JolI'

Journa
of Lie
Theory

Fourier multipliers on extensions of
Heisenberg type groups
and the contraction from K to NM

Anthony H. Dooley and Sanjiv Kumar Gupta

Journal of Lie Theory

Volume 36 (2026) 561-584
https://doi.org/10.5802/jolt.1440
Published online: October 1, 2026

© The authors, 2026

This article is published under the terms of the
@ ® CREATIVE COMMONS ATTRIBUTION 4.0 INTERNATIONAL LICENSE
BY http://creativecommons .org/licenses /by/4.0/

.<> JoLT is a member of Centre Mersenne
‘ https://www.centre-mersenne.org/


https://doi.org/10.5802/jolt.1440
http://creativecommons.org/licenses/by/4.0/
https://www.centre-mersenne.org/

Journal of Lie Theory
Volume 36 (2026) 561-584
© 2026 the author(s)

Fourier multipliers on extensions of Heisenberg type groups
and the contraction from K to NM

Anthony H. Dooley and Sanjiv Kumar Gupta

Communicated by Michael Pevzner

Abstract. If G = KAN is the Iwasawa decomposition of a rank one semisimple Lie
group, then the semi-direct product M N is a contraction of the compact group K.
We use this fact to transfer harmonic analysis on K to harmonic analysis on M N,
specifically transferring estimates for Fourier multipliers of LP. The critical novelty
is a relationship between the representation theory of the two groups: we show
how to embed the irreducible representations of K into the Fock spaces for the
irreducible representations of M N, and prove a limiting formula for the associated
matrix entries. As an application we prove a version of de Leeuw’s theorem on
transferring LP-multiplier estimates from K to M N.

Introduction

Let g1 and gs be two Lie algebras with the same underlying vector space V', and
Lie brackets [-,-]1, [+, ]2 respectively. We say that gy is a contraction of gy if there
exists a family { Qe 1€ € R*} of invertible linear maps on V such that

¢;1[¢6Xa ¢€Y]2 — [X’ Y]l

ase — 0.

The Lie group G is said to be a contraction of G5 if they have the same dimension
and there exists a family 7.: G; — G5 of local diffeomorphisms whose differentials at
the identity ¢. = m., . define a contraction of the associated Lie algebras.

Contractions are used in physics (e.g. [BL68; Sal61]) to describe limiting behaviour
of physical laws as certain physical constants go to infinity: for example, one recovers
classical physics from relativistic physics by letting the speed of light tend to infinity.
George Mackey [MacT75] suggested that there was a natural correspondence between
the representations of a semisimple Lie group and those of its Cartan motion group.
The authors, partly inspired by Mackey’s question, studied the contraction from a
semisimple Lie group to its associated Cartan motion group, see [DG86; DR85a;
DR85b] and references therein. Mackey’s suggestion was regarded as somewhat
controversial at the time, see Afgoustidis’ interesting paper [Afgl5] which gives details
of the history and the work of Higson and others in C*-algebras. Seen as a purely
mathematical construct, contractions may be used to transfer harmonic analysis from
one Lie group to another.

Another contraction which we have studied is the contraction from K to MN.
Here, we start with a rank one semisimple Lie group G and write its Iwasawa decom-
position as G = KAN. As usual, we take M to be the centraliser of A in K. Then
M acts on N by conjugation, and we may form the semi-direct product M N. The
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dilations coming from A then define a family of contraction maps from MN to K.
We will define this more carefully below. Actually, some of our formulae work out
more nicely if we consider the isomorphic situation where we consider the contraction
of NM to K, so we will adopt this in the sequel. In the case where the rank one
group is SU(2, 1), the group K is the unitary group U(2), N is the three-dimensional
Heisenberg group, and M is the torus T which acts by rotation on the non-central
component of N. This example was studied in [RR86]. It is also of interest in physics,
where the Heisenberg group represents the canonical commutation relations and the
unitary group the spin group. The authors studied several particular cases of this
contraction: in [DGO02] where we looked at G = Sp(2p — 1).

In the present work, we will treat the general rank one case. As is well-known
these are harmonic extensions of Heisenberg type (H-type) groups of Iwasawa type.
We will use the formalism of H-type groups [Cow+91; Cow+98] to unify our treatment.

In the articles cited above, it is shown that the fact that G4 is a contraction of Go
allows us to deduce a limiting relationship between the representation theory of the
two groups, more specifically, for each irreducible representation p of G; there exists a
family of irreducible representations o, of G2 in the sense that o) o 7. tends to p as
€ — 0. This limiting statement needs qualification and has been made more precise
in each of the examples above. The strongest theorems, a generalisation of which we
shall obtain below in the setting of K to NM, look as follows.

Theorem 0.1. In the context of an Iwasawa decomposition G = KAN of a rank one
semisimple Lie group, let G1 = K, Go = NM, and 7x: G1 — G2 be the contraction
Of G2 to Gl.

Then for each irreducible representation p of G, acting in H,, there exists a
sequence 0¥ of irreducible representations of G2, acting in Hilbert spaces HF, and for
each n, an injection Ry, : HY — H, so that the images of R,, form an increasing family
of subspaces of H,. A sequence X, of real numbers such that for all f in |J;—, Im Ry,

lo(9)f = Ruoty 0 7, (9)R: F . (1)

tends to zero uniformly on compacta for g € G1 as € — 0.

A corollary of this theorem is that the union |J;—, Im Ry, is dense in H,, as it
is an invariant subspace for p. We can think of the operators R, as “approximate
intertwining operators” between the sequence ¢ and p induced by the contraction
relationship. Indeed, the Kirillov orbit method [Doo83] suggests that such a relationship
could exist in the setting of a much more general contraction.

In [DR85a], we proved that the “highest weight” element of the Fock space
of NM could be approximated in this way by highest weight vectors in a sequence
of representations of K, composed with contraction maps. We conjectured that all
elements of the Fock space could be approximated by matrix coefficients of K. In this
paper, we prove this conjecture, defining these injections and proving Theorem 0.1.
Specifically, we construct the Lie algebra of K from the H-type data, and define
explicit embeddings of the representations of K into the Fock spaces associated with
the unitary dual of NM, again using just the formalism of H-type groups.

The one-dimensional case is the very special contraction relationship between the
real line R and the circle T induced by dilations of R composed with the exponential
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map: all the representations are one-dimensional characters. The classical theorems of
Karel de Leeuw [Lee65] give estimates for norms of L? multipliers of R in terms of the
circle LP multiplier norms of their restrictions to the families €Z. As an illustration
of the scope of our method, we prove an analogue of the de Leeuw theorems in the
non-commutative setting of K and NM. We believe that there is a substantial body
of results linking harmonic analysis on R and T which can be similarly generalised.

The paper is organised as follows. Section 1 defines the structure of G, K and NM,
and the contraction mapping. In Section 2 we describe the irreducible representations
of N generalised Fock space, induced from a specific character of the centre p € g* ,,.
In Section 3, we combine this with the Mackey method to describe the representations
of the semi-direct product NM. Section 4 then describes the representation theory
of the compact group K, the sequence of representations ¢, and the injections R,,.
Then in Section 5, we prove the main result. We give a statement and proof of our
version of de Leeuw’s theorem in Section 7.

The results of this paper are interesting in the context of the representation of the
semisimple group G. As is well-known [Kna02], these can be realised in the “ K-picture”,
i.e. as acting on L?(K) or in the “N-picture”, i.e. acting on L?(N). The embeddings
which we construct of the irreducible representations of K into the Fock spaces for N
make a connection between these two realisations. An application of this theory,
proving the Baum—Connes conjecture for rank one groups was discussed in [Dooll].
It would be interesting to know whether there is a version of the Mackey-Higson
correspondence in the context of the contraction of K to NM.

