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Abstract. Let G be a connected reductive linear algebraic group over
C and let (p,V) be a regular representation of G. There is a locally fi-
nite representation (g, C[V]) on the affine algebra C[V] of V defined by
p(9)f(v) = f(g~tv) for f € C[V]. Since G is reductive, (p, C[V]) decomposes
as a direct sum of irreducible regular representations of G. The represen-
tation (p, V) is said to be multiplicity free if each irreducible representation
of G occurs at most once in (p,C[V]). Kac has classified all irreducible
multiplicity free representations. In this paper, we classify arbitrary regular
multiplicity free representations, and for each new multiplicity free repre-
sentation we determine the monoid of highest weights occurring in its affine
algebra.

1. Facts about Multiplicity Free Representations

Throughout this paper G will denote a connected reductive linear algebraic group
over the complex numbers C. B will denote a Borel subgroup of G, and we will
write B = HN to denote the decomposition of B into a maximal torus H and
a unipotent radical N. We will suppose (p,V) is a regular representation of G
and let (p, C[V]) denote the representation of G on the affine algebra C[V] of V
defined by (p(g)(f))(v) = f(p(g~')v). Since G is reductive and (p, C[V]) is locally
regular, the affine algebra decomposes as a direct sum of irreducible G modules.
(p, V) also induces the structure of an irreducible affine G-variety on V, and the
following definition makes sense for any affine G—variety V':

Definition 1.1.  The representation (p, V') is said to be multiplicity free pro-
vided that the decomposition of (p, C[V]) into a direct sum of irreducible G mod-
ules contains no irreducible module more than once.

We let A (or Ag) denote the set of highest weights of G'. Let S[V] =
@D, cn S[V]y be the decomposition of the symmetric algebra S[V] = P[V*] into
its isotypic components and define A(V) = {x € A|S[V], # 0} C h*. Likewise,
let P[V] = S[V*] = @, S[V*]x be the decomposition of P[V] into its isotypic
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components and define A(V*) = {x € A|S[V*], # 0} C h*. Note that A(V*) =
—woA(V'), where wy is the longest element of the Weyl group.

We first review some basic facts concerning multiplicity free representations
and multiplicity free affine actions in general. Let C[V]Y denote the set of
N-invariant polynomials in C[V] and C(V)? denote the B-invariant rational
functions on V. Recall that the highest weight vectors in C[V] are just the
elements of C[V]™ which are eigenvectors for the action of H. Also, recall that an
affine G—variety Z is said to be spherical if B has a dense orbit in Z. The following
theorem gives several characterizations of multiplicity free represenations.

Theorem 1.2. The following are equivalent:
(i) (p, V) is multiplicity free.
(i) V' is a spherical G ~variety.

(iii) C(V)P =C.

(iv) B has only finitely many orbits in V.

(v) CIVIN = Clgy, ..., g, where the g; are algebraically independent and the
weights of the g; are Q—-linearly independent.

Proof. (i) <= (ii) <= (iii) is proved for irreducible G'—varieties in |9,
p. 199]. (iv) = (ii) is clear from basic properties of orbits of algebraic groups.
(1) = (iv) was proved independently by Brion [4] and Vinberg [15]. (This
result has also been obtained by Knop in [8, Corollary 2.6] and can be deduced
from a result of Matsuki [13].) (v) == (i) is clear, since the highest weight
vectors in P[V] are exactly the monomials in the g¢;. For (iii) = (v), note
that [2, Lemma 6] shows that P[V]" is a polynomial algebra. So we can write
P[VIN =Clgi, ... ,gn], where the g; are algebraically independent and, again, the
highest weight vectors are the monomials in the g;. The space of highest weight
vectors corresponding to each weight will be one-dimensional exactly when the
weights of the g; are Q-linearly independent. [ |

The next corollary, first proved by Kac in [7], follows immediately from
Theorem 1.2 (iz) by noting that dim B = (dim G + rank G).

Corollary 1.3.  Suppose (p, V) is a multiplicity free representation of a group
G. Then

1
dimV < é(dimG + rank G).

By Theorem 1.2 (v), if (p, V) is multiplicity free, A(V*) is a free abelian
monoid with generators the weights of g1, ..., g,. We shall denote the correspond-
ing generators of the monoid A(V*) [resp., A(V)] by AT(V*) [resp., AT(V)]. Tt
is clear that (p, V') is multiplicity free if and only if (p*, V*) is multiplicity free.
For computational reasons, it is often more convenient to deal with A(V') rather
than A(V*), so we will consider A(V') in what follows.

The irreducible multiplicity free representations were classified by Kac [7]:
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Theorem 1.4. A complete list of multiplicity free irreducible linear actions of
connected reductive linear algebraic groups is [up to equivalence] as follows:

(1) SL,, Sp,., SO, ® C*, S*GL,, AN*SL, for n odd, A°GL, for n even,
SLm(X)SLn fO’f’ m#n, GLn®SLn, GLQ@Spn, GL3®Spn, GL4®SP4,
SL, ® Sps for n >4, Spin; ® C*, Sping @ C*, Spinyy, Go ® C*, Eg® C*.

(2) G & C* for the semisimple groups G from list (1).

Here, the representation denoted by a group G is the representation cor-
responding to the first fundamental weight of the group. G; ® G5 denotes the
action of G; X G5 on the tensor product of the representations corresponding to
the respective first fundamental weights. S*GL,,, A’GL,, etc., follow the same
pattern.

Remark 1.5.  Each representation in the theorem actually stands for an equiv-
alence class of representations: Given two triples (G, p, V) and (G', p/, V'), we say
that (G,p, V) ~ (G', p/, V') if and only if there exists an isomorphism ¢ : V +— V'
such that the induced map GL(v)) : GL(V) — GL(V') has GL(v¥)(p(G)) = p'(G").
In addition to (p,V) the equivalence class will contain the dual representation
(p*,V*) and (poi,V), where i : G — G is a surjective homomorphism with a fi-
nite kernel. Thus, any representation obtained by an automorphism of the Dynkin
diagram is in the same equivalence class. Since any reductive group can be covered
by a group S x (C*)", where S is a semisimple group, we can assume G is of this
form when necessary.

Howe and Umeda [6] discuss the structure of C[V] for each of the repre-
sentations in Theorem 1.4. Table 1 summarizes some of their results. Note that
we denote the 7" fundamental weight of the first simple group (reading from left
to right in the graph) by w; (with w, = 0 for SL,), the i*" fundamental weight
of the second simple group by w!, and so forth. The fundamental weight of the
C* acting on the first irreducible representation will be denoted by e. In subse-
quent sections, the fundamental weight of the C* acting on the second irreducible
representation will be denoted by €, and so forth.

2. A Summary of Our Results

Since Kac’ classification of multiplicity free representations, there has been addi-
tional work on this topic. In particular, Brion [3] has extended Theorem 1.4 to
a classification of all multiplicity free representations of simple groups. The goal
of this paper is the extension of Theorem 1.4 to a classification of multiplicity
free representations for arbitrary reductive groups. (This result was also obtained
independently by Benson and Ratcliff in [1].) We shall also determine A(V) for
each of these multiplicity free representations.

