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1. Introduction

In the late 50s, Block [3] introduced a class of infinite dimensional simple Lie
algebras, which are usually referred to as Block type Lie algebras nowadays. These
Lie algebras are analogues of the Zassenhaus algebras in characteristic zero. Their
structure theory has been extensively studied in the last twenty years (see, e.g.,
[5, 16, 25-28]). However, the understanding of their general representations is
quite difficult due to intrinsic difficulties of the subject matter. Even the study of
the so-called quasifinite modules, which have finite dimensional graded subspaces,
is a rather nontrivial problem (see, e.g., [18, 19, 21, 22]). The development of
representations of W -infinity algebras suffer from the same difficulty before the
appearance of the breakthrough work of Kac and Radul [11], where the notion
of quasifinite modules over infinite dimensional graded Lie algebras was firstly
proposed, and has been widely used in the representation theory of various infinite
dimensional Lie (super)algebras (see, e.g., [1, 9, 13, 14, 17, 20]). Such modules are
close in spirit to finite dimensional modules of finite dimensional Lie algebras [14],
and are also quite natural from the viewpoint of the free field realization [2].

The study of quasifinite modules over Block type Lie algebras was started
in [18, 19], partially motivated by Mathieu’s classification [15] of Harish-Chandra
modules over the Virasoro algebra. The Block type Lie algebra B studied in [18]
is a complex Lie algebra with a basis {L,;,C'| o, i € Z,i > —1} and commutation

ISSN 0949-5932 / $2.50 (©) Heldermann Verlag



160 XIA AND ZHANG

relations

(Lo, Lgjl = (B(i + 1) — a(j 4+ 1)) Lat it + @0ayp00itj,—2C,
[Ca La,i] - 07 va/767iaj‘

It was shown [18] that any quasifinite irreducible B-module is either a highest or
lowest weight module. In particular, the unitary ones were proved to be trivial.
Recently, a one parameter family of Block type complex Lie algebras B(q)
was extensively studied [21-23], where ¢ is any fixed complex parameter. The
algebra has a basis {L,;,C|«a,i € Z, i > 0} and the commutation relations

Oé3—Oé

[Lais Lgjl = (Bli+q) — () + @) Latsirj + T5a+5,05i+]’,007 (1.1)

[07 La,i] = 07 vauﬁﬂla.j-

These Lie algebras are in fact subalgebras of some very special cases of generalized
Block algebras in [5]. It was shown in [21] that any quasifinite irreducible B(q)-
module is either a highest or lowest weight module, or else a uniformly bounded
module. For the precise definitions of these B(g)-modules, see Section 3 or [21].

Some features of B(q) (see Section 2, or [21-23] for details) are noteworthy.
When ¢ # 0, B(q) contains a Virasoro subalgebra

1 1
Vir := span {La = ——Lqo, Cvir = —2(] | a € Z} )
q q

[In contrast, B does not contain the Virasoro subalgebra.] Therefore, it is likely
that B(g) has applications in conformal field theory, thus is a more interesting
object to study.

There exist interesting relationships among B(q)’s at particular values of
the parameter ¢q. For example, B(1) can be embedded into B(n) with integer
n > 1 via La; — +L, ;. There is also a close relation between B(1) and the
W algebra. One can view W, as a deformation of B(1) in the sense that
Weo is isomorphic to B(1) as a vector space, and admits a natural filtration
for which the associated graded object gr(Ws ) is isomorphic to B(1) as a Lie
algebra. (B is related to Wi, in a similar way [18]). The W -infinity algebras,
especially W,, and W, have been extensively studied in the literature (see,
e.g., [1,2,6,9, 11, 12]) due to their connections with physics, e.g., conformal field
theory and the quantum Hall effect. This provides further motivation for studying
the Lie algebra B(q).

A quasifinite irreducible highest weight B(q)-module with highest weight
A is specified by a series of numbers (see Section 3 for details):

(¢, hoyhy,...), where ¢=A(C), h; = —A(Ly;) for i€ Z,.

The aim of the present paper is to classify the unitary quasifinite irreducible highest
weight representations of B(q). It is the unitary highest weight representations
that will be most relevant if the algebra B(g) turns out to have applications in
quantum physics.



XIA AND ZHANG 161

Recall that unitarisability of modules needs to be defined with respect to
a given conjugate-linear Lie algebra anti-involution of B(g) (which specifies a real
form of the Lie algebra). A B(g)-module is unitary if it admits a positive definite
Hermitian form, that is contravariant with respect to the conjugate-linear anti-
involution.

When ¢ is not real, we show in Lemma 2.2 that B(g) admits no sensible
conjugate-linear anti-involution, thus one can not discuss unitarisability of a B(q)-
module in this case unless it is the trivial 1-dimensional module. When ¢ is
real, B(q) admits a conjugate-linear Lie algebra anti-involution (c.f. (2.3) and
Definition 4.1) given by

w La,i — L—oz,i) C—C.

