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Abstract. In this paper, we give the expressions for the bounded spherical
functions, or equivalently the spherical functions of positive type, for the free
two-step nilpotent Lie groups endowed with the actions of orthogonal groups or
their special subgroups. Next we deduce some results about the (Kohn) sub-
Laplacian, and we compute the radial Plancherel measure.
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1. Introduction

A (connected, simply connected) nilpotent Lie group which forms with a compact
Lie group a Gelfand pair, is at most of step two, and the bounded spherical func-
tions are the spherical functions of positive type [1]. The cases of the Heisenberg
group with some subgroups of the unitary matrix group are well known [2], and
the bounded spherical functions are then explicit. In this paper, we are interested
by the Gelfand pair formed by the free two-step nilpotent Lie groups with the ac-
tions of orthogonal groups. The expressions of some of the corresponding bounded
spherical functions were given in [11, Section 6] with a sketched proof. Here we
give the expression of all such functions with a complete proof, and we obtain the
corresponding eigenvalues for the sub-Laplacian and the radial Plancherel measure.
This paper is organized as follows. After recalling some definitions and set-
ting some notations, we give in the second section the statement of the main results:
the expressions of the bounded spherical functions on the free two-step nilpotent
Lie groups. In the third section, we recall a few facts about spherical functions and
representations, which allow to construct our bounded spherical functions in the
following section. We also give an equivalent method of construction from which
we obtain some properties of the sub-Laplacian and the radial Plancherel formula
in the fifth section.
We shall omit some computations and the proof for the case of the special orthog-
onal group. We refer the interested reader to the French thesis of the author [5].
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2. The Free Two-step Nilpotent Lie Groups

Here we give definitions and notations for the free two-step nilpotent Lie groups
and algebras; we also present the action of orthogonal groups.

First Definition. Let N, be the (unique up to isomorphism) free two-step nilpo-
tent Lie algebra with p generators. The definition using the universal property of
the free nilpotent Lie algebra can be found in [7, Chapter V §4]. Roughly speak-
ing, N, is a (nilpotent) Lie algebra with p generators X7,..., X, such that the
vectors Xi,...,X, and X;; = [X;, X;],7 < j form a basis; we call this basis the
canonical basis of N,.

We denote by V and Z, the vector spaces generated by the families of vectors
Xi,..., X, and X;; :=[X;, X;],1 <i < j < p respectively; these families become
the canonical base of V and Z. Thus N, =V @ Z, and Z is the center of N,,.
With the canonical basis, the vector space Z can be identified with the vector
space of antisymmetric p x p-matrices A,. Let z =dim Z = p(p — 1) /2.

The connected simply connected nilpotent Lie group which corresponds to N, is
called the free two-step nilpotent Lie group and is denoted N,. We denote by
exp : N, — N, the exponential map.

In the following, we use the notations X + A € N, exp(X + A) € N when
X eV, Aec Z. We write p=2p’ or 2p' + 1.

A Realization of A,. We now present here a realization of N,,, which will be
helpful to define more naturally the action of the orthogonal group and represen-
tations of N,.

Let (V,(,)) be an Euclidean space with dimension p. Let O(V) be the group of
orthogonal transformations of V', and SO(V) its special subgroup. Their common
Lie algebra denoted by Z, is identified with the vector space of antisymmetric
transformations of V. Let N =V @ Z be the exterior direct sum of the vector
spaces V and Z.

Let [,]: V x V — Z be the bilinear application given by :

X, Y].(V) = (X,V)Y — (Y, )X X,Y,VeV.
We also denote by [,] the bilinear application extended to N'x N'— N by:

['7']N><Z = ['7']Z><./\/ = 0.
This application is a Lie bracket. It endows N with the structure of a two-step
nilpotent Lie algebra.

As the elements [X,Y], X,Y €V generate the vector space Z, we also define a
scalar product (,) on Z by:

<[X’ Y]?[X/’Y/D = <X>X/><Y7Y/> - <X’ Y/><X,>Y>a

where XY, X' Y' e V.

It is easy to see N as a realization of N, when an orthonormal basis Xi,..., X,
of (V,(,)) is fixed.

We remark that ([X,Y], [X",Y']) = ([X,Y]X",Y’), and so we have for an anti-
symmetric transformation A € Z, and for X, Y € V:

(A [X,Y]) = (AX,Y). (1)
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This equality can also be proved directly using the canonical basis of N,.

Actions of Orthogonal Groups. We denote by O(V) the group of orthogonal
linear maps of (V, (,)), and by O, the group of orthogonal p x p-matrices.

On N, and N,. The group O(V) acts on the one hand by automorphisms on
V), on the other hand by the adjoint representation Adz on Z. We obtain an
action of O(V) on N' =V @ Z. Let us prove that this action respects the Lie
bracket of /. It suffices to show for X, Y,V €V and k € O(V) :

kX kY(V) = (X, VLY — (LY, V)k.X
= k(X EV)Y — (YEkV)X)
= E[X,Y](kLV) = Adzk.[X,Y].

We then obtain that the group O(V) (and also its special subgroup SO(V)) acts
by automorphism on the Lie algebra A, and finally on the Lie group N.
Suppose an orthonormal basis Xi,...,X, of (V,(,)) is fixed; then the vectors
Xi; = [Xi,X;],1 < i < j < p, form an orthonormal basis of Z and we can
identify:

e the vector space Z with A,,
e the group O(V) with O,,

e the adjoint representation Adz with the conjugate action of O, on A,:
k.A=kAk™, where k € O,, A€ A,.

