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Abstract. We study a known filtration of the second cohomology of a fi-
nite dimensional nilpotent Lie algebra g with coefficients in a finite dimensional
nilpotent g -module M . This filtration is based upon a refinement of the corre-
spondence between H2(g,M) and equivalence classes of abelian extensions of g
by M . We give a different characterization of this filtration and as a corollary,
we obtain an expression for the second Betti number of g . Using this expression,
we find bounds for the second Betti number and derive a cohomological criterium
for the existence of certain central extensions of g .
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1. Introduction

Let g be a finite dimensional p-step nilpotent Lie algebra and let M be a finite
dimensional g-module, both over an arbitrary field k . M is called a nilpotent
g-module if the inductively defined increasing sequence of submodules

0 = M0 ⊂M1 ⊂ . . . ⊂Mi−1 ⊂Mi ⊂ . . .

with
Mi := {m ∈M | xm ∈Mi−1 for all x ∈ g}

equals M after a finite number of steps. M is called q -step nilpotent if Mq−1 6= M
and Mq = M .
Assuming that M is a q -step nilpotent g-module, there exists a well-known
filtration of the cohomology space H2(g,M).

Definition 1.1. For each n ∈ N and each r ≥ 0, one defines FrHomk(Λ
n(g),M)

to be

{f ∈ Homk(Λ
n(g),M) | f(x1∧. . .∧xn) ∈Mr−i1−...−in+1 if x1∧. . .∧xn ∈ gi1∧. . .∧gin}.
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Here, the spaces gi are the terms in the lower central series of g , i.e. g1 = g
and gi+1 = [gi, g] . This way, one obtains a filtration of the Chevalley-Eilenberg
complex, that induces a filtration on the second cohomology.

. . . ⊂ Fi−1H
2(g,M) ⊂ FiH

2(g,M) ⊂ . . . ⊂ H2(g,M).

A case of particular interest is the one with M = g , where g is given the
adjoint g-module structure. Then g is p-step nilpotent g-module, the sequence
0 = M0 ⊂ M1 ⊂ . . . ⊂ Mi−1 ⊂ Mi ⊂ . . . becomes the central ascending series of
g and we obtain a filtration . . . ⊂ Fi−1H

2(g, g) ⊂ FiH
2(g, g) ⊂ . . . ⊂ H2(g, g). It

is well known that we can interpret the space H2(g, g) as the set of infinitesimal
deformation classes of g . Moreover, H2(g, g) and the particular filtration described
here play an important role in the study of the complex variety of nilpotent Lie
algebras: let Ln be the variety of complex n-dimensional Lie algebras (see [8])
and denote by N n

i the Zariski closed algebraic subset of Ln consisting of nilpotent
Lie algebras of class at most i , then the following holds (see [8]).

Theorem 1.2. Let g be a p-step nilpotent Lie algebra of dimension n over the
complex numbers and let q ≥ p be an integer. Then the Zariski tangent space in
g to N n

q consists of the 2-cocycles f ∈ Hom(Λ2(g), g) such that f ∈ FqH2(g, g).

If M be a q -step nilpotent g-module, then every abelian extension of g by
M is nilpotent of class r , with max{p, q} ≤ r ≤ p + q . This observation suggest
a filtration of the space of equivalence classes of abelian extensions of g by M ,
which we denote by Ext(g,M).

Definition 1.3. Let g be a p-step nilpotent Lie algebra and let M be a q -step
nilpotent g-module. Take r ∈ Z such that p ≤ r ≤ p+ q . With FrExt(g,M) we
mean the subset of Ext(g,M) containing the equivalence classes of extensions

0→M → e
π−→ g→ 0

such that e is nilpotent of class at most r . This defines a filtration

Fmax{p,q}Ext(g,M) ⊆ Fmax{p,q}+1Ext(g,M) ⊆ . . .

. . . ⊆ Fp+q−1Ext(g,M) ⊆ Fp+qExt(g,M) = Ext(g,M).

It turns out that, under the bijective correspondence between H2(g,M) and
Ext(g,M), the spaces FrExt(g,M) correspond to the spaces FrH

2(g,M) from
Definition 1.1 (see [20]). We would like to obtain yet another way of looking at
the spaces FrH

2(g,M). To do this, we need the following definition.

Definition 1.4. Let g be a p-step nilpotent Lie algebra with | g
[g,g]
| = n . A free

p-step nilpotent extension of g is a short exact sequence of Lie algebras

0→ n→ fn,p
π−→ g→ 0

such that n ⊂ [fn,p, fn,p] , where fn,p is the free p-step nilpotent Lie algebra on n
generators. We say g is of depth d if d is the largest integer such that n ⊆ fdn,p .
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For integers r ≥ p , a free r -step nilpotent extension of g is a short exact sequence
of Lie algebras

0→ n′ → fn,r
π′−→ g→ 0

where fn,r is the free r -step nilpotent Lie algebra on n generators and π′ is the

composition of the canonical projection fn,r → fn,p with a morphism π : fn,p
π−→ g ,

coming from a free p-step nilpotent extension of g .

Every p-step nilpotent Lie algebra has a free r -step nilpotent extension, for
any r ≥ p , that is unique up to a certain notion of equivalence.

We obtain the following characterization of the spaces FrH
2(g,M).

Theorem 1.5. Let g be a p-step nilpotent Lie algebra, M a q -step nilpotent
g-module and

0→ n→ fn,r
π−→ g→ 0

a free r -step nilpotent extension of g. Then

FrH
2(g,M) = Ker

(
π2 : H2(g,M)→ H2(fn,r,M)

)
for every integer r such that max{p, q} ≤ r ≤ p + q . Furthermore, for every
integer r such that max{p, q} ≤ r ≤ p+ q , we have an exact sequence

0→ H1(g,M)→ H1(fn,r,M)→ Homg(
n

[n, n]
,M)

d−→ FrH
2(g,M)→ 0

with d(f) = f ◦ ϕr , where ϕr is a 2-cocycle corresponding to

0→ n

[n, n]
→ fn,r

[n, n]

π−→ g→ 0.

If M is a trivial g-module, then the map d becomes an isomorphism.

As a first corollary, we obtain a formula for |F2H
2(g, k)| and |F2H

2(g, g)|
in the case where g is a 2-step nilpotent Lie algebra.

Corollary 1.6. Let g be a 2-step nilpotent Lie algebra with b1(g) = n, then

|F2H
2(g, k)| =

(
n

2

)
+ n− |g|;

|F2H
2(g, g)| =

(
n+ 1

2

)
|Z(g)| − n|g| − |g||Z(g)|+ |Der(g)|.

Here, Z(g) is the center of g and Der(g) is the derivation algebra of g.

The Betti numbers of a finite dimensional Lie algebra over a field k are
by definition the dimensions of the different cohomology spaces with trivial coeffi-
cients k . For an m-dimensional nilpotent Lie algebra g , it is known that the Betti
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numbers satisfy 2 ≤ bi(g) ≤
(
m
i

)
for all i ∈ {1, . . . ,m − 1} (see [7]), with strict

upper bound if and only if g is non-abelian (see [16]). The Betti numbers of g

also satisfy a Golod-Shafarevich type inequality: b1(g)2

4
≤ b2(g) (see [13]) and some

Euler-Poincaré type inequalities: 1 ≤
∑i

k=0(−1)k+ibk(g) for all i ∈ {0, . . . ,m−1}
(see [14]). More recently, it was proven in [1] that if g is non-abelian nilpotent
and has dimension m ≥ 3, one has bi(g) ≤

(
m
i

)
−
(
m−2
i−1

)
.

Despite these results, the behavior of the Betti numbers of nilpotent Lie alge-
bras is still unknown for the most part and several problems remain unsolved.
The most famous perhaps, is the Toral rank conjecture (attributed to S. Halperin,
see [9]), which claims that for an m-dimensional nilpotent Lie algebra g , one
has

∑m
i=0 bi(g) ≥ 2z , where z denotes the dimension of Z(g), the center of g .

