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Abstract. Divergence-free Lie algebras originate from the Lie algebras of
volume-preserving transformation groups. Xu constructed a certain nongraded
generalization, which do not contain any toral Cartan subalgebra in generic case.
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over these algebras with weight multiplicities less than or equal to one.
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1. Introduction

The Lie algebras of volume-preserving transformation groups consist of
divergence-free first-order differential operators. They are called the special Lie
algebras of Cartan type, or divergence-free Lie algebras (see [24]). These algebras
play important roles in geometry, Lie groups and dynamics. Graded generaliza-
tions of them were constructed and studied by Kac [5], Osborn [14], Djokovic and
Zhao [4], and Zhao [31]. Bergen and Passman [1] gave a certain characterization of
graded special Lie algebras. Kac also investigated suppersymmetric graded gener-
alizations of them [6, 7]. Xu [28] introduced nongraded generalizations of the Lie
algebras of Cartan type and determined their simplicity. An important feature of
the nongraded Lie algebras of Cartan type is that they do not contain any toral
Cartan subalgebra in generic case. The aim of this work is to study the general-
ized weight representations of Xu’s nongraded divergence-free Lie algebras. The
isomorphism classes of nongraded divergence-free Lie algebras were determined by
Su and Xu [24].

The representations of the Lie algebras of Cartan type were vastly studied.
Shen [19–21] studied mixed product of graded modules over the graded Lie alge-
bras of Cartan type, and obtained certain irreducible modules over a field with
characteristic p . Penkov and Serganova [16] gave an explicit description of the
support of an arbitrary irreducible weight module over the classical Witt algebra,
as well as its subalgebra with constant divergence. Rao [17, 18] investigated the
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irreducibility of the weight modules over the derivation Lie algebra of the algebra
of Laurent polynomials virtually constructed by Shen [19]. Zhao [33] determined
the module structure of Shen’s mixed product over Xu’s nongraded Lie algebras
of Witt type (cf. [28]). Moreover, she [35] obtained a composition series for a
family of modules with parameters over Xu’s nongraded Hamiltonian Lie algebras
(cf. [28]). These modules are constructed from finite-dimensional multiplicity-free
irreducible modules of symplectic Lie algebras by Shen’s mixed product.

Starting from Kac’s conjecture [8, 9] on irreducible representations of the
Virasoro algebra (which can also be viewed as a central extension of the rank
one classical Witt algebra), Kaplansky [10, 11] and Santharoubane [11] gave clas-
sifications of multiplicity-free representations of classical Virasoro algebras. Later,
Mathieu [12] proved that any Harish-Chandra module over the Virasoro algebra is a
highest weight module, a lowest weight module or a multiplicity-free module, which
confirms Kac’s conjecture. Su [22,23] generalized Kaplansky and Santharoubane’s
result to multiplicity-free modules over high rank Virasoro algebras and super-
Virasoro algebras. Based on the classifications of multiplicity-free representations
of generalized Virasoro algebras in [27], Zhao [32] classified the multiplicity-free
representations of graded generalized Witt algebras. Su and Zhou [26] then further
generalized Zhao’s result [32] to generalized weight modules over the nongraded
Witt algebras introduced by Xu [28].

Motivated by Kaplansky and Santharoubane’s works [10, 11], we [2] gave
a complete classification on multiplicity-free representations of graded divergence-
free Lie algebras introduced by Djokovic and Zhao [4]. Based on this result, we
present in this paper a complete classification of the irreducible and indecompos-
able multiplicity-free generalized weight modules over nongraded divergence-free
Lie algebras introduced by Xu [28].

Throughout this paper, we let F be an algebraically closed field of charac-
teristic zero. All the vector spaces are assumed over F . Denote by N the set of
nonnegative integers {0, 1, 2, · · · } and by Z+ the set of positive integers. A linear
transformation T of a vector space V is called locally finite if dim(

∑∞
n=0 FT n(v))

is finite for any v ∈ V . Moreover, T is called locally nilpotent, if for any u ∈ V ,
there exists a positive integer m such that Tm(u) = 0. A subspace U of EndV is
called locally finite if each element of U is locally finite.

Let A be an associative commutative algebra with an identity element.
Let D be a nonzero finite-dimensional vector space of commuting locally-finite
derivations of A such that

⋂
∂∈D ker ∂ = F . Moreover, we suppose that A is

derivation-simple with respect to D ; that is, there does not exist a subspace I
of A such that I 6= {0},A and

uI , ∂(I ) ⊆ I for u ∈ A , ∂ ∈ D . (1)

Su, Xu and Zhang [25] proved that the derivation subspace W = A D with the
bracket

[u∂, v∂′] = u∂(v)∂′ − v∂′(u)∂ for u, v ∈ A , ∂, ∂′ ∈ D , (2)

is isomorphic to the simple generalized Witt algebra constructed by Xu [28] (also
cf. [15] for the relation between the derivation-simplicity and the simplicity of W ).
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Let {∂1, ∂2, · · · , ∂n} be a basis of D . Define the divergence on W by

div∂ =
n∑
i=1

∂i(ui) for ∂ =
n∑
i=1

ui∂i ∈ W . (3)

It is clear that the divergence is independent of the choice of {∂1, ∂2, · · · , ∂n} . The
subspace

S = {∂ ∈ W | div∂ = 0} (4)

is a divergence-free Lie algebra studied by Xu [28].

Note that D ⊂ S . Let V be an S -module. We call V a generalized weight
module if D |V is locally finite. For a generalized weight module V and a linear
function λ of D , we put

Vλ = {v ∈ V | (∂ − λ(∂))m(v) = 0 for ∂ ∈ D and some m ∈ Z+}, (5)

V(k)
λ = {v ∈ V | (∂ − λ(∂))k+1(v) = 0 for ∂ ∈ D}, k ∈ N. (6)

Moreover, V is called multiplicity-free if dimV(0)
λ ≤ 1 for any linear function λ of

D . Set

D1 = {∂ ∈ D | ∂ is locally nilpotent on A }, (7)

D2 = {∂ ∈ D | ∂ is diagonalizable on A }. (8)

In [2], we classified all the irreducible and indecomposable multiplicity-free gener-
alized weight S -modules when D = D2 . The aim of this paper is to generalize
that result to more general S .

When D 6= D1 + D2 , the Lie algebras W and S do not contain any
toral Cartan subalgebra (cf. [25, 28]). Thus they are not graded in the traditional
sense. In order to generalize the result of [2] to general S , we have to use extra
techniques. Let µ be a linear function of D . We define the S -module A µ to be
the same vector space as A with the action

∂.v =
n∑
i=1

ui(∂i + µ(∂i))(v) for ∂ =
n∑
i=1

ui∂i ∈ S . (9)

The main result of this paper is:

Theorem 1.1. Suppose that dim D ≥ 3+dim D1, 3+dim D2 . Any irreducible or
indecomposable multiplicity-free generalized weight S -module is either isomorphic
to the 1-dimensional trivial module or isomorphic to the module A µ for some
linear function µ of D .

A similar result for the multiplicity-free generalized weight modules over
the nongraded Witt algebra W was proved by Su and Zhou [26]. Their definition
of generalized weight module V in [26] is slightly different: it requires that D |V is
locally finite and that D1|V is locally nilpotent. However, their main result can be
easily generalized to the generalized weight modules over which D is locally finite
but D1 is not necessarily locally nilpotent.
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This paper is organized as follows. In Section 2, we give some properties of
the Lie algebra S based on the classification result of [25]. Moreover, we review
our earlier classification theorem on the multiplicity-free representations of the
graded divergence-free Lie algebras (cf. [2]), and give some primary results of the
S -module A µ . In Sections 3 and 4, we prove the main theorem.

2. Some properties

In this section, we shall give a more explicit description of the divergence-
free Lie algebra S based on the classification result of [25]. Moreover, we shall
derive some properties of the Lie algebra S and the S -module A µ , which are
useful for the proof of the main theorem.

First, we want to use the classification result of [25].

For any positive integer n , an additive subgroup G of Fn is called nonde-
generate if G contains an F-basis of Fn . Let l1 , l2 and l3 be three nonnegative
integers such that

l = l1 + l2 + l3 > 0. (10)

Take any nondegenerate additive subgroup Γ of Fl2+l3 and let Γ = {0} when
l2 + l3 = 0. Let A (l1, l2, l3; Γ) be the semi-group algebra F[Γ × Nl1+l2 ] with the
basis

{xαti | α ∈ Γ, i ∈ Nl1+l2}. (11)

Define a commutative associative algebraic operation “ ·” on A (l1, l2, l3; Γ) by

xαti · xβtj = xα+βti+j for α, β ∈ Γ, i, j ∈ Nl1+l2 . (12)

Note that x0t0 is the identity element, which is denoted by 1 for convenience.
Moreover, we write ti and xα instead of x0ti and xαt0 for short. When the
context is clear, we omit the notation “·” in any associative algebra product.

We view Fl2+l3 as an imbedding subspace of Fl by writing

α = (0, · · · , 0, αl1+1, · · · , αl) for α ∈ Fl2+l3 . (13)

Moreover, we write

i = (i1, i2, · · · , il) for i ∈ Nl. (14)

Elements in Nl1+l2 will be denoted by (14) with il1+l2+1 = il1+l2+2 = · · · = il = 0.
For m,n ∈ Z , we shall use the notation

m,n = {m,m+ 1,m+ 2, . . . , n} if m ≤ n; m,n = ∅ if m > n. (15)

Denote

k[p] = (0, · · · , 0,
p

k, 0, · · · , 0) ∈ Nl for k ∈ Z+, p ∈ 1, l. (16)

We define linear transformations {∂1, ∂2, . . . , ∂l} on A (l1, l2, l3; Γ) by

∂p(x
αti) = αpx

αti + ipx
αti−1[p] for p ∈ 1, l, i ∈ Nl1+l2 , α ∈ Γ, (17)
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where the monomial ipx
αti−1[p] is treated as zero when i − 1[p] 6∈ Nl1+l2 . Then

{∂1, · · · , ∂l} are commuting locally-finite derivations of A (l1, l2, l3; Γ), and they
are F-linearly independent. Let

W (l1, l2, l3; Γ) =
l∑

i=1

A (l1, l2, l3; Γ)∂i. (18)

Then W (l1, l2, l3; Γ) is the simple Lie algebra of nongraded Witt type constructed
by Xu [28].

Let A and D be as in the introduction. Su, Xu and Zhang [25] proved
that

A ∼= A (l1, l2, l3; Γ) and D =
l∑

i=1

F∂i (19)

for some data (l1, l2, l3; Γ). So we can and shall identify A with A (l1, l2, l3; Γ),
W with W (l1, l2, l3; Γ), and the corresponding divergence-free Lie algebra S (cf.
(4)) with S (l1, l2, l3; Γ).

According to (7), (8) and (17), we have

D1 =

l1∑
i=1

F∂i, D2 =
l∑

i=l1+l2+1

F∂i. (20)

So the assumption dim D ≥ 3 + dim D1, 3 + dim D2 in Theorem 1.1 is equivalent
to l1 + l2 ≥ 3 and l2 + l3 ≥ 3. Now we briefly explain why this assumption is
made.

Remark 2.1. The assumption l2+l3 ≥ 3 is made because our proof of the main
theorem is based on the result of [2]. As for the assumption
l1 + l2 ≥ 3, the reasons are as follows. Firstly, S (l1, l2, l3; Γ) is not simple when
l1+l2 ≤ 1, but its derived subalgebra S ′(l1, l2, l3; Γ) is. For the subcase l1+l2 = 0,
we have S (0, 0, l3; Γ) = D⊕S ′(0, 0, l3; Γ). Although there is no concept of weight
module for S ′(0, 0, l3; Γ), we [2] gave a classification of multiplicity-free graded rep-
resentations of the graded Lie algebra S ′(0, 0, l3; Γ), which can be extended imme-
diately to the classification of the multiplicity-free weight modules of S (0, 0, l3; Γ).
For the subcase l1 + l2 = 1, we have S (l1, l2, l3; Γ) = F∂1 ⊕S ′(l1, l2, l3; Γ). Even
though the derived subalgebra S ′(l1, l2, l3; Γ) has the toral Cartan subalgebra D2

when l1 + l2 = 1, any of its irreducible or indecomposable multiplicity-free weight
modules with respect to D2 is a 1-dimensional trivial module. Secondly, we ex-
pect that Theorem 1.1 holds for the case l1 + l2 = 1, 2 and l2 + l3 ≥ 3,; but
there are more technical difficulties in deriving the possible actions of the elements
{t1[p]∂r, t1[p]∂p − t1[q]∂q | p, q ∈ 1, l1 + l2, r ∈ 1, l\{p}} . In this paper, we shall con-
sider the case l1 + l2 ≥ 3 and l2 + l3 ≥ 3. The other unsolved cases will be studied
later.

Throughout the rest of this paper, we always assume that l1 + l2 ≥ 3 and
l2 + l3 ≥ 3.
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Denote

Dp,q(u) = ∂p(u)∂q − ∂q(u)∂p for p, q ∈ 1, l, u ∈ A . (21)

Then it can be verified that

S = Span{Dp,q(u) | p, q ∈ 1, l, u ∈ A }. (22)

Identify the dual vector space D∗ with Fl by the pairing

< β, ∂ >= β(∂) = ∂(β) =
l∑

p=1

apβp (23)

for ∂ =
∑l

p=1 ap∂p ∈ D and β = (β1, · · · , βl) ∈ Fl . For S -module A µ (cf. (9)),
it is easy to verify:

Proposition 2.2. (1) The module A µ is irreducible if and only if µ 6∈ Γ.

(2) When µ ∈ Γ, A µ ' A 0 is indecomposable, and it has the trivial
submodule Fx−µ . The quotient module Ā µ = A µ/Fx−µ is simple.

(3) The possible isomorphisms between modules of type A µ are: A µ ' A η

iff µ− η ∈ Γ.

In the above proposition, the simple quotient module V = Ā 0 = A 0/F1 is

a generalized weight S -module; and we have dimV
(0)

0 = l1 + l2 , dimV
(0)
β = 1 for

all β ∈ Γ\{0} .

