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Abstract. Let V be a complex finite dimensional super vector space with
an action of a connected semisimple group G. We classify those pairs (G,V)
for which all homogeneous components of the super symmetric algebra of V' de-
compose multiplicity-free.

Mathematics Subject Classification 2010: 17A70, 17B10, 15A69, 15A72, 16W22.
Key Words and Phrases: Invariant theory, multiplicity-free actions, supersym-
metric algebras.

1. Introduction

One of the main questions of invariant theory is, given a Lie group G with a
representation V', the determination of a set of generators of the invariant algebra
C[V]® as well as finding all relations among them. Solutions to these questions
are usually called a First and Second Fundamental Theorem of invariant theory
of the underlying representation. In the most common examples, G is a classical
group and V' a number of copies of the defining representation (and maybe some
copies of its dual). An important role in classical invariant theory was played by
the famous identity of Capelli [3]

It describes a relation between the so-called “polarization operators” A;; on the
variables x;; and the (2-operator which was introduced by A. Cayley [4] and had
also applications to invariant theoretical problems. Some applications of (1), such
as a FFT for G = O,,, can be found in H. Weyl’s book [23].

In [6, 7, 8], R. Howe developed invariant theory on the basis of multiplicity-
free actions. More precisely, he reproved well-known instances of FFT’s and SF'T’s
by using certain multiplicity-free actions, i.e., representation spaces V' for which
C[V] is multiplicity-free. Moreover, he showed [9] that for a multiplicity-free action
(G,V), the algebra of G-invariant differential operators PD(V )% is a polynomial
algebra and that such a pair naturally gives rise to an identity as (1). Namely,
given the canonical homomorphism
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2(g) — PD(V)® (2)

from the center of the enveloping algebra of the Lie algebra g of GG into the G-
invariant differential operators, one can ask for a preimage of such operator under
this homomorphism. The classical example (1) comes from the action of GL,, xGL,,
on the space of n x n-matrices [8].

In [7] one also finds FFT’s for exterior invariant algebras (/A V). It turns
out that this “skew invariant theory” is, in some sense, very similar to its symmetric
counterpart and some examples can be explained via multiplicity-free exterior
algebras (or, as called by Howe, skew multiplicity-free modules).

In this article, we study the supersymmetric setting and therefore combine
the above two types of multiplicity-free actions. Hence, let V' be a (complex) super
vector space, i.e., a finite dimensional complex vector space together with a fixed
direct sum decomposition (or a Zy grading) V = Vo BV of subspaces V, and V.
They are referred to as the even and odd part of V.. If V3 = 0 (resp. Vj = 0)
we call V' purely even (resp. purely odd). In contrast, by a proper super space we
mean that V5 and V; are nonzero. A representation of G on a super vector space
V' is given by the direct sum of its representations on 1 and V;.

Our main object of interest will be the supersymmetric algebra P(V) on
V. This can be defined as the symmetric algebra on the even part of V' tensored
with the exterior algebra on the odd part,

PV) = S(Vo) & \(Vh). (3)

We assume that V' is a module for a connected semisimple group G. Since both
parts of a generic V' can be reducible under G, we use the H notation to indicate
the Zy grading. Thus, let

Vo=U® U, Vi=W@---®W (4)

be the decomposition of even and odd part into irreducible submodules of G'. By
basic multilinear algebra, the supersymmetric algebra (3) decomposes as a direct
sum into G stable subspaces

Ji Ji
PV)=P s e 25U A\We -\ W. (5)
(i.3)

Let us denote the direct summands on the right hand side of (5) by P19 (V).
An irreducible representation of G of highest weight A\ will be denoted by V()
or, if it is convenient, by V(\)™ | indicating the rank of G

Definition 1.1.  The pair (G, V) is called super multiplicity-free (or super MF),
if

dim Homg (P9 (V), V(\)) < 1

for all highest weights A of G and all appropriate multiindices (i, j).



PECHER 461

Remark 1.2.  Assume that V' decomposes as in (4). Consider the bigger group
G = (C*)**' x G and extend the action on V as follows: Let the ith copy of C* act
trivially on all irreducible submodules except on U; (resp. Vi if k <i <k +1)
where it should act by multiplication with scalars. (We call this particular action
a saturated action.) We have a decomposition

P(V)=Emr-V(N), (6)

where direct sums runs over all highest weights of G. Given a saturated action, it
can be stated that (G, V) is super MF (according to Definition 1.1) if and only if
the supersymmetric algebra P(V') is multiplicity-free as a G module, i.e., if

my < 1 for all \. (7)

In this case, we denote by = the set of all highest weights such that m, =1
and hence, P(V) =@,z V(A).

The problem is that P(V) might or might not be multiplicity-free under
a smaller group S x G, where S is a subgroup of the (C*)**! torus. Since
this is not easy to deal with, we shall classify only those representations that
satisfy Definition 1.1 or, equivalently, multiplicity-free supersymmetric algebras
for saturated actions.

The two extremal cases of purely even and odd super MF spaces have been
investigated already. The classification of super MF spaces V' = Vj; was done by
[10, 1, 16], while the odd case V = Vi was covered by [7] and [18].

At this point we shall make a further remark about our interest in general
super MF actions. First, let V' be a super vector space. The parity of a homoge-
neous element v € V; is defined by |v| = i. Write V =V @ V* and consider the
canonical supersymmetric pairing of V' and V* given by

(04 A w+ 1) = Aw) — (=) (), (8)
where v,w € V and A\, u € V* are homogeneous with respect to the Z, grading

on V', resp. V*. In the free associative algebra over V' with 1, define the super
commutator of two elements x,y € V' by

2,y ==a-y— (1) .y 2 9)

Then, we can consider the quantized algebra P(V')..y subject to the rela-
tions

for all x,y € V. This algebra can be realized as an endomorphism algebra of

P(V). Furthermore, given an action of any reductive group G on V', the following
is known [8, Theorem 3]:

Proposition 1.3.  There is a natural G-equivariant injective homomorphism

¢ : P(V)..y — End(P(V)). Its image is isomorphic to PD(V). ]

e
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Remark 1.4. Now assume that P(V') is multiplicity-free as in (7). (Although
here, GG is not necessarily the direct product of a torus and a semisimple group).
Then, by Proposition 1.3, the subalgebra of PD(V) of G-invariant differential
operators has the form

PD(V)¢ = (VA @ V(1))°. (11)

AEE

By Schur’s Lemma, this algebra has a canonical basis {D)} e=. Applying
this lemma yet another time, we find by the G invariance and by (7), that every
D, acts on each irreducible subspace V(u) of P(V) as multiplication with a
scalar ¢y(p). For all irreducible super MF spaces V' = 1}, [9] determined Capelli
identities for the generators of PD(V)¢. In [13] one can find a characterization
for the spectrum of these Capelli elements. On the other hand, for V' =V} some
principal investigations concerning the spectral functions were done by [22]. It is
an interesting problem to gain similar results in the supersymmetric setting.

