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Abstract. We give explicit formulas for Whittaker functions for the class
one principal series representations of the orthogonal groups SOg,4+1(R) of
odd degree. Our formulas are similar to the recursive formulas for Whittaker
functions on SL,(R) given by Stade and the author.
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Introduction

Special functions on a semisimple Lie group G have been studied by many authors,
however, most of examples given in the literature are limited to the cases of rank
one, and they are reduced to classical special functions such as hypergeometric
functions, Whittaker functions, Bessel functions and so on. As an effective example
for higher rank case, we here give explicit formulas of certain special functions on
the orthogonal group SOg,41(R) = S0,4+1,(R) of odd degree.

Let us briefly recall the spherical functions of Harish-Chandra [4]. We fix a
maximal compact subgroup K of G' and denote by D(G/K) the algebra of invari-
ant differential operators on G/K. Let x, : D(G/K) — C be a homomorphism.
A smooth function f on G is called a spherical function if f(e) =1 and

(1) f is bi- K invariant,
(2) Df =x,(D)f, for all D € D(G/K).

Harish-Chandra gave the following integral representation for the spherical func-
tion:

Uu(g) = /K a(kg)"Pdk

(see §1 for the notation), and obtained the expansion formula

WY, = Z c(wr)Vy,,

weWwW
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where W is the (small) Weyl group and {¥,,, | w € W} is a basis of the solution
of the system (2) and ¢(r) denotes Harish-Chandra’s c-function. The c-functions
play many roles in harmonic analysis on GG, for example they determine Plancherel
measure for the spherical transform on G.

Our target in this paper is Whittaker function which is also a smooth
function on G satisfying the system (2). Instead of the condition (1), we impose
on

f(ngk) =n(n)f(g), for all (n,g,k) € N x G x K,

where N is a maximal unipotent subgroup of G and 1 a (nondegenerate) unitary
character of N.

As is well known Whittaker functions appear in Fourier expansions of
automorphic forms ([12]), and therefore they are indispensable in the various
constructions of automorphic L-functions. Jacquet [10] introduced an integral
representation of Whittaker function of the form

Jonl9) = /N 77 (1) afwg ng)+dn

where wy is the longest element in W. We refer to this Jacquet’s Whittaker
function as class one Whittaker function. Inspired by the work of Harish-Chandra,
Hashizume [3] proved an expansion formula for the class one Whittaker function:

Jyn = Z ¢ (W) My .
wew

Here ¢/(v) is a product of c-functions and certain ratio of gamma functions and
M, , is a power series solution (we call it fundamental Whittaker function) of the
system (2) around the regular singularity. We will recall the results of Hashizume
in section 1.

Despite the development of the study of the expansion formulas, explicit
formulas of the spherical functions or Whittaker functions themselves seem to be
still missing in most cases. It is necessary to understand deeper the both sides of
the expansion formula above for serious applications to automorphic forms.

As for the fundamental Whittaker functions, recurrence relations character-
izing the coefficients of them are easily given since they are essentially controlled
by the Casimir operators. At the present these coefficients for SL3(R), SO5(R)
and SL4(R) are known to be expressed in terms of (terminating) generalized hy-
pergeometric series o F (1) (=ratio of gamma functions by Gauss’ formula), 3F5(1)
and 4F3(1), respectively (see [1], [7], [14]). But such a direction, that is, unit argu-
ments of generalized hypergeometric series do not seem be appropriate for higher
rank cases. Recently Stade and the author [9] reached a very satisfactory expres-
sion, which is a recursive relation between SL,_1(R) and SL,(R). In section 2,
a similar formula for SOy,1(R) will be given. See also [8] for other groups.

Jacquet integrals are actually integral representations of the class one Whit-
taker functions. But it does not seem to be suitable form for applications to au-
tomorphic forms, such as computations of archimedean L-factors, or giving sharp
estimates for Whittaker functions. Then we need to modify Jacquet integrals to
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more desirable expressions such as Mellin-Barnes type. In the case of SLy(R) the
class one Whittaker function is essentially the modified K -Bessel function and it
has the integral representations

K,(z)=2" /000 exp{—%(t + %) }t”%

2—2 \/—7100 _ —s
o) o TR G) e
2rv =1 J_ /=i 2 2 2

Extension to SL,(R) was done by Stade [13], [15]. Starting from the
Jacquet integral, he reached recursive formulas between the class one Whittaker
functions on SL,(R) and SL,_»(R) of both types above. The formulas of Stade
are very useful for an application. Actually he computed certain archimedean zeta
integrals in [15] and [16]. Based on his formulas, Stade and the author [9] find
another recursive formula between SL,(R) and SL,_;(R) corresponding to that
for fundamental Whittaker functions.

Our approach here is different from [9], because we do not use the Jacquet
integral. Recall that the result of [9] highly relies on evaluation of the Jacquet
integral which needs very complicated computation as shown in [13]. Therefore we
firstly try to guess a right formula by taking notice of an analogy between recursive
formula for the fundamental Whittaker functions and the Mellin-Barnes integral
representations of the class one Whittaker functions, roughly speaking, the residue
of the integrand of the Mellin-Barnes integral representation gives the coefficient
of the fundamental Whittaker functions. Then we can arrive a conjectural form in
view of the above integral representations of K -Bessel functions (Theorem 3.1).
This argument is of course heuristic and does not give a proof. In our proof in
section 3, the expansion formulas of Hashizume and the recursive formula for the
fundamental Whittaker functions obtained in section 2 play central roles. We
remark that our idea of proof discussed here can be also applicable to the case of
SL,(R).

In section 4 we will observe our recursive relation for SOs,.1(R) and
SOy,-1(R) is similar to that for SLy,(R) and SLy, o(R) in [13]. Following the
argument of [15], we will compute the Mellin transforms of the class one Whittaker
functions.

The author would like to thank Professor Takayuki Oda for his comment
on the draft of the paper.

1. Preliminaries

In this section we recall basic facts about Whittaker functions for the class one
principal series representations of SOs,.1(R). Our main reference is [3], which
discusses the class one Whittaker functions on arbitrary semisimple Lie groups.

1.1. Group structures.

Let G = SO,41(R) be the special orthogonal group of degree n with
1
respect to an anti-diagonal matrix of size 2n+1. Let g = Lie(G) =
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t & p be a Cartan decomposition where £ and p are +1 and —1 eigenspaces,
respectively with respect to a Cartan involution #(X) = —'X (X € g). We take
a maximal compact subgroup K of G by K =expt = SO(n) x SO(n+ 1).