The next lemma follows by noting that if Y is a closed G-invariant sub-
variety of an affine G—variety Z, then the restriction map C[Z] — C[Y] is a
surjective G—homomorphism and hence takes isotypic components onto isotypic
components.
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Representation AT(V)
SL, ®C* w1+ e
SL,® SL,, ®C* w1 +w) + 6wyt wh+2€, ... ,w +wl. + e

where r = min(m,n) and w, = 0 (resp., w. =0) if n =1r
(resp., m =)

S?°C" @ C* 2w+ €., 2w, 1+ (n—1)¢,ne

ACh @ C* WQ+€,W4+2€,...,W2LQJ+L2J €, where w, =0
2

Spn @ C* wy + €

Sp, @ SLy @ C*

w1 + wi + €,ws + 2¢, 2¢

Spn ® SL3 @ C*

w1 Fwi +€, wo +wh+2€, wh+2€, wy +3€, way +w +4€, w3+ 3€
where the last weight is zero when n = 4

Spy @ SL, @ C*

w1 +wi + €, wa + wh + 26, wy + wji + 3€, wh + 26, we + Wi +
wh + 4de, wy + 4e
where the last weight is zero when n = 3

SO, ® C*

w1 + €, 2¢

Spingg ® C*

w1 +2€,W5—|—6

Table 1: A*(V) for some irreducible representations.

Lemma 2.1. The restriction of a multiplicity free affine G —action to any closed
G —invariant subvariety is multiplicity free.

Let (p,V) be a multiplicity free representation of G and suppose V =
Vid---dV, as a direct sum of irreducible modules. Lemma 2.1 implies that
(plv;, V;) is an irreducible multiplicity free representation of G.

Definition 2.2.  Let (p,V) be a representation of a group G. We say that
(p, V) is indecomposable if (p, V') is not equivalent (cf., Remark 1.5) to (p1, V1) @
(p2, Vo), where (p1, V1) and (po, V3) are multiplicity free representations of G; and
Gy, respectively, and G = G x Gs.

Note that by restricting the torus in the representation (C* ® SL,,C") @
-+ @ (C* ® SL,,C") to the diagonal subgroup {(z,...,z)[z € C*} C (C")",
one trivially obtains an indecomposable representation. The following definition
eliminates examples like this.

Definition 2.3. A representation (p,V) of G is said to be saturated if V' =
Vi@ @V, as a sum of irreducible G-modules and p(G) D (C*)*.

Theorem 1.4 shows that each irreducible multiplicity free representation has
at most two simple factors acting on it. Thus, the following definition makes sense.

Definition 2.4. Let (p,V) be a representation of a group G and let V =
Vi - - Vi be adecomposition of V' into a direct sum of irreducible modules.
Then the representation diagram of (p, V) is a graph with one edge for each V;
and one vertex for each simple factor of G and such that a vertex is an endpoint
of an edge if the corresponding factor of G acts nontrivially on the irreducible
submodule. (By definition, an irreducible submodule on which only one simple
factor acts has both ends connected to the vertex corresponding to that simple
factor.)
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The representation diagrams of the representations in Theorem 1.4 have
two forms: O or —. Note that a representation is indecomposable if and only
if its representation diagram is a connected graph. With this notation in hand we
can state our first result.

Theorem 2.5. The following is the list [up to equivalence] of all saturated
indecomposable multiplicity free representations.

(i) A representation from Theorem 1.4 of a group with exactly one C* factor.

(i) One of the following representations:

SOs V(w4) SLn, A2SL, SLn SLn SLn (A%2SLy,)* SLn (SLyn)*
1. 2. n>4 5. n > 2
SLn SLn Spn Spn
< ) SLn®SLm < ) SLn®SLw)* §Ln®SL2_SL2®SL]§
6. n,m > 2 7. n,m > 2 8. n>2k>2 Q. n>4 even
SLo
SLr®SLa SLy ® Spn, Spr ® SLy  SLy ® Spy, ( ). SLa ® Spn
10. k>2, n>4 even 11. k,n >4 even 12. n >4 even

The edges in these graphs are labeled according to which representation in
Theorem 1.4 they correspond. Note that each representation is unique only up
to the equivalence given in Remark 1.5. Our second result characterizes which
subgroups of the torus will yield multiplicity free representations upon restriction.

Theorem 2.6.  Let (p,V) be a representation of a group G. Suppose that
V=WV& @V, is a decomposition of V into a direct sum of irreducible
submodules. Suppose also that (C*)* C p(G). Let S = (A(V)) N X, where X
is the character group of (C*)*, and suppose H is an algebraic subgroup of (C*)*
which has character group X/T. Then the representation obtained by restricting
the C* factors of G to H 1is multiplicity free if and only if the quotient map
S — X/T is an injection (equivalently, if and only if SNT =0).

Here, (A(V)) denotes the group generated by A(V). To ease our compu-
tations, we will determine Sgp, a basis for the Q-linear span of S.

These two theorems together yield a method for determining all multiplicity
free representations: By adding C* factors, if necessary, and applying a homomor-
phism with a finite kernel, we can assume every multiplicity free representation is
obtained by restriction from a saturated representation. If (p, V') is a saturated
multiplicity free representation of a group GG, then by Lemma 2.1 G = Gy x- - - x G},
and V =W, @ --- @ Wy, where (p|w,, W;) is an indecomposable multiplicity free
representation of G; and G; acts trivially on W; for j # i. Conversely, let (p;, W;)
be a multiplicity free representation of G;. If B; is a Borel subgroup of G; and
B;w; C W; is an open orbit, then Bjw; X - -+ X Brw, is an open orbit of the Borel
subgroup By X -+ X By of G =Gy X -+ x Gy in V. Hence, by Theorem 1.2 (i),
(p, V) is multiplicity free and it follows that every saturated representation is a sum
of indecomposable saturated representations. Consequently, every multiplicity free
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representation is obtained by restriction from a sum of indecomposable saturated
representations. The conditions on p(G) N (C*)* such that a representation (p, V)
is multiplicity free is precisely the condition given in Theorem 2.6.

In short, all multiplicity free representations can be obtained as follows:

1. Choose finitely many saturated indecomposable representations (G;,V;) and
let V=@,V and G =[]G;.

2. Choose a subspace T' of X = ,;(Xi)q. This corresponds to a connected
normal subgroup G of G such that G/G is a torus.

3. Then (G,V') is multiplicity free if and only if the condition in Theorem 2.6
is met with respect to Sg = €,(5:)¢-

In Section 3 we present more general facts about multiplicity free repre-
sentations and develop an initial list of possible saturated indecomposable mul-
tiplicity free representations which can be written as a sum of two irreducible
summands (Lemma 3.5). The section ends with a characterization of such rep-
resentations in terms of the decomposition of tensor products within their affine
algebras (Lemma 3.7). In Section 4 we use this additional characterization to
determine which representations in Lemma 3.5 are not multiplicity free. In Sec-
tion 5, we show the remaining representations in Lemma 3.5 are multiplicity free,
and describe how to determine their affine algebras. In Section 6, we demonstrate
that there are no indecomposable multiplicity free representations which can be
written as the sum of more than two irreducible summands. In Section 7, we give
the proof of Theorem 2.6. A summary of our results is given in Table 2

3. An Initial List of Possible Saturated Representations

As noted previously, the irreducible multiplicity free representations in Theo-
rem 1.4 are only representatives of a class of representations which include, in
particular, the dual of the representation. It is not clear a priori that V & W
being a multiplicity free representation of G implies that V' & W* must be a mul-
tiplicity free representation of G. We next show that this is in fact true. This
substantially reduces the number of cases that must be considered in Lemma 3.5.

For a representation (p, V') of an algebraic group H, let #V/H denote the
number of orbits of H in V and H, = {h € H|hv = v} denote the isotropy

subgroup of v € V' in H. Now suppose (p, V') and (o, W) are two representations
of H.

Lemma 3.1. #(VoW)/H < oo if and only if #V/H < oo and #W/H, < oo
forallveV.