This conjecture has been proven for 2-step nilpotent Lie algebras (see [6]) and
for nilpotent Lie algebras g with |Z(g)| ≤ 5 or | g

Z(g)
| ≤ 7 or |g| ≤ 14 (see [1]).

In fact, for 2-step nilpotent Lie algebras, a better lower bound was achieved in [19].

Applying Theorem 1.5 to trivial g-modules, we obtain the following ex-
pression for the second Betti number.

Corollary 1.7. Let g be a p-step nilpotent Lie algebra with free p-step nilpotent
extension

0→ n→ fn,p
π−→ g→ 0,

then

|FpH2(g, k)| = | n

[fn,p, n]
|;

|H2(g, k)| = | n

[fn,p, n]
|+ b2(fn,p)− |[i(n), fn,p+1] ∩ fp+1

n,p+1|,

where i : fn,p → fn,p+1 is the canonical vector space inclusion.

We also obtain a necessary and sufficient cohomological condition for the
existence of central extensions of class p+ 1, i.e. short exact sequences 0→M →
e→ g→ 0 where M is contained in the center of e and e is (p+1)-step nilpotent.

Corollary 1.8. Let g be a p-step nilpotent Lie algebra with free p-step nilpotent
extension

0→ n→ fn,p
π−→ g→ 0.

Then g admits a central extension of class p+ 1 if and only if | n
[fn,p,n]

| < b2(g). In

particular, if n is generated by a single element X ∈ [fn,p, fn,p], then g admits a
central extension of class p+ 1.

The type of g is defined to be the sequence of numbers (n1, . . . , ni, . . . , np),
where ni equals the dimension of gi/gi+1 . As an application of Corollary 1.7, we
obtain bounds for the second Betti number of g in terms of the type and depth of
g .
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Corollary 1.9. Let g be a p-step nilpotent Lie algebra of type (n1, n2, . . . , np),
dimension m, depth d and with p-step nilpotent extension

0→ n→ fn1,p
π−→ g→ 0.

Define c := b2(fn1,d−1) − nd and C :=
(
n1

2

)
+ (m − n1)(n1 − 1) . In general, we

have
c ≤ b2(g) ≤ C.

More specifically, if n is generated by Lie monomials of degree d, we have

c ≤ b2(g) ≤ min{c+ b2(fn1,p)− b2(fn1,p−1) + np, C}

and if g is of depth p then c+ max{0, b2(fn1,p)−n1b2(fn1,p−1)+n1np}

≤ b2(g) ≤ min{c+ b2(fn1,p)− b2(fn1,p−1) + np, C}.

2. Preliminaries and notations

All vector spaces considered in this paper are finite dimensional over a fixed field
k . If V is a vector space, then we denote the dimension of V by |V | . Now suppose
g is a Lie algebra over the field k . If S is a subset of g , then the subalgebra/ideal
generated by S is by Definition the smallest (via inclusion) subalgebra/ideal of
g containing S . It is not difficult to see that these spaces always exist and are
unique. If we say that g is generated by elements X := {x1, . . . , xn} in g , we
mean that the subalgebra generated by X equals g . A generating set X for g is
called minimal if no proper subset of X generates g .

The lower central series of g is the following decreasing sequence of ideals

g = g1 ⊃ [g, g] = g2 ⊃ [g, [g, g]] = g3 ⊃ . . . ⊃ [g, gi] = gi+1 ⊃ . . . .

For p ∈ N0 , we say g is p-step nilpotent if gp 6= 0 and gp+1 = 0. If this is the
case, then it is clear that gp is contained in the center Z(g) of g . If g is p-step
nilpotent, the type of g is the sequence of numbers (n1, . . . , ni, . . . , np), where
ni = |gi/gi+1| . It follows that n1 = | g

[g,g]
| , np = |gp| and

∑p
i=1 ni = |g| .

Let fn be the free Lie algebra over k on generators X = {x1, . . . , xn} .
The free Lie algebra is graded. Indeed, we can write fn = H1(n) ⊕ H2(n) ⊕
. . .⊕Hp(n)⊕ . . . , where Hi(n) is the vector space spanned by the Lie monomials
in X of degree i , such that [Hi(n), Hj(n)] ⊂ Hi+j(n). Explicit bases can be
constructed for Hi(n), for example the Hall basis (see [18]). Moreover, it is known

that |Hi(n)| = 1
i

∑
d|i µ(d)n

i
d where µ equals the Möbius function, which is defined

as follows

µ(d) =


1 if d ∈ Z+, square-free, with an even number of prime factors
−1 if d ∈ Z+, square-free, with an odd number of prime factors
0 otherwise.

The free p-step nilpotent Lie algebra fn,p on generators X = {x1, . . . , xn} is defined
as fn/f

p+1
n . The universal property of the free Lie algebra implies that any set map
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from X to a p-step nilpotent Lie algebra can be uniquely extended to a Lie algebra
homomorphism from fn,p to this given p-step nilpotent Lie algebra. The free p-step
nilpotent Lie algebra is graded, as it inherits its grading from the free Lie algebra.
By abusing notation a little, we can write fn,p = H1(n) ⊕ H2(n) ⊕ . . . ⊕ Hp(n),
with [Hi(n), Hj(n)] = 0 if i+ j > p .
An introduction to (nilpotent) Lie algebras can, for example, be found in [3], [11],
[18] and [8].

Let M be a g-module. One can compute H∗(g,M), i.e. the cohomology of
g with coefficients in M , using the Chevalley-Eilenberg complex of g

0→M
d0−→ Homk(g,M)

d1−→ Homk(Λ
2(g),M)

d2−→ . . .→ Homk(Λ
i(g),M)

di−→ . . .

where Λi(g) denotes the i-th exterior product of g . Here, d0(m)(x) equals xm
and for i ≥ 1, the coboundary di(ω) of a i-cochain is the (i+ 1)-cochain

di(ω)(x1 ∧ . . . ∧ xi+1) =
i+1∑
k=1

(−1)k+1xkω(x1 ∧ . . . ∧ x̂k ∧ . . . ∧ xi+1) +∑
k<l

(−1)k+lω([xk, xl]∧x1∧ . . .∧x̂k∧ . . .∧x̂l∧ . . .∧xi+1).

By definition, we have Hi(g,M) = Ker di

Im di−1 . An element ω ∈ Homk(Λ
i(g),M) is

called an i-cocycle if di(ω) = 0, it is called a i-coboundary if ω = di−1(µ) for
some µ ∈ Homk(Λ

i−1(g),M). If ω ∈ Homk(Λ
2(g), k) is a 2-cocycle of g , then

we will write ω for the corresponding class in H2(g,M). More generally, the
cohomology of g can also be computed using derived functors. Indeed, we have
H∗(g,M) = Ext∗U(g)(k,M), where U(g) is the universal enveloping algebra of g
and ExtnU(g)(k,M) is the n-th right derived functor of HomU(g)(k,−), evaluated
at M . For details on homological algebra and (co)homology of Lie algebras, we
refer the reader to [12] and [21].

For i ∈ {1, . . . ,m = |g|} , the Betti number bi(g) of g is by definition the
dimension of Hi(g, k). Here k is viewed as a trivial g-module. One can verify that
b0(g) = 1, b1(g) = | g

[g,g]
| and 0 ≤ bi(g) ≤

(
n
i

)
for all i ∈ {0, 1, . . . ,m} . It is also

known that, if g is a nilpotent Lie algebra, Poincaré duality holds: bi(g) = bm−i(g)
for all i ∈ {0, 1, . . . , n} . Several other inequalities for the Betti numbers of
nilpotent Lie algebra are provided in the introduction. Finally, we remark that
b2(fn,p) = |Hp+1(n)| , which can be computed using the Möbius function.

