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On Properties of a Fibonacci Restricted Lie Algebra
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Abstract. Let R = K[ti|i ≥ 0]/(tpi |i ≥ 0) be the truncated polynomial ring,
where K is a field of characteristic 2. Let ∂i =

∂
∂ti

, i ≥ 1, denote the respective
derivations. Consider the operators

v1 = ∂1 + t0(∂2 + t1(∂3 + t2(∂4 + t3(∂5 + t4(∂6 + · · · )))));
v2 = ∂2 + t1(∂3 + t2(∂4 + t3(∂5 + t4(∂6 + · · · )))).

Let L = Lie(v1, v2) and L = Liep(v1, v2) ⊂ DerR be the Lie algebra and
the restricted Lie algebra generated by these derivations, respectively. These
algebras were introduced by the first author and called Fibonacci Lie algebras.
It was established that L has polynomial growth and a nil p-mapping. The
latter property is a natural analogue of periodicity of Grigorchuk and Gupta-
Sidki groups. We also proved that L , the associative algebra generated by
these derivations A = Alg(v1, v2) ⊂ End(R), and the augmentation ideal of
the restricted enveloping algebra u0(L) are direct sums of two locally nilpotent
subalgebras.

The goal of the present paper is to study Fibonacci Lie algebras in more
details. We give a clear basis for the algebras L and L . We find functional
equations and recurrence formulas for generating functions of L and L , also we
find explicit formulas for these functions. We determine the center, terms of the
lower central series, values of regular growth functions, and terms of the derived
series of L . We observed before that L is not just infinite dimensional. Now we
introduce one more restricted Lie algebra G = Liep(∂1, v2) and prove that it is
just infinite dimensional. Finally, we formulate open problems.
Mathematics Subject Classification 2010: 16P90, 16S32, 16N40, 17B65, 17B66,
17B50, 17B70.
Key Words and Phrases: Growth, self-similar algebras, nil-algebras, graded
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1. Introduction

The famous finitely generated periodic group was constructed by Grigorchuk [6].
Similar groups were constructed by Gupta and Sidki [9], their groups act on
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trees. All these groups are self-similar, we refer the reader for further details
and developments to [7]. The study of these groups lead to investigation of group
rings and other related associative algebras [22]. In particular, there appeared
self-similar associative algebras defined by matrices in a recurrent way [4, 5].
The recurrent matrices were also applied to number theoretical problems [1, 2].
Sidki suggested two examples of self-similar associative matrix algebras [23]. We
construct more general families of self-similar associative algebras and study their
properties in [18]. In particular, our example generalizes the second example of
Sidki [23] and we obtain a realization of our examples of self-similar Lie algebras
in terms of self-similar matrices [18].

Let X be a set in an associative algebra A, then by Alg(X) denote the
associative subalgebra generated by X , similarly by Lie(X) (or Liep(X)) denote
the (restricted) Lie subalgebra generated by X . For necessary definitions and
properties of restricted Lie algebras we refer the reader to [10, 24, 3]. Let L be a
restricted Lie algebra. By u(L) denote the restricted enveloping algebra of L and
u0(L) the augmentation ideal of u(L). Suppose that L is a restricted Lie algebra
and H ⊂ L a Lie subalgebra, i.e. H is a vector subspace that is closed under the
Lie bracket. Then denote by Hp the restricted hull of H , which is the restricted
subalgebra of L generated by H .

Recall the notion of growth. Let A be an associative (or Lie) algebra
generated by a finite set X . Denote by A(X,n) the subspace of A spanned by all
monomials in X of length not exceeding n. If A is a restricted Lie algebra, then
we define A(X,n) = 〈 [x1, . . . , xs]

pk | xi ∈ X, spk ≤ n〉K [14]. One considers the
regular growth function:

γA(n) = γA(X, n) = dimK A(X,n), n ≥ 1.

Define one more growth function

λA(X, n) = γA(X, n)− γA(X, n− 1), n ≥ 1,

where γA(X, 0) = 0. The growth functions clearly depend on the choice of the
generating set X . It is easy to see that the exponential growth is the highest
possible growth for Lie and associative algebras. The growth function γA(n) is
compared with the polynomial functions nk , k ∈ R

+ , by computing the upper and
lower Gelfand-Kirillov dimensions [11]:

GKdimA = lim
n→∞

ln γA(n)

lnn
;

GKdimA = lim
n→∞

ln γA(n)

lnn
.

We shall mainly use a little bit different growth function. Namely, we consider a
weight function wt : X → R

+ , and the weight growth function with respect to it

γ̃A(r) = dimK

〈

xi1 · · ·xik

∣

∣

∣

∣

k
∑

j=1

wt xij ≤ r, k ≥ 1

〉

, r ∈ R
+.

The standard arguments prove that this growth function yields the same Gelfand-
Kirillov dimensions [11]. We get the regular growth function if we assign to all
elements X the same weight equal to 1.
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2. Fibonacci restricted Lie algebra, its properties

In this paper we continue the study of the self-similar Lie algebra introduced by
the first author in [15], see also further developments in [21], [17]. In this section
we give main definitions, describe known results, and outline main results of the
present paper.

Throughout the paper the ground field K is of characteristic 2. Consider
the truncated polynomial ring R = K[ti|i ≥ 0]/(tpi |i ≥ 0). Let ∂i =

∂
∂ti

, i ≥ 0,
be the partial derivatives of this ring. Denote by v(t) the action of v ∈ DerR on
t ∈ R . We define the following two derivations of R :

v1 = ∂1 + t0(∂2 + t1(∂3 + t2(∂4 + t3(∂5 + t4(∂6 + · · · ))));
v2 = ∂2 + t1(∂3 + t2(∂4 + t3(∂5 + t4(∂6 + · · · )))).

The action on R and products of such operators are well-defined; these
operators are so called special derivations, see [20, 17, 16]. Denote by τ : R → R
the endomorphism given by τ(ti) = ti+1 for i ≥ 0. Let also τ(∂i) = ∂i+1 , i ≥ 1.
Then we can write these derivations recursively:

v1 = ∂1 + t0τ(v1);

v2 = τ(v1).

Let L = Lie(v1, v2) be the Lie subalgebra of DerR generated by v1 and v2 , called
also the Fibonacci Lie algebra [15]. Similarly, define

vi = τ i−1(v1) = ∂i + ti−1(∂i+1 + ti(∂i+2 + ti+1(∂i+3 + · · · ))), i = 1, 2, . . . .

We also can write

vi = ∂i + ti−1vi+1, i = 1, 2, . . . . (1)

Lemma 2.1 ([15],[17]). The following commutation relations hold in L =
Lie(v1, v2):

1. [vi, vi+1] = vi+2 for i = 1, 2, . . . ;

2. [vi, vi+2] = ti−1vi+3 for i = 1, 2, . . . ;

3. in general, for all 1 ≤ i < j we have

[vi, vj] =

(

∏

i−1≤k≤j−3

tk

)

vj+1;

4. for all n ≥ 1, j ≥ 0 we have the action

vn(tj) =











tn−1tn · · · tj−2, n < j,

1, n = j,

0, n > j;
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5. for all k, n ≥ 1

[∂n, vk] =











tk−1tk · · · tn−1vn+2, k < n+ 1,

vn+2, k = n+ 1,

0, k > n+ 1.

