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Abstract. We consider two families of finite-dimensional simple Lie super-
algebras of Cartan type, denoted by HO and KO, over an algebraically closed
field of characteristic p > 3. Using the weight space decompositions and the
principal gradings we first show that neither HO nor KO possesses a nonde-
generate associative form. Then, by means of computing the superderivations
from the Lie superalgebras under consideration into their dual modules, the sec-
ond cohomology groups with coefficients in the trivial modules are proved to be
vanishing.
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1. Introduction

The theory of modular Lie superalgebras has undergone an evolution during the
last ten years, especially in the classification of classical simple modular Lie super-
algebras (see, e.g., [1, 2]) and the structures and representations of simple modular
Lie superalgebras of Cartan type (see, e.g., [6, 8, 9, 10, 11, 12]). Recently, one can
also find the work on the representations of the classical modular Lie superalge-
bras. In the present paper we study the second cohomology groups of modular Lie
superalgebras of Cartan type. The classical cohomology vanishing results of Lie
(super)algebras depend on the characteristic of the underlying field. For simple
Lie superalgebras, even in the characteristic zero case, the complete reducibility
and the cohomology vanishing theorems do not hold in general. In view of these
general facts, in this paper we prove that the cohomology groups vanish for two
families of finite-dimensional simple modular Lie superalgebras defined by odd dif-
ferential forms, known as the odd Hamiltonian superalgebras and the odd contact
superalgebras, respectively. That is,

e MAIN THEOREM (Theorem 4.10): The second cohomology groups with coeffi-
cients in the trivial modules vanish for both the odd Hamiltonian superalgebra
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and the odd contact superalgebra over an algebraically closed field of charac-
teristic p > 3.

Let us close this introduction by briefly recalling certain results on the co-
homology of modular Lie (super)algebras of Cartan type. Chiu [3] and Farnsteiner
[4, 5] determined the second cohomology groups of modular Lie algebras of Cartan
type. Wang and Zhang [11] determined the second cohomology groups of simple
modular Lie superalgebras of Cartan type H and K, in the case which possess
a nondegenerate associative form and Xie and Zhang [12] determined the second
cohomology groups of simple modular Lie superalgebras of Cartan type K, in the
case which do not possess a nondegenerate associative form.

2. Basics

Hereafter F is an algebraically closed filed of characteristic p > 3, Zo :={0,1} is
the additive group of order 2, Z, N and Nj are the sets of integers, nonnegative
integers and positive integers, respectively. Throughout this paper L = @& L;
is a finite dimensional Z-graded Lie superalgebra over F. We should mention
that once the symbol p(z) appears in an expression, it implies that z is a Zs-
homogeneous element of parity p(z). Write L* for the dual module of L and
U(L) for the universal enveloping algebra of L. Then L* inherits a Z-graded

U(L)-module structure:

L =@ (L);
(u-f) = (—1)PPHfoO(u)|, foralueU(L), fe L,
where © is the principal anti-automorphism of U(L), that is, the linear even
mapping satisfying that
1) =1
(x) = —x forallz € L;
O(uv) = (=1)PWPQ(1)O(u) for all u,v € U(L).

)
()
A superderivation from L into L-module L* is by definition a linear mapping
Y L — L* such that
O([z,y)) = (“1)POPOz - (y) — (=1)POPERY () for all z,y € L;
1 is said to be inner if there is some f € L* such that
Y(z) = (~1)P@PUg . f forall x € L;
1 is said to be skew if

V(@) (y) = —(=1)PPW(y)(z) for allz,y € L.

Let H be a nilpotent subalgebra of LyNLg with weight space decomposition:
L = ®acaLl(a). We write 0 for zero weight of L. Viewing L; as H-modules
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by means of the adjoint representation, one can find subsets A; C A such that
L; = ®aea,Li N Ly. Thus L has a Z x Map(H,F)-grading structure, which
induces a Z x Map(H, F)-grading structure on the dual module L*.

Let Derp(L,L*) be the space of superderivations from L into L* and
Inng(L, L*) the subspace consisting of inner superderivations. Then Derg(L, L*)
inherits a Z x Map(H,F)-grading structure from L and L* in the usual way.

