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1. Introduction

The Lie algebras of volume-preserving transformation groups consist of
divergence-free first-order differential operators. They are called the special Lie
algebras of Cartan type, or divergence-free Lie algebras (see [24]). These algebras
play important roles in geometry, Lie groups and dynamics. Graded generaliza-
tions of them were constructed and studied by Kac [5], Osborn [14], Djokovic and
Zhao [4], and Zhao [31]. Bergen and Passman [1]| gave a certain characterization of
graded special Lie algebras. Kac also investigated suppersymmetric graded gener-
alizations of them [6,7]. Xu [28] introduced nongraded generalizations of the Lie
algebras of Cartan type and determined their simplicity. An important feature of
the nongraded Lie algebras of Cartan type is that they do not contain any toral
Cartan subalgebra in generic case. The aim of this work is to study the general-
ized weight representations of Xu’s nongraded divergence-free Lie algebras. The
isomorphism classes of nongraded divergence-free Lie algebras were determined by
Su and Xu [24].

The representations of the Lie algebras of Cartan type were vastly studied.
Shen [19-21] studied mixed product of graded modules over the graded Lie alge-
bras of Cartan type, and obtained certain irreducible modules over a field with
characteristic p. Penkov and Serganova [16] gave an explicit description of the
support of an arbitrary irreducible weight module over the classical Witt algebra,
as well as its subalgebra with constant divergence. Rao [17,18] investigated the
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irreducibility of the weight modules over the derivation Lie algebra of the algebra
of Laurent polynomials virtually constructed by Shen [19]. Zhao [33] determined
the module structure of Shen’s mixed product over Xu’s nongraded Lie algebras
of Witt type (cf. [28]). Moreover, she [35] obtained a composition series for a
family of modules with parameters over Xu’s nongraded Hamiltonian Lie algebras
(cf. [28]). These modules are constructed from finite-dimensional multiplicity-free
irreducible modules of symplectic Lie algebras by Shen’s mixed product.

Starting from Kac’s conjecture [8,9] on irreducible representations of the
Virasoro algebra (which can also be viewed as a central extension of the rank
one classical Witt algebra), Kaplansky [10,11] and Santharoubane [11] gave clas-
sifications of multiplicity-free representations of classical Virasoro algebras. Later,
Mathieu [12] proved that any Harish-Chandra module over the Virasoro algebra is a
highest weight module, a lowest weight module or a multiplicity-free module, which
confirms Kac’s conjecture. Su [22,23] generalized Kaplansky and Santharoubane’s
result to multiplicity-free modules over high rank Virasoro algebras and super-
Virasoro algebras. Based on the classifications of multiplicity-free representations
of generalized Virasoro algebras in [27], Zhao [32] classified the multiplicity-free
representations of graded generalized Witt algebras. Su and Zhou [26] then further
generalized Zhao's result [32] to generalized weight modules over the nongraded
Witt algebras introduced by Xu [28].

Motivated by Kaplansky and Santharoubane’s works [10, 11}, we [2] gave
a complete classification on multiplicity-free representations of graded divergence-
free Lie algebras introduced by Djokovic and Zhao [4]. Based on this result, we
present in this paper a complete classification of the irreducible and indecompos-
able multiplicity-free generalized weight modules over nongraded divergence-free
Lie algebras introduced by Xu [28].

Throughout this paper, we let F be an algebraically closed field of charac-
teristic zero. All the vector spaces are assumed over F. Denote by N the set of
nonnegative integers {0,1,2,---} and by Z, the set of positive integers. A linear
transformation 7" of a vector space V' is called locally finite if dim(>" >~ JFT™(v))
is finite for any v € V. Moreover, T is called locally nilpotent, if for any u € V',
there exists a positive integer m such that 7™ (u) = 0. A subspace U of EndV is
called locally finite if each element of U is locally finite.

Let o/ be an associative commutative algebra with an identity element.
Let Z be a nonzero finite-dimensional vector space of commuting locally-finite
derivations of &/ such that (),., ker 9 = F. Moreover, we suppose that .o/ is
derivation-simple with respect to &; that is, there does not exist a subspace .#
of & such that . # {0}, &/ and

ud,0(F)C I forue o ,0€PD. (1)

Su, Xu and Zhang [25] proved that the derivation subspace # = &/ 2 with the
bracket

[0, vd'] = ud(v)d —vd'(u)d foru,v e o, 0,0 € D, (2)

is isomorphic to the simple generalized Witt algebra constructed by Xu [28] (also
cf. [15] for the relation between the derivation-simplicity and the simplicity of #).
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Let {01,002, ,0,} be a basis of 2. Define the divergence on # by

divd = " 0i(u;) for d=> wd; €W (3)
i=1 i=1
It is clear that the divergence is independent of the choice of {0y, 0s, -+ ,0,}. The
subspace
S ={0eW|divo =0} (4)
is a divergence-free Lie algebra studied by Xu [28].
Note that Z C .. Let V be an .%-module. We call V' a generalized weight

module if 2|y, is locally finite. For a generalized weight module V and a linear
function A of &, we put

Vw={veV|(@—-X09))"(v)=0for d € Z and some m € Z, }, (5)

VE = (o eV | (0-A0)* (v)=0forde 2}, keN. (6)

Moreover, V is called multiplicity-free if dim V)(\O) < 1 for any linear function A of

9. Set

Py = {0 € 2| 0 is locally nilpotent on <}, (7)
Dy = {0 € 2| 0 is diagonalizable on </} (8)

In [2], we classified all the irreducible and indecomposable multiplicity-free gener-
alized weight .-modules when 2 = %,. The aim of this paper is to generalize
that result to more general ..

When 9 # 2, + 9,, the Lie algebras # and . do not contain any
toral Cartan subalgebra (cf. [25,28]). Thus they are not graded in the traditional
sense. In order to generalize the result of [2] to general ., we have to use extra
techniques. Let p be a linear function of 2. We define the .-module <7* to be
the same vector space as &/ with the action

n

=1

The main result of this paper is:

Theorem 1.1.  Suppose that dim & > 3+dim %, 3+dim %, . Any irreducible or
indecomposable multiplicity-free generalized weight . -module is either isomorphic
to the 1-dimensional trivial module or isomorphic to the module </* for some
linear function u of 7.

A similar result for the multiplicity-free generalized weight modules over
the nongraded Witt algebra % was proved by Su and Zhou [26]. Their definition
of generalized weight module V in [26] is slightly different: it requires that 2|, is
locally finite and that %]y is locally nilpotent. However, their main result can be
easily generalized to the generalized weight modules over which & is locally finite
but 2, is not necessarily locally nilpotent.
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This paper is organized as follows. In Section 2, we give some properties of
the Lie algebra .7 based on the classification result of [25]. Moreover, we review
our earlier classification theorem on the multiplicity-free representations of the
graded divergence-free Lie algebras (cf. [2]), and give some primary results of the
< -module o/*. In Sections 3 and 4, we prove the main theorem.

2. Some properties

In this section, we shall give a more explicit description of the divergence-
free Lie algebra . based on the classification result of [25]. Moreover, we shall
derive some properties of the Lie algebra . and the .-module &/#, which are
useful for the proof of the main theorem.

First, we want to use the classification result of [25].

For any positive integer n, an additive subgroup G of F" is called nonde-
generate if G contains an F-basis of F". Let [, ls and I3 be three nonnegative
integers such that

l:l1+l2+l3>0. (10)

Take any nondegenerate additive subgroup I' of F2*% and let I' = {0} when
lo+13 = 0. Let (I, 1s,15;T) be the semi-group algebra F[I' x N'™2] with the
basis

{2t | a € T,i e Nty (11)
Define a commutative associative algebraic operation “-” on 27 (ly,ls,13; ) by
2 2P = PPN for o, B €T, 1,j € Ntz (12)

Note that 2°t% is the identity element, which is denoted by 1 for convenience.
Moreover, we write i and 2 instead of 2°t! and 2%t® for short. When the
context is clear, we omit the notation “-” in any associative algebra product.

We view F2+5 as an imbedding subspace of F! by writing

a=(0,--,0,a,41, - ,q) for a €2t (13)
Moreover, we write
i=(iy, i, ,4;) forieN. (14)

Elements in N4+ will be denoted by (14) with 4,1y, 11 = i, 4140 = -+ =iy = 0.
For m,n € Z, we shall use the notation

m,n={mm+1,m+2,....n}ifm<n; mn=>0ifm>n. (15)

Denote

ki = (0, ,0,1,0,-+ 0) €N for ke Z,, peT,l. (16)
We define linear transformations {0y, 0s,...,0,} on &7 (ly,ls,13;T) by

Op(z°t) = ™t + i@t forpe 1,1, i€ N'*2 qeT, (17)
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where the monomial 4,2t~ 'w is treated as zero when i — 1) & Nt Then
{01, ,0,} are commuting locally-finite derivations of 27 (l,ls,13;T"), and they
are F-linearly independent. Let

l

W(ll,lg,lg,;r) = Z%(ll,lg,l:;,r)al (18)

1=1

Then # (1, 1s,13;T") is the simple Lie algebra of nongraded Witt type constructed
by Xu [28].

Let o/ and 2 be as in the introduction. Su, Xu and Zhang [25] proved
that

!
o = (1,1, 15;T) and 7 =Y _Fo, (19)
i=1
for some data (ly,ls,13;T"). So we can and shall identify o/ with @7 (l,ls,15;1),
W with # (l1,ls,15; 1), and the corresponding divergence-free Lie algebra . (cf.
According to (7), (8) and (17), we have

I l
P => F0, D= > Fo. (20)
i=1

i=l1+1l2+1

So the assumption dim Z > 3 + dim %, 3 + dim %, in Theorem 1.1 is equivalent
to 1 + 1y > 3 and [ + I3 > 3. Now we briefly explain why this assumption is
made.

Remark 2.1.  The assumption ly+13 > 3 is made because our proof of the main
theorem is based on the result of [2]. As for the assumption

l1 + 1y > 3, the reasons are as follows. Firstly, .7 (ly,ls,13;T") is not simple when
l1+1y < 1, but its derived subalgebra .#’(ly, I3, l3;T") is. For the subcase l1+1; =0,
we have .(0,0,15; 1) = 26.97(0,0,13; ') . Although there is no concept of weight
module for .7(0, 0, l3;I"), we [2] gave a classification of multiplicity-free graded rep-
resentations of the graded Lie algebra .#’(0, 0, l3; T"), which can be extended imme-
diately to the classification of the multiplicity-free weight modules of (0,0, l3;T').
For the subcase l; + Iy = 1, we have L (ly,1s,13; ") = Fo, & (I3, 1s,15;T). Even
though the derived subalgebra ./(ly, l3,l3; ") has the toral Cartan subalgebra %,
when [y + [y = 1, any of its irreducible or indecomposable multiplicity-free weight
modules with respect to %, is a 1-dimensional trivial module. Secondly, we ex-
pect that Theorem 1.1 holds for the case I; + 1 = 1,2 and [, + I3 > 3,; but
there are more technical difficulties in deriving the possible actions of the elements
{t1010,,t'010, — W3, | p,q € 1,1 + Iy, € 1,1\{p}}. In this paper, we shall con-
sider the case l; +1y > 3 and Iy + I3 > 3. The other unsolved cases will be studied
later.

Throughout the rest of this paper, we always assume that [; 4+ [ > 3 and
12 + l3 > 3.
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Denote
D, (u) = 0,(u)0, — 0y(u)d, for p,qel,l, ue . (21)
Then it can be verified that
& = Span{ D, ,(u) | p,q € 1,1, u € &} (22)

Identify the dual vector space 2* with F! by the pairing

< B,0>=8(0) =0(B) =Y ayby (23)

for 0 = 22:1 a,0, € 2 and B = (B, -+, 3) € F'. For .-module &* (cf. (9)),
it is easy to verify:

Proposition 2.2. (1) The module </* is irreducible if and only if p & 1.
(2) When p € T, &+ ~ &° is indecomposable, and it has the trivial
submodule Fx=". The quotient module /" = o/ /Fx~+ is simple.

