter matrix (ms;)s tcs and length func-
tion £. Following the seminal papers [KL79; Lus85], we define the Hecke algebra H
of (W, S) as follows. Let g2 be an indeterminate and Z[¢g2] be the ring of Laurent
polynomials in ¢z. Let  be a free Z[qi%]—module with a formal basis {Tw}wGW'
The multiplication on H is defined by

Tsfw = TS?H 1\ 55 -~ lf E(sw) ~ g(w)7 V s € S7 w e W
(@2 — q 2Ty + T, if £(sw) < L(w),

Then H is an associative Z[qi%]—algebra with unity fe. Here va = q_@Tw where
T, is the standard basis element in [KL79].
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Besides the normalized standard basis {fw | w E W}, we have another basis
{Cw | we W} in [KL79] (now called the Kazhdan-Lusztig basis), such that

Cw = Z (—1)Z(w)+€(y)q%(Z(w)_é(y))Py’w(q—l)Ty
yeWw
= Z (—1)“’”)"'8(9)(]—%(Z(w)—f(y))p%w(q)fy—}l,
yew

where P, ., € Z[q], P, ., = Ounless y < w, Py, = 1, and deg, P, ., < L (0(w)—t(y)—1)
if y < w. Here < is the Bruhat order on W, and y < w indicates y < w and y # w.

For any z,y,w € W, let hy . € Z[qié] be such that C,Cy =", ey hay.wCo-
Following G. Lusztig [Lus85], for each w € W we define

a(w) = min{i eN ‘ q%hz,y)w IS Z[q%], Va,ye W}

Then a(w) is a well defined natural number. We say that the function a is bounded if
there is N € N such that a(w) < N for any w € W.

For z,y € W, we say y < x if there exist Hy, Hy € H, such that C, has nonzero

LR
coefficient in the expression of H;C, Hs with respect to the basis {Cy }wew. We say
z~yif x <yandy < x. It turns out that < is a pre-order on W, and ~ is an
LR R R
equivalence relation on W The equivalence classes are called two-sided cells. The set
of two-sided cells forms a partial order set with respect to <.
LR

We have the following standard properties of Kazhdan-Lusztig basis {Cy }wew

two-sided cells and Lusztig’s a-function.

Proposition 1.2 ([KL79; Lus85; Lus03]). Let s € S and w,x,y € W.
(1) Pyw(0) =1 foranyy < w.

(2) a(w) =0 if and only if w =e. We have a(s) =1 for any s € S.

(3) a(w) =a(w™?).

(4) If mpt < 00 for some r,t € S with r # t, then a(th) = My¢.

(5) Ify<x then a(y) > a(zx). Ifywx then a(y) = a(z).

(6) S’uppose a is bounded on W. If a ( )=a(z) and y < < x, then yo.

(7) If W is a direct product of Cozeter subgroups Wy and Wy, then

a(w) = a(wy) + a(ws)

for w = (wy,ws) € Wy x Wy = W.

1.3. PyCox

In this paper, for a simple root «; € II we simply write the simple reflection s,
by s;. Here we adopt Geck’s notations in [Gec12], which can be used to compute the
value of a(w) for w € W. In type Fy and E,, we use [i1 — 1,43 — 1,... 4, — 1] to
represent w = s;,8;, - - - S;,. In PyCox the function “klcellrepem” will give us the a
value of w € W and the character of the left cell to which w belongs (note that the
notation for characters in PyCox is different with Carter [Car85]).
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Example 1.3. In the case of E;, we use [3,1,3] to denote the element w = s45254.
Then by PyCox we have:

>>> W = coxeter("E",7)

>>>print (klcellrepem(W, [3,1,3]))

{’size’: 77, ’character’: [[’56\_a’,1],[’21\_a’,1]], ’a’: 3,

’special’: ’56\_a’, ’index’: 8, ’elms’: False, ’distinv’: False\}.
Then we have a(w) = 3, the corresponding characters are 56, and 21,, and we
can easily compute that the Gelfand—Kirillov dimension is 60 since GKdim L(\) =
|AT| —a(w) [BX19b].

1.4. RS algorithm

We recall the RS algorithm which will be used in our paper. Some details can be
found in [BX19b].

For a totally ordered set I', we denote by Seq,,(I') the set of sequences x =
(z1,22,...,2,) of length n with z; € I". In our paper, we usually take I" to be Z or
a coset of Z in C. Then we have a Young tableau P(x) obtained by applying the
following RS algorithm to = € Seq,, (T").

Definition 1.4 (RS algorithm). For an element = € Seq,(I'), we write x =
(z1,...,2zn). We associate to z a Young tableau P(x) as follows: let Py be an empty
Young tableau. Assume that we have constructed the Young tableau Py associated
to (z1,...,2), 0 < k < n. Then Py; is obtained by adding zj11 to Py as follows.
Firstly we add x;41 to the first row of P by replacing the leftmost entry z; in the
first row which is strictly bigger than xjyq1. (If there is no such entry z;, we just add
a box with entry xp4+1 to the right side of the first row, and end this process.) Then
add this z; to the next row as the same way of adding x4 to the first row. Finally
we put P(z) = P,.

Denote the shape of the Young tableau P(z) by p(z) = sh(P(z)) = [p1,p2,-- -,
pk], where p; is the number of boxes in the i-th row of P(z). Then p(z) is a partition
of n=>"1<1i<kp;.

Example 1.5. Suppose x = (1,—-3,2,—1,—3). Usually we write
= (1,-3,2-1,-3)
and regard —3 < —3’. Then from the RS algorithm, we have

-3
1=

1 |-3|-1| =3 |[—3|-3
2| -, =N — P().

Thus we have p(z) = [2,2, 1], which is a partition of 5.

1.5. Gelfand—Kirillov dimension

Let M be a finite generated U(g)-module. Fix a finite-dimensional generating
subspace My of M. Let Uy,(g) be the standard filtration of U(g). Set M,, = U,(g) - My
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and gr(M) = @n = 0*gr,, M, where gr,, M = M, /M, _1. Thus gr(M) is a graded
module of gr(U(g)) ~ S(g).

Definition 1.6. The Gelfand-Kirillov dimension of M is defined by

g dim (U, (a)M,
GKdim M — T 284 (Un(@)Mo)
n—o0 logn

It is easy to see that the above definition is independent of the choice of M.
Then we have the following lemma.

Lemma 1.7 ([BX19a, Lemma 4.4]). For any z € C, we have
GKdim(L((z 4+ 1)¢)) < GKdim(L(z¢)),

where £ is the fundamental weight of a simple root «. In particular, if M;(z§) is
reducible, then M[((Z + 1)5) is also reducible.

The following lemma is very useful in our proof of the main results.

Lemma 1.8 ([BX19a, Theorem 1.1]). A scalar generalized Verma module My(\) is
irreducible if and only if GKdim L(X\) = dim(u).

There is a formula connecting the Lusztig’s a-function and the GK dimension
GKdim L(\) = |AT| —a(wy) for some wy € W

in [BX19b], it also holds for exceptional types. In [Bai+25] the authors have found

an efficient algorithm to compute the Gelfand—Kirillov dimension of highest weight

modules of exceptional Lie algebras and we recall their notations and algorithms here.
Let (—,—): b x b* — C be the canonical pairing. For p € h*, define

Ay = {a eA ‘ (n, V) € Z},
where oV is the coroot of the root o € A. Denote
Wy = {wEW ‘ wu—,uEZA}.

Then Ay, is a root system and let Il be the simple system of Ap,). Set S := {a €
I}, | (u, V) = 0}. Let £ be the length function on Wy, and

W[i] ={w e W, | lwss) = L(w) + 1 for all a € S}.

A weight p is anti-dominant if (u,a") ¢ Zsg for all « € AT. For any A € h*,
there exists a unique anti-dominant weight p € h* and a unique w) € W[i].

For integral highest weight modules, we can easily find the required w) by using
the positive index reduction algorithm [Bai+25, Lemma 3.2], then by using PyCox we
can compute the GK dimension. For non-integral highest weight modules, we need
more notations.

For a root system A, denote ha the corresponding Cartan subalgebra of Lie
algebra ga associated to A. Denote Ay the integral root system for A € b and Il
the simple system of Ay M AT in Apy). It is provided in [Bai+25] a way to find Iy
as follows.
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Proposition 1.9 ([Bai+25, Lemma 3.5]). For A € b}, decompose Ay into several
orthogonal components:

A[)\]:A)\ UAP‘]2U'”UA[)\];C2A1XA2X"'XA]€

such that Ay, = A; for 1 <i < k. Then we have the following way to determine the
szmple system 11y, of A[A]l.
) If |A ”("H) , then Ay, ~ A,. We compute p; = 3 ZaeA+] a. Then
A

we find out all the positive roots o € (I)[t\h such that (p;, V) =1 and denote
them by In = {ai,, iy, ..., a4, }. Then we have Iy, = In,.

) If’A[t\]i‘ = n? and the number of short roots isn (n > 2), then Ay, ~ B,. We
compule p; = 5 ZQGA+ a. Then we find out all the positive roots o € A
such that (p;, V) =1 and denote them by I, = {o,, iy, ..., . Then we
have I}y, = I,.