We now review the classification theorem in [2]. By (17) and (23), we have

∂(xα) = ∂(α)xα for α ∈ Γ and ∂ ∈ D . (24)

Denote

kerβ = {∂ ∈ D | ∂(β) = 0} for β ∈ Fl. (25)

Let S ′ be the derived subalgebra of S . In [2], we gave a classification of
the multiplicity-free representations of the graded divergence-free Lie algebra
S ′(0, 0, l; Γ), which is:

Proposition 2.3. Suppose l ≥ 3. Assume that V =
⊕

θ∈Γ Vθ is a Γ-graded
S ′(0, 0, l; Γ)-module with dimVθ ≤ 1 for θ ∈ Γ. If V is irreducible or inde-
composable, then V is isomorphic to one of the following modules for appropriate
ζ ∈ Fl and η ∈ Fl\{0}:

(i) the trivial module Fv, (ii) Āζ , (iii) A(η), (iv) B(η), (26)

where Aζ , A(η) and B(η) are S ′(0, 0, l; Γ)-modules with basis {vα | α ∈ Γ} and
the following actions:

Aζ : xα∂.vβ = ∂(β + ζ)vα+β for α ∈ Γ\{0}, β ∈ Γ, ∂ ∈ ker α; (27)
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A(η) : xα∂.vβ = ∂(β)vα+β for α, β ∈ Γ\{0}, ∂ ∈ ker α,

xα∂.v0 = ∂(η)vα for α ∈ Γ\{0}, ∂ ∈ ker α; (28)

B(η) : xα∂.vβ = ∂(β)vα+β for α ∈ Γ\{0}, β ∈ Γ\{−α}, ∂ ∈ ker α,

xα∂.v−α = ∂(η)v0 for α ∈ Γ\{0}, ∂ ∈ ker α; (29)

and
Āζ = Aζ if ζ 6∈ Γ, Āζ = Aζ/Fv−ζ if ζ ∈ Γ. (30)

We would like to remark that, we do not have modules of types A(η), B(η)
for S (l1, l2, l3; Γ) when l1 + l2 ≥ 3 and l2 + l3 ≥ 3.

Next, we derive two generating properties of the Lie algebra S (l1, l2, l3; Γ).
The following conclusion will be frequently used:

Lemma 2.4. Let T be a linear transformation on a vector space U , and let
U1 be a subspace of U such that T(U1) ⊂ U1 . Suppose that u1, u2, · · · , un are
eigenvectors of T corresponding to different eigenvalues. If

∑n
j=1 uj ∈ U1 , then

u1, u2, · · · , un ∈ U1 .

Denote

|i| =
l1+l2∑
p=1

ip for i ∈ Nl1+l2 . (31)

Then:

Proposition 2.5. The Lie algebra S (l1, l2, l3; Γ) is generated by

{Dp,q(x
α), Dp,q(t

j) | p, q ∈ 1, l, α ∈ Γ\{0}, j ∈ Nl1+l2 with |j| ≤ 2}. (32)

Proof. Denote by K the Lie subalgebra of S (l1, l2, l3; Γ) which is generated
by the set (32). It suffices to prove K = S (l1, l2, l3; Γ). We give our proof in two
steps.

Step 1. Dp,q(x
αti) ∈ K for any p, q ∈ 1, l , α ∈ Γ\{0} and i ∈ Nl1+l2 .

We prove this step by induction on |i| . It holds when |i| = 0 (cf. (32)).
Assume that

Dp,q(x
αti) ∈ K for any p, q ∈ 1, l, α ∈ Γ\{0}, i ∈ Nl1+l2 with |i| ≤ k, (33)

where k ≥ 0. We need to prove Dp,q(x
αti+1[r]) ∈ K for all p, q ∈ 1, l , α ∈ Γ\{0} ,

r ∈ 1, l1 + l2 and i ∈ Nl1+l2 with |i| = k .

Fix any α ∈ Γ\{0} and i ∈ Nl1+l2 with |i| = k . Choose s ∈ 1, l such that
αs 6= 0. Then for any p, q ∈ 1, l and r ∈ 1, l1 + l2\{s} , we have

K 3 [Dp,q(x
αti), Dr,s(t

2[r])]

= 2[xαti(αp∂q − αq∂p) + ipx
αti−1[p]∂q − iqxαti−1[q]∂p, t

1[r]∂s]

= 2(δp,rDs,q(x
αti)− δq,rDs,p(x

αti)− isDp,q(x
αti+1[r]−1[s])

−αsDp,q(x
αti+1[r])). (34)
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Thus the induction hypothesis (33) gives

Dp,q(x
αti+1[r]) ∈ K for p, q ∈ 1, l, r ∈ 1, l1 + l2\{s}. (35)

If s 6∈ 1, l1 + l2 , then it is done. Consider the case that s ∈ 1, l1 + l2 . If αs′ 6= 0
for some s′ ∈ 1, l\{s} , then with s replaced by s′ in the above arguments, we
can get Dp,q(x

αti+1[s]) ∈ K for p, q ∈ 1, l . Otherwise, we have αs′ = 0 for all
s′ ∈ 1, l\{s} . Pick r ∈ 1, l1 + l2\{s} . Expressions (32) and (35) give

K 3 [Dp,q(x
αti+1[r]), Ds,r(t

2[s])]

= −2((ir + 1)Dp,q(x
αti+1[s]) + δp,sDq,r(x

αti+1[r])− δq,sDp,r(x
αti+1[r]))(36)

for p, q ∈ 1, l . So this and (35) indicate

Dp,q(x
αti+1[s]) ∈ K for p, q ∈ 1, l. (37)

Thus, (35) and (37) give
Dp,q(x

αti+1[r]) ∈ K (38)

for p, q ∈ 1, l , α ∈ Γ\{0} , r ∈ 1, l1 + l2 and i ∈ Nl1+l2 with |i| = k , which
completes the proof of the step.

Step 2. Dp,q(t
i) ∈ K for any p, q ∈ 1, l and i ∈ Nl1+l2 .

We shall prove this step by induction on |i| . When |i| = 0, Dp,q(t
i) = 0 for

any p, q ∈ 1, l . Assume that

Dp,q(t
j) ∈ K for any p, q ∈ 1, l, j ∈ Nl1+l2 with |j| ≤ k, (39)

where k ≥ 0. Then we need to prove Dp,q(t
i) ∈ K for all p, q ∈ 1, l and i ∈ Nl1+l2

with |i| = k + 1. Suppose p 6= q and |i| = k + 1 in the following. We give the
proof in several cases.

Case 1. p, q ∈ l1 + l2 + 1, l .

In this case, Dp,q(t
i) = 0.

Case 2. p, q ∈ 1, l1 + l2 .

Pick r ∈ l1 + 1, l\{p, q} . Choose α ∈ Γ\{0} such that αr 6= 0. Then Step 1
indicates

K 3 [Dr,q(x
αti), Dr,p(x

−α)]

= α2
rDp,q(t

i) + αrαpDq,r(t
i) + αrαqDr,p(t

i) + αpirDq,r(t
i−1[r])

+αripDr,q(t
i−1[p]). (40)

So the induction hypothesis (39) gives rise to

α2
rDp,q(t

i) + αrαpDq,r(t
i) + αrαqDr,p(t

i) ∈ K . (41)

Moreover, since

[Dp,q(t
1[p]+1[q]), Dp,q(t

i)] = (iq − ip)Dp,q(t
i), (42)
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[Dp,q(t
1[p]+1[q]), Dq,r(t

i)] = (iq − ip − 1)Dq,r(t
i), (43)

[Dp,q(t
1[p]+1[q]), Dr,p(t

i)] = (iq − ip + 1)Dr,p(t
i), (44)

we have Dp,q(t
i) ∈ K by (32), (41) and Lemma 2.4.

Case 3. p ∈ 1, l1 + l2 , q ∈ l1 + l2 + 1, l .

Pick s ∈ 1, l1 + l2\{p} . Case 2 tells that Dp,s(t
i) ∈ K . So by (32), we have

K 3 [Dp,s(t
i),

1

2
Ds,q(t

2[s])] = ipt
i−1[p]∂q = Dp,q(t

i). (45)

Case 4. p ∈ l1 + l2 + 1, l , q ∈ 1, l1 + l2 .

We have Dp,q(t
i) = −Dq,p(t

i) ∈ K by Case 3. So this step holds.

Thus, from (22) we see that K = S (l1, l2, l3; Γ). So this proposition
holds.

We also have:

Corollary 2.6. The set

{Dp,q(x
αti) | p, q ∈ 1, l, α ∈ Γ\{0}, i ∈ Nl1+l2} (46)

generates the Lie algebra S (l1, l2, l3; Γ).

Proof. Denote by I the Lie subalgebra of S (l1, l2, l3; Γ) which is generated by
the set (46). By Proposition 2.5, it suffices to prove Dp,q(t

i) ∈ I for all p, q ∈ 1, l
and i ∈ Nl1+l2 with |i| ≤ 2. Notice that

SpanF{Dp,q(t
1[r]) | p, q ∈ 1, l, r ∈ 1, l1 + l2} = D .

So first, we need to prove D ⊆ I .

Fix some r ∈ l1 + 1, l . Choose α ∈ Γ such that αr 6= 0. Pick p ∈
1, l1 + l2\{r} . Then by (46), we have

I 3 1

αr
[Dr,q(x

αt1[p]), Dr,p(x
−α)] = αr∂q − αq∂r for q ∈ 1, l\{r, p}. (47)

By changing the choice of p ∈ 1, l1 + l2\{r} , we can get

αr∂q − αq∂r ∈ I for q ∈ 1, l\{r}. (48)

Take r′ ∈ l1 + 1, l\{r} . Choose β ∈ Γ such that βr 6= 0 and αrβr′ − αr′βr 6= 0.
With α replaced by β in (47)–(48), we can get that βr∂r′ −βr′∂r ∈ I . Since (48)
also gives αr∂r′ − αr′∂r ∈ I , we have

∂r =
1

αrβr′ − αr′βr
(βr(αr∂r′ − αr′∂r)− αr(βr∂r′ − βr′∂r)) ∈ I . (49)

Thus, (48) and (49) indicate
D ⊆ I . (50)
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Second, we want to prove t1[p]∂q ∈ I for any p ∈ 1, l1 + l2 and q ∈ 1, l\{p} .
Fix any p ∈ 1, l1 + l2 . Pick r ∈ l1 + 1, l\{p} . Choose α ∈ Γ such that αr 6= 0.
Then by (46), we have

I 3 1

2αr
[Dr,q(x

αt2[p]), Dr,p(x
−α)] = t1[p](αr∂q − αq∂r) for q ∈ 1, l\{r, p}. (51)

Pick r′ ∈ l1 + 1, l\{r, p} . Choose β ∈ Γ such that βr 6= 0 and αrβr′ − αr′βr 6= 0.
Likewise, we can get t1[p](βr∂r′−βr′∂r) ∈ I . Since (51) gives t1[p](αr∂r′−αr′∂r) ∈
I , we have

t1[p]∂r =
1

αrβr′ − αr′βr
(βrt

1[p](αr∂r′ − αr′∂r)− αrt1[p](βr∂r′ − βr′∂r)) ∈ I . (52)

So (51) and (52) show

t1[p]∂q ∈ I for all p ∈ 1, l1 + l2 and q ∈ 1, l\{p}. (53)

Third, by (53) we have

Dp,q(t
1[p]+1[q]) = [t1[q]∂p, t

1[p]∂q] ∈ I for all p, q ∈ 1, l1 + l2. (54)

So in summary, (50), (53) and (54) give

{Dp,q(t
i) | p, q ∈ 1, l, i ∈ Nl1+l2 with |i| ≤ 2} ⊆ I . (55)

So the corollary follows from (46), (55) and Proposition 2.5.

3. Proof of Theorem 1.1 (I)

Suppose that V is an irreducible or indecomposable multiplicity-free gen-
eralized weight module of S (l1, l2, l3; Γ). Since D act locally finitely on V , we
have

V =
⊕
β∈Fl

Vβ (56)

by (5), (6) and (23). Let

V (µ) =
⊕
α∈Γ

Vα+µ for µ ∈ Fl. (57)

Then V (µ) is a submodule of V , and V is a direct sum of V (µ) for different
µ ∈ Fl . Since V is irreducible or indecomposable, we must have

V = V (µ) =
⊕
α∈Γ

Vα+µ for some µ ∈ Fl. (58)

Moreover, since V = V (µ) is multiplicity-free, we have dimV
(0)
α+µ ≤ 1 for all α ∈ Γ.

To prove Theorem 1.1, we need to derive the action of S on V = V (µ), or
more directly, we need to derive the action of the set (32). Except the trivial case
in the following Lemma 3.1, we shall first determine a basis of V = V (µ), then
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derive the action of the set (32) on the basis. The main proof shall be divided into
two cases: µ ∈ Fl\Γ; µ ∈ Γ. In this section, we first obtain some general results
for general µ ∈ Fl , then prove Theorem 1.1 under the condition µ ∈ Fl\Γ. In the
next section, we shall prove Theorem 1.1 under the condition µ ∈ Γ.

Firstly, we let µ ∈ Fl be arbitrary.

Lemma 3.1. If V
(0)
σ+µ 6= {0} for some σ ∈ Γ, and V

(0)
ρ+µ = {0} for all ρ ∈

Γ\{σ}, then σ + µ = 0, and V = V
(0)

0 is a 1-dimensional trivial S (l1, l2, l3; Γ)-
module.

Proof. By (6) and (57), we have V = Vσ+µ . So

Dp,q(x
γti).Vσ+µ = {0} for all p, q ∈ 1, l, γ ∈ Γ\{0}, i ∈ Nl1+l2 (59)

by (5). Thus, (59) and Corollary 2.6 give

S (l1, l2, l3; Γ).Vσ+µ = {0}, (60)

which says V = Vσ+µ is a direct sum of trivial submodules. Since V is irreducible

or indecomposable, we must have V = V
(0)
σ+µ as a trivial S -module. As one result,

∂.V
(0)
σ+µ = {0} for all ∂ ∈ D , which implies σ + µ = 0. So V = V

(0)
0 , and it is a

trivial S (l1, l2, l3; Γ)-module.

In the rest of this paper, we consider the case

V
(0)
σ+µ 6= {0} and V

(0)
τ+µ 6= {0} for some σ, τ ∈ Γ with σ 6= τ. (61)

Lemma 3.2. If V
(0)
σ+µ 6= {0} and V

(0)
τ+µ 6= {0} for some σ, τ ∈ Γ with σ 6= τ ,

then V
(0)
γ+µ 6= {0} for all γ ∈ Γ\{−µ}. Moreover, there exist nonzero vγ,0 ∈ V (0)

γ+µ

with γ ∈ Γ\{−µ}, such that

Dp,q(x
α).vγ,0 = (αp(γq + µq)− αq(γp + µp))vα+γ,0 (62)

for p, q ∈ 1, l , α ∈ Γ\{0} and γ ∈ Γ\{−µ}.

Proof. Since

S0 := SpanF{Dp,q(x
α) | p, q ∈ l1 + 1, l, α ∈ Γ\{0}} ' S ′(0, 0, l2 + l3; Γ), (63)

we can see V (0) =
⊕

α∈Γ V
(0)
α+µ as a Γ-graded S0 -submodule with dimV (0) ≥ 2 and

dimV
(0)
α+µ ≤ 1 for all α ∈ Γ. ¿From Proposition 2.3 it can be derived that, either

V (0) is a direct sum of some trivial S0 -submodules, or there exists ζ ∈ Fl2+l3

such that, V
(0)
γ+µ 6= {0} for all γ ∈ Γ\{−ζ} , and with proper choice of nonzero

vγ,0 ∈ V (0)
γ+µ for γ ∈ Γ\{−ζ} ,

Dp,q(x
α).vγ,0 = xα(αp∂q − αq∂p).vγ,0 = (αp(γq + ζq)− αq(γp + ζp))vα+γ,0 (64)

for p, q ∈ l1 + 1, l , α ∈ Γ\{0} and γ ∈ Γ\{−ζ,−ζ − α} .
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First of all, we shall prove:

Claim 1. S0.V
(0) 6= {0} .