Given a short exact sequence of Lie algebras

0→ n→ h
π−→ g→ 0 (1)

and an h-module M , one can consider the associated Hochschild-Serre spectral
sequence (see [10],[15] and [21])

Ep,q
2 = Hp(h,Hq(n,M))⇒ Hp+q(g,M).

This spectral sequence gives rise to an exact sequence of low degree terms

0→ H1(g,Mn)→ H1(e,M)→ H1(n,M)g
d−→ H2(g,Mn)→ H2(e,M)
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for every h-module M . Here, d is the d0,12 -differential from the spectral sequence.
The other maps are the well-known restriction and inflation maps. Note that an
elementary working knowledge of spectral sequences will be assumed throughout
this text.

Let g be a Lie algebra and M a g-module. An extension of g by M
is a short exact sequence 0 → M → e

π−→ g → 0 of Lie algebras, where M is
viewed as an abelian Lie algebra such that the g-module structure induced by
the extension coincides with the original g-module structure on M (i.e. for all
m ∈M : [y,m] = xm for all y ∈ e such that π(y) = x). We say such an extension
is split, if there exists a Lie algebra homomorphism π : g→ e such that π ◦s = Id.
Two extensions of g by M , 0 → M → ei → g → 0 for i ∈ {1, 2} , are called
equivalent if there exists a Lie algebra homomorphism θ : e1 → e2 such that

0 // M //

Id
��

e1 //

θ
��

g

Id
��

// 0

0 // M
i // e2

π // g // 0

commutes. This induces an equivalence relation on the set of all extensions of g
by M . One can easily check that all split extensions of g by M are equivalent.
Denote the set of equivalence classes by Ext(g,M). The following theorem is
well-known.

Theorem 2.1.There is a bijective correspondence between H2(g,M) and Ext(g,M)
such that the class of split extensions corresponds to the zero element in H2(g,M).

We will now describe how this correspondence can be obtained. Given a 2-
cocycle ω ∈ Homk(Λ

2(g),M), define the Lie algebra h := M ⊕ g with Lie bracket
given by [(m,x), (n, y)] := (xn − ym + ω(x ∧ y), [x, y]) (the fact the ω is a 2-

cocycle ensures that this is in fact a Lie bracket). Then 0→ M
i−→ h

p−→ g→ 0 is
an extension of g by M , where i and p are the obvious inclusion and projection
maps. Write α for the equivalence class represented by this extension. Then one
can check that the map Θ : H2(g,M)→ Ext(g,M) : ω 7→ α is well defined.
Now let 0 → M → e

π−→ g → 0 be an extension of g by M and consider its
associated exact sequence of low degree terms, with coefficients in M viewed as
an e-module via π

0→ H1(g,M)→ H1(e,M)→ H1(M,M)g
d−→ H2(g,M)→ H2(e,M).

By duality, we know that H1(M,M)g ∼= Homg(M,M). Denote the element in
H1(M,M)g that corresponds to the identity map in Homg(M,M), under this
isomorphism, by IdM . One can check that the map Ψ : Ext(g,M) → H2(g,M)
that maps the equivalence class of the extension 0→M → e

π−→ g→ 0 to d(IdM)
is well-defined. It turns out that the maps Ψ and Θ are mutual inverses of each
other, so we obtain the desired bijection. For details we refer the reader to [21].

Finally, let us describe an important construction that will be used in the
proof of our main theorem. Consider a short exact sequence of Lie algebras (1)

and a Lie algebra homomorphism p
p−→ g . Now define e as the following subalgebra
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of the product Lie algebra h⊕ p

e := {(x, y) ∈ h⊕ p | π(x) = p(y)}.

One easily sees that (n, 0) ∈ e for all n ∈ n , so we have an inclusion n → e .
Now let ψ1 be the restriction to e of the projection h⊕ p→ h and let ψ2 be the
restriction to e of the projection h⊕ p→ p . The reader can check that e fits into

a short exact sequence 0→ n→ e
ψ2−→ p→ 0, and a commutative diagram

0 // n //

Id

��

e
ψ2 //

ψ1

��

p

p

��

// 0

0 // n // h
π // g // 0.

This construction will be referred to as the the pullback construction. Indeed,
one can verify that in the category of Lie algebras (e, ψ1, ψ2) is the pullback of

(h
π−→ g, p

p−→ g). Note that it follows from the construction that, if h and p are
nilpotent of class at most r , e is also nilpotent of class at most r .

3. A filtration of the second cohomology space

Throughout this section, let g be a finite dimensional p-step nilpotent Lie algebra
and M a finite dimensional g-module.

It is clear that, given any abelian extension of g by M

0→M → e
π−→ g→ 0,

the Lie algebra e is not necessarily nilpotent. However, if we consider extensions
of g with a particular type of g-module, then these extensions will yield nilpotent
Lie algebras. Let us define this particular type of g-module.

Definition 3.1. A g-module M is called q -step nilpotent if q ≥ 1 is the
smallest integer for which M admits a strictly decreasing sequence of submodules

0 = M q (M q−1 ( . . . (M j+1 (M j ( . . . (M1 (M0 = M,

such that giM j ⊂M i+j , for all i, j (we set M r = 0 for all r ≥ q ).

The key property, for our purposes, of nilpotent g-modules is described in
the following proposition.

Proposition 3.2. Let g be a p-step nilpotent Lie algebra and M a g-module.
Consider an abelian extension of g by M

0→M → e
π−→ g→ 0.

If M is a q -step nilpotent g-module then e is an r -step nilpotent Lie algebra with
p ≤ r ≤ p+ q . Moreover, if the extension is split, then e is r -step nilpotent, with
r = max{p, q}. Conversely, if e is an r -step nilpotent Lie algebra, then M is a
q -step nilpotent g-module with r − p ≤ q ≤ r .
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Proof. The proof is a relatively easy exercise, left to the reader.

This proposition suggests a filtration of Ext(g,M).

Definition 3.3. Let g be a p-step nilpotent Lie algebra and M a q -step
nilpotent g-module. Take r ∈ Z such that p ≤ r ≤ p+ q . With FrExt(g,M) we
mean the subset of Ext(g,M) containing the equivalence classes of extensions

0→M → e
π−→ g→ 0

such that e is nilpotent of class at most r . This defines a filtration

Fmax{p,q}Ext(g,M) ⊆ Fmax{p,q}+1Ext(g,M) ⊆ . . .

. . . ⊆ Fp+q−1Ext(g,M) ⊆ Fp+qExt(g,M) = Ext(g,M).

If M is a q -step nilpotent g-module, there exists a well-known filtration
of H2(g,M) (see [8], [20] but mind the different indexing). To construct this
filtration, we need a special filtration of M : Mj := 0 for all integer j ≤ 0 and

Mi := {m ∈M | xm ∈Mi−1 for all x ∈ g},

for all integers i ≥ 1. One checks that M1 = M g := {m ∈ M | xm = 0, ∀x ∈ g}
and Mq = M . Also, if we set M i := Mq−i for all i ∈ {0, . . . , q} , then

0 = M q (M q−1 ( . . . (M j+1 (M j ( . . . (M1 (M0 = M

is a strictly decreasing sequence of g-submodules such that giM j ⊂ M i+j for all
i, j .

Definition 3.4. For each n, r ∈ N , we define FrHomk(Λ
n(g),M) to be

{f ∈ Homk(Λ
n(g),M) | f(x1∧. . .∧xn) ∈Mr−i1−...−in+1 if x1∧. . .∧xn ∈ gi1∧. . .∧gin}.

One can verify that Fi−1Homk(Λ
n(g),M) ⊂ FiHomk(Λ

n(g),M) for all i and n .
Also, the differentials of the Chevalley-Eilenberg complex behave well in respect
to this filtration, in the sense that FiHomk(Λ

∗(g),M) forms a sub-complex of
Homk(Λ

∗(g),M) for each i . Hence, by considering the inclusion maps on the
cohomology level, we obtain a filtration on cohomology. In particular, we obtain
a filtration

. . . ⊂ Fi−1H
2(g,M) ⊂ FiH

2(g,M) ⊂ . . . ⊂ H2(g,M).