The following theorem is the main result of this paper, which gives a
complete classification of the quasifinite irreducible highest weight B(q)-modules
which are unitary with respect to w.

Theorem 1.1.  Let L(A) be a quasifinite irreducible highest weight B(q) -module.
(1) When q is not real, L(A) is unitary if and only if it is the trivial 1-
dimensional module.
(2) When q is real, L(A) is unitary if and only if h; = d2q4i0h with h € R for
t > 1, and one of the following conditions holds:
(i) ¢>¢q* and qghy >0, or
(i) there exists integer m > 2, and r,s € Z with 1 < s <r < m such that
6(_]2 7,8 Q(<m + 1)’/‘ B m3)2 —q
ho = hw’z g =
’ dm(m + 1)

. _ 2
€= Oma =4 m(m+ 1)’

A crucial role is played by the Virasoro subalgebra in the study of the
unitary quasifinite irreducible highest weight B(g)-modules. In fact condition (2)
in the above theorem arises from the characterisation of the unitary irreducible
highest weight modules over the Virasoro algebra [7, 8] (see Theorem 2.3).

This paper is organized as follows. In Section 2, we present some general
features of B(q), together with some related results. Next, in Section 3, we
introduce the relevant definitions and terminology, and recall some results obtained
in [21] on quasifinite highest weight B(g)-modules. We also define a special class
of quasifinite irreducible highest weight B(q)-modules, called primitive modules,
which include all the unitary ones (Remark 4.4). Section 4 is devoted to the proof
of Theorem 1.1. Section 5 gives some general discussions on the results of this
paper.

We will work over the field C of complex numbers. Throughout the paper,
we assume that the parameter ¢ € C of B(q) is nonzero.

2. Some structural properties of B(q)

In this section we discuss some general properties of the Block type Lie algebra
B(q). Lemma 2.1 and Lemma 2.2 concern conjugate-linear Lie algebra anti-
involutions of B(q), which will be important for the remainder of the paper. Some
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other results presented here are not used in a strict sense, but they are interesting
in their own right.

2.1. Structural features of B(q). For any pair of positive integers ¢; and ¢y
such that ¢|¢2, we have the embeddings of the Block type Lie algebras B(q)’s at
different parameters:

Bleqy') 7 Bleai') 7 Ble) 7 Bleq) 7 Blega), where e = +1.

Hence, corresponding to each ¢ # 0 such that ¢ € Z or ¢! € Z, there exists a
subalgebra chain of B(q). The fact has been successfully applied to study both
structures and representations of B(q). In the case g € %Z’i (Z2F ={-1,-2,...}),
they are used to determine the intermediate series B(g)-modules [21], and the
automorphism groups of B(q) [24].

We now discuss relationships between B(1) and W -infinity algebras, which
were briefly alluded to in the Introduction. Recall that the W, algebra is
defined as the universal central extension of the Lie algebra of differential operators
on the circle (the cocycle appeared for the first time in [10]), which has basis
{2°D",C' | € Z,i € Z,} with D = 2L and relations

(2D, 2? D] = 2°8(D + 8)' DI — D(D + a))

; a+i
0o —1)"ily! C.
Fbasaa-1 (1))

Setting (Wit )j—2y = CC and
Wiioo) ] = span{z®*D",Cla € Z, 0 <i<n+1} for n > —1,
we obtain a filtration of Wy, :
{0} = Witao)m5) € Witoao)22) € Witoao)21] € Wigao)o] C - - - (2.1)

The Wi, algebra is the most fundamental W -infinity algebra since all
others can be viewed as its subalgebras. The most important subalgebra of Wy
is the W, algebra, which can be obtained by omitting the unique spin-1 current
(expressed as z®) from Wi . So, the W, algebra has basis {z*D",C'| i €
Z,i > 1}. Similarly, if we define

Wao)o1) = CC, Wao)i = span{z®D",C|a € Z, 1 <i<n+1} for n >0,
we obtain a filtration of Wy :
{0} = Wao)2) € Wao)y) € Wa)io) -+ (2.2)
It is easy to check that under the map
2*D" s Loy, C— —2C (rvesp. 2°D"™ — L, C = O),

the associated graded Lie algebra of the filtered Lie algebra W, (resp. Wit )
corresponding to the natural filtration (2.2) (resp. (2.1)) is isomorphic to B(1)
(resp. B).
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The quasifinite highest weight modules and all the unitary ones over W,
and W, were classified and constructed by Kac, Liberati and Radul in [9, 11].
The authors in [1, 9] observed that the list of unitary quasifinite highest weight
modules over W, is much richer than that over W;, ., even though W, is a
subalgebra of Wi .