Let L = Liep(v1, v2) ⊂ DerR denote the restricted subalgebra generated by
{v1, v2} , it will be also referred to as the Fibonacci restricted Lie algebra. Remark
that L = Lp , the restricted hull of L . We also consider the associative algebra
generated by these derivations A = Alg(v1, v2) ⊂ EndR .

Lemma 2.2 ([15]). Let charK = 2. The restricted Lie algebra L = Liep(v1, v2)
has the following p-mapping:

v2i = ti−1vi+2, i = 1, 2, . . . . (2)

The Fibonacci restricted Lie algebra is also known to have the following
properties.

Theorem 2.3 ([15, 17]). Let charK = 2, L = Lie(v1, v2), L = Liep(v1, v2) and
A = Alg(v1, v2). Denote λ = (1 +

√
5)/2. Then

1. GKdimL = GKdimL = GKdimL = GKdimL = ln 2/ lnλ;

2. GKdimA = GKdimA = 2 ln 2/ lnλ;

3. L has a nil-p-mapping.

4. L, A, and the augmentation ideal of the restricted enveloping algebra u =
u0(L) are direct sums of two locally nilpotent subalgebras

L = L+ ⊕ L−, A = A+ ⊕A−, u = u+ ⊕ u−.

In this paper we suggest a slight modification of L, namely, we consider the
restricted Lie algebra G = Liep(∂1, v2), and the respective hull B = Alg(∂1, v2).
We can realize the algebras L, A (G and B as well) in terms of self-similar
matrices [18], thus answering the question of Grigorchuk posed to the authors.
For more constructions and detailed definitions see [18].

Theorem 2.4 ([18]). Let charK = 2. Consider the ring of self-similar matrices
C = Alg(s1, r1) given by recursion:

si =

(

0 0
E 0

)

(i)

; ri =

(

si+1 ri+1

0 si+1

)

(i)

, i ≥ 1.

Then C contains subalgebras:

1. Liep(r1, r2), isomorphic to the Fibonacci restricted Lie algebra L;
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2. D = Alg(r1, r2), isomorphic to the hull A of L;

3. Liep(s1, r1), isomorphic to G;

4. C = Alg(s1, r1), isomorphic to the hull B of G.

Let us also comment on further examples in case of arbitrary positive
characteristic p > 0. First of all, one can consider the restricted Lie algebra
generated by the same operators acting on the truncated polynomial ring R .
Then the algebra L still has a nil p-mapping in case p = 3 [17], but for bigger
characteristics the situation looks complicated. Another approach is to modify the
operators as follows [21]:

v1 = ∂1 + tp−1
0 (∂2 + tp−1

1 (∂3 + tp−1
2 (∂4 + tp−1

3 (∂5 + tp−1
4 (∂6 + · · · ))))),

v2 = ∂2 + tp−1
1 (∂3 + tp−1

2 (∂4 + tp−1
3 (∂5 + tp−1

4 (∂6 + · · · )))),

and consider the restricted Lie algebra L = Liep(v1, v2). Remark that in case
p = 2 we still have the same example. The virtue of this example is the following.

Theorem 2.5 ([21]). Let charK = p > 0 and v1, v2 as above. Then the
restricted Lie algebra L = Liep(v1, v2) has a nil p-mapping.

This property is analogous to the periodicity of the Grigorchuk and Gupta-
Sidki groups [6, 9]. One more example in case of arbitrary characteristic was
suggested in [21] and studied in details [19], see also [12].

The goal of the present paper is to study Fibonacci Lie algebras in more
details. Let us briefly outline the structure of the paper. In Section 3 we describe
weight functions, a Z⊕ Z-gradation and other known properties of the Fibonacci
Lie algebra. In Section 4 we correct erroneous functional equation and recurrence
formula of [17] for the generating function of L (Theorem 4.2). We also find a
functional equation for the generating function of L (Theorem 4.3). We give a
clear basis for algebras L and L (Section 5), this allows us to find explicit formulas
for the generating functions of L and L (Theorem 5.7). In Section 6 we study
different series for the algebra L . We show that the center is trivial, determine
terms of the lower central series (Theorem 6.4), values of regular growth functions
(Corollary 6.5), and terms of the derived series (Theorem 6.6). Next, we introduce
one more restricted Lie algebra G = Liep(∂1, v2), study its properties, and prove
that it is just infinite dimensional (Theorem 7.8). Finally, we formulate open
problems.

3. Gradation by weights

Throughout the whole paper we assume that charK = p = 2. In this section we
describe a Z⊕Z-gradation of L by weights and describe its applications established
before.
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Lemma 3.1 ([17]). Let L = Liep(v1, v2), set λ = (1 +
√
5)/2, and λ̄ =

(1−
√
5)/2. Introduce the weight and superweight functions

wt vn = wt ∂n = −wt tn = λn,

swt vn = swt ∂n = − swt tn = λ̄n−2, n = 1, 2, . . . .

1. We have a Z ⊕ Z-gradation L = ⊕a,b≥0La,b , where La,b is spanned by
monomials with a factors v1 and b factors v2 .

2. The functions are additive on products of homogeneous elements of L.

3. Let v ∈ La,b , where a, b ≥ 0. Then

wt v = aλ+ bλ2, swt v = −aλ + b.

Recall the idea of the proof. We introduce a grading on L such that vi are
homogeneous. Suppose that we have a weight function wt vi = −wt ti = ai ∈ R,
i = 1, 2 . . . . We want all summands in (1) to have the same weight, so we assume
that

ai = wt vi = wt ∂i = wt ti−1 + wt vi+1 = −ai−1 + ai+1.

We get the Fibonacci recurrence relation ai+1 = ai + ai−1 . Its two basic solutions
yield the weight and superweight functions. We also consider the vector weight
function for homogeneous elements:

Wt(v) = (wt(v), swt(v)) ∈ R
2, v ∈ La,b.

The vectors Wt(v1) = (λ,−λ),Wt(v2) = (λ2, 1) ∈ R
2 are linearly independent

and form the weight lattice:

Γ = ZWt(v1)⊕ ZWt(v2) ⊂ R
2. (3)

Consider a homogeneous element v ∈ La,b , a, b ≥ 0, denote Gr(v) = (a, b) ∈
Z
2 ⊂ R

2 and draw the respective vector on plane, see Figure 1 below. (we warn
that in [17] the function Gr(∗) was denoted as Wt(∗)).

We introduce a new coordinate system on the plane. Consider a point
(x, y) ∈ R

2 , we define its new coordinates (ξ, η) that we also refer to as the weight
and the superweight

ξ = wt(x, y) = xλ + yλ2,
η = swt(x, y) = −xλ + y;

(x, y) ∈ R
2.

Let v ∈ La,b be a homogeneous element, then by Lemma 3.1, its new coordinates
(ξ, η) coincide with the weight and the superweight functions introduced above.
Since the superweight is an additive function, we obtain the following triangular
decomposition.