Take a maximal abelian subalgebra a = {diag(t1,...,t,,0, —t,,...,—t1) |
t; € R} of p. The restricted root system

A=A(g,a) ={xe; £ej, tep |1 <i<j<n, 1<k<n}
is of type B,,, where ¢; is a linear form on a such that
ei(diag(ty, ..., tn, 0, —tpn, ..., —t1)) = t;.
We take a positive system A, and the simple system II by
Ay={e,tej|1<i<j<n}U{e,|1<k<n}
and

D={a;=€e—e1|1<i<n—-1}U{a, =e,}.

Denote by g, the root space for o € A and put n = Y 1+ go. Then we have
the Iwasawa decompositions g=n@® a® € and G = NAK with

N = expn = {upper triangular unipotent matrices in G}, A =expa.

Let (, ) be an inner product on the dual space a* of a induced from the
Killing form on g, and we extend it to the complex dual ag. Fix an element v of
ag. Since ag = C", we can identify v with (v4,...,1v,) € C" via (e;,v)/{e;, e;) =
2v;. Let p, = (1/2) 3 e, @ be the half sum of positive roots. Then

n

qltPn = exp(v + pp)(loga) = Ha?w-‘rn—i-&-l&
i=1
for a = diag(ay,...,an,1,a;,...,a;') € A. We introduce a coordinate y =

(ylv"'7yn) on A by

a;

Y = (1<i<n-1), y,=an.

Qi1

Then
arton =y = Ttk
i=1
We denote by W,, = (w; | 1 <1i <n) =6, x (Z/2Z)" the Weyl group of
A. Here w; is the simple reflection with respect to the simple root «;. We note
the action of w; on v = (11,...,1,) € ag:

Wi = (V1. Vi1, Vi1, Vis Viga, -+ -5 V) (1< <n—1);

W = (V1 ..oy Un1, —Vp).
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A nondegenerate unitary character n of N is of the form
n((ui;)) = exp (27TV -1 Z 772'“i,i+1)7 (uij) € N
i=1

= VIV =1

with nonzero real numbers n; (1 < i <n). We remark that |7,,
in the notation of [3].

Let U(gc) and U(ac) be the universal enveloping algebras of gc and ac,
the complexifications of g and a, respectively. Set

U(ge)® = {X € U(gc) | Ad(k)X = X for all k € K}.
Let p be the projection U(gc) — U(ac) along the decomposition
)

U(gc) = U(ac) ® (nU(gc) + U(gc)t).

Define an automorphism v of U(ac) by v(H) = H + p,(H) for H € ac. For the
linear form v above we define an algebra homomorphism Yy, : U(gc)® — C by

Xu(2) =v(yop(z)), =€ U(ge)".
Note that y, is trivial on U(g)® NU(g)e.

Definition 1.1. Under the notation above, we denote by Wh(v,n) the space of
smooth functions f: G — C satisfying

o f(ngk)=mn(n)f(g) forall ne N, g€ G and k € K,
o Zf=x,(2)f forall Z e U(gc)X.

The Iwasawa decomposition G = NAK implies that any function f in the
space Wh(v,n) is determined by its restriction f|4 to A, which we call the radial
part of f.

We mention a relation with the principal series representation of G. Let
M be the centralizer of K in A and P,;, = M AN a minimal parabolic subgroup
of G. The induced representation

T, =Indf  (1y @ exp(v + p,) @ Ly)

is called the class one principal series representation of G. Consider an intertwin-
ing space Homg(m,, Ind$ (n)), where

nd§ () = {f € C™(G,C) | f(ng) = n(n)f(g) for all (n,g) € N x G}.

Then our target space Wh(v,n) can be thought as a realization of 7, in the induced
module Ind$ (), that is, for a nonzero intertwiner ® € Homg(r,, Ind$ (1)), and
the spherical vector v € m,, ®(v) becomes a nonzero element in Wh(v,n).

1.2. Fundamental Whittaker functions.
Let us recall Hashizume’s construction of a basis of the space Wh(v,n) in
our situation ([3, §4]).
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For a set of nonnegative integers m = (my, ..., m,), we determine complex
numbers ¢, m(v) by the initial condition ¢, (o, 0(¥) = 1 and the recurrence
relation

1
¢n (M, V)Cpm (v chm e (V) + oG- e (V) (1.1)

where €; (1 <i < n) is the i-th standard basis in R™ and ¢, is defined by

(ml,..., (Vl,...,l/n))

Zm —l—;m —Zmzmzﬂ—i-z Vi — Vg1 mz—l—ynmn
i=1

Hereafter we sometimes use the same symbol e; for the i-th standard basis in
R ! If q,(m,v) does not vanish for all nonzero m, we can uniquely determine

Cnm (V).

Definition 1.2. Define a power series M}, (y) = ypnﬁl’jn(y) on A by

o0

ML) = > g (V)

mi,...,mMn=>0

n—1

. H(’]T’[’Iz-yi)2(mi+l/1+~.‘+l/i) . (\/Eﬁnnyn)Q(m”+V1+"'+””)
i=1

and extend it to a function on G by

My, (9) = n(n(g)) M, (a(g)),

where we denote by

g =n(g)a(g)k(g), n(g) € N, alg) € A, k(g) € K

the Iwasawa decomposition of g. We call the function M, the fundamental
Whittaker function on G.

It is known that ([3, Lemma 4.6]) the power series M), (y) converges
absolutely and uniformly as functions of y € A and v € ag (cf. Lemma 3.2).

Definition 1.3. An element v of ag is called regularif the following two conditions
are satisfied:

e ¢,(m,wr) #0 for all m # (0,...,0) and w € W,,
o wv—wv ¢ {d>" ma;|m; €Z} forall pairs (w,w’) in W, with w # w'.

We denote by ‘ag the subset of regular elements in ag.
Hashizume proved the following.

Theorem 1.4. ([3, Theorem 5.4]) If v is a reqular element, then the set
| w e W,}

{ wun

forms a basis of Wh(v,n).
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1.3. Jacquet integral.

It is known that the subspace Wh(v,n)™°? of moderate growth functions
([17]) of Wh(v,n) is at most one dimensional ([12], [11]). Jacquet [10] introduced
an integral representation of the unique element in Wh(z, n)™°4:

Jgnaﬂrzm/‘n‘WHJGCwJIHQY“*"dn,

N

where wy is the longest element in W, and dn is a normalized Haar measure on

N asin [3, §1].

Proposition 1.5. (/2, Proposition 4.2]) Let D be a subset of ag defined by
D={veas|Re(r;£v;) >0(1<i<j<n), Re(ry) >0 (1<i<n)}.