The next result, due to Vergne (see [20]) shows that, under the bijective
correspondence between H2(g,M) and Ext(g,M), the spaces FrExt(g,M) from
Definition 3.3 correspond to the spaces FrH

2(g,M) from Definition 3.4.

Proposition 3.5. (Vergne, [20]) Let g be a p-step nilpotent Lie algebra, M a
q -step nilpotent g-module and consider the extension of g by M

0→M → e→ g→ 0.
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Let α ∈ H2(g,M) be the element corresponding to the equivalence class of this
extension. Take an integer r such that max{p, q} ≤ r ≤ p + q . Then e is
nilpotent of class at most r if and only if α ∈ FrH2(g,M).

Proof. Suppose α ∈ FrH
2(g,M). It follows that α = f , where f is con-

tained in FrHomk(Λ
2(g),M). We may assume that e = M ⊕ g with Lie bracket

[(m,x), (n, y)] := (xn − ym + f(x ∧ y), [x, y]), and need to prove that er+1 = 0.
Using induction and the fact that f ∈ FrHomk(Λ

2(g),M), one shows that ei ⊂
(Mq−i+1 + Mr−i+1, g

i) for all i ≥ 1. Hence er+1 ⊂ (Mq−r + M0, g
r+1). Since

max{p, q} ≤ r , we have Mq−r = 0 and gr+1 = 0. We conclude that er+1 = 0.
Conversely, suppose that e is nilpotent of class at most r . We will construct a
cocycle f ∈ FrHomk(Λ

2(g),M) such that f = α . Choose a linear map s → e
such that π ◦ s = Id and s(gi) ⊂ ei for all i . It is well-known that f , with
f(x ∧ y) := [s(x), s(y)]− s([x, y]) for all x, y ∈ g , is a cocycle such that f = α . It
remains to show that f ∈ FrHomk(Λ

2(g),M). Take x ∈ gi and y ∈ gj for some
i, j . Using the fact that s(gi) ⊂ ei for all i , one easily checks that f(x∧ y) ⊂ ei+j .
If i+ j ≥ r+ 1, then it follows from er+1 = 0 that f(x∧ y) ∈Mr−i−j+1 . Suppose
that i+ j ≤ r . Because er+1 = 0, it follows that er∩M ⊂M g = M1 . Because M2

consists exactly of those m ∈M such that xm ∈M1 for all x ∈ g , it follows that
er−1 ∩M ⊂ M2 . Proceeding in this manner, we find that ei+j ∩M ⊂ Mr−i−j+1 .
Hence f(x ∧ y) ∈Mr−i−j+1 , which shows that f ∈ FrHomk(Λ

2(g),M).

To summarize, we have a filtration

Fmax{p,q}H
2(g,M) ⊆ Fmax{p,q}+1H

2(g,M) ⊆ . . .

. . . ⊆ Fp+q−1H
2(g,M) ⊆ Fp+qH

2(g,M) = H2(g,M)

defined in terms of conditions on the cocycle level, such that the elements in
FrExt(g,M) correspond to equivalence classes of extensions of g by M , that are
nilpotent of class at most r .

We would like to give a different characterization of the spaces FrH
2(g,M).

To do this, we first need the notion of a free nilpotent extension.

Definition 3.6. Let g be a p-step nilpotent Lie algebra with b1(g) = n . A free
p-step nilpotent extension of g is a short exact sequence of Lie algebras

0→ n→ fn,p
π−→ g→ 0

such that n ⊂ [fn,p, fn,p] , where fn,p is the free p-step nilpotent Lie algebra on n
generators. We say g is of depth d if d is the largest integer such that n ⊆ fdn,p .

It follows that the induced map fn,p

[fn,p,fn,p]
→ g

[g,g]
is an isomorphism and that

d ∈ {2, . . . , p} .
For r ≥ p , A free r -step nilpotent extension of g is a short exact sequence of Lie
algebras

0→ n′ → fn,r
π′−→ g→ 0
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where fn,r is the free r -step nilpotent Lie algebra on n generators and π′ is the

composition of the canonical projection fn,r → fn,p with a morphism π : fn,p
π−→ g ,

coming from a free p-step nilpotent extension of g .

Note that every p-step nilpotent Lie algebra g has a free p-step nilpotent
extension. Indeed, choose elements {x1, . . . , xn} ⊂ g such that under the projec-
tion of g onto g

[g,g]
, the elements {x1, . . . , xn} are mapped to a basis {x1, . . . , xn}

for g
[g,g]

(so b1(g) = n). This implies that {x1, . . . , xn} is a minimal generat-
ing set for g . Now let fn,p be the free p-step nilpotent Lie algebra on genera-
tors {y1, . . . , yn} . By the universal property of free p-step nilpotent Lie algebras,
there exists a unique homomorphism π of fn,p to g such that π(yi) = xi for all
i ∈ {1, . . . , n} . Because {x1, . . . , xn} is a generating set for g , it follows that π is
surjective. Hence, we obtain a short exact sequence 0 → n → fn,p

π−→ g → 0. An
element Y of fn,p is always of the form

∑n
i=1 λiyi +

∑r
j=1[ai, bj] , with ai, bj ∈ fn,p .

Under the composition of π with the projection of g onto g
[g,g]

, Y is mapped to∑n
i=1 λixi . Since {x1, . . . , xn} is a basis of g

[g,g]
, π(Y ) = 0 implies that λi = 0 for

all i ∈ {1, . . . , n} . This shows that n ⊂ [fn,p, fn,p] . Hence, 0→ n→ fn,p
π−→ g→ 0

is a free p-step nilpotent extension of g . It now easily follows that every p-step
nilpotent Lie algebra also has a free r -step nilpotent extension, for every r ≥ p .

It is clear that free r -step nilpotent extensions of a nilpotent Lie algebra g
are not unique, since they involve a particular choice of generators of g . However,
they are equivalent in some sense.

Proposition 3.7. Let g be a p-step nilpotent Lie algebra. Two free r -step
nilpotent extensions 0 → ni → fn,q

πi−→ g → 0 for i = 1, 2, of g are always
equivalent, meaning that there exists a θ ∈ Aut(fn,r) such that π1 = π2 ◦ θ .

Proof. Fix a set of generators {x1, . . . , xn} for fn,r . Now define ai := π1(xi)
and bi := π2(xi) for all i ∈ {1, . . . , n} . Since {a1, . . . , an} and {b1, . . . , bn} are
two sets of bases for g

[g,g]
, we can find a linear invertible operator T on g

[g,g]
such

that T (ai) = bi for all i . Since < x1, . . . , xn >= fn,r

[fn,r,fn,r]
is mapped isomorphically

onto g
[g,g]

by π1 and π2 , we obtain an linear invertible map

S := π2
−1 ◦ T ◦ π1 :< x1, . . . , xn >→< x1, . . . , xn > .

Using the universal property of fn,r , we can uniquely extend S to a Lie algebra
homomorphism θ : fn,r → fn,r . We leave it to the reader to check that θ has the
desired properties, using the universal property of fn,r .

We can now state and prove the following characterization of the filtration
of H2(g,M).

Theorem 3.8. Let g be a p-step nilpotent Lie algebra, M a q -step nilpotent
g-module and

0→ n→ fn,r
π−→ g→ 0
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a free r -step nilpotent extension of g, then

FrH
2(g,M) = Ker

(
π2 : H2(g,M)→ H2(fn,r,M)

)
for every r ∈ Z such that max{p, q} ≤ r ≤ p+ q .

Proof. To prove this we will use the explicit description of the bijective cor-
respondence between H2(g,M) and Ext(g,M), as described in the preliminaries.
Fix some integer r such that max{p, q} ≤ r ≤ p + q . Now choose an element
f ∈ FrH2(g,M). By Proposition 3.5, the cocycle f corresponds to an extension

0 → M → e
p−→ g → 0 of g by M such that e is nilpotent of class at most r .