Suppose S0.V
(0) = {0} , namely, V (0) is a direct sum of some trivial S0 -

submodules, then this will lead to a contradiction. Let ᾱ = α + µ for all α ∈ Γ.

Since V
(0)
σ+µ 6= {0} and V

(0)
τ+µ 6= {0} for some σ, τ ∈ Γ with σ 6= τ , there

exists θ ∈ Γ such that V
(0)
θ+µ 6= {0} and that θ̄r 6= 0 for some r ∈ l1 + 1, l . Fix

such θ and r . Pick s ∈ l1 + 1, l\{r} . Choose α ∈ Γ such that αr 6= 0 and
θ̄rαs − θ̄sαr 6= 0. Moreover, we let

∂ = θ̄r∂s − θ̄s∂r, ∂′ = αr∂s − αs∂r, ∂′′ = (θ̄r − αr)∂s − (θ̄s − αs)∂r. (65)

Pick p ∈ 1, l1 + l2\{r, s} . From (6) it can be deduced that

t1[p]∂.V
(0)
θ+µ ⊆ V

(0)
θ+µ, t1[p]∂′′.V

(0)
θ−α+µ ⊆ V

(0)
θ−α+µ. (66)

Take 0 6= vθ ∈ V (0)
θ+µ . So on one hand, we have

∂′.vθ = ∂′(θ̄)vθ = (θ̄sαr − θ̄rαs)vθ 6= 0 (67)

by (6) and (65). On the other hand, (66) and S0.V
(0) = {0} give

xαt1[p]∂′.vθ = − 1

∂(α)
[xα∂′, t1[p]∂].vθ = − 1

∂(α)
xα∂′.(t1[p]∂.vθ) = 0 (68)

and

xαt1[p]∂′.V
(0)
θ−α+µ = − 1

θ̄rαs − θ̄sαr
[xα∂′, t1[p]∂′′].V

(0)
θ−α+µ = {0}, (69)

which further implies

∂′.vθ = − 1

αr
[xαt1[p]∂′, x−α(αr∂p − αp∂r)].vθ

= − 1

αr
xαt1[p]∂′.(x−α(αr∂p − αp∂r).vθ) = 0, (70)

where x−α(αr∂p − αp∂r).vθ ∈ V (0)
θ−α+µ . Since (70) contradicts (67), we must have

S0.V
(0) 6= {0} . Thus this claim holds.

So by Claim 1, there exists ζ ∈ Fl2+l3 such that, V
(0)
γ+µ 6= {0} for all

γ ∈ Γ\{−ζ} , and with proper choice of nonzero vγ,0 ∈ V (0)
γ+µ for γ ∈ Γ\{−ζ} ,

Dp,q(x
α).vγ,0 = (αp(γq + ζq)− αq(γp + ζp))vα+γ,0 (71)

for p, q ∈ l1 + 1, l , α ∈ Γ\{0} and γ ∈ Γ\{−ζ,−ζ − α} .
Next, we want to prove:

Claim 2. ζp = µp for all p ∈ l1 + 1, l .

It suffices to prove ∂(ζ−µ) = 0 for all ∂ ∈
∑

i∈l1+1,l F∂i . Choose vγ,0 ∈ V (0)
γ+µ

for γ ∈ Γ\{−ζ} as in (71). We give the proof in two cases.
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Case 1. l ≥ 4.

Pick r ∈ 1, l1 if l1 > 0 or r ∈ 1, l2 if l1 = 0. Take s ∈ l1 + 1, l\{r} .
Choose α ∈ Γ\{0} such that αs 6= 0. Moreover, we choose β ∈ Γ such that
β + ζ 6= 0 6= β + α + ζ . Then we must have

{0} 6= ker(β + µ)
⋂

kerα
⋂( ∑

i∈l1+1,l\{r}

F∂i
)
⊆ ker(ζ − µ). (72)

Suppose there exists

∂ ∈
(

ker(β + µ)
⋂

kerα
⋂( ∑

i∈l1+1,l\{r}

F∂i
))
\ ker(ζ − µ). (73)

We will see this leads to a contradiction. By (6) and (73), we have

t1[r]∂.vβ,0 ∈ V (0)
β+µ and t1[r]∂.vβ+α,0 ∈ V (0)

β+α+µ. (74)

So t1[r]∂.vβ,0 = cvβ,0 for some c ∈ F . Since (71) implies

0 = [xα∂, t1[r]∂].vβ,0 = c∂(β + ζ)vβ+α,0 − ∂(β + ζ)t1[r]∂.vβ+α,0, (75)

and (73) indicates ∂(β + ζ) = ∂(ζ − µ) 6= 0, we find t1[r]∂.vβ+α,0 = cvβ+α,0 . Thus
(71) and (73) give rise to

0 6= xα∂.vβ,0

= − 1

αs
[Dr,s(x

α), t1[r]∂].vβ,0

= − 1

αs
(cDr,s(x

α).vβ,0 − t1[r]∂.(Dr,s(x
α).vβ,0))

= − 1

αs
(cDr,s(x

α).vβ,0 − cDr,s(x
α).vβ,0)

= 0, (76)

where in the third line, Dr,s(x
α).vβ,0 ∈ V (0)

β+α+µ . This is a contradiction. Thus (72)
holds. By changing the choice of β in (72), we can get

kerα
⋂( ∑

i∈l1+1,l\{r}

F∂i
)
⊆ ker(ζ − µ). (77)

Moreover, by changing the choice of α , we further find∑
i∈l1+1,l\{r}

F∂i ⊆ ker(ζ − µ). (78)

Recall that r ∈ 1, l1 if l1 > 0 and that r ∈ 1, l2 if l1 = 0. In the case that r ∈ 1, l2 ,
by picking another r ∈ 1, l2 , we can always get∑

i∈l1+1,l

F∂i ⊆ ker(ζ − µ). (79)
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Case 2. l = 3.

Since l1 + l2 ≥ 3 and l2 + l3 ≥ 3, we have l1 = l3 = 0 and l2 = l = 3. Pick
r ∈ 1, 3. Take s ∈ 1, 3\{r} . Choose α ∈ Γ\{0} such that αs 6= 0. Then

dim
(

kerα
⋂

(
∑

i∈1,3\{r}

F∂i)
)

= 1. (80)

Picking 0 6= ∂̃1 ∈ kerα
⋂(∑

i∈1,3\{r} F∂i
)
, we shall first prove that

∂̃1(ζ − µ) = 0. (81)

Choose β ∈ Γ such that β + ζ 6= 0 6= β + α + ζ and

∂̃1(2β + ζ + µ) 6= 0. (82)

If

∂̃1(β + µ) = 0, (83)

then similar arguments as those in Case 1 give (81). If ∂̃1(β + µ) 6= 0, namely,

ker(β + µ)
⋂

kerα
⋂( ∑

i∈1,3\{r}

F∂i
)

= {0}, (84)

we pick

0 6= ∂̃2 ∈ ker(β − α + µ)
⋂( ∑

i∈1,3\{r}

F∂i
)
. (85)

Then {∂̃1, ∂̃2} is a basis of
∑

i∈1,3\{r} F∂i . Take

0 6= ∂ ∈ ker(β + µ)
⋂(∑

i∈1,3\{r} F∂i
)
,

0 6= ∂′ ∈ kerα
⋂

ker(β + ζ), 0 6= ∂′′ ∈ kerα. (86)

It follows that ∂ = a1∂̃1 + a2∂̃2 for some a1, a2 ∈ F\{0} . So on one hand, by (6)
we have

[x−α∂′′, [xα∂′, t1[r]∂]].vβ,0

= ∂(α) · (∂′(t1[r])∂′′ − ∂′′(t1[r])∂′).vβ,0
= ∂(α− β − µ) · (∂′(t1[r])∂′′ − ∂′′(t1[r])∂′)(β + µ)vβ,0

= −a1∂̃1(β + µ) · (∂′(t1[r])∂′′ − ∂′′(t1[r])∂′)(β + µ)vβ,0, (87)

where in the third line we use the fact that ∂(β + µ) = 0, and in the fourth line
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we use ∂ = a1∂̃1 + a2∂̃2 and (85). On the other hand, by (71) and (86), we have

[x−α∂′′, [xα∂′, t1[r]∂]].vβ,0

= x−α∂′′.xα∂′.(t1[r]∂.vβ,0)− x−α∂′′.t1[r]∂.xα∂′.vβ,0
−xα∂′.t1[r]∂.x−α∂′′.vβ,0 + t1[r]∂.xα∂′.(x−α∂′′.vβ,0)

= −xα∂′.t1[r]∂.x−α∂′′.vβ,0
= −∂′′(β + ζ)xα∂′.t1[r](a1∂̃1 + a2∂̃2).vβ−α,0

= −a1∂
′′(β + ζ)xα∂′.t1[r] ∂̃1.vβ−α,0

= −a1∂
′′(β + ζ)[xα∂′, t1[r] ∂̃1].vβ−α,0

= −a1∂
′′(β + ζ) · ∂′(t1[r])xα∂̃1.vβ−α,0

= −a1∂
′(t1[r]) · ∂̃1(β + ζ) · ∂′′(β + ζ)vβ,0, (88)

where in the second equation t1[r]∂.vβ,0 ∈ V
(0)
β+µ and x−α∂′′.vβ,0 ∈ V

(0)
β−α+µ , in

the fourth equation t1[r] ∂̃2.vβ−α,0 ∈ V
(0)
β−α+µ and xα∂′.(t1[r] ∂̃2.vβ−α,0) = 0. If

∂′(t1[r]) = 0, by taking 0 6= ∂′′ ∈ kerα
⋂

ker(β + µ) and by comparing (87)
with (88), we get ∂′′(t1[r]) 6= 0 (cf. (84)) and ∂′(β + µ) = 0, which together with
(84) and (86) further implies

0 6= ∂′ ∈ kerα
⋂

ker(β + µ)
⋂( ∑

i∈1,3\{r}

F∂i
)

= {0}. (89)

This is absurd. So we must have ∂′(t1[r]) 6= 0. Therefore, taking ∂′′ = ∂̃1 and
comparing (87) with (88), we get

(∂̃1(β + ζ))2 = (∂̃1(β + µ))2. (90)

Thus by (82) and (90), we find

∂̃1(ζ − µ) = 0. (91)

So (81) holds. In other words,

kerα
⋂

(
∑

i∈1,3\{r}

F∂i) ⊆ ker(ζ − µ). (92)

By changing the choice of α , we can get∑
i∈1,3\{r}

F∂i ⊆ ker(ζ − µ). (93)

Moreover, by picking another r ∈ 1, 3, we further obtain

D =
∑
i∈1,3

F∂i ⊆ ker(ζ − µ). (94)

So this claim holds.
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Choose vγ,0 ∈ V (0)
γ+µ for γ ∈ Γ\{−ζ} as in (71). Claim 2 shows that

Dp,q(x
α).vγ,0 = (αp(γq + µq)− αq(γp + µp))vα+γ,0 (95)

for p, q ∈ l1 + 1, l , α ∈ Γ\{0} and γ ∈ Γ\{−ζ,−ζ −α} . Next, we want to prove:

Claim 3. If ζ ∈ Γ, then for any α ∈ Γ\{0} and p, q ∈ l1 + 1, l ,

Dp,q(x
α).v−ζ−α,0 = 0 and Dp,q(x

α).V
(0)
−ζ+µ = {0}. (96)

We only prove the first equation; the second one can be proved similarly.
Suppose

Dp,q(x
α).v−ζ−α,0 6= 0 (97)

for some α ∈ Γ\{0} and p, q ∈ l1 + 1, l , then this will lead to a contradic-
tion. Without loss of generality, we further assume that αp 6= 0. Pick r ∈
1, l1 + l2\{p, q} . Since (97) indicates V

(0)
−ζ+µ 6= {0} , we can take nonzero v−ζ,0 ∈

V
(0)
−ζ+µ . It follows from (6) and Claim 2 that

t1[r](αp∂q − αq∂p).v−ζ−α,0 ∈ V (0)
−ζ−α+µ and t1[r](αp∂q − αq∂p).v−ζ,0 ∈ V (0)

−ζ+µ. (98)

So t1[r](αp∂q − αq∂p).v−ζ−α,0 = cv−ζ−α,0 for some c ∈ F . Since

t1[r](αp∂q − αq∂p).(xα(αp∂q − αq∂p).v−ζ−α,0)

= xα(αp∂q − αq∂p).(t1[r](αp∂q − αq∂p).v−ζ−α,0)

= c(xα(αp∂q − αq∂p).v−ζ−α,0), (99)

we find t1[r](αp∂q − αq∂p).v−ζ,0 = cv−ζ,0 by (97). Thus

xα(αp∂q − αq∂p).v−ζ−α,0

=
1

αp
[xα(αp∂r − αr∂p), t1[r](αp∂q − αq∂p)].v−ζ−α,0

=
1

αp
(xα(αp∂r − αr∂p).(cv−ζ−α,0)− c(xα(αp∂r − αr∂p).v−ζ−α,0))

= 0, (100)

which contradicts (97). So this claim holds.

Claim 4. If l1 > 0, then

xα∂p.vγ,0 = µpvγ+α,0 for all p ∈ 1, l1, α ∈ Γ\{0} and γ ∈ Γ\{−ζ,−ζ − α}. (101)

Let β̄ = β + µ for all β ∈ Γ. Fix any α ∈ Γ\{0} , p ∈ 1, l1 and
γ ∈ Γ\{−ζ,−ζ − α} . Choose r ∈ l1 + 1, l such that αr 6= 0. We shall prove
this claim in two cases.

Case 1. (kerα ∩
∑l

i=l1+1 F∂i)\ ker γ̄ 6= ∅ .
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Pick q ∈ 1, l1\{p} if l1 > 1 or q ∈ l1 + 1, l1 + l2\{r} if l1 = 1.

Subcase 1.1. There exists s ∈ l1 + 1, l\{r, q} such that αrγ̄s − αsγ̄r 6= 0.