Then the Jacquet integral J,,,, converges absolutely and uniformly on (g,v) € GXD
and gives a holomorphic function on v € D. Moreover, as a function on v, J,,
can be continued to an entire function on ag and satisfies a functional equation

‘]Vm(g) = ’y(wa V> n)qu,n(g)
for w € W, and g € G. Here y(w,v,n) is defined as follows. For the simple
reflection w;,

F(—l/i — Vit1 + 1/2)
F(Vi + Vit1 + 1/2)

1, D(=20, + 1/2) .
(vV2m11,) T2, +1/2) ifi=n.

(g )

ifl1<i<n—1;
’Y(wiv v, 77) -

For w € W,, with l(ww) = l(w) + 1

Py(wiwa v, 77) = 7(w> v, 77)”7(1% wv, 77)7
where [(w) means the length of w.

Definition 1.6. We call the Jacquet integral J,, (and its constant multiple) the
class one Whittaker function on G.

As in the way of Harish-Chandra, Hashizume expressed the class one Whit-
taker function J, , as a linear combination of the fundamental Whittaker functions
M, (weW,).

wy,n

Theorem 1.7. ([3, Theorem 7.8]) If v is a reqular element, then we have

Tun(9) = Y y(wow, v, n)e(wowr) My, (9),

wEWn,
where
c(v) = / a(wy'n)" P dn
N
I'(vi +vy)
_ 2n/2 4n n(n+1)/ VJ) v J
{(n =2z} | T (v -—%+1mﬂm@+w+1ﬂ)

1<i<j<n
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'(2;)
. lgn F(Zui + 1/2)

1s the Harish-Chandra c-function on G. FEquivalently, if we put

W2 (g) = 27"2{(4n — 2)my o T a2

1<i<n

I rwi—vi+12rwi+v;+1/2) T T@vi+1/2) - Jo,(9).

1<i<j<n 1<i<n

then we have

W,fn(g):z H I(—vi +v)I(—v; — vy) HF —2v;) - M, (9) ]

wEWY, 1<i<j<n 1<i<n

From now on we assume 7; = 1 for 1 < ¢ <n-—1 and 5, = 1/\/5 for
simplicity, and denote by M} = M}, , W) = W} omitting the symbol 7.

v, v

2. Explicit formulas for fundamental Whittaker functions

In this section we solve the recurrence relation (1.1) to find an explicit formula for
the fundamental Whittaker function. Similar formulas for SL, (R) are given in [6]
and [9]. We use the Pochhammer symbol (a),, = I'(a 4+ n)/T'(a) for n € Z.

Theorem 2.1. For v = (v1,...,v,) € ag, put v = (v1,...,Vy—1). Then we have
1y (V) = 1/{m1!(2vy + 1), } and

Cn—1,(ky,... n1)<~)
Cn,(ma,..., mn)(lj): n— n—
22y TG0 (b T
(Kiyeoskin—1} (2.1)
1

H:L 1(V1+Un+]‘)mz_lz IH ( _Vn+1) 7, 1

bl

where the indexing sets {k;} and {l;} are the sets of nonnegative integers satisfying
0<k<L<m (1<i<n-1), 0<k,1 <m,
and we promise kg =1y = 0.

Proof.  The idea of proof is similar to [6] and [9]. We will check the right hand
side of (2.1) satisfies (1.1) by dividing into two steps.
For a set of nonnegative integers 1 = (I,...,1,) with 0 <[, <1[,_1, define

bi(v) = bay,....) (V) by

Cr—1, (k1 oo fin—2,0n) (P)
hi(v) = (=1) |
1( ) ( ) klvgl 2} H ( Z) ' <l”_1 - ln)' H?gll( — VUp + 1) ki—1
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where {ki,...,ky, o} means 0 < k; < l; for 1 <i <mn —2. The term (—1)" is
included for our later convenience. Then the formula (2.1) is equivalent to

(=D)"byo) (V)
Cn,(mq,....mp)\V) = n S ; 2.2
AP DN ey 31y N s et
where {l;,...,l,} means 0 <[, <m,; for 1 <i<n.

We first show that b(v) satisfies the recurrence relation

(L )by (v Zbl . —(=lpey + Iy — Dby, (v). (2.3)

Set

n—2

Pl,k(V)ZH(l — ki) (Lo — 1) 'H Vi—Up+ 1)i—k 1

=1

the denominator of the summand in b;(v). The key identity is

n—1 n—2

Pl k(
Plicre, (V) Kete; (V

P]k(l/)

Pl e;, k(V

qn((ll, .. ,ln), V) — Qn—l((kl, ce k‘n_g, ln>, D)
(2.4)

=1 =1

This is an easy algebra since the left hand side of (2.4) can be written as

72 n—

(li = kica +vi —vn) = ) (L — ki) (ligr — ki + vigar — 1)
1 1
(ln l_l )(n l_kn—2+yn—1_yn)-

3
[\

<.
Il

1=

Let us compute the right hand side of (2.3). Since

bee () = (-1 3 PP<(>> G o ;zm

for 1<¢<mn-1 and

1
5 (“ht + Ly = Db, (v)

1 _ Pix(V) Gt (krybnadn—1) (D)
— = _lni + ln _ 1 . _1 ln—1 ’ . s \R1y--sRn—2,bn
2( 1 ) ( ) kh;L 3 F)lfen,k<7/) Pl,k(V)

1 - 1 Cr1, (koo fon—2sdn—1) ()
—_ — —ln_ ln — 1 . _1 ln—1 . s\R1yeeeyRm—2,5tn
2( 1+ ) (=1) Z Lo —1, +1 Pu(v)

_ (_1)ln Z %qu,(kl,...,kn,%znfl)(V)
o Pl,k(l/) ’
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the identity (2.4) implies that the right hand side of (2.3) can be written as a sum
of the following four terms:

l Pix(V)  Cai(kr,noin) (P
(_1>nZ Z Pl,k+e<i()y>. (Pl,k(V) : )’ 29)

1 -
5Cn—1,(k1,....kn_2,ln—1) (7)
—1)n E 2 2.6

an(( e L)) - (1) Y c”‘l’("“};l"l’{’“{y)"”l")@)=qn(l,v)bl(v), (2.7)

and

~ Cn— 5 L1yeeey n—2,ln 14
o1 (B, hnea, 1), 9) - (<)Y Lk i) (7). (2.8)

n—2 ~

(_1)ln Z Z Cn,]_,(k-l ..... kn_Q,ln)79i<V) .
] H,k(V>

’’’’’ kn727ln)<ﬂ)7 we ﬁl’ld (25) +

Thus, in view of the recurrence relation for c¢,_i 4,

(2.6) + (2.8) = 0 and finish the proof of (2.3).

