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Abstract. We study a known filtration of the second cohomology of a fi-
nite dimensional nilpotent Lie algebra g with coefficients in a finite dimensional
nilpotent g-module M . This filtration is based upon a refinement of the corre-
spondence between H?(g, M) and equivalence classes of abelian extensions of g
by M. We give a different characterization of this filtration and as a corollary,
we obtain an expression for the second Betti number of g. Using this expression,
we find bounds for the second Betti number and derive a cohomological criterium
for the existence of certain central extensions of g.
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1. Introduction

Let g be a finite dimensional p-step nilpotent Lie algebra and let M be a finite
dimensional g-module, both over an arbitrary field k. M is called a nilpotent
g-module if the inductively defined increasing sequence of submodules

O:MQCMlc...CMi,1CMZ'C...
with
M;:={me M |xzme M, for all x € g}

equals M after a finite number of steps. M is called g-step nilpotent if M,y # M
and M, = M.

Assuming that M is a g¢-step nilpotent g-module, there exists a well-known
filtration of the cohomology space H?(g, M).

Definition 1.1.  For each n € N and each r > 0, one defines F, Homy(A™(g), M)
to be

{f € Homk(A”(g), M) | f([El/\ . /\ZL’n) S Mr—il—u.—in—l-l lfl‘l/\ VAV g“/\ . /\an}
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Here, the spaces g' are the terms in the lower central series of g, i.e. gt = g
and g'™! = [g’,g]. This way, one obtains a filtration of the Chevalley-Eilenberg
complex, that induces a filtration on the second cohomology.

... C F,_H*(g, M) C F;H?*(g, M) C ... C H*(g, M).

A case of particular interest is the one with M = g, where g is given the
adjoint g-module structure. Then g is p-step nilpotent g-module, the sequence
0=MyC M, C...C M;_y CM,; C ... becomes the central ascending series of
g and we obtain a filtration ... C F;_1H?*(g,g9) C F;H*(g,¢9) C ... C H*(g,g). It
is well known that we can interpret the space H?(g,g) as the set of infinitesimal
deformation classes of g. Moreover, H?(g, g) and the particular filtration described
here play an important role in the study of the complex variety of nilpotent Lie
algebras: let £™ be the variety of complex n-dimensional Lie algebras (see [8])
and denote by N the Zariski closed algebraic subset of £™ consisting of nilpotent
Lie algebras of class at most ¢, then the following holds (see [8]).

Theorem 1.2.  Let g be a p-step nilpotent Lie algebra of dimension n over the
complex numbers and let ¢ > p be an integer. Then the Zariski tangent space in
g to N consists of the 2-cocycles [ € Hom (A*(g),g) such that f € F,H*(g,9).

If M be a g-step nilpotent g-module, then every abelian extension of g by
M is nilpotent of class 7, with max{p,q} < r < p+ ¢. This observation suggest
a filtration of the space of equivalence classes of abelian extensions of g by M,
which we denote by Ext(g, M).

Definition 1.3.  Let g be a p-step nilpotent Lie algebra and let M be a g-step
nilpotent g-module. Take r € Z such that p <r <p+q. With F.Ext(g, M) we
mean the subset of Ext(g, M) containing the equivalence classes of extensions

0M—=eSg—0
such that e is nilpotent of class at most r. This defines a filtration
Froax{p.y EXt(9, M) C Fraxipgp+1Ext(g, M) C ...
... C F,1Ext(g, M) C F,Ext(g, M) = Ext(g, M).
It turns out that, under the bijective correspondence between H?(g, M) and
Ext(g, M), the spaces F,Ext(g, M) correspond to the spaces F,.H?(g, M) from

Definition 1.1 (see [20]). We would like to obtain yet another way of looking at
the spaces F,H?(g, M). To do this, we need the following definition.

Definition 1.4. Let g be a p-step nilpotent Lie algebra with |ﬁ| =n. A free
p-step nilpotent extension of g is a short exact sequence of Lie algebras

0—=n—fup—9g—0

such that n C [f,p, fnp|, where f,, is the free p-step nilpotent Lie algebra on n
generators. We say g is of depth d if d is the largest integer such that n C fﬁi,p.
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For integers r > p, a free r-step nilpotent extension of g is a short exact sequence
of Lie algebras

0—>n’—>fm7r—/>g—>0
where f,, is the free r-step nilpotent Lie algebra on n generators and =’ is the

composition of the canonical projection f,, — f,, with a morphism = : §,, 5oy,
coming from a free p-step nilpotent extension of g.