Proof.  Clearly, #(V & W)/H < oo implies #V/H < oco. Also, (v,w) and
(v,w’) are in the same H orbit if and only if w and w’ are in the same H, orbit.
This implies #W/H, < co. Conversely, suppose vy, ... ,vs are representatives of
the finitely many H orbits in V and w;,... ,w;,, € W are representatives of the
H,, orbits in W. Then {(v;,w;)|1 <1i <s,1 <j <r;} are the representatives of
the H orbitsin V& W. |
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Rep. | AT(V) So
1. wi+e€ wst+et+e, wg+ €, 2 2¢ (6,0
2 wor + k€' wor_1 + e+ (kK —1)€¢ (€)o n even
k=1,...,|(n/2] (e+ (n—1)é) n odd
3. w1+ 6w+ €, wy+et+é (6,)g n=2
(e—€)g n>2
4. neven: wor_1+e+([n/2] —(k—1))€, | {€)g n even
wor—2 + (In/2] — (kK — 1)), (k =|{e—(n—1)€)g n odd
L...,|n/2]), w1 +e€
n odd: wo—1 + (|n/2] — (k — 1))€,
wr+ € + (/2] — (K — 1), (k =
1,...,|n/2]), wi +¢€
5. Wi+ € wpo1+€,e+¢€ (6,)g n=2
(e+€e)g n>2
6. wi + wy, + ke, (e,)g n=m
k=1,... ,min(m,n), (6,€)g n=m+1
wp +wy_; e+ (k—1)€, (e—€)g n>m+1
k=1,...,min(m,n), (€)g m>n
W1 + wi, + € +me for n >m
7. Wn—t + Wl + k€, (€,€)g n=m
k=1,... ,min(m,n), (6,€)g n=m+1
Wn—k+1 + W, + €+ ke, (e+€)g n>m+1
k=1,... ,min(m,n) — 1, (€)g m>n
i
Wnems1 + € +me forn>m
8. w1 Fw| €, wot2e, witwi+€, wi+2€e, | 0 n,k>2
wi +wi +e+¢€ (€)g n=2,k>2
(g k=2,n>2
(6,)g k=n=
9. wit € w+€,wtete,et+¢é (6,0
10 | w+w)+€ wy+ 26wy +w + €, (€,)g k=2
w +wi +e+e, wl+2€¢, 2¢ (€ k>2
11, | wy +w +€ we+ 2 26, W) +wi +€, | (6,€)0
wi + 26,2, w0 +w +e+ €
12, | wite€ witwi+€, wi+2€, 2¢, wi+et+€ | (e,€)g

373

Table 2: AT(V) and Sg for the representations in Theorem 2.5. By convention,
wp =0 and w,, =0 for SL,.
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Proposition 3.2. #(Va@W)/H < oo if and only if #(V @ W*)/H < .

Proof. By Lemma 3.1, #(V & W)/H < oo if and only if #V/H < oo and
#W/H, < oo for all v € V. By a result of Pyasetskii [14], if H is an algebraic
group and V' is a representation of H, then #V/H if finite if and only if #V*/H
is finite. In particular, #W/H, < oo for all v € V' if and only if #W*/H, < oo
for all v € V. But then the Lemma implies that #(V & W*)/H < . u

The following corollary then follows from Theorem 1.2.

Corollary 3.3.  Suppose (p,V) and (o, W) are two representations of G. The
representation (p ® o,V & W) is multiplicity free if and only if (p @ o*,V & W*)
is multiplicity free.

By induction, it follows that a representation which decomposes as a direct
sum of several irreducible modules will be multiplicity free if and only if the
representation obtained by replacing any number of the irreducible summands with
their duals is multiplicity free. We now make use of these results to determine an
initial list of possible saturated indecomposable multiplicity free representations
which can be written as a sum of two irreducible summands.

Remark 3.4. Given an indecomposable representation with two irreducible
summands, its representation diagram is a connected graph with exactly two
edges. The graph cannot have more than three vertices, since then it would be
disconnected, so it must be one of the following:

U

Lemma 3.5.  Let (p,V) be a saturated indecomposable representation with two
nontrivial irreducible submodules. Then, up to replacing one of the summands by
its dual, it is necessary that (p, V') be one of the following:

A2SL, SLy, SLn SLy 525Ly, A2SLy SLy
@Q @Q < > SLy & SLy, < > SLn ® SLn, < > SLn ® SLn,
1. n>4 2. n>2 3. n,m > 2 4 n>4,m>2 5. n,m > 2
SLpn ® SLm SLn ® SLm Spn Spn
SLp ® SLi  SLm ® SLy,
¢ ° ° SLn ® SLim SLn ® (SLm)*
6. m,n, k> 2 7. mn>2o0r m>2 g n>2o0rm>2 Q. n>4 even
S2SLm, SLm, Spn S2SLy,
< ) SLm ® Spn, < ) SLm ® Spn, < ) Spn @ SLim, < ) SLn ® Spa
10. m=2,3, n>4 11m=2,3, n>4 even 12m =2,3, n>4 even 135. n>4
SLn AZSp, Spa A2SL,
< ) SLyn ® Spa < ) Spa ® SLy < ) Spa ® SLy < ) SLn ® Spa
1. nz4 15, n>4 6. n>4 17 n>4

SLi ® Spn ,Spn ® SLi,  §pm ® SLn SLn ® Sp;  SLx ® SLin ,SLm ® Spp SLie® Spa Spa® SLy,

18, n>4,2<kl<3 19, n=23,mk>4 2) m=23 k>2, n>42] n,k > 2
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26.
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SLp ® Spm SLy ® Spa
Sps ® SL, SLi @ Spa SLm @ SLy, _SLn @ Spa
- - " - - - SLn ® Spm SLn ® Spa
k>4 23, m>2, n>4 24 n=23 m>4 925 n>4
Spinig SO19 V(ws) SOg SO, SO,
27. 28, n=>7

Remark 3.6. Let (p,V) be a representation of G'. Suppose that ¢« : H — G
is an isomorphism and that (o, W) is a representation of H. By Remark 1.5 we
must also consider the representation (po¢ @ o,V @ W) as a representation of
H which may be multiplicity free. Thus, we have had to consider representations
(such as 15 and 27) obtained by the isomorphisms of the low—dimensional Lie
algebras. (Here A2C* is the irreducible, five-dimensional representation of Sp, of
weight ws.) The other representations obtained by low—level isomorphisms in this
manner yield representations which are subsumed by other cases.

Proof.  The possible representation diagrams of an indecomposable multiplic-
ity free representation with two nontrivial irreducible submodules are given in
Remark 3.4. Theorem 1.4 gives all of the irreducible multiplicity free representa-
tions, up to the conditions discussed in Remark 1.5. One obtains a list of possible
saturated indecomposable multiplicity free representations by filling in the dia-
grams allowed by the remark with all possible combinations of representations
from Theorem 1.4, noting that by Corollary 3.3 a representation in Lemma 3.5
will be multiplicity free if and only if the representation obtained by replacing one
of the summands by its dual is multiplicity free. From this list, all representations
which do not satisfy the condition in Corollary 1.3 are eliminated to arrive at the
result. |

We now determine which of these representations are multiplicity free.
Suppose (p,V) and (o, W) are two multiplicity free representations of G and
consider (p@® o, V@ W). Write G as a product G x G X G3 of reductive groups,
where G acts trivially on V' and G35 acts trivially on W. The decomposition
of S[V] into a direct sum of irreducible G = G; x G x G5 modules is S[V] =
D, V(a) ®V(B) where a € Ag,, 3 € Ag,, and the sum is taken over all pairs
of highest weights o and 3 of G; and G, respectively, such that V(«a) @ V(3) C
S[V]. Similarly, SW] = @y, V(8) ® V(y) where 3’ € Ag,, 7 € Ag,, and the
sum is taken over all pairs of highest weights 5’ and v of G5 and G3, respectively,
such that V(5") @ V(y) € S[W]. (p,V) (resp., (o, W)) is multiplicity free when
each irreducible module V(a) @ V(3) (resp., V(5') ® V(7)) appears exactly once.
The next lemma is obvious from the fact that S[V & W] = S[V] ® S[W] =

Doso,Via)@V(B)@V(E)@V(7).