2.2. Conjugate-linear Lie algebra anti-involution of B(q). We now discuss
conjugate-linear Lie algebra anti-involutions of B(gq). By conjugate-linearity of
a map w, we mean that w(aX + bY) = aw(X) + bw(Y) for all a,b € C and
X,Y € B(q), where @ and b are the complex conjugates of a and b.

When ¢ is real, we consider the following conjugate-linear map w of B(q):

W(La,i) = L—a,i7 W(C) =C. (23)
One can easily prove the following result.

Lemma 2.1. Assume that q is real. Then the map w defined above is a
conjugate-linear Lie algebra anti-involution of B(q), i.e., it satisfies

W =id, w(aX)=aw(X), w(X,Y])=wl),wX)

for a € C and X,Y € B(q).

However, the case with non-real ¢ is totally different.

Lemma 2.2. If q is not real, B(q) does not admit any conjugate-linear Lie
algebra anti-involution.

This will be proven in the next subsection.

As we have already discussed in Section 1, B(g) contains a Virasoro subal-
gebra Vir spanned by Cyi = q%(] and L, = —%LQ,O with a € Z. It is entirely
straightforward to deduce the following relations from (1.1),

3 _
Loy Lg) = (@ = B) Lasg +

12 5Oé+5,OOVir>
[O\/im La} = O, Va, B,
which are the standard commutation relations of the Virasoro algebra.

The map w defined by (2.3) restricts to L, — L_,, Cyiy — Cyy on Vir,
yielding a conjugate-linear Lie algebra anti-involution of the Virasoro subalgebra.
An irreducible highest weight module L(A) over Vir is specified by a pair of
numbers (cvir, hvir), where cyiy = A(Cyy) and hyie = A(Lg). The following
theorem is the celebrated classification of the unitary highest weight modules over
the Virasoro algebra, which had a major impact on the development of conformal
field theory in the 80s.

Theorem 2.3 ([7, 8]).  The irreducible highest weight Vir-module L(cvyir, hvi)
1s unitary if and only if one of the following conditions holds:
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(1) cyir > 1 and hyie > 0,
(2) there exists integer m > 2, and r,s € Z with 1 < s < r < m such that
6 (m+1)r—ms)?—1

r=Cpn=1————= hvp=h; =
Cvir =€ m(m + 1) v " dm(m + 1)

The classification of unitary quasifinite highest weight B(q)-modules essen-
tially reduces to this theorem, as we shall see later.

2.3. Proof of Lemma 2.2.
Now we give the proof of Lemma 2.2.

Proof of Lemma 2.2. Assume that 6 is a conjugate-linear anti-involution of
B(q). Recall the assumption that ¢ is not real. Since ‘H = span{Lgo,C} is the
unique maximal abelian subalgebra of B(q) which acts semisimply on B(q) in
the adjoint representation, and the fact that CC' is the center of B(q), we have
0(H) = H and (CC) = CC'. Furthermore, since % = id, we see that

0(C) = ¢C, 0(Loo) = aLoo + bC,

where e€ = 1 and aa = 1. Set Q(Lm) = D (6.4)e(@ L) ag,’;LBJ + b,,iC. Applying
0 to [Loo, Loi] = 0, we obtain a%’fj = 0 for 3 # 0. Putting a} := agj. Then
0(Loi) = > ez, a5Loj +boiC. Applying 0 to [Loo, Lao] = qaLag, We have

—qa Y BaiiLe;=q0 Y a3iLs;+ GabeoC.
(B,9)€(Z,Z+) (B9)€e(Z,2+)

This implies that by = 0 for a0, and a = i%_

_9 .
In the case a = 1, we have ag:? =0 for § # —a. Putting a4, == a™?

_a’j .
Then 6(Lao) = Ejeer o jL_o; for o # 0. Applying 6 to
ad —a

12

[L_00, Lao) = 2qaLoy — C, (2.4)

we get aq; =0 for j >0, an00-00 = 77, € = % and b = 0. Moreover, from
0°(La,o) = Lao, (2.5)
we obtain G, 0a_a,0 = 1, and from the commutation relation

[Laos Lgo] = q(B — a)Laypo with a # =3, (2.6)

we obtain ga,0ap0 = Gaatso for a # —p3. Hence we have

g \2(e-1) N _ q4 -
A0 = <m> aty with a1 = WGLO #0.
Applymg 0 to [Lfl,Oa [L2,07 LO,i]] = 2(3q + i)[Ll’o, LU,i]a we have
> (lal’Bq + ) — *(3q+14))(q + j)aiL_r; = 0. (2.7)

JELy
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For any fixed i, by (2.7), there exists only one j such that aé- # 0, and

- *(3q+1)

- 3(] S Z+,
|q|?

which is impossible.
52
In the case a = _\ZT’ we have afg:g = 0 for 8 # a. Putting a,; = az:?.
Then 0(Lao) =3 ez, dajla; f(f a#0. Similar to the above, by (2.4), we have
oy =0 for j >0, aapt-ap = f, € = =iz and b = 0. Furthermore, by (2.5),
we have @, 0000 = 1, and by (2.6), we have gaq 00 = —qaatppo for o # —f.

