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Abstract. In this paper we realize all irreducible integrable modules for the
core of extended affine Lie algebras of type A coordinated by quantum tori with
center elements act non-trivially. We also study the sufficient and necessary
conditions for such modules to be unitary.
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1. Introduction

In the study of representation theory of Kac-Moody algebras, one of the main ingre-
dients is the classification of irreducible integrable representations. The irreducible
integrable modules with finite dimensional weight spaces for affine Kac-Moody al-
gebras were classified by Chari [5] and Chari-Pressly [6], [7]. It was proved that the
irreducible integrable modules are the highest weight modules ([19]), their dual, or
the loop modules ([6]). As higher dimensional generalization of affine Kac-Moody
algebras, extended affine Lie algebras (EALAs) were first introduced in [17] and
studied in [1] and [2].

Toroidal Lie algebras are basic examples of EALAs. The classification prob-
lem of irreducible integrable modules with finite dimensional weight spaces for the
toroidal Lie algebras was studied by Rao [8],[10]. Besides the affine Kac-Moody
algebras and toroidal Lie algebras, there are many EALAs whose coordinate al-
gebras are non-commutative or non-associative, examples involving quantum tori,
Jordan tori and octonion tori. In [11], Rao studied a class of irreducible integrable
modules for certain EALAs coordinated by quantum tori. More precisely, let £
be the core of EALA of type A, ; coordinated by quantum tori C,[z*!, y*!] of
two variables. Add two derivations d,,d, to L, one has L=L®Cd, ® Cd,.
Let ¢, and ¢, denote the two central elements corresponding to the variables x
and y, respectively. The irreducible integrable £-modules were studied in [11] for
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which ¢, or ¢, acts non-trivially. It was shown in [11] that any such L-module is
either a highest weight module or a lowest weight module up to an automorphism.
But, the concrete realization problem for those irreducible integrable £-modules
is open. As pointed out in [11], “it is interesting if one can give a “model” for all
known irreducible integrable Z—modules”; The main goal of this article is to give
explicit construction of those integrable £-modules.

So far, the known models for integrable L-modules were those so-called
“basic modules” constructed in [16],[4],[12],[13] and [3] obtained by vertex opera-
tors. In addition, a class of “fundamental modules” were given by using Clifford
algebras with infinitely many generators in [14]. Let L denote the subalgebra
L& Cd, of L. Motivated by [14], we obtain a series of highest weight L-modules
Vi, k € Z with vy as highest weight vectors. It is proved that the tensor L-module
Vs = ®'_, Vi, is completely reducible, where i = (i,--- ,4;) € Z'. In particular,
the £-submodule W; of V; generated by w; = ®'_,v;, is irreducible.

Let i = (iy, - ,4) with i, € Z™,1 < s < k. Then, we have the
irreducible £-modules Wi, -+, W;, . Thanks to the method developed by Chari
and Pressly in [6], we obtain an L-module structure on the tensor space Wia =
Wi, ® - @ W;, @ C[t,t71] with k-tuple a = (aq,--- ,a;) € (C*)*. We need the
condition a; # ¢"a; for all 1 < i # j < k,n € Z, while it was required that
a; # a;,Vi # j in [6] for the affine Kac-Moody algebras. We prove that the L-
modules W;, are completely reducible and their irreducible components exhaust
all irreducible integrable highest weight L-modules up to the actions of d,,d,. In
other words, by changing the actions of d,,d, and an automorphism twisting on
the £-modules Wi.a, we realize all irreducible integrable modules given in [11].

In addition, we obtain necessary and sufficient conditions for those L-
modules to be unitary when |¢| = 1. Several unitary modules related to the
algebra £ studied in the paper were studied in [18],9],[15] and [20].

The paper is organized as follows. In Sect.2, we recall some properties for
the algebra £ from [2] and also recall the classification results from [11]. In Sect.3,
we recall the fermionic constructions for £-modules given in [14] and prove that
the tensor product of such L-modules are completely reducible. Then we construct
a family of irreducible integrable modules for £ in Sect.4, which gives the explicit
realization of all irreducible integrable highest weight £-modules. In Sect.5, we
study the unitarity of those modules constructed in Sect.4 under the condition
gl = 1.

Throughout this paper, we denote the field of complex numbers, the group
of non-zero complex numbers, the set of non-negative integers and the ring of
integers by C,C*,N and Z respectively.

2. Extended affine Lie algebras coordinated by quantum tori

Let ¢ be a non-zero complex number and v > 2 be a positive integer. We begin
by recalling the construction of the core of EALA of type A, 1 coordinated by
quantum tori given in [2]. A quantum tori in two variables associated to ¢ is the
unital associative C-algebra C,[z*!, y*!] (or, simply C,) with generators z*!, y*!
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and relations

g;gj_l = gj_lgj = yy_l = y_ly = 1’ YT = qTy.

Let A(q) = {n € Z|¢" = 1}, and q is said to be generic if A(g) = {0}. The center
Z(C,) of C, has a basis consisting of monomials z™y" for m,n € A(g) and the
subalgebra [C,, C,| has a basis consisting of monomials z™y" for m ¢ A(q) or
n & A(g). This implies that C, = [C,,C,] & Z(C,).

Let I be the subspace of C, ® C, spanned by elements of the form

a®b+b®a,ab®c—a®@bc—b®ca forall a,bceC,.

So we have the quotient space < C,,C, >:= C,®C,/I and we let < a,b > denote
the element a @ b+ I. Let I, be the v x v identity matrix. Define a Lie algebra
L= (sl,(C)®C,s < C,,C, > with bracket

[A®Q’B®b]:[A=B]®a0b+AoB® [aéb] +tr(AB)
1%
[<ab> <ed>]=<lab][c,d] >,

[<a,b>A®c] =A®|[a,b],d,

<a,b>,

where A, B € s1,(C),a,b,c,d € C,, [A,B] = AB — BA,
AoB = AB+ BA— 2t(AB)I,,
v

[a,b] = ab—ba,aob=ab+ ba and tr is the trace form.
There is a natural Z*-graded structure on < C,,C, > with graded sub-
spaces given as follows:

< Cy, Cy >(mmy=spanc{< ™ y", ™ y"* >: my, mo,n1,n9 € Z,
my +my =m,n; +ng =n}, (m,n) € Z>
Let HC1(Cy) = {>_ < a;,b; > | > . 5la;,b;] = 0} where J is any finite index set.

