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Abstract. We study in this paper the restricted roots for a class of spheri-
cal homogeneous spaces of semisimple groups which includes simply connected
symmetric spaces. For these spaces we give a detailed description (case by case)
of the set of roots of the group associated with each restricted root of the space
(the nest of the restricted root). As an application, we obtain a refinement of
the Weyl dimension formula in the case of spherical representations, expressing
the dimension as a product over the set of indivisible positive restricted roots.
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1. Introduction

In this paper we consider restricted roots for a class of affine spherical homogeneous
spaces X = G/H, where G is a semisimple group, H is a reductive subgroup,
and a Borel subgroup of G has an open orbit on X. All groups are complex
linear algebraic groups and all topological notions refer to the Zariski topology.
Following [Av2], we assume that X is “excellent” (see Section 3 for the definition;
this class of spherical homogeneous spaces was introduced in [VG]). All simply-
connected symmetric spaces and all rank-one spaces have this property. When
G is simple and H is not the fixed points of an involution of G, we obtain from
Krémer’s tables [Kr| a relatively short list of excellent affine spherical homogeneous
spaces. These spaces exhibit several new phenomena. For example, by contrast
with the case of a symmetric space, the restricted roots are not a root system
in the usual sense. We want to understand how these restricted roots behave
in some problems associated with such spaces. We concentrate in this paper on
constructing a restricted version of Weyl’s dimension formula, and we obtain a
refined version of the Plancherel formula.

We recall that Weyl’s dimension formula is the product over a system
of positive roots of the group G. It is natural to expect that for spherical
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representations on X the dimension can be expressed as a product over a system of
positive restricted roots of X . However, as far as we know, an explicit dimension
formula of this type has not appeared in print for a general symmetric space. The
c-function of Harish-Chandra for a non-compact Riemannian symmetric space has
such a product formula, and as a result the Plancherel density for such a space
also has a product formula. For a symmetric space Vretare [Vr] and Helgason
[He2, Ch. III §9.4] showed that Weyl’s dimension formula can be obtained as a
regularization of c-functions. As a consequence we know that for a symmetric
space a version of Weyl’s formula for the dimension of a spherical representation
as a product over restricted roots exists, but the computation of specific factors
corresponding to individual restricted roots is a substantial work.

There is another approach to this problem which we follow in this paper.
To each restricted root of X we associate a set of roots of G that we call the
“nest” of the restricted root. Then in Weyl’s formula we combine the factors from
the same nest. We know that in the case of a symmetric space it is convenient
to consider together all scalar multiples of a restricted root, say a and 2a, each
with a multiplicity. We can associate with this system an “atomic” symmetric
space of rank one (which has these roots and multiplicities). In this paper we
show that the spherical dimension function (in the symmetric case) is a product of
some explicit combinatorial functions, corresponding to the “atomic” symmetric
spaces of rank one. These functions for rank one are explicit but not simple.
This is similar to the situation for the rank-one factors in the Plancherel formula
for a non-compact Riemannian symmetric space, which are quite complicated in
contrast to the factors occurring in the c-function [Gi3].

We obtain similar product formulas for non-symmetric excellent affine
spherical homogeneous spaces. The focus here is again on the detailed study
of the nests of restricted roots (and, as a result, of atomic spaces of rank one).
This takes up the major part of the paper. We believe the result can be useful in
other problems, such as the horospherical Cauchy transform [Gil], [Gi2] (cf. [Go]),
and that our dimension formula gives a hint as to how a product formula for the
c-function for an excellent homogeneous spherical space might look.

There are several new interesting facts that emerge from our investigations.
Some of the atomic spaces of rank one are symmetric spaces of rank one, but there
are two nonsymmetric spherical rank-one spaces (one of them having restricted
roots «, 2a, 3a). Furthermore, there are some “virtual” rank-one spaces: they
are not realized as spherical spaces of rank one, but participate as “atomic” spaces
in certain excellent affine spherical homogeneous spaces of higher rank.

Here is a brief description of the organization of the paper. The main
results concerning dimension formulas are stated in Section 2. Some general results
concerning excellent affine spherical spaces and associated parabolic subgroups are
established in Sections 3 and 4. With these structural properties of excellent affine
spherical pairs established, we turn to the detailed consideration of restricted roots
and the dimension formula in Section 5. We introduce a principal sl, subalgebra
that plays a key role in determining the shifts in the dimension factors. In the
following sections we then work out all the rank-one cases in detail, followed by
the higher-rank non-symmetric excellent affine spherical homogeneous spaces, and
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conclude with the higher-rank symmetric spaces.

Some Notational Conventions.

1. Z, is the set of nonnegative integers and C* is the multiplicative group
of the field C of complex numbers.

2. Denote the n xn matrix x with diagonal entries x; € C and other entries

zero by diag[xy,...,x,]. Let &; be the ith coordinate function on the diagonal
matrices, so that ¢;(x) = z;. If x = diag[zy,...,x,] and y = diag[ys, ..., y,] then
(x|y)=tr(xy) =291+ + Tn¥n.

3. For x = [z1,...,2,] with z; € C let x = [z,,...,11].

4. If V is a complex vector space with dual space V* = Hom(V,C), then
(-, -) denotes the tautological duality pairing of V* with V.

5. Lie algebras of algebraic groups are denoted by the corresponding Ger-
man lower case letters. For an algebraic group L let C[L] be the algebra of regular
functions on L. Let X(L) = Hom(L,C*) be the character group of L (written
additively); the value of A € X(L) on y € L will be denoted by y*. If V is an L
module, then V¥ denotes the subspace of L-fixed vectors.

6. Let G be a semisimple simply-connected algebraic group over C. Fix a
choice of Borel subgroup B C GG and a choice of maximal torus 7' C B. Let U be
the unipotent radical of B. Then B = TU and (tu)* =t* for t € T, u € U, and
A € X(B), so we may identify X(B) with X(T).

7. The set of dominant weights of B is denoted by X, (B). Let wy,...,w,
be the fundamental dominant weights, where ¢ = rank(G). Let A\ = kjwy +

-+ kywy with k; € Z, be a dominant weight. The support of A is the set
Supp A = {w; : k; > 0}.

8. For each A\ € X, (B) there is an irreducible finite-dimensional rational
G-module F), with highest weight A. The action of g € G on x € E), is denoted
by g-x. Write A* for the highest weight of the dual representation (F,)*. Fix a
highest weight vector ey € E); thus b-e), = be, for b € B.

2. Restricted Weyl Dimension Formula

To state our theorems concerning dimension formulas, we introduce the following
functions. For t = m/2 with m a nonnegative integer let ¢(z; t) be the monic

polynomial of degree 2t 4+ 1 in x whose zeros are at ¢, t —1, ..., —t+ 1, —t.
Thus ¢(x; 0) =z and
px;t)=(@—t)(x—t+1) - (z+t—-1)(z+1) (1)

when ¢t > 0. This polynomial arises naturally as the characteristic polynomial
1

for the matrix [8 _Ol ] € 5[(2,C) in the irreducible representation of dimension
2

2t + 1. We extend ¢(x;t) to be a meromorphic function of x and ¢ by setting
olz;t)=T(x+t+1)/T(x—t). Define
plrt+y;t)

oy t) = e(y; t)

(2)
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This is a meromorphic function of =, y, t that is normalized to satisfy ®(0,y; t) =
1. We write ®(z,y) = ®(x,y; 0) = (z +y)/y.

The regular Weyl dimension functions are defined as follows; here m (the
multiplicity parameter) is a positive integer subject to the additional conditions
indicated.

O(z,y) ifm=1,

P 2 if m=2
W(z,y;m)= (=,9) e (3)

O(x,y; 1) iftm=3,

@(x,y)@(a:,y;%m—l) ifm>4,

when there is a single multiplicity parameter, and

p

W(z,y; m,1) = ®(z,y) {®(z,y; 2m - 1)V if m>2is even,
e dm = Y eyidm ey o
O(z,y; 3) (4)
if m > 2 is even,
Wi(x,y;8,7) = ®(x,y) ®(2z,2y; 2) ®(22,2y; 3) ,

W(z,y; m,3) =

\

{ W(z,y:3,3) = ®(z,y; 1) d(22,2y; 1), (5)

Wi(x,y;2,1,2) = ®(z,y; 3) (22, 2y) ®(32,3y; 3) |

when there are two or three multiplicity parameters. These functions of x, y
occur in the dimension formulas for rank-one affine spherical spaces, with the first
parameter the multiplicity of the indivisible restricted root £. The second and
third parameters are the multiplicity of 2§ and 3¢ (when these multiplicities
are nonzero). The original Weyl dimension formula is expressed in terms of
the function W(z,y; 1) = ®(z,y), whereas the functions in (5) occur for non-
symmetric spherical spaces of rank one.
The singular Weyl dimension functions are defined as follows.

{ Wsing<$7y; m) = (D(.T,y7 !

m_ﬁ)’

(6)

N |— D=

Weing(2,y; m, 1) = CID(:U,y; m) if m is even.

These functions only occur in the dimension formulas for some excellent non-
symmetric spherical homogeneous spaces of rank greater than one.

When a multiplicity parameter is zero, we omit it from the notation; thus
we write

W(l’,y; m70> = W(S(},y; m)>
W(z,y; m,n,0)=W(z,y; myn) (n=1,3,7),
Wsing(l‘7 y;m, 0) = Wsing(J:, Yy, m) .
With the indicated restrictions on m all these dimension functions are polynomials

in z and rational functions of y. They are normalized to take the value 1 when
x = 0.
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Assume that G/K is an irreducible simply-connected symmetric space.
Fix a Cartan subspace a C p, where g = € 4+ p is the Cartan decomposition
corresponding to the involution. Then a C t where t is the Lie algebra of a
maximal torus of g, and the roots of t on g can be restricted to a. Fix a set of
positive restricted roots ¥ C a* and let 3 be the indivisible positive roots. For
£ € X¢ let me and mae be the associated root multiplicities, and let

1
5 = 5 Z (mg + 2m2§)£.
cexd
Let (A | &) be the bilinear form on a* obtained by duality from the restriction to
a of a positive multiple of the Killing form of g (the appropriate normalization of

the form is described in Section 5).

Theorem 2.1.  The finite-dimensional irreducible K -spherical representation
of G with highest weight \ has dimension
d) = TT WA 1€).(8 [€) 5 me,mac) . (7)
cexd

For rank-one symmetric spaces we prove Theorem 2.1 in Section 6 using
classification and the results from Section 5. Helgason’s formula for d(\) in
terms of a regularization of ratios of c-functions [He2, Ch. III §9.4] suggests
that the result should then hold in higher rank. However, in the rank-one case the
multiplicity me determines the value of (d | £); this is not true in rank greater than
one, and it seems necessary to do a case-by-case argument for higher rank to obtain
the explicit factors corresponding to each positive restricted root. We carry this
out in Section 8 using techniques similar to those for rank-one symmetric spaces.
By Weyl group symmetry of the restricted root system, however, we only need
to consider the simple restricted roots in most cases. The necessary information
about the restricted roots is summarized in a marked Satake diagram (the Satake
diagram as in [Hel, Ch. X, Table VI] with additional labels on certain vertices)
and a table of root data in each case.

Remark 2.2. If £ € X} then by Cartan’s classification of symmetric spaces
the only possible values for mg¢ are 0, 1, 3, and 7, and ms¢ = 0. Furthermore,
when moge # 0 then mg is even. Thus all the dimension functions in formula (7)
are defined in (3) and (4).

For an irreducible simply-connected excellent spherical space that is not
symmetric there is an analogue of the subspace a that was introduced in [Br],
and there is a corresponding set ¥ of restricted roots (although this set is not a
root system). As a consequence of our dimension formulas we can separate the
indivisible positive roots X into regular and singular roots:

=2t Uxt

reg sing *

By definition, an indivisible positive restricted root is called regular if its dimension
function occurs in a rank-one affine spherical space; these functions are given in
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(3), (4), and (5). Otherwise, the root is called singular. The dimension functions
for singular roots are given in (6). With this terminology established, we can state
our second main result.

Theorem 2.3.  Assume that G is simple and simply-connected, H is reductive
and connected, and G/H is an excellent spherical space that is not symmetric.
The finite-dimensional irreducible H -spherical representation of G with highest
weight X\ has dimension

d(>‘) = H W(<)‘ | £>7 <5 | £>a m§7m2§7m3§)

£y

X H Wsing(<)\ 1 £),(618); m67m2§)‘

cext

sing

(If rank G/H = 1 then X, is empty.)

We prove Theorem 2.3 in Section 7 using methods similar to those for sym-
metric spaces. Determination of the root nests and dimension factors requires
more calculation in this case because there is no Weyl group action on the re-
stricted roots. The necessary information about the restricted roots in each case
is summarized in a marked Satake diagram (as in the symmetric case) and a table
of root data.

Remark 2.4. For a singular root £ the multiplicity of 2£ turns out to be either
zero or one, and the multiplicity of 3¢ is zero. Thus the dimension functions in
(8) are all defined in (3), (4), (5), and (6), with the convention that

W(N]€), (0] €) s me,mag,0) = W((A]&),(0]8);me,ma).

Remark 2.5. For non-symmetric excellent affine spherical homogeneous spaces
of rank greater than one, the calculations in Sections 7 show that regular and
singular restricted roots can have the same multiplicities. Hence the dimension
functions for these spaces are not completely determined just by the restricted
roots and their multiplicities, unlike the case of rank one spaces or higher rank
symmetric spaces.

3. Spherical Pairs

Let G be a simply-connected semi-simple complex algebraic group and H an
algebraic subgroup of G. The pair (G, H) (and by extension the homogeneous
space G/H and the subgroup H C G) is called spherical if B has an open orbit
on the variety G/H . The existence of such an orbit implies that dim Ff <1 for
all A € X, (B). If G/H is quasi-affine (such a subgroup H is called observable),
then the converse is true [VK, Theorem 1]. Since all Borel subgroups of G are
conjugate, the notion of spherical pair does not depend on the choice of B.
Assume that (G, H) is a spherical pair. If A € X, (B) and Ef # 0, then A
will be called an H -spherical highest weight and F\ an H -spherical representation
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(thus C[G/H] contains E) as a submodule in this case). Following [Av1] we let
['(G/H) denote the set of H-spherical highest weights for G. Then I'(G/H) is a
subsemigroup of X, (B). If H is reductive, then for A € X, (B) we have E} # 0
if and only if EfL # 0. Hence I'(G/H) is invariant under the map A — A* in this
case.

The following class of spherical pairs was introduced in [VG] (cf. [Av2]).

Definition 3.1.  The spherical pair (G, H) is excellent if G/H is quasi-affine
and I'(G/H) is generated by p,. .., u, with Supp p; N Supp p; =0 for i # j .

When (G, H) is an excellent spherical pair, then the support condition
implies that {1, ..., u.} is linearly independent and I'(G/H) is a free semigroup.
For example, from [He2, Ch. II, Prop. 4.23] one knows that (G, H) is excellent
when G is simply-connected and H is any symmetric subgroup of G (the fixed-
point group of an involutive automorphism of G'). Here G/H is affine because H
is reductive.