Thus the group O, ~ O(V) acts on V ~ RP and Z ~ A,, and consequently on
N,. Those actions can be directly defined; and the equality [k.X,k.Y] = k.[X,Y],
ke O,, X,Y €V, can then be computed.

On A,. Now we describe the orbits of the conjugate actions of O, and SO, on
A,.

An arbitrary antisymmetric matrix A € A, is O,-conjugated to an antisymmetric
matrix Dy(A) where A = (Ay,...,\,) € R? and:

A

DyA)y = | O 0 where J::[_Ol(l)]. (2)

((0) means that a zero appears only in the case p = 2p’+1.) Furthermore, we can
assume that A is in £, where we denote by £ the set of A = (Aj,...,\,) € R”,
such that \y > ... > A\, > 0.

An arbitrary antisymmetric matrix A € A, is SO,-conjugated to

D;(A) = Dg()\l, . ,)\p/_l, E/\p/),

where e = £1 and A = (\y,...,\y) € L.
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3. Notations and Main Results

We give here the notations for special functions that will be used to present the
main results of this paper. First, we recall the definitions of the Bessel and Laguerre
functions, and we set some notations for parameters. We give then the expression
of the bounded spherical functions.

Notations for special functions. We will use the following well known func-
tions :

e the Gamma function I',
e the Laguerre polynomial of type a and degree n: L& [12, §5.1],
e the Bessel function of type a: J, [12, §1.71], [4, ch. II, L.1].

Let us now define the normalized Laguerre function £, , = £, /C",, where:

“+a

_z F(n + o+ 1)
=LY n =
‘Cn,a(x) n(x>€ 2 and Cn—‘roa n‘F(a+ 1) )

and the reduced Bessel function 7, by:
Jo(2) =T(a+1)(2/2) " Ja(2).

Let n=1,2,..., and let dk denote the Haar probability measure of the compact
group K = O,, or SO,,. If (,) denotes the Euclidean scalar product, and |.| the
Euclidean norm of R™, we recall for any fixed zo € R™ such that |zo| = 1 [4, ch.II,
L.1]:

Tn—2(lz]) = / el kw0l g (3)
? K
Parameters. To each A € £, we associate: py the number of \; # 0, p; the
number of distinct A; # 0, and 4, ..., ip, such that:

{a >pe > ..>pp, >0 ={\ > X >...> ), >0} (4)

We denote by m; the number of \; such that A\; = u;, and we put:
mo:=mg:=0 andforj=1,...p1 mj:=mi+...+my (5)
For j =1,...p1, let pr; be the orthogonal projection of V onto the space generated

by the vectors Xo; 1, Xo;, for i =m/_, +1,...,m.
Let M be the set of (r,A) where A € £, and r > 0, such that » =0 if 2py = p.

Expression of the bounded spherical functions. The bounded spherical
functions of (N,, K) for K = O, or SO,, are parameterized by

e (r,A) € M (with the previous notations pg, p1, pts, pr; associated to A),
e [ € NP if A #0, otherwise O,
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o e =+1if K =50,, otherwise O.

Let (r,A), [ and € be such parameters. If A # 0, we define the function ¢
by:

gM<(n) = / oM (k.n)dk, n € N, (6)
K

where @M€ is given by:
T € i(r i(DS§ noa Hj
QnAL (exp(X + A)) — i Xp.X), <D2(A)’A>j1;[1£lj,mj—1(7j|p1"j(X)|2). (7)
If A =0, we define the function ¢™° by:
¢"'(n) = Jo2 (r|X[) , n=exp(X +A4)€ N, (8)

In Section 5., we shall prove the following result in the case K = O, (the case
K = SO, is similar and can be found in [5]):

Theorem 3.1.  The bounded spherical functions of (N, K), for K = SO, or
K = O,, are the functions ¢"M< given by (6) and (8), where (r,A) € M and
leNP Gf A#0, and e==%1 if K =950,, e=0 if K =0,.

In Section 6., we shall also express ¢™° and ¢™ in terms of representations of
N, and obtain their eigenvalues for the sub-Laplacian and the radial Plancherel
measure.

4. Spherical Function and Representation

In this section, we recall some of the properties of spherical functions, Gelfand
pairs and representations, which will be used in the proof of Theorem 3.1.

In this article, we use the following conventions.
The semi-direct product K x N of two groups K and N such that K acts on N
by automorphism, is defined by the law:

(1{71,77,1>, (kz,ng) € K x N, (kl,nl).(kg,nz) = (klkg,nl kl.ng).

All the groups are supposed locally compact, second countable and separable, and
their continuous unitary representations on separable Hilbert spaces.

For such a group GG, we denote by GG the quotient set of the irreducible represen-
tations by the equivalence relation ~. We often identify a representation with its
equivalence class.

Definitions and properties. Let K be a compact group, which acts continu-
ously on a group N. Let dn be a Haar measure on N, and dk the normalized
Haar measure on K. We assume that dndk is a Haar measure on the group
G = K x N, and that this group is unimodular.

Let C*(N) be the set of continuous compactly supported K -invariant functions
on N.