It was shown in [2] that HC,(C,) is the center of £ and L is centrally closed.
Moreover, by Corollary 3.22 [2], one has

1, if (m,n) # (0,0);

dim < Gy, Cg >(nmy= {2 if (m,n) = (0,0)

and

HC\(C)) = P < CpCq>(mm -

m,neN(q)

Thus, we have < C,,C, >= [C,,C,] & HC,(C,) as vector spaces.
By adding the degree derivations d,,d, to £, we get a Lie algebra £ =
L @& Cd, ® Cd, with additional multiplications
dyy A®al =mA®a, [d),A®a =mA®a, [d;,d,] =0,
dy, < a,b>] = (m1 +mg) <a,b>, [d),<a,b>]=(n+n2) <a,b>,

(1)
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where A € sl,(C),a = 2™ y™, b= x"2y"2, my, my,ny,ne € Z.

Let K be the vector space spanned by symbols ¢, (m,n),c,(m,n),m,n €
A(q) with relation me,(m,n) +ney(m,n) = 0. Let ¢l,(C) ® C, be the matrix Lie
algebra over the quantum tori C,. Define a central extension B of the Lie algebra
gl,(C) ® C, by central subalgebra K as follows:

[A®x™y™, B ® x™y"?
:qmzm AB ® xm1+m2yn1+n2 _ qnzml BA ® xm1+m2yn1+n2

+ t0(AB)0my £ma A(@)Ons +n2 A @)
- (mycz(my + ma, ny + ng) + nicy(my + ma, ny + n2)),

where A, B € gl,(C),my, ms,n1,ne € Z, and

5 )1, ifm e Ag);
mAD) 0, ifm¢&A(q).

It is straightforward to prove the following result.

Lemma 2.1.  The linear map L — B given by

A@a™y" — A a™y", A€ sl,(C),m,n € Z,
< xmlyn1,mm2yn2 > Iy ® [:L,mlyn17xm2yn2}, my +m2 ¢ A(q) or ny +n2 Q’ Aq,
<z, 2™y "zt > veg(m,n), m,n € Aq),

<y, 2™y"y~' > vey(myn), m,n € A(g),

15 an injective Lie algebra homomorphism. [ |

The result of Lemma 2.1 allows us to identify £ with the subalgebra
B = (sl,(C)®C,) & (I, ® [C,,Cy]) & K of B. We can also define a Lie algebra
B= BaCd,&Cd, with multiplication given similarly as (1). Then, one can identify
L with the subalgebra B’ @ Cd, @® Cd,, of B. Hence, under this identification, we
can write B=L® Y (o CLy @ 2™y R

Now we turn to consider the root-space decomposition of L. For 1 < 1,57 < v,
let E;; be the unit v x v matrix which has 1 in the (¢, j)-entry and 0 elsewhere.
Let h; = By — Eiy1441 for 1 <i<wv—1 and H =spanc{h, ®1:1<i<v-—1}.
Let H be a Cartan subalgebra of L spanned by H, ¢ = ¢,(0,0), ¢, := ¢,(0,0),d,
and d,. Then, one has the following root-space decomposition of L with respect
to the Cartan subalgebra H:

m,neA

L=@L,  where L, ={A€ L|[h, Al = \(h)A,Vh € H}.

weﬁ*

Let A = {¢; —¢;]1 <i # j < v} be the root system of sl,(C) as usual. View A
as a subset of H* by setting (¢; —¢;)(2) = 0, where z = ¢,, d,, ¢, or d,. Introduce
elements 0,,0, € H* by letting 0,(d,) = 1,6,(d,) = 1 and the actions on other
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basis elements are zero. Then, the set A = {a+md,+nd, : a € AU{0},m,n € Z}

is the root system of £ with respect to H. A root of the form o+ md, + nd, € A
is called real if o € A.

Definition 2.2. An L£-module V is called integrable if

(1) V = @,.5.Va where Vs = {v € V|hv = A(h)v,Vh € H}.

(2) For any weight v € H*, one has dim V) < oo.

(3) For any real root v and element v € V', there exists positive integer k
such that (Ev)k.v = 0.

Let A = sl,(C) ® Clz,27] ® Ce, ® Cd, be the subalgebra of £, which is
isomorphic to the affine Kac-Moody algebra of type A(jjl. Consider the natural
triangular decomposition A = A, & Ay & A_, where

A, =5l,(C)® 2Clx EBZCEZ],

i<j
A_=sl,(C)a'Cla™" &Y CEy,
Ay =H & Ce, ® Cd,. -

So we have the decomposition L= Z+ &) ZO &) Z_, where
Li=A:®Cly,y Y@ <C,C, >,
Lo=H®Cly,y & < C,,C, >0 ®Cd, & Cd,.

We identify Claz*!, y*!] with Clz, 271 ® Cly,y '], and

< an (Cq >i= EBm,néZ,:l:m>0 < (an (Cq >(m,n)7
< Cy,Cy >0= Bnez < Cyp, Cy >(0,n) -

We also introduce a Z-grading on L as follows:
L(n) = {A e L|[d,, A] = nA}, neZ.
For any subalgebra G of L , we will use the following notation
G(n):=L(n)NG, neZ.
Let 1 be a linear function on Ly such that Y(cy) = 0. Let
Lo=H&Cly,y '@ < C,,C, > ®Cd,
and define a linear map ¢ : Lo — C[t, 7] as follows:
O(h) = Y(h)t", Yh € Lo(n).