(3) If |A[+)\]i| = n? and the number of long roots is n (n > 3), then Apy, ~ C,.
Then similar to the case in (2), we have I}y, = I,,.
) If |A[>\] | =n%—n (n>4), then Ay, ~ Dy. Then similar to the case in (1),
we have Uy, = I,

) If ‘A | = 36, then Ay, =~ Eg. Then similar to the case in (1), we have
H[)\] = I6
) If ‘A ‘ = 63, then Ay, ~ Er7. Then similar to the case in (1), we have
H[ AL = I7

Denote the label “ ~ ” attached to the connected component corresponding to

short roots. In other cases it is similar. Let ¢: Apyy — ¢(Apy)) be an isomorphism, then
we have a(w) = a(¢(w)). We will determine the value of a(wy) by Proposition 1.9 in
the non-integral case. Then we have the following proposition.

Proposition 1.10 ([Bai+25, Theorems 4.1, 5.1, 6.1, 6.4 and 6.7]). Let L(\) be a
simple integral highest weight module of type E, F and G, then the following holds:
(1) a(wy) = |AT] if and only if X + p is dominant integral;
(2) a(wy) =0 if and only if A+ p is anti-dominant integral.

If A € h* is non-integral, we can get an integral weight ¢(\) of type ¢(Apy)) by
Proposition 1.9, in this case we have a(wy) = a(wg(y)) and then we can compute the
value of a(wg(y)) by RS algorithm and Proposition 1.2 if ¢(Apy)) is of classical type
and by PyCox and Proposition 1.2 if ¢(Apy) is of exceptional type. From now on, we
will use (kq, k2, ..., k:) to denote A = kyey + koea + - - - + kieq, where {e1,ea,..., €} is
a basis for h*.

Example 1.11. Let g = F; and L(\) be the highest weight module of g with
A4p= (1 2, g, 2) then Ay =~ C4 by Proposition 1.9. Suppose the simple system
of Cyis II = {51 =e1 —eg, Pfo =€y —e3, O3 =e3 —ey, B4 = 264} Define a map
o: A[)\] — Oy by

d(e2) = P, d(ar) = B2, ¢(a2) = B3, d(as) = fa.
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Then we have
At p=—2& + T& — 685 + 4y,
where {fi ‘ 1<3< 4} are the fundamental weights for I}, and

PA+p) = —20(61) + T9(&2) — 66(E3) + 49(&4) = (3, —1,5,-2),

which is an integral weight of type Cjy, we can get that a(wy) = 6 by the RS algorithm.
Thus GKdim L(A\) = |AT| — a(wy) = 24 — 6 = 18 by [BX19b].

2. Reducibility of scalar generalized Verma modules for type G5 and Fj

Let g be a finite-dimensional complex semisimple Lie algebra and let b = h &
P.ca+ 9o be a fixed Borel subalgebra of g. For a minimal parabolic subalgebra g, we
recall that q corresponds to the subsets IT\ {a;}izp. It is easy to get that A = zn for
some z € Randn=7>", 2p k;& by Weyl dimension formula, where k; € R and &; is the
fundamental weight associated with the simple root «;. In this paper, we suppose that
n= Z#p & = §Ap and we call the corresponding reducible point a diagonal-reducible
point.

From Lemma 1.7, the set of diagonal-reducible points of a scalar generalized
Verma module M7 (zé;,) is given in the following diagram:

where the diagonal-reducible points starting from z = a € R are equally spaced at
an interval of length b and can be written in the form a 4+ 06Z>o. The point a will be
called the first diagonal-reducible point of My (z{Ap)

From Lemma 1.7, we only need to find the first diagonal-reducible point of the
scalar generalized Verma module M 1(2@). The following lemma plays an important
role in the process of determining the first diagonal-reducible point.

Lemma 2.1. Let & be the fundamental weight of simple root o; and p be half the
sum of the members in A1, then p =73 ,.,&.

Proof. It can be found in [Hum78, Section 13.3, Lemma A]. Of course, we can also
draw the conclusion case by case in [Kna02]. For convenience, from now on we will
use Knapp conventions to denote the simple root in type F, F and G, see [Kna02,
Appendices C.2] for more details. O

In this section we give the reducibility of scalar generalized Verma modules
associated to minimal parabolic subalgebra for type G5 and Fy. It’s worth noting that
in G, the case of minimal parabolic type is contrary to maximal parabolic type since
there are only two simple roots. In other words, in the minimal parabolic type, the
case of p =1 is the same as p = 2 in the maximal parabolic type.

Theorem 2.2. Let g be of type Ga, then MI(zé;) is reducible if and only if
(1) p=1,2z€{-5+3Z0}U{-3 +3Zx0}; or
(2) p=2, 2€ {2 +Zs0} U{Z>0}.
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Proof.

Proof of (1). Let AT () = {an} = {(1,-2,0)}. When M;(}) is of scalar type, we
know that A = z&; for some z € R, where & is the fundamental weight of simple root
ag and & = (—1,-1,2).

(1)

(2)

In [Kna02] we know that p = (—=1,-2,3) and A+ p = (—2z—1,—2 — 2,22 + 3).

If A is integral, then we have the following.

(a) When z = 0, then A + p = (—1,—2,3), which is dominant integral, by
Proposition 1.10 we can get that GKdim L(A) = 0 < dim(u). By Lemma 1.8
we can obtain that z = 0 is a diagonal-reducible point.

(b) When z = —1, then A + p = (0,—1,1), one can easily check that A + p
is not dominant or anti-dominant, by Proposition 1.10 we can get that
GKdim L(A\) = 5 = dim(u). By Lemma 1.8 we can obtain that z = —1 is an
irreducible point. .

If A is half-integral, one can easily check that Ay = A; U Ay >~ Ay x A;.

The simple system of A; is II; = {51 = (-1, —1,2)}, and the simple system

of Ag is IIy = {fyl = (1, —1,0)}. Suppose the simple system of A; is {oq =

(1,—1,0)}, and the simple system of A is {o/l = (1,-1,0 } We define a

map ¢: Ay — Ay x Ay such that ¢(81) = ax, gi)(*yl) = «}, and we can have

(A + p)‘A1 = (3(22+3),-1(22+3)), o(A + p)’A1 = (3,—3%). We will have the

following.

(a) When z = —1, then A+ p = (—3,-2,2), (;5()\—1—;J)|A1 = (3,—3), and
oA+ p) i = (%, f%) By using RS algorithm, we have a(w,) = 2 and
GKdim L(A) = 4 < dim(u). By Lemma 1.8 we can obtain that z = —1 is a
diagonal-reducible point.

(b) When z = —3, then Mp = (4, ~4,0), 6(A + )|, = (0,0), and $(A + )| ;. =
(3,—3%). By using RS algorlthm we have a(wy) = 1 and GKdim L(\) =5 =
dim(u). By Lemma 1.8 we can obtain that z = —% is an irreducible point.

If A is one-third-integral, one can easily check that A[y; ~ Ay. The simple system

of Apyis IT = {ﬂl = (1,-1,0), 82 = (—170,1)}. Suppose the simple system

of Ay is {a1 = (1,—-1,0), as = (0, 1,—1)}. We define a map ¢: Ay — Ag such

that ¢(01) = a1, ¢(f2) = ag, and we can have (A +p) = (2 + 2,2 + 1, -2z — 3).

We will have the following.

(a) When z = —2 then A+p = (—%,—%,3) and ¢(A+p) = (3,3, -3). By using
RS algorithm, we have a(wy) = 3 and GKdim L(A) = 3 < dim(u). By Lem-
ma 1.8 we can obtain that z = f% is a diagonal-reducible point.

(b) When z = —2, then A+p = (7, —5, —7) and p(A+p) = (77 —%, %) By using
RS algorithm we have a(wy) = 1 and GKdim L(\) =5 = dim(u). By Lem-
ma 1.8 we can obtain that —g is an irreducible point.

(c) When z = —3%, then A+p = (—2,-2,2) and ¢(A+p) = (2,2, —I). By using

4
30
an

3733
RS algorithm, we have a(wy) = 3 and GKdim L(A\) = 3 < dim(u). By Lem-
ma 1.8 we can obtain that z = —% is a diagonal-reducible point.
(d) When z = —3, then A4p = (3, -2, %) and ¢(A+p) = (3, -3, —3). By using

RS algorithm we have a(wy) = 1 and GKdim L(A) =5 = dim(u). By Lem-
ma 1.8 we can obtain that z = —% is an irreducible point.

3
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(4) If X is non-integral, non-half-integral and non-one-third-integral, one can easily

check that Ay ~ A;. The simple system of Ay is II = {1 = e; — ea}. We can
get a(wy) = 1 by using RS algorithm, thus GKdim L(A) = 5 = dim(u). In this
case M;(z&;) is irreducible.

All in all, when p = 1, MI(za) is reducible if and only if

2 € {3+ 20} U{Z0} U{-2 +Zx0} U{~1 +Zx0}
= {3+ 320} U{-3 +3Z>0}.

Proof of (2). Next we consider the case when p = 2. Let AT([) = {a2} = {(-2,1,1)}.

When MI(zé;) is of scalar type, we know that A = z£; for some z € R, where &; is
the fundamental weight of simple root a; and & = (0,—1,1). In [Kna02] we know
that p=(—1,-2,3) and A+ p=(—-1,—2— 2,2 + 3).

(1)

(2)

If A is integral, then we have the following.