Lemma 3.7.  Let (p,V) and (o,W) be multiplicity free representations of a
group G and assume the notation of the previous paragraph. Then (p® o,V & W)
is multiplicity free iof and only if

(1) for every 8 and [3' such that V() @ V(3) is an irreducible module in S[V]
and V(") @ V() is an irreducible module in S[W] the decomposition of
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V(B) @ V(') into a direct sum of irreducible modules contains no module
more than once; and

(2) if V(a) @ V(B1) and V(a) @ V(Ba) occur in S[V] and V(5]) ® V(v) and

V(By) @V (v) occurin S[W] (with By # B2 or By # ;). then V(1) @V (6)
and V(5y) @ V(B5) do not share a summand.

The generators of the set of highest weight vectors in S[V] for the relevant
irreducible modules in Theorem 1.4 are given in Table 1. From this set of gen-
erators, one can then write down the module structure of S[V] for each of these
representations. Tensor products of representations of SL, can be decomposed
using the Littlewood—Richardson Rule and the Clebsch—Gordon Formula. (See [5]
for a summary of this method and [12] for a proof.) The computations in these
cases are straightforward and will be omitted. Note that to show a representation
is mot multiplicity free it will suffice to find a single example of a tensor product
which does not satisfy condition (1) or (2) of Lemma 3.7.

4. Non—Multiplicity Free Representations in Lemma 3.5

Lemma 4.1. The follouing representations enumerated in Lemma 3.5 are not
multiplicity free: 3 with n > 3, 4 with n >5, 6 with m > 3, 7, and 8.
Proof. These representations are not multiplicity free because they fail to satisfy
condition (1) of Lemma 3.7.

The symmetric algebra in 6 can be written as:

@ V(lag 4+ +ra)e) @ V(aqwy + -+ + apwy) @ V(aqw] + -+ - + a,wl)

a;,b; >0

RV (b + -+ bsw!) @V (b + -+ b)) @V ((by + - - + sbs)e') (1)

where r = min(m,n) and s = min(n, k). Set a; = ay = by = by = 1 and the rest
of the coefficients to zero. (This is possible by the assumption that m > 3.) This
gives the module V(w] + wj) @ V(w] + wj) and the module V(w] + w) + w}) has
multiplicity two in this tensor product.

The symmetric algebra in 4 can be written as:

EB V (<a2+---+ LgJ ng]) 6) @V <a2w2+"'+a2L%JW2L%J)

a;,b; >0

Q@V(bw + -+ bw,) @V(biwy + -+ bw)@V((by + -+ rb)e) (2)

When a; = a4 = 1 and by = by = 1 we have V(ws + wy) @ V(w; + ws), and
V(w1 + w3 + ws) occurs with multiplicity two in the decomposition of this tensor
product. (The assumption that n > 5 is necessary for this to be true.)

The symmetric algebra in 3 can be written as:

P Vil +-+na,)e) @ V(2arwr + -+ + 2a,_1wn1)

a;,b; >0

QV(bywy + -+ bw,) @V (bywy + -+ bwl) @V ((by + -« +7b)e)  (3)
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When a; = ay = by = by = 1, we have V(2w; + 2wy) ® V(w; + we), and
V(2w + 2wy +w3) occurs with multiplicity two in the decomposition of this tensor
product. (Note that it is necessary for n > 3 for this to occur.)

The symmetric algebra in 7 can be written as:

EB V(a4 -+ +ra)e) @ V(awy + -+ + apwy) @ V(aw] + -+ - + a,wl)

a;,b; >0

QV(bhw + -+ bw,) @V(biwy + -+ b)) @V((by + -+ rb.)e) (4)

The lemma is true for m = n = 2 by dimension considerations so without loss
of generality we assume m > 3. When a; = ay = by = by = 1, we have
V(wy + ws) ® V(w1 + we). Now argue as in 3.

For the representation in 8, note that the symmetric algebra in this case is
obtained by replacing the second SL,, modules by its dual (and € by —¢) in the
previous case. We may assume m > 2 or n > 2, since otherwise SLs is self-dual
and we are then in the previous case. Then we may assume that n > 2 by taking
a dual of one of the summands of the representation, if necessary. Now argue as
in 7. ]

Lemma 4.2.  Representation 3 with n =2 and 4 with n =4 in Lemma 3.5 are
not multiplicity free.
Proof. These representations are not multiplicity free because they fail to satisfy
satisfy condition (2) of Lemma 3.7.

The symmetric algebra in 3 can be written as:

@ V(a1 + 2as)e) @ V(2a1w1) @ V (byw)

a1,az,b1,b2>0

& V(bﬂdi + bQWé) & V((bl + 2[)2)6/) (5)

(Note wy = 0 if m = 2.) The Clebsch-Gordan Formula implies that V(2w;) ®
V(3wy) contains V(5wy), so when a; = as =1, by = 3 and by = 0, we will obtain
the irreducible summand V' (3¢) @ V (5w1) @ V (3w}) @ V(3€’). The Clebsch-Gordan
formula also implies that V (6w;)®V (3w;) contains V (5wy). So when a; = by = 3,
and ay = by = 0, we obtain this summand again.

The symmetric algebra in 4 can be written as:

B V(a2 +2m)e) @ V(agws) @ V(biws + -+ - + brw,)

a2,a4,b;>0

QV(bhwi+ -+ bw)@V((by+---+1b.)e) (6)

where 7 = min(4,m). When a4y =b; = by =1, V(4e) @ V(w1 +ws) @V (w] +wh) @
V(3€') is an irreducible module in this term (where w) = 0 when m = 2). When
as = 2 and by = by = 1, this irreducible module also appears. [ |

Corollary 4.3.  Representations 10, 13, 17, 18, 21, 22, 23, 24, and 25 of Lem-
ma 3.5 are not multiplicity free. In addition representation 19 with n = 3 and
representation 20 with m = 3 are also not multiplicity free.
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Proof.  Suppose one of the representations in the lemma is multiplicity free.
If each Sp, is replaced by an SL,, the resulting representation is multiplicity
free. (Compare the orbits of Borel subgroups.) This contradicts the results of the
previous Lemma. [ ]

For representations of Sp, and Spin, we make use of a method for decom-
posing tensor products developed by Littelmann. This technique for decomposing
tensor products and a discussion of generalized Young tableaux can be found in
[10].

Lemma 4.4.  The tensor product V(2wy + wa) ® V(2wy) of irreducible Spy,
modules (n > 4 even) contains the module V (2wy + we) with multiplicity two.

Proof. = We must find all those tableaux 7" of shape p(2w;) = (4,0, ...,0) which
are (2w;+ws)—dominant and such that (2w +ws)+v(T) = 2w +wsy. (Equivalently,
v(T)=0.) The shape of p(2wy) 1s L_1 1 1 1J.