A K-invariant function ¢ on N is spherical on N if for all f, g € C%(N) we have:

/N £ * g(n)g(n)dn = /N F(m)$(n)dn /N g(n)g(n)dn

If ¢ is a spherical function on N for K, the function ® on G = K x N given by
®(k,n) = ¢(n) is also called a spherical function on G for K.
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Remark 4.1.  Suppose K and N are Lie groups and G = KG°, where G°
is the connected component of the neutral element. Then the spherical functions
® on G are analytic and they are the common eigenfunction of (G-)left and
K -invariant differential operators on G, such that ®(0) = 1. Equivalently, the
spherical function ¢ on N are analytic and they are the common eigenfunction
of (N-)left and K-invariant differential operators on N, such that ¢(0) =1 [6,
ch.X].

As examples of spherical functions, we shall provide their expressions on
Heisenberg groups. These will be used during the proof of Theorem 3.1.
If C%(N) is a commutative algebra for the convolution product, then (N, K) is
called a Gelfand pair.
We recall the link between bounded spherical functions and representations, which
we will use to construct our bounded spherical functions:

Theorem 4.2.  Let (N, K) be a Gelfand pair.

a) [6, ch.X], [3, ch.IV,I] The vector space of K -invariant vectors of an irre-
ducible representation on G = K X N is of dimension at most one.

The spherical functions of positive type (on G ) are the positive definite
functions ® (on G ) which are associated to an irreducible representation
with at least one non zero K -invariant vector.

For the representation associated to a positive definite function, the vector
space of K -invariant vectors is CP.

b) [1, Corollary 8.4] If N is a nilpotent Lie group, then the bounded spherical
functions are the spherical functions of positive type.

It is known [1, Theorem 5.12] that (N,,SO,) and consequently (N,,O,) are
Gelfand pairs. Thus to obtain the bounded spherical functions of (N,,O,), we
need to describe classes of representations of G := O, x N,. In this section, we
shall compute those of N, by the orbit method (see [10] or [8]). We compute G
using Macke;i’\s Theorem [9, ch.IIT B Theorem 2], provided that we describe ]Vp /G.

To describe N,,, the classes of representations of N, we shall use the orbit method
(see [10] or [8]). For a connected simply connected nilpotent Lie group N, we will
denote by T} the classes of representation of N associated to f € N*. First, we
set the following conventions for elements of N*.

Conventions regarding elements of AN*. In this section and in the rest of
this paper, we write N = N,,, its Lie algebra N}, = A" and the dual N} = N*. We
denote by V* and Z* the dual spaces of V and Z respectively, and by X7,..., X}
the dual basis of X;,...,X,.

Let A* € Z* be identified with an antisymmetric transformation (by the scalar
product on Z). We associate to it the bilinear antisymmetric form ws- on V),
given by: wa«(X,Y) = (A*X,Y), X,Y € V. The radical of wy+ coincides with
ker A*; and its orthogonal complement in (V, (,)) is SA*, the range of A*. So on
A", wa- induces a simplectic form w4+, and the dimension of IA* is even and
will be denoted by 2pg.
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Suppose we have fixed E;, a maximal totally isotropic space for wa-,. Then
E, = A*E; is the orthogonal complement of F; in (3A* (,)) and a maximal
totally isotropic space for wg-,. The dimension of E; and E, is p,. We denote
by qo:V — ker A*, ¢4 : V — E; and ¢ : V — FE5 the orthogonal projections.

Description of va. Now we describe ]/V;, the classes of representations of N
(we will only need some of these classes).

We need to describe first the representatives of N*/N. The co-adjoint represen-
tation is given for n = exp(X + A) € N by:

X ey, A e 2" Coadn(X"+A") = X"+ A" - A" X.
We can thus choose the privileged representative X*+ A* (X* € V and A* € Z),

of each orbit N*/N, such that X* € ker A*. Let f = X* + A* have this form.
We define the bilinear antisymmetric form on A associated to f:

VVVIEN i BAV.V) = F(IV,V).
Because of (1), we have:
By X + A, X'+ A") = f([X,X']) = (A [X, X]) = wa-(X,X")

Some easy computations show that a polarization L£; at f and an associated
representation (Hx« a«, Ux+ 4+) are given by:

o if A* =0, then Bf = 0, L; = N, and Ux- 4+ is the one dimensional
representation given by: exp(X + A) — exp(i(X*, X)).

o if A* # 0 (with the previous conventions about A* € Z*), we assume
that we have chosen a maximal totally isotropic space E; for wa-,, and
so Ly := Fy @ ker A* @ Z is a polarization at f. Another choice for F;
gives another polarization at f, but does not change the class of Ux~« 4-. We
compute Hxs 4« = L*(E;), and for F € Hx+ 4+, n =exp(X +A4), X' € E;:
o 1
U (0)-FX) = exp (I, 510X + 20, (X0] 4 4))
¢NIE (g1 (X) + X). (9)
Kirillov’s Theorem gives:
Proposition 4.3.  For A* € Z*, and X* € ker A* C V*, we have:
UX*7A* E TX*+A*,

Furthermore, when A* and X* ranges over Z* and ker A* respectively, Ux« a-
ranges over a set of representatives of each class of N, .

Remark 4.4. The Lie algebra of ker Ux» 4+ is:
(ker AN (X*)L> @ (A7)

where (X*)" is the orthogonal space of X* in (V, (,)), and (A*)" is the orthogonal
space of A* in (Z,(,)).