(a) When z = 0, then A + p = (—1,—-2,3), which is dominant integral, by
Proposition 1.10 we can get that GKdim L(A) = 0 < dim(ut). By Lemma 1.8
we can obtain that z = 0 is a diagonal-reducible point.

(b) When z = —1, then A+ p = (—1,—1,2), one can easily check that A + p
is not dominant or anti-dominant, by Proposition 1.10 we can get that
GKdim L(\) = 5 = dim(u). By Lemma 1.8 we can obtain that z = —1 is an
irreducible point. .

If X is half-integral, one can easily check that Ay = Ay U Ay ~ Ay x A;. The

simple system of Ay is IT; = {#; = (=2,1,1)}, and the simple system of A, is

Il = {71 = (0,—1,1)}. Suppose the simple system of A; is {1 = (1,—1,0)}, and

the simple system of A; is {of = (1,—1,0)}. We define a map ¢: Ay — Ay x 44

such that ¢(B1) = a1, ¢(y1) = o}, and we can have ¢(>\+p)|A1 = (%7_%)’

oA+ p)|A1 = (z + g, —z— g) Then we have the following.

(a) When z = —32, then A+ p = (—1,—31,3), qﬁ()\+p)|Al = (3,-3), and
qb(/\—|—p)’Avl = (1,—1). By using RS algorithm, we have a(w)) = 2 and
GKdim L(A) = 4 < dim(u). By Lemma 1.8 we can obtain that z = —3 is a
diagonal-reducible point.

5 11 1 _1

(b) When z = —3, then A + p = (71,5,5), ¢(A+p)‘A1 = (5,75), and
gb(/\+,o)|A~1 = (0,0). By using RS algorithm, we have a(wy) = 1 and
GKdim L(A) = 5 = dim(u). By Lemma 1.8 we can obtain that z = —2 is an
irreducible point.

If X is non-integral and non-half-integral, one can easily check that Ay ~ A;.

The simple system of Ay is Il = {Bl =(-2,1, 1)} We can get a(wy) =1 by

using RS algorithm, thus GKdim L(A\) = 5 = dim(u). In this case M[(Zf/;) is

irreducible.

All in all, when p = 2, M[(Zé;) is reducible if and only if

z€{-3+Z>0} U{Z>o}.

So far, we have completed the proof of all cases of type Gs. O
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Theorem 2.3. Let g be of type Fy, then MI(ZEAP) is reducible if and only if
(1) p=1, 2 € U_s{-1+{Zz0}; or

(2) p=2, 2 € Up{ -5 + 1220} o

(3) p=3 zeU {-4 +1iZ> }UUZJ H2 4 20} or

(4) p=4, ze Us{~ 1+1ZN}UU1K HE+ 3220}
Proof.
Proof of (1). Let AT() = {a1} = {(3,—3,—%,—%)}. When M;(}) is of scalar
type, we know that A = 2(§3 + &3 + &) = 2(p — &) for some z € R, where £ is the
fundamental weight of simple root a; and & = (1,0,0,0).

In [Kna02] we know that p = (4,23 )y and A+ p = (3 + 22,2+ 22,3 +

343 +3%)

(1) If X is integral, then we have the following.

(a) When z = —1, then A4+p = (1,0,0,0), we can get wy = [0,1,2,1,3,2,1,0,1, 2,
1,3,2,1,0]. By using PyCox we can get that GKdim L(\) = 21 < dim(u).
By Lemma 1.8 we can obtain that z = —1 is a diagonal-reducible point.

(b) When z = —2, then A+p = (—%, —g, —%, —%), we can get wy = [0]. By using
PyCox we can get that GKdim L(A) = 23 = dim(u). By Lemma 1.8 we can
obtain that z = —2 is an irreducible point.

(2) If X is half-integral, we can easily check that Apyy = A; U Ag, where the simple
system of Ay is I} = {81 = (0,0,1,1), B2 = (0,1,0,-1), 83 = (3, -4, -3, -21) },
and the simple system of Aq is IIy = {71 = (%, %, —%, %) } The Dynkin diagram
of A[)\] is

O—O——0 O
Bo B1 B3 "

and with the comparison with Dynkin diagrams of classical Lie algebra, we can

easily get the isomorphism qﬁ- A[/\] — B3 x Ay. Then ¢(A+ p |B = (42 +3 2 224

2, 5) oA+ p ‘XI = (3z —|— 5, =32 — f) By using RS algorithm, we can eablly

get that:

(a) when z = —1, a(wy) = 10, and GKdim L(A) = 14 < dim(u); by Lemma 1.8,
we can obtain that this point is a reducible point;

(b) when z = —32, a(wy) = 1, and GKdim L()\) = 23 = dim(u); by Lemma 1.8,
we can obtain that this point is an irreducible point.
(3) If A is one-third-integral, we can easily check that the simple system of Ay
is II = {p; =(0,0,1,0), B2 = (0,1,0,1), B3 = (2,—%,——,——)} The Dynkin
diagram of Apy; is:

O—O0—=—=0
b1 B3 B2

and with the comparison with Dynkin diagrams of classical Lie algebra, we can eas-
ily get the isomorphism ¢: Ay —C3. Then ¢(A + p ‘C (6z+ 7,324+ 4,32+ 3).
By using RS algorithm we can easily get that:

(a) when z € {-2,—1}, a =9, and GKdim L(\) = 15 < dim(u); by Lem-
ma 1.8, we can obtain that these points are reducible points;
(b) when z € {-2,-3},a =1, and GKdim L()\) = 23 = dim(u); by Lem-

ma 1.8, we can obtain that these points are irreducible points.
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If A is one-fourth-integral, we can easily check that Ay = Ay U Ay, where the
simple system of A is II; = {B; = (0,1,1,0), B2 = (3,-3,—3,-1)}, and

29
the simple system of A, is Il = {’yl = (2 f%, %, %)} The Dynkin diagram
of A[)\] is

\ -

O:/\:O O
B B2 m

and with the comparison with Dynkin diagrams of classical Lie algebra, we can
easily get the isomorphism ¢: Apy — B2 x Ay, Then ¢(A +p ‘B (42 + g, é)
d(A+p |A = (22 —|— —2z — 7) By using RS algorithm, we can easily get that:

(a) when z € {-3, 4} =5, and GKdim L(\) = 19 < dim(u); by Lem-
ma 1.8, we can obtain that these points are reducible points;
(b) when z € {—I -2} a =1, and GKdim L(\) = 23 = dim(u); by Lem-

ma 1.8, we can obtain that these points are irreducible points.
If A is one-fifth-integral, we can easily check that A[A] Aq U As, where the
simple system of Aq is IT; = {51 =(0,1,0,0), B2 = ( ,—%,— ,—3 )} and the
simple system of Ay is IIy = {fyl = (1,0,0,1) } The Dynkin diagram of Ay is:

O———C0O O
B1 B2 "

and with the comparison with Dynkin diagrams of classical Lie algebra, we can
easily get the isomorphism ¢: Ay — Az x A;. Then ¢()‘+p)’,42 = (Rz+
4-82-3-22-0),6(0+p }A = (22+43,-52—3). By using RS algorithm,
we can easily get that

(a) when z € {—%,-23, -2, 11 a =4, and GKdim L(\) = 20 < dim(u);
by Lemma 1.8, we can obtain that these points are reducible points;
(b) when z € {—7, -5, -1, -8} a = 1, and GKdim L(\) = 23 = dim(u);

by Lemma 1.8, we can obtain that these points are irreducible points.
If X is one-sixth-integral, we can easily check that Ay = Ay U Az U Az, where
the simple system of A; is H1 = {61 = (1,0,1,0) } and the simple system
of Ag is Il = {71 = (l L 2, 2)} and the simple system of Ag is II3 = {51

PRIDE
(%7 —%, —%, —%)} The Dynkin diagram of Ay is:
O O O
B m 01

and with the comparison with Dynkin diagrams of classical Lie algebra, we
can easily get the isomorphism ¢: Ay — Ay x A; x A;. Then ¢(\ + p)|A1 =
using RS algorithm we can easily get that:

(a) when z € {-2,—1} a = 3, and GKdim L(\) = 21 < dim(u); by Lem-
ma 1.8, we can obtain that these points are reducible points;
(b) when z € {—%4,—%}, a(wy) =1, and GKdim L(\) = 23 = dim(u); by Lem-

ma 1.8, we can obtaln that these points are irreducible points.
If A is one-seventh-integral, we can easily check that Ay = Ay U Ay, where the
simple system of A; is I} = {51 = (1,1, 0,0)}7 and the simple system of As is
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I, = {’yl = (%, —%7 —%, —%)} The Dynkin diagram of Ay is

and with the comparison with Dynkin diagrams of classical Lie algebra, we

can easily get the isomorphism ¢: Ay — Ay x A;. Then ¢(\ + p)’A1 = (%z +

4,—12—4), o(A + p)’gl = (3,—3)- By using RS algorithm, we can easily get

that:

(a) when z € {-%,-2, -2 -3 -2 11 a =2, and GKdim L(\) =22 <
dim(u); by Lemma 1.8, we can obtain that these pomts are reducible points;

(b) when z € {—f,—Lf,—L;,—ﬁ—f, 81, a = 1, and GKdim L(\) =
23 = dim(u); by Lemma 1.8, we can obtain that these points are irreducible
points.