1. The contraction of X to NM

Let G be a connected semisimple Lie group of real rank 1 and K a maximal
compact subgroup of G. Write g = £ @ p and choose a to be a maximal abelian
subalgebra of p. Let ¥ (resp. 1) denote the set of restricted roots (resp. positive
restricted roots) of g with respect to a (with respect to a fixed positive cone at in a).
Then X% has either one or two elements; in the latter case, we take X7 = {\,2A};
in the former case, it will unify our presentation if we take 3t = {\,2A} with
gx=g-x=1{0}.

We will denote by k(- -) the Killing form of g. Choose H € a such that A(H) = 1.
Let (X,Y) = ggﬁg}% define an inner product on g. Note that ||H|| = 1 under this
inner product. '

The algebra n = g_ ) @ g_o) is nilpotent of at most two steps: g_o» is the centre.
Also, [m, gg] C gg for 8 € ¥, where m is the centralizer of a in €, so we have [m,n] C 1,
and m @ n is a Lie subalgebra of g. The Lie algebra of K may be decomposed as:

E=m®Tger+ {X+0X: X g p}. (2)

Next we define a family {7.}.~o of contraction mappings NM — K as follows.
Each element of NM can be expressed uniquely as exp(Y + X).m, where m € M,
Y € g_», X € g_ay, and we denote it by (Y, X)m. Then, for ¢ > 0, define

Te(im) = exp(Ve(Y + 6Y) + (X + 6X))m. (3)

In [DR85a] we showed that thgre is a relatively compact, open, M-invariant
neighbourhood O; of the identity in N such that m; is a diffeomorphism on O = O, M.
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2. Representation theory of N

If g_, = {0}, N is abelian and there is nothing to say. We assume therefore that
g-x # {0}.

In this section, we define a canonical basis and complex structure for g_», and
realise the Fock space representation of N, acting in a space of holomorphic functions
thereon.

To each p € g*,, \ {0}, with norm |u|, there corresponds a vector X, € g_ox
so that pu(X) = (X,X,) for all X € g_s5. The vector X, = jgfﬂl
2| Xol* = 1.

Following the approach of [Cow+98], we define J = Jx,: g — g by JX =
[Xo,0X]. Then J|2,3 = —1I, so that J induces a complex structure on g_,. In

then satisfies

particular, g_, is even-dimensional. We denote by 2p the dimension of g_» and by ¢
the dimension of g_o).
Moreover, we have the identity

JAd(m)Xo = Ad(m) 0 ']Xo 0 Ad(m)71 (4)

for all X as above and m € M. By (4), the stabiliser Mx, of X, preserves the
complex structure of (g_, J).

Now (Y, Y")¢ = (Y, Y") + (Y, JY') is a J-hermitian inner product on g_,. Given
a J-complex orthonormal basis {Y7,...,Y,} of g_», let R =span{Yi,...,Y,}. Then
g-\= R®JR.

We let F,, be the corresponding Fock space with central character e, specifically
the set of complex-valued functions F' on g_» which are holomorphic for the complex

structure associated to J x, and satisfy
V2|ul

|p,| % o _ vl y 2
7%, = (mr IF(Y)*e 22" ay < oo (5)
g—x

This space is a Hilbert space relative to the inner product:

AR Gy e kYT
<F,G>_<2\/§7T> /MF(Y)G(Y)e v ay. (6)

Theorem 2.1. F, carries an irreducible unitary representation o, of N given by

(0u(M)F)(¥) = X V3 (Y 30000 prys 4 yry (7)
wheren = (Y, X"), Y €g_x, X' € g_an.
Up to unitary equivalence, o, is the unique irreducible representation with central
character e, for each u # 0.
Furthermore {0, : p € g% ,,\{0}} is a set of representations of full Plancherel
measure for N.

Proof. Every irreducible unitary representation of N coincides with a character e**
on the centre g_oy. It is obvious, e.g., by Fourier transform on g_oy, that the Plancherel
measure is concentrated on the representations for which p # 0. Such a representation
factors to N/ exp(ker y), isomorphic to a Heisenberg group. The conclusion is an easy
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consequence of the Stone—von Neumann theorem, with formula (7) expressing the
unique representation equal to e* on g_sy in Bargmann form [Fol16]. It is standard
(see [Fol16]) that the Plancherel measure is supported on the set {F, : p#0}. O

We may realize o, on a subspace of L?(N) as follows. For F' € F,,, define f;F by
T F(Y, X) = G,(Y, X)F(Y) (8)

where G, (Y, X) = e~ 2mn(X)+ullY” - Further define o, to be the restriction of the

regular representation to {f‘\;F :Fe .7-'#}.

Proposition 2.2. Suppose that u(Xo) = |p| and ,u(NX’) =0 for X:} Xo. Then f‘;
is an isometry from F,, into L?(N). Furthermore’,vFH oo, =0,0L,, so that o, is
equivalent to the restriction of o, to the range of T,.
Proof. Notice that
(,(Y', X\TLF)(Y,X) =T, F((Y, X)(Y', X"))
=T, FY+Y X +X +[V,Y)
— F(yJrY/)efw(X+X’+[Y7Y’])+IuI(IY\2+IX\2)

= F(Y +Y")e mX+X") g=2lu] (Yo X2LY2)

since |Y +Y'|? + Zi"ﬁ([Y, Y')=|Y]P+|Y']2+2Y,Y)+2iJ(Y,Y") = |Y]> + |[Y']? +
2V, Y )c.
Next,
T, (0,(Y',X)F)(Y, X)
_ au(yl7X/)F(y)e—ﬂ(2iu(X)+|ulIY\Z)

— o 2mn(X) =27l (I PHY P+ )e) pry 4y e (2 HRIIY )

_ o 2in(X ) =2l (B (v ) ey 4y,

We have shown that ],f“;au(Y’,X’)F =0,(Y", X')I‘NMF. Hence 7, is equivalent
to oy. g

We now describe an orthonormal basis for F,,, relative to our J-complex orthonor-
mal basis {Y1,...,Y,} of g_n. WecanwriteeachY € g_yasY = Z?Zl(anj+ﬁjJY}),
where (Y,Y;)c = (Y, Y;) + (Y, JY;) = o; +if;. Let us denote (Y,Y;)c by z;. Then it
is easy to see the following.

Lemma 2.3. For each multi-index n = (n1,...,ny), the multinomial given by
2=t (9)
belongs to F,. Furthermore, the multinomials {U, n = \Iz:\l} provide an orthonormal

basis for F,,.
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See [Fol16] for a proof that this is an orthonormal basis.

3. Representations of NM

One may use the Mackey method (see [Mach5, 3.12]) to describe the irreducible
representations of NM. In [DR85a], this was done via the Kirillov orbit method,
but for the present purpose of finding an orthonormal basis, the Mackey method is
somewhat cleaner. The Mackey method says that we should consider the action of M
on the set of irreducible representations of N. In the previous section, we parameterized
a set of full Plancherel measure of irreducible representations of N by p € g*,, \ {0}.
Using formula (7), it is easy to check that o, (m.(X,Z)) = 0,-1,(X,Z). Now
M acts isometrically on g_» X g_2), and by Kostant’s double transitivity theorem
(see [Cow+98]), the action is doubly transitive on the unit spheres of g_ and g_oy.
Hence in particular there is a unique orbit in the unit sphere of g*,,, and Mackey’s
theorem says that a set of full Plancherel measure of irreducible representations
of NM is parameterized by pairs consisting of an M orbit: i.e. a sphere in g_sy and
an irreducible representation of the stabiliser group of an element of that sphere.