Choose s ∈ l1 + 1, l\{r, q} such that αrγ̄s−αsγ̄r 6= 0. Let ∂ = αr∂s−αs∂r .
Then ∂(γ̄) 6= 0. By (6), we get

t1[q](∂(γ̄)∂p − µp∂).vγ,0 ∈ V (0)
γ+µ and t1[q](∂(γ̄)∂p − µp∂).vγ+α,0 ∈ V (0)

γ+α+µ. (102)

So t1[q](∂(γ̄)∂p − µp∂).vγ,0 = cvγ,0 for some c ∈ F . Moreover, (95) gives

t1[q](∂(γ̄)∂p − µp∂).vγ+α,0

=
1

∂(γ̄)
t1[q](∂(γ̄)∂p − µp∂).(xα∂.vγ,0)

=
1

∂(γ̄)
xα∂.(t1[q](∂(γ̄)∂p − µp∂).vγ,0) = cvγ+α,0. (103)

Thus

xα(∂(γ̄)∂p − µp∂).vγ,0 =
1

αr
[xα(αr∂q − αq∂r), t1[q](∂(γ̄)∂p − µp∂)].vγ,0

=
1

αr
(xα(αr∂q − αq∂r).(cvγ,0)− c(xα(αr∂q − αq∂r).vγ,0))

= 0, (104)

which combined with (95) implies

xα∂p.vγ,0 = µpvγ+α,0. (105)

Subcase 1.2. αrγ̄s − αsγ̄r = 0 for all s ∈ l1 + 1, l\{r, q} .
Since (kerα ∩

∑l
i=l1+1 F∂i)\ ker γ̄ 6= ∅ , we have q ∈ l1 + 1, l1 + l2\{r}

and αrγ̄q − αqγ̄r 6= 0. Pick s ∈ l1 + 1, l\{r, q} . Choose β ∈ Γ\{0} such that
αrβs − αsβr 6= 0. Then Subcase 1.1 indicates

xα∂p.vγ−β,0 = µpvγ−β+α,0. (106)

Let ∂ = αr∂s − αs∂r and ∂′ = αr∂q − αq∂r . Then ∂(β) 6= 0 and ∂′(γ̄) 6= 0. So
(95) and (106) give rise to

xα∂p.vγ,0 =
1

∂(β)∂′(γ̄)
xα∂p.x

β(∂(β)∂′ − ∂′(β)∂).vγ−β,0

=
1

∂(β)∂′(γ̄)
xβ(∂(β)∂′ − ∂′(β)∂).xα∂p.vγ−β,0

= µpvγ+α,0. (107)

Case 2. (kerα ∩
∑l

i=l1+1 F∂i) ⊆ ker γ̄ .

Pick s ∈ l1 + 1, l\{r} . Choose β ∈ Γ\{0} such that αrβs − αsβr 6= 0. Let
∂ = βs∂r − βr∂s . Then ∂(α) 6= 0. Moreover, since (kerα ∩

∑l
i=l1+1 F∂i) ⊆ ker γ̄
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and γ + ζ 6= 0 6= γ + ζ +α , we must have ∂(γ̄) 6= 0 and ∂(γ̄ +α) 6= 0 by Claim 2.
So Case 1 gives

xα∂p.vγ−β,0 = µpvγ−β+α,0, xα+β∂p.vγ−β,0 = µpvγ+α,0 (108)

because αrβs−αsβr 6= 0 and (αr+βr)(γ̄s−βs)−(αs+βs)(γ̄r−βr) = −∂(γ̄+α) 6= 0.
Thus (95) indicates

xα∂p.vγ,0 =
1

∂(γ̄)
xα∂p.x

β∂.vγ−β,0

=
1

∂(γ̄)
(xβ∂.xα∂p.vγ−β,0 − ∂(α)xα+β∂p.vγ−β,0)

= µpvγ+α,0. (109)

So this claim holds.

Moreover, we have:

Claim 5. If ζ ∈ Γ, l1 > 0 and µq 6= 0 for some q ∈ 1, l1 , then V
(0)
−ζ+µ 6= {0}

and there exists nonzero v−ζ,0 ∈ V (0)
−ζ+µ such that

xα∂p.v−ζ−α,0 = µpv−ζ,0 and xα∂p.v−ζ,0 = µpv−ζ+α,0 (110)

for all p ∈ 1, l1, α ∈ Γ\{0} .

Fix some q ∈ 1, l1 such that µq 6= 0. Moreover, we fix some β ∈ Γ\{0} .
By (101) we have

x−β∂q.x
β∂q.v−ζ−β,0 = xβ∂q.x

−β∂q.v−ζ−β,0 = µ2
qv−ζ−β,0 6= 0. (111)

So we can choose

0 6= v−ζ,0 =
1

µq
xβ∂q.v−ζ−β,0 ∈ V (0)

−ζ+µ. (112)

It follows immediately from (111) that

x−β∂q.v−ζ,0 = µqv−ζ−β,0. (113)

For any p ∈ 1, l1 and α ∈ Γ\{0, β} , we have

xα∂p.v−ζ,0 =
1

µq
xα∂p.x

β∂q.v−ζ−β,0 =
1

µq
xβ∂q.x

α∂p.v−ζ−β,0 = µpv−ζ+α,0 (114)

by (101) and (112). Moreover, (101) and (112) imply

xα∂p.v−ζ−α,0 =
1

µq
xα∂p.x

β∂q.v−ζ−α−β,0 =
1

µq
xβ∂q.x

α∂p.v−ζ−α−β,0 = µpv−ζ,0 (115)

for any p ∈ 1, l1 and α ∈ Γ\{0,−β} . Furthermore, (101), (114) and (115) give

xβ∂p.v−ζ,0 =
1

µq
xβ∂p.x

α∂q.v−ζ−α,0 =
1

µq
xα∂q.x

β∂p.v−ζ−α,0 = µpv−ζ+β,0, (116)
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x−β∂p.v−ζ+β,0 =
1

µq
x−β∂p.x

α∂q.v−ζ+β−α,0

=
1

µq
xα∂q.x

−β∂p.v−ζ+β−α,0 = µpv−ζ,0 (117)

for any p ∈ 1, l1 , where α ∈ Γ\{0,±β} . So this claim follows from (114)–(117) .

Claim 6. If ζ ∈ Γ, l1 > 0 and µq = 0 for all q ∈ 1, l1 , then

xα∂p.v−ζ−α,0 = 0 and xα∂p.V
(0)
−ζ+µ = {0} for all p ∈ 1, l1, α ∈ Γ\{0}. (118)

The proof of this claim is similar to that of Claim 3. We omit the details
here.

When ζ ∈ Γ and µq = 0 for all q ∈ 1, l1 , we have µ = ζ ∈ Γ by Claim 2.

So Claims 2–6 imply that V
(0)
γ+µ 6= {0} for all γ ∈ Γ\{−µ} , and that there exist

nonzero vγ,0 ∈ V (0)
γ+µ with γ ∈ Γ\{−µ} such that

Dp,q(x
α).vγ,0 = (αp(γq + µq)− αq(γp + µp))vα+γ,0 (119)

for p, q ∈ 1, l , α ∈ Γ\{0} and γ ∈ Γ\{−µ} . This completes the proof of the
lemma.

Lemma 3.2 enables us to choose nonzero vγ,0 ∈ V
(0)
γ+µ with γ ∈ Γ\{−µ}

such that

Dp,q(x
α).vγ,0 = (αp(γq + µq)− αq(γp + µp))vα+γ,0 (120)

for p, q ∈ 1, l , α ∈ Γ\{0} and γ ∈ Γ\{−µ} . Next, we define vγ,i for γ ∈ Γ\{−µ}
and 0 6= i ∈ Nl1+l2 inductively as follows:

Let ᾱ = α + µ for all α ∈ Γ. For γ ∈ Γ\{−µ} and 0 6= i ∈ Nl1+l2 , we
define

pi = min{r ∈ 1, l1 + l2 | ir 6= 0}, (121)

P (i) = {r ∈ 1, l1 + l2\{pi} | ir 6= 0}, (122)

Q(γ, i) = {r ∈ 1, l\{pi} | γ̄r 6= 0}. (123)

Definition 3.3. We choose vγ,0 for γ ∈ Γ\{−µ} as those in (120). Suppose
that we have defined vγ,i for γ ∈ Γ\{−µ} and i ∈ Nl1+l2 with |i| ≤ k , where
k ≥ 0. We then define vγ,i for γ ∈ Γ\{−µ} and i ∈ Nl1+l2 with |i| = k + 1 in
three steps:

Step 1. Defining vγ,i for the case that Q(γ, i) 6= ∅ .

Set q(γ, i) = minQ(γ, i). We define

vγ,i =
1

γ̄q(γ,i)

(
t1[pi]∂q(γ,i).vγ,i−1[pi]

− iq(γ,i)vγ,i−1[q(γ,i)]

)
. (124)

Step 2. Defining vγ,i for the case that Q(γ, i) = ∅ and P (i) 6= ∅ .
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Set p(i) = minP (i). Since γ + µ 6= 0 and Q(γ, i) = ∅ , (123) indicates
γ̄pi 6= 0. We define

vγ,i =
1

γ̄pi

(
t1[p(i)]∂pi .vγ,i−1[p(i)] − ipivγ,i−1[pi]

)
. (125)

Step 3. Defining vγ,i for the case that Q(γ, i) = ∅ and P (i) = ∅ .

Set s(i) = min{1, l1 + l2\{pi}} . Since (γ, i − 1[pi] + 1[s(i)]) belongs to the
Case in Step 1 or Step 2, vγ,i−1[pi]+1[s(i)] was defined in (124) or (125). Thus we can
define

vγ,i = t1[pi]∂s(i).vγ,i−1[pi]+1[s(i)] . (126)

Now we have defined {vγ,i | γ ∈ Γ\{−µ}, i ∈ Nl1+l2} inductively. Next we
want to derive the action of the set (32) on {vγ,i | γ ∈ Γ\{−µ}, i ∈ Nl1+l2} in
several lemmas.

Lemma 3.4. For any p ∈ 1, l1 + l2 , q ∈ 1, l\{p} and β ∈ Γ\{−µ}, we have

t1[p]∂q.vβ,0 = (βq + µq)vβ,1[p] . (127)

Proof. Let ᾱ = α + µ for all α ∈ Γ. Define Q(β, 1[p]) for β ∈ Γ\{−µ} and

p ∈ 1, l1 + l2 as in (121)–(123). We divide β ∈ Γ\{−µ} and p ∈ 1, l1 + l2 into two
cases.

Case 1. Q(β, 1[p]) 6= ∅ .

Let r = minQ(β, 1[p]). Then (124) shows

t1[p]∂r.vβ,0 = β̄rvβ,1[p] . (128)

Fix some s ∈ 1, l1 + l2\{p, r} . Let ∂̃1 = β̄r∂p − β̄p∂r and ∂̃2 = β̄r∂s − β̄s∂r . Then

∂̃1(t1[p]+1[s])∂̃2 − ∂̃2(t1[p]+1[s])∂̃1 = β̄r(t
1[s] ∂̃2 − t1[p] ∂̃1) ∈ S (l1, l2, l3; Γ). (129)

Since (6) gives

(t1[s] ∂̃2 − t1[p] ∂̃1).vβ,0 = a1vβ,0, t1[p] ∂̃2.vβ,0 = a2vβ,0 (130)

for some a1, a2 ∈ F , we have

t1[p] ∂̃2.vβ,0 =
1

2β̄r
[t1[p] ∂̃2, t

1[s] ∂̃2 − t1[p] ∂̃1].vβ,0 = 0. (131)

Moreover, from (6) it follows that

t1[s](β̄r∂q − β̄q∂r).vβ,0 ∈ V (0)
β+µ for q ∈ 1, l\{p, r, s}. (132)

So (131) and (132) imply

t1[p](β̄r∂q − β̄q∂r).vβ,0 =
1

β̄r
[t1[p] ∂̃2, t

1[s](β̄r∂q − β̄q∂r)].vβ,0 = 0 (133)
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for q ∈ 1, l\{p, r, s} . Since β̄r 6= 0, (128), (131) and (133) imply

t1[p]∂q.vβ,0 = (βq + µq)vβ,1[p] for q ∈ 1, l\{p}. (134)

Case 2. Q(β, 1[p]) = ∅ .

Pick s ∈ 1, l1 + l2\{p} . For any q ∈ 1, l\{p, s} , (6) and Q(β, 1[p]) = ∅ give
rise to

t1[p]∂s.vβ,0 = bvβ,0 and t1[s]∂q.vβ,0 = bqvβ,0 (135)

with some b, bq ∈ F . So

t1[p]∂q.vβ,0 = [t1[p]∂s, t
1[s]∂q].vβ,0 = 0 for q ∈ 1, l\{p, s}. (136)

By picking another s ∈ 1, l1 + l2\{p} , we can get

t1[p]∂q.vβ,0 = 0 = (βq + µq)vβ,1[p] for q ∈ 1, l\{p}. (137)

This completes the proof of the lemma.

Lemma 3.5. For any β ∈ Γ\{−µ} and p, q ∈ 1, l1 + l2 with p 6= q , we have

Dp,q(t
1[p]+1[q]).vβ,0 = (βq + µq)vβ,1[q] − (βp + µp)vβ,1[p] . (138)

Proof. Let ᾱ = α+µ for all α ∈ Γ. Fix any β ∈ Γ\{−µ} and p, q ∈ 1, l1 + l2
with p 6= q . Then we shall give the proof in two cases.

Case 1. There exists s ∈ 1, l\{p, q} such that β̄s 6= 0.

Choose s ∈ 1, l\{p, q} such that β̄s 6= 0. Let ∂̃1 = β̄s∂p − β̄p∂s and
∂̃2 = β̄s∂q − β̄q∂s . Then

[t1[p] ∂̃2, t
1[q] ∂̃1] = −β̄2

sDp,q(t
1[p]+1[q]) + β̄s(β̄qt

1[q]∂s − β̄pt1[p]∂s) (139)

So by (139) and Lemma 3.4, we have

Dp,q(t
1[p]+1[q]).vβ,0 =

1

β̄2
s

(β̄s(β̄qt
1[q]∂s − β̄pt1[p]∂s)− [t1[p] ∂̃2, t

1[q] ∂̃1]).vβ,0

= β̄qvβ,1[q] − β̄pvβ,1[p] , (140)

which coincides with (138).

Case 2. β̄s = 0 for all s ∈ 1, l\{p, q} .

Subcase 2.1. β̄p 6= 0 and β̄q = 0.

Take r = min{1, l1 + l2\{p}} . By (126) we know that

vβ,1[p] = t1[p]∂r.vβ,1[r] . (141)

Since β̄q = 0 and β̄r = 0, Lemma 3.4 tells that

Dr,q(t
1[q]+1[r]).vβ,0 = (t1[q]∂q − t1[r]∂r).vβ,0 = [t1[q]∂r, t

1[r]∂q].vβ,0 = 0. (142)
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So (141), (142) and Lemma 3.4 imply

Dp,q(t
1[p]+1[q]).vβ,0 = (Dp,q(t

1[p]+1[q])−Dr,q(t
1[q]+1[r])).vβ,0

= [t1[r]∂p, t
1[p]∂r].vβ,0

= −t1[p]∂r.(β̄pvβ,1[r])
= −β̄pvβ,1[p] , (143)

which coincides with (138).