If X is one-eighth-integral, we can easily check that Ay = A; U Ay, where the
simple system of A; is H1 {B1=1(3,3,3.—3)}, and the simple system of Ay

is Iy = {fyl ( , % 5 —7)} The Dynkin diagram of Ay is

o O
B !

and with the comparison with Dynkin diagrams of classical Lie algebra, we

can easily get the isomorphism ¢: Ay — A1 X A1 Then ¢(\ + p) (42 +

5, —4z — 5), oA+ p ‘Al = (l 77) By using RS algorithm, we can easﬂy get

27
that:

(a) when z € {-1,-5 -3 _11 4 = 2, and GKdim L(\) = 22 < dim(u);
by Lemma 1.8, We can obtam that these points are reducible points;
(b) when z € {f—, —18 -4 -2} a(wy) =1, and GKdim L(\) = 23 = dim(u);

by Lemma 1.8, we can obtain that these points are irreducible points.
If A is one-ninth-integral, we can easily check that the simple system of Ay ] is
O={p=(3.%4%3),B2=(3.—3% —3 —3) }- The Dynkin diagram of A,

2727272 27

Oo———=O
B1 B2

and with the comparison with Dynkin diagrams of classical Lie algebra, we can

easily get the isomorphism ¢: Ajy) — Az. Then ¢(A + p)|Av2 =(62+47,-32—

3,—3z — 4). By using RS algorithm, we can easily get that:

(a) when z € {-3,-1, -3 -3 -2 —11 a(w,) =3, and GKdim L(\) =21 <
dim(u); by Lemma 1.8, we can obtain that these points are reducible points;

(b) when z € {47, —48 4 18 M 01 a(wy) =1, and GKdim L(\) =
23 = dim(u); by Lemma 1.8, we can obtain that these points are irreducible
points.

If A does not belong to any of the types mentioned above, one can easily check

that Apy ~ A;. The simple system of Apy is I = {ﬂl (7, f%, f%, f%)} We

can get a(wy) = 1 by using RS algorithm, thus GKdim L(\) = 23 = dim(u). In

this case M (zfl) is irreducible.
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All in all, when p = 1, MI(zfAl) is reducible if and only if

z € {—lJrZZO}

U{-3+Z>0}

U{-2+4Z50} U{-14+Z50}

U{=§+2Z20} U{-3 +Zx0}

U{=35+Z20} U{-3 +Zx0} U{-2 +Zx0} U{—5 +Zx0}

U{=§ +Z=0} U{—5 +Z>0}

U{=3+ 220} U{-2 + Zo0} U{-7 +Zx0} U{-3 +Zx0} U{-3 +Zxo}
U{=7 + 20}

U{—§+Z>0} U{-3 +Zx0} U{-§ +Zx0} U{~5 +Zx0}

U{=8 T 220} U{—5 + Z20} U{=5 + Zx0} U{—5 + Zx0} U{—F + Zx0}
U{=5 + 220}

_U{ 1+ Z>o}

Proof of (2). Let A*(I) = {(0,0,0,1)} = {a2}. When M/(]) is of scalar type, we know
that A = 2(§&+&+&) = z(p— 52) for some z € R, where &5 is the fundamental weight
of simple root ap and & = (2, 5 2 ) In [KnaOQ] we know that p = (121, g, ‘;, %) and
A4p= (11 +4z,2 —|—2z72 +z,2)

(1) If X is integral, then we have the following.

(a) When z = —1, then A\+p = (g, ;, é, 2) we can get wy = [1,2,1,0,1,3,2,1,2,
0,1,3,2,1,2,0,1,3,2,1]. By using PyCox we can get that GKdim L(\) =
20 < dim(u). By Lemma 1.8 we can obtain that z = —1 is a diagonal-reducible
point.

(b) When z = —2, then A+ p= (=32, —2,—1 1) we can get wy = [1]. By using
PyCox we can get that GKdim L(\) = 23 = dim(u). By Lemma 1.8 we can
obtain that z = —2 is an irreducible point.

(2) If X is half-integral, we can easily check that Apyy = A; U Ag, where the simple
system of Aj is II; = {61 = (0,0, 1,0)}, and the simple system of Ag is Il =

{71 =1(0,0,0,1), 72 = (1,-1,0,0), v3 = (0,1,0,—1)}. The Dynkin diagram of

Apy is:

(\]
O o—o:>:o
B 7

and with the comparison with Dynkin diagrams of classical Lie algebra, we can

easily get the isomorphism ¢: Apyy — Ay x Bz. Then ¢(\ + p)|Av1 = (243,-2-3),

oA+ p)|B (42 + 11 22 + g, ;) By using RS algorithm, we can easily get

that:

(a) when z = —1, a(w,) = 10, and GKdim L(A) = 14 < dim(u); by Lemma 1.8,
we can obtain that this point is a reducible point;

(b) when z = -3 a(wy) = 1, and GKdim L(\) = 23 = dim(u); by Lemma 1.8,

27
we can obtain that this point is an irreducible point.
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If X is one-third-integral, we can easily check that A[M = A; U Ay, where the
simple system of Aj is II; = {Bl = (0,0,0,1), (% f%,%,f )} and the
simple system of Ay is Iy = {’yl =(0,1,1,0), 72 = (1,0,—1 O)} The Dynkin
diagram of Apy; is:

O O O O

b B2 m V2

and with the comparison with Dynkin diagrams of classical Lie algebra, we can

easily get the isomorphism ¢: Ay — Ay x Ay. Then oA+ p)|2f2 =(z+2,z+

1,-2z2-3), p(A+p ’A (32 4+4,0,—3z — 4). By using RS algorithm, we can

easily get that:

(a) when z € {—2,—1}, a(wy) = 6, and GKdim L(A) = 18 < dim(u); by Lem-
ma 1.8, we can obtain that these points are reducible points;

(b) when z € {-2,-%}, a =1, and GKdim L(A) = 23 = dim(u); by Lem-
ma 1.8, we can obtain that these points are irreducible points.

If X is one-fourth-integral, we can easily check that Ay = A; U Ay, where the

simple system of Ay is I1; = {Bl = (0,1, 0,0)}7 and the simple system of As is

Iy = {7 =(0,0,0,1), 32 = (1,0,0,—1)}. The Dynkin diagram of Ay is:

o) o:>:o

b1 V2

and with the comparison with Dynkin diagrams of classical Lie algebra, we

can easily get the isomorphism ¢: Ajy) — Ay x By. Then ¢(\ + p)|A1 = (2z +

% —2z — 7) oA+ p ‘B 42 + 121, %) By using RS algorithm, we can easily

get that:

(a) when z € {—3, -1}, a(wy) = 5, and GKdim L(A) = 19 < dim(u); by Lem-
ma 1.8, we can obtain that these points are reducible points;

(b) when z € {—I -2} a =1, and GKdim L(\) = 23 = dim(u); by Lem-
ma 1.8, we can obtain that these points are irreducible points.

If X\ is one-fifth-integral, we can easily check that Ay = A; U Ay, where the

simple system of A is I} = {51 = (0,0,0,1), By = (2, 2,—7,—7)} and the

simple system of A, is IIy = {’yl = (1,0,1, O)} The Dynkin diagram of Ay is:

O———C0O O
B1 B2 "

and with the comparison with Dynkin diagrams of classical Lie algebra, we can
easily get the isomorphism ¢: Ay — Az X Ay. Then ¢(\ + p)’A2 = (ngr %, %er

5=z s(A+p |A1 = (324 1,-22—1). By using RS algorithm, we can

easily get that:

(a) when z € {—%, -2 -2} a(w)) = 4, and GKdim L(A\) = 20 < dim(u);
by Lemma 1.8, we can obtain that these points are reducible points;

(b) when z = -2, a(wy) = 2, and GKdim L()\) = 22 < dim(u); by Lemma 1.8,
we can obtain that this point is a reducible point;

(c) when z € {-2,-8, -1, -} a(w,) =1, and GKdim L()\) = 23 = dim(u);
by Lemma 1.8, we can obtain that these points are irreducible points.

If X is one-sixth-integral, we can easily check that Ajyj = A; U Ay, where the

simple system of A; is I} = {51 = (0,0,0, 1)}7 and the simple system of As is
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= {’yl = (1, 1,0,0)}. The Dynkin diagram of Ay is:

and with the comparison with Dynkin diagrams of classical Lie algebra, we can
easily get the isomorphism ¢: Ajyy — Ay x A;. Then ¢(\ + ,o)’A1 =(3,-3),

d(A+p |A (3z + 4, 32 — ) By using RS algorithm, we can easily get that:

(a) when z € { 5,-I}, a = 2, and GKdim L(\) = 22 < dim(u); by Lem-
ma 1.8, we can obtain that these points are reducible points;
(b) when z € {1, —131 a =1, and GKdim L()\) = 23 = dim(u); by Lem-

ma 1.8, we can obtain that these points are irreducible points.
If A is one-seventh-integral, we can easily check that the simple system of Ay is
II= {Bl (0,0,0,1), B2 = (7 ' 5 %,—%)} The Dynkin diagram of Ay is:

o———O
“1/31 /32

and with the comparison with Dynkin diagrams of classical Lie algebra, we can
easily get the isomorphism ¢: Apy) — Aa. Then ¢(A +p |A = (%z + %, %z +

g, —13—4z — —) By using RS algorithm, we can easﬂy get that:

(a) when z € {—2 —%,—%,—7,—7, 7} ) =3, and GKdim L(\) = 21 <
dim(u); by Lemma 1.8, we can obtain that these points are reducible points;
(b) when z € {7777%77171,7170’7%,7175 , a(wy) = 1, and GKdim L(\) =

23 = dim(u); by Lemma 1.8, we can obtain that these points are irreducible
points.
If X is one-eighth-integral, we can easily check that Ay = Ay U Ay, where the
simple system of A; is I} = {ﬂl = (1,0, 0,0)}7 and the simple system of A, is
II, = {71 = (0,0,0, 1)} The Dynkin diagram of Ajy is:

o O
B1 Y1

and with the comparison with Dynkin diagrams of classical Lie algebra, we
can easily get the isomorphism ¢: Ay — Ap x A1 Then ¢(\ + p) (4z +

121’ -4z -5 ), oA+ p ‘Al = (2, —2). By using RS algorithm, we can easily get

that:

(a) when z € {-1,-5 -3 2 = 2, and GKdim L(\) = 22 < dim(u);
by Lemma 1.8, we can obtam that these pomts are reducible points;
(b) when z € {——,—E,—Q —11 a = 1, and GKdim L(\) = 23 =

dim(u); by Lemma 1.8, we can obtain that these points are irreducible points.
If A does not belong to any of the types mentioned above, one can easily check
that Apy) =~ A;. The simple system of Ay is I = {ﬂl =(0,0,0, 1)} We can get
a(wy) = 1 by using RS algorithm, thus GKdim L(A) = 23 = dim(u). In this case
M;(25) is irreducible.
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All in all, when p = 2, MI(zng) is reducible if and only if

z € {—lJrZZO}
U{=3+ 20}
U{-2+4Z50} U{-1+Z50}
U{=3+2Z20} U{-3 +Zx0}
U {—% +Zzo} U {—% +Zzo} U {—% -I-Zzo} U {—g +Zzo}
U{=2+Zs0} U{-T +Z50}
U{=2 +Z20f U{=3 + Z20} U{=7 + Zx0} U{-3 + Zx0} U{-F + Z>0}

U{=%+Zx0}

U{—§+Z0} U{-3 +Zx0} U{-§ +Z0} U{-§ +Zx0}

8 .
1+ 1
= { ; + Z>0}
i=5

Proof of (3). Let AT(I) = {(0,0,1,-1) = {as}}. When M () is of scalar type, we
know that A = 2(&; + &+ &) = z(p — &3) for some z € R, where 3 is the fundamental
weight of simple root ag and &5 = (2,1,1,0). In [Kna02] we know that p = (5 % % é)
and At p= (5 + 32,5 525+ 3% 5 +32).

(1) If X is integral, then we have the following.

(a) When z = —1, then A+p = (2,1,1,0), we can get wy = [2,3,1,2,3,1,2,0,1, 2,
1,0,3,2,1,2,3,0,1,2]. By using PyCox we can get that GKdim L(\) = 20 <
dim(u). By Lemma 1.8 we can obtain that z = —1 is a diagonal-reducible
point.

(b) When z = —2, then A+ p = ( 3, 1,1,—%), we can get wy = [1,2]. By
using PyCox we can get that GKdim L(A\) = 23 = dim(u). By Lemma 1.8
we can obtain that z = —2 is an irreducible point.

(2) If X is half-integral, we can easily check that Apyy = A; U Ag, where the simple
system of Ay is II; = {1 = (0,1,0,1), B2 = (0,0,1,-1), B3 = (3. —3.—3.3) }»
and the simple system of A, is Iy = {’yl = (%, %, %, 2)} The Dynkin
diagram of Apy; is:

O—O——0 O
B1 B2 Bz m
and with the comparison with Dynkin diagrams of classical Lie algebra, we can
easily get the isomorphism ¢: Ay — B3 x A;. Then ¢(A + p)‘Bs_ =(3z2+5,2z+
2,z+1), p(A+ p)|;1 = (224 3, -2z — 3). By using RS algorithm, we can easily
get that:
(a) when z = —32, a(w,) = 2, and GKdim L(\) = 22 < dim(u); by Lemma 1.8,
we can obtain that this point is a reducible point;
(b) when z = —2, a(wy) = 1, and GKdim L()\) = 23 = dim(u); by Lemma 1.8,
we can obtain that this point is an irreducible point.
(3) If X is one-third-integral, we can easily check that Ajyy = Ay U Ag, where the
simple system of A; is II; = {ﬂ = (0,1,0,0), B2 = ( ,—1 1 1)}, and the

2:2)2
simple system of Ay is IT, = {7 = (1,0,—1,0), 72 = (0,0,1,-1)}. The Dynkin
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diagram of Apy; is:

O O O O
b1 B2 " V2

and with the comparison with Dynkin diagrams of classical Lie algebra, we

can easily get the isomorphism ¢: Ay — Az x A, Then ¢(A + p)|Av2 = (3z+

5,0,—3z — 5), d(A+p {A (22 +3,—2 — 1,—2z — 2). By using RS algorithm,

we can easily get that:

(a) when z = —2, a(wy) = 6, and GKdim L(\) = 18 < dim(u); by Lemma 1.8,
we can obtain that this point is a reducible point;

(b) when z = —3%, a(wy) = 4, and GKdim L()\) = 20 < dim(u); by Lemma 1.8,
we can obtain that this pomt is a reducible point;

(c) when z € {-2,-1} a =1, and GKdim L(\) = 23 = dim(u); by Lem-
ma 1.8, we can obtain that these points are irreducible points.

If A is one-fourth-integral, we can easily check that Ay = Al U Ay, where the

simple system of Ay is II; = {1 = 1 0,0,1), B2 = (0,0,1,—1)}, and the simple

system of Ay is Iy = {71 = (3,3, —3,—3)}. The Dynkin diagram of Ay is:

O———C0O O
B1 B2 "

and with the comparison with Dynkin diagrams of classical Lie algebra, we

can easily get the isomorphism ¢: Ay — Az x A1, Then ¢(\ + p)|A2 = (%z +

B 23 -22-8), 9(A+p |2ﬂ = (2z + 3, —2z — 3). By using RS algorithm,

we can easily get that

(a) when z € {-3, -2} a = 4, and GKdim L()\) = 20 < dim(u); by Lem-
ma 1.8, we can obtain that these points are reducible points;

(b) when z € {1, -9} a(wy) = 1, and GKdim L()\) = 23 = dim(u); by Lem-
ma 1.8, we can obtain that these points are irreducible points.

If X\ is one-fifth-integral, we can easily check that the simple system of A[A is

H:{ﬂlz(0,0,l, 1), B2 = (2,2, 2,5)} The Dynkin diagram of Ay is

O:,\:O
Bi B2

and with the comparison with Dynkin diagrams of classical Lie algebra, we can
easily get the isomorphism ¢: Ay — Ba. Then ¢(A + p)|B2 = (%z + %, %z + %)
By using RS algorithm, we can eabily get that:

(a) when z € {—%,-3, -2, -8} a =4, and GKdim L(\) = 20 < dim(u);
by Lemma 1. 8 we can obtain that these points are reducible points;
(b) when z € {-2,-3,-I -} a(w,) =1, and GKdim L()\) = 23 = dim(u);

by Lemma 1.8, we can obtain that these points are irreducible points.
If X is one-sixth-integral, we can easily check that Ajyj = A; U Ay, where the
simple system of Ay is IT; = {ﬂl = (0,0,1, —1)}, and the simple system of A, is
I, = {fyl = (%, %, %, %)} The Dynkin diagram of Ay is:

O O
B m
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and with the comparison with Dynkin diagrams of classical Lie algebra, we can
easily get the isomorphism ¢: Ay — Ay X A;. Then d(A —|—,0)’A1 = (%7 —%),
oA+ p)|A1 = (32 +5,—3z — 5). By using RS algorithm, we can easily get that:
(a) when z € {=2,—-I} a(w,) =2, and GKdim L(\) = 22 < dim(u); by Lem-
ma 1.8, we can obtain that these points are reducible points;
(b) when z € {4, 121 a =1, and GKdim L(X) = 23 = dim(u); by Lem-
ma 1.8, we can obtain that these points are irreducible points.
(7) If X is one-seventh-integral, we can easily check that Apyy = Ay U Ay, where the
simple system of A is I} = {61 = (1,0, 0,0)}7 and the simple system of As is
= {fyl =(0,0,1, —1)}. The Dynkin diagram of Ay is:

o O
B1 Y1

and with the comparison with Dynkin diagrams of classical Lie algebra, we

can easily get the isomorphism ¢: Ay — A7 x A;. Then dA+p)| ;7 = (%z +
LI, oA+ p)! = (1,-1). By using RS algorithm, we can easily get
that:

(a) when z € {—7, —?,—%,—1—70,—%,—2 , a(wy) =2, and GKdim L(\) = 22 <

dim(u); by Lemma 1.8, we can obtain that these points are reducible points;

(b) when z € {12, —1—72,—171,—%—176, —181 a(wy) =1, and GKdim L(\) =

23 = dim(u); by Lemma 1.8, we can obtain that these points are irreducible
points.

(8) If A does not belong to any of the types mentioned above, one can easily check
that Apy ~ Ay. The simple system of Apyy is IT = {81 = (0,0,1,—1)}. We can
get a(wy) = 1 by using RS algorithm, thus GKdim L(\) = 23 = dim(u). In this
case Mj(z&3) is irreducible.