Fixing p with |u] = 1, the set of all orbits is then parameterised by {s.,u 15 € R*}.
Hence the irreducible representations of N M are parameterized by a pair consisting of
s > 0 and an irreducible representation of the stabiliser group of sy, which of course
is just the stabiliser of pu, given by

MH:{mGM:m.ﬂ:u}.
If we take t; to be a Cartan subalgebra of M, the stabiliser has Lie algebra given by

my, =4, @ (8a ® 9-0a),
acdy
where t, = {H et pu(H) = 0} is the stabiliser of X, + 60X, in t;, and ®¢ is the set
of roots which vanish on X, + 6.X,,.

By a theorem of Kostant [Kos70], M, is connected. (This may also be seen
by [DR85a, Proposition 4.5] or by an obvious case-by-case argument.) Hence, its
irreducible representations are parameterized by the dominant weights of the Lie
algebra.

Then t, is a Cartan subalgebra of m, and ®; may be identified as the set of
roots of m,. Let Aa' be the set of dominant weights with respect to ®;. To Ao € Ad,
associate the representation 7,, of M, of highest weight \g, and form the induced
representation

Pro,. = Mo oy %%u .
Mackey’s theorem then assures us that py, s, is an irreducible representation and that
almost every irreducible representation of NM can be obtained in this way as s runs
over RT and \g over AJ. (See also [Lip80].)

Now pa,,sp acts via the left regular representation in

= L wu Mo F f@amnym,) =y, (T1)o,(my,) f(am),
Mo = T — (M) @ DuF f measurable and fM/MHHfHQdm < o

Now identifying L?(X, L*(Y)) with L*(X x Y), we may identify Fy, , with a certain

space of functions on N x M /M, x M, ~ NM. Writing N in (X, Z) coordinates,
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these functions f(X, Z, m) all have the form
J(X. Z,m) = e NN (X ),
where:
(i) F(-,m) is analytic for the complex structure defined by Jz
(ii) fg_x ’F(X, 777,)’26_2”|“‘2‘X|2 dX < oo for all m € M;
(iil) F(X,mt) = e2miro(ogt) f(X m) for all t € Ty;
(iv) %‘tzof(X,mextha) =0 for all a € ®f.

In this realization of Fy, ., px,,su acts by

wr

(Pro.su(rma) f) (im) = f (Aima - A(mim))
= f((Xl,Zl)(le, Z),mlm)
= f(X1 +m X, Z1+Z + [Xl,le},mlm)
= e~ ZmisulXemXIp (X 4 my X, mym).
An orthonormal basis for F, , is found by identifying M with M /M, x M, and
hence L?(M) with L*(M/M,) ® L*(M,). Now choosing ¢, € L?*(M,) to be the

normalised highest weight vector for the representation 7,,, and {qu 1j € N} to be
any orthonormal basis for L?(M/M,,), we set

L (xme,)()
AT

where n € Neard q’;r, j€Nand m € F, F being a finite subset of N¢ard ®J chosen so
that {X™¢,, : m € F} is an orthonormal basis for H,,. Here, X™ = Ha€¢0+ X[,

Fn,j,m(za 0476) =

4. Representations of K

In order to prove our approximate intertwining theorem, we need to describe the
irreducible representations of K in a way which is compatible with the representations
of NM as described in Sections 2 and 3, choosing a particular Cartan subalgebra for &,
and roots and weights which are aligned with the structure of n which we used above.

We recall the standard representation theory of compact groups, given by the
Borel-Weil theorem [Wal73]. Thus, let K be an arbitrary compact connected Lie
group with maximal torus 7', €€ and t© complexifications of the Lie algebra of K and T'
respectively.

If o is a root of g€ with respect to the CSA €, we use the standard notation
of a corresponding root vector X, so that [H, X,] = a(H)X, for all H € t{© and we
choose X_,, so that X, X_,, and H, = [X,, X_,] span a three-dimensional simple
subalgebra of g* isomorphic to s[(2,C). Denote by ® the roots of €€ with respect
to t€, and by ®T a set of positive roots.

Let A™ be the corresponding set of dominant weights, so that the irreducible
representations of K are parameterised by A™T.

Given A € AT, let x be the corresponding character of T'. Then the corresponding
representation o) acts by the right regular representation in H) = { f e L*K) :
f(t7 ) =xa(t)f(g) and XL f =0 Va € ®F}. Here X denotes the left action of £°
on L?(K), given by XL f(g) = % ’t:Of(exp(—tX)g).
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Similarly we will denote the right action by X% f, defined by

X% f(g) d

=3 f(gexp(tX));

t=0
this is the action of €€ on H, given by the derivative of oy. This action extends
naturally to the action of the universal enveloping algebra U (¢C) on H,.

Furthermore, there is a unique highest weight vector in f) € H,, defined by the
equations X7 fy = 0 for all X € ¢, a € ®+. Then Hy = UE")f\. Tt follows by
the Poincaré—Birkhoff-Witt theorem, that ) is the span of functions of the form
X X5 X fy, where {X1,..., Xy} is a basis for €C.

If we take the basis arising from the root space decomposition, use the fact that
acts on f) by scalars and the positive root directions annihilate it, we have the
usual Verma module decomposition, that #, is the span of functions of the form
XM X"z .. X™E fy, where @ = {o, ..., o} and the m; are positive integers.

The previous two paragraphs summarised the situation for a general compact
connected group. We now specialise to the situation where K is as in Section 1, i.e. it
is the maximal compact group in a rank one semisimple group.

Recall from Helgason [Hel78] that g€ = £© + pC, where the Cartan involution 6
fixes £ and has eigenvalue —1 on p. The maximal abelian subalgebra a® of pC has
dimension 1, spanned by H, and m = {X € £: [X, H] = 0} is the stabiliser of a in £.
With this notation, we have

g“=m"+a"+ Y (9" +07),
acPy

t(C

where P, is the set of restricted roots, that is the set of roots of g€ with respect to aC.
We have n= 3% .p g%

Choose a Cartan subalgebra (CSA) t§ for the compact Lie algebra m®. Then it
is easy to see from the rank one condition that t§ + a® is a CSA for g€, and we may
choose positive roots ®* for this CSA. Then ®T can be written as a disjoint union
®F U QT UDS, where & = {a € @T : a(H) =i} for i =0,1,2.

Then we have

mE=f+ Y (" +9?)
acd
and the restrictions of roots in ® and ®3 to a® are exactly the restricted roots in Py
of g€ with respect to a®.

As noted in Helgason [Hel78], ®f = {a € @T : o’ = a} and @f UPS = {a €
ot .ol £ oz}.

Thus the decomposition g = £ 4 p can be seen by writing

p=at+ Y C(X,—0X,)
acdfudf
and
C=m+ Y C(Xa+0X,)
acdfuef

=i+ Y CXat+ > C(Xa+0Xa)

aeég aE@fU@j
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In this notation, ¢ is as above and n = Zaem ge = Zaeéj g* + Zae(b;r g< are
the Lie algebra of £ and n as described in Section 1.