4. Parabolic Subgroups for Excellent Affine Spherical Pairs

For the rest of the paper we assume that (G, H) is an excellent spherical pair with
G simply connected and simple, H connected and reductive (the list of such pairs
with H not a symmetric subgroup of G is given in Sections 6 and 7). Fix a Borel
subgroup B in G. Let pug,...,pu,. satisfy the conditions of Definition 3.1. The
integer r is the spherical rank of the pair (G, H).

For a vector space V' let P(V) be the associated projective space, and
denote the canonical map from V' \ {0} to P(V) by x — [x] = C* - x. Define

P={geG :[g-e,]=]le,] fori=1,...,r}.

Then P is a parabolic subgroup of G since it contains B.

We can describe the structure of P as follows (see, e.g., [Hu, §30.2] and
[VP]). Let ® be the roots of 7' on g and let ®* be the positive roots determined
by the Borel subgroup B. Let A be the simple roots in ®*. For o € ®* let h, € t
be the coroot to . There is a unique regular homomorphism v, : SL(2,C) — G
whose differential di), : sl(2,C) — g satisfies

0 0 1 0 0
_1:| - ha> d¢a |:0 0:| E gOla dwa |:1 O‘| G gfa .

Write G for the image of v, ; this is a closed subgroup of G.
Define

Ao B

Ag={aeA : (uj, ha)=0 fori=1,...,7 }.

Thus Ay consists of the simple roots « such that h, acts by zero on e, for all
A € I'(G/H). By the representation theory of SLy, one knows that o € Aq if and
only if G® fixes ey for all A € T'(G/H).
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Viewing the elements of Ay as characters of T', we define

C= < ﬂ Ker(()z))O :

aclg

where K° denotes the identity component of an algebraic group K. Then C is
a subtorus of T, and elements of C' commute with G® for all @ € Ay. The Lie
algebra of C' is

c={xet: (a,z)y=0forall ae A }.

Define

L={geG : gc=cg foral ce C}. (9)

Then L contains the subgroups G for all @ € Ay. Since C is a torus, one
knows that L is a connected reductive group containing 7', and that P = LN
(Levi decomposition), where N is the unipotent radical of P. Furthermore, C' is
the identity component of the center of L. The Lie algebras of L and N are

[:c+ZChQ+Zgg, (10)

ac€lg BeEV

i Y o (1)

acedt\¥

where U = (Span Ao) N @ is the root system with simple roots Ay.

Define M to be the subgroup of L that fixes all the highest weight vectors
e, for i =1,...,r. Then M is reductive (but not necessarily connected). Let
M’ be the commutator subgroup of M and let Cy = M NC'. The Lie algebras are

o={Yec: (u,Y)=0 fori=1,...,r}, (12)

m= > Cha+ Y g5, (13)
aEAg IS

m=co+m. (14)

Following [Br|, we let a be the orthogonal complement to ¢, in ¢ relative to
the Killing form on t. Since the Killing form is positive definite on the real span
tg of the coroots, and since ¢ and ¢y are complexifications of real subspaces of tg,
we have ¢ = a @ ¢g. Thus [ = a d m as a Lie algebra and ' = m’. Furthermore,
p=m®adn as a vector space and

g=n ®dmdadn with n” = Z g-53. (15)
BEDPT\T

From (15) it follows that

[={X e€g: [X,a=0}. (16)
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Lemma 4.1.  Let d = ||J;_, Supp p;]. Then dimc¢ = d and dimc¢y = d — 7.
Hence dima = r. In particular, if |Supp ;| =1 for all i, then a = c.

Proof. For a € A write w, for the corresponding fundamental weight. Then
w, € Supppu; if and only if (u;, hy) # 0. Thus if we use the Killing form to
identify t with t*, then p; is orthogonal to Aq since h, and « are proportional.
By the support condition in Definition 3.1, for each o € A there exists at most one
index 4 such that w, € Supp p;. Hence |Ag| = ¢ —d (where ¢ = dimt is the rank
of g). This shows that dim¢ = d since Aq is linearly independent. Furthermore,
we see that the set Ag U {1, ..., 1} is linearly independent.

Let h € t. Then h € ¢ if and only if (a, h) = 0 for all & € Ay and
(i, h) =0 for i = 1,...,r. Hence by the linear independence of AqgU{py, ..., i}
we conclude that dim¢g=0—({ —d+7r)=d—r. ]

5. Restricted Roots and Dimension Factors

The spherical subgroup H defines a partition of the root system of g as & =
U U (P \ V), where we recall that ¥ is the root system of m (these are the roots
whose restriction to a is zero) and Ay = ¥ N A is a set of simple roots for W.
Define the set of restricted roots ¥ to be the restrictions of the roots in ® \ ¥ to
a.! For A € t* we write A for the restriction of A to a.
Let X% be the set of restrictions to a of the roots in &+ \ . For £ € ¥+
define
() ={aecd"\V:a=¢}. (17)

We call ®F(&) the nest of roots for £&. We define

n§:: Ya
acdt (&)

(the & eigenspace of a in n). The multiplicity of £ is
me = dimng = |®F(&)].

If a e d(), €V, and a+ € ®, then a+ S € &1(£). Hence the subspace
ne is invariant under the adjoint action of m, and there is a decomposition

n= 6}) L3

fext

as a module relative to the adjoint action of [=m @ a.

Let (- | -) be a positive multiple of the Killing form on t, which we use
to identify t with t* and to identify a* with a subspace of t*. Then ¥ 1 a* and
a* = SpanI'(G/H). We normalize this form to make (a | a) = 2 for a € A
when these roots all have the same length. When m’ has roots of two lengths,
then it follows by the classification of simple Lie algebras that these roots occur in
only one simple ideal, say q, of m’. Thus we can normalize the form so that when

'When H is not a symmetric subgroup of G, the set ¥ is usually not a root system in af;.
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q is of type B (resp. type C') then the long roots (resp. short roots) in A have
squared length two. Given a € ®, we write

for the coroot to . Define
1 1 1
Po=5 D 0 =5 B d=5) mk.
acdt Bewt fext

Then 6 L py,. Since py is the sum of the fundamental highest weights of m, we
have

(pm|a’)y=1 forall a € Ay. (18)

Lemma 5.1.  There is an orthogonal decomposition
Pg =0+ P . (19)
Proof. From the definitions it is clear that the restriction of p; — pm to a

coincides with . Since § € a* it suffices to prove that
Py~ Pm € Q" (20)

To establish (20), we note from (18) that (p; — pm | @) = 0 for all a € Ay,
since (py | @) =1 for all @ € A. Hence p; — pn € ¢*. So we must show that
Pg — Pm L €. Since py L ¢g, it only remains to show that p; L ¢p.

From Lemma 4.1 and classification we find that ¢y # 0 only for the non-
symmetric pair (SL,4,, SL, x SL,) and for the symmetric spaces of types A III,
AIV.DI({=r+1),DIII ({ =2r+1), EII, and EIII These are exactly the
cases in which | Supp ;| = 2 for some i. In all these cases there is a non-trivial
symmetry of the Dynkin diagram that comes from an automorphism o of g that
preserves t, the Killing form, the set of positive roots, the set Ay, and the set

{t1, ..., }. Hence o fixes p;. We calculate in each case that o acts by —1 on
¢o (see Section 6, Case 1; Section 7, Case 1; Section 8, Cases 2, 5, 6, 7, 8). Hence
(pg | X) = —(pg | X) for X € ¢q. This proves that p; L ¢. ]

Let A € I'(G/H). For £ € X" define

Q€ (E) (pg | )

Let d(X\) be the dimension of the irreducible G-module E). Then the Weyl
dimension formula gives

d(N) =[] de(n). (21)

gex+
For o € ®7(&) we have (A | a) = (A]| ). Hence by (19) we can write
A+9 m

(01€) + (pm | )

a€dt (&)



GINDIKIN AND GOODMAN 267

We now determine the shifts (pn | @) in formula (22) using the represen-
tations of sly. Let hY be the element of Span{h, : o € Ay} such that

(R Ja)y=2 forall a€ly.

Then RS, is a regular element in m’, and there exist elements €% and f2 in m’ such
that {e%, f2, hl} is a principal sly triple in m’ (see [Ko] and [Bo2, Ch. VIII,
§11]). Denote the span of these elements by s and let S C M be the connected
subgroup with Lie algebra s.

Suppose g € G and Ad(g)a = a. If £ is a restricted root, then g - ¢ is also
a restricted root, where g - & € a* is defined by (g-& | z) = (£ | Ad(g) 'z) for
Trea.

Lemma 5.2. [If g € G and Ad(g) preserves a, then the restricted root spaces
ne and nge are isomorphic as s-modules.

Proof. Since [ is the zero weight space of Ad(a) in g by (16), we have
Ad(g)l = [. Hence Ad(g)m/ = m’ since m’ = '. Now Ad(g)s is a principal
sly subalgebra of m’, so there exists m € M’ such that Ad(mg)s = s ([Bo2,
Ch. VIII, §11, Prop. 9]). Since m - & = £ we may replace g by mg and assume
that Ad(g)s = s. But all automorphisms of sly come from its adjoint group, so
there exists s € S such that Ad(s)|s = Ad(g)|s. Then Ad(s'g)|s is the identity,
s-&=¢&,and Ad(s7'g):ng = nge gives an isomorphism of s modules. [

Let £ € X7 be a restricted positive root. Define
ke = max{k : k is an eigenvalue of ad kY, on n¢ }.
By the representation theory of sl; we know that k¢ is a non-negative integer and
ke = —min{(hd | a) : a € DT(E)}. (23)

Definition 5.3. A root o € (&) is a basic root if a gives the minimum value
in (23).

Let ®(x,y; t) be the function defined in (2); recall that we write ®(x,y) =
®(z,y;0).

Proposition 5.4.  The eigenvalues of ad h, on ng are integers between —k
and ke. They include —ke, —ke+2, ..., ke—2, ke. In particular, dimng > ke + 1.

Let b= Ske, let X € T(G/H), and assume all roots in Ay have the same
length. Then the following hold.

1. The shifts {pm | a) in (22) are the eigenvalues (with multiplicities) of
%ad hY on ng. In particular, the shifts include —b,—b+1,...,b—1,b.

2. Suppose b=0. Then de(X) =[P((A]E&), (d]&)N)]™ .
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+ 1)p for some integer p > 1, and ®*(&) has p
[PUATE), (0 1&8): b))

4. Suppose b >0 and m¢ = 2b+ 2. Then

de(A) = P((A[ &), (01 E))PA[E), (5]&);0).

3. Suppose b >0, me = (2b
basic roots. Then d¢(\) =

Proof.  The statement about eigenvalues follows from the invariance of ng under
{€2, fo, hd} and the representation theory of sls.

Now assume that all roots in Ag have the same length. Then p, = %h&, SO
assertion (1) in the proposition follows from the eigenvalue property just proved. If
b = 0, then all eigenvalues of ad hY, on ng are zero, and hence the shifts are all zero,
proving assertion (2). When there are p basic roots in ®*(§) and me = p(ke +1),
then each basic root vector is a lowest weight vector. Thus ng is the sum of
p copies of the irreducible representation of {e€2, f2, h%} of dimension k¢ + 1,
and hence the shifts are precisely —b, —b+ 1, ..., b— 1, b with multiplicity p,
proving (3). Finally, when m¢ = k¢+2, then ne must be the sum of the irreducible
representation of {€2 , f2 hY} of dimension k¢ + 1 and the trivial representation.
Hence the shifts are —b, —b+1, ..., b—1, b together with zero, proving (4). =

Let Wg be the Weyl group of G'.

Lemma 5.5. Suppose £ = @ and n = [ are restricted roots and that o and
B are the unique basic roots in the nests ®T (&) and ®*(n). Assume that there
exists w € Wg such that wa = 8 and wAy = Ag. Then wd™ (&) = &1 (n) and

(pum | wp) = (pm | ) for all pe @F(E).

Proof. Since « is the unique basic root, ®* () consists of all elements of &+
of the form a+3_ .\ m,~, where m, > 0. A similar statement holds for ®*(n).
Since w permutes the elements of Ay and maps roots to roots, it is clear that

wd*(§) = ®7(n) and wpn = pn. Thus (pn | wp) = (Wpn | W) = (pu | 1) for
all ue d*(¢). ]

When Ay has two root lengths, then the shifts (pn | @) in the dimension
formula cannot be determined just using A% . Define

1
w :pm_§h21'

Then @) € Span Ay and the shifts are

(ol @) = 5 (1S @)+ (5 | ). (24)
From (18) we have
(o) = zlala)—1.

If « =a" forall @ € Ag, then @? =0 and h) = 2py,.
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When there are two root lengths and m contains a simple ideal whose
Dynkin diagram is of type C', then from (24) and our normalization of the Killing
form we calculate that

0 for all short roots o € Aq,

(@ ) = (25)
1 for the long root a € Ag.

In this case 2wY is the fundamental dominant weight of m’ associated with the

long simple root. Likewise, when m has a simple ideal whose Dynkin diagram is

of type B, then we calculate that

0 for all long roots a € Aq,
(@ | a) = (26)
—1/2  for the short root a € Ay .
In this case —w@!, is the fundamental dominant weight of m’ associated with the

short simple root (the highest weight of the spin representation of m’).

Remark 5.6. The two situations just described suffice, since the Dynkin di-
agrams of type Fy and G5 do not occur as subdiagrams of connected Dynkin
diagrams.

Proposition 5.7. If{ € £* and dimng = 1, then de(X\) = P((A[€), (0] &))
for all N e T'(G/H).

Proof.  Let ®7(¢) = {a}. Since n¢ is a trivial m’ module, we have (hg | @) =0
for all B € Ag. Hence (hY | a) =0 and (@2 | @) = 0. Thus by (24) the py shift
in the dimension formula is zero. n

We create the marked Satake diagram for the pair (G, H) as follows.

(i) In the Dynkin diagram for A indicate the vertices corresponding to elements
of Ay by e and indicate the vertices corresponding to the other simple roots
by o. Join vertices corresponding to roots with the same restriction to a by
a double-pointed arrow.

(ii) When all roots in Ay have the same length and o € A\ A is adjacent to
an element of Ay, put the number (A | o) at the vertex for a.

(iii) When the roots in Ay have two lengths and o € A\ Ay is adjacent to an
element of Ag, put the pair of numbers ((h | a), (@n | a)) at the vertex
for a.

Here adjacent refers to the corresponding vertices and edges in the Dynkin diagram
for the root system of g.