3. Associative Forms and Weight Space Decompositions

Let m be a positive integer and suppose we are given two m-tuples of positive
integers, t := (t1,to,...,tn) and m := (m, 7o, ..., Ty), where m; := p' — 1. Let
O(m;t) be the divided power algebra over F with basis {z(® | a € A(m;t)},
where A(m;t) := {a € N" | a; <m}. For ¢ := (d1,...,0m), we abbreviate
) to x;, i =1,...,m. Let A(n) be the exterior superalgebra over F with n
variables 41, ..., Tmin. The tensor product O(m,n;t) .= O(m;t) @r A(n) is an
associative super-commutative superalgebra with a Z,-grading structure induced
by the trivial Zs-grading of O(m;t) and the standard Zs-grading of A(n). For
g € O(m,t), f e An), write gf for ¢g® f. Note that z(¥2(® = (azﬁ)w(wrﬁ) for
a, 8 € N™, where (azﬁ) =11, (ai+’8"). Let

(67

B(n) = {(i1,i9,...,ig) [ m+1<i1 <ig<---<ip, <m+mn; 0<k<n}.

For w := (i1,a,...,i) € B(n), set |u| = k and write 2" = x;,2;, - - - z;,. Notice
that we also denote the set {i1,is,...,9x} by w itself. For u € B(n + 1), put

5. 0 ifieu luf = lul+1 if2n+1€wu
i€u 1ifigu, T |yl if2n+1 ¢ u.

For u,v € B(n) with uNv =, define u+v to be w € B(n) such that w = uUv. If
v C u, define u—v to be w € B(n) such that w = u\v. Note that O(m,n;t) has a
standard F-basis {2® 2" | (o, u) € A(m;t) xB(n)}. Let 9, be the superderivation
of O(m,n;t) such that 0,(z®)) = 2= for » € T,m and 0,(x,) = 6, for
r,s € m+ 1,m+n. The generalized Witt superalgebra W (m,n;t) is spanned
by all f.0,, where f. € O(m,n;t), r € 1,m + n. Note that W (m,n;t) is a free
O (m,n;t)-module with basis {0, | » € 1,m + n}. In particular, W(m,n;t) has a
standard F-basis {2240, | (o, u,7) € A(m;t)xB(n)x1,m + n}. Put & = |7|+n.
Recall the standard Z-grading, O(m,n;t) = @fZOO(m, n;t)s:, where

O(m,n;t)s; = spang{z@z" | |a| + |u| = i,a € A(m;t),u € B(n)}.
It induces naturally the standard grading W (m,n;t) = @f:_ilW(m, n;t)s;, where
W(m,n;t)s; == spang{f0; | f € O(m,n;t)si+1,j € 1,m +n}.

The standard gradings of O(m,n;t) and W(m,n;t) are also said to be of type
(1,...,1]1,...,1).

We also use the principal grading O(n,n + 1;t) = @f;rg@(n,n + L t)pis
where

O(n,n + 1;1)ps = spang{z@a® | |a| + ||Jul| =4, o € A(n;1), u € B(n + 1)},
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and the principal grading W(n,n + 1;t) = @f;riQW(n, n+1;t)p,i, where
W(”? n+ 1?t)p,l = Spa’n]F{faj ‘ f S Op,i+1+5j72n+17j S 17 2n + 1}

The principal gradings of O(n,n + 1;t) and W(n,n + 1;t) are also said to be of
type (1,...,1]1,...,1,2) (see [7]).
Consider the linear operator Ty : O(n,n;t) — W(n,n;t) given by

Ti(a) == Y (=1)PPPW0,(a)dy for a € O(n,n;t),
i€l,2n
where
2n+1 if1=0
=< i+n ificln
i—n ifien+1,2n.

Note that Ty is odd and that
[Ty(a), Tg(b)] = Tu(Tu(a)(b)) for alla,b € O(n,n;t).