Corollary 3.2 ([17]). For L = Liep(v1, v2), A = Alg(v1, v2), and the augmen-
tation ideal of the restricted enveloping algebra u = u0(L) we have decompositions
into direct sums of two subalgebras as follows

L = L+ ⊕ L−, A = A+ ⊕A−, u = u+ ⊕ u−,

where, say, L+ = 〈v ∈ L | swt v > 0〉K , L− = 〈v ∈ L | swt v < 0〉K .
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Figure 1: the elements vi , i = 1, 2, . . . , of L = Lie(v1, v2)
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Let Fn , n ≥ 0, be the Fibonacci numbers. We have F0 = 0, F1 = 1 and
Fn+2 = Fn+1 + Fn , n ∈ Z. The following is known as Binet’s formula:

Fn =
1√
5

((

1 +
√
5

2

)n

−
(

1−
√
5

2

)n)

=
1√
5

(

λn − λ̄n
)

, n ≥ 0.

Lemma 3.3 ([17]). Let vn ∈ L be as above. Then Gr(vn) = (Fn−2, Fn−1) and
Wt(vn) = (λn, λ̄n−2) for n ≥ 1.

The next embedding follows from the multiplication rules, (see Lemma 2.1
and Lemma 2.2), moreover, it was established for an arbitrary characteristic [17].

Lemma 3.4 ([17]). Consider the vector space

H = 〈v1, v2, v3, tα0

0 tα1

1 · · · tαn−4

n−4 vn | n ≥ 4, αi ∈ {0, 1}〉K. (4)

Then H is a Lie subalgebra of DerR and L ⊂ H .

It was shown that homogeneous elements of L, A and the augmentation
ideal of the restricted enveloping algebra u = u0(L) lie in specific regions of the
plane.

Theorem 3.5 ([17]). Let charK = 2, L = Liep(v1, v2), A = Alg(v1, v2), and
u = u0(L). Consider a homogeneous element v of any of these algebras. Denote
Gr(v) = (x, y), Wt(v) = (ξ, η). Then

1. the elements v ∈ L lie in the strip λx− λ3 < y < λx+ λ2;
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2. the elements v ∈ A lie in the strip λx− λ4 < y < λx+ λ3;

3. set θ = ln 2/ lnλ, κ = θ/(1 + θ) ≈ 0.59. There exists C > 0 such that the
elements v ∈ u lie in the region |η| < Cξκ ;

4. the elements of all three algebras satisfy |η| ≥ λ2/ξ .

The first claim can be seen on Figure 2 below. This observation yields the
following interesting result.

Theorem 3.6 ([17]). Let L = Liep(v1, v2), A = Alg(v1, v2), and u = u0(L).
Then the decompositions above

L = L+ ⊕ L−, A = A+ ⊕A−, u = u+ ⊕ u−,

are decompositions into sums of two locally nilpotent subalgebras.

4. Generating functions of L and L, functional equations

In this section we correct erroneous functional equation and recurrence formula [17]
for the generating function of L. We also find a functional equation for the
generating function of L .

Recall that L = Lie(v1, v2) ⊂ DerR is the Lie algebra (i.e. we use brackets
only) generated by v1, v2 and L = Liep(v1, v2) the restricted Lie algebra generated
by these elements. Suppose that H is a Lie subalgebra of a restricted Lie algebra
L and Hp ⊂ L its restricted hull. Let {hi|i ∈ I} be a basis of H , then it is well-
known that it is sufficient to add the p-th powers of the basic elements, namely
Hp = H ⊕ 〈hpn

i | i ∈ I, n ≥ 1〉K [10]. Remark that in our case L = Lp , we use (2),
and that squares of other basic elements are trivial and v4i = 0, i ≥ 1. We get

L = L ⊕ 〈tn−1vn+2 | n ≥ 1〉K . (5)

moreover, the some above is direct (see [17] or Corollary 5.2).

By Lemma 3.1, we have homogeneous decompositions according to multi-
degrees with respect to the generating set X = {v1, v2} :

L = ⊕
a+b≥1

La,b, L = ⊕
a+b≥1

La,b.

Consider the Hilbert series in two variables

HX(L, x, y) =
∑

a+b≥1

habx
ayb, hab = dimLa,b;

HX(L, x, y) =
∑

a+b≥1

h∗
abx

ayb, h∗
ab = dimLa,b.

The subscript X will often be omitted. We also can consider the Hilbert series in
one variable

H(L, z) = HX(L, z, z), H(L, z) = HX(L, z, z).
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Lemma 4.1.

H(L/L, x, y) =
∞
∑

n=0

x2Fn−1y2Fn = x2 + y2 + x2y2 + x2y4 + x4y6 + x6y10 + · · · . (6)

Proof. Consider the powers in (5), by Lemma 3.3, we get Gr(tn−1vn+2) =
Gr(v2n) = 2Gr(vn) = (2Fn−2, 2Fn−1), n ≥ 1. The result follows.

Theorem 4.2. The Hilbert series of L = Liep(v1, v2) satisfies the functional
equation

H(L, x, y) = H(L, y, xy)

(

1 +
x

y

)

−
∞
∑

n=0

x2Fn+1y2Fn+1−1,

where F0 = 0, F1 = 1, . . . , are the Fibonacci numbers.

Proof. Recall that L is generated by X = {v1, v2} . Let B ⊂ L be the
restricted ideal generated by v2 and v21 . Then L = 〈v1〉K ⊕ B and it is well-
known [3] that the algebra B is generated by the set

Y = {v2, [v1, v2], v21} = {v2, v3, t0v3}.

Consider homogeneous elements in Y . Remark that we can use t0v3 at most once.
We have wt(v1) = λ , wt(v2) = λ2 = 1 + λ , wt(v3) = 1 + 2λ , and wt(t0v3) = 2λ .
Fix numbers a, b ≥ 0. Let Pa,b,0 denote the space of homogeneous elements in
Y \{t0v3} of degrees a, b with respect to v2 and v3 , respectively, where a+b ≥ 1.
Then wtPa,b,0 = awt(v2)+ bwt(v3) = a(1+λ)+ b(1+2λ) = bλ+(a+ b)(1+λ) =
bwt(v1) + (a+ b) wt(v2). Hence,

Pa,b,0 ⊂ Lb,a+b. (7)

Similarly, let Pa,b,1 denote the space of homogeneous elements in Y = {v2, v3, t0v3}
of degrees a, b, and 1, respectively, where a, b ≥ 0. We get wtPa,b,1 = a(1 + λ) +
b(1 + 2λ) + 2λ = (b+ 2)λ+ (a+ b)(1 + λ) = (b+ 2)wt(v1) + (a+ b) wt(v2). Thus,

Pa,b,1 ⊂ Lb+2,a+b. (8)

We get a vector space decomposition

L = 〈v1〉K ⊕
a+b≥1

Pa,b,0 ⊕
a,b≥0

Pa,b,1. (9)

Recall that we have the embedding τ : L →֒ L given by τ(vi) = vi+1 for i ≥ 1.
We have

Pa,b,0 = τ(La,b), Pa,b,1 = t0τ(La,b+1). (10)

The first equality is clear. Let us explain the second one. (In we [17] we erro-
neously wrote that Pa,b,1 = t0τ(La,b+1), and this error led to the wrong functional
equation.) The space Pa,b,1 is spanned by restricted monomials w in {v2, v3, t0v3}
of degrees a, b, 1, respectively. Due to the degree one in t0v3 this monomial cannot
be a pth power. So, w must be a Lie monomial, then w = t0w0 , where w0 is a
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Lie monomial in {v2, v3} of degrees a and b + 1. We get w = t0τ(w1), where
w1 ∈ La,b+1 . Conversely, any element from t0τ(La,b+1) is a Lie monomial and we
can rewrite it as an element of Pa,b,1 by replacing one of elements v3 by t0v3 .