Let Ay C Cl[t,t™'] be the image of ¢. Then, 1 induces an Zo—module structure
on Ay with the actions given by

= (p(h))t™, h e Lo, dyt™ = (P(dy) +m)t™, m € Z.
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Remark 2.3. In the paper [11], the linear function ¢ was defined on 20 and
the action of d, on Ay was given by d,.t"™ = mt™. But, we observe that one can
add an extra scalar action of d, on Ay, that is, we can define the action of d, by
dy.t™ = (c+ m)t™ for any fixed scalar c.

We recall the definition of highest weight E—modules, which was introduced
by Rao (See [11],[9])

Definition 2.4. An L-module V is called a highest weight module if there
exists a weight vector v in V such that £,.v =0, U(ﬁ)v = V and the Ly-module
generated by v is isomorphic to an irreducible ﬁo module Ay for some linear
function ).

For a given linear function ¢, suppose that Ay is irreducible as Lo-module.
Viewing Ay as (/j+ ® £0) ~module by letting £, acts trivially. So we have an
induced £- module M) =U(L) Sz, aiy) Ap- 11 is easy to see that M (1) has
a unique irreducible quotient, which we denote by V(v).

For 1 <¢ <wv and n € Z, define elements h;, € L, as follows

him:hi@yn, 1§Z§I/—1,
hu,n = _anll ® yn + Em/ & yn + 5n,A(q)C$<07 TL)

Then ¢y, dy, dy, hin,1 <@ <v,n € Z form a basis of ZO. Let
Po={AeH : Mhip) eN,1<i<w\c,) =0}
and [ be a positive integer. Then, for each pair
(Ab) € (P x (T, A= (s ) b= (bry o by),

such that by,---,b; are distinct, we can define a linear function ¥,y on /30 by
requiring that

!
Yap(h Z)\ (hip)b}, 1<i<d,n€Z,
" 3)
b2 Z)\ =dy,dy, or c,.

Then the resulting Lo-module A%b is irreducible and we hence obtain an irre-

ducible highest weight £-module V(yp). Let M = (2%) € SLy(Z), then M

can be extended to an automorphism of £, which is again denoted by M (See
[11], Sect.5 for details). The following result was proved in [11]

Theorem 2.5. (1) Let V be an irreducible L£-module such that ¢, acts as
positive integer and c, acts as zero. Then V is integrable if and only if V

V(iyp) for some pair (A, b).
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(2) Let V' be an irreducible integrable L-module such that c, or ¢, acts
non-trivial. Then V' is isomorphic to either a highest weight module V(15 4,) or
a lowest weight module up to a twist of an automorphism M .

3. Tensor modules for £

In this section we first construct fermionic £ = L @ Cd,-modules Vi, k € Z
and then show that the tensor L£-module ®i:1 Vi, i1,--- ,14 € Z is completely
reducible.

Let R, be a unital associative algebra with infinitely many generators
i(m),f(m), for m € Z,1 < i < v, subject to the following relations

Yi(m);(n) + ¥;(n)es(m) = ¢7 (M) (n) +¥j (n)y; (m) =0,
Yi(m)Y5(n) + 5 (n)i(m) = §i50min0-

We define normal ordering as follows

Gilm)s(n), i m <

:wmmwm%:{ﬂﬁmwmm,iﬁn>w

for mneZ,1<1i,5<w.

Let R} be the subalgebra of R, generated by ;(m), ¢ (n), for m > 0,
n>0and 1 <i<w,and R, be the subalgebra generated by 1;(m), ¥} (n), for
m<0,n<0and 1 <i<v. Let V(v) be a simple R,-module containing an
element vg, called “vacuum vector”, and satisfying R vg = 0. Therefore,

V(v) =R, vy ® Cup.

For mn e Z,1 <1i,5 < v, we set

fig(m,n) = ¢ di(m = p)yi(p)

PEZL

and
, for n € A(q),

— §ij(5m,0qff—il, fOI' n g A(q)

For any k € Z, let V}, be the k-eigenspace of V() with respect to the operator J .
Now, as a by-product of Theorem 3.8 [14], we have
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Proposition 3.1.  V(v) is a module for the Lie algebra B = B& Cd, under
the actions given by

Ejj @ a™y" — Fjj(m,n), for 1 <i,j <v,m,n € Z;
c.(0,n') — 1, d, = D, forn' € A(q);
cy(m’,n’) — 0, for m’,n" € A(q).

Moreover, V(v) is completely reducible and each component Vi, k € 7 is irre-
ducible.

For k € 7Z, we define a vector v, € V}, as follows

= [Ur ) () (1= ) (1= ) 0) (O, for k>0,
Sa(s) ()i (s + 1) p(s + 1) i (=) -5 (~1)wg, for k <0,

where (s,r) is the unique pair such that k =sv+r,s € Z,1 <r <wv.

By restriction, one can view Vi, k € Z as an L-module. Let wr be an
element in L defined by

W(hin) = 6,0 " wi(dy) =D 1 <i<wv,neZ, (4)

where k = sv +r,s € Z,1 <r < v, h;, is defined in (2) and Dy is the scalar
determined byA Duvy, = Dy The following result shows that v, is a highest weight
vector in the £-module V) with highest wight wy. The verification of this assertion
is straightforward, and is omitted.

Lemma 3.2. In tiLe L -module Vi, k € Z, we have E+.vk =0 and hv, =
wi(h).vg for all h € Ly. ]

Let H = H & Cec, @ Cd, ® Cc, and we identify H* with the set
{a € H* a(dy) = 0}. Let oy = 6 —€41,1 <i <v—10, =€ —€ + 0,
and ()1 = Nay & -+ @& Ny, Clearly, Vj is a weight module for L with respect
to . Moreover, the previous lemma shows that all weights of V) have the form
A —n,m € Q4 , where Ay € H* is the restriction of wy, on .