(3) The possible isomorphisms between modules of type /" are: /" ~ of"
iff u—mel.

In the above proposition, the simple quotient module V = .&7° = &/ /F1 is
a generalized weight .¥-module; and we have dim VO(D) =11+ 1y, dim VB(O) =1 for

all g € I'\{0}.
We now review the classification theorem in [2]. By (17) and (23), we have
J(z*) = 0(a)x® fora € T"and 0 € 2. (24)

Denote

kerf = {0 € 2| 0(8) =0} for B €F. (25)

Let ./ be the derived subalgebra of .. In [2], we gave a classification of
the multiplicity-free representations of the graded divergence-free Lie algebra

Z(0,0,0;T), which is:

Proposition 2.3.  Suppose | > 3. Assume that V = @, Vo is a I'-graded
(0,0,0;T) -module with dimVy < 1 for 8 € T'. If V is irreducible or inde-
composable, then V s isomorphic to one of the following modules for appropriate

¢ € F and n € F\{0}:
(1) the trivial module Fv, (ii) AS, (iii) A(n), (iv) B(n), (26)

where A%, A(n) and B(n) are .#7(0,0,1;T)-modules with basis {v, | o € T'} and
the following actions:

A z%0.vg = O(B + Q)vasp for a € T\{0}, 8 € 1,0 € kera;  (27)
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A(n) : z%0.vg = O(B)vasp for a, f € T\{0},0 € kera,
r%0.vg = 0(n)v, for o € I'\{0},0 € kera; (28)
B(n) : 2%0.vg = 0(B)vatp for a € I\{0}, 5 € I'\{—a},0 € kera,
x0.w_q = I(n)vy for a € T\{0},0 € kera; (29)
and
A=A ifCgT, A=A Fo . if (€T, (30)

We would like to remark that, we do not have modules of types A(n), B(n)
for y(ll,lg,lg;r) when l1 + lg 2 3 and lQ + l3 Z 3.

Next, we derive two generating properties of the Lie algebra . (y, 3, l3;T).
The following conclusion will be frequently used:

Lemma 2.4. Let T be a linear transformation on a vector space U, and let
Uy be a subspace of U such that T(Uy) C Uy. Suppose that uq, ug, «--, u, are
eigenvectors of T corresponding to different eigenvalues. If Z?Zl u; € Uy, then
Uy, U, ---, Uy, € Ul.

Denote
i+l

i| = i, forieN*h (31)
p=1

Then:

Proposition 2.5.  The Lie algebra .7 (ly,1s,13;T) is generated by
{Dyg(2%), Dpo(¥) | p,g € 1,1, a € T\{0}, j € NU* with |5 < 2}, (32)

Proof. Denote by # the Lie subalgebra of #(ly,[s,13;T") which is generated
by the set (32). It suffices to prove & = .7 (ly,ls,13;T"). We give our proof in two
steps.

Step 1. D,,(z°t') € A for any p,q € 1,1, a € "\ {0} and i € Ni+iz,

We prove this step by induction on [i|. It holds when [i| = 0 (cf. (32)).
Assume that

D, (x*t') € # for any p,q € 1,1, a € T\{0}, i € N"*2 with |i| <k,  (33)
where k > 0. We need to prove D, (z*tT1t1) € X for all p,q € 1,1, a € T\{0},
r € 1,0} +1y and i € N2 with |i| = k.

Fix any o € T\{0} and i € N"*2 with |i| = k. Choose s € 1,1 such that
as # 0. Then for any p,q € 1,1 and r € 1,1; + I3\ {s}, we have

H 3 [Dpg(a®t)), Dys(£77)]
= 202t (ap0y — g0y) + ipr ™t 0, — x99, 1115y
= 2<5p,TDs,q(xati) - 5q,rDs,p(l'ati) — Z.gDp7q(£L‘ati+1[T]_1[S])
—a Dy g (a°t10)). (34)
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Thus the induction hypothesis (33) gives

D, (x*80) € o for p,q e 1,1, r € 1,1 + I\ {s}. (35)

If s € 1,13+ 5, then it is done. Consider the case that s € 1,11 +15. If ay # 0
for some s’ € 1,1\{s}, then with s replaced by s’ in the above arguments, we
can get D, (x*t'TE) € # for p,q € 1,1. Otherwise, we have oy = 0 for all
s' € 1,I\{s}. Pick r € 1,1 + l\{s}. Expressions (32) and (35) give

H 3 [Dpg(a°t™), Dy (t719)]
= —2((ip + 1) Dy o (x*tT) + 6, Dy (2t T0) — 6, D, (2*47101)) (36)

for p,q € 1,1. So this and (35) indicate

D, (z28h) € A for p,q € 1,1. (37)
Thus, (35) and (37) give '
Dy q(z°tH10) € (38)

for p,q € 1,1, o € T\{0}, r € 1,I; + 1, and i € N'*2 with |i|] = k, which
completes the proof of the step.

Step 2. D, ,(t") € X for any p,q € 1,1 and i € Natiz,
We shall prove this step by induction on [i|. When [i| =0, D, 4(') = 0 for
any p,q € 1,1. Assume that
D, () €  for any p,q € 1,1, j € N'™2 with |j| < &, (39)

where k > 0. Then we need to prove D, ,(t}) € # for all p,q € 1,1 and i € N1+
with |i| = k4 1. Suppose p # ¢ and |i| = k£ + 1 in the following. We give the
proof in several cases.

Case 1. pgely +1la+1,1.
In this case, D, ,(t!) = 0.
Case 2. p,q e 1,l1 +[>.

Pick r € l; + 1,1\{p, ¢} . Choose o € T'\{0} such that «, # 0. Then Step 1
indicates

A3 [Dr,q(mati)a Dy p(37)]
= 0;Dyy(t') + vy, Dy (1) + g Dy () + iy Dy (7117)
+au iy Dy o (17 10). (40)

So the induction hypothesis (39) gives rise to
agDp,q(ti) + araqum(ti) + arannp(ti) €. (41)
Moreover, since

[Dp,q(tl[p]+1[Q]>a Dpﬁq(ti)] = (ig — ip)Dpﬁq(ti)a (42)
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[Dy g (10 10), Dy ()] = (i — iy — 1) Dy (), (43)
[ Dy ('), Dy (8] = (ig — i + 1) Drp(t1), (44)
we have D, () € # by (32), (41) and Lemma 2.4.
Case 3. pelly+ 1, qely + 1o+ 1,1.
Pick s € 1,1; + Io\{p}. Case 2 tells that D, () € #". So by (32), we have

1 : ,
% > [‘DZLS (tl)7 §D51Q(t2[51)] = Z'ptl_l[p] aq = an(tl)‘ (45)

Cased. peli+l+ 1,01, qge 1,1 +1s.
We have D, ,(t') = —D, (1)) € 2 by Case 3. So this step holds.

Thus, from (22) we see that & = #(l1,ls,13;1"). So this proposition
holds. [

We also have:

Corollary 2.6.  The set
{Dpq(2°t) | p,q € 1,1, a € T\{0}, 4 € NH2} (46)

generates the Lie algebra . (ly, 1y, 13;T).

Proof.  Denote by .# the Lie subalgebra of (11, ls, [3; ") which is generated by
the set (46). By Proposition 2.5, it suffices to prove D, ,(t}) € .# for all p,q € 1,1
and i € Ni'"2 with |i| < 2. Notice that

Spang{D,(t'") | p,q € 1,1, r € L, + I} = 2.
So first, we need to prove ¥ C .7 .

Fix some r € 4 +1,l. Choose a € I' such that a, # 0. Pick p €
1,0y +lo\{r}. Then by (46), we have

1 —
I3 a—[Dw(xo‘tl[P]), D, ,(z7%)] = 0,0, — g0, for g € 1,1\{r,p}. (47)

r

By changing the choice of p € 1,11 + l5\{r}, we can get
0, — a0, € I for g € 1,1\{r}. (48)

Take 1" € I3 + 1,1\{r}. Choose 8 € T such that 3, # 0 and «, 83, — a3, # 0.
With « replaced by g in (47)—(48), we can get that (.0, — 5,0, € £ . Since (48)
also gives «,.0,v — a,v0, € &, we have
1
- ;) — / — ;- / . 4
67' a{TﬁT/ _ ar,ﬁr (ﬁr(a’r‘aT a?" a’/") ar(ﬁrar 67’ aT)) 6 j ( 9)
Thus, (48) and (49) indicate
9C 7. (50)
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Second, we want to prove t'#19, € . forany p € 1,1; + I, and q € 1,1\{p}.
Fix any p € 1,l; +l5. Pick r € I + 1,I\{p}. Choose a € I" such that «a, # 0.
Then by (46), we have

1 _
50 [Dr,q(:vo‘tz[l’l), D, ,(z7%)] = tiel (0,0 — ay0,) for g € 1,I\{r,p}. (51)

B

Pick " € l; + 1,I1\{r,p}. Choose § € I' such that 5, # 0 and o3, — a.f3. # 0.
Likewise, we can get t'# (3,0, — 3,:0,) € . Since (51) gives t' (.0, — v 0,) €
# . we have

1
o, = ——— (Bt i) — ot Y (5
t ar OCT/BTI _ Oér/ﬁr (ﬁTt (arar (6% ar) Oért (ﬂ,@r 67“ 87“)) c j (5 )

So (51) and (52) show
t'g, € S for all p € 1,1; + Iy and ¢ € 1,1\{p}. (53)
Third, by (53) we have
D, (t'wTa) = [thag, t'wo,) € F  forall p,qg € 1,1 + . (54)

So in summary, (50), (53) and (54) give

{Dpy(t') | pq € T,1, i € N'™ with [i| <2} C .7, (55)

So the corollary follows from (46), (55) and Proposition 2.5. n

3. Proof of Theorem 1.1 (I)

Suppose that V' is an irreducible or indecomposable multiplicity-free gen-
eralized weight module of .#(l,1s,135;1"). Since & act locally finitely on V', we

have
V=V (56)
by (5), (6) and (23). Let

V(p) =P Var, forpeF. (57)

ael

Then V(u) is a submodule of V', and V is a direct sum of V(u) for different
p € F. Since V is irreducible or indecomposable, we must have

V=V = @ Vs, for some p € . (58)

acl’
Moreover, since V' = V(p) is multiplicity-free, we have dim VCSE)F)H <lforallael.
To prove Theorem 1.1, we need to derive the action of . on V =V (u), or
more directly, we need to derive the action of the set (32). Except the trivial case
in the following Lemma 3.1, we shall first determine a basis of V' = V(u), then
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derive the action of the set (32) on the basis. The main proof shall be divided into
two cases: p € FI\I'; p € I'. In this section, we first obtain some general results
for general p € !, then prove Theorem 1.1 under the condition p € FA\T'. In the
next section, we shall prove Theorem 1.1 under the condition p € I'.

Firstly, we let 1 € F! be arbitrary.

Lemma 3.1. If V. H# # {0} for some o € T', and pr = {0} for all p €
M\{o}, then o+ pu =0, and V = VO(O) is a 1-dimensional trivial (1, ls,13;T)-
module.