Then
HO(n,n;t) := {Tu(a) |a € O(n,n;t)}

is a finite dimensional simple Lie superalgebra, called the odd Hamiltonian super-
algebra (cf. [7, 10]). The standard Z-grading is defined as follows:

HO(n,n;t) = @f;leO(n, n;t)s,

where

HO(n,n;t); == HO(n,n;t) " W(n,n;t)s;.

Recall the finite dimensional odd contact superalgebra, which is a simple
Lie superalgebra contained in W (n,n + 1;t), defined as follows (cf. [6, 7]):

KO(n,n+ 1;t) = {Tk(a) | a € O(n,n;t)},

where
TK(CL) = TH(CL) + (_1)p(a)a2n+l (CL)@ + (@ (CL) - 2&)82n+1

and o -
We have the following formula (see [6, 7]): for a,b € O(n,n + 1;1),
[Tx(a), Tk(b)] = Trc(Tx(a)(b) — (~1)*@20,11(a)b). (1)
The principal Z-grading is defined as follows:
KO(n,n+1;t) = &5__,KO(n,n + 1;t);,

where
KO(n,n+1;t); := KO(n,n+ L;t) "N W(n,n+ 1;t)p,.
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In particular,
KO(n,n+ Lit)_, =FTx(1), KO(n,n+ 1;t)e = FTy(z™glth-2ntl),

For simplicity, we write HO and KO for HO(n,n;t) and KO(n,n+1;t), respec-
tively.
For i € 1,n, set

Hpo = Z FTu(zizy), Hro = Z FTk (zizi).

i€ln i€ln

Write X for = HO or KO. Then Hx is a torus of Xj() Xo, known as standard.
We consider the weight space decomposition of X with respect to the torus Hy,

X = ®reax Xy
For a € A(n;t) and u € B(n), define o + u to be the linear function on Hy,
at+u:Hxy —TF
such that for i € 1,n,

(+u)(Tu(zizy)) = dvew —a; it X = HO,
(o + u)(Tk(zizs)) = dyew — ;. if X = KO.

Q
+

Since
[Tu(zis), Tu(e' ")) = (Breu — ) Tu(z'@a),
one sees that Ty (x®2*) € HO is a weight vector belonging to the weight o 4 .
Similarly, Tk (z(®z") and Tk (z(®2"s9,,1) € KO is a weight vector belonging to
the weight o + u.
For o, 8 € A(n;t), write @« = 8 (mod p) provided that a; = 3; (mod p)
for all i € 1,n.

Proposition 3.1.  For a € A(n;t) and u € B(n), we have

HO(OH_U) = Z FTH( (B=2j1 vy €12 500y © )xu v1+v2)7

B=a(modp),v1 Cu, voCn+1,2n\u,
B— Z]/EUI J+ZJ Cug cj€A(nst)

KO(a+u) = E FTK (m(ﬁ_zj’evl 5j+22n+1¢j/eu2 Ej)xufvlJrvg)‘
B=a(modp),v) Cu, voCn+1,2n+1\u

B2l vy S5t on 4125 €y S5 EAMIL)

Proof. (i) For HO, the inclusion “ DO 7 is straightforward. To show the
converse, let Ty(z¥Wz") € HO(atu), where 8 € A(n,t), v € B(n). Then, for
i € 1,n, one has

(Breo — B)Tu(2W2”) = (8 +v)(Tu(zizy)) Tu(z'Pz")
= [Tu(zswe), Tu(z?2")]

a + u)(Tu(zzy) Ta(zPa?)
i'eu az>TH( (B)xv)

(
(6w
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Consequently, d;c, — 5; = dy7c — a; holds in F, that is,

1 (modp) ifi€cuvandi ¢wv
i — By = s — ey — —1 (mod p) ifi ¢wuandi €wv
T fen e Y 0 (mod p)  ifi €uwandi €
0 (modp) ifi ¢wuandi &wv.

The assertion follows.