This paper is organized follows: In Section 2 we introduce the notion of
the representation diagram of a module V' for a semisimple group G and state
the classification of purely even and odd super MF spaces. Moreover, we recall
decomposition formulas for symmetric and exterior algebras of some particular
representations of linear groups. They will be used in some calculations in the
preceding sections.

Our main result, the classification of saturated super multiplicity-free ac-
tions (Theorem 3.1) is given in Section 3. Beside this, we show two interesting
properties of super MF spaces: first, we prove in Proposition 3.6 that for a given
super MF representation (G,V') every smaller representation (which is given by
a subgraph of the representation diagram of (G,V)) is also super MF. This fact
reduces the number of necessary calculations tremendously. But also the second
result is labor-saving: It characterizes a super MF space (G,V) by the fact that
its algebra of invariant differential operators is abelian (Corollary 3.4). With this,
we deduce that the property of a module V' to be super MF does not depend upon
possible exchanges of some submodules by their duals (Corollary 3.5).

The rest of this article is concerned with establishing Theorem 3.1: in
Section 4 we show that all modules that are listed in this theorem (except for some
modules of simple groups) are indeed super MF. The remaining ones are treated in
Section 5, which is mainly devoted to the completeness of part a) of Theorem 3.1.
Here, we make use the decomposition formulas that are stated in Section 2.
(However, in some preliminary calculations we also used the computer algebra
packages LiE [15] and Schur [24].) In contrast, the considerations in Section 6 and
Section 7 that deal with the completeness of part b) and ¢) of Theorem 3.1 mostly
rely on the statement of Proposition 3.6 concerning subdiagrams.

2. Preliminaries

In the following, we will classify all pairs (G, V') satisfying Definition 1.1. Actually,
for a representation p : G — V the super MF property only depends on p(G).
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Hence, if ¢ : H — G is a surjective homomorphism, then (H,V) is also super
MF. Furthermore, it is obvious that (G, V') is super MF if and only if (G, V*) has
this property.

Definition 2.1. Two representations (G, p, V) and (G',p/,V’) are said to be
geometrically equivalent if there exists an isomorphism 1 : V -+ V' such that
for the induced isomorphism GL(¢)) : GL(V) — GL(V’) one has GL(¢)(p(G)) =
p(G).

We write (G, p, V) ~ (G', 0/, V') for a pair of geometrically equivalent rep-
resentations or, if the underlying homomorphisms are obvious, (G,V) ~ (G', V).

This definition takes into account the two problems stated above: It is
immediate that (G, p, V') and (H, pop, V') are geometrically equivalent. Moreover,
if we fix a maximal torus 7" of GG, then there is an automorphism 6 of G such
that 6(t) =t for all t € T. By this, also (G,V) and (G, V*) are geometrically
equivalent.

Since the two extremal cases of purely even and odd super MF spaces
have been investigated already, we are left with the problem to find all instances
of proper super spaces that are super MF. By definition of the supersymmetric
algebra

P(V)=SWV) & \(V)
it is immediate that both, even and odd part of V' have to be super MF according
to Definition 1.1. Therefore, we recall the classification results for these two special
cases. But before, we make some technical remarks. Note that there are infinitely

many series of reducible super MF spaces since for every such pair (G;, V;) we can
build the direct sum

(G1 x G2, Vi @ Va) (12)

which is again super MF due to the fact P(V; @& V2) = P(V1) @ P(V3). We call a
representation decomposable if it is geometrically equivalent to a representation as
in (12) and indecomposable otherwise. Hence we will classify only indecomposable
super MF representations.

Next, we introduce the notion of a representation diagram. This is a
convenient tool for visualizing the action of G on V. Let G = G| X -+ X Gy,
be a group with A simple factors and V =U; @& --- U, BHBW; & --- D W, be a
decomposition into irreducible subspaces. Draw three horizontal lines of dots, one
upon the other, where the top row consists of k dots labeled by the U,, the row
in the middle consists of h dots, labeled by the G, and the bottom row consists
of | dots labeled by the W,. These k + [ 4 h dots form the vertices of the graph.
For each pair of a simple group factor GG, and an irreducible submodule we draw
an edge between the corresponding vertices if and only if GG, acts nontrivially on
the submodule. As a further convention, we omit every label that stands for the
natural representation.

Definition 2.2. The graph G = G(G, V') obtained by the above procedure is
called the representation graph (or representation diagram) of (G,V).
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It follows immediately from this definition that indecomposable represen-
tations are in 1 — 1 correspondence with connected representation graphs.

Example 2.3. The representation graph of the action of SL, x SLy X SO, 1
on C" ® C?> @ C? ® C*™*! is given by

SO2pm+1
SL,, SLa

Now we can state the classification of super MF spaces for V' = 1} and
V = Vi. Note that we denote the natural representation of a group G by the
same letter G. Plethysms of that representations, such as symmetric powers, are
denoted by S?G, etc. Similarly, the fundamental representations of G = Sp,,, are
denoted by /\]g Sp,,,- Finally, A, stands for the spin representation of Spin, . It
is irreducible if n = 2k + 1 and decomposes into the two half spin representations
AT AC i n=2k.
Theorem 2.4 (Symmetric case).  Let (G,V) be an indecomposable representa-
tion with V' being a purely even super space.

a) If V' is irreducible, then all instances of super MF spaces are given by
the following list:

SL,, (n > 2) SPs, (n > 2) A7 | Gy | SL, ® SL,, (n,m > 2)
S2SLn (TL Z 2) SOQn+1 (TL Z 2) Ag E7 SLk & Sp2n (k’ = 2, 3)
A’>SL, (n>4) SOy, (n>4) | Ay SL, ® Sp, (n > 2)

b) If V' is reducible, then all instances of super MF spaces (up to a possible
exchange of an irreducible submodule by its dual) are given by:

A C" Af
SL, SL, , Spay, s Sping SL,, SL,,,
SL2 Spay, SL, SLy SL,, , SL,, SLs Sps,, , Spa, SLa Spa,y,

Proof.  See [10, Theorem 3] for the irreducible case and [16, Theorem 2.5] or [1,
Theorem 2] for the reducible. [

Theorem 2.5 (Skew-symmetric case).  Let (G,V) be an indecomposable repre-
sentation with V' being a purely odd super space.

a) If V' is irreducible and G simple, then all instances of super MF spaces
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are given by the following list:

SL, (n >2) SOa2p41 (n > 2) | Spy, (n > 2)
S2SL, (n > 2) A; i Sp
S*SLy (k=3,...,6) | Ag As Spe
S3SL3 SO2n (n Z 3) G2

N’ SL, (n > 4) A, Eq

N’ SLg AT, E;

b) If V is as in a), but G not necessarily simple then:

SL, ® SL,,, SL, ® Sp,, SLx ® SOg, 11 (k=2,3), SLy ® SOy, .

c) If V is reducible but indecomposable, then all instances of super MF
spaces (up to a possible exchange of an irreducible submodule by its dual) are given

by:

SL,, SLy, SL, SO+ 1
AN

, S2Ck (k=2,3), sic2 (1=3,4), ,

SL, SLy SLy SL, SLy SO2pi1 SLy SO2pi1

N INS N NS

SL,, SLy SLp, SL,, SLy SOgmi1 SO3141SLa SOsmu

N 2N N

7 )

Proof.  Part a) is proven in [7, Theorem 4.7.1], parts b) and c) in [18, Theo-
rem 4.8]. ]

A very important instance of a super MF space is given by the action of
GL, x GL,, on V = C" @ C™. This space is irreducible and we can intepret it
either as a purely even or purely odd super space. Accordingly, we are dealing with
the symmetric or exterior algebra on V. In both cases, the arising decomposition
is not only multiplicity-free but also the isotypic components for GL,, and GL,, in
this decomposition stand in a bijective correspondence. This is called (GL,,, GL,,)
(skew) duality and the explicit formulas for the homogeneous components are given
by

SkECreC™) = & VO™ @ V(N (13)
A=k, £(A\)<min{n,m}

and

A" ®C™) = &b V)™ @ V(A (14)

A=k, £(\)<n, A<m
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There are two other series of modules for which symmetric and antisym-
metric plethysms are easy to describe, namely the actions of GL, on S%*C" and
/\2 C™. For this reason it is convenient to introduce the following terms: A Young
diagram of shape (s, 1%) is called a (s,t)-hook. A sequence of (s;,t;)-hooks, where
Siv1 <8 —1 and t;4; < t; —1 can be combined to a nested hook, i.e., a regular
Young diagram A such that the boxes in the angle of each hook form the diagonal
of A. We have

sy = @ v, (15)

[A|=2k, \; even

SFACY = b vy (16)

[A|=2k, \; even

for the symmetric powers of S2C" and /\2 C", while their skew-symmetric powers
decompose by

k

AS*C) = v, (17)

ANACH = V. (18)

Here, D is the set of all partitions that consist of a nested (r;+1,7; —1)-hook with
> r; = k; and E is the set of all partitions that consist of a nested (r;,r;)-hook
with > r; = k. (Proofs for all these decomposition can be found in [6, 7, 8].)

We have no generalization of (17) to V = S*C" for arbitrary k. But at
least for the second exterior power one can easily show that

;\S’“SLQ & (2k — 2 — 47) (19)

7=0,..., A5t

by writing down its character polynomial. Since V = V; = S*SL, is super MF for
2 < k <6, we need the above formula in some computations in Section 5.

3. Results

In this section, we start with our main result, the classification of saturated super
MF spaces. Let V be the representation of a connected reductive group G on a
super vector space. We can assume that G = (C** x G with G semisimple and
k equal to the number of irreducible submodules in V.

Theorem 3.1.  Let (é, V) be an indecomposable super MF representation on a
proper super space V , i.e., Vo, Vi # 0. Then, G has at most three simple factors.
Up to geometric equivalence (and a possible exchange of irreducible submodules by
their duals), all super MF are given by the following list.
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a) If G is simple:

S2cn
SLn SL2 SL4 SLn Sp4
1) .2 s, 3 N ) .5 AT,
b) [fG: G1 X Gg.’
SL,, SL, SLs SO2n41 SLy, SLp,

1) , 2) , 3) ;

SL2 SLn SL2 Sp2n SLQ Spgn

4) s 5) , 6) S22

C) IfG:G1XG2XG3.'

SLy, SLy SO2m+1 SO2m+1
SLn SL2 Sp?n SL2 SL” SL2 Sp2n SL2

1) ,2) . 3) .4)

Dropping the assumption that V' is indecomposable and combining this
theorem with the previous results, we get

Corollary 3.2.  If (G,V) is a saturated super MF representation of a connected
reductive group G, then it is geometric equivalent to (i, Gi, @i, V®) with
(G, V) being a saturated indecomposable representation from Theorem 2.4 or 2.5
(if V@ is purely even or odd) or, if V@ s a proper super space, it occurs in
Theorem 3.1.

The rest of this section is devoted to some results that facilitate the proof of
Theorem 3.1. Therefore, we give a characterization of super MF spaces in terms of
the G-invariant differential operators PD(V)“. Denote by C[G] the group algebra
of G.

Theorem 3.3.  Let G be a reductive group that acts on a super vector space V .
Then, as a joint C[G] @ PD(V)Y module,

PV)=EPv) eV (20)

AEE

where VA are pairwise non-isomorphic irreducible representations of PD(V)Y. =
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This theorem is a supersymmetric version of [5, Theorem 4.5.14] and is
based on a generalization of Burnside’s theorem. It has the following important
corollary. Let GG be a semisimple group acting on V = VB V;. Consider the
extended action of G = (C*)* x G as described in Remark 1.2.

Corollary 3.4.  (G,V) is super MF if and only if PD(V)% is abelian.