Remark 5.8. Let a € A\ Ag. Since hl is a linear combination with positive
coefficients of the simple coroots of m, we have (h2 | a) < 0 if « is adjacent to
Ay. Furthermore, (hY | a) = (@? | a) =0 if « is not adjacent to Ag. Thus the
marked Satake diagram and formulas (25) and (26) determine the values (h2 | )
and (@? | a) for all a € A.
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6. Rank-One Affine Spherical Spaces

From E. Cartan’s classification (see [Hel, Ch. X Table VI]) the irreducible affine
spherical pairs (G,H) of rank one with G semisimple and H connected and
symmetric (the fixed points of an involution of G) are as follows (in types BII
and D IT the spherical representations are single-valued on the orthogonal groups,
so the spin groups are not needed).

ATV: G =SL;(C) with £ > 1 and H = GL(C) embedded by h +— h&det h'.
BII: G =S04,1(C) with ¢ > 2 and H = SO(C) embedded by h— h & 1.
DII: G =S0y(C) with ¢ > 2 and H = SOg,_1(C) embedded by h +— h @ 1.

CII: G = Spy(C) with £ >3 and H = Sp,(C) x Spy,_5(C) embedded in block-
diagonal form.

FII:. G =F4(C) and H = Spiny(C) embedded as described in [Ba, §4.2].

Type BII with ¢ = 1 is isomorphic to Type AIV with ¢ = 1, and Type CII
with ¢ = 2 is isomorphic to Type BII with ¢ = 2, and so these are omitted from
this list.

From Kramer’s classification [Kr| there are two irreducible affine spherical
pairs (G, H) of rank one with G simple and H not a symmetric subgroup of G.
The groups involved form a descending chain

Spin,(C) O G(C) > SL;(C)

and are of dimensions 21, 14, 8 and ranks 3, 2, 2 respectively. The embeddings
of the groups are described in [Ad, Ch. 5] and [Wol, §8.10]. The compact forms
of the corresponding homogeneous spaces G/H are constant positive curvature
spheres of dimensions 7 and 6 (cf. [Wo2, §12.7]).

Case 1. The pair (SL,;, GL;). Here G has rank ¢. We take the diagonal
matrices in g as a Cartan subalgebra and use simple roots «; = ¢; — ;41 for
i =1,...,¢. The fundamental H-spherical weight is pu; = w; + w, (see [GW,
Ch. 12.3.3]). Assume for the moment that ¢ > 2. If ¢ = 2 then A, is empty, while
if > 3 then Ay = {as,...,a_1}; in both cases dime¢ = 2. Since |Supp | = 2,
we have dim¢y =1 and dima =1 by Lemma 4.1. Thus m = ¢y & sly_;.

To determine ¢g, we identify t with t* using the form (- | -) and write x € t
as ciaq + -+ - + ¢y Then (g | x) = 0 gives the relation ¢, = —c¢;. It is easy to
check that the vector

y=((—1a;+({ —3)ag+ ({ —5)ag+---
+ B =0+ B—0ap1+ (1 —0)ay (27)
=(0—1)er —2(e2 4+ &) + (£ — L)
is orthogonal to Ay, and hence gives a basis for ¢y. Note that y is transformed

to —y under the diagram automorphism interchanging «; with ay,.;_; for ¢ =
1,...,¢, verifying the claim in the proof of Lemma 5.1.
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Since ¢ = ¢y @ a and dimc = 2, we see from (27) that

— {x = diag[t,0,...,0, —t] : t €C}. 28
a={x iag| > ] } (28)

Let & € a* take the value ¢ on the element x in (28). Then & = a7 = a; =
(e —ee)-

The multiplicities of the restricted positive roots are as follows when ¢ > 2
(details below).

restricted root | multiplicity
3 20— 2
2&, 1
= T
42 o — . — o —(+2
aq (o] Qp—1 Qy

Figure 1: Marked Satake diagram for SL,.; / GL, with ¢ > 2

From the table we see that 0 = (& . Since all the roots in Ay have the same
length, hd =2py=(l—2)as+ -+ (-1 —j)ay+---+ (¢ —2)ay_1 . Hence

2—/¢ ifi=1or/
o | i) = ’ 29
U | ) {2 ifi=2,. .. 0—1. (29)

We now determine the nests of restricted roots, the basic roots, and the
dimension factors d¢(A) for £ € ¥ and A €e ['(G/H).

(i) Let =& . Then () ={p1, ..., B} U{m,,... -1}, where

fi=e1—¢gjm=a+ -+,

Vi = El—jt1 — Epg1 = Quojq1 o Q.

Thus me = 2(¢ — 1) and the basic roots are #; and ~;. From (29) we have
ke = —(hd, B1) = —(hd,m) =1L¢—2. Since m¢ = 2(ke + 1), Proposition
5.4 (3) gives

de(N) = [@((A+5]€). (8]€): 4(0—-2))*.

(i) Let & =2&. Then ®7(¢) = {1 + -+ + ay}. Hence by Proposition 5.7 we
have de(A) = ®((A]€), (0]€)).

From cases (i), (ii) and (21) we obtain the dimension formula

dN) = S((A &), (Sla)) [N &) (0]&); 2 —2)]

30
W((M&),<5|§1);m§1,m251). ( )
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Here (& | &) = 5, so that (0] &) =20 and (p | &) = 1. Note that when

2
¢ = 2 this formula becomes

dN) = [@((A+6 &), (0]&);0)]"

Thus d(u;) = 2% as expected, since p; is the highest weight of the adjoint
representation of G when ¢ = 2.

The dimension formula when ¢ =1 (so G = SLy(C) and H is a maximal
torus in () is different. In this case the fundamental H -spherical highest weight
is p11 = 2wy, the multiplicities are mg, = 1, mgg, = 0, and

d()\) = O((A[&1), <5’§1>) :W((/\|§1>, (01&); mgl)- (31)
In this case (& | &) =2, sothat (0| &) =1 and d(kp;) = 2k + 1 as expected.

Case 2. The pair (SOy 1, SOy). Take G in the matrix form of [GW, §2.1.2]
and the diagonal matrices in g as a Cartan subalgebra.

Consider first the case ¢ > 3. We choose simple roots a; = ¢; — ¢;41 for
1=1,...,0—1,and ay = gy. The fundamental H -spherical weight is y; = w; = €;
(see [GW, Ch. 12.3.3]). Thus Ay = {ag,...,a;} and hence dime¢ = 1. Since
| Supp p1| = 1, we have a = ¢ by Lemma 4.1. Thus m = s09, ; and

a={x=diag[t,0,...,0, —t] : t€C}. 32
{x = diag| - ] } (32)

Let & € a* take the value t on the element x in (32). Then & = a7 = &;.
The multiplicities of the restricted positive roots for ¢ > 2 are as follows
(details below).

restricted root | multiplicity

& 20— 1
aq (&%) a3 Qp—1 Qy
& y 3 ... —! z !

e,
(~20+2,1/2)
Figure 2: Marked Satake diagram for SOsq,1 / SOg, with £ > 3

From the table we obtain § = (¢ — )& . Using the basis {e1,...,&,} for t and
the identification of t* with t, we can write

me = <2€—3)62+ (2£—5>53+"'+3€€—1+6€7
h) = (20 — 2)ey + (20 — 4)ez + - - - + ey + 2¢4.

Hence wgl = pm — 2h0 = —% (62 4+ -+ Eg) . From these formulas we see that

1
2/tm

—2+2 ifi=1
B ) — ’ 33
(T | cti) {2 ifi=2,...,¢, =
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and
1/2  ifi=1,
(@ | a;) =140 ifi=2...,0—1, (34)
—1/2 ifi=1¢.

(The last two cases in (34) were already given in (26).)
The nest of positive restricted roots is

HE) ={e1—g 1 2< i< U{er+e 1 255 < U{e)
={8 :2<i<OU{y :2<i<OU{ar+ -+ o},

where 8, = a3 +---+a;_; and v; = B + 205+ - - -+ 2. Thus [OF(&)] =20—1
as indicated in the table.

From (33) we see that ke, = 2¢ — 2 and the only basic root in the nest is
B2 = ay. Hence the eigenvalues of ad h, on ng, are

2042, ... ,=2,0,2 ...,20—2,

each with multiplicity one, with the negative eigenvalues coming from {f;} and
the positive eigenvalues from {v;}. From (34) we have (@ | 3;) = 1/2,
(wd | ) = —1/2, and (@ | a3 + -+ ay) = 0. Hence the p, shifts in
the dimension formula are

043 =Lo L =3, (35)

[

Note that the positive and negative shifts have unit spacing, but the space around
0 has size 1/2 because of the additional shift from @ , which decreases the positive
eigenvalues and increases the negative eigenvalues. Let A\ € I'(G/H) be an H-
spherical highest weight. It follows from (35) and (21) that

dA) = (A &), (6 [ &) PN &) (0] &) 0—3)
:W(()\|§1>,<5|51>§m£1)'

Here (& &) = (i | &) =1,s0that (6]&)=0—3.

(36)

Remark 6.1.  If A\ = kuy, then (36) gives d(A\) =2¢ + 1 when k=1 and

d(\) = %(%Jﬂf— 1) = (%;k> — (26;_1{;2—2) (37)

when k£ > 2. This is the well-known formula for the dimension of the space of
spherical harmonics of degree k in 2¢ + 1 variables.

The case { = 2 (G = SO5(C) and H = SO4(C)) is different. The
fundamental H -spherical weight is still w;, but Ag = {as} only has one root
length, m = sl,, and hY = 2ay. The root nest for & = @y is

q)+<§1) :{a17 Oél—i-OéQ, ()51+2052}
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with basic root «a;, and kg, = —(2as | aq) = 2. Hence Proposition 5.4 (3) gives

d(A):(I)((M&), <5’§1>§ 1):W((A|§1>,(5|§1>;m51). (38)

Case 3. The pair (SOg;, SOy ). Assume that ¢ > 2 and take G in
the matrix form of [GW, §2.1.2], with the diagonal matrices in g as a Cartan
subalgebra. Use the simple roots o; = ¢; —¢;47 for i = 1,... / —1 and ay =
Ep—1 + Ep.

Consider first the case ¢ > 3. The fundamental H -spherical weight is 1y =
wy; = &1 (see [GW, Ch. 12.3.3]). Thus Ay = {as,...,a,} and hence dime¢ = 1.
Since |Supp p1| = 1, we have a = ¢ by Lemma 4.1; thus m = m’ = s09 5. For
this choice of Cartan subalgebra

— {x = diag[t,0,...,0, —t] : t € C}. 39
a = {x = diag| ] } (39)

20—-2

Let & € a* take the value t on the element x in (39). Then & = a7 = ¢; and

(€& =1

The multiplicities of the restricted positive roots are as follows (details
below).

restricted root | multiplicity
& 20— 2

Qp—1

O ° ° e Qy_o
g
Figure 3: Marked Satake diagram for SOq, / SO9_; with ¢ > 3

From the table we obtain § = (¢ —1){;. Using the basis {e1,...,&¢} for t and the
identification of t* with t, we can write

hY =2(0 —2)eg +2(€ — 3)ez + -+ + 2641 .

Hence

—2 44 ifi=1
. : 10
(T | i) {2 ifi=2,..,¢( ()

The nest of positive restricted roots is

(&) ={e1—e; : 2<j < U{er+¢ :2<j <0}
:{ﬁj : 2§j§€}u{f}/j : 2§jSg_l}U{Oél‘i‘“'—FOéng—FOég},

where 8, = ag + -+ a1 and v; = B + 205 + -+ - + 2042 + ay_1 + o, (the
roots with coefficient 2 are omitted when j = ¢ —1). Thus |®T(&)| =20 — 2 as



GINDIKIN AND GOODMAN 275

indicated in the table. From (40) we see that the only basic root in the nest is
B2 = o and that ke, = 20 — 4.

Let A € I'(G/H) be an H -spherical highest weight. Since all the roots in
Ay have the same length and [®*(§)| = ke, + 2, it follows from Proposition 5.4
(4) that

dX) = SN[ &), (6 &) PN &), (6]&); 0—2)
=W{A &), (6]&);me ).
Here (6 &)= —-1)(& &) =0~-1.

Consider the case £ = 2. Now h = sl and g = sly @ sly is not simple. In
this case the fundamental H -spherical highest weight is p; = w; + wy and A is
empty. Hence ¢ =t = a+ ¢y, where ¢y = {diag[0, ¢, —t, 0] : t € C} and

(41)

a={x=diag[t, 0,0, —t] : t € C}. (42)

Let & € a* take the value ¢ on the element x in (42). Then & = a7 = a3 =& is
the positive restricted root with multiplicity two. Since m = ¢y, we have p, = 0
and py; = d = & . Hence by the Weyl character formula

Case 4. The pair (Sp,, Spy X Spyy_5). Assume that ¢ > 3 and take G in
the matrix form of [GW, §2.1.2], with the Cartan subalgebra t of g the matrices

x = diag[y, —y], where y = [e1(y),...,(y)] and ¥ = [eo(y),...,e1(y)]. The
roots of t on g are £¢; £¢; for 1 <i < j < and £2¢; for 1 <i < {. Take the
simple roots as a; = ¢; —eg;41 for i =1,..., 0 —1 and ap = 2¢,.

The semigroup I'(G/H) is free of rank 1 with generator

M1 = Wo = &1 + &9 (43)

(cf. [GW, §12.3.3]). Thus Ay = A\ {as}. Since |Supp | = 1 we know from
Lemma 4.1 that a = ¢, ¢y = 0, and hence m = sp,(C) @ spar—_4(C). Thus

a={x =diag[y,—y]| with y =[t,¢,0,...,0] and t € C }. (44)

Let & € a* take the value ¢ on the element x in (44). Then & = @3 = 5(e1 +e2).

The restricted positive roots and their multiplicities are as follows (details given
below).

restricted root | multiplicity
& A0 - 2)
2& 3

From the table we obtain § = (¢ — 1)&;. Here Ay has two root lengths, with
o) = «; for i < ¢ and o = ¢,. Furthermore

pm=gler =] + (€ —2)es+ -+ 201 + ey,
Rl = [51—52} + [(26—5)83—1-“'4‘355714‘52} :hgn +h2127
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aq (&%) as Qy—1 (7]

. ° S a—
(=20 +4,-1/2)

Figure 4: Marked Satake diagram for Sp,, /(Spy X Spys_5) with ¢ > 3

corresponding to the decomposition m = m; @ my with m; = spo(C) and my =
spoy_4(C). We have

2 ifi=1 0 ifi=1
(RY |y =< =1 ifi=2 and (), |a;)=4 —20+5 ifi=2 (45)
0 ifi>2 2 if3<i<d.

Thus @9, = pm — 2h, = 3]s+ +&,] and hence

0 fori=1land3<i</(—-1,
(@2 |a;)y =< —1/2 ifi=2, (46)
1 ifi=1¢,

as in (25). The nests of positive roots are as follows.

(i) Let £ =& . Then

PT(¢)={eate; :3< i<t} U{e1te :3<5<(}
={8; :3<j<u{a+p :3<i<}
Ufy 0 3<i < U{ag+; 0355 <y,

where ; = ag + -+ ;-1 and v; = 5; + 20 + - - + 2041 + a (here we
take 7 = B¢+ ). The basic root is 8 = @ and dimng = 4(¢ —2).