Hence we see that
Ao = (—1)“‘%%)2(&1)6@70 with |aio| = 1.

Similar as (2.7), applying € to [L_1,[La0, Los]] = 2(3¢ + ©)[L1,0, Lo,i], we have
> alPBa+4) — (Ba+0)(g+ jaiLy,; =0,
jeLy

which will derive contradiction again as above. [ |

3. Quasifinite highest weight modules

We discuss results on quasifinite highest weight modules (QHWM’s) over B(q).
First, we introduce the following notion, which will simplify the presentation to
some extent.

Definition 3.1. For any fixed number ¢ € C, and generalized polynomial
p(t) € tiC[t], the shifted polynomial p(t) of p(t) is defined by p(t) = t~p(t) € Cl[t].

By denoting L, ; = z®t9"" (we shall use the two notations interchangeably),
we can realize B(q) defined by (1.1) in the space Clz,z7!] ® t/C[t] & CC with Lie

brackets
[ f(t), 2 g(t)] = x* TP U(Bf ()g(t) — af(t)g (1)) -
o’ — o - 3.1

+ b f0)(0)C

Here f'(t) = %(tt). Note that the central charge term given in (3.1) is consistent

with that given by equation (2.1) in [21]. The Lie algebra B(g) has a natural
Z-gradation B(q) = ®aczB(q)s with
B(q)a = span{L,;|i € Z1} @ 40 0CC.
Putting B(q)+ = ®+a>0B(¢)a, we have the following triangular decomposition:
B(q) = B(q)- @ B(g)o @ B(q)+

Note that B(q)o = t?C[t] & CC' is an infinite dimensional commutative subalgebra
of B(g) (but not a Cartan subalgebra). Denote by B(q)§ the dual space of B(q)o.
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Definition 3.2. (1) A module V over B(q) is called

(a) Z-graded if V = @aezVa and B(q)aVs C Vaip for all a, f;

(b) quasifinite if it is Z-graded and dimVj < oo for all j;

(c) a highest weight module if there exists some A € B(q)§ such that
V = V(A), where V(A) is a Z-graded module generated by a weight
vector vy € V(A)y which satisfies hvy = A(h)vy for h € B(q)y and
B(q)+vA =0.

(2) A nonzero vector v in a Z-graded module V is called singularif B(q),v = 0.

Suppose L(A) is an irreducible highest weight B(g)-module with highest
weight A. By [21, Lemma 3.3|, if L(A) is quasifinite, then there exists a monic
polynomial f(t) € tIC[t] such that (z7'f(¢))vy = 0. If such an f(t) is of
minimal degree, it is called the characteristic polynomial of L(A), which is uniquely
determined by the highest weight A. In this case, f(t) = t79f(t) is called the
shifted characteristic polynomial of L(A).

The highest weight A € B(q)} is determined by the central charge ¢ = A(C),
and the labels h; = —A(Lo;) = —A(t1""), i € Z,. Note here that the definition
of labels is slightly different from that given in [21] (in fact, h; = A(Ly,;) defined
there), but this is not essential. Define the following generating series with variable
z:

(z,q) = ZQZ iy +Z hivs 2T = —A((2q + 2t)t%e™).

It was shown in [21, Theorem 1.4] that L(A) is quasifinite if and only if the
generating series Aj(z,q) is a quasipolynomial, namely Ax(z,¢) can be uniquely
written as a finite sum of the form

z,q) = va(z)ew, (3.2)

yel

where I' is a finite subset of C, and m,(2) € C[z]. It is well-known [11, Lemma
4.2] that a formal power series is a quasipolynomial if and only if it satisfies a
nontrivial linear differential equation with constant coefficients. We call v the
ezponents of L(A) with multiplicities m.,(z). One can see from the proof of [21,

Theorem 1.4] that f( ~)Ax(z,q) = 0. Furthermore, the set of roots of Ft) is
exactly I' by (3.2).
We summarize the above discussion into the following lemma.

Lemma 3.3.  An irreducible highest weight B(q)-module L(A) associated with
Ax(z,q) is quasifinite if and only if f( ~)Ax(z, q) 0, where f(t) is the shifted

characteristic polynomial, and the set of roots of f( ) is T.

To emphasize the dependence of L(A) on the set I' in this case, we will
denote it by L(A;T).

Definition 3.4.  An irreducible QHWM L(A;T") over B(q) is called primitive if
(1) T is an empty set, or



XIA AND ZHANG 167

(2) the multiplicities of all exponents in I are nonzero complex constants.