Proof. By (6) and (57), we have V =1V,,,. So

D, (274).V,y,, = {0} forall p,q€ 1,1, v € T\{0},i e NitE (59)
by (5). Thus, (59) and Corollary 2.6 give
yalvl?vli’)v ) o+p {O} (60)

which says V =V, is a direct sum of trivial submodules. Since V' is irreducible

or indecomposable, we must have V = V9 as a trivial .%-module. As one result,

o+

OVUW = {0} for all 0 € Z, which implies 0 +p =0. So V = VO(O), and it is a

trivial . (I3, 1y, l3; ') -module. [
In the rest of this paper, we consider the case

U—&-,u, # {0} and V, TW # {0} for some o,7 € I' with o # 7. (61)

Lemma 3.2. U+u # {0} and V, T+u # {0} for some o,7 € I' with o # T,

then VW(L # {0} for all v € T\{—p}. Moreover, there exist nonzero v, g € V’H—u

with v € T\{—u}, such that

Dp,q(xa)-v'yﬂ = (ap(vg + t1g) — g + Np))va+%0 (62)

Proof. Since

Z0 = Spang{Dyq(z?) | p.g € h + 1,1, a € I\{0}} =.77(0,0,1 + I5;T'),  (63)

we cansee VO = P - a(+)# as a ['-graded .%,-submodule with dimV(® > 2 and
dimV,, +)u <1 for all @ € I'. j;From Proposition 2.3 it can be derived that, either

VO s a dlrect sum of some trivial .%-submodules, or there exists ¢ € Fl2tls
such that, V) +u # {0} for all v € T'\{—(}, and with proper choice of nonzero

Uyo € V+u for v € T\{-(},
Dp,q@a)'vv,o = $Q<O‘paq - O‘qap)~vv,0 = (O‘qu + Cq) - aq(% + Cp))voﬁ%o (64)

for p,g € i+ 1,1, @ € I'\{0} and 7 € T'\{—¢, (¢ — a}.
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First of all, we shall prove:
Claim 1. %,.V©) £ {0}.

Suppose .7,.V(© = {0}, namely, V() is a direct sum of some trivial .-
submodules, then this will lead to a contradiction. Let &« = a4+ p for all a € T'.

Since VoJru # {0} and VT(J?)M {0} for some o,7 € T' with o # 7, there

exists # € I' such that V;,(JEL # {0} and that 0, # 0 for some r € [; +1,1. Fix

such ¢ and r. Pick s € I; +1,I\{r}. Choose a € I' such that a, # 0 and
0.5 — Osc. # 0. Moreover, we let

0=0,.0,—0,0,, 0=0,05—0as0,, =0, —0)0— (0s— )0, (65)
Pick p € 1,11 + lo\{r, s}. From (6) it can be deduced that

0.V, SV, v, c v, (66)

Take 0 # vy € Vg(fi)u. So on one hand, we have
0 vg =0 (0)vg = (050, — Or0rs)vg # 0 (67)

by (6) and (65). On the other hand, (66) and .#,.V© = {0} give

1 1
U vy = ———[2%0 . 1O vy = ——— 229 (£ D.vy) =
x ' g ) [z¢0, " #10].vg 8(04)1; J.(t'"0.vg) =0 (68)
and 1
% 1p _ & 1p _
which further implies
1
vy = —a—[xatl[ﬂ@’, (0, 0p — ay0;)] vy
1
= —&—xo‘tl[l’] ' (270, — a,y0y).vg) = 0, (70)

where 27%(a,.0, — ,0,).v9 € Vﬁ)ﬁu. Since (70) contradicts (67), we must have
.V £ {0}, Thus this claim holds.

So by Claim 1, there exists ¢ € F2*s such that, V’Hu # {0} for all

v € I'\{—(}, and with proper choice of nonzero v, o € Vv(ﬂb for v € I'\{—(},

Dy g(%).v50 = (ap(7g + Co) — ag(Vp + Gp))Vatr,0 (71)

for p,g €l +1,1, @ € I'\{0} and v € I'\{~(,—( — a}.

Next, we want to prove:
Claim 2. (, =, forall pel; +1,1.

It suffices to prove 9((—pu) = 0 forall 9 € ;=57 F9;. Choose v, o € VWM
for v € I'\{—(} asin (71). We give the proof in two cases.
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Casel. | > 4.

Pick r € 1,1, if I}, > 0 or r € 1,l if [, = 0. Take s € I, +1,1\{r}.
Choose a € T'\{0} such that a; # 0. Moreover, we choose € I' such that
B4+C¢#0# 5+ a+ (. Then we must have

{0} # ker(8 + p) ﬂkeroz ﬂ ( Z Fo;) C ker(¢ — p). (72)

el +1,0\{r}
Suppose there exists
0e (ker(ﬁ + 1) mkeraﬂ ( Z F@J)\ker({ — ). (73)
i€l +1,0\{r}

We will see this leads to a contradiction. By (6) and (73), we have

tl[’"]a.UB,O S V(O)

sy and 110.0g100 € Vﬁ(o) (74)

Fa+up”
So t'1Md.vg e = cvg o for some ¢ € F. Since (71) implies
0= [2°0,t"18].vg0 = cO(B + )Vsta0 — OB+ Ot V5100, (75)

and (73) indicates (8 + () = (¢ — p) # 0, we find t'"10.v5,0.0 = CVgia0. Thus
(71) and (73) give rise to

0 # 2%0.vgp
1
- _a_S[Drs(xa),t 10].v,0
1
= ——(cD,s(z*)vg0 — t'10.(D,s(2%).v50))
Qs
1
= —a—(cDTS(x )-vg0 — D, s(x%).v5,0)
= 0, (76)
where in the third line, D, s(z%).vg0 € Vﬁ(i)aﬂb. This is a contradiction. Thus (72)
holds. By changing the choice of 8 in (72), we can get
kera( (> Fo;) Cker(¢— p). (77)

icli+1,0\{r}
Moreover, by changing the choice of «, we further find
> Fo; Cker(¢ — p). (78)
i€l +1,0\{r}

Recall that r € 1,1, if ly > 0 and that r € 1,1, if Iy = 0. In the case that r € 1,15,
by picking another r € 1,[5, we can always get

> Fo; C ker(¢ — p). (79)

i€li+1,1
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Case 2. | = 3.

Since I; + 1y > 3 and I, + 13 > 3, we have [ =3 =0 and [, = = 3. Pick
r €1,3. Take s € 1,3\{r}. Choose a € I'\{0} such that o, # 0. Then

dim(keraﬂ( Z Fo;)) = 1. (80)

i€1,3\{r}
Picking 0 # 9, € ker (Eieﬁ\ ) Fd;), we shall first prove that
51@ —p)=0. (81)
Choose g €T such that 5+ (#0+# f+ a+ ¢ and

O1(28 + ¢+ p) #0. (82)

If
(B + ) = 0, (83)

then similar arguments as those in Case 1 give (81). If 0y(3 + p) # 0, namely,

ker(8 + p) (\kera (Y Fo;) = {0}, (84)
i€1,3\{r}
we pick
07&526ker(6—0z+,u)ﬂ( Z Fo;). (85)
i€1,3\{r}

Then {d;,d5} is a basis of > icia(r FO;. Take

0# 0 € ker(8+ 1) N (Licta ) FO)»
0# 0 € kera[ker(5 + (), 0# 0" € ker a.. (86)

It follows that 9 = a0 + ax0s for some ay, as € F\{0}. So on one hand, by (6)
we have

(270", [2°0, t'110]]).v5,0
= Oa)- (9(t'0)d" = 0" (t'")d).vs0
= Oa—B—p)- (9(t)d" = 0"(t')d) (B + p)vs,o
= —a (B4 p) - (O ()" = "(t"))(5 + w)vso, (87)

where in the third line we use the fact that 9(8 + p) = 0, and in the fourth line
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we use & = 101 4 a9y and (85). On the other hand, by (71) and (86), we have

(272" [2°0, t'110]].v5.0
= 2 %0".2°0 . (t'"M0.v50) — 270" t'110.2°0 vz
—2%0 0.2 o + t'110.2%0 (270" s 0)
= —2°0 t'M0.270" s
= —0"(B+ a0 ' (a10; + a202)-V5_a0
= —a0"(B+ )z 1D 05 a0
= —a,0"(B+ [z, ' D,].v5 a0
= —a " (B+C) -0 (N0 v5 a0
= —ad(t') - (B+C)-"(B+vgo, (88)

where in the second equation t'"190.v50 € Vﬁ(?r)u and 7 *0".vg0 € Vb@aw’

the fourth equation tllrlég.vg_a,o € Vﬁ(?)aw and xaa’.(tl[’“]ég.vﬁ_ap) = 0. If
d'(t'm) = 0, by taking 0 # 9" € kera(\ker(8 + u) and by comparing (87)
with (88), we get 9”(t'1) # 0 (cf. (84)) and d'(8 + p) = 0, which together with

(84) and (86) further implies

0#0 ckeraf \ker(3+p)[)( > Fo;)={0}. (89)

i€L,3\{r}

n

This is absurd. So we must have & (t'1) # 0. Therefore, taking 8" = 0; and
comparing (87) with (88), we get

(OB +0)? = (0:(8 + p))*. (90)

Thus by (82) and (90), we find

Bi(C—p) =0, (1)
So (81) holds. In other words,
keraﬂ( Z Fo;) C ker(¢ — ). (92)
i€1,3\{r}

By changing the choice of «, we can get

> Fo; Cker(¢ — p). (93)

i€1,3\{r}

Moreover, by picking another r € 1,3, we further obtain

2 =Y F0; Cker(¢ — p). (94)

i€l,3

So this claim holds.
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Choose v € VO for v e M{—=C} asin (71). Claim 2 shows that

Y+u
Dp,q@a)-v'y,O = (ap(Vq + :“q) - O‘q(’)/p + ,Up))va-&-%O (95>
for p,q el + 1,1, a € T\{0} and v € T\{—(, —C — a}. Next, we want to prove:
Claim 3. 1f ( € T', then for any « € T'\{0} and p,q € [ + 1,1,
Dy g (2%)v_¢—a0 = 0 and Dy o(2%).V',, = {0}. (96)

We only prove the first equation; the second one can be proved similarly.
Suppose

Dy (%) 0—¢—a0 # 0 (97)

for some o € T\{0} and p,q € [; 4+ 1,1, then this will lead to a contradic-
tion. Without loss of generality, we further assume that o, # 0. Pick r €

1,0y + 1\{p, q}. Since (97) indicates v o+ {0}, we can take nonzero v_¢go €

—Ctp
VE?JF,L- It follows from (6) and Claim 2 that
L _ (0) 1y, - (0)
t1(apdy — g0p) Va0 € V27 .y, and t 1 (ap0y — agdy)v_co € V 7, . (98)
So t'17 (a0 — g0p) V—¢—a,0 = CU_¢—q0 for some ¢ € F. Since
£ (0 — g ) (2% (0 — g 0p) V—¢—ar0)
= 2%(p0y — g0p). (10 (004 — 4 0p) V—¢—a0)
= c(z%(ap0; — 40p) V—¢_a0), (99)
we find t'(a, 0, — @y0,).v_¢0 = cv_¢o by (97). Thus
(00 — g0p) . V_¢—a0
1
= —[2%(0r — @, 8,), 110y — 4gDp)] V-0
P
1
= a—(ato‘(ozpﬁr — a,0p).(CV_¢_n0) — c(2%(p0r — 0:0p).V_¢_0a0))
P
— 0, (100)

which contradicts (97). So this claim holds.
Claim 4. If 1; > 0, then

20050 = [LyUyta0 for all p € 1,1y, o € T\{0} and v € T\{—¢, —¢ — a}. (101)

Let 3 = B+ p forall B € I'. Fix any o € I'\{0}, p € 1,I; and
v € I\{=(,—¢ — a}. Choose r € [; + 1,1 such that «, # 0. We shall prove
this claim in two cases.

Case 1. (kerany! Fo;)\ ker 7y # (.

i=l1+1
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Pick g € 1,,\{p} if L > 1 or g€y + 1,11 +I,\{r} if [; = 1.
Subcase 1.1. There exists s € I; + 1,1\{r, q} such that a,7s — as7, # 0.