Now the abelian subalgebra t{ is not a Cartan subalgebra of £©, as it is not
maximal: it is a CSA for m®. In the rank one case, however, the algebra € =
t(i: + C(X 4+ 0Xy) is a Cartan subalgebra of £© for any nonzero vector Xg in g_sy. We
now choose and fix throughout this section an element Xy of g_2x of norm 1. In fact,
we can assume without loss of generality that X is a g root vector in g_s), which
in particular implies that it is orthogonal to the root vectors of the other roots of g
in ®3. Our description of the roots and weights of the Lie algebra ¢ (and hence the
dual of the compact group K) will be carried out using Cartan subalgebra t©, which
is defined via the vector Xy. We denote by My the stabiliser of Xo 4+ 80Xy in M (with
Lie algebra mg) and by ty the Lie algebra of the stabiliser of X + 60Xy in t;.

Remark 4.1. In Section 2 we chose an arbitrary nonzero vector ;1 € g* ,, and used it
to define our representations of N. The entire description of the representations of K in
the current section can be carried out without reference to v € g*,,. A correspondence
between X and p will need to be invoked when we define the relationship between
representations of K and NM in Section 5. For p1 € g* ,,, dual to X, € g_o», we will

X
set Xog = ﬁfm

and J = Jx,. With this choice of X, we have m, = mg and t, = to.

We thus have multiple sets of roots.

(i) The roots of g with respect to the CSA t; + a, which we write as ® (and ®*
for a choice of positive roots). If nonzero, their restrictions to a are roots of g
with respect to the (non-maximal) abelian subalgebra a and have the form
+\ or £2\. We are writing ®] as the set of roots in ®* whose restriction
to ais A, and @7 as the set of roots in @ whose restriction to a is 2.

(ii) The set ® of positive roots of g whose restriction to a is zero. The restriction
of these roots to the CSA § of m form a set of positive roots of m® with
respect to .

(iii) The roots of the compact Lie algebra £© with respect to the CSA t = t§ +
C(Xo + 6Xp). These contain the roots in <I>Sr, which can easily be seen to
annihilate X + 0. Xg. We will give a more detailed description of the other
roots (and positive roots) in this category below.

It is clear that the choices of positivity can be made compatibly in the above descrip-
tions.

In our description of item (i) above, we have glossed over the issue that either
<I>;r or @;‘ may be empty. If one of them is empty, we assume (as at the beginning
of Section 2) that it is @f, so that the algebra n = g_», is abelian of dimension q.
If there exist nonzero roots in both ®; and ®3, then the fact that [ga, 9s] C gats
implies that for all a1, as € <I>1+7 o) +oag € <I>2+, and n is a two-step nilpotent group
with centre g_sy. Furthermore, if ® is nonzero, the fact that we may put a complex
structure on g_» implies that it is of even dimension.

Proposition 4.2. Let Xy, J be as above. Then (Y,Y')¢ = (Y, Y') + (Y, JY') is
a J-hermitian inner product on g_. There exists a J-complex orthonormal basis
{Y1,...,Y,} of g_x such that:
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(i) for T e ty, [T,Y;] = B;(1)JY; and [T, JY;] = —5;(1)Y;;
(i) if R = span{Y1,...,Y,}, then g_x =R & JR.

Proof. Indeed, suppose that X lies in a negative root space g_g of (g,t), 8 € ®F.
Then for all « € ®] and for all Y € g_,, JY € §_p+qe. Furthermore, if Y # 0,
JY #0. Thus -3+ o € &, and a — —3 + o gives a pairing between the roots

in ®. Letting ®] = {a1,...,q,} be a choice of roots containing exactly one from
each such pair, and setting R = @QGCPI J_a, We see that g_, = R ® Jx,R. The
remainder of the claims follow from the basic properties of root spaces. O

We have the following structure of roots of g.

Lemma 4.3. Fvery root in <I>2+ s the sum of two roots in <I>1+, i.e. we may choose
a root vector 2, for each o € ® such that each 24, o € <I>2+ is the commutator
== +
[Ears Ea,] for some aq, a9 € T .

Proof. We will prove the lemma by explicitly constructing root vectors for roots in
®; and ®,. Set J = Jx,. By [DR85a, Proposition 5.2], the root spaces of ®; span

(I 4+ 6)g®, and those of ®3 span méc &I+ 9)X0LC, where
Xi=g_2n ©RXy, my =moSm.

Here © denotes the orthogonal complement (for the Killing form). We start with ®;.
As pointed out in [DR85a, Proposition 5.2], the action of mg on g_» commutes with
the action of J, which is given by Xy + 0Xo. Thus we may regard (g_»,J) as a
complex space, and choose a complex basis Y7, ...,Y,, consisting of weight vectors for
the action of t§. It follows that each of the vectors

Y, —iJY;, Y, +iY,
is a weight vector for the action of m§ on g© - Therefore,

25 =Y, FiJY; +0(Y; FiJY))

is a root vector in €C. If B; is the weight of Y; on t§, then (Bj,£1) is the root
corresponding to E;t

The root vectors for roots in @5 can be obtained in a similar way, extending the
map J = Jx,: - = [Xo,0-] to Xg- ®mg-.

Let X1,...,X,, be a basis for X, consisting of weight vectors for the action
of t§. Then

Z; = [Xo,0X;] = JX;
is a basis for mg-, also consisting of weight vectors for t§. (Since J intertwines the two
actions, the weights are the same for both.) Since || Xo[[? = 3, [DR85a, Proposition 3.2]

implies that J? = —21.
Thus, setting

EF = Z; £i(X; + 0X;),
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we have
[Xo + 0X0, 2] = J°X; 4+ 0°X; £i(J X, + 6X,)
= —2(X; + 0X;) £ 2iZ,
= +2E".
We claim that the commutators [Z7, Z;] give all the root vectors for the roots
in @, .
Consider Y; € g_y. By the J? property, for any X, X’ € g_sx, X L X/, there
is X", orthogonal to both X and X', such that

IxJIxY1 = JxnYq.

This implies that the subspace {J <Y1 X € Xg- } is both J-invariant and tp-invariant.
So we may assume that the elements Ya,..., Y, 11 of the basis of weight vectors
selected above belong to this subspace. We then obtain a basis X3,..., X, of Xq
such that, for 2 < j <m +1,

E = JX'Y1 +ZJJ)('/1/1 +9(JX11/1 +ZJJX/Y1)
We isolate the g_2)-component of [Z7,Z;], equal to
[Yl +iJY7, JX;Y1 + ZJJ)(J/H}
By the J? property, this belongs to XOLC. We identify its real and imaginary parts by
pairing them with a generic element X € X&-C. We find that
<[Y17JX]'.Y1] — [JY1, JJx: ], > X) = (Jx Y1, JIx:Yh)
X) + (JxY1, Jx: Y1)
2<X’ X),

o~~~

so that [Yl, ij{Yl] — [JYl, JJ)(;Yl] = 2X]/
In a similar fashion, the two imaginary terms give

(Y, JIx Vi) + [V, Jx Vi), X) = (JxYe, T Ya) + (Jx Y, Jxo Ya)
= 2(Jx Y3, JTx;Yh)
=2(X}, X),
where X7 is such that IxiY1=JJx V1.

This proves that [E7, ;] is nonzero, so that it gives a root vector for a root

in ®,. The fact that the X’ form a basis for Xg- implies that all the roots in @ are
obtained in this way. O

We now have a description of the root spaces of ¢ with respect to the Cartan
subalgebra t; + C(Xy + 6Xj).