All in all, when p = 3, MI(zgg) is reducible if and only if

ze{—l—kZzO}

U{=3 +2Z20}

U{-%+2Z20} U{-5 +Zz0}

{1 +2Z20} U{-F +Zz0}

U{-2+4+Z0} U{-24+Z50} U{-2+Zso} U{-E+Zx0}
U{=8+Z20} U{-§ +Zz0}

U{-8+Zs0} U{-2+Zx0} U{-2+Zx0} U{-2+Z>0} U{-2 +Zx0}

U{—§+Zzo}
5 7 )
+1 +3 1
L_J{ ‘ + Z>0} U{—Zi +iZ>0}.

=6

Proof of (4). Let A*(I) = {(0,1,-1,0)} = {as}. When M () is of scalar type, we
know that A = 2(§1 + &2+ &3) = z(p — &4) for some z € R, where &, is the fundamental
weight of simple root ay and & = (1,1,0,0). In [Kna02] we know that p = (4}, 5,3 1)
d A bp= (84825 + 858+ 303+ 42)
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If A is integral, then we have the following.
(a) When z = —1, then A+p = (1,1,0,0), we can get wy = [3,2,1,2,3,0,1,2,3,1,
2,0,1,2,3]. By using PyCox we can get that GKdim L(\) = 21 < dim(u).

By Lemma 1.8 we can obtain that z = —1 is a diagonal-reducible point.

(b) When z = —2, then A+p = (—%, -2, -3, —1) we can get wy = [3]. By using
PyCox we can get that GKdim L(A) = 23 = dim(u). By Lemma 1.8 we can
obtain that z = —2 is an irreducible point.

If X is half-integral, we can easily check that Ay} = A1 U Ay, where the simple
system of Ay is H12{51=(0,0,171), B2 =1(0,1,-1,0), B3 = ( ,—;;,—%)},
and the simple system of A, is I, = {% = (%, —%,—7 7)} The Dynkin
diagram of Apy; is:

O—C——0 O
b1 B2 B3 "

and with the comparison with Dynkin diagrams of classical Lie algebra, we can

easily get the isomorphism ¢: Ajy) — B3 x A;. Then ¢(\ + p)’Brg =(42+5,2z+

3,22+ 2), p(A + '0)’2(1 = (z2+1,—z —1). By using RS algorithm, we can easily

get that:

(a) when z = —1, a(wy) = 10, and GKdim L(A) = 14 < dim(u); by Lemma 1.8,
we can obtain that this point is a reducible point;

(b) when z = —2, a(wy) = 1, and GKdim L(\) = 23 = dim(u); by Lemma 1.8,
we can obtain that this point is an irreducible point.

If X is one-third-integral, we can easily check that the simple system of Ay is

IT={p; =(0,0,1,0), B = (1,—1,0,0), B3 = (0,1,—1,0)}. The Dynkin diagram

of A[)\] is

O—O0——0
B2 B3 b1

and with the comparison with Dynkin diagrams of classical Lie algebra, we can
easily get the isomorphism ¢: Ay — Bs. Then ¢(\ + p)|B3 = (%z + 12—1, %z +
5 2z + ) By ubing RS algorithm we can easily get that:

(a) when z € {-2,—-1}, a =9, and GKdim L(\) = 15 < dim(u); by Lem-
ma 1.8, we can obtain that these points are reducible points;
(b) when z € {-2,-3}, a =1, and GKdim L(\) = 23 = dim(u); by Lem-

ma 1.8, we can obtain that these points are irreducible points.
If A is one-fourth-integral, we can easﬂy check that A[A] A1 UAs, where the

simple system of A; is II; = {ﬁl ,0), B2 = ( 7—§, é, —2) }, and the
simple system of A is Il = {71 = (%, %, %, 5) } The Dynkin diagram of Ay is:
O:,\:O O
B B2 M

and with the comparison with Dynkin diagrams of classical Lie algebra, we can
easily get the isomorphism ¢: Ajy) — Bax A1. Then ¢(\ + p) ’BQ = (22+43,22+2),
d(A+p |A = (4z +5,—4z — 5) By using RS algorithm, we can easily get that:

(a) when z € {-3, -1} a =5, and GKdim L(\) = 19 < dim(u); by Lem-
ma 1.8, we can obtain that these points are reducible points;
(b) when z € {—I -2} a =1, and GKdim L()\) = 23 = dim(u); by Lem-

ma 1.8, we can obtain that these points are irreducible points.
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If \is one—ﬁfth—integral we can easily check that the simple system of A[A] is
IT={B =(0,1,-1,0), B2 = (3,—1,1,%)}. The Dynkin diagram of Ay

O:/\:O
B B2

and with the comparison with Dynkin diagrams of classical Lie algebra, we can
casily get the isomorphism ¢: Ajy) — By. Then ¢(\ + p)|B2 =(3z+1,52+3).
By using RS algorithm, We can easily get that:

(a) when z € {—2,-2,-2, -1l a =4, and GKdim L(\) = 20 < dim(u);
by Lemma 1. 8 We can obtain that thebe points are reducible points;
(b) when z € {-2,-8, -1 81 a =1, and GKdim L(\) = 23 = dim(u);

by Lemma 1. 8 we can obtam that these points are irreducible points.
If X is one-sixth-integral, we can easily check that the simple system of Ay is
II= {ﬂl =(1,0,1,0), 82 = (0,1, 71,0)}. The Dynkin diagram of Ay is:

Oo——=O0
B Ba

and with the comparison with Dynkin diagrams of classical Lie algebra, we can
easily get the isomorphism ¢: Ajy) — Az. Then ¢(A + ,0)|A2 = (4z+45,-2z —
2, -2z — 3). By using RS algorithm, we can easily get that:
(a) when z € {~2,—1}, a(wy) = 3, and GKdim L(\) = 21 < dim(u); by Lem-
ma 1.8, we can obtain that these points are reducible points;
(b) when z € {—4 —I1 a =1, and GKdim L(\) = 23 = dim(u); by Lem-
ma 1.8, we can obtain that these points are irreducible points.
If A is one-seventh-integral, we can easily check that Ay = Ay U Ay, where the
simple system of A is II; = {ﬁl = (0,1, —1,0)}, and the simple system of As is
I, = {71 = (%, %, %, —%)} The Dynkin diagram of Ay is:
o O
B m
and with the comparison with Dynkin diagrams of classical Lie algebra, we can
easily get the isomorphism ¢: Ay — Ap x A, Then ¢(A + p) ’Al = (1 —l),

2:7 2
qb()\—i—p) ~ —( z—l—f —§z— 7) By using RS algorithm, we can easily get that:
(a )Whenze{ 8, -2, -1,-3 -2 %1 a(w,) =2, and GKdim L(\) =22 <

dim(u); by Lemma 1.8, we can obtain that these points are reducible points;
(b) when z € {—%,—%,—171,—170,—%,—175 , a(wy) = 1, and GKdim L(X\) =
23 = dim(u); by Lemma 1.8, we can obtain that these points are irreducible
points.
If A is one-eighth-integral, we can easily check that Ay = Ay U Ay, where the
simple system of A1 is I} = {ﬂl (0,1,-1,0) } and the simple system of Ay is

I, = {71 = (3,4,3,3)}. The Dynkin diagram of Ay is:

o O
B 71

and with the comparison with Dynkin diagrams of classical Lie algebra, we can

easily get the isomorphism ¢: Ay — Ay X :4: Then ¢(A 4—,0)|A1 = (%, —%),

oA+ p)‘A~1 = (42 4+ 5,—4z — 5). By using RS algorithm, we can easily get that:
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(a) when z € {-1,-3,-3 -3} a(w,) = 2, and GKdim L(\) = 22 < dim(u);
by Lemma 1.8, we can obtain that these points are reducible points;

(b) when z € {—%, —%3, —%, —1@7 , a(wy) = 1, and GKdim L(\) = 23 =
dim(u); by Lemma 1.8, we can obtain that these points are irreducible points.

If X is one-ninth-integral, we can easily check that Ay = A; U Ay, where the

simple system of A is IT; = {61 = (1,0, 0,0)}, and the simple system of As is

I, = {71 = (0,1, —1,0)}. The Dynkin diagram of Ay is:

O O
b1 M

and with the comparison with Dynkin diagrams of classical Lie algebra, we

can easily get the isomorphism ¢: Ay — Ay x A;. Then ¢(\ + ,0)’141 = (%z +

42— W) o0+ p)|A1 = (1,—1). By using RS algorithm, we can easily get

that:

(a) when z € {f%, fg, fg,f%,f%, 71—90 ,a(wy) =2, and GKdim L(\) =22 <
dim(u); by Lemma 1.8, we can obtain that these points are reducible points;

(b) when z € {—%7, —%, —19—47—19—3,—%, —%9 , a(wy) = 1, and GKdim L()) =
23 = dim(u); by Lemma 1.8, we can obtain that these points are irreducible
points.

If A does not belong to any of the types mentioned above, one can easily check

that Apy) =~ A;. The simple system of Apy is IT = {[31 = (0,1, —1,0)}. We can

get a(wy) = 1 by using RS algorithm, thus GKdim L(\) = 23 = dim(u). In this

case Mj(z&,) is irreducible.