Using the pullback construction, we obtain a commutative diagram

0 // M //

Id

��

e′ //

θ

��

fn,r

π

��

// 0

0 // M // e
p // g // 0.

Here, the top sequence is an extension of fn,r by M , where M becomes a fn,r -
module via π . By the naturality of the exact sequence of low degree terms coming
from the Hochschild-Serre spectral sequence, we obtain a commutative diagram

Homfn,r(M,M)
dfn,p // H2(fn,r,M)

Homg(M,M)

OO

dg // H2(g,M).

π2

OO

Following IdM ∈ Homg(M,M) through the diagram, we see that π2(f) is mapped
to the element in H2(fn,r,M) corresponding to the equivalence class of 0→M →
e′ → fn,r → 0. Note that it follows from the pullback construction that e′ is
nilpotent of class at most r . Therefore, the universal property of fn,r implies that
0 → M → e′ → fn,r → 0 splits. Since the class of split extensions of fn,r by M
corresponds to the zero element in H2(fn,r,M), this shows that π2(f) = 0. We
have proven that FrH

2(g,M) ⊆ Ker π2 .
Now suppose we have an element f ∈ H2(g,M) such that π2(f) = 0. Considering
again the two commutative diagrams above, we see that this implies that 0 →
M → e′ → fn,r → 0 is split, so e ∼= Mo fn,r . Since M is a nilpotent fn,r -module of
class q , it follows from Proposition 3.2 that e′ is nilpotent of class max{q, r} . But
q ≤ r , so e′ is nilpotent of class r . Since one can easily verify that θ is surjective,
e is nilpotent of class at most r . Hence, by Proposition 3.5, f ∈ FrH2(g,M). This
proves that FrH

2(g,M) ⊇ Ker π2 .

Corollary 3.9. Let g be a p-step nilpotent Lie algebra, M a q -step nilpotent
g-module and

0→ n→ fn,r
π−→ g→ 0

a free r -step nilpotent extension of g. Then, for every r ∈ Z such that max{p, q} ≤
r ≤ p+ q , we have an exact sequence

0→ H1(g,M)→ H1(fn,r,M)→ Homg(
n

[n, n]
,M)

d−→ FrH
2(g,M)→ 0
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such that d(f) = f ◦ ϕr , where ϕr is a 2-cocycle corresponding to

0→ n

[n, n]
→ fn,r

[n, n]

π−→ g→ 0.

Proof. Consider the Hochschild-Serre spectral sequence (Er(M), dr) associ-
ated to the given free r -step nilpotent extension of g . Because the image of d0,12

is exactly the kernel of π2 : H2(g,M) → H2(fn,r,M), the theorem implies that
the standard exact sequence of low degree term yields the wanted exact sequence.
Now let us examine the map d := d0,12 .
Take f ∈ Homg(

n
[n,n]

,M) and let (Er(
n

[n,n]
), dr) be the Hochschild-Serre spectral

sequence associated to the given free r -step nilpotent extension of g with coef-
ficients in n

[n,n]
. The coefficient map f : n

[n,n]
→ M induces a spectral sequence

morphism Er(
n

[n,n]
)→ Er(M). Hence, we have a commutative diagram

Homg(
n

[n,n]
,M) d // H2(g,M)

Homg(
n

[n,n]
, n
[n,n]

)

f◦...

OO

d // H2(g, n
[n,n]

).

f2

OO

One can check that d(Id n
[n,n]

) equals ϕr , where ϕr corresponds to the equivalence

class of 0 → n
[n,n]
→ fn,r

[n,n]

π−→ g → 0. Hence, following Id n
[n,n]

through the diagram,

we see that d(f) = f 2(ϕr) = f ◦ ϕr . This finishes the proof.

If we restrict to the case of central extensions of g with one-dimensional
kernel, our filtrations reduce to

FpExt(g, k) ⊆ Fp+1Ext(g, k) = Ext(g, k)

and
FpH

2(g, k) ⊆ Fp+1H
2(g, k) = H2(g, k),

when g is p-step nilpotent and k is viewed as a trivial g-module. representatives
of elements in FpExt(g, k) are called central extensions of class p , whereas repre-
sentatives of elements in Ext(g, k) that are not contained in FpExt(g, k) are called
central extensions of class p+ 1.

Using Corollary 3.9, we obtain an description of FpH
2(g, k) and H2(g, k).

Corollary 3.10. Let g be a p-step nilpotent Lie algebra. If we consider trivial
coefficients k , then the map d from Corollary 3.9 is an isomorphism, for r ∈
{p, p+ 1}. In particular, if

0→ n→ fn,p
π−→ g→ 0

is a free p-step nilpotent extension, then

|FpH2(g, k)| = | n

[fn,p, n]
|;

|H2(g, k)| = | n

[fn,p, n]
|+ b2(fn,p)− |[i(n), fn,p+1] ∩ fp+1

n,p+1|,
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where i : fn,p → fn,p+1 is the canonical vector space inclusion.

Proof. Suppose we have an r -step nilpotent extension of g , with kernel
n . Because n ⊂ [fn,r, fn,r] and the coefficients are trivial, it follows easily that
H1(fn,r, k) → H1(n, k)g = Homg(

n
[n,n]

, k) is the zero map. By exactness of the se-

quence in Corollary 3.9, Homg(
n

[n,n]
, k)

d−→ FrH
2(g, k) is an isomorphism.

Now consider the given p-step nilpotent extension of g . We know that

Homg(
n

[n, n]
, k) ∼= FpH

2(g, k).

Using the fact that fn,p acts trivially on k , it is not difficult to check that

Homg(
n

[n, n]
, k) = Homfn,p(

n

[n, n]
, k) ∼=

n

[fn,p, n]

as vector spaces. So the first equality is proven.
Now consider the free (p + 1)-step nilpotent Lie algebra fn,p+1 together with the
canonical projection p : fn,p+1 → fn,p+1/f

p+1
n,p+1 = fn,p and its canonical vector space

splitting i : fn,p → fn,p+1 . Then, by definition,

0→ fp+1
n,p+1 + i(n)→ fn,p+1 → g→ 0

is a free (p+ 1)-step nilpotent extension of g . Hence, once again we have

Homg(
i(n) + fp+1

n,p+1

[i(n) + fp+1
n,p+1, i(n) + fp+1

n,p+1]
, k) ∼= H2(g, k),

and

Homg(
i(n) + fp+1

n,p+1

[i(n) + fp+1
n,p+1, i(n) + fp+1

n,p+1]
, k) ∼=

i(n) + fp+1
n,p+1

[fn,p+1, i(n) + fp+1
n,p+1]

as vector spaces. Furthermore, one can verify that there is a vector space isomor-
phism

i(n) + fp+1
n,p+1

[fn,p+1, i(n) + fp+1
n,p+1]

∼=
n

[fn,p, n]
⊕

fp+1
n,p+1

[i(n), fn,p+1] ∩ fp+1
n,p+1

.

Since |fp+1
n,p+1| = b2(fn,p), the second equality follows.

We also obtain the following criterium for the existence of central extensions
of class p+ 1.

Corollary 3.11. Let g be a p-step nilpotent Lie algebra with free p-step nilpo-
tent extension

0→ n→ fn,p
π−→ g→ 0.

Then g admits a central extension of class p+ 1 if and only if

| n

[fn,p, n]
| < b2(g).

In particular, if n is generated by a single element X ∈ [fn,p, fn,p], then g admits
a central extension of class p+ 1.
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Proof. The first statement is immediate from the previous corollary and the
definitions of FpExt(g, k) and Fp+1Ext(g, k) = Ext(g, k). Now suppose that n
is generated by a single element X ∈ Hr(n) ⊂ [fn,p, fn,p] . Let γr(fn,p, X) be
the vector space spanned by X and define γi(fn,p, X) = [fn,p, γi−1(fn,p, X)] for
i ∈ {r + 1, . . . , p} . Then it is clear that γi(fn,p, X) ⊂ Hi(n) for all i ∈ {r, . . . , p}
and

n = γ1(fn,p, X) + γ2(fn,p, X) + . . .+ γp(fn,p, X).