Subcase 2.2. β̄p = 0 and β̄q 6= 0.

We go back to Subcase 2.1 by interchanging p and q , namely,

Dp,q(t
1[p]+1[q]).vβ,0 = −Dq,p(t

1[p]+1[q]).vβ,0 = β̄qvβ,1[q] , (144)

which coincides with (138).

Subcase 2.3. β̄p 6= 0 and β̄q 6= 0.

Pick r ∈ 1, l1 + l2\{p, q} , then β̄r = 0. By Subcase 2.1, we know that

Dr,q(t
1[q]+1[r]).vβ,0 = β̄qvβ,1[p] , (145)

Dr,p(t
1[p]+1[r]).vβ,0 = β̄pvβ,1[p] . (146)

So the difference of the above two equations is

Dp,q(t
1[p]+1[q]).vβ,0 = β̄qvβ,1[q] − β̄pvβ,1[p] , (147)

which coincides with (138).

This completes the proof of the lemma.

Lemma 3.6. For any p, s ∈ 1, l1 + l2 , q ∈ 1, l\{p}, β ∈ Γ\{−µ} and i ∈
Nl1+l2 , we have

t1[p]∂q.vβ,i = (βq + µq)vβ,i+1[p] + iqvβ,i+1[p]−1[q] , (148)

(t1[p]∂p − t1[s]∂s).vβ,i = (βp + µp)vβ,i+1[p] − (βs + µs)vβ,i+1[s] + (ip − is)vβ,i. (149)

Proof. Let ᾱ = α+µ for all α ∈ Γ. We prove this lemma by induction on |i| .
Recall that Lemma 3.4 and Lemma 3.5 have given the proof for the case |i| = 0.
Suppose this lemma holds for i ∈ Nl1+l2 with |i| ≤ k , where k ≥ 0. Then it
suffices to prove (148) and (149) for i ∈ Nl1+l2 with |i| = k + 1. We only prove
(148) for i ∈ Nl1+l2 with |i| = k + 1 in the following. The proof of (149) for
i ∈ Nl1+l2 with |i| = k + 1 only needs minor changes from Lemma 3.5, which can
be derived easily; we omit the details here.

Fix any β ∈ Γ\{−µ} and i ∈ Nl1+l2 with |i| = k + 1. Define pi , P (i) and
Q(β, i) as in (121)–(123). Then we prove (148) for i ∈ Nl1+l2 with |i| = k + 1 in
three cases.

Case 1. Q(β, i) 6= ∅ .
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Let q(β, i) = minQ(β, i). Recall that (cf. (124))

vβ,i =
1

β̄q(β,i)
(t1[pi]∂q(β,i).vβ,i−1[pi]

− iq(β,i)vβ,i−1[q(β,i)]). (150)

Fixing any p ∈ 1, l1 + l2 , we derive the action of t1[p]∂q for q ∈ 1, l\{p} in two
subcases.

Subcase 1.1. β̄q = 0 for all q ∈ 1, l\{p} .

Expression (150) and the induction hypothesis give rise to

t1[p]∂q.vβ,i =
1

β̄q(β,i)

(
t1[p]∂q.t

1[pi]∂q(β,i).vβ,i−1[pi]
− iq(β,i)t1[p]∂q.vβ,i−1[q(β,i)]

)
=

1

β̄q(β,i)

(
t1[pi]∂q(β,i).t

1[p]∂q.vβ,i−1[pi]
− iq(β,i)t1[p]∂q.vβ,i−1[q(β,i)]

+(δq,pit
1[p]∂q(β,i) − δq(β,i),pt1[pi]∂q).vβ,i−1[pi]

)
=

1

β̄q(β,i)

(
(iq − δq,pi)t

1[pi]∂q(β,i).vβ,i+1[p]−1[pi]−1[q] − iq(β,i)t
1[p]∂q.vβ,i−1[q(β,i)]

+(δq,pit
1[p]∂q(β,i) − δq(β,i),pt1[pi]∂q).vβ,i−1[pi]

)
= iqvβ,i+1[p]−1[q] (151)

for q ∈ 1, l\{p} , which coincides with (148).

Subcase 1.2. There exists q ∈ 1, l\{p} such that β̄q 6= 0.

Take r = min{q ∈ 1, l\{p} | β̄q 6= 0} . First we want to derive the action of
t1[p]∂r .

If p < pi , then the definition of (124) gives

t1[p]∂r.vβ,i = β̄rvβ,i+1[p] + irvβ,i+1[p]−1[r] . (152)

If p ≥ pi , then by (150) and the induction hypothesis, we get

t1[p]∂r.vβ,i

=
1

β̄q(β,i)

(
t1[p]∂r.t

1[pi]∂q(β,i).vβ,i−1[pi]
− iq(β,i)t1[p]∂r.vβ,i−1[q(β,i)]

)
=

1

β̄q(β,i)

(
t1[pi]∂q(β,i).t

1[p]∂r.vβ,i−1[pi]
− iq(β,i)t1[p]∂r.vβ,i−1[q(β,i)]

+(δr,pit
1[p]∂q(β,i) − δq(β,i),pt1[pi]∂r).vβ,i−1[pi]

)
=

1

β̄q(β,i)

(
β̄rt

1[pi]∂q(β,i).vβ,i+1[p]−1[pi]
+ (ir − δr,pi)t

1[pi]∂q(β,i).vβ,i+1[p]−1[pi]−1[r]

−iq(β,i)t1[p]∂r.vβ,i−1[q(β,i)] + (δr,pit
1[p]∂q(β,i) − δq(β,i),pt1[pi]∂r).vβ,i−1[pi]

)
= β̄rvβ,i+1[p] + irvβ,i+1[p]−1[r] , (153)

where

t1[pi]∂q(β,i).vβ,i+1[p]−1[pi]

= β̄q(β,i)vβ,i+1[p] + (iq(β,i) + δq(β,i),p)vβ,i+1[p]−1[q(β,i)] (154)
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because of p ≥ pi and (124).

Then we want to derive the action of t1[p]∂q for q ∈ 1, l\{p, r} . By (150)
and the induction hypothesis, we have

t1[p](β̄r∂q − β̄q∂r).vβ,i

=
1

β̄q(β,i)

(
t1[p](β̄r∂q − β̄q∂r).t1[pi]∂q(β,i).vβ,i−1[pi]

−iq(β,i)t1[p](β̄r∂q − β̄q∂r).vβ,i−1[q(β,i)]

)
=

1

β̄q(β,i)

(
t1[pi]∂q(β,i).t

1[p](β̄r∂q − β̄q∂r).vβ,i−1[pi]

+((β̄rδq,pi − β̄qδr,pi)t1[p]∂q(β,i) − δq(β,i),pt
1[pi](β̄r∂q − β̄q∂r)).vβ,i−1[pi]

−iq(β,i)t1[p](β̄r∂q − β̄q∂r).vβ,i−1[q(β,i)]

)
=

1

β̄q(β,i)

(
t1[pi]∂q(β,i).(β̄r(iq − δq,pi)vβ,i+1[p]−1[pi]−1[q]

−β̄q(ir − δr,pi)vβ,i+1[p]−1[pi]−1[r]) + ((β̄rδq,pi − β̄qδr,pi)t1[p]∂q(β,i)
−δq(β,i),pt1[pi](β̄r∂q − β̄q∂r)).vβ,i−1[pi]

− iq(β,i)t1[p](β̄r∂q − β̄q∂r).vβ,i−1[q(β,i)]

)
= β̄riqvβ,i+1[p]−1[q] − β̄qirvβ,i+1[p]−1[r] (155)

for any q ∈ 1, l\{p, r} . Since β̄r 6= 0, (152), (153) and (155) indicate

t1[p]∂q.vβ,i = β̄qvβ,i+1[p] + iqvβ,i+1[p]−1[q] (156)

for any q ∈ 1, l\{p} , which coincides with (148).

Case 2. Q(β, i) = ∅ and P (i) 6= ∅ .

Let p(i) = minP (i). Recall that (cf. (125))

vβ,i =
1

β̄pi

(
t1[p(i)]∂pi .vβ,i−1[p(i)] − ipivβ,i−1[pi]

)
. (157)

The rest proof of this case is analogous to Case 1. We omit the details.

Case 3. Q(β, i) = ∅ and P (i) = ∅ .

Observe that Q(β, i) = ∅ and P (i) = ∅ mean

iq = 0 and β̄q = 0 for all q ∈ 1, l\{pi}. (158)

So for any r ∈ 1, l1 + l2\{pi} , the pair (β, i − 1[pi] + 1[r]) belongs to Case 1 or
Case 2, which implies

t1[p]∂q.vβ,i−1[pi]+1[r] = β̄qvβ,i−1[pi]+1[r]+1[p] +(iq−δpi,q +δr,q)vβ,i−1[pi]+1[r]+1[p]−1[q] (159)

for p ∈ 1, l1 + l2 , q ∈ 1, l\{p} and r ∈ 1, l1 + l2\{pi} . In particular, by (158) we
have

t1[pi]∂r.vβ,i−1[pi]+1[r] = vβ,i for r ∈ 1, l1 + l2\{pi}. (160)
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So for any q ∈ 1, l\{pi} , we obtain

t1[pi]∂q.vβ,i = t1[pi]∂q.t
1[pi]∂r′ .vβ,i−1[pi]+1[r′]

= t1[pi]∂r′ .t
1[pi]∂q.vβ,i−1[pi]+1[r′]

= 0 (161)

by (158) and (160), where r′ ∈ 1, l1 + l2\{pi, q} . Fix any p ∈ 1, l1 + l2\{pi} . Then
(124) or (125) gives

t1[p]∂pi .vβ,i = β̄pivβ,i+1[p] + ipivβ,i+1[p]−1[pi]
. (162)

And for q ∈ 1, l\{p, pi} ,

t1[p]∂q.vβ,i = t1[p]∂q.t
1[pi]∂r′ .vβ,i−1[pi]+1[r′]

= t1[pi]∂r′ .t
1[p]∂q.vβ,i−1[pi]+1[r′]

= δq,r′t
1[pi]∂r′ .vβ,i−1[pi]+1[p]

= 0 (163)

by (159) and (160), where r′ ∈ 1, l1 + l2\{p, pi} . So in this case, (148) follows from
(161), (162) and (163).

This completes the proof of the lemma.

Lemma 3.7. For any r ∈ 1, l , β ∈ Γ\{−µ} and i ∈ Nl1+l2 , we have

∂r.vβ,i = (βr + µr)vβ,i + irvβ,i−1[r] . (164)

Proof. Let ᾱ = α + µ for all α ∈ Γ. We shall prove this lemma by induction
on |i| . We have already known that (164) holds when |i| = 0 (cf. (6)). Suppose
that it holds for |i| ≤ k , where k ≥ 0. It suffices to prove (164) for r ∈ 1, l ,
β ∈ Γ\{−µ} and i ∈ Nl1+l2 with |i| = k + 1.

For any β ∈ Γ\{−µ} and i ∈ Nl1+l2 with |i| = k + 1, we define pi , P (i)
and Q(β, i) as in (121)–(123). Then we give the proof in three cases.

Case 1. Q(β, i) 6= ∅ .

Let q(β, i) = minQ(β, i). Then (124), Lemma 3.6 and the induction
hypothesis give

∂r.vβ,i =
1

β̄q(β,i)

(
t1[pi]∂q(β,i).∂r.vβ,i−1[pi]

+ δr,pi∂q(β,i).vβ,i−1[pi]
− iq(β,i)∂r.vβ,i−1[q(β,i)]

)
= β̄rvβ,i + irvβ,i−1[r] (165)

for r ∈ 1, l , which coincides with (164).

Case 2. Q(β, i) = ∅ and P (i) 6= ∅ .

Let p(i) = minP (i). Then (125), Lemma 3.6 and the induction hypothesis
imply

∂r.vβ,i =
1

β̄pi

(
t1[p(i)]∂pi .∂r.vβ,i−1[p(i)] + δr,p(i)∂pi .vβ,i−1[p(i)] − ipi∂r.vβ,i−1[pi]

)
= β̄rvβ,i + irvβ,i−1[r] (166)
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for r ∈ 1, l , which coincides with (164).

Case 3. Q(β, i) = ∅ and P (i) = ∅ .

Let s(i) = min{1, l1 + l2\{pi}} . Note that (β, i − 1[pi] + 1[s(i)]) belongs to
Case 1 or Case 2. So we have

∂r.vβ,i−1[pi]+1[s(i)]

= β̄rvβ,i−1[pi]+1[s(i)] + (ir − δr,pi + δr,s(i))vβ,i−1[pi]+1[s(i)]−1[r] (167)

for r ∈ 1, l . Since β̄s = 0 and is = 0 for s ∈ 1, l\{pi} , from (126), (167) and
Lemma 3.6 we derive

∂r.vβ,i = t1[pi]∂s(i).∂r.vβ,i−1[pi]+1[s(i)] + δr,pi∂s(i).vβ,i−1[pi]+1[s(i)]

= t1[pi]∂s(i).(β̄rvβ,i−1[pi]+1[s(i)] + (ir − δr,pi + δr,s(i))vβ,i−1[pi]+1[s(i)]−1[r])

+δr,pivβ,i−1[pi]

= β̄rvβ,i + irvβ,i−1[r] (168)

for r ∈ 1, l , which coincides with (164).

So this lemma holds.

Lemma 3.8. For any α ∈ Γ\{0}, β ∈ Γ\{−µ,−µ − α}, i ∈ Nl1+l2 and
p, q ∈ 1, l with p 6= q , we have

Dp,q(x
α).vβ,i = (αp(βq + µq)− αq(βp + µp))vβ+α,i

+αpiqvβ+α,i−1[q] − αqipvβ+α,i−1[p] . (169)

Proof. Let γ̄ = γ + µ for all γ ∈ Γ. We prove this lemma by induction on
|i| . Since Lemma 3.2 has given the proof for |i| = 0, supposing that this lemma
holds for i ∈ Nl1+l2 with |i| ≤ k , where k ≥ 0, we only need to prove (169) for
i ∈ Nl1+l2 with |i| = k + 1. Fix any α ∈ Γ\{0} , β ∈ Γ\{−µ,−µ− α} , i ∈ Nl1+l2

with |i| = k + 1, and p, q ∈ 1, l with p 6= q . We define pi as in (121), namely,

pi = min{r ∈ 1, l1 + l2 | ir 6= 0}. (170)

Then we proceed the proof in several cases.

Case 1.
(

kerα
⋂(∑

j∈1,l\{pi} F∂j
))
\ ker β̄ 6= ∅ .