(ii) In (i), replacing HO and Ty by KO and Tk respectively, one checks
that all the arguments above still hold. Thus, for KO it can be proved in the
same manner. [ |

Write wy = (n+1,...,2n) and w; = (n+1,...,2n+ 1). By Proposition
3.1, we list the following for later use:

KOp= Y FTg(elSamnmrease) 2)
a=0(modp), ucB(n+1)
Anoo = Aroo = {0,2ei,e; +ej,ei+ (§), (¢, ') | i # j € T,n}, (3)

AHO,l = AKO,l = {81', <’i/>, 281' + 5]‘725@' + <j>,€i + Ej + €Ly Ei + Ej -+ <]€/>,
es, e+ (G, k), (0,4, k') | 4,5,k € T,ndistinct},  (4)

Aoz = Ako2 = {9704 +u,B+v|laf+[ul = 47281'82"(95(&)13“) =0,
i=1

181+ ol = 2,3 0w (aPa) = 0},(5)
i=1
AHO,E—Q = AKO{ = {7T + (,UQ}. (6)
As in the Lie algebra case, one may easily prove the following

Lemma 3.2. Let L =& L; be a finite dimensional simple Z-graded Lie su-

peralgebra and H a nilpotent subalgebra of LN Loy with weight space decomposition
L = ®aealia). If L has a nondegenerate associative form, then

dim[[r Lk = dlm[F Lq—r—k and dlmF Lk N L’Y = dlm]p Lq—r—k N L—’Y
forall —r <k <q and v € A.

Theorem 3.3. Let X = HO or KO. Then X does not possess any nonde-
generate associative form.

Proof.  For X = HO, we have X = Y.5_%  X;. Note that
X o = spangTy(z™a*0),  X_; = spang{Tu(z;) | i € T,2n}.

This shows that
1 =dim X¢ 9 #dimX_; = 2n.
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For X = KO, we have X = Zf:_z X;. Consider the weight space decom-
position with respect to the torus Hx defined above, X = @qenX(a)- oFrom (2)
we have

1 =dimX_,N Xy # dim X N Xy = 0.

Now our conclusion follows from Lemma 3.2. n

4. Second Cohomology Groups

As in the Lie algebra case [5], if a finite dimensional simple Lie algebra L does
not possess any nondegenerate associative form, then H?*(L,F) = H'(L,L*) and
all the Zs-homogeneous superderivations from L into L* are skew. We thereby
obtain by Lemma 3.2 and Theorem 3.3 the following

Theorem 4.1.  H?*(X,F) is isomorphic to H(X, X*) and Der(X, X*) consists
of skew superderivations for X = HO or KO.

In view of this theorem, in order to determine the second cohomology
groups, it is enough to compute H'(X, X*). To this aim, we want to establish
a reduction lemma relative to the superderivations from X into X* (see Lemma
4.5). Before doing that, we first recall a general result (Lemma 4.2), which is
analogous to the Lie algebra case [5].

Let L be a finite dimensional Z-graded Lie superalgebra over F, L =
@ L;. Write L~ = @;! L; and LT = ®_ | L;. Recall the canonical mapping

®,: H'(L,L*) — HY(L,L*)
which is naturally induced by the restriction mapping
Derg(L, L*) — Derg(L™, L").
Write U(L)* for the two-sided ideal of U(L) generated by L and put
Anng -+ (L) ={u € U(L™)" |u- L =0},

Lemma 4.2. [12] Let V be a Zs-graded subspace of L. Suppose there are
a Zo-homogeneous basis {ey,ea,...,e,} of L™ and a Zs-homogeneous basis
{vi,v2,..., 00} of V such that {e*-v; | 1 < j < m,a € T} is a basis of L
over F for some subset T C N" and that Anng; -+ (L) = spang{e® | b € N*\ T'}.
Then the following statements hold:

(1) Ewery superderivation v : L — L* satisfying that ker(ade;) C kery(e;) for
all i € 1,n defines an element of ker®,, that is, 1|~ € Innp(L~, L*).

(2) Suppose there is € N* such that T ={b & N" | b < p}. Then ker(ade;) C
ker)(e;) if and only if e - (e;) = 0.