Every p-step nilpotent Lie algebra has a free r-step nilpotent extension, for
any r > p, that is unique up to a certain notion of equivalence.

We obtain the following characterization of the spaces F,H?(g, M).

Theorem 1.5. Let g be a p-step nilpotent Lie algebra, M a q-step nilpotent
g-module and
0—=n—fu,—>g—0

a free r-step nilpotent extension of g. Then
F, (g, M) = Ker <7r2 L H2(g, M) — H2(f, M))

for every integer r such that max{p,q} < r < p+ q. Furthermore, for every
integer r such that max{p,q} <r < p+ q, we have an exact sequence

0 — H'(g, M) — H'(fu, M) — Homgy(——, M) % F.H*(g, M) — 0

[n, n]
with d(f) = f oy,, where @, is a 2-cocycle corresponding to

0 1 Fur Sg—o0.

[n, n] [n, n]

If M s a trivial g-module, then the map d becomes an isomorphism.

As a first corollary, we obtain a formula for |FyH?(g, k)| and |FyH?(g, g)|
in the case where g is a 2-step nilpotent Lie algebra.

Corollary 1.6.  Let g be a 2-step nilpotent Lie algebra with bi(g) = n, then

Ri@R] = (5)+0- ol
Rl = ("7 )12@] - - bliz(@)] + Do)l

Here, Z(g) is the center of g and Der(g) is the derivation algebra of g.

The Betti numbers of a finite dimensional Lie algebra over a field k are
by definition the dimensions of the different cohomology spaces with trivial coeffi-
cients k. For an m-dimensional nilpotent Lie algebra g, it is known that the Betti
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numbers satisfy 2 < b;(g) < (7) for all i € {1,...,m — 1} (see [7]), with strict
upper bound if and only if g is non-abelian (see [16]). The Betti numbers of g
also satisfy a Golod-Shafarevich type inequality: # < by(g) (see [13]) and some
Euler-Poincaré type inequalities: 1 < 371 (—1)%*ib,(g) for all i € {0,...,m—1}
(see [14]). More recently, it was proven in [1] that if g is non-abelian nilpotent
and has dimension m > 3, one has b;(g) < (T) - (7:12).

Despite these results, the behavior of the Betti numbers of nilpotent Lie alge-
bras is still unknown for the most part and several problems remain unsolved.
The most famous perhaps, is the Toral rank conjecture (attributed to S. Halperin,
see [9]), which claims that for an m-dimensional nilpotent Lie algebra g, one
has > ", bi(g) > 27, where z denotes the dimension of Z(g), the center of g.
This conjecture has been proven for 2-step nilpotent Lie algebras (see [6]) and
for nilpotent Lie algebras g with |Z(g)| <5 or [5{5] < 7 or |g| < 14 (see [1]).

In fact, for 2-step nilpotent Lie algebras, a better lower bound was achieved in [19].

Applying Theorem 1.5 to trivial g-modules, we obtain the following ex-
pression for the second Betti number.

Corollary 1.7.  Let g be a p-step nilpotent Lie algebra with free p-step nilpotent
extension

0—=1n—fup—9g—0,

then
FHE R = Il
(@D = Tl + balfag) = 00) Fapsr] O P

where @ : fnp — fnpi1 18 the canonical vector space inclusion.

We also obtain a necessary and sufficient cohomological condition for the
existence of central extensions of class p+ 1, i.e. short exact sequences 0 — M —
¢ — g — 0 where M is contained in the center of ¢ and ¢ is (p+ 1)-step nilpotent.

Corollary 1.8.  Let g be a p-step nilpotent Lie algebra with free p-step nilpotent
extension

0—=n—=f.,—g—0.

Then g admits a central extension of class p+ 1 if and only if |[fnnm| < by(g). In

particular, if n is generated by a single element X € [fnp,fnp), then g admits a
central extension of class p+ 1.