From (45) we see that (h) | 8) = —1 and (hy, | ) = —20+ 5. Hence
ng = C? ®@ C**2 as a representation of m; @ my (the tensor product of
the defining representations). Thus the eigenvalues of ad hgu on ng are

+1 with multiplicity 2(¢ — 2), whereas the eigenvalues of adhj, on ng

are —2¢ + 5 ,...,2¢ — 5 with multiplicity 2. It follows that %ad hY =
1(adhd, +adhl)) has eigenvalues
~0+2,—0+3,...,-1,0,1,...,0-3,(-2

multiplicity 2

on ng , with the highest and lowest eigenvalues of multiplicity one. The
eigenvalues < 0 come from the roots 3; and «; + (3;, while the eigenvalues
> 0 come from the roots 7; and aj + ;. By (46) @ takes the value
—1/2 on the first set of roots and the value 1/2 on the second set. Since
pm = 3h + @Y, it follows that the values of (pw | @) for o € (&) are

3 5 3
8o 0= -3

3 5 1
_€+§7_€+§77_ T 95 95

D=

3
2
/

multip‘lricity 2 multiplicity 2
Notice that the double eigenvalue 0 for 1adhd is shifted to £3.
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(ii) Let & = 2. Then
(I)+<£>:{2€2, €1+€2, 261}:{ﬁ, 6+a1,ﬁ+2a1},

where § = 2e9 = 209 + -+ + 20—1 + a4 is the basic root. By (45) we
have (h) | B) = —2 and (hY, | B) = 0. Thus ny, is the 3-dimensional
irreducible representation of m;, with my acting by zero. From (46) we
have (w? | @) = 0 for all @ € ®*(2&;). Hence the values of (py | a) are
1,0, 1.

From the calculation of the shifts ( py, | ) in cases (i) and (ii) and using (21), we
obtain the dimension formula

(A& (&) =D A &), (5] &) E—3)

q’(<>\|§1>7<5‘§1>;
X O((A]261),(0[26); 1)
:W(<)‘|£1>a<5‘§l>a m§1am2§1)'

Here (0| & )= (20— 1){(& &) =(— 5.

d(A)

) (47)

Remark 6.2.  Let A = kuy = 2k&. Then (A\+6 | &) =k+{—3. Taking k =1
in (47) gives d(uy) = 20+ 1)(( — 1) = (2;) - (20[). In this case uy is the highest
weight of the traceless (harmonic) subspace in A C* (see [GW, Cor. 5.5.17]).

Case 5. The pair (F,, Sping). For the Cartan subalgebra t = C* in g we
follow [Bol, Planche VIII] and use simple roots a; = ey — €3, ag = €3 — &4,
az = g4, and ayg = (1/2)(e; — &2 — €3 — &4). The fundamental H -spherical
weight is py = wy = &1 (see [Kr]). Thus Ay = {ai, s, a3} and hence dime¢ = 1.
Since |Supp pi| = 1, we have a = ¢ by Lemma 4.1. Thus m = s07(C). When t
is identified with C* using the basis dual to {€1,€2,€3,e4} then a consists of all
elements

{x=1[t,0,0,0] : teC}. (48)

Let & € a* take the value ¢ on the element x in (48). Then & = ag = %51.

The multiplicities of the restricted positive roots are as follows (details given
below).

restricted root | multiplicity
& 8
2& 7
(%1 (&%) a3 Qy
L s - ]
(_6 ) 3/4)

Figure 5: Marked Satake diagram for F,/ Spin,
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From the table we calculate that 6 = 11&;. Using the basis {1, €3, €3, &4 } for t
and the identification of t* with t, we can write

2pm25€2+3€3+84, hg.‘:682+483+284.
Hence @l = pn — 2hl, = —1(e2 + &5 + £4) . From these formulas we see that
2 iti=1,2,3
ho )= )<y 49
(1) {_6 S (49
and
0 ifi=1,2,
(@2 |a;) =< —1/2 ifi=3, (50)
3/4  ifi=4.

Note that the first two cases in (50) also follow from (26).

We now find the nests of positive restricted roots, the basic roots, and the
dimension factors de(A) for £ € ¥ and A € I'(G/H).

(i) Let £ =& =az. Then from [Bol, Planche VIII]

OH(E) ={Bs, B3, Bo, Br}U{ M, 72,73, 1},

where 8; =a;+ -+, n=0+asz, n=»F+az, 3= +az+as,
and v4 = 1 + 203 + a2 . The basic root in the nest is 8, and dimn, = 8.
From (49) the eigenvalues of 1 adh on n¢ are

-3,-2,-1,0,0,1,2,3
corresponding to the roots By, ..., 1,7 , ..., Vs enumerated in increas-
ing length (relative to the simple roots). Thus ne decomposes as the

one-dimensional plus the seven-dimensional representation of {e2 , fO ho}.
From (50) we have

1/4 ifi=1,2,3,

<w““ﬁj>:{3/4 ifi—4,

—1/4 ifi=1,2,3
0 N\ )&y 9y
(o [ {—3/4 ifi=4.

Since pm = $hy, + @l , it follows that the shifts in the formula for d¢()) are
. (51)

Thus the shifts are symmetric about 0 but are not in arithmetic progression.
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(ii) Let ¢ = 2¢;, = B, where 8 = ay + 23+ 2. Then [Bol, Planche VIII] gives

) ={B,B+m,B+a1+as, f+o+ax+az}
U{B+ar+as+2a;3, B+ ar +2as + 2a3, B+ 201 + 205 + 23 } .

Thus [ is the basic root in the nest and dimne = 7. From (49) the
eigenvalues of 1 adhl, on ne are

~-3,-2,-1,0,1,2,3

corresponding to the roots a € ®7(£) enumerated by increasing length
(relative to the simple roots). From (50) we calculate that the corresponding

sequence of values of (@ | ) is

5 3 1 1 3 5
_57_57_§a07§a§a§' (52)

Thus the shifts are symmetric about 0 but are not in arithmetic progression,
and are the same as for SOgy / SOg in Case 2.

From (51), (52), and (21) we obtain the complete dimension formula

d(A\) =c(AN+d]2&) H {</\+5 [ €0)° - <i>2}

§=1,3,7,9

< I1 {e+or2a-(3)'},

§=1,3,5

(53)

where ¢ is the normalizing constant to make d(0) = 1. Regrouping the terms, we
can write this formula in terms of the normalized Weyl dimension function as

QA ] &1), (0 160)) D((A]260), (0] 260)5 5) (N[ 261), (0] 261)5 )
WA &) (0] &) ;s me mag,) -

d(A)

(54)

Remark 6.3. If A = kp; with & a nonnegative integer, then (A + 0 | 2&) =
k+ L since A4 = (k+1)2¢ and (2& | 2&) = 1. Taking k =1 in (54) we
obtain d(u1) = 26 (the representation of the compact form of F, on the traceless
3 x 3 hermitian matrices over the octonians; see [Ba, §4.2]).

Case 6. The pair (Spin;, Gs). We take the matrix realization of g as
in [GW, §2.1.2], with Cartan subalgebra t consisting of diagonal matrices x =
diagly,0, —y ] with y € C3. The simple roots are a; = €1 — €3, ay = €9 — €3, and
3 — E3.

From [Kr| we know that (G, H) is a spherical pair and I'(G/H) has gen-
erator py = ws; = 3(e1 + €2 + €3) (the spin representation on C*). Hence
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Ao = {a,an}. If x = diag[y,0,—y] and (a1, %) = (ag,x) =0, then y = [a, a, al.
Thus dime¢ = 1. By Lemma 4.1 we have a = ¢ and m = sl3(C). We take the
restricted root & = ag = %(51 + &9+ £3) as a basis for a*.

The nests of restricted roots are

PF(&) ={ag, 0+ ag, a1 + s + as}
with basic root 5; = a3, and
q)+(2€1) = {ag + 20(3 , O + o + 2&3 , O + 2@2 + 20&3}

with basic root 5 = as + 2a3. Hence the multiplicities of the restricted positive
roots are as follows.

restricted root | multiplicity
& 3
2&, 3
a1 (65)] Qs
o———e —> 0
-2

Figure 6: Marked Satake diagram for Spin, /Gy

From the table we obtain § = %51. Since {aj, a3} are the simple roots for m, we
have hQ = 2pn, = 204 + 2. Hence

—2 ifi=3
hoy | o) = ’ 55
Vim | ) {2 ifi =1,2. (55)

We now obtain the dimension formula. From (55) we have (RS | 8;) =
(hY | B2) = —2. Hence k¢ = 2 and mg = 3 for £ = & and € = 2&. Thus
Proposition 5.4 (3) and formula (21) give

dA) =@((A &), (0 &); DPUN|261), (0]261)5 1)

WA &), (5] &) memag) (56)

Remark 6.4. Let A\ = kpuy, where k is a nonnegative integer. Then
(A+6]&)=2(k+1). Using this in (56), we obtain

k+3yyk+
) = = 11 It

j=1
For k =1 the formula gives d(u;) = 8 (the spin representation). For k = 2 the
formula gives d(2u;) = 35.

Remark 6.5. The representation of Spin,(C) on A’C7 has highest weight
2p1. A fundamental property of Go(C) is that it has a unique one-dimensional
subspace of fixed vectors in A*C7 (see [Ba, §4.1] and [Ag]).
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Case 7. The pair (G, SL3). We take G, root system as a subset of the integer
vectors in R3 with coordinates summing to zero, with simple roots a; = &; — &9
and ay = —2¢1 + 9+ €3 (see [Bol, Planche IX]). The remaining positive roots are
a1+ ao, 200 + ag, 31 + s, 3aq + 20

From [Kr] we know that (G, H) is a spherical pair and I'(G/H) has gen-
erator p; = wy; = 201 + a. Hence Ag = {as} (see [Bol, Planche X]). It follows
from Lemma 4.1 that a = ¢ = {ap}" and m = sly(C). For the normalized inner

product we define
1/3 ifi=j,
(eilej) = e )
0 ifi#7.
Then (s | ay) = 2 as required in Section 5, and the root 2a; + ay = —e5 + €3 is

a basis for a.
Let & = a7. The nests of restricted roots are

®* (&) = {ou, a1 + an}, basic root f; = oy,
DH(261) = {201 + sz},
(I)+(351) = {3a; + as, 3oy + 20}, basic root 83 = 3a; + 20y .

Hence the multiplicities of the restricted positive roots are as follows.

restricted root | multiplicity
&1 2
26, 1
3¢ 2
a1 (6]
1

Figure 7: Marked Satake diagram for G,/ SLj

From the table we obtain § = 5£;. We have h& = @, so that

1 ifj=1
Ko )= ’ o7
( m|aj> {2 ifj—2. (57)

We now obtain the dimension formula. Let A € I'(G/H). For the basic
roots 31 and B3 we calculate from (57) that (RS | 8;) = —1. Let & be & or 3¢;.
Since dimng = 2, Proposition 5.4 (3) gives

de =®((N|€),(d]&);3)-

When £ = 2&, then dimng = 1. Hence by Proposition 5.4 (2) and (21) it follows
that

d(A)z@((MfQ, <5|fl>§ %)‘D(O\‘Qfl% <5|2§1>)
X O((A]361), (0]361)5 3) (58)
:W(<)“£1>7<6|£1>§m517m2§17m3€1)'
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Remark 6.6. Let A\ = kuy € I'(G/H), where k is a nonnegative integer.
The normalized inner products are (& | &) = 1/6, (0 | &) = 5/6, and
(p1 | &) =1/3 (since pp = 2&;). Using these values, we can write (58) in terms
of k as

d(A)

2% +5 1 k+j
- = Hj-

Jj=1

In particular, when k =1 we get d(u;) =7 as expected.

7. Higher Rank Non-Symmetric Excellent Affine Spherical Spaces

Here is the list due to Krdmer [Kr| of excellent irreducible spherical pairs (G, H)
of rank greater than one with GG simple and simply-connected, H reductive, con-
nected, and not a symmetric subgroup of G (cf. [Wo2, §12.7] for geometric descrip-
tions). These pairs are determined by their Lie algebras (g, ). The enumeration
below follows [Av2, Table 1], which also includes all symmetric subgroups and also
includes the pairs that are not excellent.

4: G = SL,;+,(C) and H = SL,(C) x SL,(C) with 1 < p < q. Here H is
embedded in G by (x,y) — (z7!)! @y for x € SL,(C) and y € SL,(C).

6: G =SLy,1(C) and H = Sp,,(C) with n > 1. Here H is embedded in G
by © — z @1 for x € Sp,,,(C).

9: G = Spiny,,,(C) and H = SLy,;,(C) with p > 1. Here H is embedded in
G by lifting the embedding = +— x® (z7)" of SLa,,1(C) into SOyp42(C,w),
where w the symmetric bilinear form on C**? with matrix 1 on the antidi-
agonal and zero elsewhere.

10: G = Spin,, ,(C,w) and H a covering of GL,(C), with w the symmetric
bilinear form on C?>**! with matrix 1 on the antidiagonal and zero else-
where. Here H is the connected inverse image under the spin covering of the
embedding x +— @ 1@ (z7!)! of GL,(C) into SOg,41(C).

13: G = Spiny(C) and H = Spin,(C). Here H embedded in G by lifting to G
the homomorphism z — m3(x) &1 of H into SOy(C), where 73 is the spin
representation of H of degree 8.

15: G = Sping(C) and H = G2(C). Here H embedded in G by x +— m(x) D1,
where m; is the representation of H of degree 7.

19: G = Spy,(C) and H = C* x Spy,_»(C) with ¢ > 2. Here H is embedded
by (z,h) — diag[z,h,2z7"] for z € C* and h € Spy,_,(C).

26: G = E4(C) and H = Spin,((C). Here H is embedded into the degree 27
irreducible representation of G by the map x — 1& 7 (z) S 7s(x), where m
is the vector representation of degree 10 and 5 is a half-spin representation
of degree 16.
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We now proceed to calculate the restricted root systems and the restricted
Weyl dimension functions for these pairs. When G is a classical group we take its
matrix form such that the diagonal matrices in G give a maximal torus 7. The
usual inner product (- | -) making the coordinate functions {g;} an orthonormal
set satisfies the normalization conditions of Section 5 for these root systems. The
choice of positive roots is indicated in each case.

Case 1. The pair (SL,.,, SL, x SL,). Assume 1 < p < ¢q. Let T" be diagonal
matrices in G and U the upper-triangular unipotent matrices. Then B =TU is a
Borel subgroup. The simple roots are «; = ¢; — £;,7 and the fundamental weights
are

. n
1
wi:€1+"'+8¢——g E;
n <
J=1

with n=p+qgand i =1,...,¢, where { =n — 1.
From [Kr| we know that (G, H) is a spherical pair and I'(G/H) has r = p+1
generators

W1 = w1 +wWe, o =wW2+ W1, -, lp—1 = Wp-1+ Wyt1,

Hp = Wp, Hp+1 = Wq -
Hence the support condition in Definition 3.1 is satisfied and
A0 = {ap-i-l y Opt2,. .. 7aq—1} .