From (9), (7), (8), and (10) we get

H(L, x, y) = x+
∑

a+b≥1

dimPa,b,0 x
bya+b +

∑

a,b≥0

dimPa,b,1 x
b+2ya+b

= x+
∑

a+b≥1

ha,b y
a(xy)b +

x

y

∑

a,b≥0

h∗
a,b+1 y

a(xy)b+1

= x+H(L, y, xy) +
x

y

∑

a≥0,b≥1

h∗
a,b y

a(xy)b. (11)

Let us compute
∑

a≥0,b≥1 h
∗
a,b x

ayb . We take the generating function for the whole

of L and subtract
∑

a≥0, b=0

ha,0x
a = x+x2 , which enumerates monomials in v1 only,

these are {v1, v21} . Also we subtract the generating function of pure pth powers (6)
(except for the term x2 that was subtracted before). We obtain

∑

a≥0,b≥1

h∗
a,b x

ayb = H(L, x, y)− x−
∞
∑

n=0

x2Fn−1y2Fn. (12)

Finally, we use (11), (12) and get

H(L, x, y) = x+H(L, y, xy) +
x

y

(

(

H(L, x, y)− x−
∞
∑

n=0

x2Fn−1y2Fn

)
∣

∣

∣x=y,
y=xy

)

= H(L, y, xy)

(

1 +
x

y

)

−
∞
∑

n=0

x2Fn+1y2Fn+1−1.

Theorem 4.3. The Hilbert series for L = Lie(v1, v2) satisfies the functional
equation

H(L, x, y) = H(L, y, xy)(1 + x/y)− x2.

Proof. We use Lemma 4.1 and Theorem 4.2

H(L, x, y) = H(L, x, y)−
∞
∑

n=0

x2Fn−1y2Fn =

= H(L, y, xy)

(

1 +
x

y

)

−
∞
∑

n=0

x2Fn+1y2Fn+1−1 −
∞
∑

n=0

x2Fn−1y2Fn

=

(

H(L, y, xy)+
∞
∑

n=0

y2Fn−1(xy)2Fn

)(

1+
x

y

)

−
∞
∑

n=0

x2Fn+1y2Fn+1−1−
∞
∑

n=0

x2Fn−1y2Fn

= H(L, y, xy)(1 + x/y)− x2.

Corollary 4.4. Set H1(x, y) = x+ y and define recursively

1. Hi+1(x, y) = Hi(y, xy)(1 + x/y) −
∑∞

n=0 x
2Fn+1y2Fn+1−1 , i ≥ 2. Then the

sequence of series Hi(x, y), i ∈ N, converges in degree topology to H(L, x, y).
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2. Hi+1(x, y) = Hi(y, xy)(1 + x/y) − x2 , i ≥ 2. Then the sequence of series
Hi(x, y), i ∈ N, converges in degree topology to H(L, x, y).

Proof. Consider the first claim only. Let H(L, x, y) =
∑

a+b≥1 ha,bx
ayb and

Hi(x, y) =
∑

a+b≥1 h
(i)
a,bx

ayb . Let us prove by induction on j = 1, 2, . . . that

H(L, x, y) and H2j−1(x, y) have the same coefficients hn,m = h
(2j−1)
n,m for n+m ≤ j .

Let j = 1 then by Lemma 3.1 we have H(L, x, y) = x + y + . . . and the base of
induction is true.

Let j > 1. By Theorem and the recursive relation we have

hn,m = hm−n,n + hm−n+2,n−1 − δn,2Fq+1δm,2Fq+1−1,

h(i+1)
n,m = h

(i)
m−n,n + h

(i)
m−n+2,n−1 − δn,2Fq+1δm,2Fq+1−1, i ≥ 1,

for all n,m ≥ 0. Here ha,b , h
(i)
a,b are zero if either of indices a, b is negative. One

checks that after the iteration the values h0,1 = h1,0 = 1 remain the same. We
compare sums of indices in the relations above. Assume that n+m ≥ 2. We have
n +m > (m − n) + n if n > 0 and n +m > (m − n + 2) + (n − 1) if n > 1. In
case n = 0 or n = 1 we apply this relations again and see that sums of indices do
decrease. Fix numbers n,m such that 2 ≤ n + m ≤ j and consider coefficients
hn,m and h

(2j−1)
n,m . We apply two iterations and conclude that they are expressed in

the same way via ha,b and h
(2j−3)
a,b , respectively, where a+ b < n+m ≤ j and the

latter coefficients coincide by inductive assumption. Hence hn,m = h
(2j−1)
n,m . The

induction step is proved.

We use Corollary 4.4 and compute the first terms of the Hilbert series for
L and L . The coefficients below are dimensions of the respective homogeneous
components depicted in Figure 2 and written by rows. We analyze these coefficients
in the next section in more details.

H(L, x, y) = x+ x2

+ y + xy + x2y

+ y2 + xy2 + 2x2y2 + x3y2

+ xy3 + x2y3 + x3y3 + x4y3

+ 2x2y4 + 2x3y4 + x4y4

+ x2y5 + x3y5 + x4y5 + x5y5

+ x3y6 + 3x4y6 + 2x5y6 + x6y6

+ x3y7 + 2x4y7 + 2x5y7 + x6y7

+ x4y8 + x5y8 + x6y8 + x7y8

+ x5y9 + 2x6y9 + 2x7y9 + x8y9

+ x5y10 + 3x6y10 + 3x7y10 + 2x8y10

+ 2x6y11 + 3x7y11 + 2x8y11 + x9y11

+ x6y12 + 2x7y12 + 2x8y12 + x9y12

+ x7y13 + x8y13 + x9y13 + x10y13 + · · ·
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Figure 2: Components La,b , those with v2i are marked by ∗

x

y

1 2 3 4 5 6 7 8 9 10 11

1

2

3

4

5

6

7

8

9

10

11

12

13

14

O

wt=λ5

wt=λ6

wt=λ7

wt=λ8

1 1*

1 1 1

1* 1 2* 1

1 1 1 1

2* 2 1

1 1 1 1

1 3* 2 1

1 2 2 1

1 1 1 1

1 2 2 1

1 3* 3 2

2 3 2 1

1 2 2 1

1 1 1 1

1 2 2 1

ξ=wt

η =swt

y=−
x/λ

y
=
λx

+
λ
2

y
=
λx

−
λ
3

x+ y = 8

x+ y = 13

v8

v7

v6

v5

v4

v3v2

v1

5. Generating functions of L and L, explicit formulas

The next description of a basis of L strengthens Lemma 3.4. Introduce sets

Tn =

{

{vn}, n = 1, 2, 3;

{tα0

0 · · · tαn−4

n−4 vn | αi ∈ {0, 1}}, n ≥ 4;

T̃n =

{

{vn}, n = 1, 2;

Tn ∪ {tn−3 vn}, n ≥ 3;

T = ∪∞
n=1Tn;

T̃ = ∪∞
n=1T̃n.

Lemma 5.1. The Lie algebra L = Lie(v1, v2) has the basis

T = {v1, v2, v3, tα0

0 tα1

1 · · · tαn−4

n−4 vn | n ≥ 4, αi ∈ {0, 1}}.