Choose s € l; + 1,1\{r, q} such that o, 5s —as¥. # 0. Let 0 = ;.05 — 50,
Then 0(%) # 0. By (6), we get

t19(D(7)0) — 11,0).v40 € VLD, and 16 (D7), — 11500y 40 € Vioni,e  (102)

So 14 (9(5)0, — pp0).vy.0 = v, 0 for some ¢ € F. Moreover, (95) gives

t'19(0(7)0p — 1150)-Vy+a,0
1
= o —t"W(0(7)9, — 140).(x0.vy0)

(%)
1 _
= %1’ 0.(t'1 (9(7)0p — p1p0)-v5.0) = Uy 4a,0- (103)
Thus
1
z*(0(7)0p — 11y0).vy0 = a—[xo‘(ar&] — a,0,), "9 (9(7)9p — 11,0)].v-.0
1
= a_($a<araq — ag0;).(cvq,0) — c(2 (a0 — gOr) Uy 0))
= 0, (104)

which combined with (95) implies
%0p.Vy.0 = [lpUy+a,0- (105)

Subcase 1.2. a,7s — as¥, =0 for all s € iy +1,1\{r,q}.
Since (kera N Zizllﬂ Fo;)\kery # 0, we have q € I3+ 1,51 +L\{r}

and a,7, — a7, # 0. Pick s € Iy +1,1\{r,q}. Choose § € I'\{0} such that
a,fBs — asfr # 0. Then Subcase 1.1 indicates

%0y V5,0 = [lply—p+a.0- (106)

Let 0 = 05 — a0, and 0 = 0,0, — o,0,. Then 9(f) # 0 and J'(¥) # 0. So
(95) and (106) give rise to

1

xaap.vfy,o = Wxaap'xﬁ(a(ﬁ)ﬁ/—8/<5)a>‘w{7670
= 1 B P, o
= I’ D(B) — '(8)D).2%0pv1—s0
HpUy+a,0- 107)

Case 2. (keran Zi’:ll—i-l Fo;) C ker#.

Pick s € [ + 1,{\{r}. Choose g € I'\{0} such that «,.; — a8, # 0. Let

0 = B0, — ,0s. Then 0(a) # 0. Moreover, since (kera N Zé:ll-&-l Fo;) C ker%y
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and v+ (¢ # 0 # v+ ( + «, we must have 9(5) # 0 and (7 + a) # 0 by Claim 2.
So Case 1 gives

T Op.Vy—5,0 = [pUy—F+a,0; xa+56p-vv—ﬁ,0 = HpUy+a,0 (108)

because o, B —ofr # 0 and (a4 6,) (s —Bs) — (as+B5) (3 — ;) = —0(F+a) # 0.
Thus (95) indicates

1

240,040 = wxaﬁp.xﬁa.%_g,g
1 «
= w(mﬁ@.xaﬁp.%_gp — 9(a)x* 0,0, _50)
= HpUsta0- (109)

So this claim holds.
Moreover, we have:

Claim 5. 1f ¢ €T, I > 0 and p, # 0 for some ¢ € 1,71, then V¢,  # {0}

and there exists nonzero v_¢ o € V_((é)Jr i such that
20y V_¢_a,0 = MpV—c,0 and 290, V_¢ 0 = [4pU—¢1a,0 (110)
for all p € 1,1;, a € T\{0}.

Fix some ¢ € 1,[; such that g, # 0. Moreover, we fix some 3 € I'\{0}.
By (101) we have

270,370, v_¢_g0 = 170,07 0 v_¢c g0 = piv_c_p0 # 0. (111)

So we can choose

1
0 7é V_¢o = M—xﬁaq.v_g_g,o c V—(g)-i-u (112)
q
It follows immediately from (111) that
27P0,0_co = Hgv_c_po- (113)

For any p € 1,1, and o € I'\{0, 3}, we have
a 1 a B 1 B o
%0 V_¢c0 = —2%0p. 2" 0p.V_¢_po = —x°03.2%0pV_¢_go0 = PpU—ctapo (114)
q q
by (101) and (112). Moreover, (101) and (112) imply
« 1 a B 1 B a
220 Va0 = — 29027 0g.v_¢_a—po = — 270370 V_¢_a—po = PpV—co (115)
Hq Hq
for any p € 1,1; and a € T'\{0, —3}. Furthermore, (101), (114) and (115) give

1 1
2P0,v_co = ’u—xﬂap.xaaq.v,c,a,o = M—xo‘(?q.x'gap.v,c,mg = UpU—cip0, (116)
q q
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_ L
2P0y v_crp0 = it ?0p°04 V¢4 500
q

1 _
B N_xaaq-x ’68p_v,<+5,a,0 = HpV—¢0 (117)
q

for any p € 1,11, where a € T'\{0,43}. So this claim follows from (114)-(117) .

Claim 6. If (€T, l; >0 and p, =0 for all ¢ € 1,11, then
2%0p.V_¢_q0 = 0 and xaa,,.v_(‘gu = {0} forallpel,l, acT\{0}. (118)

The proof of this claim is similar to that of Claim 3. We omit the details
here.

When ¢ € I and pq:0forallqém,wehave,uzfél—‘by(?laimz
So Claims 2-6 imply that Vé?)u # {0} for all v € I'\{—x}, and that there exist

NONZETO Vo € Vv(f)r)# with 7 € T'\{—u} such that

Dp,q@a)'U%O = (ap(vg + t1g) — g + ,up))va+%0 (119)

for p,q € 1,1, a € T\{0} and v € I'\{—p}. This completes the proof of the
lemma. [ |

Lemma 3.2 enables us to choose nonzero v, € Vv(?r)u with v € T'\{—u}
such that

Dy g(2%).050 = (ap(vg + 11g) — aq(Vp + 11p) ) Vartr,0 (120)
for p,q € 1,1, a € T\{0} and v € ['\{—pu}. Next, we define v, ; for v € I'\{—pu}
and 0 # i € N2 inductively as follows:

Let @ = a+p forall « € . For v € I'\{—u} and 0 # i € Nitl we
define

pi =min{r € 1,l; + Iy | i, # 0}, (121)
P(i) = {r € 1,lL + L\{p} | ir # 0}, (122)
Q(v,1) = {r e ,I\{mi} | 3 # 0}. (123)

Definition 3.3. We choose v, for v € I'\{—p} as those in (120). Suppose
that we have defined v,; for v € T\{—p} and i € N'™2 with [i|] < k, where
k > 0. We then define v,; for v € I'\{—p} and i € N*2 with |ij = k+ 1 in
three steps:

Step 1. Defining v.; for the case that Q(v,1) # 0.
Set q(v,1) = min Q(~,1). We define

1r,. .
Ui = = (t [p‘]aq(%i)‘vmi—l[pi] - Zq(%i)vvﬂi—l[q(w,i)])‘ (124)
Va(v,i)

Step 2. Defining v, ; for the case that Q(v,i) = 0 and P(i) # 0.
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Set p(i) = min P(i). Since v + p # 0 and Q(v,i) = 0, (123) indicates
Yp, 7 0. We define

1 .
Uyq = _—(tl[l’(”lﬁpi.v%i_l[p(i)] — Zpivv,i—l[pi])' (125)
pi
Step 3. Defining v, ; for the case that Q(v,i) =0 and P(i) = 0.

Set s(i) = min{1,l; + L\{pi}}. Since (vy,i — 1p) + 1s4)) belongs to the
Case in Step 1 or Step 2, v, ;-1 was defined in (124) or (125). Thus we can
define

ps] T Lis )]

_ L.
Uy =t as(i)'v%ifl[piﬂrl[s(i)]' (126)

Now we have defined {v,; | v € P'\{—u}, i € No+2} inductively. Next we
want to derive the action of the set (32) on {v,; | v € I'\{—pu}, i € Nt} in
several lemmas.

Lemma 3.4. Forany p € 1,11 +1y, g € 1,1\{p} and B € T\{—u}, we have
tl[p] 8q.v5,0 = (5q + /JJq)Ugjl[p] . (127)

Proof. Let @ = o+ pu for all @ € I'. Define Q(8,1p,)) for 8 € I'\{—u} and
p €1,y + 1y asin (121)—(123). We divide 5 € I'\{—u} and p € 1,1; + 5 into two
cases.

Case 1. Q(B,1p,)) # 0.
Let r = min Q(8, 1). Then (124) shows

00, v50 = Brvpa,,- (128)

Fix some s € 1,1; + L\ {p,r}. Let 0 = 3,0, — B,0, and Dy = 3,05 — B0,. Then

Oy (tH0 1)y — Dy (0NN = B (t190, — t'9Dy) € L (Iy, 1y, 1T, (129)
Since (6) gives

(the) D — tir) (;91).1}570 = a1V, tlwl 52.?)570 = ayVg0 (130)

for some ay,as € F, we have

- 1 - - -
' 0y.vg0 = % [t 0y, 11110y — 1110050 = 0. (131)

r

Moreover, from (6) it follows that

(3,0, — B40,).v50 € VB(?F)# for ¢ € 1,1\{p,r, s}. (132)

So (131) and (132) imply

_ _ 1 3 _ _
¢ (804 — B40:).v5,0 = ﬁf[tl[p]a% ¢ (804 — B40:)]-v50 =0 (133)

r
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for ¢ € 1,1\{p,r,s}. Since 3, # 0, (128), (131) and (133) imply
(910,050 = (By + Ha)vsy, for a € LIV}, (134)

Case 2. Q(B,1p)) = 0.

Pick s € 1,1; + l,\{p}. For any g € 1,I\{p, s}, (6) and Q(8, 1)) = 0 give
rise to
' 0,.v50 = buge and t'10,.v50 = byvs.0 (135)

with some b,b, € F. So
t'10,.v50 = [t'P 0, t'1910,) g0 = 0 for ¢ € 1,1\{p, s}. (136)

By picking another s € 1,1 + lo\{p}, we can get

"0, w50 = 0= (B, + tq)Vs1y, for g € 1,0\{p}. (137)

This completes the proof of the lemma. u
Lemma 3.5.  For any 5 € T\{—pu} and p,q € 1,11 + Iy with p # q, we have
Dp,q(tllp]ﬂ[q])'vﬁﬂ = (B4 + ,Uq)vﬂ,l[q] — By + ,Up)vﬁ,l[p]' (138)

Proof. Let a=a+pu forall « €', Fix any 5 € I'\{—pu} and p,q € 1,11 + 15
with p # ¢. Then we shall give the proof in two cases.
Case 1. There exists s € 1,1\{p, ¢} such that 3, # 0.
) Choose s € 1,1\{p,q} such that B, # 0. Let O = 3,0, — B,0, and
Oy = Bs0y — B40s. Then
[t110y, 190, = —B2D,  (t' W+ hal) 4 B, (B ', — B,t'wd,) (139)
So by (139) and Lemma 3.4, we have
1 - _ _ ~ ~
D, ("W vs o = Ews(ﬁqtlm 05 — Byt 0,) — [t'11 0y, t1401]).v5.0
quﬁ,l[q] - prﬂ,l[p]a (140)
which coincides with (138).
Case 2. B, =0 for all s € 1,1\{p, ¢}.
Subcase 2.1. 3, # 0 and 3, = 0.
Take r = min{1,{; + lo\{p}}. By (126) we know that
Vg, = PO VE - (141)
Since 3, = 0 and 3, = 0, Lemma 3.4 tells that

D, ("t ) g 0 = (#1199, — t'110,) .05 = [t'40,,'1,].v50 = 0. (142)
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So (141), (142) and Lemma 3.4 imply

DP:Q(tl[p]+1[Q])‘Uﬂyo = (DpaQ(tl[p]+1[q]) - Drvq(tl[q]—‘rl[qﬂ]))'vﬁao
= [t'10,,t'"0,].vs0
= —t'"0,.(Bpupa,,)
= —Bpsa,, (143)
which coincides with (138).
Subcase 2.2. 3, =0 and j3, # 0.
We go back to Subcase 2.1 by interchanging p and ¢, namely,

Dy g(t' P+ ) g0 = — Dy (t19H10) 15 0 = quﬁ’l[qﬁ (144)

which coincides with (138).
Subcase 2.3. 3, # 0 and 3, # 0.
Pick r € 1,1; + [,\{p, ¢}, then B, = 0. By Subcase 2.1, we know that

D, (a0 01) v50 = quﬁvl[w (145)

Dy (80710) g 0 = Buga,,,- (146)

So the difference of the above two equations is

an(tl[pﬁl[ﬂ)'vﬁﬂ = quﬁ71[q] - prﬁ71[p]’ (147)
which coincides with (138).
This completes the proof of the lemma. [ ]

Lemma 3.6. For any p,s € 1,I1 +1y, ¢ € 1,I\{p}, B € T\{—u} and i €
Na+e we have

tl[p]aqmﬂ:i = (511 + MQ)Uﬁ7i+1[p] + Z-qvﬁ»iJrl[p]*l[q]a (148)
(t'198, — t'190,) 08, = (Bp + bp)V.ir1y, — (Bs + 1) gir1y, + (ip — is)vg (149)

Proof. Let a = a+pu for all & € I'. We prove this lemma by induction on |i].
Recall that Lemma 3.4 and Lemma 3.5 have given the proof for the case |i| = 0.
Suppose this lemma holds for i € Ntz with [i] < k, where & > 0. Then it
suffices to prove (148) and (149) for i € N ™2 with |i| = k£ + 1. We only prove
(148) for i € N2 with |i| = k + 1 in the following. The proof of (149) for
i € Nite with |i| = k + 1 only needs minor changes from Lemma 3.5, which can
be derived easily; we omit the details here.