Since |Supp ;| = 2 for ¢ = 1,...,p — 1, we know by Lemma 4.1 that dimc¢ =
20— 1)+ 2 = 2p and dime¢y = 2p — (p+ 1) = p—1. Thus if p = 1 then

¢ = 0. Assume now p > 2 and identify t with t* using the form (- | -). If
X = c10q + -+ - + ¢y, then the equations (u; | x) = 0 for ¢ = 1,...,r give the
relations
Cop1—i=—¢ fori=1...p—1and ¢, =¢c; =0.
Hence the linearly independent set
{al_a€7a2_af—17"'7ap—1_aq+1}> (59)

which is orthogonal to Ag, is a basis for ¢q. In particular, we see from (59) that
pg L ¢o since each basis vector goes to its negative under the Dynkin diagram
automorphism sending «; to ayy;_;, verifying the claim in the proof of Lemma
5.1.

Consider the orthogonal set of vectors in t

( x; = diag[1,0,...,0, —1],
x, = diag[0,...,0,1,0,...,0,-1,0,...,0],
————— —— N ———
p q—p p
Xpp1 = diagls, ..., s, —t, ..., —t, s, ..., 5],
—_——— N————— ———
L p q—p P
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where s = (¢—p)/(¢+p) and t = 1—s. Here s is chosen to make (a, | xp41) = 1.
These vectors are orthogonal to Ay and ¢p. Since dima = dim¢—dime¢y =p+1,
it follows that {xi,...,x,41} is a basis for a. Let {&,...,&,4+1} be the dual basis
for a*:

1
fi = 5(51 — 5n+1—i) for 1 S 7 S D,
(60)

1
o (Eqr1+ - +en).

1 1
5p+1:Q—p(51+"'+5p)—H(€p+1+“'+€q)+2p

The restricted root data are as follows (details given below—the entries in the
fourth and sixth columns are calculated using (61) and (63)). In the left column
(r) means regular and (s) singular.

. # basic
r/s restricted root & mult. (0]&) roots (ha | B)
(r) | &—& (1<i<i<p) 2 Jj—1 2 0
(r) | &+&  (<i<i<p) 2 | ptgtl—i—y 2 0
()| &6 (i) [a—p | s+g+1-2)] 1 [-(¢—p—1)
(r) 26 (1<i<p) 1 p+qg+1—2i 1 0
(65} (6] Qp—1 ap

o o——---—‘()—querrl

( I ( I N
Qg1

o O— - —querl

Qp—1 Qp—2 Ag+1 Qq
Figure 8: Marked Satake diagram for SL,.,/SL, x SL,

From the table we calculate that
p

Z (n—2i+1 (61)

Note that (d | {,+1) = 0.
From the Satake diagram we see that m’ = sl,_,(C) with simple roots Ay.

Hence
q—p

hee = (q—p—2i+1)p. (62)

i=1
Thus we have
—q+p+1 wheni=pori=gq,
(R, a;) =<0 when i <pori>gq, (63)
2 whenp+1<i1<qg—1,
which gives the markings on the Satake diagram.

The nests of positive roots, basic roots, and the dimension factors dg(\) for
e Xt and A € I'(G/H) are as follows (cases (i) and (ii) are empty when p = 1).
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(i) For 1 <i<j<plet & =¢& —¢&. From (60) we see that @; = @11 =
& — &y fori=1,...,p— 1. Hence

‘I’+(f) = {&‘ — &5, Entl—j — 5n+1—i}

= {()éi+"'+06j_1, ozn+1_j+---—|—ozn_z-}
with both roots basic.
(i) For 1 <i<j<plet { =& +¢&. From (60) we have

7€) ={ei —ens1-j, & — Ens1-i }
:{Oéi—i_“'_'_anfj?Oéj"‘""{’an,i}

with both roots basic.

From (63) the eigenvalues of h on ng are

(ho | i+ 4 ) = (hoy | ) + (hy | Qi 4 -+ + 1) + (hy | ag)
=—(q—-p—-1)+2(¢—p—-1)—(g—p—1)=0.

Likewise (h) | aj + - 4+ ay—i) = 0.
(iii) For 1 <i<plet { =& —Epr1. From (60) we see that a; = &, —,+1. Hence

() ={eprj—ent1-i : 1<j<qg—p}
:{O‘p+j+"‘+an7i : 1§j§q_p}-

From (63) the lowest eigenvalue of hY on ng is —g + p + 1, and the basic
rootis B =g+ g1+ + i .

iv) For 1 <i<plet & =& +&,01. From (60) we see that &, = &,+&,.1. Hence
P P P '4

(I)Jr(f):{gl._gpﬂ :1<j<qg—p}
:{Ozi+""|‘04p+j—1 . 1§]§q_p}

From (63) we see that the lowest eigenvalue of h on ng is —¢+p+1, and
the basic root is = a; + g1 + -+ @ .

(v) For 1 <i<plet £ =2¢. Then by (60) we have

(I)Jr(é) = {5i - 5n+1—i} = {Ozi + -+ Ozn,i} .

In cases (i), (i) we have de(\) = [@((X ] €), (6| €))]* by Proposition 5.4 (2). In
cases (iii) and (iv), since mg = ¢ — p, we conclude by Proposition 5.4 (3) that

de(\) = @((X] &), (6]&)s5(a—p—1)).
In case (v) we have d¢(X) = @((A ] &), (6] &) by Proposition 5.4 (2).
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From cases (i)—(v) and (21) we obtain the full dimension formula. Let

Eo={&x& 1<i<j<p}, Z1={&* & 1 <0< py,

Then Xf, =Z)UZ, and ¥j, = Z;. The dimension formula is
d) = ] {e(n 1€, G 1eny” [T e((A1€), (61€): 5(a—p 1))
¢cET ce=f
x [T (A1), (51€) (64)
ce=f
= T w(n 19, @1&sme) JT Wang((A1€), (51€):me).
cext, ¢exy,,

Case 2. The pair (SLa, 11, Spy,). From [Kr| we know that (G, H) is a spherical
pair and I'(G/H) = X, (B). Thus every irreducible representation of G has a one-
dimensional space of H-fixed vectors, Ay =), a = ¢ = t, and the restricted roots
are the same as the roots. Thus every restricted root is regular and has multiplicity
one. The dimension function is given by Weyl’s formula (21).

Case 3. The pair (Spiny, ,, SLy,1). Let g = 50(C*,w), where £ = 2p+1 is
odd and w is the symmetric bilinear form on C* with matrix 1 on the antidiagonal
and 0 elsewhere. Define the involution 6 as in [GW, §12.3, Type DIII|. Then
g’ = gl,(C); we take h to be the subalgebra corresponding to sl,(C) under
this isomorphism. Take t the diagonal matrices in g. Then x € t is given by
x = diag|y, —y|, where y = [1(y), ... , €e(y)]. Theroots of t on g are +¢;+¢;
for 1 <17 < j < /. For making calculations in this case it is convenient to use the
ordered basis for t*

€1 > —E2 > E3 > > —E€2p > Epitl,

as in [GW, §12.3.2, Type DIII]. Let ®* be the positive roots relative to this order
(obtained from the usual system of positive roots by &; — —(—1)¢;). The simple
roots in ®* are then

Q1 =¢€1t+€y, Qg =—€3 —€3, ..., Qop_1 = Ep_1 + Egp, (65)

Qop = —E2p — Eopt1, Mopr1 = —E€2p + E2pt1 -

Let G = Spin,,(C) and H the connected subgroup of G with Lie algebra
h. From [Kr] we know that (G, H) is a spherical pair and I'(G/H) is free of rank
p + 1 with generators

M1 = T2, 2 = Wy, .., Up = Wap, Upt1 = Woptl

(pp and 1,41 are the highest weights for the half-spin representations of G'). Hence
the support condition in Definition 3.1 is satisfied and Ag = {a1,as3,... ,q9-1}.
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Since |Supp ;| =1 for i =1,...,p+ 1, Lemma 4.1 gives a = ¢. For the
choice (65) of simple roots we see that a consists of all x = diag[y, —y ] € t with

y=l[ai,—a1,...,ap, =, ap1] . (66)
Thus an orthogonal basis for a* is given by
& = 1(e21 —9) for1<i<p, Ep+1 = E2pt1 - (67)
Note that ¢; = @g; for 1 <i <p and €,41 = —Q2, = Qgp11-

The restricted root data are as follows (details given below—the entries in
the fourth and sixth columns are calculated using (68) and (69)).

. # basic 0
r/s | restricted root £ | mult. (0]¢) roots 3 (ha | B)
(r) | &—& (<i<i<p) | 4 30— 1) 1 —2
(r) | &+E& (1<i<i<p) 4 |4p+3-2(i+7]) 1 -2
() | &+£E (1<i<p) | 2 s(4p + 3 — 44) 1 -1
(r) 28 (1<i<p) 1 dp+3 — 4 1 0
Q2p
-1
a1 Qo (0%} Q2p—2
OO - - - Qop—1
-2 -2
-1
Q2p41

Figure 9: Marked Satake diagram for Spin,,,, /SLy,1 with p > 1
From the table we calculate that the element ¢ in this case is

5= (4p—1i)+3)&. (68)

p
—1

)

Note that (d | £41) = 0.

Since ¢y = 0, we see from the Satake diagram that m = sl(C) x - - - X 5l5(C)
(p factors) and hQ = a; + az + -+ + a9, 1 when we identify t with t* using the
form (- |-). Thus

2 ifi=2k—-1for1<k<p,
(R, ;) =< —2 ifi=2kfor1 <k<p, (69)
—1 ifi=2pori=2p+1,

which gives the markings in the Satake diagram.
The nests of positive roots, the basic roots, and the dimension factors dg(\)
for £ € ¥ and A\ € I'(G/H) are as follows.
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(i) For 1<i<j<plet { =& —¢&. Then

CI)Jr(f) = {e9i1 — €9j_1,E2i-1 + €25, —E€2i — €2j_1, —E2 + €2}
={B, asic1+ B, B+ agj_1, g1 + [+ g1},

where 8 = ag; + agiy1 + -+ + azj_o. From (69) we see that [ is the basic
root in ®T(¢).

(ii) For 1 <i<j<plet {=¢ +¢&. Then

PF(E) = {eaimr + €9j-1,€2i—1 — €25, —€9; + E9j_1, —€2 — €25}
={f, agic1+ B, B+ agj_1, i1 + [+ g1},

where = ag; + -+ + g1 + 2095 + - - - + 200951 + Qg + gy is the basic
root.

(iii) For 1 <i<plet £ =& —&1. Then
O (&) = {eai1 — Eopt1, —E2 — Expt1} = {B, a2i_1 + B},
where 8 = ag; + -+ - 4 g, is the basic root.
(iv) For 1 <i<plet { =& +&p1. Then
OT(E) = {eaim1 +eopr1, —€ai +Expi1} ={8, B+ az-1},
where = ag; + -+ 4+ agp—1 + qgpt1 s the basic root.
(v) For 1 <i<plet £ =2¢. Then
OF(E) = {e2i-1 — e} = {8},
where = ag;—1 + 2009 + - -+ + 2009p—1 + Qr2p + Qopy1.
In cases (i) and (ii) since k¢ = 2 and m¢ = k¢ + 2, Proposition 5.4 (4) gives

dg(A) = P((A1€), (5 [E))PA[E), (]&); 1),

In cases (iii) and (iv) since k¢ =1 and m¢ = k¢ + 1, Proposition 5.4 (3) gives

de(\) = @((A€), 9((0]€)53)

In case (v) since ke = 0, Proposition 5.4 (2) gives
dg(A) = ®({(A]£), (5 ]&))-
From cases (i)—(v) and (21) we obtain the full dimension formula. Let

Sy ={&x& 1<i<ji<p}, Ef={&L& 1 <i<p},
2y =12, :1<i<p}.
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Then ¥}, =Z7 UZ; and E;ng = =/ . The dimension formula is

= [T @A TE (51N @UNTE),(01€): 1)

¢eE]

xgr:[fb((w (61€); gllcb AE),(01€)) (70)
=TT w(r1€.61€), ime) T Wng(X1€),(5 16, me).
fezreg £€E$ng

Case 4. The pair (Spin,,,, GL;,). By [Kr| the fundamental H-spherical
highest weights are w;, ws, ..., @Wy_1, 2w,. Thus I'(G/H) consists of all
dominant weights with the coefficient of w, even. Hence Ay = 0, a = t,
m = 0, and N = U. The restricted roots coincide with the roots, and all root
multiplicities are 1. Thus every restricted root is regular and has multiplicity one.
The dimension function is given by Weyl’s product formula (21).

Case 5. The pair (Spin,g, Spin,). With the matrix form of g and t
chosen as in [GW, §3.1], the Cartan subalgebra consists of diagonal matrices
x = diag|y,0,—y ] with y € C*. The simple roots are a; = &; — &9, Qg = €3 — €3,
a3z = €3 — &4, and ay = £4. From [Kr] one knows that (G, H) is a spherical pair
with fundamental H -spherical highest weights p; = w; and s = w,. Hence the
support condition in Definition 3.1 is satisfied and Ay = {ag, az}. We can write

Mm1 = E1, MQZ%(€1+62+€3+54). (71)

Since |Supp ;| = 1 for i = 1,2, Lemma 4.1 gives a = ¢ and m = sl3(C).
Using ag = €9 — €3 and ag = €3 — 4 we thus obtain

a = Keray NKeray = {diag[y,0,—y] : y =[a,b,b,b]}. (72)
We take
& =¢6 and & = %(52 +e3+¢€4) (73)

as an orthogonal basis for a*.
The restricted root data are as follows (details given below; the fourth and
sixth columns are calculated from (74) and (75)).

r/s | restricted root & | mult. | (§ | ) | # basic roots 3 | (h2 | )
(r) & 1 7/2 1 0
(r) 3 3 3/2 1 —2
(r) gl — 62 3 2 1 —2
(r) §1+ & 3 5 1 -2
(1) 26, 3 3 1 —2
From the table we calculate that
1
=3 (7€ + 9&) . (74)
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(5] (%) a3 (6%}
[e; L z—#
-2 -2

Figure 10: Marked Satake diagram for Sping / Spin,

Since m = sl3 and the positive roots of m are as, az, as + az, we have
hY = 2py = 20 + 2a3 . Hence

—2 ifi=1,4
RO | a;) = T 75
im [0 {2 ifi =23, (75)

which gives the markings in the Satake diagram.

The nests of positive roots, the basic roots, and the dimension factors d¢(\)
for £ € X7 and A € I'(G/H) are as follows.

(1) Let £ =& . Then ®7(&) = {a; + as + as + ay}.
(i) Let £ =& — &. Then
(¢ ={e1—e 1 2<i<4}={B, B+as f+oas+aul},
where 0 = a; + «s is the basic root.
(iii) Let £ =& . Then
OT(E) ={ei : 2<i <4} ={B, B+ a3, f+as+as},
where 8 = «y is the basic root.
(iv) Let £ = 2&. Then
() ={eite 2<i<j<4}={B B+ay B+artas},
where 5 = as + 2ay4 is the basic root.
(v) Let £ =& + &. Then
T ={ar+e 1 2<j <4} ={B8, B+ay f+as+as},

where 0 = a1 + as + a3 + 2ay4 is the basic root.