All in all, when p = 4, MI(zfz) is reducible if and only if

z

€ {—1 +ZZO}

U {—% +Zzo}

U{=3+Z0} U{—3 +Zx0}

U{-3+Z20} U{-7 +Zx0}

U{=5 + 220} U{=32 +Z20} U{ =5 + Z>0} U{—5 + Z>0}

U{—8§+Z20} U{—5 +Zx0}

U8+ 250} U {3 + 250} U{ =4+ Zoo} U {~3 + Zao} U{~3 + 20}
U{=% + 220}

U{=Z+Zso} U{-2+Zs0} U{-2+Z50} U{-2+Zxo}

U{-3+Zx0} U{-L4+Zx0} U{-2+Zso} U{—3+Zxo} U{-23+Zx0}
U {4 + 250}

6 9 .
1 +1 1
U{1+.Zzo}UU{Z - +,Zzo}.
e 1 (3 (3

=7

So far, we have completed the proof of all cases of type Fj. O
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3. Reducibility of scalar generalized Verma modules for type F

Next we give the reducibility of scalar generalized Verma modules associated to
minimal parabolic subalgebras for type Fg, F7 and FEjs.

Theorem 3.1. Let g be of type Eg, then MI(zf;) is reducible if and only if

(1) p=1, 2 € UZe{~1+ 1Z20}; or

(2) p=2, z€ Up_s{—1+ $Z0}; or ,

(3) p=3, z € U_s{~1+ iZ0} UUs{~"* + {Zx0}; or
(4) p=4, 2z € U§:4{—# + %Zzo}; or _

(5) p=5, 2 € Uis{~1+ 1Z20} UUg{~ 5 + 1220} or
(6) p=6, 2 € UZe{~1+ +Zx0}.

Proof of (1). Let g be of type Eg and AT(I) = {ay,}. Let AT(1) = {(3, -3, -3, —3,
—%, —%,—2, 2)} = {a1}. When M;(A) is of scalar type, we know that A = z(& +
&3+ &+ &+ &) = 2(p— &) for some 2 6 R, where &; is the fundamental weight
of simple root a7 and & = (O 0,0,0,0,— , g, g) In [Kna02] we know that p =
(0,1,2,3,4, 4, —4,4) and A + p = (0 4294223+ 32,4+ dz, 4 — 0, 4
13—02,4 + %z)

(1) If A is integral, then we have the following.
(a) When z = —1, then A -p = (O 0,0,0,0,— ,f%, %),wecanget wy = [5,4,3,2,
0,1,3,2,4,3,1,5,4,3,2,0]. By using PyCox we can get that GKdim L(\) =

34 < dim(u). By Lemma 1.8 we can obtain that z = —1 is a diagonal-reducible

point.

(b) When z = —2, then A4p = (0,—1,-2,-3,-4,5, 8 %) we can get wy = [0].
By using PyCox we can get that GKdlm L()\) = 35 = dim(u). By Lemma 1.8
we can obtain that z = —2 is an irreducible point.

(2) If A is half-integral, we can easily check that Apyy = Ay U Ay, where the simple
system of Aj is II; = {51 =(1,0,1,0,0,0,0,0), 82 = (0,1,0,1,0,0,0,0), B3 =
(— 1 ,0,1,0,0,0,0,0), B4 = (0,0,—1,0,1,0,0,0), 85 = (3,-%, -3, -3, -3, -1,
—5, 5)} and the simple system of Ag is Iy = {'yl =(0,-1,0,1, 0,07070)}. The
Dynkin diagram of Apy; is:

and with the comparison with Dynkin diagrams of classical Lie algebra, we can

easily get the isomorphism ¢: Ajy) — As x A;. Then d(A+p ‘A = (13—42—1—5, %2—}—

3,%2—&—1,—%2—1,—%2—2,—%2—6) (A =+ p) |A (z+1,—2z—1). By using

RS algorithm, we can easily get that:

(a) when z = —1, a(w,) = 16, and GKdim L(A) = 20 < dim(u); by Lemma 1.8,
we can obtain that this point is a reducible point;

(b) when z = —2, a(wy) = 1, and GKdim L(\) = 35 = dim(u); by Lemma 1.8,
we can obtain that this point is an irreducible point.
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If X is one-third-integral, we can easily check that Ay = Ay U Az, where the
simple system of A; is II; = {Bl = (1,0,0,1,0, 0,0,0)}, and the simple sys-
tem of Ay is Iy = {y = 0,1,1,0 0, O 0,0), 72 = (-1,0,0,1,0,0,0,0), v3 =
(0,-1,0, 0,1,0 0,0), v = (3,—%,— 5,75,75,75,75 3)}- The Dynkin dia-
gram of Al

o O O O O

B 72 V4 ! 73

and with the comparison with Dynkin diagrams of classical Lie algebra, we
can easily get the isomorphism ¢: A[A] — Ay X Ay Then oA+ p |A = (%z +

3 -32-3), 6+, = (Fe+ 5,32 +3, 82+ 5, -5 - Y%, - ),

By using RS algorithm, We can easily get that:

(a) when z € {-2,-1}, a =11, and GKdim L(\) = 25 < dim(u); by Lem-
ma 1.8, we can obtain that these points are reducible points;

(b) when z € {-2,-3}, a =1, and GKdim L(\) = 35 = dim(u); by Lem-

ma 1.8, we can obtain that these points are irreducible points.
If X\ is one—fourth—integral, we can easily check that Ay = Ay U Ag, where
the simple system of A is II; = {61 = (1,0,0,0, 1,0,0,0)}, and the simple
systemofAQisH2:{71 (0,1,0,1,0,0,0,0), v2 = (— 100010,0,0),73—

(3,-3,-3,-3,—-3,—3,—%,3)}- The Dynkin dlagram of Ay

o O——O0—=O
b1 et V3 V2

and with the comparison with Dynkin diagrams of classical Lie algebra, we

can easily get the isomorphism ¢' A i — A1 x Az. Then ¢(X +p |A = (2z+

2, -2z —2), ¢(A+ p)‘A (42 + 5, 2,77 —4z — 7) By using RS algorithm, we

can easily get that:

(a) when z € {=3, -1}, a(wy) = 7, and GKdim L(A) = 29 < dim(u); by Lem-
ma 1.8, we can obtain that these points are reducible points;

(b) when z € {—I,-21 a =1, and GKdim L(\) = 35 = dim(u); by Lem-
ma 1.8, we can obtain that these points are irreducible points.

If \ is one-fifth-integral, we can easily check that the simple system of Ay is IT =

{51 (0,1,0,0,1,0,0,0), 82 = (0,0,1,1,0,0,0,0), B3 = (4, -4,-1, -1 -1 L

5 5)} The Dynkin diagram of Ay is:

O———0O0—O
B1 B3 Bo

and with the comparison with Dynkin diagrams of classical Lie algebra, we
can easily get the isomorphism ¢: Ay — As. Then ¢(X\+p) |A = (5z +

1—21 % —5, =9z — 7) By usmg RS algorlthm we can easily get that:

(a) when ze{-3%-3-%2-1} a = 6, and GKdim L()\) = 30 < dim(u);
by Lemma 1.8, we can obtain that these points are reducible points;
(b) when z € {—7, -5, -1, -3} a =1, and GKdim L(\) = 35 = dim(u);

by Lemma 1.8, we can obtain that these points are irreducible points.
If X is one-sixth-integral, we can easily check that Ajyj = A;UAg, where the simple
system of Ay is II; = {1 = (0,0,1,0,1,0,0,0), B2 = (3, -3, —3.—3.— 3. — 3.

2
—%,2)} andthesnnplesystemong1sH2_{fy1 ( 2,;,;,%,—%,—%,—%,%)}.
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The Dynkin diagram of Ay is:

o——0O O

B1 B2 "
and with the comparison with Dynkin diagrams of classical Lie algebra, we
can easily get the isomorphism ¢: Ay — A2 x Aj. Then ¢(A+p |A = (42 +
1—;’, -2z — %, —22 — %), oA+ p)! = (324 Z,-32—I). By using RS algorithm,
we can easily get that:
(a) when z € {=2, -1} a(wy) =4, and GKdim L(\) = 32 < dim(u); by Lem-

ma 1.8, we can obtain that these points are reducible points;

(b) when z € {—%,=Z}, a(wy) =1, and GKdim L(\) = 35 = dim(u); by Lem-
ma 1.8, we can obtam that these points are irreducible points.