Remark 4.5.  The restriction of Ux+ 4+ on Z is given by:
exp A — exp(i(A*, A)).
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Consequences of Kirillov’s Theorem. Here we give simple consequences of
Kirillov’s Theorem, which will permit us to describe N,/G (where G = K x N,,).
In this paragraph, N is a connected simply connected nilpotent Lie group, and G
a group which acts continuously by automorphisms on N. We denote by N the
Lie algebra of N, and by N* the dual of N'. Then G acts on N:

g €Gq, peﬁ g.p:=nw— p(g-tn),
and by automorphisms on the vector space N*:
geG, feN” g.f=nr f(g~tn).

For g € G, we compute: ¢.T; =T, . We deduce:

Corollary 4.6.  The Kirillov map induces a one-to-one map from (N*/N)/G
onto N /G, which maps the G-orbit of f € N* to the G-orbit of T.

Under the previous hypothesis, for p € N , we denote its G-stability group by:

G, = {9 €G; g.p=p}.

By Kirillov’s orbit method, it is easy to see that:

Proposition 4.7.  Let N be a connected simply connected nilpotent Lie group,
and K a group which acts continuously by automorphisms on N. Let G = K x N..
We have (N*/N)/G ~ N*/G.

Furthermore, let p € N be fized. We may assume that p = Ty, f € N*. Then
the G -stability group G, is K, x N, where K, is the K -stability group of p, or
equivalently of the N -orbit N.f of f:

i.e. K, ={keK: kp=p} ={ke KCG: k.feN.f}.

Bounded Spherical Function on the Heisenberg Group. Here, as example
of spherical functions, we provide the expressions of the bounded spherical func-
tions on Heisenberg groups for some compact groups. This will be used during the
proof of Theorem 3.1.
We use the following law of the Heisenberg group HP:

Vh=(z1,...,2p, 1), B = (21,...,2 ,t') e H?* =C"™ x R

’ “po

hb' = (z14 21, 2p + 20

1 po B
oot 52%2221’)
i=1
The unitary py X pp matrix group U,, acts by automorphisms on HP°. Let us
describe some subgroups of U,,. Let po,p1 € N, and m = (my,...,m,,) € N”
be fixed such that 251:1 mj = po. We define m} for j = 1,...p; by (5). Let
K(m;p1;po) be the subgroup of U,, given by:

K(m;p1;po) = Upy X .00 X Uny, - (10)

The expressions of spherical functions of (HF°, K (m;pi;po)) can be found in the
same way as in the case m = (po),p1 = 1 i.e. K = U, [4, ch.V,IL6] using
Remark 4.1; here, we admit [5]:
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Proposition 4.8.  (H, K(m;p1;po)) is a Gelfand pair.
Its bounded spherical functions on HP° are:

1. w=wy; with A€ R* and I = (Iy,...,1,) € NP1 :

Pl A
W(21, .., 2Zpyst) = €N -I—T1£lj’mj_1<% Z i),
= m_y <i<m,

2. w=w, with p= (pt1,...,p,) and p; >0 :

p1
w(z,t) = jl;fljmrl(/ﬁj Z |2]%).

2 i<m’.
m‘7_1<z_m]

During the proof of Theorem 3.1, we will use the following notations. To a
spherical function w for the Gelfand pair (HP°, K(m;pg;p1)), we associate the
corresponding spherical function Q¥ on Hpes = K(m;po;p1) X HP, and the
irreducible representation (H,,,Il,) on Hys associated with Q2“. We compute
easily:

ifw=uwy, I1,(0,t) = exp(iAt) (11)
fw=w, 1,0t = 1. (12)

5. Expression of the Bounded Spherical Functions

This section is devoted to the proof of Theorem 3.1 for K = O,. Let G be the
group K X N, where N = N, and K = O,. We fix the Haar measure dkdn on
G.

Overview of the proof. For p € ]/\7, we denote by:

o G, the G-stability group of p,
e (G,)Y theset of v € C/T'\p such that vy is a multiple of p,

o @vp the set of v € (G,)" such that the dimension of the space of K ,-invariant
vectors 1s one.

By Mackey’s Theorem [9, ch.IIT B Theorem 2|, when p and v range over a rep-
resentative of each class of N and (G,)" respectively, the representation induced

by v on G gives a representative of each class of G.
Because of the subgroup and intertwining number Theorems [9, ch.IT A, Theorem

1 and Lemma 5 respectively], we easily get for v € G, :

v e G, <= vk, contains exactly one times 1,

<= the space of K-invariant vectors of Indgp vis aline.  (13)

The proof of Theorem 3.1 is based on the two theorems and proposition which
follow. We will explain after their statements how we deduce from them the
expression of all bounded spherical functions.

First, we express the bounded spherical functions in terms of representations
p€ N/G and v € G,:
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Theorem 5.1. Let p € N and (HY,v) € C/T‘Vp. Then because of (13), Indgp 7S

G has also a (non-zero) K -invariant line and the associated bounded spherical
function is the function ¢¥ given by :

¢’ (n) = /K<y(1,k.n).ﬁl,,ﬁl,>wdk, neN (14)

where U, € H” 1is any unit K,-invariant vector.
Furthermore, we obtain all the bounded spherical functions as ¢" when p and v
range over a set of representatives of N/G, and G, respectively.