We mention a standard result that for a Lie superalgebra L, every ho-
mogeneous superderivation ¢ : L — L* can be extended to one and only one
U(L)-module homomorphism ¥ : U(L)* — L* so that ¥(z) = ¢(z) for all
x € L.
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Lemma 4.3. If ¢ : HO — HO* is a superderivation, then
Tu(x:) - Y(Tu(z;)) = Tu(z;)™ - (Tu(z;)) =0 forall 1€ 1,n, j€n+1,2n.

Proof. Letting ¥ be as indicated above, we have
Tu(:) - ¥(Tu(z:)) = Tu(z) - (Tu(z:) = ¥(Tu(z:)?) =0,
Tu(w;)™ - (Tu(w;)) = Tu(w;)™ - U(Tu(z)) = U(Tu(z;)")

for all i € I,n, j € n+1,2n. Let G € HO. As TH(xj)ptj lies in the center
C(U(HO)™), where j € n+ 1,2n, we have

G- W(Tr(z;)"") = W(GTu(;)"") = U(Ty(z;)"’ G) = Tu(a,)?” - ¥(G).

Note that . N
(Tu(zy)"” - W(G)(y) = £V(G)(Tu(z;)"" -y) =0

for y € HO. Consequently, Ty(x;)™ - ¢(Tu(x;)) lies in
{f e HO" | HO - f =0} = {f € HO" [ f([HO, HO]) = 0},

which is zero, since HO is simple. The proof is complete. [ |

Lemma 4.4.  For p:=(1,...,1,7m,...,m,) € N>, we have

ker(adTH(xZ)) = rI‘H<.’L'Z>MZ -HO + FTH(:K@/), 1€ 1, 2n.
Proof.  The inclusion “ D 7 is clear. For b:= (by, by, ..., bs,) € N?" with b; = 0
or 1 for all i € 1,n, put

Tr’ = TH(x1)b1TH($2)b2 e 'TH($2n>b2"a
2n

U(HO_) gy = spanF{THb 1> b < k}

=1

HOuy = U(HO_y) 3y - Tu(z™a*).
Then HO = Zl,g’igl HOy). By induction one gets
ker(adTy(x;)) N HOpy C Ty(x;)" - HO,
where 0 < k < |u| — 2. Now we want to show that
ker(adTy(z;)) " HO(y—1) C Tru(z:)" - HO + FTu(xy).

Let
x = Z A Tr - Tir(2™20) € ker(adTu(x:)) N HO(ju-1)-
0<a<p
Then
r = Z )\aTHa . TH<J](7T)ZE“)O> + /\M_EiTHM*Ei . TH<J](F)ZL’MO>
0<a<p,a;=p;
lal=|p|—1

> EXTu(a) Ty Ty (x™a0) £ A, Tu(wy)

0<a<p,a;=p;
la|=|pu|-1
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modulo HO,—2y. Therefore, there is y € HO such that
z— Tu(z:)" -y £ Me, Tu(zy) € HO(u—2)
and
adTy(z;)(x — Tu(z)" -y £ N\, Tu(zy)) = 0.
Then

r— Tu(z)" -y £ XNee, Tu(zsr) € ker(adTw(z;)) N HO(pj—2) C Tu(a)" - HO,
that is, © € Ty(x;)* - HO 4+ FTy(z). The proof is complete. n

Recall that Hy is a torus of Xg[)Xo. Consider the weight space decom-
position of X with respect to Hx, X = @,ea,X,. We would like to mention a
standard fact that every Map(Hx, F)-homogeneous nonzero-degree superderiva-
tion from X into X* must be inner. So we are only concerned with those su-
perderivations of Map(H x,F)-degree 6.