Proof.  Let (G,V) be super MF, i.e., P(V) is multiplicity-free with respect to
G'. Then, the commutativity of PD(V)% follows from Remark 1.4. On the other
hand, if PD(V)? is abelian, all representations V* in (20) have dimension 1. =

Although being an alternative characterization of super MF modules, this
criterion is not easily read off from an arbitrary module V', since the task of
determining the algebra structure of PD(V)¢ is at least as hard as determining
the multiplicities of the G module P(V'). However, it makes it possible to de-
duce a labor-saving property of dual submodules: Recall that (G,V) ~ (G,V*)
for arbitrary representations. Unfortunately, it is not true in general that
G,V W)~ (G,V&W*) for G modules V' and W. Nevertheless, we will
claim that a space (G,V & W) is super MF whenever (G,V & W*) is super MF.
Thus, in the classification of super MF spaces, we can ignore all extra cases coming
from replacing a submodule by its dual.

Corollary 3.5.  Let G be a group that acts on super vector spaces V = Vo HV;
and W = Wy B Wy. Then, V& W is super MF if and only if V & W™ s super
MF.

Proof. By Proposition 1.3, PD(V @ W) ~ P(VoW).., ~PD(V&W*). Since
this is also an algebra isomorphism, PD(V & W) is commutative if and only if
PD(V & W*)¢ is commutative and the claim follows from Corollary 3.4. n

Another useful fact for super MF spaces is best described in terms of
representation diagrams. Note that every subgraph G’ of a representation diagram
G is also a representation diagram.

Proposition 3.6.  If the representation described by G is super MF, then the
same is true for the underlying representation of G'.

Proof.  This is proven in [18, Proposition 4.7] for purely odd super spaces. The
proof makes use of (GL,, GL,,) skew duality (14) and can be translated word-
by-word to the general setting by simply exchanging skew duality (14) by the
symmetric counterpart (13), if necessary. n

As we shall see, the representation that is described by the graph in Exam-
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ple 2.3 is super MF. By Proposition 3.6 it follows that, e.g.,

SLa SO2,,11

is also super MF.

4. Decompositions of super MF modules

In this section we verify the super MF condition for all modules that are listed
in Theorem 3.1b) and c). By the result on subgraphs in Proposition 3.6 this also
shows that some modules of Theorem 3.1a) are super MF. We begin with a lemma
that limits the possible cases of super MF modules.

Lemma 4.1. SL, ® SL, B SL, ® SL,,, is super MF if and only if p = 2.

Proof. First, let p = 2. There is an integer a, depending on [ and m such
that the decomposition of P*! is given by

P vik-ievEk-200eC|e| @ CoVi-2)e V(1)

i=0,..., £ =, 4]

The tensor products of the occurring representations for SLy are multiplicity-
free and the representations for SL, and SL,, are pairwise different. Hence, all
homogeneous components P*! are multiplicity-free. Note that this case refers to
representation 1) of Theorem 3.1c).

Ifp>3, PP =(V(2,1)@V(2,1)Ca...)2(CaV(2,1)aV(2,1)&...)
is not multiplicity-free, since V(2,1) ® V(2,1) =2-V(3,2,1) & ... is not. m

In the following, it is convenient to use a different notation. For the
irreducible representations of GL, or SL, we will sometimes write {\} instead
of V(X). Classically, {\} refers to the character of V(\) if ¢(A\) < n. But this
symbol even makes sense for ¢(A) > n if we set {A} = 0 in this case. Similarly, we
use the notations [A] and (\) for the groups O,, and Sp,,,. Also these symbols
are well-defined even for £(\) > n. But here, the modification rules are nontrivial
and [A] (resp. ())) can refer to a virtual representation. For a rigorous definition
of these universal characters see [14].

One advantage of the universal characters is that the branching rules SL,, |
O,, and SLy,, | Sp,,, for irreducible representations can be formulated in a simple
way. The corresponding formulas are well-known (and proven, e.g., in [17]).

Proposition 4.2 (Littlewood).  For any partition X\ the following identities
hold:
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2) I = Zer (5 cven s 1],
b) (A} = Zpen (Zotewen ) (1)

The numbers cﬁﬁ are the Littlewood-Richardson coefficients. ]

Two particular cases are of special interest: If A = (2%,1%), we have

{)‘} = Z[Qa_i’ 1b]’ (21)

for the restriction SL, | O,, while for SLs,, | Sp,,, and X' = (k,1) with k > [,
we have

{A}zZ(k—z’,l—z’). (22)

Given an arbitrary A, if we want to know which irreducible representations
for O, and Sp,,, actually occur in the restriction of V(\), we must apply the
modification rules to the terms on the right hand side of Proposition 4.2 a) and
b). However, in the special case (22) for Sp,,, this is not necessary, because
l(k —i,l —1i) <2 is inside the “stable range”. For O,, the modification rules for
the special case (21) take the following form: Let p = (2¢,1%). If {(1) > | %] then,
depending on the parameter h = 2¢(y) — n, one has

[20’ 1d—h]jj - h S d
(] = { —[2¢7(h=d=1) 1h=d=28 . p > d 41 . (23)
0 : h=d+1

Here, [A]* stands for [\] @ det. If the result still has length > |%], one repeats
the above process. Note that for the group SO,, we have [A\J* = [\]. Also, if
n =2m and X has exactly m nonvanishing parts, [A\] = [A\]T 4 [A]” as irreducible
SO,,, characters. But this does not affect the multiplicity-freeness and hence we
do not care about this splitting. Modification rules for the general case can be

found in [11] and [14].

Lemma 4.3.  Representations 2) Spy, ® SLs H SL, ® SL,,

3) SL, ® SLe B SLy ® SOgy41 and 4) Spy, ® SLeEHSLy ® SOgy 41 of Theorem 3.1¢)
are super MF. In particular, also representations 2) SLo B SLy ® SOgp,11 and 5)
SPs,, ® SLo B SLy of Theorem 3.1b) are super MF.