Fix any 8 € I'\{—u} and i € Ni™2 with |i| = k + 1. Define p;, P(i) and
Q(B3,1) as in (121)—(123). Then we prove (148) for i € Nit2 with |i| = k+ 1 in
three cases.

Case 1. Q(B,1) # 0.
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Let ¢(f5,1) = minQ(5,1). Recall that (cf. (124))

1. .
Upi = (T3 Dy(8,3)-UB,i—1,, — Ta(Bi) VB, 100p.1)))- (150)

Bq(ﬁyl)

Fixing any p € 1,l; +ly, we derive the action of '3, for ¢ € 1,I\{p} in two
subcases.

Subcase 1.1. 3, =0 for all ¢ € 1,1\{p}.
Expression (150) and the induction hypothesis give rise to

1
1 1 - 1
t [p]aq'vﬂ,i = ﬁ ” )(t p] a # pllaq(ﬁ 0)-Ug,i-1p, Zq(@i)t [p]ﬁq.vg,i_l[q(ﬂyi)])
_ 1 1pi1 oK) 10,
= 5q(ﬁ D (t i10g(8,0) -t q-UB,i-1p, q(ﬁ t “UBLi=114(8,1))
1
+(Oqmt "M Og(p0) — dq(siypt 10y)- U/ii—l[m)
1 . 1 . 1
B B (B,1) ((Zq 5 4q;pi )t ']a i)-Us, I+l = 1ppy —1g — Zq(ﬁ’i)t v 8q'vﬁ’i_1[q(’8’i)]
q ,1
1
+(Oqmt ' Og(s0) — dq(piypt 10y)- Uﬁﬁ—lw)
= lqUBitly -1y (151)

for ¢ € 1,1\{p}, which coincides with (148).
Subcase 1.2. There exists ¢ € 1,1\{p} such that 3, # 0.
Take r = min{q € 1,I\{p} | B, # 0}. First we want to derive the action of

thw o, .
If p < p;, then the definition of (124) gives
+n ar_vﬂ i ﬁﬂ]g i+1p, —|— ZTUB,H—I BESTAE (152)
If p > p;, then by (150) and the induction hypothesis, we get
tl[plar.l)lgj
1 1 1 . 1
~ Buon (910,71 9y(5.5)Vp,i-1,,) — Ga(aiyt ™ OV o105 )
1 1
N B, 1)( O£ Or-Ug,i-1, — Ga(B) " Or-Vp,i-1105 5
1.
+(5 t1910y5,1) — Og(s,1).pt *10r)-Vpi-1,,,)
. 1 )
N ﬁq(ﬁ i) (ﬁ 2100 i)-UB,it+1p—1p T (4 — Oppy )t [”‘]aq(ﬁ,i)-“5:i+1[p1*1[pr1[r]
1 1 1r,
—Zq(g i BD]@ .Ug’i,1 (a(6.1)] -+ (5r,pit () 8q(57i) — 5q(57i)7pt [P:]ar).vg,i,l[pi])
= 67/1]6 l+1 + Z Uﬁ,l_;'_l[p] 1[r]’ (153)
where

1r,.
t [pl]aQ(ﬁi)'vﬁ,iJrl[p]*l[

il

Ba(,yVs.it1,)  (g(s,) + Oq(8,0.p) V8,411 ~11,5. (154)



530 CHEN

because of p > p; and (124).
Then we want to derive the action of #'#19, for ¢ € 1,I\{p,r}. By (150)
and the induction hypothesis, we have

tl[ﬂ(ﬁra — Bq(‘)r).vﬁ,i
= ! ( (Br Bqa ) p‘]a i)-Ug,i— 1

ﬁq(ﬁ i)
1[,,] (Braq — Bqar).?]ﬂ,i—l[q(ﬁ,i)])

1 _ _
= (tl p‘]a (B,1) tl (ﬁraq - 5qar)"v6,ifl[p.]
Bq(ﬁ i) - ' - -
((ﬁr P 5q5r,pi)tllp] Ou(B,i) — 5q(ﬁ,i)7pt1[pi] (8,04 — 5qa?>>'vﬁvi—1[m]
Lq(B l)tl“’] (8,0, — 5«187")'""5&—1[11(6»1)
1
— ﬁq(ﬁ ; (tl pl]a (ﬁr< q pl)vﬁ i1 —1(p, 1
_511(“ - 5T7pi)vﬂ7i+1[p] Lp 1[7n]) ((BT q:pi Bqéﬁpi)tl[p] aQ(/B,i)
_5q(67i)7pt1[pi] (57"&1 - ﬁq T))'Uﬁ,i—l[pi] - ZQ(ﬁ,i)tl[p] (ﬁrﬁq - ﬁqar)‘“ﬁ,i—l[q(ﬁ,i)])
= BrigUsisiy-1y — PelrVsicig -1, (155)

for any q € 1,1\{p,r}. Since B, # 0, (152), (153) and (155) indicate
tl[p] a‘l‘vﬁ i ﬁqvﬁ i+1, + i qUg, i+1p—1g (156)

for any g € 1,1\{p}, which coincides with (148).
Case 2. Q(f,i) =0 and P(i) # 0.
Let p(i) = min P(i). Recall that (cf. (125))
Vg = 1 (tl[f’“) Ops Vi1 — ipivﬁ,i—l[pi])- (157)
pi
The rest proof of this case is analogous to Case 1. We omit the details.
Case 3. Q(f,i) =0 and P(i) = 0.
Observe that Q(S,1) =0 and P(i) = () mean

i, =0and 3, =0 for all ¢ € 1,1\ {p;}. (158)

So for any r € 1,11 + l\{pi}, the pair (8,i — 1p,; + 1)) belongs to Case 1 or
Case 2, which implies

tl[p]aq‘vﬂzi—l[pﬂ“[r] - quﬂvi—l[pﬂ“[rﬁl[m +(iq_51%61+6T»q)vﬁvi—1[m+1m+1[p1—1[q1 (159)
for p € 1,1, + 1y, ¢ € 1,I\{p} and r € 1,1; + [o\{p;}. In particular, by (158) we

have
tl[pi]ar.vlg’i_l[pi]_i_lm = Vg4 forrel,l; + lg\{pi}. (160)
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So for any ¢ € 1,1\{p;}, we obtain

tl[pi]aq-Uﬂ,i — tl[pi]aq.tl[pila’f'/‘Uﬁ7i*1[p.]+1[r/] — tl[pi]ar/-tl[pi]aq-'Uﬁ,ifl[p,]+1[T/] =0 (161)
by (158) and (160), where r" € 1,11 + Ib\{pi, ¢}. Fix any p € 1,11 + lo\{pi}. Then
(124) or (125) gives

i) 8pi.v57i = Bpivﬁ,iJrl[p] -+ Z‘pivﬁyi+1[p]*1[pi]' (162)
And for g € 1,1\{p, pi},

1 _ 1 1.
tr 0, vg; = tWO,.t [pllar/.vm,l[pﬁl[r,]

1p, 1
= t [Pl]a,,/.t [p]aQ'Uﬁvi_l[pi]+1[T']

5q’rlt1[pi]arl'vﬁ7i_1[zﬂi]+1[p]
=~ 0 (163)
by (159) and (160), where r" € 1,11 + Io\{p, pi}. So in this case, (148) follows from

(161), (162) and (163).
This completes the proof of the lemma. [ |

Lemma 3.7. Forany r € 1,1, B € I\{—u} and i € Nt we have
&.vm = (,Br + ,lLT)U@i + irvﬁ,i_lm. (164)

Proof. Let @ = a+ p for all o € I'. We shall prove this lemma by induction
on |i|]. We have already known that (164) holds when [i| = 0 (cf. (6)). Suppose
that it holds for |i| < k, where k& > 0. It suffices to prove (164) for r € 1,1,
Bel\{—pu} and i € Not2 with |i| =k + 1.

For any 8 € T'\{—u} and i € Nit2 with |i| = k + 1, we define p;, P(i)
and Q(f,1) asin (121)—(123). Then we give the proof in three cases.

Case 1. Q(B,1) # 0.

Let ¢(5,i) = minQ(f,i). Then (124), Lemma 3.6 and the induction
hypothesis give

1y,. .
Orvg; = B (71 05(5,1)-0r-V5,i-14 + OrpsOa(8.) V8- 11y — Ta(8,0)0r-VB,i-1053)
q(0,1

= Byvgi +irvgi1, (165)
for r € 1,1, which coincides with (164).
Case 2. Q(B,1) =0 and P(i) # 0.
Let p(i) = min P(i). Then (125), Lemma 3.6 and the induction hypothesis
imply

1
_ T .
87,'2;/3& = — (t [p(D)] 8pi.ar.1)5,i_1[p<i)] + 5r,p(i)8pi.vm_1[p(i>] - zpiar.vg,i_l[pi])
Pi

= Brvﬂ,i + irvﬂ,i—lm (166)
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for 7 € 1,1, which coincides with (164).
Case 3. Q(B,i) =0 and P(i) = 0.

Let s(i) = min{1,l; 4+ lo\{pi}}. Note that (8,i — 1, + Ljsqy) belongs to
Case 1 or Case 2. So we have

Or-V8 =15, +1(50)

= Brvsi-p+ip + (ir = Oy + 5"750))”ﬂvi—l[piﬁl[s(i)]—l[r] (167)

for » € 1,1. Since B, = 0 and iy, = 0 for s € 1,I\{p;}, from (126), (167) and
Lemma 3.6 we derive

1p,.
Opvgs = 1 [p‘]as(i)-ar'vﬁvifl[pﬁl[s(i)] + 5npias(i)-Uﬂvifl[pilﬂ[s(i)]
1p,. 2 :
=t [pl]a‘s(i)'(5rvﬁvi71[pi]+l[s(i)] + (7’7“ - 57"7pi + 57‘,S(i))Uﬁ,ifl[piﬂrl[s(i)]*lm)
F0rpUg -1y,
= Bygi + g1y, (168)

for r € 1,1, which coincides with (164).
So this lemma holds. [ |

Lemma 3.8. For any a € I'\{0}, § € T\{—p,—p —a}, i € N2 and
p,q € 1,1 with p # q, we have

Dpo(x®)vss = (ap(Bg + pg) — (B + 1p))Vp1ai
+ozpz'qvg+a,,-_1[q] — aqipvﬁ+a7i_1[p]. (169)

Proof. Let ¥ = v+ p for all v € I'. We prove this lemma by induction on
li|. Since Lemma 3.2 has given the proof for |i| = 0, supposing that this lemma
holds for i € N2 with |i] < k, where & > 0, we only need to prove (169) for
ie Nt with |ij =k + 1. Fix any a € T\{0}, 8 € I\{—p, —pu — a}, i € Not
with |i| =k + 1, and p,q € 1,1 with p # ¢q. We define p; as in (121), namely,

pi =min{r € 1,1; + 1y | i, # 0}. (170)

Then we proceed the proof in several cases.