This implies that

[fn,p, n] = γ2(fn,p, X) + . . .+ γp(fn,p, X),

hence | n
[fn,p,n]

| = |γr(fn,p, X)| = 1. Since nilpotent Lie algebras g always satisfy

b2(g) ≥ 2, we conclude that g has a central extension of class p+ 1.

We conclude this section with a formula for |F2H
2(g, k)| and |F2H

2(g, g)|
in the case where g is a 2-step nilpotent Lie algebra.

Corollary 3.12. Let g be a 2-step nilpotent Lie algebra with b1(g) = n, then

|F2H
2(g, k)| =

(
n

2

)
+ n− |g|;

|F2H
2(g, g)| =

(
n+ 1

2

)
|Z(g)| − n|g| − |g||Z(g)|+ |Der(g)|.

Here, Z(g) is the center of g and Der(g) is the derivation algebra of g.

Proof. Choose a 2-step nilpotent extension 0 → n → fn,2
π−→ g → 0 of g .

Corollary 3.10 tells us that |F2H
2(g, k)| = | n

[fn,2,n]
| . Because [fn,2, n] = 0 and

|fn,2| =
(
n
2

)
+ n , it follows that |F2H

2(g, k)| =
(
n
2

)
+ n− |g| .

Using Corollary 3.9, we obtain an exact sequence

0→ H1(g, g)→ H1(fn,r, g)→ Homg(n, g)
d−→ F2H

2(g, g)→ 0.

This implies that |F2H
2(g, g)| = |Homg(n, g)| − |H1(fn,2, g)| + |H1(g, g)| . Since g

acts trivially on n , one easily verifies that

|Homg(n, g)| = |n||Z(g)| = (

(
n

2

)
+ n− |g|)|Z(g)|.

Also, it is well-known that H1(g, g) ∼= Der(g)/Inn(g), where Inn(g) is the space
of inner derivations of g . Since Inn(g) ∼= g/Z(g), we conclude that |H1(g, g)| =
|Der(g)| − |g|+ |Z(g)| . It remains to determine |H1(fn,r, g)| . Considering

0→ n→ fn,2
π−→ g→ 0

as a short exact sequence of fn,2 -modules, we obtain a long exact cohomology
sequence

0→ n→ Z(fn,2)→ Z(g)→ Homk(
fn,2

[fn,2, fn,2]
, n)→ H1(fn,2, fn,2)→ H1(fn,2, g).
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We claim that the map H1(fn,2, fn,2)→ H1(fn,2, g) is surjective. To prove this, first
recall that if {x1, . . . , xn} are the generators of fn,2 , then any linear map from
< x1, . . . , xn > to a fn,2 -module M can be uniquely extended to a derivation of
fn,2 into M . Now choose a derivation ϕ ∈ Der(fn,2, g) and a vector space splitting
s : g→ fn,2 of π : fn,2 → g . Then the linear map from < x1, . . . , xn > to fn,2 that
takes xi to s(ϕ(xi)) can be extended to a derivation ψ ∈ Der(fn,2). Now consider
ψ ∈ H1(fn,2, fn,2) = Der(fn,2)/Inn(fn,2). Then, under H1(fn,2, fn,2) → H1(fn,2, g),
ψ is mapped to π ◦ ψ . Since π(ψ(xi)) = ϕ(xi) for all i , and a derivation of a
nilpotent Lie algebra is completely determined by its value on the generators, we
conclude that π ◦ψ = ϕ and hence H1(fn,2, fn,2)→ H1(fn,2, g) : ψ 7→ ϕ . Since ϕ is
chosen at random, we conclude that H1(fn,2, fn,2)→ H1(fn,2, g) is surjective. This
implies that

|H1(fn,r, g)| = |H1(fn,r, fn,2)| − |Homk(
fn,2

[fn,2, fn,2]
, n)|+ |Z(g)| − |Z(fn,2)|+ |n|.

Since |n| =
(
n
2

)
+n−|g| , |H1(fn,2, fn,2)| = n

((
n
2

)
+n−1

)
and |Homk(

fn,2

[fn,2,fn,2]
, n)| =

n|n| , one can verify that

|F2H
2(g, g)| =

(
n+ 1

2

)
|Z(g)| − n|g| − |g||Z(g)|+ |Der(g)|.

This concludes the proof.

Remark 3.13. When g is a p-step nilpotent Lie algebra of depth p , one could
mimic the proof above to obtain formulas for |FpH2(g, k)| and |FpH2(g, g)| . The
key observation is that the kernel of the free p-step nilpotent extension is central.
These formulas will contain the dimensions of fn,p , Z(fn,p) and Der(fn,p), which
can all be computed using the Möbius function.

4. Bounds for b2(g)

In this section we will, given a p-step nilpotent Lie algebra g , derive some upper
and lower bounds for b2(g). We start with two technical lemmas.

Lemma 4.1. Let g be a finite dimensional Lie algebra over k . Take µ ∈
H2(g, k), x ∈ Z(g) and y ∈ [g, g], then µ(x ∧ y) = 0. Moreover, if g is p-step
nilpotent (p ≥ 2) then µ(gp ∧ gp) = 0 and the induced map H2(g, k) → H2(gp, k)
is zero.

Proof. By definition we have y =
∑k

j=1[aj, bj] , for some aj, bj ∈ g , and µ ∈
Homk(Λ

2(g), k) with d2(µ) = 0. Here d2 is the second differential in the Chevalley-
Eilenberg complex of g . Since d2(µ) = 0, we have 0 = d2µ(

∑k
j=1 aj ∧ bj ∧ x) =∑k

j=1

(
− µ([aj, bj]∧ x) + µ([aj, x]∧ bj)− µ([bj, x]∧ aj)

)
= µ(x∧ (

∑k
j=1[aj, bj])) =

µ(x ∧ y).

Furthermore, if g is p-step nilpotent (p ≥ 2) then gp ⊂ Z(g) ∩ [g, g] . So
the remaining statements follow readily.
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Lemma 4.2. Consider the extension 0 → n → g → h → 0 and assume that
n ⊂ Z(g) ∩ g2 . Then b1(g) = b1(h) and b2(g) = b2(h) − |n| + |E1,1

∞ |. Moreover,
E1,1
∞ equals the cokernel of H2(h, k)→ H2(g, k).

Proof. Denote by (Er, dr) the Hochschild-Serre spectral sequence associated to
the given extension of Lie algebras. Recall that the image of the map H2(h, k)→
H2(g, k) equals E2,0

∞ and the image of the map H1(g, k)→ H1(n, k) is isomorphic
to E0,1

∞ . Hence, the cokernel of H2(h, k) → H2(g, k) equals E0,2
∞ ⊕ E1,1

∞ . But
Lemma 4.1 implies that H2(g, k) → H2(n, k) is the zero map. Since the image
of this map is isomorphic to E0,2

∞ , we conclude that E0,2
∞ = 0, so the cokernel of

H2(h, k)→ H2(g, k) equals E1,1
∞ .

Because n ⊂ g2 , it follows that the induced map H1(g, k)→ H1(n, k) is zero.
Therefore E0,1

∞ = 0, which implies that d0,12 is injective. Since this differential is
the only one landing in the (2, 0)-spot, we conclude that E2,0

∞ = E2,0
2 /(Im d0,12 ).

Furthermore, the spectral sequence converges to H∗(g, k), so we have H1(g, k) =
E0,1
∞ ⊕E1,0

∞ = H1(h, k) and H2(g, k) = E0,2
∞ ⊕E1,1

∞ ⊕E2,0
∞ = E1,1

∞ ⊕H2(h, k)/(Im d0,12 ).
The equalities now readily follow.