Proof. We show that all the Sp,,, (resp. SOg,,+1) representations that occur
in the decomposition of S*(Sp,, ® SLy), resp. A'(SLy ® SOgpy1) are pairwise
different. This suffices to prove the claim for the representations 2), 3) and 4) of
Theorem 3.1. First, by the skew duality (14) and the branching rule for Sp,, we
have for any k
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S*(Spay ®SL2) = P <€D<k—z‘—j,z‘—j>>®{k—2z‘} (24)

and so the claim is obvious. For SOy, 1 the statement is not immediate since we
have to deal with modification rules in that case. Let 0 <1 <2(2n+ 1), so

/\ SL2 ® SO0 = @H{N} @ {N'}, (25)

AEP;

where
={A: A =0LLN) <20 <2n+1} ={(a,l—a),(a—1,l—a+1),...,(b)l—0)}

for some integers a > b > 0. Thus, we have to show that

SL2n+1
EB Resgo," +1 V(M)
AEP;

is multiplicity-free. By the branching rule for universal characters, we have for
A= (s,l —s) € P, with a > s> b that

XY =[(s,0 =)+ [(s =1, l—s—=1)"]+---+[(2s =1+ 1,1)]+ [(2s — 1,0)1].

This results in a multiplicity-free decomposition

Z Z s—l/l—s—u] Z[T]

77777777 Tel

In order to analyze the impact of the modification rules, we re-order this
sum by setting S, = {7 € I : second column of 7 has exactly ¢ boxes}, so that

Y= > 1 (26)

Tel q€Ng TES,

It suffices to consider only partitions 7 € I with ¢(7) > n for which one
needs only a single application of the modification rule and, furthermore, only the
first column of 7 is affected.

First, note that for every ¢ € Ny there exist p,r € Ny such that

S, ={p+q.9"p+q+2,9"....(p+q+2rq"}

Since all the numbers {¢/(\) : A € S,} are pairwise different and differ by at
least 2, it cannot happen that two different elements in S, become equal after
modification. Observe further that the numbers {\! — X\, : A € P;} are either
all even or all odd. So, modified elements from &, cannot equal any unmodified
elements in S, too. [ |
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Lemma 4.4.  Representations 1) SL, B SL,, ® SL,, and 3) SL, ® SL,, B SL,,
of Theorem 3.1b) are super MF. In particular, representation 5) of Theorem 3.1a)
18 super MF.

Proof. By the Pieri Rule (see, e.g., [5, p. 388]), all direct summands on the
right hand side of

P#D(SL, BSL, ® SL,,) = &y V(E)™ @ V\N® @V (aHm
A= L()<n, Mi<m

are multiplicity-free. They can be distinguished by the representations of the SL,,
factor, so 1) is super MF. The same argument applies to 3). |

Lemma 4.5.  Representations /) SLo®SL, B.S?SLy and 6) SLy ® Sp,,, S%SLy
of Theorem 3.1b) are super MF. In particular, representation 2) SLo B S?SLy of
Theorem 3.1a) is super MF.

Proof. The exterior powers of S2SL, are either trivial, or isomorphic to
V(2). Hence P(SLy ® SL,, B S?SLs,) is multiplicity-free. The same is true for
P(SLy ® Sp,,, B S?SLy) by (24). [

5. Representations of simple groups

In this section, G is a simple group. We show that Theorem 3.1a) contains all
super MF representations of such GG. In particular, we have to verify the super MF
condition for representations &) - 5) of this theorem. Since their representation
diagrams do not occur as subdiagrams of bigger super MF representations, this
has not been done yet.

So let V=V, H V] be a proper super space, with Vj coming from The-
orem 2.4a) and V; from Theorem 2.5a). For each root type of G there is given
one table with the different choices for V[ along the rows and for V; along the
columns. (A % indicates that the ranks of the groups that act on V and V; cannot
be equal.) This also yields the proof that representations 3) - 5) of Theorem 3.1a)
are super MF. For type A we often use formulas (15) - (18).

Type A | SL, | S?SL,, | A°SL, | S3SL, | S*SL, | S5SL, | S6SL, | S3SLs | A’ SLg
SL,, la) | 1b) lc) 1d) le) 1f) 1g) 1h) 1i)
S?SL,, | 2a) | 2b) 2¢) 2d) 2e) 2f) 29) 2h) 21)
A>SL, | 3a) | 3b) 3c) * * * * * 3i)

la) This is representation 1) of Theorem 3.1a).

1b) n>4: P®3)(SL, B S?SL,) = {2} - ({4,12} + {3?}) =2-{4,3,1} + ...
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le) n>5: P35 = {2} ({4,22,12} + {3222} +...) =2-{4,3,22) 1} + ...

n=4: N (A*SLy) is irreducible, except for I = 3. And in this case, P*?)
decomposes as

{k}-({2}4+4{2°}) = {k+2} + {k+1, 1} + {k, 2} + {k+2,2°} + {k, 1*} + {k—2}.
In particular, representation 3) of Theorem 3.1a) is super MF.

1d) - 1g) It follows from (19) that for p = 3,...,6 we have
PG (SLy B SPSLy) = {2} - (L2 f2p —ak}) =2 {2p — 2} + ...
1h) P32 (SLs 8 S3SLs) = {2} - ({32} + {5,1}) =2-{5,3} + ...
1i) P@)(COBA’SLg) = {2} - ({1°} + {5,3%,22} +...) =2 {3, 12} + ...
2a) It follows from (15) that for k € N and 0 <[ <mn,
P*D(S2SL, B SL,) = b vy|eva.
[A|=2k, \; even
In particular, A; = A\, mod 2 for all occuring partitions A, X'. By the Pieri
Rule, the decomposition of V(\) @ V(1!) is a direct sum of those V(1) such
that p is obtained from A by adding [ boxes, but no two in the same row. So,
V(A) @ V(1Y) and V(N) @ V(1') share no isomorphic submodule if A # ).
(Even after considering the modification rule for rows with n boxes.) Thus,
representation 4) of Theorem 3.1a) is super MF.
2b) n >2: P@Y(S2SL, B S2SL,) = ({22} + {4}) - {2} =2 - {4,2} + ...
2¢) n>4: P®Y(S?SL, BA*SL,) = ({22} + {4}) - {2,1>} = 2-{4,2, 12} + ...
2d) - 2i) PUR(S2SL, BV) = PER(SL, B V). See 1d) - 1i).
3a) n>4: PGH(N\’SL,BSL,) = ({32} +{2%, 12} +...)- {12} = 2-{3%, 12} +. ..
3b) n>3: PGI(A’SL, BS2SL,) = {5°} - ({4,12} + {32}) =2-{8,6,2} + ...
3c) n>4: PO3 = ({4222} + .. ) - ({3, 13} + {23} +...) =2-{6,5,4,3} + ...