Case 1. (kera() (Zjefl\{pi} Fd;))\ ker 3 # 0.

If there exists s € 1,1\{pi} such that a, # 0, then a,83, — a,.5, # 0 for
some r € 1,1\{s,p;}. Fix such s and r. Since Lemma 3.6 gives

tl[pi](asar - Oé,«as).vﬁ’i_l[pi] = (OéSBT — arBs)Uﬁ,i —+ Oésirvﬂ,i—lm - arisvﬂ,i—l[s]; (171)
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we have

1
————=X
asﬁ'r - Oérﬁs
_asirvﬁ,i—l[r] + arisvﬂ,i—l[s])

1 1
= —asBr — ol (t w1l (050 — 0 05).2% (p0y — aqap).vgyi,l[pi]

+(pOqp; — gOp,p )2 (00 — araS)-Uﬂ,i—l[pi

D, (x%)vg; = *(ap0y — agy). (71 (00, — . 0s).vgi-1,,,

]

I (O aqﬁp).vﬁ,i_lm + a5 (00 — qu@p).vgd_l[s])
= (O‘qu - O‘qu)UBJra,i + 0plqUB+a,i-1,) — OglpUB+a,i-1y, (172)
by (171), Lemma 3.6 and the induction hypothesis.

If ay = 0 for all s € 1,1\ {p;}, then 3. # 0 for some r € 1,1\{p;}. Fix such
r. Since Lemma 3.6 indicates

tl[Pi]é?,n.vm_l[pi] = Byugi+ VB i1, (173)
we obtain

Dpvq(xa)'vﬁj
1 .
B_xa(apaq - aqap)'(tl[pi]ar'vﬂyifl[pi] - ZTUﬁJ*l[r])
:
1
= — (tllpﬂ Or.x®(ap0y — ag0p).vgiz1,, + (Aplgp — gpp )20 V51,

r

]
—1,2% (0 0y — aqap)‘“ﬁ,i—lm)

= (apBy — ¥Bp)Vptas + O‘piqUﬁJroa,i—l[q] - O‘qipv/ﬂoc,i—l[p] (174)

by (173), Lemma 3.6 and the induction hypothesis. So (169) holds.
Case 2. kera( (X }]Faj) C ker 3 and ker o # ker 3.

jeL,\{p;

~ Since a # 0 and B # 0, we have o, # 0 for some s € 1,I\{p;}, and
sy, — apBs # 0 in this case. Fix such s. Pick r € 1,11 +\{pi,s}. Set
01 = a0y, — ap, 05 and 0 = a0, — o, 05. Observe that

O (1) 9y — Oy (1)) = o (1110 — tlil D). (175)
So Lemma 3.6 implies

1 3 114
('l —t []82)'Uﬁ,i—1[pi]
(&Sﬁpi - apiﬁs)vﬁ,i + O‘S(ipi - 1)vﬁ,i*1[pi] - apiisvﬁﬁfl[s]

OtV -1, T Qs UB i~ 11y (176)
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Thus, we have

«
Dy q(2%).v3,5

1
- =z
asﬂpi o O‘Piﬁs
_O‘S(ipi - 1)”5,i*1[pi] + apiisvﬁﬁfl[s] + O‘Sirvﬁ,ifl[pi] - arisvﬁ,iJrl[T]*l[pi]*l[s]>
L (- ) a0y, - sy
aSﬁpi - O‘piﬁs '

+(aplgp — gpp )T UB,i—1;

*(ap0y — g Op). <(t1[pi]51 — ¢ §2)-vﬁvi—1[m]

-
— (0plgr — g0y )T 82.1}5,1_1[“]

a . . .
-z (apaq - aqap)'(aS(Zpi - 1)U67i_1[pi] = QplsUBi-1y — QslrUgi-1p,,

il

+O"’isvﬁyi+1[r1*Hpirl[sl))
= (By — AaBp)Vsrai T OplgUsrai-1, — QgipUstai-iy, (177)
by (176), Lemma 3.6 and the induction hypothesis. So (169) holds.
Case 3. kera = ker f3.

_ Since a # 0, B #0 #&a and kera = ker 8, we have a, # 0, f; # 0
and (s + a,s # 0 for some s € 1,1. Fix such s.

If there exists r € 1,1\{s} such that 3, =0, then a, = 0. Fix one such 7.
Choose p € T\{0} such that p, # 0. Then ker p # ker(8 — p). So Case 1 or Case
2 gives

xp<:0ras - psar)-vﬁfp,i = prBsUB,i + prisvﬁ,ifl[sl - psirvﬁ,ifl[TT (178)
Thus we have

Dy q(2%).v54

1 . . .
= —2%(ap0dy — g0p).(2”(pr0s — psOr) Vp—pi — PrisVgi-1, + pslrvﬂvi—l[r])
PrDBs
1 (07
= o (@ (prOs — ps0y). % (ap0y — Aqyp).-Vg—pj
+2P((appg — gpp) (pr0s — psOr) — (pras — psau) (00 — g0p))-Vp—p,i
—prisz® (04 — aqap)'vﬁ,ifl[s] + pstrx®(op0y — O‘qap)-vb’,ifl[r]) (179)

by (178). Moreover, since keraw # ker(8 — p), ker(a + p) # ker(f — p) and
ker p # ker(8 + a — p), Case 1 and Case 2 give
2% (apdy = g0p)- V53
(QgPp — pPg)Vs+a—pi + UplgUta—p,i-1y — VqlpUB+a—p,i—1p (180)
:Cp(pras - psar>'v,8+a—p,i = Pr (Bs + Oés)”ﬁ—&-oa,i + prisvﬁ-i—a,i—l[s] - psirvb’-i—oa,i—l[r] 5 (181>
and

$a+p((appq — aypp)(pr0s — psO;) — (pravs — psai) (04 — y0p)) V5
= pr(Bs + @) (appg — Qgpp)Vstai + pris(appy — O‘qpp)vﬁJra,ifl[s]
_psir(appq - aqpp)vﬁ-l—a,i—l[r] - apiq(pras - psar)vﬁ+a,i—1[q]
+O‘qip(pras - Psar)vﬂ+a,i—1[p]' (182)
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So (179) becomes
Dy q(2%).vp5 = O‘piqvﬂﬂv,i—l[q] - aqipvﬁ+a,i—l[p] (183)

by (180)—(182) and the induction hypothesis, which coincides with (169).

If 3. #0 for all r € 1,1\{s}, which also means «, # 0 for all r € 1,1\{s},
we pick 71,75 € 1,I\{s}. Then replacing 9, by d = a,,0,, — ,,0,, and p, by
J(p) respectively in the above discussion from (178) to (183), we can also get

Dpg(z%) 055 = (O‘pﬁ_q - Qqu)”ﬁJra,i + 0plgUB1a,i-1,) — OglpUB+a,i-1y,- (184)
Thus we complete the proof of this lemma. [ ]
For convenience, we give a total order on Ni+&:
Definition 3.9.  We define a total order on Ni+2 by:

i>j < |[i| > j|, or, |i| = |j| and is > js with i, = j,
for pe s+ 1,11 + ls. (185)

Next, we shall prove Theorem 1.1 for the case p € FA\T.
Lemma 3.10. If u €T, then {vg; | B € I',i € N2} s an F-basis of V.
Proof. It is straightforward to prove that {vg; | 8 € I',i € N2} is a linearly

independent set by Lemma 3.7. We omit the details. We only prove that V is
spanned by {vs; | 8 € I',i € N'™2} here. For any 8 € I and i € N2 we set

l
VI = {0 e VI T[@ — (B + mp)*(v) = 0 for j € N** with j > i}, (186)
p=1

vi= U v (187)
jENU+l2:j<i
and
i _ [i] i> _ i
V=DV, v =DVl (188)
Ber Ber
Then Lemma 3.7 implies
View= |J Vo, andugs € VI \Vi>, VB eT, ieNth, (189)

jeNUti2

Suppose that V' cannot be spanned by {vg; | B € I',i € Ni'*2} . Then this will
lead to a contradiction. Let j € N4+ be the minimal element such that

there exist o € I and v € Vﬂu\vﬁ; such that

v & Spang{vs; | B € T,i € Nitlz} (190)
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Since Vﬁ[iu = VB(JF)H = Fugo for g €T (cf. (6), Definition 3.3), we have j # 0. Let
q=min{p € 1,1; + 13 | j, # 0}. Then (186) and Lemma 3.7 show
—1q]
= (9, — (g + pg))v € VanLu . (191)
By the minimality of j in (190), we have
v’ € Spang{vg; | B €T,i e Ntk (192)

Thus (186), (189), (191) and (192) give

<J—lig>

V" =" — cvao1y, € Vais for some ¢ € F. (193)
Let c
W=vV— —Vyj (194)
Ja
Then w € VQ[JJ]FH by (189) and (190). So for i > j, we have
!
L1 = (ap + )" (w) = 0 (195)
p=1
by (186). Moreover, since (191), (193), (194) and Lemma 3.7 give
(0 = (ag + pg)) (W) = v = cvajory, =", (196)
we have
! !
H — (ap + Np)) w) =100 — (o + Mp))jp_5p’q (v") =0 (197)
p=1 p=1
by (193). So (195) and (197) show that
c
w=uv-— j—qvaJ v, (198)
which indicates v € Spang{vs; | 8 € T',i € Nt} This contradicts (190). So V/
is spanned by {vg; | 8 € I',i € Nit2} . This lemma holds. n

For the case pu & I', we have determined a basis of V' =V (i), and derived
the action of the set (32) on the basis in Lemmas 3.6, 3.7 and 3.8. On the other
hand, from (9) and (17) we see that, the explicit action of .#(ly,l2,l3; ") on module
ot is

D, o (x°1). 271
= (ap(Bg + 11g) — g(Bp + Np))anrBtlﬂ + (g — iq(Bp + Np))xaj%tlﬂil[q]
+(ip(By + 11g) = Jparg) T I 4 (i Gy — i) DG (199)
for a, B €T, i,j € N+ and p,q € 1,1 with p # q. So by (199), Proposition 2.5,
Lemmas 3.6, 3.7, 3.8 and 3.10, we have:

Lemma 3.11. [f u & T, then V =V (u) ~ /" with the module isomorphism:

o V(p) — (200)
vgi — Pt (201)
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4. Proof of the main theorem (II)

In this section, we consider the case that V = V() for some p € I'. With
a shift of the indices, we can always assume that g = 0. Notice that the contents
from Lemma 3.2 to Lemma 3.8 were discussed for general u € F'. So they still
hold for the case p = 0. In this section, we need to complement the basis of
V = V(0), and to derive the acting relations of the set (32) on the basis which
were missed from Lemma 3.2 to Lemma 3.8 under the condition pu = 0.

Lemma 4.1. 1 # {0}.

Proof.  Suppose that Vj, = {0}. Then this will lead to a contradiction. Pick
pelly+1and ¢ €l +1,0\{p}. Choose p € I'\{0} such that p, # 0. Then by
Lemmas 3.2 and 3.7, we have

05 (2 (ppOy — PgOp)-V—p2,,) =0  for s € 1,1\{p}, (202)
3;.(xp(ppaq - pqap)-v—pﬂ[p]> =0. (203)

So 2?(pp0y — pgOp)-v—pa,, € Vo by (6), which indicates
2P (pp0y — pqap).v,pg[p] =0. (204)

Pick r € I, + 1,1\{p, ¢} and choose a € T'\{0, p} such that «, # 0. Then (204)
and Lemma 3.8 give

0 = 2%(a0p — ap0;).2”(pp0y — anp)-v—m?[p]

= waﬂ)((@rpp — appr) (Pp0q — PgOp) — (Pptq — paarp) (0 — Qpar))'“*pﬂ[p]
+a(ppOy — pa0yp)- % (ar0p — ap0r).v_p2,
— —2Pq04rUa,0 7A 07 <205)

which is absurd. So we must have V; # {0}. This lemma holds. ]
Observe that (cf. (6))
Vo # {0} & V¥ # {0} (206)
Since dim VO(O) <1, we have dim VO(O) = 1. Moreover, we can obtain:

Lemma 4.2. VO(O) is a trivial L (ly, 1y, l3;T') -submodule of V.