The following proposition provides an upper bound for the second Betti
number. This bound can also be found in [22]. Here, we give an alternative proof
using the previous two lemmas.

Proposition 4.3. If g is an m-dimensional p-step nilpotent Lie algebra of type
(n1, n2, . . . , np), then

b2(g) ≤
(
n1

2

)
+ (m− n1)(n1 − 1).

In particular, if g is an m-dimensional nilpotent Lie algebra with b1(g) = 2, then
b2(g) ≤ m− 1.

Proof. We will use induction on p . If p = 1, then m = n1 and b2(g) =
(
m
2

)
,

so in this case the statement is trivial. Now assume the statement is true for
(p−1)-step nilpotent Lie algebras (p ≥ 2) and suppose that g is p-step nilpotent.
Considering the extension

0→ gp → g
π−→ g/gp → 0,

we deduce from Lemma 4.2 that b2(g) = b2(g/g
p−1) − np + |E1,1

∞ | . Hence, using
the induction hypothesis and the fact that |E1,1

∞ | ≤ |H1(g/gp,H1(gp, k))| = n1np ,
we find b2(g) ≤ b2(g/g

p)−np +n1np ≤
(
n1

2

)
+ (m−np−n1)(n1− 1)−np +n1np =(

n1

2

)
+(m−n1)(n1−1). This completes the induction and proves the proposition.

We will now derive some upper and lower bounds for b2(g), using the results
from the previous section.

Lemma 4.4. Let g be a p-step nilpotent Lie algebra of type (n1, . . . , np), depth
d and with free p-step nilpotent extension

0→ n→ fn1,p
π−→ g→ 0.
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Then b2(fn1,d−1) − nd ≤ |FpH2(g, k)| and equality holds if and only if [fn1,p, n] =
n∩ fd+1

n1,p
. In particular, equality holds if n is generated by Lie monomials of degree

d (for example when d = p).

Proof. The surjection π : fdn1,p
→ gd induces a surjection π :

fdn1,p

fd+1
n1,p
→ gd

gd+1 . Since

g is of depth d , one can verify that kerπ ∼= n

n∩fd+1
n1,p

. Clearly [fn1,p, n] ⊂ n ∩ fd+1
n1,p

and | gd

gd+1 |+ | kerπ| = | f
d
n1,p

fd+1
n1,p
| , so Corollary 3.10 implies that

|
fdn1,p

fd+1
n1,p

| − | g
d

gd+1
| ≤ | n

[fn1,p, n]
| = |FpH2(g, k)|.

Since | f
d
n1,p

fd+1
n1,p
| = b2(fn1,d−1) and | gd

gd+1 | = nd , the inequality holds and it follows

readily that equality holds if and only if [fn1,p, n] = n ∩ fd+1
n1,p

.
Now suppose that n is an ideal in fn1,p generated by L , a set of Lie monomials of
degree d (i.e. L ⊂ Hd(n1) ). Also, let γd(fn1,p, L) be the vector space spanned by
L and define γi(fn1,p, L) := [fn1,p, γi−1(fn1,p, L)] for i ∈ {d + 1, . . . , p} . It is clear
that γi(fn1,p, L) ⊂ fin1,p

for all i ∈ {d, . . . , p} and

n = γd(fn1,p, L) + γd+1(fn1,p, L) + . . .+ γp(fn1,p, L).

It follows that

n ∩ fd+1
n1,p

= γd+1(fn1,p, L) + . . .+ γp(fn1,p, L) = [fn1,p, n],

which proves the lemma.

This next lemma gives upper and lower bounds for |Fp+1H
2(g,k)|−|FpH2(g,k)| .

Lemma 4.5. If g is a p-step nilpotent Lie algebra of type (n1, . . . , np) with free
p-step nilpotent extension

0→ n→ fn1,p
π−→ g→ 0,

then
b2(fn1,p)− b2(fn1,p−1) + np ≥ |Fp+1H

2(g, k)| − |FpH2(g, k)|.
Furthermore, if g is of depth p, then

|Fp+1H
2(g, k)| − |FpH2(g, k)| ≥ max{0, b2(fn1,p)− n1b2(fn1,p−1) + n1np}.

Proof. First notice that [i(n) ∩ fpn1,p+1, fn1,p+1] ⊂ [i(n), fn1,p+1] ∩ fp+1
n1,p+1 . Now

suppose that {v1, . . . , vm} is a basis for i(n)∩fpn1,p+1 . Then {[x1, v1], . . . , [x1, vm]} is
a linearly independent subset of [i(n)∩ fpn1,p+1, fn1,p+1] . Indeed,

∑m
i=1 λi[x1, vi] = 0

implies that [x1,
∑m

i=1 λivi] = 0. Since we are working in a free nilpotent Lie
algebra it follows that

∑m
i=1 λivi = 0, so all the λi ’s are zero. By noting that

|i(n) ∩ fpn1,p+1| = |fpn1,p
| − np = b2(fn1,p−1)− np , we obtain

b2(fn1,p−1)− np ≤ |[i(n), fn1,p+1] ∩ fp+1
n1,p+1|.



Degrijse 569

Therefore, Corollary 3.10 yields b2(fn1,p) − b2(fn1,p−1) + np ≥ |Fp+1H
2(g, k)| −

|FpH2(g, k)| .
Now assume that g is of depth p . In this case

[i(n) ∩ fpn1,p+1, fn1,p+1] = [i(n), fn1,p+1] ∩ fp+1
n1,p+1.

Clearly, we also have [i(n) ∩ fpn1,p+1, f
2
n1,p+1] = 0. Hence, it follows that

[i(n), fn1,p+1] ∩ fp+1
n1,p+1 = [i(n) ∩ fpn1,p+1, H1(n1)].

In general, if A is an n-dimensional subspace of a Lie algebra and B is an
m-dimensional subspace, we have |[A,B]| ≤ nm . Since |H1(n1)| = n1 and
|i(n) ∩ fpn1,p+1| = b2(fn1,p−1)− np , we are done.

Putting all the pieces together, we arrive at the following estimates for the
second Betti number.

Theorem 4.6. Let g be a p-step nilpotent Lie algebra of type (n1, n2, . . . , np),
dimension m, depth d and with free p-step nilpotent extension

0→ n→ fn1,p
π−→ g→ 0.

Define c := b2(fn1,d−1) − nd and C :=
(
n1

2

)
+ (m − n1)(n1 − 1) . In general, we

have

c ≤ b2(g) ≤ C.

More specifically, if n is generated by Lie monomials of degree d, we have

c ≤ b2(g) ≤ min{c+ b2(fn1,p)− b2(fn1,p−1) + np, C}

and if g is of depth p then c+ max{0, b2(fn1,p)−n1b2(fn1,p−1)+n1np}

≤ b2(g) ≤ min{c+ b2(fn1,p)− b2(fn1,p−1) + np, C}.

Proof. This follows immediately, by combining Proposition 4.3, Lemma 4.4,
Lemma 4.5 and Corollary 3.10.

In the special case of a 2-step nilpotent Lie algebra, we find the following
estimates.

Corollary 4.7. Let g be a 2-step nilpotent Lie algebra of type (n1, n2), then(
n1

2

)
−n2 + max {0, 2

(
n1 + 1

3

)
− n1

(
n1

2

)
+ n1n2} ≤ b2(g) ≤

(
n1

2

)
+n2(n1− 1).

Proof. This is immediate from the final statement of the previous theorem,
since a 2-step nilpotent Lie algebra is of depth 2, b2(fn1,1) =

(
n1

2

)
and b2(fn1,2) =

2
(
n1+1
3

)
.
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5. Some computations in the 2-step nilpotent case

To illustrate how our approach using free nilpotent extensions can be useful for
doing explicit calculations, we will compute the second Betti number of two classes
of 2-step nilpotent Lie algebras.
Let us first agree upon a basis for fn,3 , the free 3-step nilpotent Lie algebra on
{x1, . . . , xn} . Recall that fn,3 is graded: fn,3 = H1(n)⊕H2(n)⊕H3(n). As basis
for H1(n), we will obviously take {x1, . . . , xn} . As basis for H2(n), we will take

{[xi, xj] | i < j, i, j ∈ {1, . . . n}}.