Corollary 4.4. We have

€= +C(Xo+0X0)+ > CXQ+ZC:++(CJ:++ Z C[=;,E7]1+C[Ef,ET
a€edg 7,k=1
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The positive roots may be chosen to be the elements o € <I>(J{, with root vectors X, the
elements <I>f, with positive root vectors Ej forj=1,... q and the elements of @;

with positive root vectors [ZX [ EF 1, for ay, a9 € ®F.

o) “as

Furthermore, a set of fundamental roots is given by @8‘ U @T.

We have derived this picture of the structure of K using only the formalism
of H-type groups. It is straightforward to check that this structure of K coincides
with the Cartan—Helgason classification (see [Hel78; Kor09]). In particular, in the
quaternionic case of G' = Fy g9, the roots Z; correspond to the short roots and the
roots [Ez, Ej] correspond to the long roots for the group K = Gs.

We now describe the dominant integral weights of K. Let b be the smallest
positive number such that b(Xy 4+ 6Xj) is in the integer lattice of t. Then every
element in the integer lattice of t is of the form T 4 nb(Xo 4+ 6Xy), where T belongs
to the integer lattice in ty and n € Z. Define ¥ to be the functional on t such that
Y(to) = 0 and ¥(b(Xo + 6Xo)) = 1. Then the integral weights for K are all the
functionals on t of the form (¢, n¥) where 1) is an integral weight for My and n € Z.
Such a weight is dominant if and only if ¢ is dominant for My and n > n,, where
ny is an integer depending on .

Associated to any such weight (¢, n7y) we have the (finite dimensional) Hilbert
spaces H (y,,) () which consist of analytic functions on K such that:

(i) F(gh) = X(p,n)(h"1)F(g) for g € K and h € M, exp(R(X,, + 6X,,)) where
X(v,n) 18 the character whose differential at the identity is 27i(v, ny), and
(i) XF = —2m‘((w,7ﬁ),X)F for X € g%, a € & UD].
By the Borel-Weil theorem, the right regular action of K on H, ) gives an irre-
ducible representation denoted 02[’, and all irreducible representations occur from this
construction.

Our next step is to find an explicit description of the representation org’ realised
in L?(K). Consider the representation of K on the complexification p® of p. This
representation is of course closely related to the adjoint representation of K, a fact
that we shall use in the sequel. With respect to the natural inner product, this action
is unitary. In general this is not an irreducible representation as it may have two
irreducible components. Using the structure of the roots of g€, we see that the action
of t€ = tg @ C(Xo + 6Xp) has weights belonging to one of three categories:

(i) the weights of the form (cj,0) where o is a weight for the representation of
mg onXOLC,j: 1,...,q—1;
(ii) the weights (5;,+i), for j=1,...,p;
(iii) the weights (0, £27).
These three types of weights have corresponding weight spaces: {X —-0X:X € Xd-c},
{X -60X:X €g%,} and a® & C(Xy — 0X) respectively.
The weight space relative to (0,2i) is one-dimensional and is generated by the
vector
B=H —i\H)(Xy—6Xp).

Thus, the representation with this highest weight occurs with multiplicity one in pC.
Also, (0,24) is an integral multiple ngy of ¥, and since (H, B) = 1 # 0, the orthogonal



DOOLEY anD GUPTA 573

projection of H on the K-invariant subspace generated by B is nonzero and is an M-
invariant vector. This proves that the representation o (g ,,) has a unique M-invariant
subspace, i.e. is of M-class one.

Tt follows (see [DR85a, Proposition 6.2]) that if we set

(k) = x(H,Ad(k)B),

then T' € H(g,n,) is a left M-invariant, right Mo-invariant function with ||I'|oc =
IT'(e)| = 1 so that the following holds.

Lemma 4.5. Forj=1,...,p, let §; and {Y;} be as in Proposition 4.2. Then:
(i) for all X € €, (XT)(k) = x(H, Ad(k)[X, B]);
(ii) let Tj(k) = 2(H,Ad(k)(Y; — 0Y)), then T'; = (Y; + 0Y;)I';
(iil) (X; —|—9X) =0 forj —1 .y q;
(iv) [Y + 0Y;, B] = 2(Y; 9Y) is a weight vector with weight (—if;,1);
v) [X; X ,B] = ( — 0X;) is a weight vector with weight (—ic;,0) for
j= 1, ...,q— 1.

Proof. This follows from the basic properties of root vectors, together with Proposi-
tion 4.2 and Corollary 4.4. O

Using Lemma 4.5 it follows that
g;T(k) = (H,Ad(k)(X; — 0X;) + J(X; — 0X; ))

for j = 1,...,p. Hence the dimension of the space H,) is p + 1, and the space
is spanned (as a complex vector space) by the vector I' together with I'; = =T,
j=1,...,p. Denote I' by I'g to see the following.

Corollary 4.6. T is the highest weight vector of the representation oo p,), and It is
the highest weight vector of the representation H o ¢n)-

To simplify notation, we write H; = H0,¢n,) and let oy, acting in H,, denote the
irreducible representation of K whose highest weight is I'‘.

Corollary 4.7.  The Hilbert space H, has dimension L.(p+ 1) and is spanned by the
vectors Fé"l”f soo, I forig, . .. vip € {0,...,L}. The representation o, acts by the
left regular representation.

As explained at the beginning of this section, the Poincaré-Birkhoff-Witt theorem
shows that H; = U(Zqeq- ). As T is M invariant, the root vectors corresponding
to roots in ®q kill I'. As it is a highest weight, all the root vectors associated to
positive roots kill I'*. By Lemma 4.3, every root in ®, is a sum of two roots in ®; .
Thus He = U(E aeq,_{f ). Thus we obtain the following result.

Lemma 4.8. Let {E_,,,...,Zq,} be root vectors for the roots {—au,...,—ay}
in @7 . Then H, is the span of the vectors {E,ail ~--E,aiuI‘e veN1<idq,...,1, <

p}.
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Now let ¢ be a highest weight vector for M, associated to the highest weight
Ao € tg*. We extend the above discussion to analyse the structure of the representation
space ’Hz,/’) for the representation 0;/’ of highest weight (v, £7) for n = ny+~€ng. It follows
from Lemma 4.5 that the following holds.
Theorem 4.9. The representation 0'2[} acts by the right reqular representation in H}b,
which consists of the elements f € C*°(K) such that:
(i) for allk € K, for allt € Ty, f(t71k) = xx, () f(k
(i) for allk € K, for all v € R, f(exp(r(Xo + 6Xo))
(iii) for all a € ®F, XL f =0;
(iv) for alla € ®f, XLf=0.
The Hilbert space structure is that of L*(K).

)7
k) znng’yrf )

Note that ¢T is the highest weight vector for 'Hz’. As before,
Hy = u(zaeégug ta )y

Now the root vectors corresponding to roots in @ kill I, so that
HY = (UE")) DU(E ear ta)T

Now notice that (Z/{ ({’C)w) is exactly the representation space 7, for the representation
of K of highest weight Ay and that U (Zae{ﬁ {’a)Fe is exactly the space Hy. Therefore,
we get the following result.

Theorem 4.10. Let \g € AJ, £ € N and ’HZ\O = Hx, ® He. Then the left regular
representation of K on ’H}p is the irreducible representation O'z} of K of highest weight
(>\07 gno%) .