Lemma 4.5. Let X be HO or KO. If ¢y : X — X* s a superderivation of
Map(Hx, F)-degree 0, then there exists f € X* such that ¥(z) = (—1)3@dg . f
forall x € X~

Proof. (i) First consider the case X = HO. The general assumption of Lemma
4.2 is valid for V = F - Ty(z™z%0). Put Tg® = Ty(z,) Ta(2)?% - - - Th(wg,)%"

for a = (ay,as,...,as,) € N** with a; = 0 or 1 for all i+ € 1,n. Suppose
A, = @iy = - =a;, =0, 1 <4y <ip <-4 <n. Write
2t =xyxs---xs, b=aper +ayes+ Ay,
1 12 Zk
Since

Ty - Tu(z™a0) = £ Ty (™YY,
{Ty® - Tg(x™2°) | a € T} is an F-basis of HO and

Anngpo-y+(HO) = {Tu" | a ¢ T},

where

T={aeN"|a<pu}, p=~0,....1,m,...,7,) € N",
By Lemmas 4.2(1) and 4.4, it suffices to show that Ty(z;)* - HO + FTy(zy) C
kery)(Ty(z;)) for all ¢ € 1,2n. By Lemma 4.3,

0 = Tu(z:)"¢(Tu(z:))(HO) = F¢(Tu(z:))(O(Tu(z:)") - HO)
+¢(Tu(2:))(Tu(z:)™ - HO),

that is, Ty(z;)* - HO C kert)(Ty(z;)). Since 9 is a superderivation of degree 6,
it is clear that FTy(x;) C kery)(Ty(x;)).
(ii) Consider the case X = KO. The general assumption of Lemma 4.2 is

valid for
V=T Tu(z™z).
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Put
TKa = TK(l)aOTK(iEl)alTK([EQ)aQ cee TK($2n)CL2n
for a := (ag,as,as,...,as,) € N> with a; = 0 or 1 for all i € 0,n. Suppose
Qi = Qjy = *++ = Q4 =0,0< 1 <ig < -1 <. Write
' = xy 0wy a0, b=aper +ayea+ o+ Qen.
Since

Tk - Tr(x™a“1) = £ATk (2" Y2*),  where A =1 or 2,
one sees that {Tk” - Tx(z™a“1) | a € T} is an F-basis of KO and
Anngxo-y+ (KO) = {Tk" | a ¢ T},
where
T={acN""a<pu}, p=>0,...,1,m,...,m) €N
As in Lemma 4.3, one easily gets, for i € 1,2n,

Tx(1)¥(Tk(1)) = T ()" p(Tk (2:)) = 0.
Then the desired result follows from Lemma 4.2(1) and (2). ]

As before, L = ®%__ L, is a finite dimensional simple Z-graded Lie super-

algebra and H a nilpotenjc_subalgebra of LN Ly with weight space decomposition
L = ®aeal(a). We consider the subalgebra

M(L):=[L*,L"].
Note that M (L) is a graded subalgebra of L, on which H operates. Hence for
h Z 1 there is ¢h C Ah such that Lh = M(L)h + @aéthL(a) N Lh.

Lemma 4.6.  Suppose h > 3. Then

HO, = M(HO), + > FTy (™). (7)
«;=0,1(modp) Viel,n

u€B(n),|al+|u[-2=h

Proof. The inclusion “ D 7 is clear. Let us consider the converse inclusion.
Let Ty(x™a) € HOp, with h >3, a € A(n,t) and u € B(n). If a; = 0, 1(modp)
for all i € T,n, then Ty(z(®z") lies in the second summand of (7). Thereby we
suppose «; # 0,1 (mod p) for some j € 1,n. We distinguish two cases:

Case 1. Suppose j' ¢ u. We have
“ (@) gy — (2¢)) (a—es)
0# (26 )TH(LL‘ ") = —[Tu(2"*z;), Tu(z' " 5z")] € M(HO)y,.
J

Case 2. Suppose 7' € u. We have

@;(3 — o)

9 TH(I(Q)I'U) = [TH($(2€j)$j/),TH(SL’(aisj)fCu)] € M(HO)h (8)
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and

aj(a; —1)(5 — o)
6

Ty(z®@a®) = [TH(x(35j):pj/),TH(a:(O‘_Qaj)x“)] € M(HO). (9)

Since a; # 0,1 (mod p), aj(?’;aj) and w cannot be all zero modulo p.