In the next step, we prove the right hand side of (2.2) satisfies the recurrence
relation (1.1) for ¢, m(v). As in the first step, if we put

n n

Qm,l(y) = H(ml - ll)' H(Vi + Vp + ]‘)mi_li—l

then the identity

i Qua) |1 Quly) & va—M_%(ln_l—ln)(mn—ln)

2 Qnent®) | 20mont(t) 2= Quntie, (V)
= qu(m,v) — g, (L, v)

holds. By means of (2.3) our claim follows, and therefore we complete the proof
of Theorem 2.1. [ |

3. Explicit formulas for class one Whittaker functions

In this section we will show a recursive integral representation of the class one
Whittaker function.
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Theorem 3.1. For v = (v1,...,v,) € a5 and y = (Y1,...,Yn) € A, we induc-
tiely define a function W (y) on A by

1 - 21/
Teo{ e T
R J (R ti) o

: H exp{ 7Tyz 2 b U — u_} N H(ti+1ui)yn

terl =1
n—1 n
. tous 1 Up L du; dt;
2y [ 22 gy [ et =
v <y2 t3u1 t nUn—2 Up— 1) E Uy E tz

and W (y) = VV1 (y1) = 2Ky, (2my1). Here 0 = (v1,...,Vy—1). Then we have

W) = Y w|la) - M ()] (3.2

”LUEWn

H I'(— v)I'(—v; + vj) HF —2u;)

1<i<j<n 1<i<n

and thus W'(y) = y"”wy’l(y).

with

We illustrate the outline of our proof of the expansion formula (3.2). It
is done by induction on n, and as in the proof of Theorem 2.1, it consists of
two steps. For z = (z1,...,2,) € (R})", let us define a function V,(z) =

‘/(Vl ----- Vn)(x17'-->xn) by

n n—1
/RX Hexp{ (rz;) i—ul}me 2”"11%”"

=1

RTas (m\/? \/7 \/7> 11 df

The induction hypothesis implies the rapid decay of the function Wf’l(y)
and therefore the above integral converges absolutely for € (R)™ and v € C™.

(3.3)

By using V,(z), we can write W (y) as
W" / H exp{ (7))t } H t"

t th1 mdt;
Vz/ 0 ey Yn—1 _7yn\/tn - -
V V t, Lt

We will first establish an expansion formula for V,,(z) in Theorem 3.3 below.
We notice that when n = 3, this computation is essentially the same as [5], which
we expressed the generalized principal series Whittaker functions on Sps(R) in

(3.4)
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terms of the class one Whittaker functions on SO3(R). In the next step (subsection
3.2), by way of the results of Theorem 3.3 we will prove the relation (3.2).

As in [5], to justify interchange of the order of integrations and infinite sums
in the computation in the next subsections, we need the following lemma. For the
proof see [5, Lemma 5.2].

Lemma 3.2. For complex numbers {a;; }1<i<j<n with a; > 0, {b;j}1<i<n and d,
put

A(m) = A(m, {a;}, {bi}.d) = Y agm?+ Y aymm;+ Y bm;+d

1<i<n 1<i<j<n 1<i<n

Let {pij}1<ij<n be complex numbers and {q}1<i<n nonzero complex numbers.
We can inductively define complex numbers Am = Awni,..mn)({aij}, {b:i},d) by
A,...0) = 1 and the recurrence relation

Am = Z(Z Digm; + qi)Amfeia
=1 j=1

if A(m) does not vanish for all (my,...,m,) # (0,...,0). Set
X = {({ai;},{b;},d) € C""F/2FL | A(m) # 0 for all m € N™\{(0,...,0)}}.

Let U be any compact subset in X . There exists a positive constant cy depending
only on U such that

mi+-+mn
A < —U (3.5)
(my+ -+ +my)!

for all m € N" and ({a;;},{b;},d) € U. Thus the power series

Z Ama™

converges absolutely and uniformly on compacta for (xi,...,z,) € (RY)" and
({aij}. {bi}. d) € X.

3.1. The first step —expansion formula for V,—.

In this subsection we prove the following;:

Theorem 3.3. Let V,(x) be the function defined by (3.3). Then, for v € 'ag, we
have

o n
[C B )]
Yoo w(tw) > W) [ [P (3.6)
wWEWR -1 1<p<n l1,...,ln,=0 i=1
lnflzln

where

1<i<j<n—1 1<i<n—1
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H D(—v; + vp) H (v

1<i<p—1 p<i<n—1
V) = (yfp), U = (L Up—1yVny Vpy o oo Un—1).
and
Cri—1, (k1 ook —2,0n) (7))
v (v) == (=1)
et {kh%z} Hlﬁiﬁmin(P—Ln—?)(li o k’)'( —Un Tt 1) ki1
1
[<icnolli = kict)!(=vi + vn + 1)1,
1 o
U1 =) Wn1 =t 0, 5, if p=mn;
1 .
(ln—1—=kn—2)!(=vn—14+vn+1)1, 1 —1n if p 7é .

Here {ky,...,k,_2} means k; runs through such that

0<k <[(1<i<p=2), 0<k,y <min(lp,—1,0p), 0<k; <lip1 (p <i<n-2).

Moreover b} (v) = b’()l1 ...ln)(’/) 1s uniquely determined by the initial condition
bfo 0)(¥) =1 and the recurrence relation:

qn(l,y Zbl e; —lp1 1y +V _Vﬂ_l)b{) en< )

Proof.  We substitute the expansion formula for W2~ !(y) to find

n—1
1
V,(z) = Z [ / H exp{—(mci)Qui - —} H 7z;)? H
wWEW, -1 Rx)n 1i 1 Ui =1 =1
00 n 2(ki—14vi+Frvi—g) n—1
~ U; dul
DIITTNINT) | (G A v
k1,..skn—1=0 =2 i=1
We change the order of the integration and the infinite sum, to get
Vi(z) = Z w [Fn_l(ﬁ) Z Cr—1,(k1 1) (7) H(wxi)Q(ki‘ﬁ””'"*”"‘ﬁ””)
WEW), — k1,..iskn—1=0 =1
1 —V, 1Z d (2
H/ exp{ sz) Z__} 21 k i+Un u]
U
(3.7)

As in [5, §7] this interchange is justified by Lemma 3.2, and an analytic continua-
tion argument implies that (3.7) is valid for all (z4,...,z,) € (R})".
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In view of