Remark 4.11. We summarise the information and notation we have developed for
the irreducible representations of K. We have g = £ + p, a a maximal commutative
subalgebra in p. Our assumption that g is rank one means that a® is one-dimensional:
we take it to be the complex span of H, where |H| = 1. The group K acts by the
adjoint representation on p, and every element of p is conjugate in this action to
an element of a under the adjoint action. The Lie algebra m is the stabiliser of a
in €, and the positive restricted roots of g* for the abelian subalgebra a® split into
@ U ®J of those which take value A(H) and 2\(H) respectively on H. Inside m®
there is a Cartan subalgebra tf. We now choose a nonzero vector Xy in g5 which we
may (and do) assume is a positive root vector, and we define a Cartan subalgebra
of & by t© = § + C(X, + 0Xy), where ty is the set of all elements of t which
commute with X + 6Xy. The choice of X also defines a complex structure on g_
via JX = [Xo,0X], and hence g_, is even dimensional. We showed in Lemma 4.3
that every root in CIJQ" is the sum of two roots in @T, and gave an explicit root space
decomposition of £¢ in Corollary 4.4.

By Cartan-Weyl theory, the set of all dominant integral weights of £ with respect
to € is in one-to-one correspondence with the set of irreducible representations of the
compact group K. We describe these weights as pairs (1, n7y), where v is a dominant
integral weight for My, 7 is the dual vector of b(Xo + 6Xy), and n > n,. This enables
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us to describe the irreducible representations of K as all having the form O';p described
in Theorem 4.10.

5. The embeddings and the approximation of matrix coefficients

We now relate the representation theories of NM as described in Section 3 and
of K as described in Section 4. In Section 3 we fixed p € g*,, with |u| =1 and a
dominant weight Ao for m, (corresponding to an irreducible representation of M,,),
and s > 0, and constructed the irreducible representation py,, 5., of NM. In Section 4
(see Remark 4.11) we chose Xy € g_oy to define the Cartan subalgebra t© of £ and
thence the representation theory of K. We now formally link the representation spaces
by setting, for 4 € g* ,, dual to X, € g_ax, Xo = % and J = Jx,. With this
choice of X, we have m, = mg and t, = t; (cf. Remark 4.1). Furthermore, we choose
¢ € L*(K) to be a highest weight vector of norm 1 for the representation of highest
weight Ag. In Lemma 4.3 we introduced the notation Z;(j = 1,...,q) for root vectors
of ¥ which also arise from root vectors in g_s which are orthogonal to Xy3. We now
let Zp = Xy 4+ 0X,. Recall that 2" = e#()T.

With this additional notation, we see from Lemma 4.8 that, fixing an order
E1,...,5, for &, for fixed £, H, is spanned by the vectors Z°ZE{" - - ZpP T where
gi € {0,...,¢} for all i. It follows that we may embed H, into H,y; by the map
[(F)(k) = D(k)F(k), and it is clear from the definition of I that this map is an
injection.

The functions in ’Hzp likewise have a basis of the form X1 (m)F(k) where, for X
a root vector in mgy, X is a function in H,, and F' € H,. Multiplication by I' extends
to a linear map I ': ’sz — ’Hzﬁl by ’Hg’, also an injection.

We set W, (EP' 23 ... 2T = 201282 ... 2, where 2{'2* ... 2}* is the multino-
mial defined in Lemma 2.3. We extend the mapping ¥, to a linear map from H, to
the Fock space F,.

Similarly, we can define mappings ‘1/2“: ’szo — Fao,u Where for ¢ € Hy,, f € Hy,
pf is mapped to @’M\I/g(f).

Including also the g_sx-vector =y there is a natural linear mapping ¥, of H, into
the Fock space F,, of Section 2, where the basis vectors correspond as follows:

(el SR 7% ¥4 qop(-) a1 92 ¢
Wy E°E] Eplt —e 21" 2g 2"

This map also extends to an injection \IIZJ of HZJ into the representation space F s,
defined in Section 3 by X¢(m)F (k) — X¢(m)V,F (k).

The dominant integral weights A of £€¢ correspond to characters y of the maximal
torus T (with Lie algebra t©) via y, (exp(H)) = e*). The irreducible representa-
tion o) of K corresponding to A acts by the left regular representation on the space H
of f € C*°(K) such that:

e f(tg) =xxa()f(g) forallg € K, t €T}
e Xf=0for X €t, forall a € ®*.

Given f € C*°(K), satisfying the above two conditions, we consider the function f o,
which we consider as the function nm — f(7.(7im)) on NM.
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Remark 5.1. Notice that if n = (Y, X) € N,

fome(mm)

f(mexpg (Ve(Y +0Y) +e(X +6X)))

f(mexpg (as(Xo + 0Xo) + V(Y +0Y) + (X1 +60X1))),
I

XA

expy (Ea Xo + HXO))(m expy (\f(Y +0Y)+e(X1+6Xy)+ 0(53/2)))7

(expy (ca(Xo + 0X0)) f(mexpyr (VE(Y +0Y) + &(X1 + 0X1) + O(e¥/2)))
_ msA(Xo+0Xo)f(mepr(\f Y +0Y) +e(X; +60X,)+O(e 3/2)))
) =

Thus, if we have eA\(Xg + 6Xo) = u(Xo) the last expression converges to

eiau(Xo)f(m expy (ﬁ(Y +0Y) +e(X1 + 9X1)))7

as € — 0. Note that the third equality follows from the left invariance condition above.

Lemma 5.2. Let f € ’H?. Then g = f o m. satisfies:
(l) g(nmt) = XXo (t)g(nm):
(ii) for all o € ®f, we have Xog((Y,X)m) = 0;
(iii) for allme M, Y — g((Y, O)m) is analytic for the complex structure induced
by JXM .

Proof. (i) and (iii) follow from Theorem 4.9. For (ii), we use Theorem 4.9(iv) to see
that for all v € ®], we have X(*)g = 0. By Theorem 4.9(iv), we have for all v € &7,
X®g =0 and by Theorem 4.9(ii), we see that Z_,,(f o m;)(X,0,m) = 0. O

It follows from Lemma 5.2 that we can map the spaces ’Hg) into the spaces Fi, .
as follows: we choose \II?U = Uy: ’Hzf — Fao,u» Where g = Ingye 2 by W,(g) =
gom(X,0,m). Lemma 5.2 guarantees that the image is in F), . Item (ii) of the next
lemma shows that W, as defined above extends to all of ’Hg’.

Definition 5.3. Let s € R*. For ¢ > 0, let £(¢) = [Z2].

Lemma 5.4. Lets>0,Y €g_) and X € g_sx. Then:
(i) lime_,0 @4 o (Y, X, m) = (m)e sV /4¢is(X.X0) .
(ii) we have:

lim ‘P~11~zz 2 TN o (Y, X, m) = tp(m)e*SHYHZ/‘LX,'lXiz e X X

(3
e—0 v

(iii) the convergence is uniform on compact subsets of NM.

Proof. (ii) follows from (i) by Remark 5.1, and the convergence in (iii) follows since
all derivatives of I" greater than one vanish.

To prove (i), note first that ¢ o 7. (Y, X, m) — ¢(m). Thus, taking ¢ = 77, we
need to calculate the limit as £ — oo of I'¢ (ﬂe(Y, X, m)) Substituting in the definitions
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of m. and I', this expression becomes:

I (exp(VE(Y +0Y) +e(X +0X))) = (H,Ad(exp(vVe(Y +0Y) + e(X + QX)))B)‘Z
— (H, ead(ﬁ(Y+eY)+s(X+0X))B)é.

Now the last expression is equal to:
¢
1
<1 + (H VEY +6Y, B] + £[X +0X, B] + J[Y +0Y, [V +0Y, B]]) + O(si’)> . (10)

We analyse the terms in (10) of order /¢ and e, using Lemma 5.2. Recall that
B =H —i\H)(Xy—0Xp).