Write n = 2m. The condition v(7) = 0 implies that the number j
(1 <7 <m) appears in T the same number of times as the number 2m — j 4 1
appears in 7. (This follows directly from the definition of v(7").) But then
(2w1 + wg)—dominance implies that 1 < j < 2, since otherwise we can use the
fact that T is weakly increasing in the columns to construct a dominant weight
with the coefficient of w; a negative number. We are left with 7" being either
Lo T 1 TemJomjor 2] 2 Pm—itpm—1and it is trivial to check that both of

these are Sp,—standard and (2w; 4+ ws)—dominant. ]
Lemma 4.5.  Representations 12 and 16 from Lemma 3.5 are not multiplicity
free.

Proof.  None of these representations is multiplicity free because each fails to
satisfy condition (1) of Lemma 3.7.

The symmetric algebra in 12 can be written in two ways, depending on
whether m =2 or m = 3. For the first case, the symmetric algebra is:

B V((s+2t+2r)e) @V (sw)) @ V(swi + tws) @ V(kwi) @ V(ke).

k,r,s,t>0

When s = k = 2 and ¢t = 1, the resulting term contains the tensor product
V(2wy + ws) ® V(2w;). Now use Lemma 4.4.

For the second case in representation 12 as well as representation 16, it
suffices to find a term in the symmetric algebra of both representations which
contains the tensor product in Lemma 4.4. Moreover, since the representation of
Sp, on C" is a factor in all three cases, it suffices to find a term in the symmetric
algebra of Spy ® SL, and Sp, ® SL3 containing the Sp, module V(2w; + ws).
But this is clear from the module structure in each case. ]

Lemma 4.6. The Spy module V(2wsy) is a submodule of the tensor product
V(wy 4+ we) @ V(2ws) of Spy modules.
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Proof. The shape of the partition p(2ws) is . The tableau T' =

11113]3

212]4]4] is Spy-standard and (w; + we)-dominant. Since v(7) = 0, it follows
that V(w; + ws) is a summand in the decomposition of the tensor product into
irreducible submodules. u

Lemma 4.7.  Representations 11 with m = 3, 13, and 15 of Lemma 3.5 are
not multiplicity free.

Proof. The representations are not multiplicity free because they do not satisfy
condition (2) of Lemma 3.7.
The symmetric algebra for representation 11 with m = 3 can be written as:

D V(ke) @ V(kwi) @ V((t1 + to)wr + (t2 + ts)ws)

k,t; >0
@ V((t1 + t5)w) + (ts + t)wh + tawh) @ V((t1 + 2ta + 3tz + 2ty + 3t + 4tg)€)
(7)

For k=t =t, =t5 = 1, we have the term
V(e) @ V(wy) @ V(wy +wa) @ V(2wy) ® V(6€') (8)

The irreducible module V(e) ® V(2w; 4+ we) ® V(2w]) ® V(6€') occurs in the
decomposition of this module into a direct sum of irreducibles. For £ = 1 and
t; =ty = 2, we have the term

V(e) @V (w1) @ V(2w1 + 2ws) @ V(2wy) ® V(6€') 9)

Since w3 = 0, the irreducible module is a submodule of this term as well. This
proves that condition (2) of Lemma 3.7 does not hold.
The symmetric algebra in representation 13 can be written as:

P V(ke) @ V(kwi) @ V((t1 + ts)wr + (2 + ta)ws + (3 + t5)ws + tows)

k,t; >0

For k =t; =ty = t3 =1, the irreducible module
V(e) @ V(2w + wa +w3) @ V(2w + wh) @ V(6€') (11)

is a submodule of the resulting term. When t; = 2 and k = t; = 1, the irreducible
module (11) is a submodule of this term as well. This proves that condition (2) of
Lemma 3.7 does not hold.

For representation 15, note that since the representation AZC? is obtained
via the isomorphism so; = sp,, the generators of the monoid A(V') are 2e¢ and
wyt-€ (since the isomorphism so; = sp, interchanges the indices of the fundamental
weights). The symmetric algebra of this representation can thus be written as:

D VI((r+25)e) @V (rws) @ V((t1 + ts)wr + (2 + t5)wn)
r,8,.t; >0
& V((tl + t5)w1 + (tg +t4)w§ + (t3 + t5)wé + t6w4/1> (29 V((tl + 2t2 + 3t3 + 4t5 —|—4t6)61)
(12)
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Now set t; =t =1 and t; =0 for i > 2. For r =0 and s = 1, we have the term
V(2€) @ V(wg + we) @ V() + wh) @ V(3€') When r = 2 and s = 0, Lemma 4.6
implies this tensor product contains the irreducible module as well. [ ]

Lemma 4.8.  The tensor products V(wy + bws) ® V(wy) and V(w; + bws) @
V(3w1) of Spinyy modules both contain V(2w + 5ws).

Proof.  The shape of the partition p(w;) is [I] and it is easy to see that
the tableau T = is Spinjg—standard and (w; + bws)—dominant. Since
(w1 + bws) + v(T) = 2wy + Sws, the result follows in this case. Similarly, the
shape of the partition p(3w;) is [ITTTT7] and it is easy to see that the
tableau 7' = is Spinjp-standard and (w; + bws)—dominant. Since
(w1 + bws) + v(T') = 2wy + bws, the result follows in this case. n

Lemma 4.9.  Representations 26 and 28 of Lemma 3.5 are not multiplicity free.

Proof.  These representations fail to be multiplicity free because they do not
satisfy condition (2) of Lemma 3.7.

The symmetric algebra in representation 28 can be written as:

@ V((k+2m)e) @ V(kwy) @ V(rwy) @ V((r + 2s)€’) (13)

k,m,r,s>0

For k =2 and m = r = s = 4, we have the term V(10¢) ® V(2w;) ® V(4w;) ®
V(12¢'). When k=4, m =3, r =2, and s =5, this term also results.
The symmetric algebra in representation 26 can be written as:

B V(k+2m)e) @V (kwi) @ V(rw +sws) @ V((s+2r)e)  (14)

k,m,r,s>0

For k. = r =1, m = 2, and s = 5, we have the term V(5¢) ® V(w1) ®
V(wy + bws) @ V(7¢') For k = 3, m =r = 1, and s = 5, we have the term
V(5€) @V (3w1) @ V(w1 +5ws) @ V(7€) We can conclude from Lemma 4.8 that the
irreducible term V(5¢) @V (2w; +5ws) @V (7€) appears in both of these summands.

u

5. Multiplicity Free Representations in Lemma 3.5

We will next show that the remaining representations in Lemma 3.5 are multiplicity
free and describe how to determine A™ (V') for each representations.

Lemma 5.1.  Representation 6 in Lemma 3.5 is multiplicity free and A+ (V) =
{wi + 6w +€,wy+e+€}.
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Proof.  The symmetric algebra of the representation can be written as:

P Vike) @ V(kw) ® V(mw:) @ V(me) (15)

k,m>0
For fixed k£, m > 0, the Littlewood—Richardson Rule shows

min(k,m)

V(kw) @ V(mw) = @ V((k+m—2j)w + jws) (16)

J=0

(Note wy = 0 when n = 2.) This shows condition (1) of Lemma 3.7 holds.

Now consider a term in the direct sum (15). For k # k', V(ke) # V (K'e).
Similarly, for m # n, V(me') # V(n€'). So condition (2) of Lemma 3.7 holds
trivially.