In case (i) Proposition 5.4 (2) gives de(A) = ®((A &), (0]&)). In cases (ii)-(iv)
we have ke = 2 and dimng = k¢ + 1. Hence Proposition 5.4 (3) gives

dg(A) = ®((A]€), (6]&); 1)



GINDIKIN AND GOODMAN 291

in all these cases. Thus from (21) the dimension formula is

d()\):q)(<)\’§1><5|§1>) (<>\|52> <5|§2>' )
O((N[25),(5[25):1) ] @UN€).(51£):1)

E €146 (76)
= [T W€, (81€)5me, ma).
cest
Here Yj = Yre = 1{&, &, & £ &} and there are no singular roots. However

some of the factors in the dimension formula occur for rank-one symmetric spaces,
while some of the factors occur for the rank-one non-symmetric space Spin; /Gs.

Remark 7.1. If A = kyp; + kopo, then formula (76) can be written as

d(\) = ¢ (2ky + ko + 7) (ks + 3) (kQ ; 5) [k +ka+5+3), (77)

J=1

where the normalizing constant ¢ = 2/7!. For example, when A = p; formula (77)
gives d(w;) = 9 (the vector representation on C%). When A = ps, the formula
gives d(wy4) = 16 (the spin representation).

Case 6. The pair (Sping, G2).  We take the matrix realization of g with
Cartan subalgebra t consisting of diagonal matrices x = diag|y, —y | with y € C*.
The simple roots are oy = 1 —¢9, a9 =cg—e3, a3 =c3—ey, and a4 = e3+¢&,.

From [Kr] we know that (G, H) is a spherical pair and I'(G/H) has gener-
ators

1 =w; =¢€1,
o =3 = 1(e1 + €2+ e3 —€4), (78)
M3 = W4—%(€1+82+63+€4)

Hence the support condition in Definition 3.1 is satisfied and Ay = {az}. Since
| Supp p;| =1 for ¢ = 1,2,3, Lemma 4.1 gives dime¢ =3 and a =c.
If x =diagly,—y] € t and (as,x) =0, then y = [a,b,b,c]. We take

Gi=e1, &=1i(e2+es), and &=e¢y (79)

as an orthogonal basis for a*. The restricted root data are as follows (details given
below—the entries in the fourth and sixth columns are calculated using (80) and

(81)).

r/s restricted root £ mult. | (§ | £) | # basic roots 3 | (hY | )
() | & =&, &—&, &L+& | 2 3/2 1 —1
() | & =&, & +&, 25 1 3 1 0
(s) &1+ & 2 9/2 2 -1
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-1
a3
aq
a2
-1
Qg
-1

Figure 11: Marked Satake diagram for Sping /Go

From the table we obtain
§ =3¢ + 36, (80)

Note that (d | &3) = 0.
From the Satake diagram we see that m = sl(2,C) and hY, = ay. Thus

-1 ifi=1,3.4
ho | i) = B 81
(| o) {2 o (81)

which gives the markings in the diagram. The nests of positive roots, basic roots,
and the dimension factors dg¢(\) for £ € ¥ and A € I'(G/H) are as follows.

(i) Let & be & — &, & — &3, or &+ &3. Then @*(¢) = {B, B+ as}, where the

basic root § is ay, ag, or ay, respectively.

(i) Let £ = & + &. Then ®7(¢) = {8, B + az}, where the basic root =
a1+ g+ a3+ ay.

(iii) Let £ =& — &, & + &, or 2&. Then (&) = {a; + o + az} with (7, 7)
equal to (1,3), (2,4), or (1,4), respectively.

In cases (i) and (ii) we have ke = 1 and m¢ = k¢ + 1, so Proposition 5.4 (3) gives

de(A) = @((A[ &), (]€): 3)
in these cases. In case (iii) Proposition 5.4 (2) gives d¢(A) = ®((A | &), (0]&)).

Let ¥f, ={& £&,26% ) and Zsmg {& £ &, &+ &) From (21) we
obtain

= T @«xtenis1e)) T @(al€).(a1€); 1)

£exl, gezgng
(82)
=TT w1€),(01€)sme) TI Wang(UA1E), (51€);me).
EEE;Eg fegz;ng

In this formula the regular factors occur for rank-one symmetric spaces.

Remark 7.2. If A = kypy + kopto + kspg, then formula (82) can be written as

i =a T1("57) T G ten Lt battati+s), ()

i=1 1<i<j<3
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where ¢; = 1/(3% -4 -5). This version clearly exhibits the symmetry in ki,
ko, k3 that comes from the triality outer automorphisms of G associated with
the symmetries of the Dynkin diagram. Taking A = u; (i = 1,2,3) in (83)
gives d(A) = 8 (the vector and the two half-spin representations), whereas taking

A = g + s gives d(\) =56 = (2) (the representation of SOg(C) on A*C?).

Case 7. The pair (Spy, C* X Spy,_5). We take G in the matrix form of
[GW, §2.1.2], with Cartan subalgebra t the diagonal matrices x = diag|y, —y],
where y = [e1(y),...,e(y)] and ¥ = [e4(y),...,€1(y)]. The roots of t on g are
+e;, £ for 1 <i < j </l and £2¢; for 1 <4 < . Take the simple roots as
o, =¢;—¢€ipq fori=1,...,0/—1 and ay = 2¢y.

From [Kr] we know that (G, H) is a spherical pair and I'(G/H) is free of
rank 2 with generators

M1:QW1:2€1, MQZWQ:51+62. (84)

Hence the support condition in Definition 3.1 is satisfied. If ¢ = 2, then A is
empty, ¢ = t, and A\ = kyw; + kows is a spherical highest weight if and only k; is

even.? Thus we may assume that £ > 3 in the following. Then Ag = {az, ..., a.}
and

c:{X:d1ag[y,—y] with y = [51752707’0] } (85)
Since |Supp ;| = 1 for i = 1,2, we know from Lemma 4.1 that a = ¢ and

m = spyy_4(C). The restricted root data are as follows (details given below-the
entries in the fourth and sixth columns are calculated using (86) and (87)).

r/s | restricted root £ | mult. (0]¢) # basic roots 3 | (h | B)
(I‘) 51 - 52 1 1 1 0
(I‘) fl + §2 1 20— 1 1 0
)| & (=12 |20—4] (+1—3 1 —20+5
5)| 26 (i=12) | 1 |200+1—19) 1 0

ay @2 Qa3 Qy—1 (6]

o *—— ... —@¢ < ®

(—20+5, —1/2)
Figure 12: Marked Satake diagram for Sp,, /(C* X Spys_s)
From the table we obtain
5= 06+ (- 1)&. (86)

In this case Ay is of type C;_o and has two root lengths when ¢ > 4.
We have af = g,. With the choice of positive roots for g above, we have
Pm = (6—2)834—@—3)64—{-'”—}—5( and hg.l: (2€—5)€3—|—(2€—7)€4+“'+65.
Thus
0

w, (€3+...—|—€g)

N | —

1
= pm — =h2 =
p 211’1

2This is the same as Case 5 since Sping 2 Sp, and C* x Sp, = GL;.
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From these formulas we see that

<h&rai>={° Hi=1, (87)

2045 ifi=2,
and
0 fortr=1land3<:1</¢—1,
(@2 |a;)y =X —1/2 ifi=2, (88)
1 ifi=1¢,

as in (25). This furnishes the markings in the Satake diagram.

The nests of positive roots and the dimension factors d¢(A) for £ € £+ and
A € I'(G/H) are as follows.

(i) Let € =& — &. Then () = {a1}.
(ii) Let € = & +&. Then &+(€) = {8}, where = a1 + 209+ -+ 20m_1 + as.
(iii) Let € = & with i = 1,2. Then

() ={eite; :3< < ={B,7 :3<j<{}.

Here 8; = B+az+- - -+oj_1 and v; = Bj+20;+- - -+20,_1 40y, with the basic
root = a; +ay when i = 1 and = ay when ¢ = 2. (In these formulas
B3 = and v = By + .) From (87) we see that (hd, ) = —2¢+5. Since
dimng = 20 —4, it follows from Proposition 5.7 that the eigenvalues of ad hS,
on ng are precisely

245, 1,1, ..., 205

with multiplicity one. The negative eigenvalues come from the roots 3; =
ei — €5, while the positive eigenvalues come from the roots v; = ¢; + ¢;.
Since pm = (1/2)h8 + @? and (@, B;) = —1/2, (@, ;) =1/2 for
3 <j <, it follows that the shifts (pm | @) in de(N) are

042, ..., -2, —1,1,2 ..., 0-2

(an arithmetic progression of step one with a gap at zero®). Hence

CB((A[€). (5]€):0-2)
N =) o ley

where the factor in the denominator creates the gap at zero.

(iv) Let & = 2¢; with i=1,2. Then ®*({)={8}, where 8 = 20+ - - - +2ap_1+.

3A direct calculation of these shifts from the formula for p,, does not explain the gap at zero.



GINDIKIN AND GOODMAN 295

In cases (i), (ii), and (iv) Proposition 5.7 gives de(A) = ®((A | &), (§ | &)).
Combining this with the formula from case (iii) and using (21), we can obtain the
full dimension formula. Let Xf, = {& +&,& — &) and Z:{ng = {&, &}
Then

dN) = [T @(A1€).(51€) JT @UA1€).(51€);¢—2)

cexike 135
= H W(()\|f>7<5|§>7m5) (89)
texig
X IT Wane((N1€) . (016D 5 me ma).
cext

sing

In this formula the regular dimension factors occur for rank-one symmetric spaces.
Note that the denominator for &; in case (iii) is cancelled by the dimension factor
for 2¢; from case (iv).

Remark 7.3. If A = kypy + kopo, then formula (89) can be written as

ko + 20— 3\ [2ky + ko + 20 — 2
d()\):c(2k1+1)(2k1+2k2+2€—1)(2;;_3 >< 1+2£2_+3 ) (90)

where ¢ = 1/[(2¢ — 1)(2¢ — 2)] is the normalizing constant to make d(0) = 1.
Taking A = py gives d(uq) = 20(2¢ 4+ 1)/2. Here p; is the highest weight of the
irreducible G-module S?(C?) (see [GW, §10.2.3, Example 2]). Taking A\ = ps
gives d(pg) = (20+1)({—1) = (2;) - (204). In this case ps is the highest weight of

the traceless (harmonic) subspace in \”>C* (see [GW, Cor. 5.5.17]).

Case 8. The pair (Eg, Spin;;). We take the root system and the simple roots
aj, ..., ap for g as in [Bol, Planche V]. We identify the Cartan subalgebra t
with the vectors x € C® such that (gg | x) = (g7 | x) = — (g3 | x).

From [Kr] we know that (G, H) is a spherical pair and I'(G/H) has gener-
ators

2

M1:W1=§(€8—€7—56),
1

o= =5(e1+ertesteates —eo—ertey), (91)
1

M3=w6:§(€8—€7—56)+€5

corresponding to the endpoints of the Dynkin diagram. Hence the support con-
dition in Definition 3.1 is satisfied and A¢ = {as, a4, a5}, where ag = g9 — &1,
ay = €3 — 6y, a5 =¢&4— 3. Since | Supp ;| =1 for i = 1,2, Lemma 4.1 gives
a=c.

Let x € t. Then («a; | x) =0 for i = 3,4,5 if and only if

X = 71(e1 + €2 + 3+ €4) + 265 + y3(—€6 — €7 + €3) (92)
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with 7; € C. Thus a consists of all x in (92).

Let & = aila, & = aola, & = agla . By [Bol, Planche V] these roots
are given by a; = %(51 —82—83—64—55—56—€7+€8), gy = €1+ &9, and
ag = 5 — €4 . Hence from (92) we calculate that

1 1
61:—1(€1+€2—|—€3+€4)—5(654-66-1-67—68),

1

§2 =¢5, 5325(56‘1‘87—88)-

(93)

The restricted root data are as follows (details given below—the entries in the fourth
and sixth columns are calculated using (94) and (95)).

r/s | restricted root & | mult. | (§ | ) | # basic roots 3 | (R | )
(s) &, & 4 | 5/2 1 —3
(S) £1+£2, £2+€3 4 11/2 1 -3
(r) & 6 3 1 —4
(r) i+ &+ & 6 8 1 —4
(r) §1 + {3 1 ) 1 0
(r) | & +26+& 1 11 1 0
aq [ %) oy (67 (€75
o o . o o
-3 l -3
—4 (5]
Figure 13: Marked Satake diagram for Eg/ Spin,
From the table we obtain
0 =8 + 11& + 83. (94)

Since m = sl(4, C) with simple roots {as, ay, as}, we have hl = 3az+4a,+3as.
Hence
3 ifi=1,6,
(R | ;) =4 —4 ifi=2, (95)
9 ifi=3,4,5,
which gives the markings in the Satake diagram.
The nests of positive roots and the dimension factors de(A) for € € XF
and A\ € I'(G/H) are as follows. We describe the positive roots in terms of their
coefficients relative to the simple roots, as in [Bol, Planche V].

(i) For the restricted root &; the nest is

10000 11000 11100 11110}

(&) = { 0 0 0 0

and the basic root is § = «y. For the restricted root &3 the nest is

00001 00011 00111 01111
®+<§3):{ 0 0 0 0 }
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and the basic root is 8 = ag. For the restricted root & + & the nest is
11100 11110 11210 12210
¢+(§1+€2):{ 1 1 1 1 }

and the basic root is f = a1 + as + a3 + a4. For the restricted root & + &3
the nest is

00111 01111 01211 01221
<1>+(g2+§3):{ 1 1 1 1 }

and the basic root is § = as+ a4+ as+ag. When £ is any of these restricted
roots and (3 is the corresponding basic root, then from (95) we calculate that
(hY | B) = —3. Since m¢ = ke + 1 in all these cases, Proposition 5.4 (3)
gives

de(\) =®((N[€), (5]€): %),

(ii) For the restricted root & the nest is

B+ (&) — {OOOOO 00100 01100 00110 01110 01210}
1 1 1 1 1 1

and the basic root is 5 = «ay. For the restricted root & + & + &3 the nest is

O (€)-+Eg+E5) = {11111 11?11 12?11 11?21 12?21 12?21}
and the basic root is f = a3 + as + a3 + a4 + a5 + ag. When £ is either
of these restricted roots and [ is the corresponding basic root, then from
(95) we calculate that (hd | B) = —4. Since m¢ = ke + 2 in both cases,
Proposition 5.4 (4) gives

dg(A) = ®({A[€), (0] E)) P(A]E), (6]&);2).

11111

(iii) For & = & + & the nest is ®+(¢) = { .