Note that our definition of primitive modules over B(q) is similar to those
over Wi o and D (the central extension of the Lie subalgebras of W, fixed
by —oy, where oy are anti-involutions of W) introduced in [6, 12, 13]. From
their elegant work, we can see that the primitive modules over Wj, . and D=
are particularly important, especially on free field realization and vertex algebra
theory. Due to the following lemma, the primitive B(g)-modules seem to be also
interesting. We shall see in the next section that the primitive B(g)-modules
include all the unitary quasifinite irreducible highest weight B(¢)-modules.

Lemma 3.5.  Let L(A;T) be an irreducible QHWM over B(q). Suppose that
f(t) is the shifted characteristic polynomial of L(A;T). We have

(1) if f(t) =1, then (2¢+i)h; =0 for i € Z;

(2) if f(t) has only simple roots, then there exist nonzero complex constants m.,
such that

(2q +9)h; = Zm,fyi for 1 €7Z,. (3.3)
vel

In both cases, L(\;T") is primitive.
Proof. (1) Note that f(t) = 1 if and only if I' = ¢ by Lemma 3.3. Hence
L(A;T) is primitive. Furthermore, we have Ax(z,q) = 0, and so (2¢ + i)h; = 0
for 4 c Z+ . _

(2) Suppose that f(t) = (t — 1)+ (t — %), where 7; are different from
each other. By Lemma 3.3, the set of exponents is exactly I' = {7, ..., }, and
there exist k nonzero polynomials m;(z) € C|[z] such that

4. E
f(a) Zm,-(z)ew‘ = 0.

Direct computation shows that the coefficient of the term m](z)e”* on the left
hand side of the above equation is [] ., ;.(v — ;) # 0, which implies that
m;(z) must be a constant (simply denoted m;). Hence L(A;T") is primitive. Now
the formula (3.2) can be written explicitly as follows:

i g i1 i1 i
20) G+ A= migs
=0 =0 =0 j=1

Comparing the coefficients of z* in the two sides of the above equality, we obtain

(3.3). ]

4. Unitary quasifinite highest weight modules

Hereafter we assume that 0 # ¢ € R. Recall the definition of the conjugate-linear
Lie algebra anti-involution w of B(q) defined by (2.3).
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Definition 4.1. A module V over B(q) is called unitary if there exists a positive
definite Hermitian form (-,-) which is contravariant with respect to w, namely,
w(X) and X are adjoint operators on V' with respect to (-,-) for X € B(q).

Suppose L(A) is a unitary irreducible QHWM over B(q) with highest weight
vector vy € L(A)g, and the shifted characteristic polynomial f(¢). Without
loss of generality, we assume that (vy,vp) = 1 through out the paper. The

shifted characteristic polynomial f(t) of L(A) will be described in Lemma 4.3
and Remark 4.4.

We first prove the following result.

Lemma 4.2.  Let L(A) be a unitary irreducible QHWM over B(q). Then ¢ and
all h; are real. Furthermore, if L(A)_y # 0, then ¢ >0 and ghy > 0.

Proof.  We simply denote L(A) by V. Suppose that f(t) is the shifted charac-
teristic polynomial of V', and degf(¢) = k. Since

—iLi = <Ifq+i"UA,UA> = <UA,tq+iUA> = —hi,

we see that the labels h; are real. Similarly, the central charge c is also real.
Now assume that V_; # 0. We claim that k = degf(t) > 1. Otherwise,
f(t) =1,1e., L_1ovp =0. In case ¢ # —1, applying L_; 41 = qul[L_l,i, Ly,] to
va, by induction we obtain V_; = 0, a contradiction. In case ¢ = —1, applying
[L_10,Loi] = (i —1)L_1; to vp, we obtain L_y,vy =0 for ¢ # 1. So, we must
have L_jjvp # 0 by assumption V_y # 0. Applying [L_10,L1;] = (i —2)Ly; to

v, we obtain Lg,;vy = 0 for ¢ # 2. Hence,
Ll,iL—l,IUA = [Ll,ia L—l,l]UA = (]. — i)L07i+1UA =0 for all i c Z+.

On the other hand, it is clear that L,;L_1,vps =0 for « > 2 and ¢ € Z,. Thus
L_; vy is a singular vector in the unitary module V', and we necessarily have
L_;1v5 = 0, contradicting the given assumption. Hence the claim holds.

By the definition of the characteristic polynomial, we have

(& f(t))oa = (a7 f(t))va = 0. (4.1)
Let u; := (2719w, for 4 > 0. Then
[ span{w; |0 <i < k} if ¢ # —1,
Va = { span{u;, ug11 |0 <i <k} if ¢=—1. (4.2)

It is clear from (4.1) that u, ..., u; are linearly dependent. However, uq, ..., ux_1
are linearly independent, as otherwise there would exist a polynomial g(¢) with

degg(t) < k = deg f(t) such that (z7't%g(t))vpy = 0. This contradicts the fact
that f is the characteristic polynomial.