* 1 d
/ exp{—(mv)Qu— —}u o 2
0 u u

= 2(mx) °Ky(2mx)

= — (rz)~* (]_5(277'.%‘) — 15(27Tx)) (3.8)

S111 ST

251ns7r<zl‘Fl—s+1 Zl‘l“l+3+1)

V,(x) becomes

00 n
> w[rn_m ORIRCETHIRIC) | (GO CU O
wWEWn_1 k1,..., kn—1=0 =1
n—1

H T
sin(k; 1 — ki — v +vp)m

=1
(l —ki_1+kitvi—vn)

'H<ZZ‘FZ — ki +tki+vi—v,+1)

Z (7T£C‘)2l"
LT+ ki — ki —vi+ v, + 1)

= Z wlrn_l(ﬂ) Z (=) et gy o1y (D) (7, ) 2RnmaFratdon)

) 2(Litkitrit+ ;)

wWEWR_1
o r = (7
H (_V1+Vn)zl|( Vn+1> ik

o0 X 2(Li+ki—1+vi+-Fvic1+vn)
+ (v — vp) Z (mz:) :

= LN =vi + Vo 4 Dtk i,

We change the order of the sum and substitute I; — [; — k; or l; — l; — k;_; for
1<i:<n-1and k,_; — [,,. Then we have

S S ST LIS S A

weWn—1 PC{1,....n—1

(3.9)
H (W:Ei)2(li+m+"'+w) H (ﬂ'xi)2(li+”1+"'+Vi—l+Vn)]
iEPU{n} iEPC
where P ranges all the subset of {1,...,n—1} and P° means the complement of

Pin {1,...,n—1}. Here

IP(v) = Toa () [[T(=vi +va) [ T(wi = v)

iEP iepPe
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and
by (V) 1= (— 1) Ct b,k u) ()
et {k1,.kn—2} HieP,lSiSanUi - ki)!(Vi — VUp + 1)lfki,1
1

Hz‘ePc,lgign—2<li - ki—l)!(—l/i + v, + 1>lﬁk¢
1 . .
(1=l Wn—1—vn+D1,, 1k, o ifn—1¢ P’
- ifn—1e P

(ln—l_kn—2)!(_Vn—1+Vn+1)ln71—ln

.....

{ki, ..., kn_2} runs through such that
nglgll (ZEP), nglngl (2+1€PC), ngz (ZGPCaHdZ+1EP)

From now on we consider which P contributes to the summation in (3.9).

......

.....

Lemma 3.4. For P C {1,2,...,n — 1}, set P = {i|1<i<n-2i¢€
P¢andi+ 1€ P}.

(i) o' (v) =0, . ,.y(v) satisfies the recurrence relation

n—1 n—1 n—1
1
(Z 24 Sl = Y i+ YN+ nP>b{’(y)
i=1 =1 =1
n—1 1
=) bl (v)+ 5(—1,1,1 +lp+ A — v, — 1), (V)
=1

Here
R = Z(Vi — Vn)(Vit1 = Vn)

iepP

and NP = (N[ ... \P) is defined as follows:

Vi — Vis1 ifi—1ePiePi+1eP,;
Vi — Uy ifi—1ePie Pi+1e P
Vii+Vi—Vig1— Vv, ifi—1ePiePi+1eP,
\P Vi1 +v; — 21, ifir—1e Pie Pi+1¢e P
! —V; — Vig1 + 2u, ifi—1ePiePi+1eP;
oz Z ifi—1e Pie Pi+1¢e P
Vig—Vi—Vis1+V, ifi—1ePiePi+1elP;
Vi1 — U ift—1e Pie P°i+1¢€ P°



100

for1<i1<n-—2,

IsHII

ifn—2e€eP, n—1€P;

ifn—2e€ P n—1¢€P,
ifn—2€P, n—1¢€ P
ifn—2€ P n—1¢€ P

ifn—1¢€ P;
ifn—1¢€ P

F(Vi — Vit + 1)

Vp—1 — Vn
P Vp—2 + Vp—1 — 2Vn
>\n—1 =
—VUp—1 + Vp,
Vn—2 — Vp—1
and
AP =P
" Un—1
(ii) We have
P _
b(o ..... 0)(’/) = H T(v; —

i€P

1111

Up + D (=vig1 + v + 1)

Proof. (i) The idea of proof is similar to the first step in the proof of Theorem
2.1 (P=A{1,...,n—1}). Our claim follows from the identity

2. 2

i€P, 1<i<n—2 iePe,1<i<n—2

+ (ln—l - ln)(ln—l - kn—Q + Vp—1 — Vn) ifn—1¢ Pa
(ln,1 - kn,2)<ln,1 - ln — Vp—1 + Vn) ifn—1 e Pc

Z (l; — ki) (lixa — ki + vig1 — )

i€Pi+1€P,1<i<n—2

2.

i€P,i+1ePe, 1<i<n—2

2.

i€Pei+1€P, 1<i<n—2

2.

iePeitlePe,1<i<n—2
n—1 1 n—1 n—1

(S 2+=2-S"1 AL P) — g (s Ko L),
(zzlz—i_zn ZZI —l—l—i_iz1 ) t K q 1(( 1 ) 2 )

1y (V) we have

(l, — k)z)(ll — ]{?7;71 +v; — l/n) -+ (lz — ]{3171)([@ — kz —v; + Vn)

(li = Ki)(lig1 — ki)

(li = ki = vi + ) (lign — ki + vig1 — 1)

(li = ki —vi+ v)(liga — ki)

v

).

-----

.....

.....

;=0 HiEPﬂ{l
(i€ P)

777777777
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(Vn—lan‘Fl)fkn_z

! ifn—2¢ ﬁ;
1 otherwise

_i H : O k20 (V);
L (W1 — U+ 1) g (—vi + v + 1)y, =1, (k1,-wekn—2,0)

ki=0 \ijep
(ieP)

where B
P
n

¢ 71,(k1,...,k‘n_2,0)(y) = C?’L—l,(kl ----- kn7270)<y) =

Since 1 € P implies that i £ 1 ¢ P, we can find a recurrence relation for

Cﬁfl,(kl,“.,kn,g,O)(V) :

(Z k2 + Z — Viy1) )65—1,(k1,...,kn2,0)(y) = 05—1,(k1,...,kn,2,0)—ei(V>'

icP icP i€P
We can easily solve this recurrence relation to find

5 1
P —
om0 ®) = =0y

ieP

Thus we get

H(Z k(v — vigr + D) (Vigr — 1 w1 g, (v + vn + 1)1%)

iep “ki=0

= | | o FY (Vi1 + Vn, Vs — Uy vy — Vg1 1)
ieP

- H D(v; — v + 1)
(v —vp+ D (—vigy + v+ 1)
ieP

Here we used (a)_, = (—1)"/(1 — a), and Gauss’ formula

I(c—a—b)(c)
I(c—a)l'(c—10)

oFi(a,b;e;1) =

in the last step. Therefore we complete the proof of Lemma 3.4. [

Returning to the proof of Theorem 3.3, the next proposition implies our
expansion formula for V,(z). Because, for 1 < p < n, we have

ey p— 12’ ’ !
Pi2-p=1 () = TP(y), b{zl, sy ' V) = bt )

from the definition.
Proposition 3.5. The following P contributes in the right hand side of (3.9).

o P=10,



102 IsHII

e P is of the form {1,2,...,p— 1} for some 2 <p<mn.