The type of g is defined to be the sequence of numbers (ny,...,n;,...,n,),
where n; equals the dimension of g’/g"™'. As an application of Corollary 1.7, we
obtain bounds for the second Betti number of g in terms of the type and depth of

g.
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Corollary 1.9.  Let g be a p-step nilpotent Lie algebra of type (nq,ne,...,ny),
dimension m, depth d and with p-step nilpotent extension

0—=1—fn,p—9g—0.

Define ¢ := by(fn,.4-1) — na and C := ("21) + (m —nq)(ny — 1) . In general, we
have

More specifically, if n is generated by Lie monomials of degree d, we have

¢ < ba(g) < min{c + ba(fu p) — b2(Farp-1) + 1, C}
and if g 1is of depth p then c+max{0,bs(fr, p)—n1b2(Fry p—1)+n11p }

< bo(g) < min{e + ba(fn, p) — b2(Fay p—1) + np, C'}

2. Preliminaries and notations

All vector spaces considered in this paper are finite dimensional over a fixed field
k. If V is a vector space, then we denote the dimension of V' by |V|. Now suppose
g is a Lie algebra over the field k. If S is a subset of g, then the subalgebra/ideal
generated by S is by Definition the smallest (via inclusion) subalgebra/ideal of
g containing S. It is not difficult to see that these spaces always exist and are
unique. If we say that g is generated by elements X := {z1,...,x,} in g, we
mean that the subalgebra generated by X equals g. A generating set X for g is
called minimal if no proper subset of X generates g.

The lower central series of g is the following decreasing sequence of ideals

g=g Dlgal=9¢"D[glegl=0¢"D...0[gd]=0¢"D....

For p € Ny, we say g is p-step nilpotent if g? # 0 and gP™ = 0. If this is the
case, then it is clear that gP is contained in the center Z(g) of g. If g is p-step
nilpotent, the type of g is the sequence of numbers (nq,...,n;, ...,n,), where
n; = |g'/g""|. Tt follows that ny = | %], n, = [g?| and >°7_ n; = |g].

Let §, be the free Lie algebra over k on generators X = {xy,...,2,}.
The free Lie algebra is graded. Indeed, we can write f, = Hi(n) ® Ha(n) ®
...® Hy(n)@® ..., where H;(n) is the vector space spanned by the Lie monomials
in X of degree 7, such that [H;(n),H;(n)] C H;+;(n). Explicit bases can be
constructed for H;(n), for example the Hall basis (see [18]). Moreover, it is known
that [H;(n)| =13 dli p(d)na where p equals the Mébius function, which is defined
as follows

1 if deZ", square-free, with an even number of prime factors
p(d) =4 —1 if deZ*, square-free, with an odd number of prime factors
0 otherwise.

The free p-step nilpotent Lie algebra f,, on generators X = {xy,...,z,} is defined
as f,,/f2*1. The universal property of the free Lie algebra implies that any set map
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from X to a p-step nilpotent Lie algebra can be uniquely extended to a Lie algebra
homomorphism from f§, , to this given p-step nilpotent Lie algebra. The free p-step
nilpotent Lie algebra is graded, as it inherits its grading from the free Lie algebra.
By abusing notation a little, we can write f,, = Hi(n) @ Ha(n) ® ... ® Hy(n),
with [H;(n), Hj(n)] =0 1if i +j > p.
An introduction to (nilpotent) Lie algebras can, for example, be found in [3], [11],
[18] and [8].

Let M be a g-module. One can compute H*(g, M), i.e. the cohomology of
g with coefficients in M , using the Chevalley-Eilenberg complex of g

0 ML Homy (g, M) LN Homy (A*(g), M) LA Homy (A (g), M) LI

where A(g) denotes the i-th exterior product of g. Here, d°(m)(z) equals xm
and for 7 > 1, the coboundary d’(w) of a i-cochain is the (i + 1)-cochain

i+1
d'(W) (21 Ao  Axiyy) :Z(—l)k+lka(x1 Ao NTp Ao ANmgy) +

k=1

S (=DM w([g, mATIA L ABN L ABN L AT,

k<l
By definition, we have H(g, M) = £LL  An element w € Homy(A'(g), M) is
called an i-cocycle if d'(w) = 0, it is called a i-coboundary if w = d"~*(u) for
some g € Homg(A™'(g),M). If w € Homy(A?*(g),k) is a 2-cocycle of g, then
we will write @ for the corresponding class in H?*(g, M). More generally, the
cohomology of g can also be computed using derived functors. Indeed, we have
H*(g, M) = Ext ) (k, M), where U(g) is the universal enveloping algebra of g
and Extfr (k, M) is the n-th right derived functor of Homy g (k, —), evaluated
at M. For details on homological algebra and (co)homology of Lie algebras, we
refer the reader to [12] and [21].