To determine AT (V'), note that Equations (15) and (16) imply

SVi= @ Ve @V((k+m— 2w + jws) ® V(me)

k,m>0
§5=0,...,min(k,m)

Setting k£ = 1 in shows that w; + € is a highest weight in S[V]. Similarly, setting
m = 1 and (resp., k = m = j = 1) shows that w; + € (resp., wo + €+ ¢€) is a
highest weight in S[V]. Since

(k—j)(wi+€) +jlwr+eteé)+(m—j)lw +€)=
= ke + (k+m — 2j)w;y + jws + me

every highest weight in S[V] is an N-linear combination of these weights. ]

The calculation to determine S[V] and A(V') is similar in the remaining
cases, so it will be omitted. A table summarizing these results for all of the
indecomposable multiplicity free representations we determine can be found in
Section 2.

Lemma 5.2.  Representation 5 of Lemma 3.5 is multiplicity free.

Proof. The symmetric algebra of the representation can be written as:

@ V(ke) @ V(kwy) @ V(ajwy + -+ - + apw,)

k,a;>0

RV(iwy+ -+ aw)@V((a +--+ra.)e) (17)

where 7 = min(m,n). There are two cases to consider.
First, suppose r < n. Then w, # 0. For fixed k£ and aj;,

V(kwi) @ V(aywy + -+ + a,w,)
= P V(ar+b—bpwr+ -+ (@ + by — brat)wy + brywrgr)  (18)

0<b;<aj_1

St b=k
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Note that we may not necessarily assume w,; # 0. To show that condition (1)
of Lemma 3.7 holds, we view the b; as a vector b = (by,...,b,1) € C™™ and
suppose there is another vector ¥ = (b},... b, ;) € C such that

V((al + bl - bZ)Wl + -+ (ar + br - br-i—l)wr + br—i—lwr—i-l)
=V((ay + by = by)wr + -+ (ap + b, = by )Jw, + b ywrp1)

r+1 r+1

and Z b = Z b;» = k. The uniqueness of the highest weight corresponding to
j=1 j=1

an irreducible module and the independence of the weights wy, ... ,w, imply that

r—+1 r+1
b; and b} satisfy a; +b; —biy1 =a; + 0, — b, (¢ =1,...,r) and ij :Zb;».
j=1 j=1

This system is equivalent to an equation A,,1b = A, 10, where A,,; is an
(r+1) x (r + 1) invertible matrix. So b = & and condition (1) of Lemma 3.7
holds. To show that condition (2) of Lemma 3.7 holds, consider a term in the
direct sum (17). For k # k', V(ke) # V(K'e). For (ay,...,a,—1) # (a},... ,a._,),
V(wi+---+a,wl._q) # V(diw+---+a,_jw._;) (The condition r < n implies
r =m and so w. = 0.) Finally, given that aj,...,a,_; are uniquely determined,
a, # a;, implies V ((a1+- - -+ (r—1)a,_1+ra,)e) # V((a1+- - -+(r—1)a,_1+ra))€).
So condition (2) of Lemma 3.7 holds trivially.
Now suppose 7 =n (so that w, =0). Then

V(l{:wl) &® V(a1w1 + -+ Cl/rflu)rfl)
= @ V((a1 + bl - bQ)Cdl + -+ (ar—l + brfl - br)wr*1> (19)

0<b;<aj_1
T

T b=k

If there are two isomorphic modules in the summation (19), this means we have
b= (by,...,b.),0 = (b),...,b.) € C" satisfying A,b = A,b'. So, as before, b =1V

and condition (1) of Lemma 3.7 is satisfied. The argument for condition (2) of

Lemma 3.7 proceeds as in the preceding case. ]
Lemma 5.3.  Representation 6 of Lemma 3.5 is multiplicity free when m = 2.
Proof.  The symmetric algebra of the representation can be written as:

B Vp+25)e) @ V(pwi + sws) @ V(pwi) @ V(qw))

p,q,7,520

®V(qwi +rwy) @ V((g+2r)€) (20)

(Note we may not necessarily assume that wy or wj is nonzero.) Condition (1) of
Lemma 3.7 is immediate from the Clebsch-Gordan formula applied to V(pw]) ®
V(qw}). For p # p', V(pwy + swy) # V(p'wy + sws). But for fixed p and s # ¢,
we have V((p + 2s)e) # V((p + 25')e). A similar argument works for r and s.
This implies condition (2) holds. u
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Lemma 5.4.  Representation 1 of Lemma 3.5 is multiplicity free.

Proof. The symmetric algebra of the representation can be written as:

P Vike) @ V(kw) @V (awz et a%ww)

k,a2;>0
n

OV (a4 |5 aag)) ¢) (@)

If n is even, then

V(kw) @ V(agws + -+ -+ ap_owp_2) =
@ V(blwl + (CLQ — bg)u)g + b3w3 + -+ (anfz — bn,l)wn,z + bnflwnfl)

(22)
To show that condition (1) of Lemma 3.7 holds, fix k£ and a; and suppose we have

two sequences (by, b3, ... ,b,-1) and (b}, b3,... b, ;) such that 0 <b;, 0 <a; 4,
Y bj=> b=k, and

V(biwr + (ag — b3)wz + bsws + -+ + (@n—2 — bp_1)wn—1 + bp_1wp_1)
= V(bhwr + (a2 = b)wa + bsws + -+ + (an-2 = by, Jwn—2 + by _ywp-1) (23)
The independence of wy, ... ,w,_; imply that b; = b} and this is sufficient to show
condition (1) of Lemma 3.7.

Condition (2) of Lemma 3.7 holds trivially: For k # k', V(ke) # V(k€).

Now suppose there exists some a5, ajy, ..., a,_, and b}, b5, ..., b, _; such that

V(blwl —+ (CLQ — bg)u)g + b3w3 + -+ (anfz — bn,l)wn,z + bnflwnfl)
=V (Vjwy + (ah — by)ws + byws + -+ -+ (al, o — U, _)wn_o+ b, _jw,1) (24)

Then the independence of the fundamental weights implies

/ / /
bl :b17 b3 :b3, e ,bn_l :bn717
/ / / /
QAo — b3 = a9 — b3, Ce , Ap—92 — bn,1 =a,_o9 — bnfl (25)
and hence ay = a), ... ,a,_o = al,_,. But then a, # a], implies

Vi(az + -+ ((n = 1)/2)an + (n/2)an) €) #
Vi(az +ay-- -+ ((n = 1)/2)an + (n/2)a,) ) . (26)

If n is odd,

V(kw) @ V(agws + -+ - + ap_1wp_1) =
EB V(biwi + (ag — b3)wy + bsws + -+ + (-1 — bp)wp—1) (27)

0<b;<ai—1

S b=k

and the argument proceeds exactly as in the preceding case. ]



384 LEAHY

Lemma 5.5.  Representations 11 with m = 2, 19 with n = 2, and 20 with
m = 2 in Lemma 3.5 are multiplicity free.