Proof. By Lemma 3.4, L is contained in the linear span of these elements. Let
us check by induction on n that Tn ⊂ L . Clearly T1, T2, T3 ⊂ L . Let n ≥ 3. By
inductive assumption Tn = {tα0

0 · · · tαn−4

n−4 vn | αi ∈ {0, 1}} ⊂ L . We multiply these
elements by vn−1, vn−2 ∈ L :

[vn−1, t
α0

0 · · · tαn−4

n−4 vn] = tα0

0 · · · tαn−4

n−4 vn+1 ∈ L; (13)

[vn−2, t
α0

0 · · · tαn−4

n−4 vn] = tα0

0 · · · tαn−4

n−4 tn−3 vn+1 ∈ L. (14)
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In this way we can obtain all the elements Tn+1 ⊂ L .

One can check linear independence of our elements by considering of the
action on variables ti ∈ R , i ≥ 1.

Corollary 5.2. The restricted Lie algebra L = Liep(v1, v2) has the basis

T̃ = {v1, v2, v3, tα0

0 tα1

1 · · · tαn−4

n−4 vn | n ≥ 4, αi ∈ {0, 1}} ∪ {tn−3vn | n ≥ 3}.

Proof. We use (5).

Lemma 5.3. The sets Tn , n ≥ 1, are separated by weights as follows

λn−1 < wt(Tn) ≤ λn.

Proof. Let v = tα0

0 · · · tαn−4

n−4 vn ∈ Tn . Then wt(v) ≤ wt(vn) = λn . On the
other hand

wt(v) ≥ λn −
n−4
∑

i=0

λi > λn − λn−4

1− 1/λ
= λn − λn−2

λ2 − λ
= λn − λn−2 = λn−1.

Corollary 5.4. Let v ∈ Tm and wt v = λn then n = m and v = vn .

Thus, the line wt(x, y) = λx + λ2y = λn passes through vn , where n ≥ 1,
and all these parallel lines separate the sets Tn , n ≥ 1, see Figure 2. Next, we
observe that the sets Tn can be decomposed into lower and upper parts.

Lemma 5.5. For all n ≥ 4 we have

1. Tn = [vn−3, Tn−1] ∪ [vn−2, Tn−1], where all elements on the right hand side
are different;

2. 2λn−2 < wt([vn−2, Tn−1]) ≤ λn (the upper part);

3. λn−1 < wt([vn−3, Tn−1]) ≤ λn−3 + λn−1 (the lower part).

Proof. The first claim follows from (13), (14). By Lemma 5.3, λn−2 <
wt(Tn−1) ≤ λn−1 . Since wt(vn−2) = λn−2 , wt(vn−3) = λn−3 , we get

2λn−2 < wt([vn−2, Tn−1]) ≤ λn−2 + λn−1 = λn;

λn−1 = λn−3 + λn−2 < wt([vn−3, Tn−1]) ≤ λn−3 + λn−1.

Remark 5.6. The terminology upper, lower refers to position of the sets relative
to the weight function wt(∗) despite the fact that there is an overlap because of
λn−3 + λn−1 > 2λn−2 .
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Theorem 5.7. Let L = Lie(v1, v2). Then

H(L, x, y) = x+ y + xy

(

1 +

∞
∑

n=0

n
∏

m=0

(xFm−1yFm + xFmyFm+1)

)

;

H(L, z) = 2z + z2
(

1 +
∞
∑

n=0

n
∏

m=0

zFm+1(1 + zFm)

)

.

Proof. By Lemma 3.3, Gr(vn) = (Fn−2, Fn−1) for n ≥ 1 and H(vn, x, y) =
xFn−2yFn−1 . Since Ti = {vi} for i = 1, 2, 3, we have

H(T1, x, y) = x, H(T2, x, y) = y, H(T3, x, y) = xy. (15)

We use Lemma 5.5 and obtain for n ≥ 4

H(Tn, x, y) = H(Tn−1, x, y)(H(vn−3, x, y) +H(vn−2, x, y))

= H(Tn−1, x, y)(x
Fn−5yFn−4 + xFn−4yFn−3)

= H(T3, x, y)
n
∏

m=4

(xFm−5yFm−4 + xFm−4yFm−3)

= xy
n−4
∏

m=0

(xFm−1yFm + xFmyFm+1). (16)

Since H(L, x, y) = ∑∞

n=1H(Tn, x, y), the result follows.

We can rewrite the formula in other way.

Corollary 5.8.

H(L, x, y) = x+ y + xy

(

1 + (x+y)

(

1 + (y+xy)

(

1 + (xy+xy2)

(

1 + (xy2+x2y3)

(

1 + (x2y3+x3y5)

(

1 + (x3y5+x5y8)

(

1 + · · ·
)))))))

.

Remark 5.9. An easy check shows that this function indeed satisfies the func-
tional equation of Theorem 4.3.

Corollary 5.10.

H(L, x, y) = x+ y + xy

(

1 +
∞
∑

n=0

n
∏

m=0

(xFm−1yFm + xFmyFm+1)

)

+
∞
∑

n=0

x2Fn−1y2Fn.

Proof. Follows by Lemma 4.1.

Corollary 5.11.

H(L, z) = 2z + z2 + 2z3 + 2

∞
∑

n=5

z1+Fn−1

n−4
∏

m=1

(1 + zFm).
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Proof. The identity F1 + · · · + Fn = Fn+2 − 1, n ≥ 1 is well-known. We
use (16):

H(Tn, z) = z2
n−4
∏

m=0

(zFm+1 + zFm+2) = z2
n−4
∏

m=0

zFm+1(1 + zFm)

= z2+F1+···+Fn−3

n−4
∏

m=0

(1 + zFm) = 2z1+Fn−1

n−4
∏

m=1

(1 + zFm), n ≥ 4.

The first coefficients are:

H(L, z) = 2z + z2 + 2z3 + 2z4 + 2z5 + 2z6 + 4z7 + 2z8

+ 2z9 + 4z10 + 4z11 + 4z12 + 2z13 (the set T7)

+ 2z14 + 4z15 + 4z16 + 6z17 + 6z18 + 4z19 + 4z20 + 2z21 (the set T8)

+ 2z22 + 4z23 + 4z24 + 6z25 + 6z26 + 6z27 + 8z28

+ 6z29 + 6z30 + 6z31 + 4z32 + 4z33 + 2z34 (the set T9)

+ 2z35 + 4z36 + 4z37 + 6z38 + 6z39 + 6z40 + 8z41 + 6z42 + 8z43 + 10z44 + 8z45

+ 10z46 + 8z47 + 6z48 + 8z49 + 6z50 + 6z51 + 6z52 + 4z53 + 4z54 + 2z55 + . . .
(17)

We also compute some coefficients of the growth function in Corollary 6.5.

6. Lower central series, derived series and growth for L

By Z(L) denote the center of a Lie algebra L.

Lemma 6.1. Let L = Liep(v1, v2). Then Z(L) = {0}.

Proof. Since L is Z ⊕ Z-graded, we conclude that Z = Z(L) is also Z ⊕ Z-
graded. Assume that 0 6= v ∈ Za,b , where Za,b = Z ∩ La,b , a + b ≥ 1. Let n ∈ N

be such that λn−1 < wt(v) = aλ + bλ2 ≤ λn . By Lemma 5.1, we have a basis of
the homogeneous component:

La,b = 〈w = tα0

0 · · · tαn−3

n−3 vn | w ∈ T̃n, Gr(w) = (a, b)〉.