Let [ be a positive integer and i = {i1,--- ,4,} € Z'. We denote the tensor
space ®IS:1 Vi, by V5. In the rest of this section we are going to show that the

L-module V% is completely reducible.
We first consider the case with |¢g| = 1. In this case, one can define a
conjugate-linear anti-involution 6, of B by letting

O,(Eij @ 2™y") = ¢""Ej @ a7y ", by(dy) = dy,
QQ(CHD(m/? n/)) = CI(_m/> _n/)7 GQ(Cy(mlv n/)) = Cy(_m/> _n/)7
where 1 <i,j5 <wv,m,n € Z and m',n" € A(q).
If G is a Lie algebra and 6 a conjugate-linear anti-involution on G. Recall

that a G-module W is said to be unitary with respect to 6 if there exists a positive
definite Hermitian form <, > on W such that

< Av,w>=<v,0(A)w> AeGv,weWW
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We now define a positive definite Hermitian structure <, > on V(v) by
the characteristic conditions

< vy, vy >=1, <v,w>=<w,v >,
< Pi(m).v,w >=< v, (—=m).w >,

where 1 <i<wv,m € Z and v,w € V(v). Then, we have
Lemma 3.3. If |¢| =1, then the B-module V(v) is unitary with respect to 6,.

Proof. For 1 <i,j <v,m,n € Z and v,w € V(v), one has

< fi(mon)v,w >=<> g7 i(m — p)i(p) s v,w >

PEZL
=<0, ) q" (=) (p—m) s w > (since g =¢ )
PEZL
=< U,qm"Zq"s ci(—m —s)Yi(s) rw > (let s =p—m)
SEL

=<v,¢"" f;i(—m, —n)w > .

Since q,‘f_l = % for n & A(q), we obtain that

< By @ 2™y v, w >=<v,0,(Ej; @ 2™y")w > .

For the other cases, we have

< dzv,w>=< v, ZZp ci(p)Ul(=p) tw >=< v, dyw >,

i=1 peZ
< co(0,n) v, w >=<v,w >=< v, (0, —n').w >,

< ¢y(m',n")v,w >=0=<v,¢c,(—m', —n').w >,
where m’,n’ € A(q), as required. [

Since Gq(f) = L, the £-module V5 is also unitary with respect to g,. This
implies that the L-module V5 is completely reducible if |¢| = 1.

Now we turn to consider the case with |g[ # 1. Let gl = >, s Eij
be the usual infinite matrix algebra. It is well-known that each Vi, k € Z is a
glo-module with the action given by

Emu—l—i,j—m/ = wz<m>¢j(n)v 1 S ’L,j S v,m,n € Z.

Moreover, Vj is an integrable highest weight g¢l.,-module with highest weight

vector v and the tensor gl,.-module V5 is completely reducible.

Lemma 3.4.  Let q be generic. Then B-submodules and gloo -submodules in V;
coincide.
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Proof. Let W be a gl -submodule of V5. Then, for any 1 <1i,7 <v,m,n €
Z,w € W, one has ¢;(m)y;(n)w € W and hence : ¢;(m);(m) : w € W. This
implies fi;(m,n)w = >_ ¢~ " : ¢i(m — p)Yi(p) : w € W. Similarly, one has
Fij(m,n)w € W and Dw € W, which gives W is an B-submodule.

Conversely, let W be an B-submodule of Vi, For any fixed 1 < 4,5 <

v,m,n € Z,w € W, we need to show that : ¢;(m)y;j(n) : w € W. Note that there

exist Ny <n < Ny € Z such that : ¢;(m +n —p)yi(p) : w =0 for all p< N, or
P > N,. Consider now the equations

fij(m+n,s)w = Zq""’p pbi(m 4+ n —p)Yi(p) rw

PEZL

N2
=Y T wilmtn P () w e W, Ny <5< Ny,

p=N1

Since ¢ is generic, by solving the above equations one gets : ¢;(m-+n—p)is(p) : w €
W, Ny <p < Ny. In particular, we have : ¢;(m)i(n) : w € W, as required. n

Observe that f)’\A: L& I, if g is generic and I, acts as a scalar on V;.
This implies that the £-submodules in V; are coincide with the B-submodules
and hence with the gl,,-submodules. Therefore, we obtain that the £-module V;
is completely reducible if ¢ is generic. In summary, we have

Theorem 3.5.  For vy,--- ,1;, € Z, the L -module Vi = ®lS:1 Vi, is completely
reducible. [

4. Realization of integrable highest weight L-modules

Let Uy, -+, Uy be a collection of £-modules and a = (ar, -+ ,ax) € (C*)k. Due

to the work by Chari and Pressly [6], it allows us to define an £-module structure
on the tensor space U = @"*_, U, Q@ C[t,t™"] as follows:

k
A.u1®'.-®uk®tl:ZCL?'UJ®.'-®A.U,s®'..®uk®tl+n7 (5)
s=1

dypwy @ Ru @t =l ® - @uy @1

where us, € Uy, 1 <s<k,A€ Z(n) and n,l € Z.

Let W; be the L-submodule of Vi = ®L_,V;, generated by w; = ®L_,v;, .
Combine Theorem 3.5 with Lemma 3.2, we find that the L-module W5 is irre-
ducible, E+.w;5 =0 and W3, = (Z_)wg Recall the linear operators wy € EAE;
and A, € H* defined in Sect. 3. Set w; = Zizl w;, and A; = Zizl A;,. Then,
one has

h.aw; = w;(h)w;, h € 20,

and each weights of W5 has the form A; — 7.
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In the following, we shall always take U; = W; ,1 < s < k for some
is = (i16, " ,in,s) € Z" . Now, for each pair

i= (Eh... jk)7 a— (ah... 7ak>,
with the condition that
¢"a; # aj, forall 1 <i#j<knelZ, (6)
we obtain an £-module structure on the tensor space
Wia=W; @ -@W; @C[t,t™"]

with the action given by (5). Notice that, if ¢ is an N-th primitive root of unity,
then the condition (6) is equivalent to that a;” # a},Vi # j. The main purpose

of this section is to prove that such L-modules Wia are completely reducible
and their irreducible components exhaust all of the irreducible integrable highest
weight £-modules classified in Theorem 2.5 by Rao [11].