Proof. 1In all cases, it is immediate from the Clebsch—Gordan formula that
condition (1) of Lemma 3.7 holds. The symmetric algebra in representation 20
(m = 2) can be written (as a sum of irreducible modules) as

B Vim+2p)e) @ V(mw + pwa) @ V((m + 1 — 2j)w})

m7p7r7s?t20
7=0,... ,min(m,r)

R V(rw] + swy) @ V((r + 2s + 2t)€')

The symmetric algebra in representation 19 (n = 2) can be written as:

B Vm+2p+29)e) @ V(mwr + pws) @ V((m + r — 2j)w))

m,p,q,7,8,t>0
7=0,...,min(m,r)

R V(rw] + swy) @ V((r + 2s + 2t)€')

The symmetric algebra in representation 11 (m = 2) can be written as:

B V) @V((k+r—2j)w) @V (re| + swh) @ V((r+ 25 + 2t)€')

k,r,s,t>0
.7:07 ,min(k,r)

For condition (2) of Lemma 3.7 we consider only the first case, as the other
cases are similar. If m # m/ [resp., p # p'], V(mw] +pwh) # V(m'w] +pw)) [resp.,
V(mw] + pwh) # V(mw) + p'wh)]. A similar argument works to show that r and
s must remain fixed. But then for ¢ # ¢/, V((r +2s+ 2t)e') # V((r 4+ 2s+ 2t')€’).

u

Lemma 5.6.  The tensor product V (jwi) ® V(kwi) of modules of Sp, can be
written as a direct sum of irreducible Sp, modules as

V(jw) @V (kw) = & V(G +k—2r —28)w, +swy)  (28)

0<r<min(k,j)
0<s<min(j—r,k—r)

Proof. We can write n = 2m. We must find the kw;—dominant Sp, —standard
Young tableau of shape p(jw;). The shape p(jw;) is LL] -+ [T (25 boxes).
Being kw;—dominant implies that the numbers 3,4,... ,2m — 1 cannot occur in
the tableau. Let 2r denote the number of boxes in the tableau that contain the
number 2m. Clearly, 0 < r < j. By kw;—dominance, the weight 2kw; + vy,.(T")
must be in the dominant Weyl Chamber of Sp,,,. By the condition of being weakly
increasing in the rows, cpe,)(2m) = 2r and cp(e(j) = 0 for j # 2m. It follows
that 2kwy + 1o, (T) = (2k — 2r)e1, which is in the dominant Weyl chamber of Sps,,
if and only if 2k — 2r > 0. It follows that 0 <7 < min(k,j).
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Now let 2s denote the number of boxes in the tableau that contain the
number 2. Clearly, 0 < s < j—r. By kw; —dominance, the weight 2kw;+v4;42,(T)
must be in the dominant Weyl chamber of Spa,. But 2kw; + va;49,(T) = (2k —
2r)e; +2sey = (2k — 2r — 28)wq + 25wy, So we must have 0 < s < min(k—r,7—7).
The remaining boxes in the tableau must be filled with ones. Since any tableau
satisfying these inequalities must be a Sp,—standard Young tableaux of shape
p(jw1), it follows that the decomposition of the tensor product into a direct sum
of irreducibles is given by Equation 28. [ ]

In [11], Littelmann determines all pairs of fundamental weights (w,w’) such
that V(kw)®V (lw") decomposes without multiplicities. For these tensor products,
he also determines how they decompose as a direct sum of irreducibles. Lemma 5.6
can also be deduced from this result.

Lemma 5.7.  Representation 9 in Lemma 3.5 is multiplicity free.

Proof.  The symmetric algebra of the representation can be written as:
P V(ke) @ V(kw) @ V(jwr) @ V(je) (29)
k,j>0

Condition (2) of Lemma 3.7 is clear: k # k' implies V(ke) # V(K'e) and j # j'
implies V' (j¢') # V(j'€).
Condition (1)is clear from Lemma 5.6. u

Lemma 5.8.  The tensor product V(mwi) ® V(kws) of irreducible modules of
the simple group Sping can be written as a direct sum of irreducible modules as

Vimw) @ Vikw) = @  V((m—jwr +jws+ (k= jlws)  (30)

0<j<min(m,k)

Proof. We must determine all Sping—standard tableaux that are of shape
p(k,k,k, k) and mw;—dominant. (See the appendix of [10].) Note that a tableau
of shape p(k, k, k, k) consists of four left—justified rows of k£ boxes each—i.e., there
are k columns of four boxes each. It is not difficult to show that the only possible
Sping standard tableau that are of shape p(k,k k,k, k) and mw;—dominant are

s N
1]2
23], . [3
3]s
4]8 18]
-

J

where 0 < j < min(m, k). If T is a tableau of this form, then each column of the
form contributes €; + €3+ €3+ ¢4 to v(T), while each column of the form
12[3[5]8] contributes —e; + € + €3 — €4 to v(T). If there are 0 < j < min(k, m)
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columns of this latter type (and thus k — j columns of the former type), it follows
that

1
men +v(T) = mer + 5 [(k = 2j)er + €2 + kes + (k — 2j)ed]
= (m — j)wi + jws + (k — j)ws

which implies the result. [ ]

Lemma 5.9.  Representation 27 of Lemma 3.5 is multiplicity free.

Proof.  The representation V(w4) of Sping is obtained by composing the rep-
resentation V' (wp) by an isomorphism obtained from triality. So we have

SV (w) ® V(wg)] = @ V((p+2g9)e) @ V(pwr) @ V(sws) @ V((s+ 2t)e)

P,q,8,t>0

Hence it is clear that condition (1) of Lemma 3.7 holds from Lemma 5.8. For
condition (2) of the lemma, we must show that distinct values of the parameters
lead to non—isomorphic modules. Suppose first that ¢ # ¢’. (The argument for ¢
will be the same.) Then V((p + 2q)e) # V((p' + 2¢')e) unless p # p’. So we are
in the case where p # p’. (The argument for s # s’ will also be the same.) If we
have

V((p+2q)e) @ V((p — jlwr + jws + (s — jlws) @ V((s + 2t)€)
= V(' +2¢)e) @ V((p' = j")wr + j'ws + (s" = j )ws) @ V((s' + 2t")¢)

then p # p' and p — j = p' — 7' imply j # j'. But then the coefficients of w3 in
the modules are distinct and they cannot be isomorphic. ]

This shows that the saturated indecomposable multiplicity free representa-
tions which can be written as a sum of two irreducible summands are precisely
those given in the statement of Theorem 2.5. We will show there are no saturated
indecomposable multiplicity free representation with more irreducible summands.

6. Indecomposable Representations: Three Irreducible Summands

Suppose (p,V) is a saturated indecomposable multiplicity free representation
which can be written as a direct sum of three irreducible submodules. Then
Remark 2.1 implies that the restriction of the representation to any two of these
submodules is also multiplicity free. Hence, after removing an edge from the
representation diagram, the resulting representation diagram should be a diagram
for a representation given in Theorem 2.5. The only connected graphs with exactly
three edges which satisfy these conditions are:

=0 o0 LN
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The next lemma is proved exactly as Lemma 3.5, subject to the additional
constraint that the restriction to any two of the edges must be an element of
Theorem 2.5 (b).

Lemma 6.1.  If (p,V) is a saturated indecomposable multiplicity free represen-
tation of a group which can be written as a direct sum of three irreducible sum-
mands, then it is necessary (but not sufficient) that—up to replacing one of the
summands by its dual—the representation be one of the following:

SLn SL
SI SLn® SLm,  SI SLm SL,®SLy_ SLy ® SLy
n s 3
SL, ® SLm,
SLs

1 SLn pn>29 9 SLn p>om>2 3 n,m > 2 4. nk>2
Spn
@SLn ©SLy, SLy® SLy, SLn®SLy [SLy®SLy, SLy® SLy,
5. n,k>2 6. n,l > 2 7. Spn n >4 even
SL
SLa ® Spm, SI 9Ln ® SLy  SLy ® Spyy,  Spn ® SLa [ SLa Q Spy,
SLn ® SLy, SLy ® Spr,
SLQ SLQ
8. SL2m24 even (. n>2and k>4 even [() n>2and k>4 even ], n,k >4 even
'SLn ® SLo 'SLQ (24 SLQ' SLo ® Spl' 'Spn ® SLo 'SLQ [ SLQ' SLo ® Spl'
12. n>2 and | >4 even 138, n,l >4 even
Lemma 6.2. Consider a representation (p,V') of a group with an SL,, simple

factor, where V.=V1 & --- & Vi as a sum of irreducible submodules. If the SL,
module V(wy) appears in a term of S[Vi] for at least three distinct V;, then (p, V')
is not multiplicity free.