The relation similar to (13) implies that [vn−1, v] 6= 0. Thus, Z = {0} .

We consider the basic monomials · · · vn for L and L described in the
previous section. Let m ≥ 1, and consider those with n ≥ m:

Lm = 〈tα0

0 · · · tαn−4

n−4 vn | n ≥ m,αi ∈ {0, 1}〉;
Lm = 〈tα0

0 · · · tαn−4

n−4 vn; tk−3vk | n ≥ m, k ≥ m, k ≥ 3, αi ∈ {0, 1}〉.

Lemma 6.2. 1. We get the chain of ideals L = L1 ⊲L2 ⊲ · · · ⊲Lm ⊲ · · · , and
the chain of restricted ideals L = L1 ⊲ L2 ⊲ · · · ⊲ Lm ⊲ · · · ;

2. Lm = 〈 ∪
n≥m

Tn〉K for m ≥ 1;
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3. Lm = 〈v ∈ L | wt(v) > λm−1〉K for m ≥ 1;

4.

dimLm/Lm+1 =

{

2m−3, m ≥ 3;

1, m = 1, 2.

5. dimL/Lm+1 = 2m−2 + 1 for m ≥ 2.

Proof. The first claim follows by the multiplication rules. The second claim
follows from definitions of Lm and Tm . The second claim and Lemma 5.3 imply
the third. To prove the last two claims observe that dimLm/Lm+1 = |Tm| = 2m−3

for m ≥ 3.

Consider the lower central series L1 = L , Ln+1 = [L,Ln], n ≥ 1.

Lemma 6.3. The terms of the lower central series are

Ln = ⊕
a+b≥n

La,b, n ≥ 1.

Proof. Recall that Ln is spanned by all products in {v1, v2} of length at least
n [3].

Some terms can be described more clearly.

Theorem 6.4. Let L = Lie(v1, v2), and Fn , n ≥ 0, be the Fibonacci numbers,
then some terms of the lower central series are as follows

1. L2 = L3 ;

2. LFn = Ln+1 ⊕ 〈vn, t0vn〉K , n ≥ 4;

3. LFn+1 = Ln+1 , n ≥ 2;

4. dimL/LFn = 2n−2 − 1, n ≥ 4;

5. dimL/LFn+1 = 2n−2 + 1, n ≥ 2.

Proof. The first claim is a partial case of the third one (n = 2).

Let an integer lattice point (a, b) be marked by c on Figure 2. This means
that dimLa,b = c, or equivalently, choose n such that λn−1 < wt(a, b) ≤ λn , then
|{v ∈ T̃n | Gr(v) = (a, b)}| = c. The next arguments are illustrated by Figure 2
for n = 7. Namely, the reader is recommended to observe the respective lattice
points in the vicinity of v7 .

We apply Lemma 5.5. The upper part of Tn is [vn−2, Tn−1], and the lower
part of Tn+1 is [vn−2, Tn]. These two sets are around vn and consist of the elements
of the form v = [vn−2, w]. We want to consider a part of these two sets. We want
for sure a) to cut from Tn its lower part, satisfying: wt([vn−3, Tn−1]) ≤ λn−3+λn−1
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and b) to cut from Tn+1 its upper part, satisfying: wt([vn−1, Tn]) > 2λn−1 . Namely,
we consider the smaller area around vn :

λn−1 + λn−3 < wt(v) ≤ 2λn−1 (18)

(this neighbourhood of v7 is additionally shaded on Figure 2). Then by our
construction, all basic elements v around vn (18) are of the form v = [vn−2, w],
where the basic elements w ’s come from the following neighborhood of vn−1 :

λn−1 + λn−3 − λn−2 < wt(w) ≤ 2λn−1 − λn−2. (19)

Thus, the neighbourhood (18) of vn is obtained from the neighbourhood (19) of
vn−1 by translation along vn−2 , which is almost parallel to the axis ξ . To illustrate
this effect on Figure 2, we draw thick line segments through boundary points of
the respective lower and upper parts around v6 , v7 . We clearly see that one pair
of line segments is obtained from another one by translation.

Consider two half-planes specified by two inequalities

x+ y ≥ Fn, (20)

wt(x, y) = λx+ λ2y > wt(vn) = λn. (21)

By Lemma 3.3, vn ∈ LFn−2,Fn−1
, since Fn−1 + Fn−2 = Fn , the point vn lies on

the first line (such lines are dashed on the picture). Thus, both lines pass through
vn . Moreover, by Corollary 5.4, vn is the only basic element belonging to the
second line, also, Tn \ {vn} lies below whereas Tn+1 lies above the second line.
The picture shows that one more point of Tn belongs to the first line (20), namely
(a, b) = Gr(vn) + (1,−1). Since Gr(t0) = (1,−1) we see that t0vn ∈ La,b . Two
homogeneous components containing vn , and t0vn are one-dimensional, because
for small n the picture around vn is computed, for bigger n’s it is shifted almost
along the axis ξ . Therefore, the area specified by the first inequality (20) contains
two more points {vn, t0vn} than the area specified by the second inequality (21),
where n ≥ 4.

By Lemma 6.3, the first inequality (20) describes the ideal LFn . By Claim
3 of Lemma 6.2, the second inequality (21) describes the ideal Ln+1 . Therefore,
LFn = Ln+1 ⊕ 〈vn, t0vn〉K , the second claim is proved.

Let us prove the third claim. Again, consider the second inequality (21)
and the third inequality, defining LFn+1 (the respective third lines are also drawn
dashed on the picture):

x+ y ≥ Fn + 1. (22)

Using the picture, we see that the second (21) and third (22) inequalities yield
the same points, namely ∪m≥n+1Tm , for any n ≥ 2. Hence, LFn+1 = Ln+1 =
〈∪m≥n+1Tm〉 .

The last two claims follow from Claim 5 of Lemma 6.2.

Now let us consider the regular growth functions γL(X, n) and λL(X, n)
with respect to the generating set X = {v1, v2} . In particular, the next statement
shows that λL(X, n), n ≥ 1, is not a monotone sequence, these numbers are the
coefficients of the series (17).
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Corollary 6.5. We compute the regular growth functions at the following points:

1. γL(X,Fn) = 2n−2 + 1, n ≥ 2;

2. λL(X,Fn) = λL(X,Fn + 1) = 2, n ≥ 4.

3. λL(X,Fn − 1) = 4, n ≥ 6.

4. λL(X,Fn + 2) = 4, n ≥ 5.

Proof. The grading yields γL(X,Fn) = dimL/LFn+1 = 2n−2 + 1 for n ≥ 2.

As we remarked above, the line x + y = Fn (drawn dashed on Figure 2)
contains two basic points, namely, {vn, t0vn} , hence λL(X,Fn) = 2, where n ≥ 4.
The picture shows that the parallel line x+y = Fn+1 (also drawn dashed), where
n ≥ 4, also contains two points. The picture is computed for n = 4, 5, 6, 7 and for
bigger ns the picture around vn is obtained by the shift from the picture around
vn−1 . So, λL(X,Fn + 1) = 2, n ≥ 4.