By Lemma 4.5(ii), for each j = 1,...,p, [Y; +0Y;, B] = 2(Y; — 0Y;) is in a weight
space orthogonal to H. Thus the term of order /¢ vanishes, since each Y € g_, is a
linear combination of such vectors.

Now by Lemma 4.5(iv), we similarly have [X + 60X, B] = 2(X — 6X) for all X in
the span of g_ox © (X,,). If, on the other hand, X is a multiple of X,,, one calculates
that [X +60X, B] = X —0X —2i\(H)[0X, X,,] and thus (H,[X +6X, B]) = —4i(X, Xo)
for all X € g_s,.

The third type of term to consider is a contribution of order ¢ from terms of the
form ad?(Y 4+0Y)(H), where Y € g_y. These terms contribute [Y +6Y,[Y +6Y,B]| =
2Y +0Y,Y —0Y] = 2[0Y,Y] = 2|Y|]*H.

Substituting these three expressions in (10), we see that we need to find the limit,
as £ tends to infinity, of

ST , _3\¢
(1+ (i X,) + 21V [2) + 0 ) ) (11)
By elementary calculus, this expression tends to e*SHY“LMX’XW, as claimed. Note
that the convergence is uniform on compacta. O

We now state our main theorem for approximations of matrix coefficients. We fix
Pro,sus an irreducible representation of NAM. We will approximate py, s, by the
K-representations ‘7?(5)’ composed with the contraction maps n. as ¢ — 0. Let

By e = \112\0 (sz) be the image of 7—[}1’ in Fag pu-
Theorem 5.5. For f € By, ¢, and g € By, z,,
lim e~ ("+P) (02/’(8) (Ws(ﬁm))\llz(i)f, \Ilz(i)g) = (pro,su(@mM) f, g).

e—0

Proof. The theorem follows from Lemmas 5.2 and 5.4, using the explicit form of the
representation py, s, given in Section 3, and the remark that Lemma 5.4(ii) coincides
exactly with the definition of the mapping ¥, above. O

Theorem 5.6. The images By,¢ in Fx,,u form an increasing family of finite dimen-
stonal subspaces whose union is dense. That is:

(1) if 1 < Ly then Bx, s, C Bxgtos
(ii) \I/fg“’ is injective for all £, and for f € \I/g‘lo (H}p), we have

U0 0 (Up0)~tf =T070 (12)

(iii) UpZg Bro,e is dense in Fx, u.
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Proof. The operation of multiplication by I' embeds H, naturally into the space Hy41.
In fact, for n fixed, successive multiplication by I' gives a sequence of injections
Hy, — Hpy1 = ... = Hpyr — ---. Hence from the definition of ¥,, we have
Big,er © Big,e, for £y < L.

(ii) also follows from the definition of ¥, and the above remark.

Finally, notice that by Theorem 5.5, the space U;ieo By, ¢ is an invariant space
under the action of py,,s,; therefore its closure carries a subrepresentation of py,.s.. By
irreducibility, this must be equivalent to py, s, itself, and hence the space U;ieo B,
is dense in the Fock space F,,,-

6. Jacobian

Before proving our L? transference results in the next section, we need to calculate
the Jacobian of the map ..

First, we summarise some results on H-type groups from [Cow+98]. Let X € g_
and Y € g_oy. The definition of Jx on H-type groups arising from rank one groups is

JxY = [X,0Y].

As in Section 1, choose H € a such that A(H) = 1. Recall from [Cow+98, Propo-
sition 5.9] the following results (actually, the third statement is [Cow+98, formula

(2.6)])-

Lemma 6.1. LetY €g_», X € g_ox. Then:
(i) [Y,0Y] = —|Y|*H;
(i) [X,0X] = —2|X|*H;
(i) [V, JxY] = [V]2X.

Lemma 6.2. LetY €g_y, X € g_ox. Then:

(i) [JxY +0JxY,Y +0Y] = |Y2(X +6X);
(ii) [JxY +0JxY, X +6X] = —|X|?(Y + 6Y).

It follows from this lemma that ad(JxY + 0JxY") acts on the two-dimensional

vector space {Y + 0Y, X + 60X} as (|£\2 43{\2).

We now give the formula for the Jacobian (7). . of the contraction map . at
the identity of NM.

Proposition 6.3. Let W em, Y €g_y, X € g_ax, and set a = |Y| and b = | X|.

Let ¢ = +/(ca? + £2b2).

Then

(Te), WY, X) = (e)P+a ag+ (W) 2 ag+ (Sir\lf;/fc> 2.

Proof.
Te(im) = mexpg (Ve(Y +0Y) + (X + 0X)).
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Therefore we have
(), e (WY, X) = W + (expg)uo (/2 (Y +0Y) + e(X + 6X)).

It follows from the elementary properties of Jacobians that Jx.(W,Y, X) is equal to
5(1’+Q)j(£1/2(Y +0Y) +£(X +0X)), where J is the Jacobian for the exponential map
of K. We have to work out a formula for J restricted to the subalgebra of £ spanned
by the Y 4+ 0Y’s and the X + 6X’s.

Now for a compact group K, the Jacobian of the exponential map is well-known
(see [Ada83]). It is the Ad-invariant function on £ whose restriction to the Cartan

subalgebra t is given by
sina(H)/2\>
(") "

aedt

A Cartan subalgebra for ¢ is given by the span of t;, a Cartan subalgebra of m
and the vector X+ 0X(, where Xy € g_ox. Now M is a subgroup of K, so the values
of J are certainly constant on the orbits of Ady,.

In fact, M acts by isometries on the unit ball of g_) @ g_2, and the Kostant
double transitivity theorem (cf. [Cow+98, Theorem 6.2]) says that M acts doubly
transitively, i.e. given any two pairs of vectors Y, Y7 € Bi(g—») and X, X1 € B1(g—2x)
(B1(R) denotes the elements in R of norm 1), there exists m € M so that mY =Y
and mX = X;. Since the action of M commutes with the involution 6, we also have

Now, choose and fix two unit vectors Yy € g_» and Xy € g_2). Choose an
element of M which maps Y to aYy and X to bXy. Then

J(EY2(Y +0Y) + (X +0X)) = J(/%a(Yy + 0Yo) + eb(Xo + 0Xo)).  (14)

Now we want to find an element of K which maps (under Ad) the argument of the
right-hand side of (14) to an element of t. We claim that for a suitable value of ¢ € R,
expt(Jx,Yo + 0Jx,Y0) is such an element. Indeed, on the two-dimensional vector
space spanned by Yy + 0Yy and X 4+ 60X, we have

0 —|Xo|?
Ad(expt(Jx,Yo + 0Jx,Y0)) = expt(|Y0|2 | 00| >, (15)

and hence we wish to choose t such that

0 —|Xo%\ [(e/2a\ (0
expt<|YO|2 0 o )= e (16)
for some c.

Elementary calculations show that ¢ = (ea®+2b%)"/2 as | Xo| = [Yo| = 1. We have
shown that J(e1/2(Y +0Y) + e(X 4+ 6X)) = J(c(Xo + 0Xp)). By (13), this is in turn
equal to

H (sinca(Xo + GXO)/Q) 2
acdt COé(XO + 6‘X0)/2 ’
Now recall that the roots are divided into two types: ®;, which take the value 1

n (XL\/?(O), and <I>2+, which take the value 2 on this element.
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Thus, the above product is:

I () 1 ()

+
acd]

This completes the proof. O

7. The de Leeuw theorems

As an application of Theorem 5.5, we give a proof of an analogue of de Leeuw’s
theorem [Lee65] on multipliers of LP, 1 < p < co. In the context of R and T, one
defines a function ¢ on the Pontrjagin dual R ~ R to be a multiplier of LP(R) if
whenever f € LP(R), there is a function g € LP(R) so that the Fourier transform

9(6) = ¢(f)]?(f), for a.e. £ € R.