For i € {1,...,m = |g|}, the Betti number b;(g) of g is by definition the
dimension of H(g, k). Here k is viewed as a trivial g-module. One can verify that
bo(g) = 1, bi(g) = |%] and 0 < bi(g) < (7) forall 4 € {0,1,...,m}. It is also
known that, if g is a nilpotent Lie algebra, Poincaré duality holds: b;(g) = b,,—i(g)
for all ¢ € {0,1,...,n}. Several other inequalities for the Betti numbers of
nilpotent Lie algebra are provided in the introduction. Finally, we remark that
bs(fnp) = |Hp+1(n)|, which can be computed using the Mébius function.

Given a short exact sequence of Lie algebras

0—=n—hg—0 (1)

and an h-module M, one can consider the associated Hochschild-Serre spectral
sequence (see [10],[15] and [21])

Ey? = HP(h, H(n, M)) = H""(g, M).
This spectral sequence gives rise to an exact sequence of low degree terms

0 — H'(g, M") — H'(e, M) — H'(n, M)? % H2(g, M") — H2(e, M)
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for every h-module M. Here, d is the dg’l—differential from the spectral sequence.
The other maps are the well-known restriction and inflation maps. Note that an
elementary working knowledge of spectral sequences will be assumed throughout
this text.

Let g be a Lie algebra and M a g-module. An extension of g by M
is a short exact sequence 0 — M — ¢ = g — 0 of Lie algebras, where M is
viewed as an abelian Lie algebra such that the g-module structure induced by
the extension coincides with the original g-module structure on M (i.e. for all
m € M: [y,m] = xm for all y € e such that m(y) = ). We say such an extension
is split, if there exists a Lie algebra homomorphism 7 : g — ¢ such that mos = Id.
Two extensions of g by M, 0 - M — ¢; — g — 0 for i € {1,2}, are called
equivalent if there exists a Lie algebra homomorphism 6 : ¢; — ¢5 such that

0 M ¢ g 0

-k

0 M—=¢—">g 0

commutes. This induces an equivalence relation on the set of all extensions of g
by M. One can easily check that all split extensions of g by M are equivalent.
Denote the set of equivalence classes by Ext(g, M). The following theorem is
well-known.

Theorem 2.1. There is a bijective correspondence between H*(g,M) and Ext(g,M)
such that the class of split extensions corresponds to the zero element in H*(g, M).

We will now describe how this correspondence can be obtained. Given a 2-
cocycle w € Homy(A%(g), M), define the Lie algebra h := M @ g with Lie bracket
given by [(m,x),(n,y)] == (xn —ym + w(x A y), [z,y]) (the fact the w is a 2-

cocycle ensures that this is in fact a Lie bracket). Then 0 — M = Lg—0is
an extension of g by M, where i and p are the obvious inclusion and projection
maps. Write « for the equivalence class represented by this extension. Then one
can check that the map © : H?(g, M) — Ext(g, M) : @ — « is well defined.

Now let 0 — M — ¢ 5 g — 0 be an extension of g by M and consider its
associated exact sequence of low degree terms, with coefficients in M viewed as
an e-module via 7

0 — H'(g, M) — H'(e, M) — HY(M, M)® % H2(g, M) — H2(e, M).