If ¢ # —1, we have x~ "9 f(t) = _qla™ "t f(¢),17"] for all @ > 1.

Applying the i = 1 case of this relation to vy, we see that (x= 14 f(¢))uy = 0,
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since t?*1 acts on vy by multiplication by the scalar A(t?"!). Now applying this
relation with arbitrary 7 > 1 to vy, we immediately show by induction on ¢ that
(x7 19T f(t))vp = 0 for all 4 > 1. This implies that all u;,; with i > 1 are linear
combinations of {u; |0 <i < k}. So, (4.2) holds in case ¢ # —1. In fact, we have
shown that {u; |0 <i < k} is a basis of V_; in this case.

If ¢ = —1, applying 12 f(t) = %H[xflf(t),t”i] with @ > 0 to vy,
we obtain z 't f(t)uy = 0 for ¢ > 0. These equalities, together with (4.1),
inductively imply that all u; are linear combinations of {u;, ux1|0 <1 <k}, ie.,
(4.2) holds in case ¢ # —1. This completes the proof of (4.2).

Since wg, . ..,ug_1 in (4.2) are linearly independent, we have
0 < (ug,u;) = ([t o7 oy vp) = (=2(q + )t vp, vp) = 2(q + 1) hg;. (4.3)

Taking 7 = 0 in (4.3) gives ghy > 0. (We would like to point out here that if
0>q€Z,then 1 <k < —q by (4.3).) Now, for @ > 2, consider the vector
Vo = (x7%%)vp € V_,. We have

(2 M v, = [z, 27Ny = q(1 — 2a)(x't9)vy # 0,
which implies that v, # 0. Then

0 < (Va,va) = ((x%t9)(x~*t)vp, vp) = ([, 27t vp, vp)

= ((—2qat? + O‘EO‘C)UA,UM = 2qahy + aglgo‘c,

which implies that ¢ > —i@q_h;’ for all o > 2. Note that ghg > 0. Taking o — o0,

we obtain ¢ > 0. n

Lemma 4.3.  Let L(A;T) be a unitary irreducible QHWM over B(q). Assume
that L(A;T)_1 # 0, then the shifted characteristic polynomial f(t) of L(A;T") must
be of the following form:

(1) if g # —1, then f(t) =t, or f(t) has only simple nonzero real roots;

(2) if q=—1, then f(t)=t.

Moreover, degf(t) = |I'|, where |I'| denotes the number of exponents.
Proof. We simply denote L(A;T) by V. Suppose degf(t) = k. Then k > 1,
since V_1 # 0. N
(1) First, we show that all the roots of f(¢) are real. Denote by U(B(q))
the universal enveloping algebra of B(g). Consider the action of the element
= —q%l(hl + 1t € U(B(q)) on V_; = span{u; |0 < i < k} (cf. (4.2) with
q # —1). It is easy to show by induction that

T (up) = T ((x ") wp) = (271 )vy = u; for 0<i < k.
This in particular implies that F(T)(ug) = 0 and {T"(ug) |0 < i < k} is a basis
of V_y. It follows that f(¢) is the characteristic polynomial of the operator 7" on

V_1. Since the operator T'|y_, is self-adjoint, all the roots of f(t) are real.
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Next, we claim that all the real roots of f(t) are simple. Assume that ~ is a
real root of f(t) of multiplicity m. Write f(t) = (t—~)™g(t) for some polynomial
g(t) € Clt]. For the nonzero vector u = (T — )" 1g(T)(uo) € V_1, we have

(u,u) = (g(T)(uo), (T = 7)*"?9(T)(uo)) = 0 for m > 2.

Hence the unitarity condition implies m = 1, and so the claim holds.
Now assume that zero is a root of f(t). We only need to show that f(t) =
For p(t) € C[t], clearly we can write p(t) = p(Z)e*|.—o. More generally, for
p(t) € q(C[] by induction we have p(t)" = 'ﬁ(%)"(tiqe“)k:g for i+ > 1. Let
vy = (@ 2f(t))vp € V_a. By (3.1)-(3.2) and Lemma 3.3, we have

(vp,vp) = ([ f(1), 272 f()]va, va)
= ((—4t"7f () f'(t) + 5(0)°Chva, va)
—2(t'" q( () )UA7UA>
= < )2(t22e2t) vA,vA>}
< 2q + zt)tle* vy, UA>|
f(aﬁ)2AA(Z 9)|,_, =0,

which implies that vy = 0. Since (27 f(t))vy = (¢ 9f(t))vp = 0, we have
0 = (2t =[xt 22 f(t)]va
= —(2qz7 f(t) + a7t f (1) oa = —a 7L (t)va