Next, to obtain all representations p € N /G, we describe N*/G (see Corol-
lary 4.6):

Proposition 5.2.  Let O(r,A) = G.(r X + Dy(A)) C N*.
Then the mapping

M — N*/G

(r,A) — O(r,A)

1S a bijection.

Now, we describe G,, where p is a representation associated (by Kirillov) to a
linear form on N, which is a privileged representative of a G-co-adjoint orbit
(just given in Proposition 5.2):

Theorem 5.3.  Let p € Ty where f =1X; + Do(A) and (r,A) € M.

a) If A = 0, ch = {v"°}. The spherical function ¢” which is associated
(by (14)) to v =0v"0 is ¢"° (given by (8)).

b) If A #£0, évp C {v"M [ 1 € NP1}, Each representation v = v™M € é\p has
a K,-invariant line, and the spherical function ¢” associated (by (14)) is
oM (given by (6)).

The representations v"? and v"*! will be described during the proof (see (17) and
(18)).

For the moment, we will admit these two theorems and the proposition, and keep
their notations. From Corollary 4.6 and Proposition 5.2, we deduce that:

N/G = {Trxssmo » (r,A) € M.

Under Theorems 5.1 and 5.3, the spherical bounded functions are the functions
¢"°, when r € R*, and ¢"* when (r,A) € M and [ € NP1,

If we prove Theorems 5.1 and 5.3, and Proposition 5.2, Theorem 3.1 will follow.
The rest of this section will be devoted to this. We start with the proofs of
Theorem 5.1 and Proposition 5.2. Then for a representation p € T, Xi+Da(A), WE
describe its G-stability group and the quotient group N = N/kerp. We finish
with the proof of Theorem 5.3.
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Set a’;,. The aim of this paragraph is to prove Theorem 5.1.

Let p € N be fixed. Under Proposition 4.7, the G-stability group of p is
G, = K, x N, where K, is the K-stability group (which is a compact subgroup
of K'). We fix the normalized Haar measure dk, on K,, and the Haar measure
dk,dn on G,.

We fix (H”,v) € CTP and a unit K,-invariant vector @ = 4, € H”. We denote by
(H™ TI) the induced representation Indgp v of v:

Vg, €G feH! : g).f(9) = f(d9),
and by f the function on G given by :
f(k;n) = vl n)ad, (kn)eG;

the vector f € HM! is K-invariant and of norm one. We can then associate to II
and f the bounded spherical function ¢":

() = ((9)-f. f )y 9 €G.
We can easily obtain for ¢ = (k,n),q = (K',n) € G:

(g).f(¢) = v{,n)w(, K .n)d,
(I(9)-f(d), F(9))yp = (WU K .n).il, @),

We thus obtain the formula (14).

We can now complete our proof of Theorem 5.1. Under Mackey’s Theorem and
property (13), when p and v range over a set of representatives of N/G and G,
respectively, we get all the irreducible representations Il = Indgp v having a K-
invariant line. Under Theorem 4.2, the positive definite functions ¢" associated
to II give all the bounded spherical functions.

Description of N*/G. Here we prove Proposition 5.2. We easily compute for
g=(k,n) € G with n=exp(X +A) € N and X* € V" A* € Z*:

Coad.g(X* + A*) = k. X"+ kA" — (k.A").X | (15)

Let O € N*/G be a fixed orbit. We associate to it A € £ such that all the
antisymmetric matrices A%, where f = X7 + A} € O, are K-conjugate, and K-
conjugated to Do(A).

Let f = X} + A} € O be fixed. We make the following choices:

1. let kg € K be such that ko.A} = Da(A);

2. let Xo € V be such that (ko.A}).Xo € V* is the orthogonal projection Xg
of ko. X} € V* on the kernel ker ko. A} = ker Dy(A); in particular, X§ =0 if

3. let kj € K be such that k{.X € SDy(A) for all X € IDy(A) and kjX§ =
rXy, reRY.
We get (koko, exp Xo).f = r X + Da(A).
We remark that SDy(A) =V is equivalent to p = 2py and \; #0, i =1,...,p".
Proposition 5.2 is thus proved.
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Stability Group K,. The aim of this paragraph is to describe the stability
group K, of p € T5 x5+ Ds(A) -
Before this, let us recall that the orthogonal 2n x 2n matrices which commute with
Dy(1,...,1) (see (2) for this notation) have determinant one and form the group
Sp, N O,,. This group is isomorphic to U, ; the isomorphism is denoted wi"), and
satisfies:

VEX o (kX)) = o (k).00(X),

¢

where @/}én) is the complexification:

VT, 15 T Un) = (21 + Y1, T+ ).

Now, we can describe K,:

Proposition 5.4.  Let (r,A) € M. Let py be the number of \; # 0, where A =
(A1, ..., Ay), and py the number of distinct \; # 0. We set A = (A\1,...,\p,) €
RPo

Let p € Ty where f=rX}+ Dy(A).

o If A =0, then K, is the subgroup of K such that k.rX; = rX; for all
kekK,.

o If A#0, then K, is the direct product K, x Ky, where:
P P { k0 } ki€ SO(2py)
! ! 0 Id Do(Mky = ki Do(R) (7

d 0 .
K, = {1@:[0 7{«JeK / kg.rX;:rX;}.