By duality, we know that H'(M, M)? = Homy(M, M). Denote the element in
HY(M, M)? that corresponds to the identity map in Homgy(M, M), under this
isomorphism, by Idy;. One can check that the map ¥ : Ext(g, M) — H?(g, M)
that maps the equivalence class of the extension 0 — M — ¢ > g — 0 to d(Idy)
is well-defined. It turns out that the maps ¥ and © are mutual inverses of each
other, so we obtain the desired bijection. For details we refer the reader to [21].
Finally, let us describe an important construction that will be used in the
proof of our main theorem. Consider a short exact sequence of Lie algebras (1)

and a Lie algebra homomorphism p 2 g. Now define ¢ as the following subalgebra
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of the product Lie algebra h & p
¢:={(z,y) eh@p | 7(r)=py)}

One easily sees that (n,0) € ¢ for all n € n, so we have an inclusion n — e.
Now let 17 be the restriction to e of the projection h @ p — b and let )5 be the
restriction to e of the projection h & p — p. The reader can check that e fits into

a short exact sequence 0 - n — ¢ N p — 0, and a commutative diagram

0 n erP 0

b

0 n h—=g 0.

This construction will be referred to as the the pullback construction. Indeed,
one can verify that in the category of Lie algebras (e, t,19) is the pullback of
(h 5 g,p & g). Note that it follows from the construction that, if  and p are
nilpotent of class at most 7, ¢ is also nilpotent of class at most 7.

3. A filtration of the second cohomology space

Throughout this section, let g be a finite dimensional p-step nilpotent Lie algebra
and M a finite dimensional g-module.
It is clear that, given any abelian extension of g by M

0M—e¢eDg—0,

the Lie algebra e is not necessarily nilpotent. However, if we consider extensions
of g with a particular type of g-module, then these extensions will yield nilpotent
Lie algebras. Let us define this particular type of g-module.

Definition 3.1. A g-module M is called ¢-step nilpotent if ¢ > 1 is the
smallest integer for which M admits a strictly decreasing sequence of submodules

O=MIC M ' C...oMTT oM C.. .M C M =M,

such that g'M7 C M7 for all 4,5 (we set M" =0 for all r > q).

The key property, for our purposes, of nilpotent g-modules is described in
the following proposition.

Proposition 3.2.  Let g be a p-step nilpotent Lie algebra and M a g-module.
Consider an abelian extension of g by M

0M—e¢elg—0.

If M is a q-step nilpotent g-module then ¢ is an r-step nilpotent Lie algebra with
p <1 <p-+q. Moreover, if the extension is split, then e is r-step nilpotent, with
r = max{p,q}. Conversely, if ¢ is an r-step nilpotent Lie algebra, then M is a
q-step nilpotent g-module with r —p < q < r.
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Proof. The proof is a relatively easy exercise, left to the reader. ]

This proposition suggests a filtration of Ext(g, M).

Definition 3.3. Let g be a p-step nilpotent Lie algebra and M a g¢-step
nilpotent g-module. Take r € Z such that p < r < p+¢. With F.Ext(g, M) we
mean the subset of Ext(g, M) containing the equivalence classes of extensions

0-M—-e¢eSg—0
such that e is nilpotent of class at most r. This defines a filtration
Fraxp.p Ext(g, M) C Fuax{p.q+1Ext(g, M) C ...
. C Fppq1Ext(g, M) C F,y Ext(g, M) = Ext(g, M).

If M is a g-step nilpotent g-module, there exists a well-known filtration
of H?(g, M) (see [8], [20] but mind the different indexing). To construct this
filtration, we need a special filtration of M: M; := 0 for all integer 7 <0 and

M;:={me M | xm e M;_, for all z € g},

for all integers @ > 1. One checks that M; = M9 :={m € M | zm =0, Vz € g}
and M, = M. Also, if we set M*:= M,_; for all i € {0,...,q}, then

O=MICMT'C...cMTCM C...CM'CM =M
is a strictly decreasing sequence of g-submodules such that g’M? C M7 for all
1,7.
Definition 3.4. For each n,r € N, we define F,Homy(A"(g), M) to be
{f € Homy(A™(g), M) | f(x1A. . .Axp) € My i y1if TIA. Az, € AL Ag™ ).

One can verify that F;_Homg(A"(g), M) C F;Homg(A"(g), M) for all i and n.
Also, the differentials of the Chevalley-Eilenberg complex behave well in respect
to this filtration, in the sense that F;Homy(A*(g), M) forms a sub-complex of
Homy(A*(g), M) for each i. Hence, by considering the inclusion maps on the
cohomology level, we obtain a filtration on cohomology. In particular, we obtain
a filtration

... C F,_H*(g, M) C F;H?*(g,M) C ... C H?(g, M).