Proof.  Pick 0# v e V" Then (6) indicates
0pv=0 forpel,l (207)

Moreover, we obtain

10y, ('8, — t'99,)v € VI (208)
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for any p,q € 1,1; + 1y and ¢’ € 1,1\{p}. Namely, they all act on v as scalars.
Thus,

Qv = [t 0, "0 w =0 forp € 1,1, + 1o, ¢ € 1,1\{p}, (209)

(t'0, — t'9,).v = [t'Wd,, t'4d,)v =0 for p,q € 1,1} + Iy with p # ¢, (210)
where r € 1,11 + lo\{p, ¢'}. Furthermore, Claims 2, 3 and 6 of Lemma 3.2 give

D, (z*)v =0 for any o € I'\{0}, p,q € 1, 1. (211)

So by (207), (209), (210), (211) and Proposition 2.5, we derive that VO(O) is a trivial
Z(ly,1s,13;T)-submodule of V. [

Throughout the rest of the section, we fix some
ri,7m2 € I+ 1, 0\{1} with r; # rq, (212)

and fix some
p € T\{0} satisfying p,, # 0 and p,, # 0. (213)

We then use p,r1, 72 to determine a basis of the vector space Vj.

Definition 4.3. For k£ > 0, we define

1
)xp(pmal - plam)'v—p,(k-l—l)[l]? (214)

where p and 7, are the fixed elements in (212) and (213). Moreover, we define

i, ’ ‘ ‘
Voi = %(tl[l”l?@l)””b-(tl[ll“rl]al)””l?_l- e (E12101) 2 v (215)

(1l

for i = (iy,ig, i 41,0, -+ ,0) € N+ with [if = & > 1 and i # kyy.
In fact, vor,, in (214) is independent of the choice of ry in (212) and p in

(213). We shall show this after Lemma 4.8.

Lemma 4.4. vy € VO(O) and o9 # 0.

Proof. Let p and 7 be the fixed elements in (212) and (213). By (214),
Lemma 3.2 and Lemma 3.7, we have

1
Vo0 = —2(pr, 01 — p10r,) V_p1, € Vo (216)
r1
because

Og-(x"(pr, 01 — plaﬁ)'v—pﬂ[q)
- [amxp(pmal - plaﬁ)]‘v—p,lm + xp(pmal - plaﬁ)'a}‘v—ml[l] =0 (217)
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for ¢ € 1,1.
Suppose that

1
Vo,0 = —x”(prlal - plﬁrl).v_mlm = 0, (218)

T1

then we have

Op-(2”(pr, 01 — p10y,)V0—po,) =0  forp € 1,1 (219)

by Lemma 3.7 and (218). In other words,
2 (pr, 01 — p10r,) V_p2y € Vi - (220)

Choose a € I'\{0, p} such that a,, # 0. So (220), Lemma 3.8 and Lemma 4.2
give

0 = 2%, 01 —a10y,).(2”(pr, 01 — p10y,)-V—p2y)
= xaﬂ)((anpl — a1pr,)(pr, 01 — p10y,)
—(pr,01 — proy, ) (o, 0y — ala"l)) V—p,2
+2?(pr, 01 — p10r,). 2% (O — €10y, ) V- p 2y,
= 2pp,Qp, Va0 7 0, (221)

which is absurd. So we must have

V0,0 7& 0. (222)

Thus the lemma holds. n

Lemma 4.5. For any p € 1,1 and i € Na+2 | we have
Gp.vo,i = ’l'pUO,ifl[p] . (223)

Proof. When i = 0, we have vy € VO(O), which indicates

Opvoo =0 forallpel,l (224)
by Lemma 4.2. When i = kp; with & > 1, we have

1
ap-UO,km = map-ﬂfp(f)nal - Plam)-vfp,(kﬂ)m
1
== - p,lxp(pr1al - plarl)-v—p,k[l]

T1

= 6p,1kUO,(k—1)[1]7 Vpell (225)

by (214) and Lemma 3.7. When i = (iy,49,- -+ ,4,41,,0,---,0) with |[i| = k > 1
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and i # kpy), (215), (225) and Lemma 4.2 show

- A
ap-UO,i = 8p.(%(t1[l1+12]81)”1+l2‘... ( al) UOk ])

l1+l2

— Z 5, S@S t1[l1+12]8 Yiutte o (HEg)ET .(tlp]al)”.(ayvo,k[l])

i1 ' i ‘
T k! (t1[11+l2]al)lll+12 R -(tlm 81)z2.(8p-v(],k[1])

l1i+l2
= Z s7f Vo,i— iy
= IpUo,i-1y, for p € 1,1. (226)
Thus this lemma holds. ]

Lemma 4.6. Forany i € Nite L e N, p.qe 1,1, +1; and p',¢ € 1,1, we

have
tl[P] 6q/.1)07i = iq’UO,i-l-l[p]—l[q/]? p 7é q,7 (227)
(t'10, — t'40,).vo s = (ip — ig)v0s, P # (228)

and
Dy (x°).0_p (541) 1] = (k+1)(ppdg1 — pq’ép’,l)UO,kma Y#d, (229)

where p is the fized element in (213).

Proof. We divide the proof into several steps.

Step 1. tllp]f)l.vo,i = Z'1U07i+1 forie Nll+l2 and pE 2 ll + lg

P11
When i = 0, it holds by Lemma 4.2 and Lemma 4.4. Moreover, (214) and
(215) give rise to

ip! , - ; .
1005 = ﬁ(tluﬁzz]al)nmg, .. ‘(tlmal)%ﬁl' e -(tlmaﬂm-vo,k[l] = 100,11, 1y
(230)
for p € 2,11 + 1o, i € Ntz with |i| =k > 0.
Step 2. For any i € Nitle p g€ 21, +1, and ¢ € 2,1\{p}, we have

1 , 1 1 S
tW 0y o = dgvo it = and (t'%10, — t'90,).v9; = (ip — iq)V0 - (231)

]

Firstly, we want to prove (231) for i = kpyy with £ > 0, namely,
00y vk, = 0, (t'118), — t'99,) vk, = 0 (232)

for k>0, p,q € 2,1, + 1, and ¢ € 2,1\{p}. We shall prove it by induction on k.

When k£ =0, (232) follows from Lemma 4.2 and Lemma 4.4. Assume that,
(232) holds for k = s with some s > 0. Then the induction hypothesis and
Lemma 4.5 give

£ 0y 00, (s1)y 0 (H1918 — £198,) 00,511y, € Vi (233)

ny’
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for any p,q € 2,1, + I and ¢’ € 2,1\{p}. Thus (233) and Lemma 4.2 imply
£ = —l[tlma ('8, — t'519,)]. =0 (234)
q'-V0,(s+ 1)) — 9 q D Vo,(s+1);1) =

for p€ 2l +1 and ¢ € 2,11 + I,\{p}, and
tl[p]aq’~vo,(s+1)[1] = [t”"]@htl[“&q']-vo,(sﬂ)[l] =0 (235)

for p € 2[4+ 1y and ¢ € Iy + 1o+ 1,1, where r € 2,1; + l5\{p}. Moreover, by
(233) and Lemma 4.2 again, we have

for p,q € 2,1; 4+ I5. So (232) holds for k = s+1. Thus (232) follows from induction
on k.

Secondly, we shall prove (231) for i = (4,42, -+ , 4, 41,,0, -+ ,0) € Ni+t2with
‘1’ :kZ 1 and 175]6[1]

For any p € 2,1, + 1y and ¢’ € 2,1\{p}, we have

'y vp; = k'tl 10, (¢t )tz -(tl[Q]al)iQ'”ka[ll
] .
— %(tl[lﬁlz]@l)”l“?.-- (t12100) (£ v gy )
‘l1+l2

+ Z 6q 525 l1+l2]a )Zl1+l2‘ .. (tl[slal)ls_]_

. .(tllp] al)lp“_ e (the al)iQ.UO,k[l]
= iqlvo7i+1[p]—1[q/] (237)

by (215) and (232), where k = [i|, and iy =0 when ¢’ € l; + 1 + 1,]. Moreover,
(237) implies

(t'10, — t'910,).vp; = [P0y, t"190,) w05 = (ip — ig)v0s (238)

for any p,q € 2,1; + 1, with p # ¢g. So this step follows from (232), (237) and
(238).
Step 3. tlllﬁzv()k =0 for all ¢ €2,] and k> 0.

The proof of this step is in analogy with that of (232). We omit the details
here.

Step 4. For k>0 and p/,¢ € 1,1 with p’ # ¢, we have

Dy g (2”).0—p (541) 1] = (k+ 1)(ppdg1 — Pq"sp’,l)UO,k[l]v (239)

where p is the fixed element in (213).
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For any k > 0 and ¢’ € 2,I\{r1}, where r; is the fixed element in (212),
we obtain

DTLQ’ (xp> V—p,(k+1)p

= 2(pr, 0y — pq’am)-vfp,(kJrl)m
1

= p_[xp<pr1al - P18r1>7 al (prl at;{’ - plI’aﬁ )]‘U—/L(k-i-l)m
1

1
= __tlm (phalJ’ - pQ’aT1>'($p(pT‘161 - pla?“1)'v*p,(k+1)[1])

T1

= —(k+ 1)t (p,, 0y — pq’am)-vovk[ﬂ
- 0 (240)

by (214), Lemma 3.6 and Step 3. So (214) and (240) give

1
Dp’,q’(xp)-v—p,(k—irl)[l] = _(/)p’Dm,q’(xp)_pq’Drl,p’(xp))-v—m(k-ﬁ-l)m

1

for o/, ¢ € 1,1 with p’ # ¢'. This completes the proof of the step.

Step 5. (t'19y — t'1210,).vok,,

Let p and ry,ry be the fixed elements in (212) and (213). Pick r €
{r1,m72}\{2}. Then r & {1,2}. Set

| = kvogy, for k> 0.

51 = prﬁg — pgar and 52 = Pr@1 — plf)r. (242)
Then (214), Steps 24 and Lemma 3.6 give

(t'1M 0y — t'219,) v ky,

1 ~ -
= —(t'M0y — t'A19y + p1t'11 9, — pat'19,) .00k

T

(1]

1 ~ ~
= m(tl[l]ag — tll?lﬁl).xp(prlal — plﬁrl).v_p,(kﬂ)[l]
rFry
1 - -
B m (xp(pm o — plarl)'(tl[l] Oy — tte 81)'1}—,0»(’6-1-1)[1]
rFry

—2°(pr, 52 + p15r1,25l)'U—P7(k+1)[1] )

= —;cp(pn@l — plarl).v,p,(kﬂ)[l] — ’U()Jg[l]
T1

= kv, (243)

]

for k> 0.

Step 6. t'190,.v0; = i4v04+1 -1y, forie Natlz and g € 2,1.

[1

When i = 0, it follows from Lemma 4.2 and Lemma 4.4. For 0 # i € Nitiz
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eq. (215), Steps 2, 3 and 5 give rise to

74! . )
1 _ 1,1 1 i 1 io
t [1]82‘1}(” — Ht [1]32,(75 [ll+12]al> litle ... '(t [2]81) .U(),k[l]
il l1+12
. 1 .. 1 i 1 i2—1
= y( — E 1519 (t [ll+l2]al) Litla Lot (t (2 al) 'Uo,k‘[l]
s=3

—ig(iy — 1)(t11+21dy ) ivta oo ($1210)) 2 g

_|_Z-2(t1[l1+l2]al)ill+l2_ ce .(t1[2181>i271.(t1[1] 81 _ 2f1[2182>-7}0,k[1])

(i + 1)! ; ‘
_ Zg( 1 o ) (t1“1”2]a1)”1+12- e .(tlm 81)12_1-U0,k’[1]
= iQUO,H-l[l]—l[g]? <244>

where k = |i|. Moreover, (244) and Step 2 tell
', vp; = [t'10,, t'129,].00;
= 1108, (1gV0 141 1,)) — U120y (1200541 -1
= dg(i2 + 1)V0it1y-1 — Ggi200i+1y-1y,
= igU0itig-1y, (245)
for g € 3,1 and 0 # i€ Ni+2 So this step holds.
Step 7. (H10; — t1010,).v0; = (i1 — ip)vo; for i € Na*t2 and p € 2,1, + I.