Thus, it follows from (8) or (9) that Ty (z®x%) € M(HO)y,. ]

Remark 4.7.  Let IC(n,t) be the subspace spanned by the elements Tk (a) with
a € ®>10(n,n;t)s;. If a,b € ©;510(n,n;t)s;, by (1), we have [Tk(a), Tk(b)] =
Tk(Tu(a)(d)). Note that [Ty(a), Tu(b)] = Tu(Tu(a)(b)). It follows that K(n,t)
is a subalgebra of KO(n,n + 1,t). Moreover, the mapping

p:K(n,t) — HO(n,n;t), Tk(a) — Tu(a)
is an isomorphism of Lie superalgebras.

Lemma 4.8.  Suppose h > 3. Then

KO, = M(KO),+ > FTg (2@

a;=0,1(modp) V i€1l,n
uw€B(n),|al+|u|-2=h

+ E ]FTK(ZL‘(OC)ZL'UZEQn_i_l).
j/EuEO(mOdp> Vjel,n,
uw€B(n),|a|+|ul=h

ocjfts

Proof. It is sufficient to show the inclusion “ C 7. Let TK(x(“)x“xgnH) € KOy
(mod K(n,t)), where h >3, a € A(n,t) and u € B(n). Note that for j € 1,n,

(o — 5j/6u)TK(m(o‘)m“a72n+1)

— [Tw(@2"), T(2jz,25051)] € M(KO),  (mod K(n,1)).  (10)
If there is j € 1,n such that a; — d;e, Z 0 (mod p), it follows from (10) that
Tk (22 29,11) € M(KO), (mod K(n,t)).
By Remark 4.7 and Lemma 4.6, one easily sees that “ C ” holds. [ |

Recall that L = @!__ L; denotes a finite dimensional simple Z-graded
Lie superalgebra and H a nilpotent subalgebra of Ly N Lo with weight space
decomposition L = @aeal(a). We record a general fact, which is completely
analogous to the Lie algebra case (see [5, 12]):

Lemma 4.9. Let ¢p : L — L* be a Z x Map(H,F)-homogeneous skew su-
perderivation of degree (1,0). Suppose 1 |- € Inng(L~, L*).

(i) If Il > —q then v is inner.
(i) If l =—q and AyN—=A¢ =0 then 1 is inner.
(iii) If —2¢ <1< —q—1 and —=Ay & ¢_(q41) then 1 = 0.
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We are now in a position to prove the main result of this paper:

Theorem 4.10.  The second cohomology group H*(X,F) vanishes for X = HO
or KO.

Proof. By Theorem 4.1, it is sufficient to show that all the Z-homogeneous
skew superderivations from X into X™* are inner. On the other hand, as mentioned
above, superderivations from X into X* of nonzero Map(H x, F)-degrees must be
inner. Hence it is sufficient to show that if ) : X — X* is a skew superderivation
of Z x Map(Hx,F)-degree (,0) then ¢ is inner. Hence, in the below we suppose
Y X — X* is such a superderivation. By Lemma 4.5, 9 |x-€ Innp(X—, X*).

(1) If I > —q, by Lemma 4.9(i), v is inner.

(2) Suppose | = —q. By (3) and (6), we have —AxoN Ax, = 0. Then by
Lemma 4.9(ii), ¢ is inner.

(3) Suppose —2¢ <1 < —q—1.1f | < —q— 3, then —(¢+1) > 3. By
Lemma 4.6, for HO we have

P_(q+) C{a+u | acAln),ucB(n),a; =0,1 (mod p),
Viel,nlal+ul=—(¢g+1-2)}.

Combining this with (4), (5) and (6), we have

~Apog € O—(g+1), —ADuHoq L ¢2 C Apop and  — Apog € Aoy = ¢1.

By Lemma 4.8, for KO we have

O—(gry C{0,a+u | a€An),ueB(n); a;=0,1 (mod p),
Vieln,lal+ul=—(¢+1-2)}.

Then by (4), (5) and (6), one easily sees

~Agoq € O—(g+1)y —Akoq € ¢2 C Ago2 and — Ago, € Ako1 = ¢1.
By Lemma 4.9(iii), » = 0. The proof is complete. [
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