Furthermore, Ky is isomorphic to the group K(m;po;p1) given by (10).

Proof. = We keep the notations of this proposition, and we set A* = Dy(A)
and X* = rX. With Propositions 4.7 and the expression (15) of the co-adjoint
representation, it is easy to prove:

K,={keK : kFA"=A"k and kX*"=X"} (16)

If A =0, because of (16), K, is the stability group in K of X* € V* ~ RP. So
the first part of Proposition 5.4 is proved.
Let us show the second part. A # 0 so we have

~ ,uljml 0 0
A* = {DQéA) 8} with Dy(A) =
0 0 ,ulempl

where fi1,. .., p,, are defined by (4), and m; is the number of \; = p;. We define
m’ for j=1,...p1 by (5).
Let k € K,. Because of (16), the matrices £ and A* commute and we have:

k= [ lg £ ] with k1 € O(2po) and ks € O(p — 2po):
2
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furthermore, by (16), k. X* = X*, and the matrices k; and Dy(A*) commute. So
k; is a diagonal block matrix, Wlth blocks [kl] € O(m;) for i =1,...,p1. Each
block [k:l] € O(m;) commutes with J,,,. So on one hand we have det [%1] =1,
det k; = 1, and on the other hand, [kl] € O(mj) corresponds to a unitary matrix

wY’”)([El]j). Now, we set for k; € K;:

k) = (o™ (), 00 (R,))
U, : Ky — K(m;po;p1) is a group isomorphism. [ ]

As win) is an isomorphism which respects complexification, we have:

Corollary 5.5. The isomorphism Wy given during the previous proof respects
complezification:

wng){%l-(*fBbyla s 7$Poayp0)} = \Ijl(kl)‘wgp())(xbyl’ T 7xp0’yp0)'

Quotient Group N = N/ ker p. In this paragraph, we describe the quotient
groups N/kerp and G/kerp, for some p € N. This will permit in the next
paragraph to reduce the construction of the bounded spherical functions on NN,
to known questions on Euclidean and Heisenberg groups. For a representation
p € N, we will denote by:

e ker p the kernel of p,
N = N/ker p its quotient group and A its Lie algebra,
e (H,p) the induced representation on N,

emc N and Y € NV the image of n € N and Y € N respectively by the
canonical projections N — N and N — N .

Now, with the help of the canonical basis, we choose the privileged representative
p of Tixsypya) as p = Urxzs py(n) given by (9), with B} = RX; &...®RXy,,_; as
maximal totally isotropic space for wp, (). Because of Remark 4.4, the quotient
Lie algebra A/ has the natural basis:

X1,y Xopy, B=|A|"'Do(A)  with X, if r # 0;

1
here, we have denoted |A| = ( ? A2)7 = |Dy(A)] (for the Euclidean norm on
Z). We compute that each Lie bracket of two vectors of this basis equals zero,
except:

Al
Let A7 be the Lie sub-algebra of N, with basis X7, ... ,E,E, and let N be
its corresponding connected simply connected nilpotent Lie group. We define the
mapping Wy : HP* — Ny for h = (v + iy, . .., Tpy + ¥Ypy, 1) € HP by:

[XQi—la X_Q’L] =

Uy(h) = exp (Z xJng 1+ erXQ‘]) + t§> )

Because of the values of the Lie brackets in Ny, it is easy to see:
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Lemma 5.6. Uy 18 a group isomorphism between Ny and HPO .

With our choice for representations and notations, we describe the induced repre-
sentation and action:

Proposition 5.7. With the notations set just above,

a) If A #0, the two groups N and N, x Ny are isomorphic and the represen-
tations p and p; ® ps are equivalent, where
1. P, is a representation on N, (whose expression may be computed);
2. Ny and p, are described by:
— either r =0, then Ny and p, are trivial;

— orr#0, then Ny ~RX,,, and p, ~ exp(rX,) — exp(ix).

b) If A=0, then N and p are the same as No and p, above.
Remark 5.8.  Because of Remark 4.5, the restriction of p; on the center
expRB of N is given by: exp(aB) — exp(ialA|).
As K, is the K-stability group of p € N , it acts by automorphisms on N . Simple

computations show that:

Proposition 5.9. We keep the notations of Propositions 5.4 and 5.7.
a) If =0, K, acts trivially on N .

b) If A 0,

— K acts by automorphisms on Ny and trivially on the center exp RB

of N1,

— Ky acts trivially on N,.
So the groups K, x N and (K, x N;) x Ky X Ny are isomorphic.

Recall Hyeis = K (m;po; p1) x HP; let us also define the group H = K; x N; and
the map:

Heis — H
Uy { (ky fh) s (U (k1) , Wa(h))

Corollary 5.5, Proposition 5.9, and Lemma 5.6 imply:
Proposition 5.10. Wy 1s a group isomorphism between Hye;s and H .