More precisely, if there exists an element py in P then we have

Z Z b(lly m)

we{lvwl’o} l17 . n*o
H (Wxi)2(li+m+-~+w) H(Wxi)2(li+u1+--~+w_1+vn) =0.
iePU{n} icPe

Here w,, € W,,—1 1s the simple reflection which permutes v,, and vy, .
Proof. Fix py € P. Since po € P and po+1€ P,

H (Wxi)2(1¢+u1+...+w) H (7T:EZ-)2(li+l’1+"'+”i—1+l’n)

1€PU{n} iepe

is invariant under the permutation of v,, and v,,+1. Then it is enough to show

WGty @) = D w[PTOIG,)] = 0.

we{l,wp, }

In view of Lemma 3.4 (i), we can check that A\’ and x” are invariant under the

action of w,,. Then b (v) and bgl 1 (wpv) satisfies the same recurrence

ln)
relation and therefore a{; o )( v) also satisfies the same one. Thus, if we can say
a{é 0y(¥) =0 then al) (... (¥) = 0 inductively follows.
PR} 17 7

From Lemma 3.4 (i ) we have

b, o) = JI TEw-v)T(=vi+y) [ T(-2w)

1<i<j<n—1 1<i<n—1
. HF(—I/i + ) H I(v
i€P iePe

) H F( Vit + ]_)
- (v — vy + D0 (—vi v+ 1)
1€

We pick up the terms which are not invariant under the action of w,,:

U'(¥py — Vpor1 +1)
I'(Vpy — vn + DI(—=vpys1 + v + 1)

1_\(_I/po + Vp0+1)r(_ypo+1 - Vn)r(ypo - Vn) ’
™ 1

Sin(_ypo + Vpo-i-l)’/r ‘ (Vpo - Vn)(_ypo-i-l + Vn)‘

Therefore we get a{éwo)(y) = 0, and complete the proof of Theorem 3.3. |

3.2. The second step —expansion formula for Wf—.
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In the similar way to the previous subsection, we shall prove the linear
relation (3.2). We need a little more complicated argument. We insert the
expansion formula (3.6) for V,(z) to get

=Y S w|rw /RX Hexp{ (ny) t——}Ht”"

wWEWR_1 p=1

> " o\ 20 ™)
Y I ) 5|
11,0 ln=0 i=1 ¢ i=1

lnflzln

Changing the order of the integration and the infinite sum, we have

Z i w [Fp(l/) i ll, N ﬁ 2(1; +V§P)+ +V(p))

wWEW, 1 p=1 l1,..,ln=0 =1
ln—1>1ln

1 7lz VA 4, A
H exp —(my;)*t; it - |

We use (3.8) for the integral above to find

= > Zw[ﬁ’ S0, @)

wWEW,—1 p=1 l1,..,ln=0
lnfl Zln

, ﬁ{F(—pr) ) i (Ty;

i=1 m; Oml( ()+Vn+1)mz_lz 1+l

00 (p) (p)
(ﬂ-yz) (mz“l‘lz 1+V +-- +V —Vn)
+ F(I/i(p) + ) Z :

p
m;=0 TTLZ'(—UZ( )~ Un + 1)mi+li—1*li

)2mitls P P

We substitute m; — m; — l;_1 or m; — m; — [;, and arrange the order of the sum.
Then we get

) i S w|rew)(y), (3.10)

wEWn—1 p=1 QC{1,2,...,n}
where
() =T () [ [T (=1 = ) ] T + v)
i€Q €eQe
and

MPO(y) = > e ()

mi,...,mMnp=0

. H(Wyi)2(mi+u§lf)+.,.+ufp)) H (Wyi)Z(mi""’ip)+"'+Vi<f)1—un)
€Q ieQe
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is the power series with the coefficient

Here {iy,..

Z (‘Ulnb?zl,...,zn)(V) H !

{l1,-ln} i€EQ (ml - ll)'(Vz(p) + Vp + ]')mi_li—l

11 1

i€eqQe (mz — li_l)!(—Vi(p) — Vp + 1)mi_li ‘

., I, } means that

0<li<m (i€@), 0<li<mu (i+1€Q), 0 (1€Q andi+1€Q).

CP,Q

(Mm1,ecymn)

As in the previous subsection, let us find a recurrence relation satisfied by
(v), and an explicit formula for the initial value cf(’f.?“ 0 (V)

Lemma 3.6. For Q C {1,2,...,n}, we set @ ={i|1<i<n-1,1c¢€
Q°andi+ 1€ Q}.

-----

n—1 1
2, 1.2
(ZZI m; + Qm"

n—1
= 32 )+ 3, ),
=1

where

W=D+ )
i€Q

VUn
%(VT(LP)

n—1 n—1
— Z m;M;1 + Z )\f’Qmi + KP’Q)C&Q(V)
=1 =1

ifn € Q;

+ I/n)(—l/ép) +v,)  ifn € QS

and A9 = (X9 X2 s defined as follows:

(VP — ) fi—-1€Q,icQ, i+1eqQ;
v 4, ifi—1€Q,ieqQ, i+1eqQ-
v+ P hu, ifi—1eQ i€, i+1€Q;
wa _ Jrl+u? v o, ifi—-1€Q i€Q, i+1eqQy
R i 8 fi—1€Q,ieQ i+leq;
v — oy, ifi—1€Q,ieqQ, i+1eqQ
Vl-(f)l I/l-(p) ui(ﬁ)l v, ifi—1€Q° 1€Q° i+1€eqQ;
P — fi—1eQs icqQ, i+1eqr,
for1<i1<n—1 and
) ifn—1€Q, neqQ;
N I/T(fi)l—i—ur(lp)—l—yn ifn—1€Q° neq;
" —v, ifn—1€@Q, ne Qs
ur(lp_)l ifn—1€Q° neQr.
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(ii) We have