If there exists s ∈ 1, l\{pi} such that αs 6= 0, then αsβ̄r − αrβ̄s 6= 0 for
some r ∈ 1, l\{s, pi} . Fix such s and r . Since Lemma 3.6 gives

t1[pi](αs∂r − αr∂s).vβ,i−1[pi]
= (αsβ̄r − αrβ̄s)vβ,i + αsirvβ,i−1[r] − αrisvβ,i−1[s] , (171)
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we have

Dp,q(x
α).vβ,i =

1

αsβ̄r − αrβ̄s
xα(αp∂q − αq∂p).

(
t1[pi](αs∂r − αr∂s).vβ,i−1[pi]

−αsirvβ,i−1[r] + αrisvβ,i−1[s]

)
=

1

αsβ̄r − αrβ̄s

(
t1[pi](αs∂r − αr∂s).xα(αp∂q − αq∂p).vβ,i−1[pi]

+(αpδq,pi − αqδp,pi)xα(αs∂r − αr∂s).vβ,i−1[pi]

−αsirxα(αp∂q − αq∂p).vβ,i−1[r] + αrisx
α(αp∂q − αq∂p).vβ,i−1[s]

)
= (αpβ̄q − αqβ̄p)vβ+α,i + αpiqvβ+α,i−1[q] − αqipvβ+α,i−1[p] (172)

by (171), Lemma 3.6 and the induction hypothesis.

If αs = 0 for all s ∈ 1, l\{pi} , then β̄r 6= 0 for some r ∈ 1, l\{pi} . Fix such
r . Since Lemma 3.6 indicates

t1[pi]∂r.vβ,i−1[pi]
= β̄rvβ,i + irvβ,i−1[r] , (173)

we obtain

Dp,q(x
α).vβ,i

=
1

β̄r
xα(αp∂q − αq∂p).(t1[pi]∂r.vβ,i−1[pi]

− irvβ,i−1[r])

=
1

β̄r

(
t1[pi]∂r.x

α(αp∂q − αq∂p).vβ,i−1[pi]
+ (αpδq,pi − αqδp,pi)xα∂r.vβ,i−1[pi]

−irxα(αp∂q − αq∂p).vβ,i−1[r]

)
= (αpβ̄q − αqβ̄p)vβ+α,i + αpiqvβ+α,i−1[q] − αqipvβ+α,i−1[p] (174)

by (173), Lemma 3.6 and the induction hypothesis. So (169) holds.

Case 2. kerα
⋂(∑

j∈1,l\{pi} F∂j
)
⊆ ker β̄ and kerα 6= ker β̄ .

Since α 6= 0 and β̄ 6= 0, we have αs 6= 0 for some s ∈ 1, l\{pi} , and
αsβ̄pi − αpi β̄s 6= 0 in this case. Fix such s . Pick r ∈ 1, l1 + l2\{pi, s} . Set
∂̃1 = αs∂pi − αpi∂s and ∂̃2 = αs∂r − αr∂s . Observe that

∂̃1(t1[r]+1[pi])∂̃2 − ∂̃2(t1[r]+1[pi])∂̃1 = αs(t
1[r] ∂̃2 − t1[pi] ∂̃1). (175)

So Lemma 3.6 implies

(t1[pi] ∂̃1 − t1[r] ∂̃2).vβ,i−1[pi]

= (αsβ̄pi − αpi β̄s)vβ,i + αs(ipi − 1)vβ,i−1[pi]
− αpiisvβ,i−1[s]

−αsirvβ,i−1[pi]
+ αrisvβ,i+1[r]−1[pi]−1[s] . (176)
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Thus, we have

Dp,q(x
α).vβ,i

=
1

αsβ̄pi − αpi β̄s
xα(αp∂q − αq∂p).

(
(t1[pi] ∂̃1 − t1[r] ∂̃2).vβ,i−1[pi]

−αs(ipi − 1)vβ,i−1[pi]
+ αpiisvβ,i−1[s] + αsirvβ,i−1[pi]

− αrisvβ,i+1[r]−1[pi]−1[s]

)
=

1

αsβ̄pi − αpi β̄s

(
(t1[pi] ∂̃1 − t1[r] ∂̃2).xα(αp∂q − αq∂p).vβ,i−1[pi]

+(αpδq,pi − αqδp,pi)xα∂̃1.vβ,i−1[pi]
− (αpδq,r − αqδp,r)xα∂̃2.vβ,i−1[pi]

−xα(αp∂q − αq∂p).(αs(ipi − 1)vβ,i−1[pi]
− αpiisvβ,i−1[s] − αsirvβ,i−1[pi]

+αrisvβ,i+1[r]−1[pi]−1[s])
)

= (αpβ̄q − αqβ̄p)vβ+α,i + αpiqvβ+α,i−1[q] − αqipvβ+α,i−1[p] (177)

by (176), Lemma 3.6 and the induction hypothesis. So (169) holds.

Case 3. kerα = ker β̄ .

Since α 6= 0, β̄ 6= 0 6= β̄ + α and kerα = ker β̄ , we have αs 6= 0, β̄s 6= 0
and β̄s + αs 6= 0 for some s ∈ 1, l . Fix such s .

If there exists r ∈ 1, l\{s} such that β̄r = 0, then αr = 0. Fix one such r .
Choose ρ ∈ Γ\{0} such that ρr 6= 0. Then ker ρ 6= ker(β̄ − ρ). So Case 1 or Case
2 gives

xρ(ρr∂s − ρs∂r).vβ−ρ,i = ρrβ̄svβ,i + ρrisvβ,i−1[s] − ρsirvβ,i−1[r] . (178)

Thus we have

Dp,q(x
α).vβ,i

=
1

ρrβ̄s
xα(αp∂q − αq∂p).(xρ(ρr∂s − ρs∂r).vβ−ρ,i − ρrisvβ,i−1[s] + ρsirvβ,i−1[r])

=
1

ρrβ̄s
(xρ(ρr∂s − ρs∂r).xα(αp∂q − αq∂p).vβ−ρ,i

+xα+ρ((αpρq − αqρp)(ρr∂s − ρs∂r)− (ρrαs − ρsαr)(αp∂q − αq∂p)).vβ−ρ,i
−ρrisxα(αp∂q − αq∂p).vβ,i−1[s] + ρsirx

α(αp∂q − αq∂p).vβ,i−1[r]) (179)

by (178). Moreover, since kerα 6= ker(β̄ − ρ), ker(α + ρ) 6= ker(β̄ − ρ) and
ker ρ 6= ker(β̄ + α− ρ), Case 1 and Case 2 give

xα(αp∂q − αq∂p).vβ−ρ,i
= (αqρp − αpρq)vβ+α−ρ,i + αpiqvβ+α−ρ,i−1[q] − αqipvβ+α−ρ,i−1[p] , (180)

xρ(ρr∂s−ρs∂r).vβ+α−ρ,i = ρr(β̄s+αs)vβ+α,i +ρrisvβ+α,i−1[s]−ρsirvβ+α,i−1[r] , (181)

and

xα+ρ((αpρq − αqρp)(ρr∂s − ρs∂r)− (ρrαs − ρsαr)(αp∂q − αq∂p)).vβ−ρ,i
= ρr(β̄s + αs)(αpρq − αqρp)vβ+α,i + ρris(αpρq − αqρp)vβ+α,i−1[s]

−ρsir(αpρq − αqρp)vβ+α,i−1[r] − αpiq(ρrαs − ρsαr)vβ+α,i−1[q]

+αqip(ρrαs − ρsαr)vβ+α,i−1[p] . (182)
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So (179) becomes

Dp,q(x
α).vβ,i = αpiqvβ+α,i−1[q] − αqipvβ+α,i−1[p] (183)

by (180)–(182) and the induction hypothesis, which coincides with (169).

If β̄r 6= 0 for all r ∈ 1, l\{s} , which also means αr 6= 0 for all r ∈ 1, l\{s} ,
we pick r1, r2 ∈ 1, l\{s} . Then replacing ∂r by ∂ = αr1∂r2 − αr2∂r1 and ρr by
∂(ρ) respectively in the above discussion from (178) to (183), we can also get

Dp,q(x
α).vβ,i = (αpβ̄q − αqβ̄p)vβ+α,i + αpiqvβ+α,i−1[q] − αqipvβ+α,i−1[p] . (184)

Thus we complete the proof of this lemma.

For convenience, we give a total order on Nl1+l2 :

Definition 3.9. We define a total order on Nl1+l2 by:

i > j ⇐⇒ |i| > |j|, or, |i| = |j| and is > js with ip = jp

for p ∈ s+ 1, l1 + l2. (185)

Next, we shall prove Theorem 1.1 for the case µ ∈ Fl\Γ.

Lemma 3.10. If µ 6∈ Γ, then {vβ,i | β ∈ Γ, i ∈ Nl1+l2} is an F-basis of V .

Proof. It is straightforward to prove that {vβ,i | β ∈ Γ, i ∈ Nl1+l2} is a linearly
independent set by Lemma 3.7. We omit the details. We only prove that V is
spanned by {vβ,i | β ∈ Γ, i ∈ Nl1+l2} here. For any β ∈ Γ and i ∈ Nl1+l2 , we set

V
[i]
β+µ = {v ∈ V |

l∏
p=1

(∂p − (βp + µp))
jp(v) = 0 for j ∈ Nl1+l2 with j > i}, (186)

V <i>
β+µ =

⋃
j∈Nl1+l2 ;j<i

V
[j]
β+µ (187)

and

V [i] =
⊕
β∈Γ

V
[i]
β+µ, V <i> =

⊕
β∈Γ

V <i>
β+µ . (188)

Then Lemma 3.7 implies

Vβ+µ =
⋃

j∈Nl1+l2

V
[j]
β+µ and vβ,i ∈ V [i]

β+µ\V
<i>
β+µ , ∀β ∈ Γ, i ∈ Nl1+l2 . (189)

Suppose that V cannot be spanned by {vβ,i | β ∈ Γ, i ∈ Nl1+l2} . Then this will
lead to a contradiction. Let j ∈ Nl1+l2 be the minimal element such that

there exist α ∈ Γ and v ∈ V [j]
α+µ\V

<j>
α+µ such that

v 6∈ SpanF{vβ,i | β ∈ Γ, i ∈ Nl1+l2}. (190)
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Since V
[0]
β+µ = V

(0)
β+µ = Fvβ,0 for β ∈ Γ (cf. (6), Definition 3.3), we have j 6= 0 . Let

q = min{p ∈ 1, l1 + l2 | jp 6= 0} . Then (186) and Lemma 3.7 show

v′ = (∂q − (αq + µq))v ∈ V
[j−1[q]]
α+µ . (191)

By the minimality of j in (190), we have

v′ ∈ SpanF{vβ,i | β ∈ Γ, i ∈ Nl1+l2}. (192)

Thus (186), (189), (191) and (192) give

v′′ = v′ − cvα,j−1[q] ∈ V
<j−1[q]>
α+µ for some c ∈ F. (193)

Let
w = v − c

jq
vα,j. (194)

Then w ∈ V [j]
α+µ by (189) and (190). So for i > j , we have

l∏
p=1

(∂p − (αp + µp))
ip(w) = 0 (195)

by (186). Moreover, since (191), (193), (194) and Lemma 3.7 give

(∂q − (αq + µq))(w) = v′ − cvα,j−1[q] = v′′, (196)

we have
l∏

p=1

(∂p − (αp + µp))
jp(w) =

l∏
p=1

(∂p − (αp + µp))
jp−δp,q(v′′) = 0 (197)

by (193). So (195) and (197) show that

w = v − c

jq
vα,j ∈ V <j>

α+µ , (198)

which indicates v ∈ SpanF{vβ,i | β ∈ Γ, i ∈ Nl1+l2} . This contradicts (190). So V
is spanned by {vβ,i | β ∈ Γ, i ∈ Nl1+l2} . This lemma holds.

For the case µ 6∈ Γ, we have determined a basis of V = V (µ), and derived
the action of the set (32) on the basis in Lemmas 3.6, 3.7 and 3.8. On the other
hand, from (9) and (17) we see that, the explicit action of S (l1, l2, l3; Γ) on module
A µ is

Dp,q(x
αti).xβtj

= (αp(βq + µq)− αq(βp + µp))x
α+βti+j + (jqαp − iq(βp + µp))x

α+βti+j−1[q]

+(ip(βq + µq)− jpαq)xα+βti+j−1[p] + (ipjq − iqjp)xα+βti+j−1[p]−1[q] (199)

for α, β ∈ Γ, i, j ∈ Nl1+l2 and p, q ∈ 1, l with p 6= q . So by (199), Proposition 2.5,
Lemmas 3.6, 3.7, 3.8 and 3.10, we have:

Lemma 3.11. If µ 6∈ Γ, then V = V (µ) ' A µ with the module isomorphism:

ψ : V (µ) −→ A µ, (200)

vβ,i 7−→ xβti. (201)
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4. Proof of the main theorem (II)

In this section, we consider the case that V = V (µ) for some µ ∈ Γ. With
a shift of the indices, we can always assume that µ = 0. Notice that the contents
from Lemma 3.2 to Lemma 3.8 were discussed for general µ ∈ Fl . So they still
hold for the case µ = 0. In this section, we need to complement the basis of
V = V (0), and to derive the acting relations of the set (32) on the basis which
were missed from Lemma 3.2 to Lemma 3.8 under the condition µ = 0.

Lemma 4.1. V0 6= {0}.

Proof. Suppose that V0 = {0} . Then this will lead to a contradiction. Pick
p ∈ 1, l1 + l2 and q ∈ l1 + 1, l\{p} . Choose ρ ∈ Γ\{0} such that ρq 6= 0. Then by
Lemmas 3.2 and 3.7, we have

∂s.(x
ρ(ρp∂q − ρq∂p).v−ρ,2[p]) = 0 for s ∈ 1, l\{p}, (202)

∂2
p .(x

ρ(ρp∂q − ρq∂p).v−ρ,2[p]) = 0. (203)

So xρ(ρp∂q − ρq∂p).v−ρ,2[p] ∈ V0 by (6), which indicates

xρ(ρp∂q − ρq∂p).v−ρ,2[p] = 0. (204)

Pick r ∈ l1 + 1, l\{p, q} and choose α ∈ Γ\{0, ρ} such that αr 6= 0. Then (204)
and Lemma 3.8 give

0 = xα(αr∂p − αp∂r).xρ(ρp∂q − ρq∂p).v−ρ,2[p]
= xα+ρ((αrρp − αpρr)(ρp∂q − ρq∂p)− (ρpαq − ρqαp)(αr∂p − αp∂r)).v−ρ,2[p]

+xρ(ρp∂q − ρq∂p).xα(αr∂p − αp∂r).v−ρ,2[p]
= −2ρqαrvα,0 6= 0, (205)

which is absurd. So we must have V0 6= {0} . This lemma holds.

Observe that (cf. (6))

V0 6= {0} ⇔ V
(0)

0 6= {0}. (206)

Since dimV
(0)

0 ≤ 1, we have dimV
(0)

0 = 1. Moreover, we can obtain:

Lemma 4.2. V
(0)

0 is a trivial S (l1, l2, l3; Γ)-submodule of V .