3i) PO3(A?SLe B A\*SLg) = {12} - ({13} + {32, 13} + .. ) =2- {221} +. ..

Type C | Sp,, /\(2) Spy /\3 SPe
SPay la) 1b) lc)

AoSpy | 2a) | 2b) *
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la) P32 = (2)-({0) + (12)) = 2-(2) + (2,12) + (1,1) + (3,1)

1b) P®EY = Pk — (k). (12) = (k 4+ 1,1)+(k — 1,1)+(k), and P*I2) = p(k3) —
(k+2)+(k+1,1)+ (k) + (k,2) + (k= 1,1) + (k — 2).

In particular, representation 5) of Theorem 3.1a) is super MF.

le) P23 =(2)- ((13) +(3,2)) =2 (3,2) + ...

2a) P22 = ((0) +(2%)) - (1) +(0)) =2 (1*) + ...

2b) PZD

((0) +(2%)) - (1%) = 2 (1%) + (3%) + (3, 1)

For the remaining types of groups B, D, E and G we shall mainly label the
highest weights relative to the basis of fundamental weights of the corresponding
group. In those cases, we use round parentheses for the highest weight vectors.

Type B | SOg,41 | A7 | Ag
SO2p41 la) | 1b) | 1)
A7 2&) 2b) *
Ay 3a) * | 2¢)

la) P2 = ([0] + [2]) - [17] = 2 [17] + [2,1%] + [2] + [3, 1]

1b) P23 = ((2,0,0) + (0,0,0)) - ((0,0,1) + (1,0,1)) =2+ (1,0,1) +. ..

lc) P23 =((2,0,0,0)4(0,0,0,0))-((0,1,0,1)+(1,0,0,1)) = 2-(1,0,0,1)+. ..
2a) P®2 = ((0,0,1) +(0,0,3))-(0,1,0) =2+ (0,1,1) + ...

2b) P23 = ((0,0,2) +...) - ((1,0,1) +...) =2-(1,0,1) + ...

3a) P2

((0,0,0,1) + (0,0,0,3)) - (0,1,0,0) =2 (0,1,0,1) + ...
3c) P23 =((0,0,0,2) +...)-((1,0,0,1) +...) =2-(1,0,0,1) + ...

For the half spin representations we use the convention A =V,  and
A;, =V, . Note that (Af))* = A}, while AF and A3, are self-dual.

Type D | SOs, | A7 [ AT, [ AL | AL
SOq, la) | 1b) | 1¢) | 1d) | le)
Ay 2a) [20) | % | % | *
Al 3a) | % | 30) | % | k

la) is not super MF, since it has the same decomposition as B 1a).

1b) PGY = ((1,0,0,0) + (3,0,0,0)) - ((2,0,0,0) +...) =2-(1,0,0,0) + ...

le) P®% =((2,0,0,0,0) +...)-((1,1,0,0,1) +...) =2-(1,1,0,0,1) + ...
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1d) P@® =((2,0,0,0,0,0)+...)-((0,1,1,0,0,1)4...) =2+(0,1,1,0,0,1) +...
le) P29 =((2,0,0,0,0,0)+...)((0,1,1,0,1,0)+...) =2-(0,1,1,0,1,0) +...
2a) PG4 = ((0,0,1,0) + (0,0,3,0)) - ((0,0,2,0) +...) =2-(0,0,1,0) +...

2b) AJ B A{ is geometrically equivalent to C® B C8.
3a) PB3) = ((1,0,0,1,0)+...)-((0,0,1,0,0)+...) =2-(0,1,0,1,0) +...
3b) PG? =((1,0,0,1,0)+...)-(0,0,1,0,0) =2-(1,0,0,0,1) +...

Last in line are the exceptional groups. According to Theorem 2.4a) and
2.5a), we have to check Gy H Gy and FgH Eg. They are not super MF, since

PAA(GyBGy) = (1,0)-((1,0) 4+ (0,1)) =2+ (1,0) + ...

P(271)<E6 H EG) - ((07 Oa 07 07 07 1) + (27 07 07 Oa 07 0)) . (17 Oa 07 07 07 O)
2.(1,0,0,0,0,1) + ...

Let (G,V) be a saturated indecomposable super MF representation. Now
we know that, if V' has exactly two irreducible submodules, then there are no
other equivalence classes than those in Theorem 3.1a). The next lemma (in con-
nection with Proposition 3.6) shows that V' cannot have more than two irreducible
submodules. In particular, this concludes the proof of Theorem 3.1a).

Lemma 5.1. A saturated indecomposable representation (G,V') with three ir-
reducible submodules is never super MF.

Proof. This follows from the fact that for any simple group, the triple tensor
product of irreducible representations is never multiplicity-free and P11 (V) @

VweV) =1 elheVs. n

6. Representations of groups with two simple factors

Now we turn to the case where (G, V) is a saturated indecomposable representation
and G has two simple factors GG;, G5. Let V' be a proper super space with Vj
and V] being irreducible. The next lemma tells us that there can be no super MF
spaces related to diagrams of the form

Lemma 6.1. [f (é’, V) is super MF, then it is impossible that both simple
factors of G act nontrivially on Vi and V.
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Proof. By assumption, V; = I/Vi(l) ® m(2) with Wi(j) being an irreducible
representation of G;. For the moment we assume that

(G,V) = ((C*)? x SL,, x SL,,,C"® C"BC" ® C™).

Then, the homogeneous components of P(V') are given by

pkb — &y V™ @V (™) @ (V)™ oV ()m™). (27)
A =k, £()\) < min{n,m}
[ul =1, £(p) <m, p1 <m

If n,m >3, consider k=1=3 and A =y = (2,1). Then, V(3,2,1)™ has
multiplicity two inside V(2,1)™ ® V(2,1)™. If n = 2, consider k = [ = 2. So,
we get terms that are labelled by A, p € {(2),(1?)} and both, V(2)® @ V(2)®
and V(12)® @ V(12)® ~ C contain the trivial representation of SLs.