To check the last two claims we just consider two more parallel lines.

Next we study the derived series: L(0) = L , L(n+1) = [L(n),L(n)], for n ≥ 0.

Theorem 6.6. Let L = Lie(v1, v2). The terms of the derived series are as
follows:

1. L(1) = L3 ;

2. L(n) = 〈tα0

0 · · · tα2n−4

2n−4 v2n+1 | αj ∈ {0, 1}〉 ⊕ L2n+2 for n ≥ 2;

3. dimL/L(n) = 3 · 22n−3 + 1 for n ≥ 2.

Proof. The first claim follows by Theorem 6.4 L(1) = L2 = L3 .

Let the Claim 2 be true for n ≥ 1. Denote
T̄2n+1 = {tα0

0 · · · tα2n−4

2n−4 v2n+1 | αj ∈ {0, 1}} .
By the inductive assumption, L(n) = 〈T̄2n+1 ∪i≥2n+2 Ti〉K . Then we have

L(n+1) = [L(n),L(n)] ⊂ 〈[T̄2n+1, T2n+2] ∪
j≥2n+3

[T2n+1, Tj ] ∪
2n+2≤i<j

[Ti, Tj ]〉

⊂ 〈T̄2n+3 ∪
j≥2n+4

Tj〉 = 〈T̄2n+3〉 ⊕ L2n+4,

where the equality [T̄2n+1, T2n+2] = T̄2n+3 is easily checked. Thus, the elements of
L(n+1) are expressed via the required monomials.

Let us prove the reverse inclusion. By inductive assumption, the sets
{vi | i ≥ 2n + 1} and ∪i≥2n+2Ti belong to L(n) . Considering i ≥ 2n + 1 and
applying Lemma 5.5 we obtain [vi, Ti+2] ∪ [vi+1, Ti+2] = Ti+3 ∈ L(n+1) . Thus,
L2n+4 = 〈∪i≥2n+4Ti〉 ⊂ L(n+1) . Considering all products

[v2n+1, t
β0

0 · · · tβ2n−2

2n−2 v2n+2] = tβ0

0 · · · tβ2n−2

2n−2 v2n+3 ∈ L(n+1), βi ∈ {0, 1}

we obtain that T̄2n+3 ⊂ L(n+1) . Thus, L(n+1) contains all required monomials.
The induction step is proved.
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To check the last claim we use Lemma 6.2. Let n ≥ 2, then

dimL/L(n) = dimL/L2n+1+|T2n+1\T̄2n+1| = 1+22n−1+22n−3 = 1+3 ·22n−3.

Remark 6.7. One can define and compute similar series for the restricted Lie
algebra L = Liep(v1, v2) as well.

7. Just infinite dimensional restricted Lie algebra G

By analogy with group theory [7], a restricted Lie algebra L is said to be just
infinite dimensional if it is infinite dimensional and any proper restricted factor al-
gebra L/J is finite dimensional. We observed earlier that the Fibonacci Lie algebra
L in case of an arbitrary positive characteristic is not just infinite dimensional [19].
So, it differs from the Grigorchuk group that is just infinite.

We suggest a slight modification of L and the respective hull:

G = Liep(∂1, v2), G = Lie(∂1, v2), B = Alg(∂1, v2);

∂1 =
∂

∂t1
, v2 = ∂2 + t1(∂3 + t2(∂4 + t3(∂5 + t4(∂6 + · · · )))).

Recall that R = K[ti|i ≥ 0]/(tpi |i ≥ 0). Consider the subring R̃ =
K[ti|i ≥ 1]/(tpi |i ≥ 1) →֒ R . Set J = t0R ⊳ R , then R̃ ∼= R/J . The ideal J is
invariant under v1, v2 ∈ DerR because these operators cannot kill the variable t0 .
Hence, J is invariant under the algebras L = Liep(v1, v2) and A = Alg(v1, v2).
The natural epimorphism π : R ։ R̃ yields the following epimorphisms denoted
by the same letter:

π(v1) = ∂1, π(v2) = v2,

π : L = Lie(v1, v2) ։ G = Lie(∂1, v2),

π : L = Liep(v1, v2) ։ G = Liep(∂1, v2),

π : A = Alg(v1, v2) ։ B = Alg(∂1, v2).

The algebras G, G , and B can be also realized in terms of self-similar matrices,
see Theorem 2.4 and [18].

Consider sets

T ′
n =











{∂1}, n = 1;

{vn}, n = 2, 3, 4;

{tα1

1 · · · tαn−4

n−4 vn | αi ∈ {0, 1}}, n ≥ 5;

T̃ ′
n =

{

T ′
n, n = 1, 2, 3;

T ′
n ∪ {tn−3 vn}, n ≥ 4;

T ′ = ∪∞
n=1T

′
n;

T̃ ′ = ∪∞
n=1T̃

′
n.

Similar to Lemma 5.5 we have the following.
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Lemma 7.1. We have a disjoint union of sets

T ′
n = [vn−3, T

′
n−1] ∪ [vn−2, T

′
n−1], n ≥ 5.

We formally repeat arguments of Lemma 5.1 and obtain the following.

Lemma 7.2. Let G = Lie(∂1, v2), G = Liep(∂1, v2). We have bases:

G = 〈T ′〉 = 〈∂1, v2, v3, v4, tα1

1 · · · tαn−4

n−4 vn | n ≥ 5, αi ∈ {0, 1}〉,
G = 〈T̃ ′〉 = 〈∂1, v2, v3, v4, tα1

1 · · · tαn−4

n−4 vn; tk−3vk | n ≥ 5, αi ∈ {0, 1}, k ≥ 4〉. (23)

Similar to Section 4, define generating functions HX̃(G, x, y), HX̃(G, x, y)
according to the Z⊕ Z-gradation by multidegree in X̃ = {∂1, v2} .

Lemma 7.3. Then

HX̃(G, x, y) = x+HX(L, y, xy); HX̃(G, x, y) = x+HX(L, y, xy).

Proof. Recall that by our definitions, Wt(∂1) = Wt(v1). Observe that both
functions HX(∗, x, y), HX̃(∗, x, y) describe decompositions with respect to the
same weight lattice (3). We have semidirect sums that yield the required formulas:

G = 〈∂1〉 ⊕ Lie(v2, v3) = 〈∂1〉 ⊕ τ(Lie(v1, v2)) = 〈∂1〉 ⊕ τ(L);
HX̃(G, x, y) = x+HX̃(Lie(v2, v3), x, y) = x+HX(Lie(v1, v2), y, xy);

G = 〈∂1〉 ⊕ Liep(v2, v3) = 〈∂1〉 ⊕ τ(Liep(v1, v2));

HX̃(G, x, y) = x+HX(L, y, xy).

Corollary 7.4.

HX̃(G, x, y) = x+ y + xy + xy2
(

1 +

∞
∑

n=1

n
∏

m=1

(xFm−1yFm + xFmyFm+1)

)

;

HX̃(G, x, y) = x+ y + xy + xy2
(

1 +

∞
∑

n=1

n
∏

m=1

(xFm−1yFm + xFmyFm+1)

)

+

∞
∑

n=1

x2Fn−1y2Fn.

Proof. We apply Theorem 5.7. Alternatively, we can use Lemma 7.1.