= —(@ ") + g f (1))oa
= —xilthrlf/(t)vA. (4'4)

z=0

Hereafter f'(t) denotes the derivative of f(¢). Suppose k > 2. Then we can write
f(t) =tt —~v) - (t — yk-1), where ~; are different nonzero real numbers. Note

that deg(tf'(t)) = k and that the leading coefficient of ¢f'(¢) is k. By (4.4) and
the uniqueness of the shifted characteristic polynomial, we must have

tf'(t) = kf (). (4.5)

Letting t = ; in (4.5), we obtain two cases: v = 0 if k = 2, and ~} HZ 5 (’yl
~vi) =0 if k > 3, each of which is a contradiction. Hence k = 1, and so f( ) =

(2) Since ¢ = —1, we must have k = 1 by (4.3). Suppose f(t) =t —~ for
some 7 € C. By Lemma 3.5(2), there exists a nonzero constant m such that

(i — 2)h; = m~y" for i € Z,.

Taking ¢ = 2 in the above equation, we obtain v = 0. Hence f(t) =t.
The last statement is a direct corollary of (1), (2) and Lemma 3.3. n

Denote by e;(Z) the i-th elementary symmetric polynomials on any given
set Z ={z1,...,2,}, namely, we define

ei(Z) = Z zj, -z, for 1<i<n.

1<ji<-<gisn
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Now we prove the main result, Theorem 1.1.

Proof of Theorem 1.1. For notational simplicity we denote L(A) = L(A;T') by
V. Let f ( ) be the shifted characteristic polynomial of V', and degf ( ) = k. From
the definition of shifted characteristic polynomial and dimV_1 < o0, it is easy to
show that V_; # 0 if and only if £ > 1. If ¢ ¢ R, then there is nothing to prove
by Lemma 2.2. Suppose 0 # g € R in what follows.

Claim 1. Cases k>2,0or k=1 and I # {0} can not occur.

_Otherwise, V_; # 0. By Lemma 4.3, we have ¢ # —1, and we can suppose
that f(t) = (t —~1)---(t — ), where ; € I' are different nonzero real numbers.
Recall the notation u; = (z7'¢7"")vs we introduced in Lemma 4.2. First we claim
that u; # 0. Otherwise 0 = (=19 f(t))vy = (x719G(t))va, where G(t) = f(t)—t*.
But, degyg(t) = degf(t) — 1=k —1<k, a contradiction. Applying

xfltq+ifN(t) _ [xfltq+iflf(t)7 tq+1]

+1

to vy, we have shown, in the arguments in proving (4.2) with ¢ # —1, that
(x7 19 f(t))vp = 0 for i € Z, . Using (z71t9f(t))va = 0, (x7 19T f(t))vp = 0,
ur # 0, and v; # 0, one can easily show that

{L_1va |1 <j<k+1} isabasisof V_;. (4.6)

The equalities (147 f(¢))uy = 0, i € Z, also imply that

k—1
Loyova— Y (=1)ej1(D) Loy java =0 for n>k. (4.7)

=0
Generalising the left hand side of (4.7), we define

k—1

Xgn=Lon—Y (~1Vejn(D)Lpn 1, YBELZ
=0

and let v,,, = X_,,vp for all @« > 1 and n > k+ 1. Then clearly, v, = 0 by
(4.7). Using (1.1), we can compute (U4, Vo). We have

<U0c ns Vo n> = < [Xa n X—a n:| VA, UA>

a(q+n)hy, —2 Z Y a2q+2n—7—1)ej1(T)hon_j

k—1

Z D" a(2q 4 2n — i — j — 2)eip1(D)ejra (D) hon—i—j—o
=0 j

= |:X1 naXfl n]vAavA> = Q<Ul,navl,n> = 07

??‘
H

_|_
I
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which implies v,, = 0, namely,

k—1
L_,nvp = Z(—l)jeﬁl(F)L,a’n,j,lvA for a>1andn > k+1. (4.9)
=0

Note that, in the case o > 2 and n = k, the elements of the form L, (, and thus
the central charge ¢, will appear in (4.8). So, the formula (4.8) in generally does
not hold for n = k, and neither does (4.9) (except a = 1, i.e., (4.7)). Applying
[L_ok+1,L10] = Bqg+k+1)L_1 41 to va, by (4.9) with n =k + 1, we obtain

N
—_

Bg+k+1) > (=1)ej1(T) Lot pjua

=0
k—1
== _(=1eja(D)[L1o, Lo k—j]va
=0
k—1
= > (=1YBg+k—jlej1 (D) Loy p—jva,
=0

which gives Z;:é(—l)j(j + 1)ej1(I')L_1 4—joan = 0. Hence L_qva,...,L_q v
are linearly dependent vectors in V_y, which contradicts (4.6). So, Claim 1 holds.

Claim 2. If k=1 and I' = {0}, then L_, vy =0 for « > 1 and ¢ > 1.