Expression of ¢”. Here we prove Theorem 5.3. Let p € Nandv e CATY; be fixed.
We have vy = c.p, 1 < ¢ < oo, and we denote by v the induced representation
on K, x N.
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a) Case of the orbit O(r,0). We assumed that p = p,. By Proposition 5.9,
we have K, x N=K p X N. So 7 is the tensor product of an irreducible repre-
sentation over N, which coincides with c.p (and so ¢ = 1), with an irreducible
representation over K, with a K,-invariant vector, which is thus the trivial repre-
sentation. We obtain that ¥ coincides with (k,n) € K, x N + p(n). Now because
of Proposition 5.7.b), v = ™0 is given by:

(k,exp(X + A)) — X0, (17)

So pr is the set of the classes of v™?, where r ranges over R*, and we compute
that the function ¢ for v = v™° is given by (14):

¢’(n) = / U Xe kX dk n = exp(X + A) € N,,.
KeK
By (3), we have ¢” = ¢"?, and Theorem 5.3.a) is proved.

b) Case of the orbit O(r,A). We assume A # 0 and p = p, 5. For each
bounded spherical function w of the Gelfand pair (HP°, K (m;po;p1)), we define
the representation (H“,I1*) of H such that :

HY ={FoW,'! FecH,} and TII¥=T1I,0¥;".

By Proposition 5.9.b), 7 is the tensor product of three irreducible representations,
of Ny, H and K,, such that the vector space of K, (respectively K )-invariant
vectors of the representations of H (respectively K3 ) is a line. So the representa-
tion of K, is trivial, and 7 induces a unitary irreducible representation 7 of H x Ny
which coincides with ¢.5 on N, and such that the vector space of Kj-invariant
vectors is a line.

We have 7 = 7, ® v, where

(a) = is an irreducible representation of H ; the space of its K -invariant vectors
is a line; it coincides with c.p over Ny;

(b) 72 is an irreducible representation over N, and coincides with c.p on N,.

Because of irreducibility, (a) implies ¢ = 1 and so (b) implies 72 ~ py. Further-
more, by Proposition 5.9 and Theorem 4.2, the irreducible representations on H
such that the vector space of K;i-invariant vectors is a line, are all the repre-
sentations (H,,I1,), where w ranges over the set of bounded spherical functions
of Hpes; the Kj-invariant line of ‘H* is CQ¥ o Uy 1. Thus, the representations v,
satisfying (a) are the representations such that ~v; ~ I1 and HT;\T ~ p;. Because

of the expressions of v; and II* on the center of N; and H (see Remark 5.8 and
equalities (11), (12)) the case w = w), is impossible if I ~ -
We have shown that 7 = v; ® v, where v, ~ p, is given in Proposition 5.7, and
71 is among the representations equivalent to (H,,IL,) with w =w,;, [ € NP1,
Then v is among the representations equivalent to (H*, ™M) with w = WA, de-
fined for n = exp(X + A) € N, and k = kiky € K, where k; € Ky, and k; € K,
by:

vk n) = e XTI (ky, @ (n)), (18)
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where ¢; : N — Nj is the canonical projection.

We denote by a;/ the set of classes of the representations ™, [ € NP1, A
representation v has a unitary K p-invariant vector @ = Q¥ o Uy L

We still have to show that under formula (14), the function ¢” for v = ™M
satisfies ¢” = ¢"M . For n = exp(X + A), it is given by:

¢"(n) = / e XpkX) o WSt o @y (k.n)dk, (19)
K

where w = wjp;. We compute

v(I,n)d = "L, q(n))Q o Wy,
(v(I,n).a, 27>HU = ) (I, (1, 05" o 1 (n)Q”, Q) .

As Q¢ is the positive definite function associated to II,, we have:

(IL,(I, 95" o i(n)Q”, ), = Q° (1,95 oqi(n))

w

= woUy'og(n).

We know the expression w = wja); (Proposition 4.8), and we compute those of
U, and ¢;. Assuming (4), we obtain:

@T’A’l(exp(X—l—A)) — 6ir<X;,X)wo\I]2—1 ocﬁ(exp(X+A)),

where O™ is given by (7). Because of (19), ¢" = ¢"*!, and Theorem 5.3.b) is
consequently proved.
The proof of Theorem 5.3 is now over. Theorem 3.1 is thus proved.

6. Representation over N,

We give here the bounded spherical functions in terms of representations over IV,
[1, Theorem GJ, which is an equivalent way for constructing them.

We deduce then the eigenvalues of the sub-Laplacian for the bounded spherical
functions and the expression of the radial Plancherel measure.

Another expression of the bounded spherical functions ¢™**. Let us
recall a few facts contained in [1]. Let (N, K) be a Gelfand pair. Let (H,II) € N,
and Ky its K -stability group. There exists a projective representation Wy of Ky
on H, and an orthogonal decomposition of H = >V} into irreducible subspaces
Wh-invariant. For ¢ € H, let us define the function ¢ by:

brc(n) = /K(H(k.n)C,Qdk, n € N.

The spherical functions are the ¢ for ¢ € V, || = 1 and II € N . the
spherical function ¢p ¢ is independent of ¢ € V;, || = 1 and of the choice of
the representative of II.



FISCHER 367

Remark 6.1.  Furthermore, for a K-invariant function f on N and a K left-
invariant differential operator D on N, II(f) and dII(D) are Wy-invariant; they
equal the identity on each V; up to a constant; and for V}, and the corresponding
spherical function ¢, the constants are respectively (f, ¢) and the eigenvalue of D
for ¢.

Now, we give the link between the given spherical functions and the above descrip-
tion for each class of NN, which corresponds to a class O(X*, A*).