Now, if the G; are arbitrary simple groups, we get plethysms

Gy x Gy — GLW™M) x GL(W?) — LW @ W), (28)

Therefore, the multiplicities of the G; X G5 module P(VyHV;) are governed
by (27) and hence they are always > 2. [

We keep the above assumptions on V' and assume that (G, V) is saturated
indecomposable super MF. By Lemma 6.1, there is one part X of the super vector
space on which both simple factors of G act nontrivially, while on the other part Y
there is exactly one simple factor acting nontrivially. The respective representation

diagrams look like
and :

Let us consider the case X = V; and Y = V; first. Below we list all
combinations V =V, H V] with Vj being a representation of a simple group from
Theorem 2.4a) and V; = Wl(l) ® Wl(z) being a representation of a group with two
simple factors from Theorem 2.5b), such that V' is not contained in Theorem 3.1b).

Note that by Proposition 3.6, we can avoid calculations for all V' such that
Vo B Wl(l) is not super MF. By this reasoning, we can omit computations for the
following modules:

A’SL, BSL, ® SL,, (n > 4,m > 2), S2SL, B SL, ® S2SLy (k = 2,3),
A’ SL,BSL,®Sp, (n > 4), Sp,ASL,®Sp,, AbSp,ASL,®Sp,, SO4,BSLy®S0,,,
A BSL,®S0g, AfyHSLy @S0, /\2 SLsEHSL3;®S09,,41, SOgp,+1HSLr ®SO09;,41,
A7 HSL, ® SO; and Ag H SL; ® SOg. In all these cases, k equals 2 or 3.

For the remaining modules, we compute in each case a graded subspace
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P@I)(V) of P(V) that contains multiplicities.

Representation (4,7) Multiplicity
S*SL,, B SL, ® SL,, (5,2) 2-{8,4} @ {1%}
SL, B SL, ® S2SL, (k =2,3) (2,3) 2. {3k} ® {4}
SL,HSL, ® \*SLy (1,4) 2. {2} @ {22,1}
SL, B SL, ® Sp, (1,3) 2.{3,1} ® (1)
SLy H SLy ® SOg, 2,n+1) 2-{n+1} 1"
SL; B SLs ® SOst1 (1,3) 2- {1} @ [1]

Sp, B SLs ® A Spy (2,3) 2-{0} ® (3,1)

As B SLy ® SO5 (2,3) 2. {1} ® [2]

Since the first representation in this list is not super MF, one can show that
also S?SL; B SL; ® SO,,, and S?SL,, @ SL, ® Sp, are not super MF. This follows
from an argument similar to that in (28).

Now we interchange the role of even and odd part,i.e. X =V, and Y = V].
In this case we only have to consider the groups SL,, x SL,, and SL,, x Sp,.

Representation (¢,7) Multiplicity

SL, ® SL,, B A°SL,, (n >2, m > 4) (3,2) 2-{2,1}®{3,2,1%}
(3,1
(

SL, ® Spy,,, BSL,, (n >3, m=2o0rn=3m>2) (3,1) 2-{2,1} ® (1)
SLy, © Spy B A\gSpy (n > 2) 3,2) 2-{2,1}® (1}

Here, we could omit calculations for the modules SL,, ® SLy B SPSLy (p =
3,...,6), SL,, ® SL,, # S2SL,, (m > 3,n > 2), SL, ® SLs B S3SL3, SL, ® SL¢ B
A’ SLg, SL, ® Sp, B S?SL,, (n > 3), SL,, ® Sp, B A*SL., SL, ® Sp,,,, B Sp,,.,
(n>3,m=2orn<3m>2) and SL, ® Sps B A\, Sps (k =2,3).

Now we turn to super vector spaces that decompose into three irreducible
submodules for G. In particular, either Vy or Vj is irreducible. The possible
representation diagrams are given in the lemma below. We show that (G, V) is
never super MF in these cases.

Lemma 6.2.  Representations of the following type are never super MF:

2) K) i) {E
) K/\ ; {\/
Proof. Assume for the moment that G = SL,, x SL,,,. Let U and W be the

defining representations (or its symmetric square) of SL,, or SL,, and denote by
V=UdWeC"®C™ a super vector space without deciding yet to which part

iii) K</ i)

v vii) vii)
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of V', even or odd, the direct summands belong. Observe that for fixed choice of
U and W the decomposition of

PYU)® P'(W) ® P*(C"®C™)

depends only on the parity of C" @ C™ in V', but not on those of U and W.
For example, fix U = S*C", W = S!C™ (with k,l = 1,2), then it follows that
representations of type i) and v) are not super MF since P12(U oW BC®@C™)
(resp. PLL2(UBW @ C* @ C™)) is given by

Vi)™ o V()™ e (V)™ e V()™ e V(1) e V(2)m) (29)

and contains V(k +1,1)™ @ V(I + 1,1)(™ with multiplicity two. The remaining
cases can be ruled out by two completely analogous calculations.

It follows by a branching argument that also for any other group G the
diagrams i) - vii) do not give rise for a super MF representation: in this case, one
has to restrict irreducible terms in (29) to SO,, or Sp,,. Hence, all multiplicities
for a SL,, factor also give rise to multiplicities for the subgroup. |

Suppose we are given an indecomposable saturated action (é, V) with
G = G X Gy and V consisting of three irreducible submodules or more. Its
representation diagram has either a subdiagram which equals one of those in the
above lemma, or any that describes the action of G on a purely even (or purely
odd) super vector space with three irreducible submodules. In both cases, (G,V)
fails to be super MF and thus the proof of Theorem 3.1b) is complete.

7. Representations of groups with more than two simple factors

Finally, let G = Gy x G5 X G3 be a group consisting of three simple factors. As
above, we assume (G, V) to be saturated indecomposable. Note that part a) and
b) of Theorem 3.1 are now completely proven. Since the representation diagram
G(G,V) has at least four vertices, we can find many different subdiagrams. That
is why Proposition 3.6 becomes very useful at this point.

Lemma 7.1.  The representations listed in Theorem 3.1c) are the only super
MF spaces of type

Proof. Let V be a super MF space of the above type. Its representation
diagram must contain subdiagrams corresponding to representations 1), 2), 3) or
5) in Theorem 3.1b). By Lemma 4.1, the group factor that acts nontrivially on
both parts of V' must be isomorphic to SL,. This forces V' to be equivalent to
either representation 1) - 4) of Theorem 3.1c). ]
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In the case of purely odd super spaces, we get an instance of an irreducible
super MF representation for a group with three simple factors. This is given by
SLy ® SO4 ~ SLy ® SLy ® SLy and we show that this is the only example of a
super MF space where more than two simple factors act nontrivially on a single
irreducible summand.