In this case, we still have V_; # 0. By Lemma 4.3, f(t) = ¢t. By
Lemma 3.5(2) and Lemma 4.2, there exists m > 0 such that

. m if 1 =0,
(2q +i)h; = { 0 ifi>1 (4.10)

We first show that Claim 2 holds for case o = 1, namely,
L_jon=0 for i>1, (4.11)

First, by the definition of shifted characteristic polynomial, L_; vy = 0 since
f(t) =t. In case ¢ # —1, applying L_; ;41 = quLl[L_M, Ly 1] to vp, by induction
we immediately obtain (4.11). In case ¢ = —1, applying L_y ;41 = ﬁ[L,M, Ly ]
with ¢ > 2 to vy, we inductively obtain L_;,uy = 0 for i > 3. Next, we only
need to show that L_;svy = 0 in case ¢ = —1. Assume that L_;5v) # 0. By

(1.1) and (4.10) with ¢ = —1, we have
Ly ;L_yovp = [L1;, Loy 2)on = —iLlg400a = thipovy =0 for i€ Zj.

On the other hand, it is clear that L, ;L_;2vs =0 for a > 2 and i € Z, . Hence,
we have shown that L_;,vs is a singular vector in V_;, a contradiction. So,
L_15vy =0 in case ¢ = —1. This proves (4.11).
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Furthermore, by (4.11), it is easy to show that Claim 2 also holds for case
a = 2. Otherwise, one can show that there at least exists a singular vector
L_5;,vn € V_o with 49 > 1 by similar arguments as above, a contradiction. By
induction on «, Claim 2 holds.

Claim 3. If £ =0, then L_,,up =0 for a > 1 and ¢ > 1.

In this case, V1 = 0 and f(¢f) = 1. As we have shown in Lemma 3.5(1),

the labels h; satisfy
(2g+i)h; =0 for i € Z,. (4.12)
This can be viewed as a special case of (4.10) with m = 0. The case a = 1
of Claim 3 clearly holds, since f(t) = 1. By similar arguments in Claim 2 and

induction on «, Claim 3 holds.
Now it follows Claims 1-3 that

V =U(B(q)- ® B(q)o)va = U(Vir_ & B(q)o)va.

By (4.10) and (4.12), we have Lgvp = —02g4i0h—24va for i > 1. Regarding V' as
a Vir-module and using Theorem 2.3, we complete the proof of Theorem 1.1. m

Remark 4.4.  ;From the proof of Theorem 1.1, we see that f(¢) =¢ (Claim 1
and Claim 2) if V; # 0, and f(¢) = 1 if V_; = 0 (Claim 3). Thus the
unitary quasifinite irreducible highest weight B(q)-modules are primitive modules

by Lemma 3.5.

5. Discussions

Any unitary highest weight Vir-module L(A) can be trivially extended to a unitary
B(g)-module by requiring all L,; with ¢ > 0 act trivially. In Claim 2 in the proof
of Theorem 1.1, the unitary B(¢q)-module L(A;T") is a primitive B(q)-module with
I' = {0}, which is trivially extended from a unitary highest weight Vir-module
L(CVira hVir) with Ay > 0.

Given a unitary highest weight Vir-module L(A), and a real number h € R,
we construct a B(g)-module from L(A) in the following way. For all i > 1 and
v € L(A), L,; acts on v by L,,v = hv if (a,i) = (0,—2¢), and L,,v = 0
otherwise. Note that if ¢ ¢ %Z’i or h = 0, this degenerates to the trivial extension
discussed earlier. If ¢ € %Z*_ and h # 0, we call this B(¢q)-module an almost-trivial
extension of Vir-module L(A). Clearly, this is a unitary quasifinite irreducible
highest weight B(g)-module. In Claim 3 in the proof of Theorem 1.1, the unitary
B(q)-module L(A;T") is a primitive B(g)-module with I" = ¢, which is obtained
from a unitary highest weight Vir-module L(cyi, 0) this way.

It will be interesting to determine the unitary uniformly bounded B(q)-
modules. In view of [4], we expect that any unitary irreducible uniformly bounded
B(g)-module must be an intermediate series B(q)-module, which gives a unitary
version of the conjecture [21, Conjecture 1.6].

We wish to point out that, Kac, Liberati and Radul used natural homo-
morphisms from the algebra W, (resp. Wi ) to the central extension of the
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Lie algebra of infinite matrices with finitely many nonzero diagonals g/]\loo (first to
gl , and then lifted to homomorphisms of the corresponding central extensions)
in the classification of the unitary quasifinite highest weight modules over W,
(resp. Wiioo) in [9, 11]. However, to the best of our knowledge, no homomor-
phisms from B(q) to gl or g?loo are known, thus it is not clear how to adapt the
techniques of [9, 11] to study the unitary quasifinite representations of B(q).

Acknowledgment. We would like to thank the referee for many useful sugges-
tions, which have led to a considerable improvement of the paper.
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