We define a “character”
Xia : U(Lo) = C[t, t7Y]

of the universal enveloping algebra of 20 by extending
k

Xia(h) = (Y wi ()t
s=1

where h € Lo(n). Since U(Ly) inherits a natural Z-grading from Ly, then Xi,a
is a graded algebra homomorphism and the image of x;. is always a Laurent
subring L, := C[t",t7"] of C[t,t™!] for some r > 1. For all i € Z, let €; denote
the element ®%_jw; ®t'. For h € U(Loy) with Xia(h) =t™ for some m € Z, one
can easily check that h.Q); = Q;,,, for ¢ € Z.

Proposition 4.1.  If the image of Xi,q is L, for some r > 1, then the L -module
Wi a is generated by g, - -+ ,,_1.

Proof. We denote by M the submodule of W, generated by €, - ,€2,_1.
Since the image of xja is L,, one can get that Q, € U(Eo)Ql for all
n=1( mod r), where 0 <[ <r — 1. This forces that €2, € M for all n € Z.

Let A=3"0 | MEiw), i@y @™ be an element in A_, where 1 < i(t), j(t) <
v,my € Z, \y € C*. Then, one has

(A@y") s, =Y > q" : iy (me + p) ¥ (—p) : wy,,

t=1 peZ
for 1 < s < k and n € Z. Observe that there are only finite many p, say,
Pis 1 < U< ¢, such that : ¢ (me + p)ij,(—p) © w, # 0 for some ¢. For
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1 <1<t,, wedenote vy, ; = > Ak = iy (my + 07, 1)) (—pi,,) © w;,, then one
has

(A@y"). EZW%wW (7)

forall 1 <s<kand ne€Z.
Let ¢Ps',--- ,qP>™s be distinct numbers among ¢t 1 < | < t,. For
1<s<kand1<t<my,let I(s,t) ={l|1 <1<t gV =qgP*} and

/Ust— E U

lel(s,t)

Let p € Z, consider the equation

(A y"). Za RARY)w;, @ @uw;, ) P

- Z Z(“sqps’t)"% R QU ® - Quy, ®FF,

s=1 t=1

(8)

for all n € Z. Since a,qP>* are distinct for all 1 < s < k,1 <t < m,, we can solve
for wp, @ -+ @V, @ @w;, @ in term of (A® y").Q,_,,. Then, one has

wy ® QU @ Quy, P € M,
forall 1 <s<k,1<t<mg. In particular, we have
wi, ® - QARY")w;, ® - Quw;, ®tF € M, 9)

forall n,peZ,1<s<kand Ae A_.

For I, ® x™y" € L_, we know m < 0, and m or n ¢ A(q). Therefore, we
need to divide the argument into two cases.

First, if m ¢ A(q), we have that [, ® z"y" € L_ for all n € Z. Then, a
repeated proof of (9) shows that

w;, @@ (L, @2™y")wy, @ - Qu;, QP € M, (10)

forall n,peZ,1 <s<kand m <0,m¢ A(q).

Next, if m € A(q),n &€ A(q), then g must be a root of unity. Suppose that
q is an N-th primitive root of unity, then A(¢) = NZ. Similar to the proof of (7),
we obtain

(I, © 2™y").w;, —Zq"p”vs .

for some v, € Wi, ,pst € Z,1 <t <m, and n ¢ NZ. This gives

ms

(L, @ 2™y ) w;, = > (@ Vv, (1)

t=1
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for 0 < j < N and n € Z. Similar to (8), we have

([y@xmy”N+] p—nN—j = ZZ a qpst nN+’j’l,U;1®"'®U5’t®"'®wgk®tp
s=1 t=1

—Z Zaq”s’t)ngl®---®vs,t®---®u@®t”,
t=1

for all n,p € Z. Since ay,--- ,al are distinct, this and (11) imply that

alwy, @+ @ (I, @ 2™y )w;, @ -+ @ wy, @ P

:Zaqps’”w- QU ® - @uy, QP € M,
=1

forall pneZ,0<j< N, 1<s<kand meée NZm<Q0.

Note that the elements A ® y™, I, ® 2™ y™, c,(ma,ng) for A € A_n €
Z,my; < 0 with m; € A(q) or n1 ¢ A(q), ma < 0,mg,ny € A(q) span the
subalgebra £_. Combining (9),(10),(12) with the fact that cy(ma, ng) acts on Wi,
as zero, we have

wy @ @Aw;, @ Q@ug, P € M,
for all A€ £_ and p € Z. This forces
wy, @ QWi @ @w;, @C[t,t7] C M,
as Wi, = U(Z_)wgs for 1 < s < k. This completes the proof of the Proposition. =

Proposition 4.2.  For | € Z, the L-submodule Wil,a of Wia generated by €Y
is irreducible.

Proof.  Any weight of I/Vil’a has the form A —n+md, for some n € Q4,m € Z,
where A = Zle A;,. It is sufficient to show that for every non-zero weight
vector v € Wi, (A —n+ md,) there exists A, € L such that A,.v = €. For
n=> . ki € Qs+, weset htn =Y. | k;. We shall prove this assertion by using
induction on htn.