Lemma 7.2. Let G be a connected representation diagram that contains

SLo SLa SLo

N\

as a proper subgraph. Then the action described by G is never super MF.

Proof. By assumption, there is a subdiagram G’ (with propably G’ = G) that
corresponds to either a purely odd super vector space V = S*SLy@SLy®SLy ®SLy
or to V' = S¥SLyHSLy ® SLy ® SLy, where 1 < k < 4. By restricting from GL, to
SO, we can deduce from (GL,, GL,,) skew duality (14) that A*(SLy ® SLy ® SLy)

contains
VP e vV(1)? o v(1)® and V)P @ V(1)? o vV(1)®.

It follows that there are multiplicities in P12 (V) resp. P13 (V) since the tensor
product of P!(S*SLy) = V(k)® @V (0)? @V (0)? with one of the above modules
contains V(k —1) ® V(1) ® V(1) in both cases. ]

Now let G = G X --- X G}, be a group with £ > 3 simple factors and
consider a saturated indecomposable representation (é, V). We conclude that
Theorem 3.1c) is now proved since for the representation diagram of (G, V) one
of the following is true:

1. it describes the action of G' on a purely even (resp. odd) super vector space;

2. or it has a form as in Lemma 7.1 (if £ = 3 and V' has exactly two irreducible
submodules);

3. or it contains a connected subdiagram with two group vertices and three
representation vertices (if V' has more than two irreducible submodules);

4. or there is an irreducible submodules on which at least 3 simple factors act
nontrivially.

In the first case, if (CNJ, V') is super MF, it is geometrically equivalent to one
of the representations 1) - 3) from Theorem 3.1c), while in the second case it is
geometrically equivalent to one of 4) - 10). In cases three and four (G,V) can
obviously not be super MF.

Acknowledgements.  This work is part of the author’s PhD research
conducted at Emmy-Noether-Zentrum, University of Erlangen-Niirnberg under the
supervision of Friedrich Knop. The author would like to thank him for his support
and suggestions.



480

[14]

[15]

PECHER

References

Benson, C., and G. Ratcliff, A classification of multiplicity free actions,
J. Algebra 181 (1996), 152-186.

Bourbaki, N., <Groupes et algebres de Lie>, Chap. IV-VI, Hermann, Paris
1960.

Capelli, A., Uber die Zurickfihrung der Cayley’schen Operation 0 auf
gewohnliche Polar-Operationen, Math. Ann. 29 (1887), 331-338.

Cayley, A., On linear transformations, Cambridge and Dublin Math. Journal
1 (1846), 104-122.

Goodmann, R. and N. Wallach, “Representations and Invariants of the
Classical groups,” Encyclopedia of Mathematics 68, Cambridge University
Press, 2003.

Howe, R., (GL,, GL,,)-duality and symmetric plethysm, Proc. Indian Acad.
Sci. Math. Sci. 97 (1987), 85-109.

—, Perspectives on invariant theory: Schur duality, multiplicity-free actions
and beyond, The Schur Lectures (1992) (Tel Aviv), Israel Math. Conf. Proc.
8, Bar-Ilan Univ., Ramat Gan, 1995, 1-182.

—, Remarks on classical invariant theory, Trans. Amer. Math. Soc. 313
(1989), 539-570.

Howe, R., and T. Umeda, The Capelli identity, the double commutant theorem
and multiplicity-free actions, Math. Ann. 290 (1990), 565-619.

Kac, V., Some remarks on nilpotent orbits, J. Algebra 64 (1980), 190-213.

King, R. C., Modification rules and products of irreducible representations of
the unitary, orthogonal and symplectic groups, J. Math. Physics 12 (1971),
1588-1598.

—,  Branching rules for the classical Lie groups using tensor and spinor

methods, J. Phys. A: Math. Gen. 8 (1975), 429-449.

Knop, F., Some remarks on multiplicity-free spaces, in: A. Broer, A.
Daigneault, and G. Sabidussi, eds., Proc. NATO Adv. Study Inst. on Repre-
sentation Theory and Algebraic Geometry, Nato ASI Series C 514, Kluwer,
Dordrecht, 1998, 301-317.

Koike, K., and I. Terada, Young-diagrammatic methods for the representation
theory of the Classical groups of type B,, C,, D,, J. Algebra 107 (1987),
466-511.

van Leeuwen, M., A. M. Cohen, and B. Lisser, LiF, A package for
Lie group computations, Computer Algebra Nederland, Amsterdam, 1992.
(http://www-math.univ-poitiers.fr/ maavl/LiE/)



PECHER 481

[16] Leahy, A., A classification of multiplicity free representations, J. Lie Theory
8 (1998), 367-391.

[17] Littlewood, D. E., “The theory of group characters and matrix representations
of groups, 2nd ed.,” Oxford Univ. Press, 1950.

[18] Pecher, T., Classification of skew multiplicity-free modules, Transform.
Groups 17 (2012), 233-257.

[19] Stembridge, J. R., Multiplicity-free products and restrictions of Weyl charac-
ters, Represent. Theory 7 (2003), 404-439.

[20] —, Multiplicity-free products of Schur functions, Ann. Comb. 5 (2001), 113
121.

[21] Tilgner, H., Graded generalizations of Weyl- and Clifford algebras, J. Pure
Appl. Algebra 10 (1977/78), 163-168.

[22] Weingart, M., “Spectral functions of invariant operators on skew multiplicity
free spaces,” Doctoral Thesis, Rutgers, The State University of New Jersey,
New Brunswick, 2007.

[23] Weyl, H., “The classical groups,” Princeton Univ. Press, 1946.

[24] Wybourne, B. G., F. Butelle, S. M. Christensen, R. C. King,
and F. Toumazet, Schur  Group Theory Software, wv. 6.04 (2006)
(http://smc.vnet.net/Schur.html).

Tobias Pecher

Universitat Paderborn

Institut fiir Mathematik
Warburger Str. 100

33098 Paderborn
tpecher@math.uni-paderborn.de

Received September 15, 2011
and in final form September 28, 2012