F(l/i(p) _ l(P) +1)
cp,Q 0)(y) _ H +1

D=} — v + DEP + 1, 4+ 1)

1 ifn € Q;
v +1)
F(I/T(Lp) + vy + l)F(M(,Jp) — vy +1)

Proof. (i) Our claim follows from the identity

Z (mi — 1) (my — i1 + Vi(p) + V)

i€Q, 1<i<n—1

+ > L) — L= v =)

i€Qe, 1<i<n—1

1 {(mn - ln)(mn - ln—l + V?gbp) + Vn) if n € Q)

_|_
2| (my = L) (mn — by — P — 1) ifneQe

— Z (mi = 1) (mip — 1 + Vi(i)l +vy)
1€Q,i+1€Q, 1<i<n—1
- Z (mi — 1) (mig1 — 1)
i€Q,i+1€Qe, 1<i<n—1
- Yoo il =y =) ma — LAV )
i€QC,i+1€Q, 1<i<n—1
- > (mi =l = v = va) (magy — 1)
i€QC i+1€Qe, 1<i<n—1
1 {(mn = — ) s — L — P 4 1) ifn € Q;

- 5 (mn - ln)(ln—l - ln - VT(LP) + Vn) ifn € QC

n—1 n—1 n—1
1
_ 2 2 P,Q ,Q (p)
= E mi—l——mn—g mm; +E A m + kP )— (1 0P,
<¢:1 2 i=1 . i=1 ol )

(ii) We can prove in the same way as Lemma 3.4 (ii).

The following is immediate from the above lemma.

Corollary 3.7. We have

o 2P0y = N7 (y) and D020} () = D, (9) for 1< p<n,

if n € Q°.

105

° Mf’{l’z“"q*l}(y) = M%q) (y) and T102a=1} () =T, (79) for 1 <q<n.

v

Here we write 79 1= (U1, ..., Vg1, —Vn, Vg -+ - > Un_1) -

Proof. By Lemma 3.6 (i), we can verify that "> (v) (1 < p < n) and
c%{1’2"“’q_1}(y) (1 < g < n) satisfy the same recurrence relations as (1.1) with
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v = v® and v = 7@ respectively. Since cp{‘%.Q) M) = b2y =
);

from Lemma 3.6 (i), we have {2 n}( ) =
Cnm(7\?). Thus get our claim for M;*(y)

The latter part of the corollary can be seen from the definition. Indeed we
have

’I’L7{1727...,q—1} (I/) —

1<i<p—1 p<i<n—1 1<i<n
= H I'(—v; —v;)I(—v; + v)) H ['(—21;)
1<i<j<n—1 1<i<n—1
I rvitv) [ Twi-wva)
1<i<p—1 p<i<n—1
H D(—v; —vp) - T(=vp — 1) - H [(—vi1 —vp)
1<i<p—1 p+1<i<n
= II TCw-vp)l(=vit+v) [] T(-2w)
1<i<j<n—1 1<i<n
H D(—v; + vp)D(—v; — vy) H FC(viey — )T (—vimy — )
1<i<p—1 p+1<i<n
- pn(y(p))
and
Fn,{l,Q,...,q—1}<V)
=TI,_ 1(~) H —V; + ) H O(—v;" —v) H F(VZ-(TL) + )
<i<n—1 1<i<qg—1 q<i<n
= ] T r@2u) [] T —v)T(=vi+1y)
1<i<n—1 1<i<j<n—1
H C(—v; + vp)D(—v; — vy) H D(—vi + vn)T(viey + vn)
1<i<qg—-1 q+1<i<n
=T, (7).
Thus we can finish our proof. [ |

Now we state cancelations in the sum in (3.10).

Proposition 3.8. The following terms contribute to the right hand side of (3.10).
e 1<p<nand Q=1{1,2,...,n},
e p=mn and Q is of the form {1,2,....q—1} (1 <q¢g<n).

More precisely we have the following:



IsHII 107

(i) If 1<p<n-—1 and Q is of the form {1,2,...,q—1} (1 <q<n), then

> w[rree)y)| <o.

we{l,wn—1}
Here wy,_1 € W,,_1 is the simple reflection, which permutes the sign of v,_1.
(i) If @ is not of the form {1,2,...,q} (0 < q < n), then there exists an
element qo in Q@ and we fix such qq.

(a) For p # qo,qo + 1, we have

3 w[Fp’Q(y)Mf’Q(y) ~0.

we{l,w%)}

Here wé{;) € W, —1 permutes u§§) and I/(ggzrl and fizes other v;’s.

(b) The terms p = qo and p = qo + 1 cancel each other:

> RO 0.

P=qo,q0+1

Proof. The idea of proof is the same as Proposition 3.5.

(i) Since P = V,—1 does not appear in the characteristic exponents of the power

series MP? it is enough to show

.....

.....

under the action of w,_;. Actually v,_; does not appear in /\f’Q and kP9 =

%(Vn,l + ) (=Vp_1 + 1) (note that @ = (). Then our task is reduced to confirm

3 w[Fp’Q(V)c%Q o) =0. (3.11)

we{l,wp—1}

From the definition of I'”?(v) and Lemma 3.6 (ii), we have

-----

= ] TCw-v)r(—vi+v) ] T(-20)

1<i<j<n—1 1<i<n—1
H C(—v; + vyp) H C(v; — vp)
1<i<p—-1 p<i<n—1
I +1
TIr - =) TT T+ v+ ]

i€Q icQe F(VT(LP) + vy + 1)F(V7(Lp) — v, + 1).
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) _

We pick up the terms containing vn’ = v,_1 in the above:

IT T = vad) (v + vn1) - T(=20 )T (V1 — v)

1<i<n—2

F(2Vn_1 + 1)
T(vp_1 + ) -
(vn ) F(vpr +vn+D0(vpg — vy + 1)
s 1

== : H D(—v, — v )T (v + vp1).