Lemma 7.5. The generating functions and the regular growth functions of L
and G are related as follows:

1. HX(L, x, y) = HX̃(G, x, y)(1 + x/y)− x− x2/y − x2 ;

2. HX̃(G, z) = (HX(L, z) + 2z + z2)/2;

3. λL(X, n) = 2λG(X̃, n), n ≥ 3;
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4. γL(X, n) = 2γG(X̃, n)− 3, n ≥ 3.

Proof. The first claim follows from Lemma 7.3 and Theorem 4.3. Also, we can
proceed directly, we have a disjoint union:

Tn = T ′
n ∪ t0T

′
n, n ≥ 4;

H(Tn, x, y) = H(T ′
n, x, y)(1 +H({t0}, x, y)) = H(T ′

n, x, y)(1 + x/y), n ≥ 4.

It remains to compare both series taking into account (15). All other claims follow
from the first.

Let m ≥ 1. Similarly to the notations above, let Gm , Gm be spans of
the respective basic monomials · · · vn such that n ≥ m. We get the series of
(restricted) ideals of finite codimension

G = G1 ⊃ G2 ⊃ · · · ⊃ Gm ⊃ Gm+1 ⊃ · · · ;
G = G1 ⊃ G2 ⊃ · · · ⊃ Gm ⊃ Gm+1 ⊃ · · · .

Similarly, we have

Lemma 7.6. 1. Gm = 〈∪j≥mT
′
j〉, m ≥ 1;

2. Gm = 〈∪j≥mT̃
′
j〉, m ≥ 1.

Remark 7.7. One can compute the growth functions, terms of the lower central
series and derived series for the restricted Lie algebra G similar to Section 6.

But the goal of introducing of this algebra is the following observation.

Theorem 7.8. The restricted Lie algebra G = Liep(∂1, v2) is just infinite
dimensional.

Proof. Let I be a nontrivial restricted ideal in G and 0 6= a ∈ I . Assume
that a ∈ Gm \ Gm+1 , where m ≥ 2, the case m = 1 is treated similarly. Then
a ≡ hvm mod Gm+1 , where 0 6= h ∈ Alg(t1, . . . , tm−3). If h is a scalar, then we
skip to the case (24). Otherwise we have

a ≡ (fts + g)vm mod Gm+1; f, g ∈ Alg(t1, . . . , ts−1), s ≤ m− 3, f 6= 0.

According to our multiplication rules (Lemma 2.1)

I ∋ a′ = [vs, a] ≡ fvm mod Gm+1.

We continue, at the end, if we need to kill t1 , we commute with ∂1 . We obtain
the element

I ∋ b = vm +

M
∑

i=m+1

rivi, ri ∈ R. (24)
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We call the sum above the ”tail”, it has length M −m. Next consider

I ∋ b′ = [vm+1, b] = [vm+1, vm] +

M
∑

i=m+1

(ri[vm+1, vi] + vm+1(ri)vi)

= vm+2 +
M+1
∑

j=m+3

r′jtj .

Indeed, the terms in the first line for i = m + 1 are trivial, because rm+1 ∈
Alg(t1, . . . , tm−2) and vm+1(rm+1) = 0 by Lemma 2.1. Consider the terms for
i = m + 2. We get [vm+1, vm+2] = vm+3 and vm+1(rm+2)vm+2 , since rm+2 ∈
Alg(t1, . . . , tm−1) we get vm+1(rm+2) = 0 by Lemma 2.1. On the other hand ”the
most far” term contains vM+1 . Thus, we obtained an element similar to (24) but
with the tail of shorter length M −m− 1. We continue and conclude that vk ∈ I
for some number k .

We check by induction that vi ∈ I for i ≥ k . Indeed, let vi ∈ I , then
[vi−1, vi] = vi+1 ∈ I .

We have vn−1, vn−2 ∈ I , for n ≥ k + 2. We multiply these elements by the
basic elements (23) of G, namely, we use analogues of (13), (14) and obtain that

{tα1

1 · · · tαj−4

j−4 vj | j ≥ k + 3, αs ∈ {0, 1}} ⊂ I.

Also, we have v2i = ti−1vi+2 ∈ I for i ≥ k , thus tj−3vj ∈ I for j ≥ k + 2. Hence,
T̃ ′
j ⊂ I for j ≥ k + 3. We conclude that Gk+3 ⊂ I .

Recall that we have the epimorphism π : L → G and π(Lm) = Gm , m ≥ 1.
Finally, by Lemma 6.2, dimG/I ≤ dimG/Gk+3 ≤ dimL/Lk+3 < ∞ .

Lemma 7.9. Let G = Liep(∂1, v2). Its center is trivial Z(G) = {0}.

Proof. We proceed as in Lemma 6.1.

8. Open problems

1) Is it true that the homomorphic image G = Liep(∂1, v2) of the Fibonacci
restricted Lie algebra is also just infinite dimensional for bigger primes?

2) It is interesting to find an explicit formula for the generating function
of A . For this purpose we need to determine a basis of A . We know that A is
contained in a linear span of the following monomials [17]:

tα0

0 · · · tαn−4

n−4 t
αn−3

n−3 vnv
βn−1

n−1 · · · vβ1

1 , αj , βj ∈ {0, 1}, n ≥ 1.

We can easily get all such monomials with αn−3 = 0 using Lemma 5.1. But a
description of monomials with αn−3 = 1 is not clear.

3) Grigorchuk group is infinitely presented, it has a so called L-presentation
[13, 8]. Now observe that the restricted Lie algebra L satisfies the relation
[v2, v

3
1] = [[[v2, v1], v1], v1] = [[v3, v1], v1] = [t0v4, v1, ] = t0(t0t1v5) = 0. Similarly,

one has also the relation [[v2, v
2
1], v

2
2] = 0. Recall that we have the embedding
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τ : L →֒ L, τ(vi) = vi+1 , i ≥ 1. This embedding is determined by τ(v1) = v2 and
τ(v2) = v3 = [v1, v2]. We ask whether L = Liep(v1, v2) is infinitely presented and
the following is its L-presentation:

τm([v2, v
3
1]) = 0, τm([[v2, v

2
1], v

2
2]) = 0, m = 0, 1, 2, . . . .

4) Another interesting problem is to determine whether A is a nil-algebra,
where the prime p is arbitrary. The answer is negative for Fibonacci Lie algebras
in so called rational cases [12], see also further generalizations in [18]. But the case
of other primes remains open, one of such cases is our case p = 2.

5) Remark that v4i = 0, i ≥ 1. Denote gi = 1 + vi , then g4i = 1 for i ≥ 1.
These elements can be written recursively: gi = 1+ ∂i + ti−1(1 + gi+1), i ≥ 1. We
define a group generated by two periodic elements G = Group(g1, g2) ⊂ EndR .
Recall that we have the matrix presentation (Theorem 2.4). Denote Si = 1 + si ,
and Ri = 1 + ri , i ≥ 1. We obtain recursively defined invertible matrices:

Si =

(

1 0
1 1

)

(i)

; Ri =

(

Si+1 1 +Ri+1

0 Si+1

)

(i)

, i ≥ 1.

Since Alg(r1, r2) ∼= Alg(v1, v2), we get the same group G = Group(g1, g2) ∼=
Group(R1, R2). If the answer to the previous question is positive, then G is a
periodic group.
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