We clearly have |H2(n)| =
(
n
2

)
. Finally, as basis for H3(n) we will take A∪B∪C ,

with
A = {[xi, [xi, xj]] | i, j ∈ {1, . . . , n} s.t. i < j}

B = {[xj, [xi, xj]] | i, j ∈ {1, . . . , n} s.t. i < j}

C = {[xi, [xj, xk]], [xj, [xi, xk]] | i, j, k ∈ {1, . . . , n} s.t. i < j < k}.

One checks that |H3(n)| = 2
(
n+1
3

)
.

Example 5.1. Let g be a 2-step nilpotent Lie algebra over k of type (n, 1),
i.e. |[g, g]| = 1. It is known that in this case g is isomorphic to km ⊕ hn for
some m and n such that 2n + m = n , where km is the m-dimensional abelian
Lie algebra and hn is the (2n + 1)-dimensional Heisenberg algebra (for example,
see [4], [8]). Hence, the Künneth formula entails that b2(g) = b2(hn) +

(
m
2

)
+ 2mn .

If n = 1, then hn is just the free 2-step nilpotent Lie algebra on 2 generators, so
b2(h1) = 2. If n ≥ 2, we have b2(hn) =

(
2n
2

)
− 1. Note that the Betti numbers of

hn over field of characteristic zero were computed in [17], and over a field of prime
characteristic in [2].
Now let us compute b2(hn) (n ≥ 2) using a free 2-step nilpotent extension. Take
f2n,2 to be the free 2-step nilpotent Lie algebra generated by {x1, . . . , xn, y1, . . . , yn} .
Recall that hn is a 2-step nilpotent (2n + 1)-dimensional Lie algebra with basis
{x1, . . . , xn, y1, . . . , yn, z} and non-zero Lie brackets given by [xi, yi] = z for all
i ∈ {1, . . . , n} . So hn is of type (2n, 1). We leave it to the reader to check that
hn has free 2-step nilpotent extension

0→ n→ f2n,2
π−→ hn → 0,

where n is generated by the elements

{[xi, xj] , [yi, yj] , [xi, yj] , [xi, yi]− [xj, yj] | i 6= j}.

We claim that [i(n), f2n,3] = f32n,3 . To prove this, consider a basis for f32n,3 = H3(2n)
as the one described above. Looking at the generators for n , the only non-trivial
thing to verify is whether the basis elements of the form [xj, [xi, yi]] and [yj, [xi, yi]]
are contained in [i(n), f2n,3] . If j does not equal i , we can use the Jacobi identity to
see that these elements are contained in [i(n), f2n,3] . Now suppose that i = j . We
will show that [xi, [xi, yi]] ∈ [i(n), f2n,3] . Take some s 6= i . Because [xi, yi]− [xs, ys]
is a generator for n , we know that [xi, [xi, yi]] − [xi, [xs, ys]] ∈ [i(n), f2n,3] . Since
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the second term is contained in [i(n), f2n,3] , we are done. Similarly, we see that
[yi, [xi, yi]] ∈ [i(n), f2n,3] , so the claim is proven.
Since b2(f2n,2) = |f32n,3| = |[i(n), f2n,3]| and | n

[f2n,2,f2n,2]
| = |n| =

(
2n
2

)
− 1, Corollary

3.10 implies that b2(hn) =
(
2n
2

)
− 1. Using Corollary 3.11, this also shows that hn

(n ≥ 2) does not have central extensions of class 3.
We can also use Corollary 3.10 to construct a basis for H2(hn, k). To do this, we
first construct a 2-cocycle that classifies our chosen free 2-step nilpotent extension
of hn . Let s : hn → f2n,2 be the vector space splitting of π : f2n,2 → hn defined
by s(xi) = xi , s(yi) = yi for all i ∈ {1, . . . , n} and s(z) = [x1, y1] . Then
f : Λ2(hn) → n : a ∧ b : [s(a), s(b)] − s([a, b]) is a 2-cocycle that classifies our
chosen 2-step nilpotent extension of hn . One easily verifies that f is determined
by f(xi ∧ xj) = [xi, xj] , f(yi ∧ yj) = [yi, yj] and f(xi ∧ yi) = [xi, yi] − [x1, y1] for
all i, j . Now choose a basis for Homk(n, k) and denote it by {ϕ1, . . . , ϕd} . Then
{ϕ1 ◦ f, . . . , ϕd ◦ f} is a basis for H2(hn, k).

Example 5.2. Let g be a 2-step nilpotent Lie algebra over k of type (n,
(
n
2

)
−1)

with free 2-step nilpotent extension

0→ n→ fn,2
π−→ g→ 0, (2)

i.e. |n| = 1. Let X ∈ [fn,2, fn,2] be a basis for n , hence n =< X > . We define the
length l(X) of X as follows

l(X) = min{k ∈ N0 | X = [a1, b1] + . . .+ [ak, bk] for some ai, bi ∈ fn,2}.

Take X1, X2 ∈ [fn,2, fn,2] . In [5], it is proven that fn,2

<X1>
∼= fn,2

<X2>
if and only

if l(X1) = l(X2). It is also shown that l(X) ≤ bn
2
c for every X ∈ [fn,2, fn,2] .

It follows that there are, up to isomorphisms, exactly bn
2
c 2-step nilpotent Lie

algebras of type (n,
(
n
2

)
− 1). We will show that all these Lie algebras have the

same second Betti number, namely 2
(
n+1
3

)
− n+ 1.

Consider the free nilpotent extension (2), with n =< X > . Denote the generators
of fn,3 by {x1, . . . , xn} and give fn,3 the basis described in the beginning of this
section. We claim that |[i(n), fn,3]| = n . Obviously, we can uniquely write
X =

∑
i<j ai,j[xi, xj] and [i(n), fn,3] = span{[xi, X] | i ∈ {1, . . . , n}} . Hence,

to prove the claim it suffices to show that {[xi, X] | i ∈ {1, . . . , n}} is a linearly
independent subset of f3n,3 . Assume that (λ1, . . . , λn) ∈ kn such that∑

l,i<j

λlai,j[xl, [xi, xj]] = 0. (3)

Fix an l ∈ {1, . . . , n} . If al,j is non-zero for some j (this implies l < j ), then
the term λlal,j[xl, [xl, xj]] appears in the left hand side of (3). Also note that
[xl, [xl, xj]] cannot appear with any other coefficient in (3). So if we write the left
hand side of (3) in terms of the basis for f3n,3 , the coefficient of [xl, [xl, xj]] will be
λlal,j . It follows that λlal,j = 0, hence λl = 0. If aj,l is non-zero for some j , then
a similar reasoning shows that λl is also zero.
Now assume that al,j and aj,l are zero for all j . Because ω 6= 0, we know that
ai,j 6= 0 for some i < j . Hence the term λlai,j[xl, [xi, xj]] appears in (3). Now
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look at the expansion of the left hand side of (3) in term of the basis for f3n,3 and
keep in mind that al,s and as,l are zero for all s . If l < j , then the coefficient of
[xl, [xi, xj]] will be λlai,j . If j < l , then the coefficient of [xj, [xi, xl]] will be λlai,j .
So in both cases it follows that λlai,j = 0, therefore λl = 0.
Because b2(fn,2) = 2

(
n+1
3

)
and | n

[f2n,2.f2n,2]
| = 1, Corollary 3.10 says that b2(g) =

2
(
n+1
3

)
−n+1. It also follow from Corollary 3.11 that 2-step nilpotent Lie algebras

of type (n,
(
n
2

)
− 1) have a central extension of class 3.
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