First, we consider the case htn = 0. Assume that the image of xja is L,
for some r > 1. So we have U(EAO)QZ = > merzpt CQn, and A +md, is a weight
of Wl if and only if m = I( mod r). But, for any n € Z, there exists @, in

U(EO) such that xia(Q,) =t""". This implies that (,,,, = if m =nr+1, as
required.
Next let htn > 0. Assume for simplicity that k& = 2. Write

v = Z Cax ® w, @™ € Wi (A —n+mdy),

A1
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where {v,} and {w,} vary over a basis of weight vectors for W5 and Wj;, respec-

tively, and cy, € C. Using induction, it is enough to show that there exists some
X € L, such that X.v # 0. So suppose now that

Xv=0,VX€L,.

Similar to (7), for A€ Ay or A=1,®@a2™,m>0,m ¢ Aq), we have

LN mu
(A®y").on = Z ¢ o, (AQY")w, = Z g Wy,
r=1 s=1

for some vy, € Wi, w,s € We,,prr,dys € 2,1 <17 <ny,1<s<m, and n € Z.
This gives

X mu
Z c,\u(Z(alqp“)”vM) ® w, + Z Cauln ® (Z(azqd“’s)”w%s) =0, Vn € Z.
A1 r=1 A s=1
Let ¢P',--- , ¢’ be distinct numbers among ¢?>r, VA, 1 < r < ny, and
g™, - ,¢%" be distinct numbers among %<, Vu,1 < s < m,. Set I(r')

{\r)|gPrr = gP} for 1 <0 < n' and J(s') = {(u, 8)|g% = ¢%'} for 1 < 8 <
m’. Introduce elements of the form

U;,:Zc,\u( Z Urs) @y, 1< <nl,
o

(A\r)el(r)

wh, = chw\ ® ( Z wys), 1 <8 <m,

A (,s)€J(s")
so that we have

n/ /

m
Z(alq ) v+ Z(CLqus')nw;, =0, Vn € Z.
r’'=1 s'=1
This forces
v,=wl, =0, 1< <n 1< <,
as ajgPt, -+ ,a;ghn’ asq™, -+ asq’ are distinct. Since {v,} and {w,} are sets
with linearly independent elements, we get that

Z Opnr =0, Y, 1 <7 <n/,
(A\r)EI(r)

Z cuwys =0, VA, 1 < <m'.
(k,8)€J(s)

In particular, one has

(A@y").> envn) =0=(A@y").(d_ eyawy), Vn € Z. (13)

A H
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For the case that ¢ is an N-th primitive root of unity, the elements B :=
I, @ 2™y™N+ m € A(q),m > 0,0 < j < N,n € Z are also in £, . From (11), we
write

DN mpy
) . . d )
B vy = E (@ )Y v, B w, = E (q ”’S)jwum
r=1 s=1

for some vy, € W,

and w, , € W3, . These imply

N

(@)" QY e _(@g™ Yur,) ®w,)

A r=1

My

"’(aév)n(z CapUx ® (Z(%qd”’s)jwu,s)) =0, Vn € Z.

A s=1

Since ay # a) and {vy}, {w,} are linearly independent basis elements, we obtain

nx
Z c)xu(z<alqp>\’T)]U>\,7‘) = 07 V,ua

A r=1
Z CAM(Z(aQQP*L’S)jwMS) =0, VA

o s=1

These imply that
B.(Y exivn) =0=BJ.(> cyaw,), ¥n€Z,0<j<N. (14)
A B

Finally, since the elements A®y", I, @™ y™, c,(ma, ny) for A € Ay, n € Z,
my > 0,m; & A(q) or ny & A(q), ma > 0,mag,ny € A(q) span the subalgebra L, .
Thus, we have from (13) and (14) that

X enn) =0= XD exuwy)

for all X € E+. Choose A, g such that cy,,, # 0, and set
TNJHO = ZC)\NOU)\, U~))\0 = ZC)\OHwN‘
A H

As W; ,s = 1,2 are irreducible, we obtain v,, € Cw;, and w,, € Cw;,. This
implies that v has weight A 4+ md,, which is a contradiction. [ |

Now we apply Proposition 4.1 and Proposition 4.2 to prove the following
result

Theorem 4.3.  The L£-module Wi o is completely reducible. Moreover, suppose
that the image of Xia s L, for some r > 1, then one has the decomposition

r—1
l
Wia=EP Wi,
=0
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where Wil,a is the submodule of W;, generated by the vector €, and each L-

submodule Wi{a is trreducible.

Proof. From Proposition 4.1, we have
r—1

w=> W, (15)
1=0

To see the summation given in (15) is direct, then one needs to check that

Wian> s Wi{alz {0} for 0 <[ <r—1. Otherwise, due to Pioposition 4.2, one has
Wia €32 Wi, But, we know that Q ¢ 37, WY, as U(L0)Q; = 3,7 CQupy
for 0 < j#1<r—1. This is a contradiction. ]

Now, we are going to show that each irreducible £-module Wi, is an

integrable highest weight module and that, up to the actions of d, and d,, any

irreducible integrable highest weight L£-module classified in Theorem 2.5 must be
isomorphic to Wi?a for a suitable choice of pair (i,a).

Proposition 4.4. The L -module Wi o is integrable.

Proof. It is easy to see that forany 1 <i# j <v,m,n € Z and v, € W; ,1 <
s < k, there exists a positive integer 7, such that (E;; ® 2™y")™.vs = 0.
Set N =% r,, then

(B ® "y Wo @ @U@t =0,
for all p € Z. This completes the proof. [ |

Recall the linear function ), € L; given by (3). Notice that the value
of Yp on d,,d, can be chosen to any complex number. This suggests that we
should exploit the extra degree of freedom available in defining the actions of d,
and d, on W ,. Namely, for any p,, i, € C, we define a new L-module structure
on the vector space W;, via changing the actions of d,, d, as follows

k
dx.w:Zwl®---®Dw5®---®wk®tp+uxw,

s=1
dy.w = (I + py)w,

where w = @%_jw, @ t'w, € Wi ,1 < s < k,l € Z and D was the operator
defined in Sect.3. Denote the resulting £-module by Wia(fte, fty) . Furthermore,
one can define the “character” x;a(fts,/y) and the irreducible L-submodules
Wia(tiz, p1y),l € Z in an obvious way. Note that the image of xia(ptz, ) is
the same as that of Xija.