Proof. Pick 0 6= v ∈ V (0)
0 . Then (6) indicates

∂p.v = 0 for p ∈ 1, l. (207)

Moreover, we obtain

t1[p]∂q′ .v, (t1[p]∂p − t1[q]∂q).v ∈ V (0)
0 (208)
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for any p, q ∈ 1, l1 + l2 and q′ ∈ 1, l\{p} . Namely, they all act on v as scalars.
Thus,

t1[p]∂q′ .v = [t1[p]∂r, t
1[r]∂q′ ].v = 0 for p ∈ 1, l1 + l2, q

′ ∈ 1, l\{p}, (209)

(t1[p]∂p − t1[q]∂q).v = [t1[p]∂q, t
1[q]∂p].v = 0 for p, q ∈ 1, l1 + l2 with p 6= q, (210)

where r ∈ 1, l1 + l2\{p, q′} . Furthermore, Claims 2, 3 and 6 of Lemma 3.2 give

Dp,q(x
α).v = 0 for any α ∈ Γ\{0}, p, q ∈ 1, l. (211)

So by (207), (209), (210), (211) and Proposition 2.5, we derive that V
(0)

0 is a trivial
S (l1, l2, l3; Γ)-submodule of V .

Throughout the rest of the section, we fix some

r1, r2 ∈ l1 + 1, l\{1} with r1 6= r2, (212)

and fix some
ρ ∈ Γ\{0} satisfying ρr1 6= 0 and ρr2 6= 0. (213)

We then use ρ, r1, r2 to determine a basis of the vector space V0 .

Definition 4.3. For k ≥ 0, we define

v0,k[1] =
1

ρr1(k + 1)
xρ(ρr1∂1 − ρ1∂r1).v−ρ,(k+1)[1] , (214)

where ρ and r1 are the fixed elements in (212) and (213). Moreover, we define

v0,i =
i1!

k!
(t1[l1+l2]∂1)il1+l2 .(t1[l1+l2−1]∂1)il1+l2−1 . · · · .(t1[2]∂1)i2 .v0,k[1] (215)

for i = (i1, i2, · · · , il1+l2 , 0, · · · , 0) ∈ Nl1+l2 with |i| = k ≥ 1 and i 6= k[1] .

In fact, v0,k[1] in (214) is independent of the choice of r1 in (212) and ρ in
(213). We shall show this after Lemma 4.8.

Lemma 4.4. v0,0 ∈ V (0)
0 and v0,0 6= 0.

Proof. Let ρ and r1 be the fixed elements in (212) and (213). By (214),
Lemma 3.2 and Lemma 3.7, we have

v0,0 =
1

ρr1
xρ(ρr1∂1 − ρ1∂r1).v−ρ,1[1] ∈ V

(0)
0 (216)

because

∂q.(x
ρ(ρr1∂1 − ρ1∂r1).v−ρ,1[1])

= [∂q, x
ρ(ρr1∂1 − ρ1∂r1)].v−ρ,1[1] + xρ(ρr1∂1 − ρ1∂r1).∂q.v−ρ,1[1] = 0 (217)
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for q ∈ 1, l .

Suppose that

v0,0 =
1

ρr1
xρ(ρr1∂1 − ρ1∂r1).v−ρ,1[1] = 0, (218)

then we have

∂p.(x
ρ(ρr1∂1 − ρ1∂r1).v−ρ,2[1]) = 0 for p ∈ 1, l (219)

by Lemma 3.7 and (218). In other words,

xρ(ρr1∂1 − ρ1∂r1).v−ρ,2[1] ∈ V
(0)

0 . (220)

Choose α ∈ Γ\{0, ρ} such that αr1 6= 0. So (220), Lemma 3.8 and Lemma 4.2
give

0 = xα(αr1∂1 − α1∂r1).(x
ρ(ρr1∂1 − ρ1∂r1).v−ρ,2[1])

= xα+ρ
(
(αr1ρ1 − α1ρr1)(ρr1∂1 − ρ1∂r1)

−(ρr1α1 − ρ1αr1)(αr1∂1 − α1∂r1)
)
.v−ρ,2[1]

+xρ(ρr1∂1 − ρ1∂r1).x
α(αr1∂1 − α1∂r1).v−ρ,2[1]

= 2ρr1αr1vα,0 6= 0, (221)

which is absurd. So we must have

v0,0 6= 0. (222)

Thus the lemma holds.

Lemma 4.5. For any p ∈ 1, l and i ∈ Nl1+l2 , we have

∂p.v0,i = ipv0,i−1[p] . (223)

Proof. When i = 0 , we have v0,0 ∈ V (0)
0 , which indicates

∂p.v0,0 = 0 for all p ∈ 1, l (224)

by Lemma 4.2. When i = k[1] with k ≥ 1, we have

∂p.v0,k[1] =
1

ρr1(k + 1)
∂p.x

ρ(ρr1∂1 − ρ1∂r1).v−ρ,(k+1)[1]

=
1

ρr1
δp,1x

ρ(ρr1∂1 − ρ1∂r1).v−ρ,k[1]

= δp,1kv0,(k−1)[1] , ∀ p ∈ 1, l (225)

by (214) and Lemma 3.7. When i = (i1, i2, · · · , il1+l2 , 0, · · · , 0) with |i| = k ≥ 1
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and i 6= k[1] , (215), (225) and Lemma 4.2 show

∂p.v0,i = ∂p.(
i1!

k!
(t1[l1+l2]∂1)il1+l2 . · · · .(t1[2]∂1)i2 .v0,k[1])

=

l1+l2∑
s=2

δp,sis
i1!

k!
(t1[l1+l2]∂1)il1+l2 . · · · .(t1[s]∂1)is−1. · · · .(t1[2]∂1)i2 .(∂1.v0,k[1])

+
i1!

k!
(t1[l1+l2]∂1)il1+l2 . · · · .(t1[2]∂1)i2 .(∂p.v0,k[1])

=

l1+l2∑
s=1

δp,sisv0,i−1[s]

= ipv0,i−1[p] for p ∈ 1, l. (226)

Thus this lemma holds.

Lemma 4.6. For any i ∈ Nl1+l2 , k ∈ N, p, q ∈ 1, l1 + l2 and p′, q′ ∈ 1, l , we
have

t1[p]∂q′ .v0,i = iq′v0,i+1[p]−1[q′]
, p 6= q′, (227)

(t1[p]∂p − t1[q]∂q).v0,i = (ip − iq)v0,i, p 6= q, (228)

and

Dp′,q′(x
ρ).v−ρ,(k+1)[1] = (k + 1)(ρp′δq′,1 − ρq′δp′,1)v0,k[1] , p′ 6= q′, (229)

where ρ is the fixed element in (213).

Proof. We divide the proof into several steps.

Step 1. t1[p]∂1.v0,i = i1v0,i+1[p]−1[1] for i ∈ Nl1+l2 and p ∈ 2, l1 + l2 .

When i = 0 , it holds by Lemma 4.2 and Lemma 4.4. Moreover, (214) and
(215) give rise to

t1[p]∂1.v0,i =
i1!

k!
(t1[l1+l2]∂1)il1+l2 . · · · .(t1[p]∂1)ip+1. · · · .(t1[2]∂1)i2 .v0,k[1] = i1v0,i+1[p]−1[1]

(230)
for p ∈ 2, l1 + l2 , i ∈ Nl1+l2 with |i| = k > 0.

Step 2. For any i ∈ Nl1+l2 , p, q ∈ 2, l1 + l2 and q′ ∈ 2, l\{p} , we have

t1[p]∂q′ .v0,i = iq′v0,i+1[p]−1[q′]
and (t1[p]∂p − t1[q]∂q).v0,i = (ip − iq)v0,i. (231)

Firstly, we want to prove (231) for i = k[1] with k ≥ 0, namely,

t1[p]∂q′ .v0,k[1] = 0, (t1[p]∂p − t1[q]∂q).v0,k[1] = 0 (232)

for k ≥ 0, p, q ∈ 2, l1 + l2 and q′ ∈ 2, l\{p} . We shall prove it by induction on k .

When k = 0, (232) follows from Lemma 4.2 and Lemma 4.4. Assume that,
(232) holds for k = s with some s ≥ 0. Then the induction hypothesis and
Lemma 4.5 give

t1[p]∂q′ .v0,(s+1)[1] , (t1[p]∂p − t1[q]∂q).v0,(s+1)[1] ∈ V
(0)

0 (233)
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for any p, q ∈ 2, l1 + l2 and q′ ∈ 2, l\{p} . Thus (233) and Lemma 4.2 imply

t1[p]∂q′ .v0,(s+1)[1] = −1

2
[t1[p]∂q′ , (t

1[p]∂p − t1[q′]∂q′)].v0,(s+1)[1] = 0 (234)

for p ∈ 2, l1 + l2 and q′ ∈ 2, l1 + l2\{p} , and

t1[p]∂q′ .v0,(s+1)[1] = [t1[p]∂r, t
1[r]∂q′ ].v0,(s+1)[1] = 0 (235)

for p ∈ 2, l1 + l2 and q′ ∈ l1 + l2 + 1, l , where r ∈ 2, l1 + l2\{p} . Moreover, by
(233) and Lemma 4.2 again, we have

(t1[p]∂p − t1[q]∂q).v0,(s+1)[1] = [t1[p]∂q, t
1[q]∂p].v0,(s+1)[1] = 0 (236)

for p, q ∈ 2, l1 + l2 . So (232) holds for k = s+1. Thus (232) follows from induction
on k .

Secondly, we shall prove (231) for i = (i1, i2, · · · , il1+l2 , 0, · · · , 0) ∈ Nl1+l2 with
|i| = k ≥ 1 and i 6= k[1] .

For any p ∈ 2, l1 + l2 and q′ ∈ 2, l\{p} , we have

t1[p]∂q′ .v0,i =
i1!

k!
t1[p]∂q′ .(t

1[l1+l2]∂1)il1+l2 . · · · .(t1[2]∂1)i2 .v0,k[1]

=
i1!

k!
(t1[l1+l2]∂1)il1+l2 . · · · .(t1[2]∂1)i2 .(t1[p]∂q′ .v0,k[1])

+

l1+l2∑
s=2

δq′,sis
i1!

k!
(t1[l1+l2]∂1)il1+l2 . · · · .(t1[s]∂1)is−1.

· · · .(t1[p]∂1)ip+1. · · · .(t1[2]∂1)i2 .v0,k[1]

= iq′v0,i+1[p]−1[q′]
(237)

by (215) and (232), where k = |i| , and iq′ = 0 when q′ ∈ l1 + l2 + 1, l . Moreover,
(237) implies

(t1[p]∂p − t1[q]∂q).v0,i = [t1[p]∂q, t
1[q]∂p].v0,i = (ip − iq)v0,i (238)

for any p, q ∈ 2, l1 + l2 with p 6= q . So this step follows from (232), (237) and
(238).

Step 3. t1[1]∂q′ .v0,k[1] = 0 for all q′ ∈ 2, l and k ≥ 0.

The proof of this step is in analogy with that of (232). We omit the details
here.

Step 4. For k ≥ 0 and p′, q′ ∈ 1, l with p′ 6= q′ , we have

Dp′,q′(x
ρ).v−ρ,(k+1)[1] = (k + 1)(ρp′δq′,1 − ρq′δp′,1)v0,k[1] , (239)

where ρ is the fixed element in (213).
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For any k ≥ 0 and q′ ∈ 2, l\{r1} , where r1 is the fixed element in (212),
we obtain

Dr1,q′(x
ρ).v−ρ,(k+1)[1]

= xρ(ρr1∂q′ − ρq′∂r1).v−ρ,(k+1)[1]

=
1

ρr1
[xρ(ρr1∂1 − ρ1∂r1), t

1[1](ρr1∂q′ − ρq′∂r1)].v−ρ,(k+1)[1]

= − 1

ρr1
t1[1](ρr1∂q′ − ρq′∂r1).(xρ(ρr1∂1 − ρ1∂r1).v−ρ,(k+1)[1])

= −(k + 1)t1[1](ρr1∂q′ − ρq′∂r1).v0,k[1]

= 0 (240)

by (214), Lemma 3.6 and Step 3. So (214) and (240) give

Dp′,q′(x
ρ).v−ρ,(k+1)[1] =

1

ρr1
(ρp′Dr1,q′(x

ρ)− ρq′Dr1,p′(x
ρ)).v−ρ,(k+1)[1]

= (k + 1)(ρp′δq′,1 − ρq′δp′,1)v0,k[1] (241)

for p′, q′ ∈ 1, l with p′ 6= q′ . This completes the proof of the step.

Step 5. (t1[1]∂1 − t1[2]∂2).v0,k[1] = kv0,k[1] for k > 0.

Let ρ and r1, r2 be the fixed elements in (212) and (213). Pick r ∈
{r1, r2}\{2} . Then r 6∈ {1, 2} . Set

∂̃1 = ρr∂2 − ρ2∂r and ∂̃2 = ρr∂1 − ρ1∂r. (242)

Then (214), Steps 2–4 and Lemma 3.6 give

(t1[1]∂1 − t1[2]∂2).v0,k[1]

=
1

ρr
(t1[1] ∂̃2 − t1[2] ∂̃1 + ρ1t

1[1]∂r − ρ2t
1[2]∂r).v0,k[1]

=
1

ρrρr1(k + 1)
(t1[1] ∂̃2 − t1[2] ∂̃1).xρ(ρr1∂1 − ρ1∂r1).v−ρ,(k+1)[1]

=
1

ρrρr1(k + 1)

(
xρ(ρr1∂1 − ρ1∂r1).(t

1[1] ∂̃2 − t1[2] ∂̃1).v−ρ,(k+1)[1]

−xρ(ρr1 ∂̃2 + ρ1δr1,2∂̃1).v−ρ,(k+1)[1]

)
=

1

ρr1
xρ(ρr1∂1 − ρ1∂r1).v−ρ,(k+1)[1] − v0,k[1]

= kv0,k[1] (243)

for k > 0.

Step 6. t1[1]∂q.v0,i = iqv0,i+1[1]−1[q] for i ∈ Nl1+l2 and q ∈ 2, l .

When i = 0 , it follows from Lemma 4.2 and Lemma 4.4. For 0 6= i ∈ Nl1+l2 ,
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eq. (215), Steps 2, 3 and 5 give rise to

t1[1]∂2.v0,i =
i1!

k!
t1[1]∂2.(t

1[l1+l2]∂1)il1+l2 . · · · .(t1[2]∂1)i2 .v0,k[1]

=
i1!

k!