When i = 0, it follows from Lemma 4.2 and Lemma 4.4. For 0 # i € Na+k
and p € 2,11 + l5, Step 1 and Step 6 imply

(t'm0, — t'10,).vp; = [, t'W 0] vg; = (i1 — ip)vos- (246)

In summary, Steps 1, 2 and 6 show (227); Steps 2 and 7 indicate (228); Step
4 gives (229). So we complete the proof of this lemma. ]

Lemma 4.7. For i€ N'*e and p,q € 1,1 with p # q, we have
Dy g(2).0_pi = PplqUo.i-1yy = PglpVo,i-1,,; (247)

where p is the fized element in (213).

Proof. When i = 0, (247) follows from Lemma 3.2. So we only need to
consider the case i # 0. Recall that Lemma 4.6 has given the proof for i = kp
with & > 1. Therefore, we can prove the lemma this way: For any £ > 1, we
verify (247) for all i € Ni+2 with |i| = k, by induction on i with the total order
defined in Definition 3.9.

Fix any k& > 1. Assume that, (247) holds for all i < j with |i| = [j| = &,
where j, # 0 for some p € 2,11 +l5. Then it suffices to verify (247) for i =j. Set

s = max{p € 2, ll + 12 ’ jp 7é O} (248)

Pick r € {r1,ro}\{s}, where 7,7y are the fixed element in (212). Then r # 1
and p, # 0. So by the total order defined in (185), we have

J+1lg—1g<j, Jgr=0o0rj+ 1y -1 <j. (249)
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Thus Lemma 3.6, Lemma 4.6 and the induction hypothesis give

Dp,q(l'p) V—pjj

1
= ——— D, (). (t'9 (0,01 — p10,)V_p i1, 1, F PLIV— it
pr(]1+1) IM]( )( (p 1 P1 ) P11 P1J] P+ 1[r])
1
- m((pp%s = Palp) 2 (prOr = p10r)-V—p a1,
e (/)ral - Plar)-Dp,q(xp)'U*ijrl[l]*l[s] + plerp,q(xp>'U*p,j+1[1]*1[r]>

for p,q € 1,1 with p # ¢, which coincides with (247). So this lemma holds. [

Lemma 4.8. For any o € T\{0}, i € Na*t2 and p,q € 1,1 with p # q, we
have

Dy (x%)v_p; = Qplig0,i—1,y — Qglpl0,i-1p,)- (251)

Proof. = We prove this lemma by induction on [i|. When [i| = 0, Lemma 3.2
shows

Dy (%) v_q0=0 (252)

for all a € T\{0} and p,q € 1,1 with p # ¢, which coincides with (251). Suppose
that (251) holds for i € N2 with |i| < k, where k > 0. Fix some 3 € I'\{0}
such that

ker 5 # ker p, (253)

where p is the fixed element in (213). Then we prove (251) for i € N'™2 with
li| = k + 1 in two steps.

Step 1. For i € Ni*2 with |i| = k + 1, and p,q € 1,1 with p # ¢, we have
Dp,q(:vﬁ).v_ﬁ,i = ﬁpiqv(),i_l[q] - qupv(),i—l[p]- (254)

Since ker 8 # ker p, we have 8 # +p, B, # 0 for some s; € [; + 1,1, and
BsiPsy — Bsyps, # 0 for some so € I3 + 1,1\{s1}. Fix such s; and sy. Set

éq = (Bs1Pss = BsaPsi ) (Bs10g — ByOsy) — (Bsipq — Bapsi)(Bsi0s, — Bs,05,)  (255)

for q € 1,1\{s1, 52}, where p is the fixed element in (213). Then for any ¢ €
1,1\{s1, s2}, we have

04(B) = Dy(p) = 0, (256)
xﬁéq = ((Bs1psy — 552P51)D51,q(a75) = (Bs1Pg = BaPs) Dsy s, (xﬁ))a (257)
];Péq = By (ﬁmDSQ,q(xp) + Bsy Dy.s, (2°) + By Dy, s, (xp>)' (258)

Let
O = Bs,0s, — Ps,0s, and ' = p,, 05, — ps, s, - (259)
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Then 0 € ker B\ ker p and 9’ € ker p\ ker 3. So Lemma 3.8, Lemma 4.7 and the
induction hypothesis give

1

PO g = =——=——[x7"8,[2%0,2°,)].v_p;
q B, a(p)a/(ﬁ) [ [ q“ B,
= m (5(p)a:_p5'.arﬂ+p(§q.v_gvi — 2P0.2P0,27°0 v_g;

+$”5q.x55.x_”5'.v_/37i>
= 531 <<6S1p82 - 582p51)iqvo7i*1[q] - (ﬁ&pq - ﬁqpﬁ)iSQUO,i*l[SQ]

+(Besa = BabssJisstioi 1) (260)

for ¢ € 1,1\{s1, 82}, i € N2 with [i| = k4 1. Thus by Lemma 3.6, Lemma 4.6,
(255) and (260), we obtain

DS1782 (xﬁ)'v—ﬁvi

1 .
—= B (/B p _ /8 p ) [.ZE’Bap, tl[P] (651852 - ﬁsQaSl):I"UfﬁJ
S1 s1Ms2 saPs1
! B3 .
= ) (ﬁslzszx ap-/Ufﬁ,H*l[p]fl[SQ] - 5522311’ ap'v*ﬁ,iJrl[p]—l[Sl]

le<531/)32 — By P,
0 (B,,0,, — 652851).@55,3.@_@1))

= 5s1i52vﬂ,i—1[52] - ﬁszislvo,i—l[sl] (261)

for i € Nitlz with |i| = k + 1, where p € 1,11 + I\ {s1,s2}. Moreover, (257),
(260) and (261) imply

1 .
Ba Pos — Baup ($ﬂ8q + (B51Pg = BapPsi) Ds, 5, (xﬁ))-wfﬁ,i
s1Pso soPsq

Bs1qv0,i-11 — Bals V0,i-1 (262)

Dy, q(2”).0_p5 =

s1]
for ¢ € 1,1\{s1,82}, i € Ni*+2 with |i| = k + 1. Therefore, (261) and (262)
indicate

1
Bs,
for i € Ni*t2 with |i| =k + 1, p,q € 1,1 with p # ¢. So this step holds.

Step 2. For any o € I'\{0}, i € Na*+2 with |i| = k+1, and p,q € 1,1 with p # ¢,
we have

(BPDSLQ(xﬁ) - Bqul,P<lﬁ))'U—ﬁ,i - ﬁpiqvoﬁ—l[q] - ﬁqipv(),i—l[p]
(263)

Dp)Q<xﬂ) '/U_BJ =

D, (%) v_q; = QplqUo,i-1y; — QqlpUo i1, - (264)

Fix an arbitrary « € I'\{0}. Then we have ker « # ker p or ker a # ker 3,
where p is the fixed element in (213). Choose v € {p, } such that ker v # ker~y.
Then, with 8 replaced by « and p by v in Step 1, we can get

Dy (%) v = Qplg0,i-15, — Qglip0,i-1, (265)
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for i € Nite with |i| =k + 1, p,q € 1,1 with p # q. As a € T'\{0} is arbitrary,
this completes the proof of the step.

Thus (251) holds for i € N2 with |i| = k + 1. So this lemma follows
from induction on |i]. ]

Remark 4.9. The above lemma induces that, for any other possible choice of
r1 in (212) and p in (213), which we may denote by 7 and p respectively, we
have

)513’5 (P 01 — P107) V5 (k1)

ﬁﬁ (k +1
1
)xp<p1”1 al - plaﬁ)'v—l’,(k-i-l)m (266)

= Tk = pr(k+1

for k> 0. In other words, vg, in (214) is independent of the choice of r1 and p.

Lemma 4.10.  For any o € T\{0}, ¢ € Nt and p.q € 1,1 with p # q, we
have

D, ,(2%).v9,; = WplgUai-1y — Cglpayi-1p,- (267)

Proof. When i = 0, (267) follows from Lemma 4.2. So we only need to
consider the case i # 0. Fix an arbitrary & > 0. Then we prove (267) for all
a € T\{0}, i € Nb+®2 with |i| = k, and p,q € 1,1 with p # ¢ in two steps.
Step 1. For any a € T\{0,p}, i € N2 with |i| = k, p,q € 1,1 with p # q, we
have

Dy o(x%).v9; = plgUayi-1p — Vglplai-1p)s (268)

where p is the fixed element in (213).

We prove this step by induction on i with the total order defined in Defi-
nition 3.9. When i = kpj, by (214) and Lemma 3.8 we have

a 1 N
Dy g(2%) ok, = mDp,q(l" )-(@”(pryO1 — P1011) V- p, (k1))
1
= g 10 r 7"a - ar .D N _
pry (k+1) (:z: (0r, 00 = p10r,)- Dy g (%) -0y, (41,

+xa+p((a73pq — gpp)(Pr, 01 — p10r,)

—(pry1 — prov, ) (0 0y — aqap)) -Ufp,(k+1)[1]>
= k(apdg1 — O‘qép,l)vm(k—l)m (269)

for all a € T\{0,p}, p,q € 1,1 with p # ¢, where p and 7, are the fixed elements
in (212) and (213). Namely, (268) holds when i = k). Suppose that, (268) holds
for all i < j with |i| = |j| =k and j, # 0 for some p € 2,11 + 5. Then it suffices
to prove (268) for i =j. Since r; > 1 (cf. (212)), we have

Gy =001 j+ gy — Ly < J (270)
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by the total order defined in (185). Thus Lemma 3.8, Lemma 4.7 and the induction
hypothesis give

Dp,q(xa)-UO,j

1 N ‘
- DOrt (j1 + 1) Dp,q(x )‘(xp(pmal - plarl)-v—phj_;'_l[l] + pl]mvo,j-i-l[l]—llrl])
1
= ———(2°(pr, 01 — p10y,).2%(0y0y — 0p).V— 5
pry (1 + 1)< (P01 = p10r,)- (00 = A4Op) V=pieyy

+xa+p((appq — agpp)(pr 01 — p10r,)

—(prion = pra, ) (ap0y — aqap)) V—pj+1p
+p1jr1xa(apaq - Oéqap)'voijrlu]*l[rl])
= Oéquvavj_l[q] - Oéquva»j_l[p] (271)

for all o € T\{0,p}, p,q € 1,1 with p # ¢q. So (268) holds for i = j, which
completes the proof of the step.

Step 2. For all i € Naite with |i| = k, p,q € 1,1 with p # ¢, we have
Dy q(2”) 005 = PplqUp,i—11 — PalpUpi-1p) (272)

where p is the fixed element in (213).
Replacing p by —p, and «a by p in Step 1, we can similarly prove (272).

Here we omit the details.
Since k > 0 is arbitrary, we deduce that this lemma holds. [ |
Under the condition that g = 0, we get a set {vg; | 8 € T',i € Nt}

from Definitions 3.3 and 4.3. In analogy with Lemma 3.10, it can be deduced from
Lemma 3.7, Lemma 4.4, Lemma 4.5 and Definition 3.9 that:

Lemma 4.11.  If u=0, then {vg;| B €T, 1€ N1t} s an F-basis of V.

So (199), Proposition 2.5, Lemma 3.6-3.8 and Lemma 4.4-4.11 give

Lemma 4.12. Ifpu el then V=V (u) = V(0) ~ &°.

In summary, Theorem 1.1 follows from Lemmas 3.1, 3.11 and 4.12.
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