Fix a quadruple (i,a, y, i), where i = (i1, - ,ix),a = (ay, - ,a;) with
a; # a;q",Vi # j,n € Z and pg,pu, € C. We have from Theorem 4.3 and
Proposition 4.4 that the £-module W, (1a, 1) is irreducible and integrable. This
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together with Theorem 2.5 implies that VVO (1, fty) 1s an irreducible, integrable

highest weight L£-module. Conversely, we will show in the following that any
irreducible, integrable highest weight L£-module is isomorphic to W (e, 1) for
a suitable choice of (i, a, iz, pty).
Fix a linear function ¥y, where A = (A\y,--- , \) € (Py),b = (b, ,b) €

(C*)! and by,---,b are distinct. Set my; = )\t(h 0),l <j <yl <t <L
Let {aj,---,ax} be a maximal subset of {b,-- bl} with the property that
q"a; # a;,Vi # j,n € Z. Set I(as) = {t|]1 <t < l,bt = ¢ "tas, for some i5; €
Z},1 < s < k. Now, for each triple (s,¢,7) with 1 < s < k,t € I(a,), and
1 <j <v, we define

Gstg = (Ll + Jy o s beqV + ) € ZM.

Suppose that [(as) = {ts1, - ,tsp,} and let ng; = my,,j +---+my,, ;. For
1<s<kand 1< j<v, we further define

Gsj = (Istango " lsitepej) € Lm0
For any 1 < s <k with n, = Z;’:l ns,j, we introduce
gs = (is,la o 7is,y) €eZ.
Therefore, we have obtained a pair (i,a), where
i= (gl’... 7516)7 a—= (ah... 7ak)

with the condition that a;q" # a;,Vi # j,n € Z. This allows us to construct
an L-module Wia == W;, ® --- @ W;, ® C[t,t7'] with the action given by (5).
Let py = Yan(dy) — Do and p, = ¥ap(d,), where Dy is the scalar determined
by Dy = Dy€)y. Then, we have constructed an irreducible integrable L-module
W, (ps, 1) arising from the linear function ¥y p,.

Now, in the £-module WP, (tha, 11y), We have L. =0. And, for 1 <i <
v,n € Z, one has

k v
hin Q0= (D D > M, (hin)al)

s=1 tel(as) j=1

Z Z th] ij(asg™ )" )2y = Z Z Ae(hip)

s=1 tel(as) j= s=1 tel(as)
ZAt £0)0) 2 = Ua (i) 2,

where the second identity follows from (4). Furthermore, we have d,.Qy =
Pap(dy)Qo and dy.Qo = Yy p(dy) Q2. We see that the EO submodule W o (s fy)
generated by g is isomorphic to A¢A,b' This gives that W (s fy) 18 a highest

weight £-module and is isomorphic to V(ap). We obverse that W altlas fty — 1)
is isomorphic to V(yp) as well, so we have

Wil,a(ﬂzv lu’y) = Wi(,)a(:umv Hy + l)? (16)
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as L-module for all [ € Z.
We summarize the above discussion in the following theorem.

Theorem 4.5.  Any irreducible integrable highest weight L -module is isomor-
phic to W{fa(ux,uy) for some suitable (%,a, iy, 1) - [

5. Unitarity of integrable L-modules

In this section we shall consider the unitarity of the £-modules Wi,a when |¢| = 1.
This in turn determines the unitarity of the irreducible integrable L£-modules
classified by Rao. The result here is similar to that of affine case which was
shown in [6].

Recall the conjugate-linear anti-involution ¢, of L defined in Sect.3 when
lgf = 1. Extend 6, to a conjugate-linear anti-involution of L, again denoted by
8, by letting

04(dy) = d.
We have shown that the £-module V(v) is unitary with respect to the Hermitian

form <, >. Thus, <, > can be extended to W; ,1 < s <k in an obvious way,
so that

< Awg,wg >=< v, 0,(A).ws >,
where A € E, vs, ws € Wi, .

Theorem 5.1.  Assume that |q| = 1, then the L-module Wi.a is unitary with
respect to 0, if and only if |a1| = - - = |ay]|.

Proof. Suppose that |as| = ¢ for all 1 < s < k. We define a positive definite
Hermitian form (, ) on Wi, by letting

(1@ QU™ W @+ @y, D) = My < VW > e < U, W >,
where vs,ws € W5,,1 < s < k,m,n € Z. Then, we have

(A1 ® - @y Q™ W ® - - @ wy, @ ")

k
:Z<U1®“‘®aiA-Us®"‘®Uk®tm+l,w1®"'®wk®tn)
s=1

k
:Z&n%nc_zm_?l <vL,wp > < aiA.vs,ws > < Vg, W >
s=1
k
:Zc’Qmémyn,l < v wp > < v,a;leq(A).ws > < Vg, W >
s=1

=1 ® - QU @™, 0,(A)wr @ - @ wy "),

where A € E(l) The case for d, is clearly and hence the L£-module Wia is
unitary.
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Conversely, suppose that W , is unitary with respect to a positive definite
Hermitian form <, >. Assuming that the image of Xja is L,,r > 1, then there

exists Q € U(Lp) such that Q.Q = Q.,l € Z. Note that 6, can be (uniquely)

extended to a conjugate-linear anti-involution of U(L). One checks easily that
0,(Q).Q = *Q;_, for some ¢ € C. This implies

|| 1=l Qe |7 (17)
for some (non-zero) ¢ € C and n € Z, where || v ||?>=< v,v > for v € Wj,.
Let
gs = (il,sa s 7ins,s> with ij,s = tj’sl/ + Tj,satj,s < Z, 1 S Tj75 S v,

vs:wgl®---®A175.wg5®“'®wik;1§S§k7

where A1, =B, 41, ®1for 1 <ry<v—1and A, =E;, @z for ri, =v.
It is easy to see that vs # 0 and that