SlH(-Qanlﬂ-) (anl + Vn)(ynfl 1<z<n 2

Then we have (3.11).
(ii) (a) In view of

Vq(op) = Vgo—1; Vé§)+1 = Vg if p < qo,
z/éff) = Vo> Vtggzﬁ-l = Vg1 1fp>qo+1,

and ¢o € Q°, qo+1 € @, we can see that HieQ(wyi)(“') Hich(Wyi)("') is invariant

(p)

under the action of wg,’ . As in the proof of (i), we can see the assertion from

Lemma 3.6.
ii using vy = Uy, V =V, U =, and v = v,, our claim
ii) (b) By using tggO) 5321 ) égo—i—l) q0 d qgoﬁ ) lai
follows from Lemma 3.6. Indeed we have
roQw)ce? ) (v)
[a0+1.Q ()¢ ggfi(g(y)
_ hcicp 1 TEVi+ v) Tl cicn-a P — )
ngigqo (v +wy) qu+1gi§nf1 I'(vi — )
ico 77" = va) [icq: T(™ + 1)
HieQ F(—Vi(qOH) — ) HiGQC I'( Z(qo—i-l) +v)
| D (vl — v, +1) D=yt — v+ D v+ 1)
D(=2) = v + DD + v +1) Pad™ — vty +1)
_ F(VQO B Vn) . F(_qu — yn)F(QVn)
D(=vg +vn) T(=20,)T (v + vn)
' L(vy — vy + 1) (=20 + Dl (g + v + 1)
I'(=vg — v + DI'(20, + 1) I'(vg —vn+1)
sin(vy, + V)7 - sin(—vgy, + vy)m
sin(vyy — V)7 - sin(—vyy — V)7
= 1.
Thus we are done. [ ]

To conclude our proof of Theorem 3.1, we rewrite (3.10) by using Corollary
3.7 and Proposition 3.8:

wEWn—1 p=1 M1, myp=0
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p—1 n
. H(Wyi)2(mi+yl+m+yi) H(ﬂ-yi>2(mi+1’1+"'+l’i—1+l’n):|

i=1 i=p
3D S S AT SRS
wWEWR 1 q=1 mi,...,mp=>0
q—1 n
. H(Wyi)Q(mr‘er-l-"'-‘rl/i) H(ﬂ-yi>2(mi+lll+m+l/i_l_Vn):|
i=1 i=q
= 3 w|ra M)
wEWn,
Thus we can finish our proof of Theorem 3.1. |

4. Mellin transforms of class one Whittaker functions

In this section we compute the Mellin transform of the class one Whittaker func-
tion. We first derive another recursive integral representation between W (y) and
Wnr=1(y). This is similar to the recursive formula for GL,(R) and GL, »(R)
Whittaker functions obtained by Stade [13, Theorm 2.1].

Theorem 4.1. We have

ot =2 [ ] Ko (2T w07 1700

n—1
e Uy Up—2 du;
- W — e Yne1q | YnrSUn— .
; (yz,/u2 Yoty oo o/ 1) 11 "

Here we promise ug = 1/u, = 0.

Proof.  Substituting w; — t;41/u; (1 <i <mn—1) into the integral represen-
tation (3.1) to find

— " 1) & )
Wiy) = / / eXP{_(W%)Qti - t_} H(Wyitz')z "
R SR 5 i) i
n—1

Thoof et VLo

=1 tH‘l =1
n—1 n
—~ U Up—9 du; dt;
WZZ 1 I y Yn— y JIn un* -
; <y S Yy [ 1> [ 11 »
:/ ﬁ /Ooexp —(wy-)zt'(Hl N
R 55 \Jo v Uj t; " ot
-~ u Up—
WZ;L ! <y2 U_:’ y Yn—1 i 9 yn\/ un—1>
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By (3.8), the integration [ dt; becomes

201+ w2 {(r) V(A w )+ 1w}

- Ky, (27ryi\/(1 + ;1) (1 + 1/uz)>

and we finish the proof. [ |

Let s = (s1,...,8,) € C™ and

T:(S> - ylu <oy Yn 7Tyz 281
(RH)™ H

be the multiple Mellin transform of the (p-shifted) class one Whittaker function
W2 (y). In the same way as in [15, Theorem 3.1] for GL(n, R)-Whittaker functions,
we can prove the following recursive formula for 777 (s).

Theorem 4.2. Let n > 2 and fix real numbers 7; (1 < j <mn —1) such that
7 <min{Re(37_, e | & € {£1}, 0 € &,.},
and also define 71 = +o00, 79 = 0. Let
n; = max{—T;_1 + Uy, Tj—1 — Vp, —Tj, —Tj—2},
for1<j<n-—1 and
Q={seC" ' |Re(s;) >n for1<j<n-—1}.

Then for s € Q, we have

2—1 T1+vV—1o0 Tn—1+v—100
Th(s) = — = / /
(27T \% _1)n—1 T1—v/—1oo Tp—1—v—100

. H F(Sz + ti—l + l/n>F(Si + ti—l - I/n)

n—1 nol
[(s; + ) (s i -
i=1

st T(sit sttt +t) "

Here T}(s) = 27T(s1 + v1)T(sy — v1) and we promise to = 0.

Proof. (sketch) We use induction on n and the proof is quite analogous to [15,
§4]. By Mellin inversion and Theorem 4.1,

221171 T1+v—1oo Tn_14+v/—1c0 .
1) (s) = —/—/ / 7 (—t, ..oy —tn1)
(27T _1)714*1 1*\/jloo Tn—l*\/jloo

. / / H Kgyn <27Tyz\/<1 + ui—l)(]- + 1/“1)) (Wyi)QSi
(RT)n-t (R.T.)" i=1
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n—1 U 2t; n dy n—1 dus n—1
' H (Wyzuru / u@;) H y; H u; H dt;

i=1 i=1 i=1
92n—1 T1+v—1oo Tn—1+v—=Too 1
_ T Yty —t,
(2my/—1)n1 /ﬁ—moo /rnl—ﬁoo o !

n ~ |
. / H (/ K, (271% VI +u)(1+ 1/%)) (ﬂ-yi>2(si+ti_1)dy )
(Ri)n—l i=1 0 '

Yi
n—1 n—1 dU'n_l
et T % T e
i=1 i1 W5
2—1 T1+v/—1o0 Tn—1+v—1o0
B S
71—/ —1oo Tn—1—v—1oo

(2my/ 1)1

: H I(si+ticn +v)l (s + iz — vp)

i=1
n—1 n n—1 d’U,‘nil
'/ {Hw“%HmHmm+WM*“HI?H%
RO i i=1 =1 =
9-1 T14+v—100 Tn_1+v—100
_ / / T Y (—ty, ... —ty)
71—V —1oc0 Tn—1—v—10c0

(2my/—1)n1

: H L(si+ticn +vp)l(si +tic — vp)
=1

n—1 n—1

= du;
. 1 i —si—Siy1—ti—1—t;  Sitti 77 dti.
H( /U (1+u) O

=1 i=1

By using
e _ du  T'(2)T'(y)
1 (e+y), y2= _ —\")=\J)
/0 (1+u) YU T Tty

for Re(x) > 0, Re(y) > 0, we get the assertion. [
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