(
−

l1+l2∑
s=3

isi2(t1[l1+l2]∂1)il1+l2 . · · · .(t1[2]∂1)i2−1.v0,k[1]

−i2(i2 − 1)(t1[l1+l2]∂1)il1+l2 . · · · .(t1[2]∂1)i2−1.v0,k[1]

+i2(t1[l1+l2]∂1)il1+l2 . · · · .(t1[2]∂1)i2−1.(t1[1]∂1 − t1[2]∂2).v0,k[1]

)
= i2

(i1 + 1)!

k!
(t1[l1+l2]∂1)il1+l2 . · · · .(t1[2]∂1)i2−1.v0,k[1]

= i2v0,i+1[1]−1[2] , (244)

where k = |i| . Moreover, (244) and Step 2 tell

t1[1]∂q.v0,i = [t1[1]∂2, t
1[2]∂q].v0,i

= t1[1]∂2.(iqv0,i+1[2]−1[q])− t
1[2]∂q.(i2v0,i+1[1]−1[2])

= iq(i2 + 1)v0,i+1[1]−1[q] − iqi2v0,i+1[1]−1[q]

= iqv0,i+1[1]−1[q] (245)

for q ∈ 3, l and 0 6= i ∈ Nl1+l2 . So this step holds.

Step 7. (t1[1]∂1 − t1[p]∂p).v0,i = (i1 − ip)v0,i for i ∈ Nl1+l2 and p ∈ 2, l1 + l2 .

When i = 0 , it follows from Lemma 4.2 and Lemma 4.4. For 0 6= i ∈ Nl1+l2

and p ∈ 2, l1 + l2 , Step 1 and Step 6 imply

(t1[1]∂1 − t1[p]∂p).v0,i = [t1[1]∂p, t
1[p]∂1].v0,i = (i1 − ip)v0,i. (246)

In summary, Steps 1, 2 and 6 show (227); Steps 2 and 7 indicate (228); Step
4 gives (229). So we complete the proof of this lemma.

Lemma 4.7. For i ∈ Nl1+l2 and p, q ∈ 1, l with p 6= q , we have

Dp,q(x
ρ).v−ρ,i = ρpiqv0,i−1[q] − ρqipv0,i−1[p] , (247)

where ρ is the fixed element in (213).

Proof. When i = 0 , (247) follows from Lemma 3.2. So we only need to
consider the case i 6= 0 . Recall that Lemma 4.6 has given the proof for i = k[1]

with k ≥ 1. Therefore, we can prove the lemma this way: For any k ≥ 1, we
verify (247) for all i ∈ Nl1+l2 with |i| = k , by induction on i with the total order
defined in Definition 3.9.

Fix any k ≥ 1. Assume that, (247) holds for all i < j with |i| = |j| = k ,
where jp 6= 0 for some p ∈ 2, l1 + l2 . Then it suffices to verify (247) for i = j . Set

s = max{p ∈ 2, l1 + l2 | jp 6= 0}. (248)

Pick r ∈ {r1, r2}\{s} , where r1, r2 are the fixed element in (212). Then r 6= 1
and ρr 6= 0. So by the total order defined in (185), we have

j + 1[1] − 1[s] < j, jr = 0 or j + 1[1] − 1[r] < j. (249)
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Thus Lemma 3.6, Lemma 4.6 and the induction hypothesis give

Dp,q(x
ρ).v−ρ,j

=
1

ρr(j1 + 1)
Dp,q(x

ρ).
(
t1[s](ρr∂1 − ρ1∂r).v−ρ,j+1[1]−1[s] + ρ1jrv−ρ,j+1[1]−1[r]

)
=

1

ρr(j1 + 1)

(
(ρpδq,s − ρqδp,s)xρ(ρr∂1 − ρ1∂r).v−ρ,j+1[1]−1[s]

+t1[s](ρr∂1 − ρ1∂r).Dp,q(x
ρ).v−ρ,j+1[1]−1[s] + ρ1jrDp,q(x

ρ).v−ρ,j+1[1]−1[r]

)
= ρpjqv0,j−1[q] − ρqjpv0,j−1[p] (250)

for p, q ∈ 1, l with p 6= q , which coincides with (247). So this lemma holds.

Lemma 4.8. For any α ∈ Γ\{0}, i ∈ Nl1+l2 and p, q ∈ 1, l with p 6= q , we
have

Dp,q(x
α).v−α,i = αpiqv0,i−1[q] − αqipv0,i−1[p] . (251)

Proof. We prove this lemma by induction on |i| . When |i| = 0, Lemma 3.2
shows

Dp,q(x
α).v−α,0 = 0 (252)

for all α ∈ Γ\{0} and p, q ∈ 1, l with p 6= q , which coincides with (251). Suppose
that (251) holds for i ∈ Nl1+l2 with |i| ≤ k , where k ≥ 0. Fix some β ∈ Γ\{0}
such that

ker β 6= ker ρ, (253)

where ρ is the fixed element in (213). Then we prove (251) for i ∈ Nl1+l2 with
|i| = k + 1 in two steps.

Step 1. For i ∈ Nl1+l2 with |i| = k + 1, and p, q ∈ 1, l with p 6= q , we have

Dp,q(x
β).v−β,i = βpiqv0,i−1[q] − βqipv0,i−1[p] . (254)

Since ker β 6= ker ρ , we have β 6= ±ρ , βs1 6= 0 for some s1 ∈ l1 + 1, l , and
βs1ρs2 − βs2ρs1 6= 0 for some s2 ∈ l1 + 1, l\{s1} . Fix such s1 and s2 . Set

∂̃q = (βs1ρs2 − βs2ρs1)(βs1∂q − βq∂s1)− (βs1ρq − βqρs1)(βs1∂s2 − βs2∂s1) (255)

for q ∈ 1, l\{s1, s2} , where ρ is the fixed element in (213). Then for any q ∈
1, l\{s1, s2} , we have

∂̃q(β) = ∂̃q(ρ) = 0, (256)

xβ∂̃q = ((βs1ρs2 − βs2ρs1)Ds1,q(x
β)− (βs1ρq − βqρs1)Ds1,s2(x

β)), (257)

xρ∂̃q = βs1
(
βs1Ds2,q(x

ρ) + βs2Dq,s1(x
ρ) + βqDs1,s2(x

ρ)
)
. (258)

Let

∂̄ = βs1∂s2 − βs2∂s1 and ∂̄′ = ρs1∂s2 − ρs2∂s1 . (259)
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Then ∂̄ ∈ ker β\ ker ρ and ∂̄′ ∈ ker ρ\ ker β . So Lemma 3.8, Lemma 4.7 and the
induction hypothesis give

xβ∂̃q.v−β,i =
1

∂̄(ρ)∂̄′(β)
[x−ρ∂̄′, [xβ∂̄, xρ∂̃q]].v−β,i

=
1

∂̄(ρ)∂̄′(β)

(
∂̄(ρ)x−ρ∂̄′.xβ+ρ∂̃q.v−β,i − xβ∂̄.xρ∂̃q.x−ρ∂̄′.v−β,i

+xρ∂̃q.x
β∂̄.x−ρ∂̄′.v−β,i

)
= βs1

(
(βs1ρs2 − βs2ρs1)iqv0,i−1[q] − (βs1ρq − βqρs1)is2v0,i−1[s2]

+(βs2ρq − βqρs2)is1v0,i−1[s1]

)
(260)

for q ∈ 1, l\{s1, s2} , i ∈ Nl1+l2 with |i| = k + 1. Thus by Lemma 3.6, Lemma 4.6,
(255) and (260), we obtain

Ds1,s2(x
β).v−β,i

=
1

βs1(βs1ρs2 − βs2ρs1)
[xβ∂̃p, t

1[p](βs1∂s2 − βs2∂s1)].v−β,i

=
1

βs1(βs1ρs2 − βs2ρs1)

(
βs1is2x

β∂̃p.v−β,i+1[p]−1[s2]
− βs2is1xβ∂̃p.v−β,i+1[p]−1[s1]

−t1[p](βs1∂s2 − βs2∂s1).(xβ∂̃p.v−β,i)
)

= βs1is2v0,i−1[s2]
− βs2is1v0,i−1[s1]

(261)

for i ∈ Nl1+l2 with |i| = k + 1, where p ∈ 1, l1 + l2\{s1, s2} . Moreover, (257),
(260) and (261) imply

Ds1,q(x
β).v−β,i =

1

βs1ρs2 − βs2ρs1
(xβ∂̃q + (βs1ρq − βqρs1)Ds1,s2(x

β)).v−β,i

= βs1iqv0,i−1[q] − βqis1v0,i−1[s1]
(262)

for q ∈ 1, l\{s1, s2} , i ∈ Nl1+l2 with |i| = k + 1. Therefore, (261) and (262)
indicate

Dp,q(x
β).v−β,i =

1

βs1
(βpDs1,q(x

β)− βqDs1,p(x
β)).v−β,i = βpiqv0,i−1[q] − βqipv0,i−1[p]

(263)
for i ∈ Nl1+l2 with |i| = k + 1, p, q ∈ 1, l with p 6= q . So this step holds.

Step 2. For any α ∈ Γ\{0} , i ∈ Nl1+l2 with |i| = k+ 1, and p, q ∈ 1, l with p 6= q ,
we have

Dp,q(x
α).v−α,i = αpiqv0,i−1[q] − αqipv0,i−1[p] . (264)

Fix an arbitrary α ∈ Γ\{0} . Then we have kerα 6= ker ρ or kerα 6= ker β ,
where ρ is the fixed element in (213). Choose γ ∈ {ρ, β} such that kerα 6= ker γ .
Then, with β replaced by α and ρ by γ in Step 1, we can get

Dp,q(x
α).v−α,i = αpiqv0,i−1[q] − αqipv0,i−1[p] (265)



546 Chen

for i ∈ Nl1+l2 with |i| = k + 1, p, q ∈ 1, l with p 6= q . As α ∈ Γ\{0} is arbitrary,
this completes the proof of the step.

Thus (251) holds for i ∈ Nl1+l2 with |i| = k + 1. So this lemma follows
from induction on |i| .

Remark 4.9. The above lemma induces that, for any other possible choice of
r1 in (212) and ρ in (213), which we may denote by r̃1 and ρ̃ respectively, we
have

1

ρ̃r̃1(k + 1)
xρ̃(ρ̃r̃1∂1 − ρ̃1∂r̃1).v−ρ̃,(k+1)[1]

= v0,k[1] =
1

ρr1(k + 1)
xρ(ρr1∂1 − ρ1∂r1).v−ρ,(k+1)[1] (266)

for k ≥ 0. In other words, v0,k[1] in (214) is independent of the choice of r1 and ρ .

Lemma 4.10. For any α ∈ Γ\{0}, i ∈ Nl1+l2 and p, q ∈ 1, l with p 6= q , we
have

Dp,q(x
α).v0,i = αpiqvα,i−1[q] − αqipvα,i−1[p] . (267)

Proof. When i = 0 , (267) follows from Lemma 4.2. So we only need to
consider the case i 6= 0 . Fix an arbitrary k > 0. Then we prove (267) for all
α ∈ Γ\{0} , i ∈ Nl1+l2 with |i| = k , and p, q ∈ 1, l with p 6= q in two steps.

Step 1. For any α ∈ Γ\{0, ρ} , i ∈ Nl1+l2 with |i| = k , p, q ∈ 1, l with p 6= q , we
have

Dp,q(x
α).v0,i = αpiqvα,i−1[q] − αqipvα,i−1[p] , (268)

where ρ is the fixed element in (213).

We prove this step by induction on i with the total order defined in Defi-
nition 3.9. When i = k[1] , by (214) and Lemma 3.8 we have

Dp,q(x
α).v0,k[1] =

1

ρr1(k + 1)
Dp,q(x

α).(xρ(ρr1∂1 − ρ1∂r1).v−ρ,(k+1)[1])

=
1

ρr1(k + 1)

(
xρ(ρr1∂1 − ρ1∂r1).Dp,q(x

α).v−ρ,(k+1)[1]

+xα+ρ
(
(αpρq − αqρp)(ρr1∂1 − ρ1∂r1)

−(ρr1α1 − ρ1αr1)(αp∂q − αq∂p)
)
.v−ρ,(k+1)[1]

)
= k(αpδq,1 − αqδp,1)vα,(k−1)[1] (269)

for all α ∈ Γ\{0, ρ} , p, q ∈ 1, l with p 6= q , where ρ and r1 are the fixed elements
in (212) and (213). Namely, (268) holds when i = k[1] . Suppose that, (268) holds

for all i < j with |i| = |j| = k and jp 6= 0 for some p ∈ 2, l1 + l2 . Then it suffices
to prove (268) for i = j . Since r1 > 1 (cf. (212)), we have

jr1 = 0 or j + 1[1] − 1[r1] < j (270)
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by the total order defined in (185). Thus Lemma 3.8, Lemma 4.7 and the induction
hypothesis give

Dp,q(x
α).v0,j

=
1

ρr1(j1 + 1)
Dp,q(x

α).
(
xρ(ρr1∂1 − ρ1∂r1).v−ρ,j+1[1] + ρ1jr1v0,j+1[1]−1[r1]

)
=

1

ρr1(j1 + 1)

(
xρ(ρr1∂1 − ρ1∂r1).x

α(αp∂q − αq∂p).v−ρ,j+1[1]

+xα+ρ
(
(αpρq − αqρp)(ρr1∂1 − ρ1∂r1)

−(ρr1α1 − ρ1αr1)(αp∂q − αq∂p)
)
.v−ρ,j+1[1]

+ρ1jr1x
α(αp∂q − αq∂p).v0,j+1[1]−1[r1]

)
= αpjqvα,j−1[q] − αqjpvα,j−1[p] (271)

for all α ∈ Γ\{0, ρ} , p, q ∈ 1, l with p 6= q . So (268) holds for i = j , which
completes the proof of the step.

Step 2. For all i ∈ Nl1+l2 with |i| = k , p, q ∈ 1, l with p 6= q , we have

Dp,q(x
ρ).v0,i = ρpiqvρ,i−1[q] − ρqipvρ,i−1[p] , (272)

where ρ is the fixed element in (213).

Replacing ρ by −ρ , and α by ρ in Step 1, we can similarly prove (272).
Here we omit the details.

Since k > 0 is arbitrary, we deduce that this lemma holds.

Under the condition that µ = 0, we get a set {vβ,i | β ∈ Γ, i ∈ Nl1+l2}
from Definitions 3.3 and 4.3. In analogy with Lemma 3.10, it can be deduced from
Lemma 3.7, Lemma 4.4, Lemma 4.5 and Definition 3.9 that:

Lemma 4.11. If µ = 0, then {vβ,i | β ∈ Γ, i ∈ Nl1+l2} is an F-basis of V .

So (199), Proposition 2.5, Lemma 3.6–3.8 and Lemma 4.4–4.11 give

Lemma 4.12. If µ ∈ Γ, then V = V (µ) ' V (0) ' A 0 .

In summary, Theorem 1.1 follows from Lemmas 3.1, 3.11 and 4.12.
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