[0,(A1s@y™™), As @y "] = ey g m—n + Om—n,n,Cy(0,m — n) (18)
forall 1 <s<k,m,né€Z.
For a fixed vy =1,--- |k, we may write

(Al,'y ® yn)Q‘Ugg — qps,lnws’l + e + qps,msnw&ms, n & Z,l S S S /{},
for some psy € Z, w5, € W5, ,1 <t < mg and ¢, -, ¢’ are distinct. For any
fixed n € Z, we consider the equation

k
(Al,'y ® yii)-Qz#nr = Z @;iwfl K- Al,’y ® yii'wis Q- ® wg, ® "

s=1
:Z (asqps’t)iiwgl ®“'®ws,t®"‘ ®w€k ®tn7'7

for all + € Z. Since ayqPs* are distinct for all 1 < s < k,1 <t < my. Solving the
system of equations to give,

Uy Q" = Z bji(A1y ®Y~")Qignr,
i=1
where u,; = w;, ® -+ Q@w,; @ Quwz,,1 < j < my,m =mq + -+ my, and
b;i are some scalars which are independent of the choice of n. Then, we have for
1<j,j" <m,

< Uy @ Uy @ >

bﬁm < (Al,’y ® yii)'QiJrnra (Al,’y ® yii/)-QiUrnr >

-

@\
I

—

I I
MS J:MS’

bjibjrir < hpy it —i-Qignrs it ynr >

@
a&
%
Il
—

k Ns

bjibj’i’(Z(Z Wil,s(hrlﬁ,i’—i))@giwc% | Qi ”2,

s=1 [=1

@
%

%
I

—

I
J:MSI
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where we have used (18) in the second identity, and (17) in the third identity.

Taking n = 0 in the previous equations, we have

k N

m
<ttty >= ) bbye (Y (Y wiy (e -i))al ™) 1| QI

iil=1 s=1 j=1
which implies that
2
< Uy 5 ® tnr’ Uny, 57 R >=c" < Uy jy Uy, j7 >,

forall 1 <j,j' <my,neZ.
It is clear that 6,(h;,) = hi—,. Thus, for n € Z, we have

< hrl’.y,m"-ﬂm Qnr > =< Q()v h'rly.y,—nr-Qm" >,

< Py e Vg, Uy @ > =<0y Dy 0y, @ >

For simplicity of notation, we set

k  ns
P nr
B’Yvnr T Z : Z :wil,s(h’rl,'yynr)as )

s=1 [=1
P’Y,m" ::wzl ® T ® Al:’Y ® ynT'wg'v ® T ® w;
:qpv,lrnu'y,l + e+ qpv,m'vrnu%mw Vn € 7.
Then, we have

hmﬁ’m«-Qm = B’y,nerJrnT; m,n € L.
Now, from this and (17),(20), we find

2n
Bu,nrc = BV,—W/I“? n € 2.

By a direct computation, one has

[hn,s,nmAl,s] = _2A1,5 & ym, s = 17 te 7kan € Z.

This gives

Pry Uy
nr - - nr
= E a, wy, ®"'®hr1,7,nr-wis ®"'®wik Rt
s#Y
nr - nr
+ a’Y ,LU% ® e ® h7“17fy,n7"A17'Y'w’i,y ® e ® U)Ek; ® t

=By vy — 205wy, @ -+ @ A1, QY g, @ @y, @

=B,y nry — 207 Py pr @ T
Therefore, (21) can be rewritten as

By "= < 2Py 1 @ a7 Py g @ 47 >

=By —nr— < Py0,2P) _pra" >

(19)

(22)

(23)
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Comparing (22) with (23), one has
al" < Py @ 1" Py @ 1" >=as" < Py, Py _ny > . (24)
We claim that < P, ., Py o ># 0 for some n # 0. Otherwise, suppose that
< Py, Pyp >=0, for all n # 0.

Let ¢”'",--- ,¢P~" are distinct numbers among ¢?*",1 <t < m,. Set I(p;) =
{t]l <t <m,,¢"" =¢"},1 <i<m and u; = Ztel(m) Uyt. S0 we have the
following equation

ml

Z(qpﬂ“)n < i, Pyp>=0, for all n # 0,

i=1

which implies
<u;, Pyg>=0, Vi.
In particular, we obtain
< Pyo,Pyo>=0.

This gives a contradiction as P,y = v, # 0.
Note that, by applying (19) and the fact that |¢| = 1, one has

<Py @t Po@t" >=c" < P,o, Py _pp > .

Choose some n # 0 so that < P, o, Py _,, ># 0. Therefore we obtain from this
and (24) that

la, P = | and [a,| = |e*],

for 1 < s < k, as required. ]

Proposition 5.2.  The irreducible L -module Wio’ oW, f1y) is unitary with respect
to 8, if and only if |a1| = - = |ax| and py, 1, are real numbers.

Proof.  If the image of xia is L., by (16), we see that all Wil,a, 0<I<r-—1are

isomorphic as L-modules. Thus, one can complete the proof of this proposition
by a similar argument as that given in [6] (Theorem (4.8)). ]

It was shown in Proposition 2.9 [9] that the automorphism M (see [11]
Sect.5) commutes with 6,. Therefore, we have the following result

Theorem 5.3. (1) When |q| = 1, the irreducible integrable highest weight L-
module V() is unitary with respect to 0, if and only if |by| = -+ = |b| and
Uap(ds), Uan(dy) are real.

(2) Let V' be an irreducible integrable L -module with ¢, or cy acts non-
trivially, then V' is unitary with respect to 0, if and only if V' is a highest weight
module, and isomorphic to some L-module V({p) obtained in (1) or a lowest
weight module up to an automorphism M . [ ]
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