}, while for € = & + 26, + &

12321
the nest is ®*(6) = { ‘;’ b Hence de(X) = ®((A | €). (5 | €) by
Proposition 5.4 (2).
Let
Zp = {&, GH+&+8), B = {6, &, S+8&, L&) B = {6+, §i126+E6]
Then from cases (i)-(iii) we see that Xf, = Z7 UZy and XJ, = Zf.

Furthermore, the dimension formula is

= [L 2Cx1€). (a1€N@UNIE), (5]€):2)

ce=d
x611<1><<x|5> (5]¢) ,%Ef_[f AE) (a1€)) (96)
=TT w19, 01&5me) T] Wans((M 1), (51€); me).

£€Tg cext

sing
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Remark 7.4. If A\ = kg + kopo + ksps, then using (91), (93), and the values
of (0]¢&) given in the table, we can write formula (96) as

d(X) = c (ko + 3)(ky + k3 + 5) (k1 + ko + ks + 8) (k1 + 2ky + k3 + 11)
4
x ] (kv + ) (ks + 3) (r + Ea 4 + 3) (ko + ks + j + 3)
i1 (97)
5
X H(kg +]>(l€1 +/{72 +k3+]+5),

Jj=1

where ¢ is the normalizing constant to make d(0) = 1. Thus the dimension formula
is symmetric in k; and k3 (this is evident a priori from the outer automorphism
of G associated with the Dynkin diagram symmetry). Taking A = puy or pusz, we
calculate that d(\) = 27 (the two mutually contragredient representations of G
on the exceptional simple Jordan algebra). Taking A = us (the highest root of g),
we calculate that d(\) = 78 (the adjoint representation of G).

8. Higher Rank Symmetric Spaces

We now turn to the proof of Theorem 2.1 for an irreducible symmetric pair (G, K)
of rank r > 2 that is the complexification of a compact symmetric space of type I
(in the terminology of [Hel, Ch. VIII, §5]). We use the same case-by-case method
as for the higher rank nonsymmetric spherical pairs. However, there is a significant
simplification: due to the Weyl group symmetry of the restricted root system it
suffices to consider the root nests and dimension factors for a set of simple roots.

Lemma 8.1.  Assume that the Dynkin diagram of wm is simply laced. If the
dimension factors satisfy

de(N)dag(A) = W((A]€), (0] &) 5 me,mae)  when A€ T(G/K)  (98)

for each simple indivisible restricted root &, then (98) holds for all £ € 3§ . Here
doe(N) =1 if 2€ is not a restricted root.

Proof. Let £ € X7 and let s be the principal three-dimensional simple algebra
in m from Section 5. Let ag be the real span of the restricted roots. Since (G, K)
is a symmetric pair and Ker(£) Nag is a wall of some Weyl chamber in ag, there
exists g € K such that Ad(g) leaves ag invariant, g-¥ = X, and Ker(g-§)Nag is
a wall of the Weyl chamber in ag defined by the simple roots in £* (cf. [Hel, Ch.
VII, Theorem 2.12]). Hence ¢ - £ is a simple restricted root. Thus by Lemma 5.2
we conclude that ng is isomorphic to ng¢ as an s module. Since the diagram of m
is simply laced, we have hl, = 2p,, and hence the shifts (p, | @) in the dimension
factors dg(\) (respectively dag(N)) are determined by the eigenvalues of ad(hQ,) on
ne (respectively nge). ]

Recall that for a restricted root { we let k¢ be the largest eigenvalue of
ad(hd) on ng.
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Proposition 8.2.  Assume that the Dynkin diagram of m is simply laced and
that every simple indivisible restricted root & satisfies one of the following.

1. mg=1.

2. meg =2, moe =0, ke =0, and there are two basic roots in ®*(§) .
3. me =3, moe =0, and ke =2.

4. mg =ke +2>4 and mge = 0.

5. mg =2(ke + 1), moe =1, and there are two basic roots in ®*(&) .

Then all restricted root nests are reqular and the dimension formula (7) is valid

for all A\ e T'(G/K).
Proof. This follows from Proposition 5.4, formulas (3) and (4),and Lemma 8.1. =

The symmetric spaces of rank r > 2 that satisfy condition (1) of Proposition
8.2 for all simple restricted roots are those of types AI, DI (r = /), EI, EV,
E VIII, F1I, and G (to check this it suffices to look at the Satake diagrams).

We proceed to carry out a case-by-case analysis of the remaining irreducible
symmetric spaces, obtain their marked Satake diagrams and root nest data, and
verify that formula (98) holds for all simple restricted roots with multiplicity
greater than one (for multiplicity one, this is automatic). It turns out that all but
two of the cases with rank r > 2 are covered by Proposition 8.2. The remaining
two cases (with m not simply laced) are type BT and type CII (£ > 2r+1). For
the simple restricted roots in these cases we use the method of Section 6, Cases
3 and 4, to prove (98), followed by a Weyl group argument using Lemma 5.5 to
extend this result to all the positive restricted roots (details given in Cases 3 and
4 below).

Remark 8.3. Following [Hel, Ch. X, Table VI] the simple restricted roots
are labeled using the enumeration of the simple roots. Thus \; = @; when the
restriction of «; to a is nonzero.

Case 1. Type AIL Let G = SLy1»(C) and K = Sp,,,(C) with r > 2.
Then G has rank ¢ = 2r + 1 and the fundamental K -spherical highest weights
are pi; = wo; for i = 1,...,r. Hence m = sl ® --- @ sl (r 4+ 1 copies) and
R = a1+ as+ -+ ag_1+ ager. Thus (hY | ag) = —2 for 1 < i < r. The
simple restricted root data are as follows.

restricted root multiplicity | # basic roots

The root nests are

+ _
(I) ()\%) = { i, Qi1 + o, Qi+ Qg1 Qi1+ Qo+ Qg }
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aq a2 Q2pr—1 (6578 Q2p 41
2 S 2 i
Figure 14: Marked Satake diagram for SLo, o/ Spo, 1o
for e =1,...,r, and ag; is the only basic root in the nest. Since k) + 2 = m, for

all restricted simple positive roots, condition (4) in Proposition 8.2 is satisfied.

Case 2. Type AIIL Let G = SLy;1(C) and K = S(GL,(C) x GL/4,-,(C))
with ¢ > 2r — 1 > 3. The fundamental K -spherical highest weights are u; =

w; + wy_jrq for e =1,...,r. The simple restricted root data are as follows.
t. root 1t. # basic -
rest. 100 e roots rest. root mult. # basic
roots
A (1<i<r—1) 2 2
— )\z 1<r— 2 2
A 20—2r+1)| 2 (lj <r-) - -
2\, 1 1 -
(¢>2r—1) (t=2r—1)
aq Q2 Q- aq a2 Q1
O———O0— -+ —O0—0 Qpry] o——O0— -+ —Q

o O— v -
Qp—rt1 oy Oy

( ,( —( + 2r |
—{+2r

o—0— -+ - [T/

Qy Qp—1 Qpyq

Figure 15: Marked Satake diagrams for SL;,; /S(GL, x GLg 1)

When ¢ = 2r — 1 then Ay = ) and m’ = 0. Since |Supp ;| = 2 for
i =1,...,7r —1 and |Suppp,| = 1, we know by Lemma 4.1 that dime¢ =
2r—1)+1 =2r — 1 and dime¢y = (2r — 1) —7r = r — 1. Identify t with
t* using the form (- | -). If x = cjaq + -+ + ¢y is in t, then the equations
(u; | x) =0 for i =1,...,r become

o1 =—¢ fori=1,...;r—1and ¢, =0.

Hence the linearly independent set

{041—%7042—0%—1,"',ar—1—ar+1} (99)
is a basis for ¢y. In particular, we see from (99) that each basis vector goes to
its negative under the Dynkin diagram automorphism sending «; to ayiq_; for
1 =1,...,¢, verifying the claim in the proof of Lemma 5.1. The root nests are
O+ ()\1) ={a;, a1} for 1 <i<r—1and &F ()\r) = { . }. Thus condition
(2) of Proposition 8.2 is satisfied by A; for 1 < i < r — 1 and condition (1) is
satisfied by A,.
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Now assume ¢ > 2r — 1. Then Ay = {41, ..., ap—r } and |Supp p;| = 2
for e = 1,...,r. Hence by Lemma 4.1 dim¢ = 2r and dimc¢y = 2r —r = r. The
set (99) is in ¢g, as is the vector

y=(l—-r+Da,+({l—r—1Da, 1+l —r—3)a 0+ -
+(r+3—0app 1+ (r+1—0oyp+(r—1—=~0)og_py1.

Hence (99) together with y give a basis for ¢y. In particular, we see that each
basis vector for ¢y goes to its negative under the Dynkin diagram automorphism,
verifying the claim in the proof of Lemma 5.1. We have m’ = sl, 5.,1 and
R = (6 —2r)ayqy + -+ + (0 — 2r)ay_.. Thus (hY | ;) = —€ +2r for ¢ = r
and ¢ = ¢ — r + 1. Furthermore, the root nests are ®* ()\1) ={a;, apy1-; } for
1<i<r-—1,and

CI>+(>\T) ={a+ - Fa 0<i<l—2r}
U{Oég_r+1+"'+04g_r+1_i : 0 SZSK—QT},
SH(20) = {ay + -+ }.
The nest ™ ()\z) has two basic roots a; and ayq—; for 1 <@ < r. Thus condition

(2) of Proposition 8.2 is satisfied by A; for 1 < i < r — 1 and condition (5) is
satisfied by A,.

Case 3. Type BI. Let G = SOy1(C) and K = SO,(C) x SOg1_,(C) with
2 < r < (. The fundamental K -spherical highest weights are u; = 2w; for

t=1,....,7r—1 and p, = w,. The simple restricted root data are as follows.
restricted root multiplicity | # basic roots
A 1<i<r—1) 1 1
Ar 20 —r)+1 1
a1 (7% Apriq Qp—1 Qyp
o— —0 * -

(—20+2r,1/2)
Figure 16: Marked Satake diagram for SOg1 / SO, X SOgp1 1,

From the Satake diagram and the fact that |Suppu;| = 1 for i = 1,...,r, we
know that ¢y = 0 and m = 050,11, so we have hS = (20 —2r)ag, 11+ -+ 20
and

1/2  ifi=r,
(@2 | a;) =140 ifi=r+1,...,0—1, (100)
—1/2 ifi=1¢,

as in Section 6, Case 2. The markings on the diagram follow from this. The only
nest with more than one root is

OTN)={B :r+1<j<OU{y :r+1<j<tU{a,+ - +a},

where f3; = a4+ -+aj_1 and v; = B;4+2a;+- - -+2a,. Thus |DT(\,)| = 2({—r)+1
and there is one basic root «, as indicated in the table.
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The eigenvalues of ad h), on ny, are
—2042r, ...,-2,0,2,...,20=2r,

each with multiplicity one, with the negative eigenvalues coming from {g;} and
the positive eigenvalues from {v,}, as in Section 6, Case 2. From (100) we have
(Wa | B)) =1/2, (wnlv)=-1/2, (@nla+-+ar)=0.
Hence the p,, shifts in the dimension factor for A, are
—l+r+3...,-3,0,%, ... —1—1. (101)
Since {—r—1 =1m, —1, we conclude that dy, () = W((X| A ), (6| A ) my,).

The restricted root system is of type B, with A, the short simple root.
Each long restricted root £ is conjugate under the action of the Weyl group of
G/K to aj. Thus ¢ has multiplicity one so by Proposition 5.7 we conclude that
(98) holds for &.

The positive short restricted roots are & = \; +---+ A, for 1 < i < r with
basic roots «; + -+ + «,. If the positive roots of G are defined relative to the
standard ordered basis €1 < g5 < - -+ < gy for t*, then o;+---+a, = ¢;—¢,41. The
Weyl group of G consists of all signed permutations of {1,...,¢}. Let w be the
permutation ¢ <> 7. Then w sends «a; + - - - + o, — «a, and fixes the roots in Ay,
so we can apply Lemma 5.5 to conclude that (98) holds for &;. Thus all restricted
root nests are regular and the dimension formula (7) is valid for all A € I'(G/K).

Case 4. Type CII. Let G = Spy(C) and K = Sp,,(C) x Spy,_,,(C) with
¢ > 2r+1 and r > 2. The K-spherical highest weights are u; = wsy; for

t=1,...,7r. The simple restricted root data are as follows.
restricted root multiplicity | # basic roots
/\2,,« 4(€ — 27‘) 1
2o, 3 1
Qi (%) Qs Qo Q2r41 Qy
®- 9 .. 9 e £ e @
—2 (=204 4r, —1/2)

Figure 17: Marked Satake diagram for Spy, / Spy,. X Spy—yy (£ > 2r+1)

From the Satake diagram and the fact that |Suppu;| = 1 for i = 1,...,r, we
know that =20 and m= sl d--- P sly @5p2([_2r) and
—_——

r copies
bgl:oq—I—oz3+---—|—oz2r_1+(2€—4r—1)ozgr+1+--- . (102)
As in Section 6, Case 4, we calculate that
0 fl<i<2r—lor2r+1<i</¢-—1,
(@ |a;) =< —1/2 ifi=2r, (103)
1 ifi=2¢.
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The markings on the diagram follow from (102) and (103).
For the restricted root Ay; with 1 <7 <7 — 1 the root nest is

O (Ngy) = { v2i s i1 + i, Qo + Qi1 , Qi1 + oy + Qg } (104)

with basic root ag;. Thus condition (4) of Proposition 8.2 is satisfied.
For the indivisible restricted root & = A\, we have

OHE) ={B; - 2r+1<j <O U{ag 1+8 :2r+1<j<0}
U{v 2r+1<j < U{ag 1+ 2r+1<j< (3,

where 3; = ag, + - + a1 and vy, = f; + 20 + - -+ + 2041 + a4 (here we take
v = B¢+ ay). The basic root is 8 = aw, and there are 4(¢ — 2r) roots in the nest.
Furthermore,

(I)+(2§) = {B/ ) 5, + Qor_1, 6/ + 2a2r—1} 3
where 3 = 2aw, +- - - +2ay_1 +ay is the basic root. Using these root nests, formula

(102), and the same argument as in Section 6, Case 4, we find that the values of
{pm | @) for a € ®F(E) are

—€+2r—%,—€+2r—l—%,...,—§,—%,%,%,...,5—2r—%,€—2r+%.
multi[;ﬁcity 2 multil;lricity 2

Likewise, the values of (pn | @) for @ € ®%(2¢) are —1, 0, 1. Hence for
A € I'(G/K) we have

de(N)dag(N) = W(<>\ 1£),(61&); m&am%) . (105)

Thus all the simple indivisible restricted roots for G/K satisfy (98).

Since each root nest for the simple restricted roots has only one basic root,
we can use the same strategy as for type B I to prove that (98) holds for all positive
indivisible restricted roots. Thus it suffices to find elements of the Weyl group of
G that satisfy the conditions of Lemma 5.5. It will then follow that all restricted
root nests are regular and the dimension formula (7) is valid for all A € I'(G/K).
We carry out this argument case-by-case.