If X is one-seventh-integral, we can easily check that Apy = A;UA,, where the sim-
plesystem of AyisIly = {1 = (0,0,0,1,1,0,0,0), B2 = (3.~ 3, — 5.~ 3 —3>—3>
—57 5)} and the simple system ong isTly = {’yl ( %7 %7 %, —%, %, % % %)
The Dynkin diagram of Ay is:

o0——0O O

B B2 m

and with the comparison with Dynkin diagrams of classical Lie algebra, we can
easily get the isomorphism ¢: Ay — Az x A;. Then ¢()\—|—p)’A2 = (%42 +
5, —%z -2, —%z — 3), oA+ p)‘A1 = (%z +4, —%z — 4). By using RS algorithm,
we can easily get that

(a) when z € {-2,-3, -2, -3 -2 —1} a(w,) =4, and GKdim L()\) = 32 <
dim(u); by Lemma 1.8, we can obtam that these points are reducible points;
(b) when z € {—22, —%,—%,—%,—%,—% , a(wy) = 1, and GKdim L(\) =
35 = dim(u); by Lemma 1.8, we can obtain that these points are irreducible

points.
If X is one-eighth-integral, we can easily check that Ay = Ay U Ag, where the
simple system of Ay is I} = {f1 = (4,-4,-3,—3,—3,—3,—3,3)}, and the
simple system of Ay is Iy = {7y = (4,4, -4, 4 1 —1 —1 1)} The Dynkin
diagram of Apy; is:
o O
B 71

and with the comparison with Dynkin diagrams of classical Lie algebra, we can
easily get the isomorphism ¢: App — A x Ay, Then (A + p) ’A = (; —%),
oA+ p)|A (4z + 2, —4z — 7) By usmg RS algorithm, we can easily get that:

(a) when z € {-1I, —i,—f,—s} =2, and GKdim L()\) = 34 < dim(u);
by Lemma 1.8, we can obtain that these points are reducible points;
(b) when z € {——, —8 -4 -2}, a(wy) =1, and GKdim L()) = 35 = dim(u);

by Lemma 1.8, we can obtain that these points are irreducible points.
If X\ is one-ninth-integral, we can easily check that Ay = A; U Ay, where the
simple system of A; is I} = {61 = ( , %, % %7 %,—%,—%,%)}, and the
simple system of Aj is Il = {fyl ( %, % 5,% 3 %7 —%, %)} The Dynkin
diagram of Apy; is:

O O
B m
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and with the comparison with Dynkin diagrams of classical Lie algebra, we can

easily get the isomorphism ¢: Ay — Ay x Ay Then qb()\—l—,o)’Al = (%7—%),

d(A+p |A = ( z+5, 7z - 5) By using RS algorithm, we can easily get that:

(a) when z € { 3 g, g,f%,fg,f% , a(wy) = 2, and GKdim L(\) = 34 <
dim(u); by Lemma 1.8, we can obtain that these points are reducible points;

(b) when z € { i 196, 1947 193, 191,—%0 , a(wy) = 1, and GKdim L()) =
35 = dim(u); by Lemma 1.8, we can obtain that these points are irreducible
points.

If X is one-tenth-integral, we can easily check that Ay = A; U Ay, where the

simple system of A; is I} = {,6’1 = (%, %, %, %, %,—%,—5, 5)} and the simple

system of Ag is Il = {71 = (l -1 _1 1 )} The Dynkin

1
! ) 2072 27_57_5’ 2072
diagram of Apy; is:

and with the comparison with Dynkin diagrams of classical Lie algebra, we
can easily get the isomorphism ¢: Ajy) — Ay x A;. Then ¢(\ + p)|A1 = (5z +
5, —bz — —) oA+ p ‘Al = (%, —%) By using RS algorithm, we can easily get
that

(a) when z € {3, - %, —-5.- 15}, a = 2, and GKdimL(\) = 34 <

dim(u); by Lemma 1.8, we can obtaln that these points are reducible points;

(b) when z € {- 10,—%,—%,—% , a(wy) = 1, and GKdim L(\) = 35 =

dim(u); by Lemma 1.8, we can obtain that these points are irreducible points.
If X does not belong to any of the types mentioned above, one can easily check that
Ay = Ap. The simple system of Ay is IT = {61 ( , %, f%, f%, f%, f%, f%,

1)}. We can get a(w)) —Al by using RS algorithm, thus GKdim L(\) = 35 =
dim(u). In this case, M(z&;) is irreducible.

All in all, when p = 1, M;(2£) is reducible if and only if

z

€{-1+Z0} U{—5+Z>0}

U{-2+4Z>0} U{-1+Z50}

U{=3+Zz0} U{-7 +Z>0}

U{=35+Z20} U{-5 +Zx0} U{-3 + 20} U{—5 +Zx0}

U{=§ +Zz0} U{—5 +Zx0}

U{=3+ 220} U{-3 +Zo0} U{-7 +Zx0} U{-3 +Zx0} U{-F +Zxo}
U{=7+2Z20}

U{=§ +2Z20} U{-5 +Z20} U{-5 + Zz0} U{—5 + Zx0}

U{=5 + 220} U{-§ +Zo0} U{=5 +Zx0o} U{—5 + 220} U{-F +Zxo}
U{=5 + 220}

U {—% -I-Zzo} U {—% -l-Zzo} U {—% +Zzo} U {—% -I-ZZO}

10 1
= U{l + .Zzo}.
=6 v
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The computations for Eg are tedious, so we only present the detailed procedure for
the first case of Fg, and omit subsequent derivations for brevity. O

Theorem 3.2.
1) p=1, then = € UPa{—1+ 120} or
) p

(3) p=3, then z € U13 —dl 4

(4) p=4, then z € J>_ -2+
;Zzo} or

(5) p=5, then z € U11 —aly

(6)p:6,thenzeu s{—1+ Z>0}UU1 11

() p=T1, theanUiZS{ 1+ iZZO}~

L0} U{~
%ZZO} ngis)

=2, then z € Uig{*l +1Z30} U Uim{*

1Z }UUz 12

Let g be of type E7, then MI(ngp) is reducible if and only if

SR+ 220} or
%+iZ>0} or
—H2 4 120 UL {2 +

’+2 L + 1Zso}; or

’+1+ Z>o} or

Proof. The computations for E7 are tedious and the same methodology has been
employed in the previous cases, so we omit detailed procedures here. O

Theorem 3.3.
(1) p=1, thenzeUZ {1+ 1220} VUL 2L

(2) p=2, th@”ZEUZ 14 Hgl 1Z }UUz 22

(3) p=3, thenz € {— i§+13Z>o}UUz 14
or
(4) p =4, then z € {~T + £Zs0} U2,

1250} UUZ, {— 52 + 1250} ; or

(5) p=5, then z € ;2 5 {— 2 + 1250 UL,
%ZZO}; or

(6) p=6, thenzeUilg{ ”1—!— 71> }UUZ 17
7Z>0} or

(1) p=T1, theanUZ {2+ 1Z>0}; or

(8) p=S8, then z € - w{-141Z>0}.

Z+2+ Z O}UU1 21

—H2 4+ 1220} U UL

Let g be of type Eg, then MI(ZEA,,) is reducible if and only if

—Hl 4 1750}; or

K2

h%Q + 1Z>Q},’ or

i3, 1 .
i +iZZO}’
_it4
T

i+3+ Z O}UUz 22 #Jﬁ

—H2 4 120 bUUy {2 +

Proof. The computations for Eg are tedious and the same methodology has been
employed in the previous cases. To avoid lengthy articles, we omit detailed procedures

here.

O
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Appendix

In the following tables, p means the case of A = z{,,, and we give the sets of
corresponding reducible points in the second column of the tables.

TABLE 2. Diagonal-reducible points of G.

p diagonal-reducible points of M I(zgp)

1 1 2 1
—g t3Z>0, —5 + 30

2 —% + Zzo, ZZO

TABLE 3. Diagonal-reducible points of Fjy.

p diagonal-reducible points of M I(zgp)

9
1 ‘95{—1 + 1750}
8 .
2 U{-H 120}
5 . 7 )
30 U {5+ 0}, U {52+ 10}

s 0"
4 U{-1+1Z0}, U{-"F + 120}
=5 =7

TABLE 4. Diagonal-reducible points of Fj.

p diagonal-reducible points of M, 1(,25;)
10

U {1+ 3220}

i=6

9
2 U{-1+1iZx0}
1=5

—

= o

3 U{-1+4Z0}, U{-F +3Zx0}
1=5 i1=8
5

4 U{-"+1Zx0}
1=4
7 o

5 U{-1+1Zx0}, U{- +3Zx0}
1=5 =8

10
6 U{-1+1iZx0}
6

1=
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TABLE 5. Diagonal-reducible points of E5.

p diagonal-reducible points of M I(zé;,)

15
1 U{-1+7Zs0}
11=28 15 4
2 U{-1+3Zx}, U {-2+ 312}
i=8 i=13
13
5 U152+ 120}, 3 + 20
3 ) 11 ) 13 )
4 U{=5 120}, U{-2 +1Z20}, U (-5 + iZ20}
=7 i=9 i=12
11 ) 14 .
5 U{-+1Zx0}, U {2+ iZx0}
i=8 =12
10 15 4
6 U{-1+1Z0}, U {2+ 1Z0}
i=8 i=11

16
T U{-1+ 320}
1=8

TABLE 6. Diagonal-reducible points of Eg.

p diagonal-reducible points of M (zpr)

20 27 ‘
1 U {-1+iZ>0}, U {-%F +1Zx0}
1=14 =21

o 2%
2 U {- +1Z0), U {22+ {Z0}
1=14 =22

20 . 25 )
3~ diZso, U {524 1250}, [ (-5 + 1250}
i= 1=

15 , 20 ‘ 23 .
4 —&+ 1520, ,Ulg{—#ﬂﬁzzo}v L{G{—%+%Zzo}a }Um{—%ﬂﬁzzo}
i= i= =

' i 21 , 24 ‘
50 U {2020} U {=52 402200 U {=5" + 1220

16 ) 23 . 25 L
6 U{-"+1Z>0), U{-52+ 720}, U {-F+ (L0}
i=13 =17 i=24
7 U {—+1Zx0)
1=13

27
8 U {-1+1Zs0}
1=14
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