Proof.  If this is the case, then V(w;) ® V(w;) ® V(w;) appears in a term of
the symmetric algebra S[V] and the module V(w; + wq) appears as a submodule
of this twice. (When n = 2, wy = 0 and this is the module V(wy).) So the
representation does not satisfy condition (1) of Lemma 3.7. |

Corollary 6.3.  Representations 1, 2, and 4 of Lemma 6.1 are not multiplicity
free.

Proof.  For each of these representations there is an SL, factor operating on
all three of the irreducible factors and the irreducible SL,, module V(w;) appears
in a term of the decomposition of each of the symmetric algebras. So the previous
Lemma shows that in each case the representation is not multiplicity free. ]

Lemma 6.4.  Representations 3, 5, and 6 of Lemma 6.1 are not multiplicity
free.
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Proof. We will show that each of the representations does not satisfy condition (2)
of Lemma 3.7.

The symmetric algebra in 3 can be written as:

P vk @ V(a1 +---+ra,)e) @ V(Ie")

k,l,a;>0

RV (kw) @ V(agw + -+ + ayw,) @ V(Ilw)) @ V(apw| + - - + a,w,.) (31)

(Here r = min(m,n) and we have w, = 0 [resp., w. = 0] if » = n [resp., r = m].)
For k=1=1 and a; = 2, the irreducible module

N

V=V()@V(E2) V(") @ V(w +w) ® V(w) +wh)

appears as a summand in the decomposition of this tensor product. (Note that
wy =0 [resp., why = 0] if n =2 [resp., m = 2].) Likewise, if we have k =1 =ay =
1, V is an element of the tensor product decomposition of this module as well.
(Note, V(wq) =0 [resp., V(wh) = 0] if n =2 [resp., m = 2].)

The symmetric algebra in 5 can be written as:

B Vike) @ V((ar +2a2)€") @ V((by + 2b2)€")

aisbj,k>0

&® V(l{:wl) X V(a1w1 + Cl2(x.)2) X V(alwi) (059 V(blwi) (059 V(bl(&)i/ + bzw;/) (32)

For a; = 2 and by, = k = 1, the irreducible module V =V (2¢') @ V(e) @ V(€) ®
V(wy + we) ® V(w]) ® V(wy) appears as a summand in the decomposition of this
module into a direct sum of irreducible modules. (As above, wy = 0 when n = 2.)
Foraa=k=b=1V appears as a summand of the decomposition of this module
into a sum of irreducible modules as well.

The symmetric algebra in 6 can be written as:

@ V(a1 + 2a2)e) @ V((by + 2b3)€") @ V((¢1 4 2¢2)€”) @ V(ajwy + asws)

a;,bj,ck >0

® V(aw)) @ V(b)) @ V(hw!) @ V(ew!) @ V(cw] + cowy’) (33)

For a; = ¢; = 1 and by = 2, the irreducible module V = V(e) @ V(2¢)) @ V(¢) ®
V(w) @ V(w)) @ V(w]) @ V(w]”) appears as a term in the decomposition of this
module into a direct sum of irreducible modules. For a; = ¢; = b, = 1 and
b1 = as = co = 0, we have 1% again. [

The proof of the following Corollary is the same as the proof of Corollary 4.3.

Corollary 6.5.  None of representations 7, 8, 9, 10, 11, 12, and 13 is multi-
plicity free.

This completes the proof of Theorem 2.5.
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7. Non—Saturated Multiplicity Free Representations

Suppose that V = W; @ --- & W, is a decomposition of W into indecomposable
multiplicity free submodules. (Note that » < s and each W; is either an irreducible
module or a sum of two irreducible modules.) Then S[V] = S[W;] ® - - @ S[W,]
Since there are distinct semisimple and C* factors acting on each W;, the monoid
A(V') of highest weights in S[V] is the direct sum of the monoids of highest weights
occurring in each of the S[W;]. Let X = Z* be the character group of (C*)* and
let S =(A(V))NX. Recall that if H C (C*)*® is an algebraic subgroup, then the
character group of H is X/T where T'={x € X|x(H) = 1}. We will now prove
Theorem 2.6.

Proof. @ We show that the restriction of the representation to H is not multi-
plicity free if and only if SNT # {0}.

We use the characterization of multiplicity free representations given in
Theorem 1.2 (v). Since restricting to H does not change the highest weight vectors,
it suffices to determine when the condition that the elements of AT (V') be linearly
independent holds.

For i = 1,...,r, let {xI|j = 1,...,s;} € A(W;) be the generators of
A(W;). If the restriction to H is not multiplicity free, then there is a nontrivial
linear dependency relation Eaijxg = 0 among the generators of the monoid
of highest weights. Each generator X{ is a linear combination of fundamental
highest weights and the fundamental highest weights are linearly independent. So,
by grouping like terms, the equation Zaing = 0 is equivalent to a system of
homogeneous linear equations given by the coefficients of the distinct fundamental
weights. In particular, the coefficients of the fundamental weights of the semisimple
factors are zero. Thus, if we consider the weight Zaijxf as a weight of the
original group G (with the same semisimple factors and the maximal number of
C* factors), it must be that v € X. But v(H) = 1. Thus, v € T and we have
veSnT.

Conversely, suppose v € SNT, v # 0. Since v € T, the restriction
of v to H is zero. Since v € S = (A(V)) N X, by writing v as a Q-linear
combination of elements of A(V'), clearing the denominators of the coefficients of
this linear combination, and bringing the negative coefficients to the other side
of the equation (v(H) = 0), it is clear that we can find two distinct weights in
A(V') which yield the same weight upon restriction to H. This means that when
restricted to H the representation is not multiplicity free. |

We now discuss indecomposable multiplicity free representations in this
context. A weight in (A(V)) will be in S exactly when it can be written as a
linear combination of the generators of A(V') in such a way that all of coefficients
of the fundamental weights of the simple factors vanish. Thus, to determine S we
consider weights in AT(V') as weights of the semisimple part of G and determine
which linear combinations of these vanish. A basis for this space will be a basis of
S. (In reality, we will work in (A(V))g and X = Q?, so we will determine Sg.)

There are three cases that can occur: (1) If dimSp = 2, Sg = X and so
Sop NTy # 0 unless Ty = 0. Thus, we must have H = (C*)2. (2) If dim Sg = 0,
then Sp N Ty = 0 for all T and so H could be any subgroup of (C*)?. (In
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particular, H could be the trivial subgroup of (C*)2.) (3) if dim Sp = 1, then H
could be any subgroup of (C*)? such that Ty and Sg have trivial intersection. (In
particular, H must be either one-dimensional or two—dimensional.)

As an example, we will perform the computations for representation 2 of
Theorem 2.5. A complete summary of the results for the other cases is given in
Section 2. When restricted to the semisimple part of G (i.e., SL,), the elements
of AT(V) for the representation are wy, wi, and ws. Now consider the equation
awy + bwy + cwy = 0 For n > 2, we must have ¢ = 0 and b = —a. Thus, Sg is
spanned by (w1 +¢€) — (w; +€) =€ — €. When n =2, we may have ¢ # 0 (since
wy =0). Then Sg = (e —¢€,e+ €)= (¢,€)qo

Note that this is equivalent to saying that when only one C* factor acts by
t — tPI; @ t11,, the representation will be multiplicity free if and only if n > 2
and p # q. Moreover, when there are no C* factors, the representation will not
be multiplicity free.
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