Let the positive roots of G be defined relative to an ordered basis ¢; <
g9 < -+ < gy for t*. The Weyl group of GG consists of all signed permutations
of {1,...,¢}. The restricted root system is of type BC,, with Ao, the short
indivisible simple root.

1. Let & = A+ -+ Xy for 1 <i < j <r—1 (long positive indivisible
root). The basic root for &;; is

Qo + Qojp1 + -+ + Qigj = €9; — €541 -
Let w be the signed permutation
2i4+1—2j+1, 2042—2j+2, 2j4+1—-2i+2, 2j+2—2+1
that fixes all other indices (where p — g means ¢, - —¢,). Then
W Qg =7 €25 — E2541, W41 <7 (2541,

and w fixes the other roots in Ag.
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2. Let mi; = Ao+ -+ Agja + 205+ -+ 2Ny, for 1 < i < j <r (long
positive indivisible root). The basic root for n;; is
Qi + -+ Qgj1 + 2005 + -+ 20001 + Qp = €95 + €35
Let w be the signed permutation
1<2i—1, 22, 325, 4—=2j—-1, 2j—1—=3, 2j =4
that fixes all other indices. Then
W: Qg —> €+ €25, W:IQp 4> Qgi1, W:Az<$>Qy-1,

and w fixes the other roots in Ag.

3. Let & = Ao+ -+ Ay for 1 <i <r (short positive indivisible root). The
basic root for §; is

Qo; + Qg1 + -+ - + Qg = €95 — Epy 1 -

Let w be the permutation 2i — 1< 2r — 1, 2i <> 2r that fixes all other
indices. Then

W Qop = €2 — €241, W :IQ2-1 <7 Qgp_1,
and w fixes the other roots in Ag.
4. Let 2& =2Xg; +---+2)y. for 1 < i <r. The basic root for 2¢; is
2000 + 2000541 + - -+ 2001 + p = 2e9;.

Let w be the permutation 2i —1 <> 2r — 1, 2i <> 2r that fixes all other
indices. Then
w289 <> 269, W Qg1 > Qg

and w fixes the other roots in Ag.

Now let G = Sp,,(C) and K = Sp,,(C) x Sp,,(C). The K-spherical

highest weights are u; = wy; for i = 1,...,r. The simple restricted root data are
as follows.
restricted root multiplicity | # basic roots
AQ’I’ 3 1
al Qg ag Qor—2 Qor—1 gy
. o . el o ey
-2 -2 -2

Figure 18: Marked Satake diagram for Sp,, / Sp,, X Sp,,
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From the Satake diagram and the fact that |Suppu;| = 1 for i = 1,...,r, we

know that ¢=20 and m%’slg ®--- @5[2 and f)g.l =a1tazg+ -+ Q1. This
T copies

gives the markings on the diagram. The root nests are given by (104) with basic

root ag; for 1 < i < r—1, and ®* ()\27«) = {ag, ag—1 + gy, 209,—1 + g, }

with basic root ag,.. Thus condition (4) of Proposition 8.2 is satisfied by \y; for

1 <i<r—1 and condition (3) is satisfied by Ag,.

Case 5. Type DI. Let G = SOy(C) and K = SO,(C) x SOy_,(C) with
2 < r < (. The fundamental K -spherical highest weights are p; = 2w; for
t=1,...,7—1, together with

ifr<(-—2,

J— wr
fr = w1 +wp ifr=~0—1.

The simple restricted root data are as follows.

restricted root | mult. # basic restricted root mult. # basic

roots roots

A (1<i<r—1) 1 1 A (1<i<r-1) 1 1

Ay 2 2 Ay 2(€ — 1") 1

= — < —
(r=40-1) ot (r<t-2) ot
aq (&%) Qp—2 [e%1 Q- Qg1 Qp_o
—20 4+ 2r + 2
Qy Qy

Figure 19: Marked Satake diagrams for SOy / SO, x SOq_,

Let r = ¢—1. Then Ag = () and dim ¢y = (r+1)—r = 1 by Lemma 4.1 since
| Supp p| = 2. Identify t with t* using the form (- | -). If x = cjaq + -+ + oy
is in t, then the equations (u; | x) =0 for ¢ = 1,...,7 become

=0 fori=1,....,r—2and ¢_1 = —c.

Hence y = ay_1 — ay is a basis for ¢y. In particular, y — —y under the Dynkin
diagram automorphism that fixes «; for i = 1,...,/—2 and interchanges a,_; with
ay, verifying the claim in the proof of Lemma 5.1. Condition (1) of Proposition
8.2 is satisfied by A; for 1 < i <r — 1 and condition (2) is satisfied by A,.

Now assume 7 < £—2. Then dim ¢y = 0 by Lemma 4.1 since | Supp p;| = 1
for i =1,...,7r. When r < £ — 2, then from the Satake diagram we conclude that
m = 609y and hence Y, = 2({—r —1)ay41+---. Thus (b, | o) = —204+2r+1
as indicated in Figure 19. As in Section 6, Case 3, we have

(I)+(>‘r) - {BJ

where ; = a, +---+a;_1 and vy; = B+ 20 + - - - + 2049 + ay—1 + oy (the roots
with coefficient 2 are omitted when j = ¢ —1). Thus |®*(& )| = 2¢ — 2r and the

cr+1<j<OU{y :r+1<j<l-1}U{a,+ - +aro+a},
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only basic root in the nest is «,.. Thus condition (1) of Proposition 8.2 is satisfied
by A; for 1 <i <r —1 and condition (4) is satisfied by \,.

Finally, let » = ¢ — 2. Then m = sl, @ sly and H2 = o,y + a,. Hence
(h% | o) = —2 as indicated in Figure 19 and

dT(\) = {8, B+, B+ar, B+ ari+as}

where § = «, is the basic root. Thus condition (1) of Proposition 8.2 is satisfied
by A; for 1 <i <r —1 and condition (4) is satisfied by A,.

Case 6. Type DIIIL Let G = SOy(C) and K = GL,(C) with ¢ > 4. The
fundamental K -spherical highest weights are u; = w9; for e = 1,...,r—1 together
with

2wy when ¢ = 2r,
fr w1+, whenl¢=2r+1.
The simple restricted root data are as follows.
. basic
i tricted t 1t. #
restricted root | mult. 7 tbasw FOSVHELEC 1000 | il roots
roots
A i 1<r— 4 1
A2 (1<i<r—1) 4 1 2 (sisr-1)
A 1 1 Azr 1 2
& 2o 1 1
(¢ =2r) (l=2r+1
Qy—1
aq Q2 a3 Qp—2 aq Q2 a3
* —O—O0— - *—O—O0—
—2 —2 —2
ay

Figure 20: Marked Satake diagrams for SOq, / GL;,

Assume ¢ = 2r. Then dimc¢y = 0 by Lemma 4.1 since |Supp p;| = 1 for
i=1,...,r. Hence from the Satake diagram m = sly @ --- @ sly (7 copies) and
HY =a;+ag+---+ap ;. Thus (h% | ag) = —2 for i =1,...,¢ — 1 as indicated
in Figure 20. The root nests are ®()\;) = {a,} together with

O (Ngy) = { vz, i1 + i, Qo + Qi , Qi1 + Qo+ Qg } (106)

for i = 1,...,r — 1 with basic root as;. Thus condition (4) of Proposition 8.2 is
satisfied by Ag; for 1 <7 <r — 1 and condition (1) is satisfied by A, .

Now assume ¢ = 2r+1. Then dimc¢y = (r+1) —r =1 by Lemma 4.1 since
| Supp p.| = 2. Identify t with t* using the form (- | -). If x = cjaq + -+ + oy

is in t, then the equations (u; | x) =0 for ¢ = 1,...,7r become
coi =0 fori=1,....,r—1 and ¢_1 = —cy.
If x satisfies these equations and x 1L Ay, then ¢y =0 for i = 1,...,r — 1.

Hence y = ay_1 — ay is a basis for ¢y. In particular, y — —y under the Dynkin
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diagram automorphism that fixes «; for ¢ = 1,...,¢ — 2 and interchanges ay,_;
with ay, verifying the claim in the proof of Lemma 5.1. From the Satake diagram
we obtain m’ 2 sl @ --- @ sly (r —1 copies) and h2 = a; +az + - ay_». Hence
(hY | ag;) = =2 for i = 1,...,¢0 — 3, while (h2 | ;) = —1 for i = £ — 1 and
i = {, as indicated in Figure 20. The root nest ®¥(\y) is given by (106) for
1=1,...,7r— 1, while

Dt (Noy) = {1, au, ar+ s, ap1+ s} (basic roots ap_q, o),
o (2/\2r) ={ooto1+o}.

Thus condition (4) of Proposition 8.2 is satisfied by Ag; for 1 < i < r — 1 and
condition (5) is satisfied by A,.

Case 7. Type EII. Let G be the complex exceptional group of type Es and
K = SLg x SLy. The fundamental K -spherical highest weights are p; = w; + wg,
lo = w3 + w5, M3 = 2wy, and g = 2w,. The simple restricted root data are as
follows.

restricted root

multiplicity

# basic roots

>\27 )\4

1

>\17 )\3

2

0 o 0 0

aq a3 l Q4 Qs Q6

Qa2

Figure 21: Satake diagram for Eg/ SLg x SLy

The root data follows from the Satake diagram. Thus condition (1) of Proposition
8.2 is satisfied by Ay and A4, while condition (2) is satisfied by \; and A3.

We have Ay = ) and dimc¢y = 6 —4 = 2 by Lemma 4.1 since | Supp p;| = 2
for i = 1,2. Identify t with t* using the form (- | ). If x = oy + -+ + cgap is
in t, then the equations (u; | x) =0 for i =1,...,4 become

;=0 fori=2,4and c¢; = —cq, c3=—05.

If x satisfies these equations then x — —x under the Dynkin diagram automor-
phism that fixes «; for ¢ = 2,4 and interchanges a; with ag and a3 with as,
verifying the claim in the proof of Lemma 5.1.

Case 8. Type EIII. Let G be the complex exceptional group of type Eg and
K the connected subgroup with Lie algebra s019(C) @ s02(C). The fundamental
K -spherical highest weights are w; +wg and ws. The simple restricted root data
are as follows.

restricted root | multiplicity | # basic roots
A2 6 1
A1 8 2
2\ 1 1
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aq (% Qg4 (6759 Qg
O @ L 4 @ O

-3 i -3
—4 (6%}

Figure 22: Marked Satake diagram for Eg/ SO x SO,

From the Satake diagram we see that m’ = s, and thus hd = 3ay + 4ay + 3as.
This gives the markings in the Satake diagram. Using the notation of Section 7,
Case 8, we obtain a Cartan subspace a for G/K by the equation & = &3; the root
nests for the simple restricted roots are

PT(A) =P (&)UPT(&3), DPT(Ag) =D (&), DT (2M) = (& + &)

Since h? is the same for G/K and G/H (where H = SO0(C)), the determination
of the number of basic roots follows from the calculations in Section 7, Case 8.
Thus condition (5) of Proposition 8.2 is satisfied by A; and condition (4) is satisfied
by )\2 .

We have Ay = {asz, a4, a5} and dime¢y = 3 —2 = 1 by Lemma 4.1 since
| Supp 1| = 2. Identify t with t* using the form (- | -). If x = cjaq + -+ + o0
is in t, then the equations (u; | x) =0 for ¢ = 1,2 become

co=0 and ¢ = —cg.

The element x = 4o +2a3—205 —4ag satisfies these equations and x 1. Ag. Hence
x gives a basis for ¢g. We have x — —x under the Dynkin diagram automorphism
that fixes «; for ¢ = 2,4 and interchanges «; with ag and a3 with as, verifying
the claim in the proof of Lemma 5.1.

Case 9. Type EIV. Let GG be the complex exceptional group of type Eg and K
the complex exceptional group of type F4. The fundamental K -spherical highest
weights are p; = w; and s = wg. The simple restricted root data are as follows.

restricted root | multiplicity | # basic roots
A, g 8 1

Figure 23: Marked Satake diagram for Eg/F,

We have ¢y = 0 by Lemma 4.1 since | Supp p;| = 1 for i = 1,2. Hence from
the Satake diagram we obtain m = sog and h& = 6ag + 10ay + 6as + 65, which
gives the indicated markings. Since m¢ = k¢ + 2 for both simple restricted roots
¢, condition (4) of Proposition 8.2 is satisfied.
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Case 10. Type EVI. Let G be the complex exceptional group of type E;
and let K be the connected subgroup with Lie algebra s012(C) @ sl5(C). The
fundamental K -spherical highest weights are p; = 2wy, s = 2ws, usz = wy, and
1y = wg. The simple restricted root data are as follows.

restricted root | multiplicity | # basic roots
A1, As 1 1
A, Ag 4 1
(a5} a3 g a5 (673 am
o O O ? o——e

Figure 24: Marked Satake diagram for E;/ SO}, x SL;

We have ¢y = 0 by Lemma 4.1 since |Supp ;| =1 for i =1,...,4. Hence
from the Satake diagram we obtain m = sl, @ sl, @ sl, and hf; = ay + a5 + ar,
which gives the indicated markings. Condition (4) of Proposition 8.2 is satisfied
by A4 and Ag, while condition (1) is satisfied by A; and As.

Case 11. Type EVII. Let G be the complex exceptional group of type E;
and K = Eg x SO,. The fundamental K -spherical highest weights are p; = wy,
fo = wg, and puz = 2wy. The simple restricted root data are as follows.

restricted root | multiplicity | # basic roots
A, Ag 8 1
A7 1 1
(a3} s g a5 (673 (674
Q L g ®- Lg O Q
—6 —6
Qs

Figure 25: Marked Satake diagram for E;/Eg x SOq

We have ¢y = 0 by Lemma 4.1 since | Supp u;| = 1 for ¢ = 1,2,3. Hence
from the Satake diagram we obtain m = sog and h?n = 6ag + 100y + 6ay + Gas,
which gives the indicated markings. Condition (4) of Proposition 8.2 is satisfied
by A; and Ag, while condition (1) is satisfied by A7.

Case 12. Type EIX. Let G be the complex exceptional group of type Eg
and K = E; x SL,. The fundamental K -spherical highest weights are u; = @y,
Lo = wg, 3 = 2wo7, and py = 2wg. The simple restricted root data are as follows.

restricted root | multiplicity | # basic roots
A1, e 8 1
A7, As 1 1
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a7 Qa3 Qg (6759 (675 [6%4 asg
e, g ®- g O
—6 —6
a2

Figure 26: Marked Satake diagram for Eg/E; x SLy

We have ¢y = 0 by Lemma 4.1 since |Suppu;| =1 for i =1,...,4. Hence
from the Satake diagram m = sog and hY = 6as + 10y + 6 + 6as, which gives
the indicated markings. Condition (4) of Proposition 8.2 is satisfied by A; and Ag,
while condition (1) is satisfied by A\; and Ag.
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