Before this, we recall definitions and properties of Hermite functions. We denote
by Hj the Hermite polynomial:

Hi(s) = (=1)*e* (d/ds)" e,

by hg, k € N the Hermite functions on R [12, §5.5]:

hi(z) = (PRIVA) 2o Hy(z),

and by h,, o € N” the Hermite functions on R": h, = I h,,. We recall that
the Hermite functions hy, k € N on R form an orthonormal basis L?(R).

Case A*=0. p=p" " is the one-dimensional representation given by

exp(X + A) — exp(i(rX;, X)).

Case A* # 0. Let (r,A) € M with A # 0 et [ € N*'. Let E; be the set of
a=(al,... aP') where o/ = (O‘g)m;,ldém; € N™ such that
o] = Z ol =1; forj=1,....p1.

2 i<m’.
m‘7_1<z_m]

Let us define the representation (H,II) = (L*(R™),II,.5) € ]/\\fp for f € H,
(Y1, Ypy) €E R n=exp(X + A) € N, by:

II(n).f(y) = ei<D2(A)’A>+i<TX;vX>+i21;/:1 %wzjﬂﬁzjﬂ-k\/)\_mjyj
f(yl + \ )\1551, e 7yp0 + V )‘pox2pofl) )

where X =370 2;X;.

It is easy to see that the representation II is equivalent to p,. . So II € T x+4p,(a),
IT is irreducible, and its K -stability group denoted Ky equals K.

Let (¢, € H,a € E; be given by:

Rre — R
Ca

)

P1
Yy 7yp0 L 1:I h‘aj (ym’-_1+17 cee 7ym'->
j=1 J J
The vectors (,,a € E;, |l € NP form an orthonormal basis of H.
It can be proved that each vector space V; generated by (,,« € E; is Ky-invariant.

Using relation between Laguerre and Hermite functions, we obtain:

Lemma 6.2. The spherical function associated to 11,5 and V; is oL
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Consequences for Sub-Laplacian. The (Kohn) sub-Laplacian is

L= - Zp:XZ?.
=1

It is a sub-elliptic K -invariant operator (with analytic coefficients). Consequently
the spherical functions are eigenfunctions for this operator (see Remark 4.1).
Each representation IT = II, , induces the representation dII on the algebra of
differential left invariant operators on N,, over the space of Schwartz functions
S(Rro):

j=1,...,po dll(Xs—1) = \/)\jayj;

J=1.po dI(Xy) = i/ Ay,
2po <j<p dII(X;) = 0,
j=p dll(X,) = rld,
o _[iNIdf (4, 5) = (257 — 1,2))
Vi <j dH(Xi,J') - { 0 otherwise.

For L, we get:
Po
dII(L) = r1d = > X (92 —u7) .
i=1

We recall that the Hermite function y = hy satisfies the differential equation
Y+ (2k+1—2%)y =0 [12, formula (5.5.2)]. So, we get:

P1
dH(L)Qa = <Z )\]<2l] + mj) + 7’2) Coy € Ep,leNP
j=1

We deduce (see Remark 6.1):

p1
L.g™M = (Z A (2L +my) + TQ) ¢,
j=1

this equality may also be computed directly using properties of the Laguerre
functions.

Radial Plancherel measure. Here, we give the radial Plancherel measure.
Let £ be the set of A = (Ay,...,\y) € R¥ such that \; > ... > )\, > 0.
We define the following measure on L:

e dA =d\;...d)\, is the restricted Lebesgue measure on L,

e 7) is the measure on £ such that:

dn(A) = ch<k()\j2~ — )\%)QdA ifp=2p
TV T LA (A2 = A2)%dA i p =2/ + 1,

where the constant ¢ is chosen in order to yield the polar change of variables
over the space of antisymmetric matrices A,:

/A,, g(A)dA = /Op/ﬁg(k'D2(A)>dn(A)dk-
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e 1 is the measure on £ given by: dn/(A) = Hflzl)\idn(/\),

Over RT, we define the measure 7 given as the Lebesgue measure if p = 2p’ + 1,
and the Dirac measure in 0 if p = 2p'.

The (non radial) Plancherel measure is already known [11, Section 6]. With
our notations, it is the measure m given as the tensor product of the Haar
probability measure dk on K = O(p), the measure 1’ on L, and the measure
7 on RT up to the constant ¢(p) given by:

(p—1) ’
(2m) T ifp =2/,
= _p(p*l)_i_ /1
2(2m)” = 7P ifp=2p +1.

Theorem 6.3.  The (non radial) Plancherel measure is equal to m; i.e. for
Y € L*(N), we have:

[0 = [ IRy b, A).

where ||.|| ;¢ denotes the Hilbert-Schmidt norm.

If we compute the Hilbert-Schmidt square-norm of k.11, (¢)) with the orthonor-
mal basis {(,,a € Ej,l € N1} we deduce the radial Plancherel measure (see
Lemma 6.2). This is the measure, which we denote by m, given as the tensor
product of 1’ on £, and the counting measure > on N?'| and the measure 7 on
R*, up to the normalizing constant ¢(p):

Theorem 6.4. The radial Plancherel measure for (N, O,) is equal to mh; i.e.
for a K -invariant function ¢ € L*(N), we have:

1120 = / [, ™M) P (r, A D).

We can also compute directly the radial Plancherel measure m?, using the prop-
erties of Laguerre functions and Euclidean Fourier transform (see [5]).
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