By an argument involving the closed graph theorem, the function g € LP can be seen

to be uniquely-defined, and the multiplier My: f +— g to be a bounded linear map

on LP with multiplier norm the operator norm || M| = sup e s (c) ”]hjj‘flf‘l”
p

Similarly a function ¥ on the Pontrjagin dual T ~ 7 is a Fourier multiplier of
L?(T) if for all f € LP(T) there exists g € LP(T) such that the Fourier series

G(n) = ¥(n)f(n), foralln € Z.

For each € > 0, the multiplier ¢ of LP(R) can be restricted to T by defining ¢(=) (n) =
@(en). De Leeuw’s two theorems then say that:

(i) if ¢ is a multiplier of LP(R), then each of the ¢(*) is a multiplier of LP(T),
with [[6©]], < [|ll,; and

(i) if every ¢(*) is a multiplier of LP(T) with limsup,_,,[|¢®||, = C < oo, then
¢ is a multiplier of LP(R) with ||¢||, < C.

Our aim is to establish similar theorems where R is replaced by NM and T is replaced
by K. The first step is to define multipliers of L? in this setting.

Definition 7.1. Let G be a locally compact group with left Haar measure dx, let
L?(G) be defined as usual, and let ¥ be the dual of G, a maximal set of pairwise
inequivalent unitary irreducible representations of G. As usual, we define, for each
o €Y and for f € L'(G),

fo)= [ @t as
to be the Fourier transform of f at o.

This expression is to be thought of as the Bochner integral, so that if o acts in

~

the Hilbert space H,, then f(o) is an element of B(#,, ), the set of bounded operators.
It is easy to see that f/ﬂ:](o) = f(a)’g(a) and that other familiar properties of the
Fourier transform hold.

We can think of f as a kind of “section” of the “bundle” with total space
UB(H.) and “base space” 3. By properties of the Bochner integral, we easily see that
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Hf(a)HB(H y < If|lx for all o € ¥. As in [HR70], we denote the set of all sections ®
of our bundle satisfying ||<I>(cr)||OlD < C for some constant C' by £>*(X).
Now given ® € £L>°(X), we say that ® is a Fourier multiplier of LP if for every

~

f € LP(Q), there exists g € LP(G) such that ®(o)f(0) = g(c). We denote g by & f. If

® is a multiplier of LP(G), its norm is [[|® ||, = supsers(q) %.
P

We are going to apply this definition to the duals of NM and K as calculated in
Sections 3 and 4 respectively.

Thus an element ® of £°°(N M) defines for each g, i, a bounded operator on the
Hilbert space Fy,,,. Similarly, an element ¥ of £>°(K) defines, for each pair Ao, ¢, a
bounded operator on 7—[2‘0; in fact, as these are finite dimensional spaces, the bounded
operators are simply finite matrices once a basis has been chosen for the representation
space ’HZ\O.

Given an element ® in £>°(NM), we can use the contraction map, together with

the embeddings of matrix entries, to define a family of restrictions ®(¢) € £ (I/(\')
Recall that £(c) = [Z2].

€

Definition 7.2. Let ® € £L(NM) and let € > 0. Define
(o)) = U D(pxrg o) Ve
Lemma 7.3. ®© is an element of £L2(K), and |2 o < ||| oo-

Proof. Recall that C’g)(s) is the irreducible representation of K of highest weight
Ao + £(g)no7y. So given an irreducible representation o of K of highest weight A =
Ao + £(ng¥), we recall that 5(b(Xo + 0Xo)) = 1, where X € g_oy with |Xo| = 1.
Define p € g* ,, so that u(Xo) = % and p(X) =0if X L Xo. We now put s = .
Theorem 5.5 tells us that the projection of px, sy on Fiy spu is the weak*-limit of the
representations Uf, acting in the spaces 7—[2’, for £ = ¢(¢) as € — 0. Our assumption is
that the operator norms of the operators ®(py,,s,) are uniformly bounded over all
Mo, s, and p, and we can conclude that the operator norms of the operators ®(¢) (oa)
are uniformly bounded by the same constant. O

We can now state the main theorem of this section.
Theorem 7.4. Suppose 1 < p < co. Suppose that for each € > 0, ®©) is a Fourier
multiplier of LP(K), and that liminf._,[|®© ||, < C < co.

Then ® is a multiplier of LP(NM) with ||®], < C.

Proof. The overall plan of the proof is to show that there exists C' > 0 such that for
feLP(NM) and g € L* (NM),

[(@f.9)| < Clfllpllglly - (17)

(Note we are using the notation 1% + i =1, so that L?" is the dual of L?.)
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The aim is to change variables in the integral (®f, g), using the contraction map,
to convert it to an integral over K, involving ®(¢), and then to use the K-boundedness
of the maps ®(©.

However, before doing this, we wish to restrict f and g to belong to a particular
dense subset of LP(NM) and LP' (N M) respectively.

Definition 7.5. Let f € C°(NM). We say that f is band-limited if the following
conditions hold:

(i) there exists Ry > 0 such that f(p,\o,su) = 0 whenever |\g| > Ry and s > Ro;

(ii) there exists My > 0 such that for all |A\g| < Ry, and for all s < R, f(pxg,sp)
belongs to Bx,,n, -

Lemma 7.6. Let 1 < p < oo. The set of band-limited functions is dense in LP(NM).

Proof. The set of band limited functions is closed under addition and scalar multipli-
cation. Furthermore it separates points of NM. Therefore by the Stone-Weierstrass
theorem, it is dense in Co(N M) with the uniform metric. Now Co(NM) N LP(NM)
is dense in LP. It follows that the band-limited functions are dense in LP(NM). O

Thus we may suppose that the functions f, g in (17) are band limited. Let Ay be

a compact M invariant subset of NM such that [, q)(f)‘p dr <eand [,. 9|V dz < e
0 0

we may assume without loss of generality also that Ag = Ay 1

If this is the case, then the expression on the left-hand side, (@ f, g), differs from
[, (@(f)(x)g(z~")) dz by at most e.

Now, by (3) we may choose ¢ small enough that 7. is a diffeomorphism on Ajy.
Making the change of variables u = 7. (x), we may use Proposition 6.3 to see that

/ B(f)(@)g(e ") de
Ao

. 2 . I\ 2
. B » ) sin C//Q Sin ¢
— ghta /Kq)(f)o7rE (w)gom: ~(u™") H( /2 ) H( c ) du
acdf acdS
_5p+q/ Q)E(fOﬂ'il)(U)ioTril(uil) H Sinc’/Q 2 H sin ¢/ 2du
- B - gome /2 ¢
aG@T aG@;

1

<C</K|(f07fs1)(U)}p5p+qdu);</K|(gowg1)(u)|1"€p+qdu> v’

1

< C’(/Ao|f(a:)}pd:r>;</Ao|g(x)|p, dz) i

< Clfllplglly -

Here ¢ (X, Z) = /|X|? +¢|Z]2. It follows that ®(f) belongs to LP. This completes
the proof. 0
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