The next result, due to Vergne (see [20]) shows that, under the bijective
correspondence between H?(g, M) and Ext(g, M), the spaces F,Ext(g, M) from
Definition 3.3 correspond to the spaces F,H?(g, M) from Definition 3.4.

Proposition 3.5.  (Vergne, [20]) Let g be a p-step nilpotent Lie algebra, M a
q-step nilpotent g-module and consider the extension of g by M

0—-M—e¢e—g—0.
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Let o € H*(g, M) be the element corresponding to the equivalence class of this
extension. Take an integer r such that max{p,q} < r < p+q. Then ¢ is
nilpotent of class at most r if and only if o € F,H?*(g, M).

Proof. Suppose a € F,H?(g,M). It follows that a = f, where f is con-
tained in F,Homy(A?(g), M). We may assume that ¢ = M ¢ g with Lie bracket
[(m, ), (n,y)] := (zn —ym + f(x Ay),[r,y]), and need to prove that ¢"*! = 0.
Using induction and the fact that f € F.Hom(A%(g), M), one shows that ¢ C
(My_iy1 + M,_i1,9") for all i > 1. Hence ¢ C (M, + My, g"""). Since
max{p, ¢} <r, we have M, ., =0 and g"™" = 0. We conclude that ¢"t* = 0.

Conversely, suppose that e is nilpotent of class at most . We will construct a
cocycle f € F,Hom(A?(g), M) such that f = a. Choose a linear map s — ¢
such that 7 o s = Id and s(g’) C ¢ for all i. It is well-known that f, with
flx Ay) = [s(z),s(y)] — s([z,y]) for all z,y € g, is a cocycle such that f = a. It
remains to show that f € F,Hom(A%*(g), M). Take z € g' and y € g/ for some
i,j. Using the fact that s(g’) C ¢ for all i, one easily checks that f(z Ay) C ¢,
If i+j >r+1, then it follows from ¢"*' =0 that f(z Ay) € M,_;_;11. Suppose
that 14 j < r. Because ¢"! = 0, it follows that ¢"NM C M9 = M;. Because M,
consists exactly of those m € M such that xm € M, for all x € g, it follows that
¢! N M C M,. Proceeding in this manner, we find that ¢V N M C M,_;_j1.
Hence f(z Ay) € M,_;_;1, which shows that f € F,Homy(A?(g), M). n

To summarize, we have a filtration
FmaX{p’Q}HZ (g7 M) g Fmax{p,q}_t,_lHQ (g, M) g .

... C FyqH%(g, M) C F,, ,H*(g, M) = H?*(g, M)

defined in terms of conditions on the cocycle level, such that the elements in
F,.Ext(g, M) correspond to equivalence classes of extensions of g by M, that are
nilpotent of class at most r.

We would like to give a different characterization of the spaces F,H?(g, M).
To do this, we first need the notion of a free nilpotent extension.

Definition 3.6.  Let g be a p-step nilpotent Lie algebra with b,(g) = n. A free
p-step nilpotent extension of g is a short exact sequence of Lie algebras

0—=n—=f.,—>g—0

such that n C [f,,, fnp|, where f,, is the free p-step nilpotent Lie algebra on n

generators. We say g is of depth d if d is the largest integer such that n C fﬁ,p.
It follows that the induced map [fnf:—]f;p} — is an isomorphism and that
de{2,...,p}.

For r > p, A free r-step nilpotent extension of g is a short exact sequence of Lie

algebras

g
[9.9]

0—>n’—>fm7r—/>g—>0
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where §,, is the free r-step nilpotent Lie algebra on n generators and #’ is the
composition of the canonical projection f,, — f,, with a morphism = : f,, - g,
coming from a free p-step nilpotent extension of g.

Note that every p-step nilpotent Lie algebra g has a free p-step nilpotent

extension. Indeed choose elements {z1,...,x,} C g such that under the projec-
tion of g onto = g} the elements {zy,...,z,} are mapped to a basis {Z1,...,7,}
for [g— (so b1(g) = n). This implies that {zy,...,z,} is a minimal generat-

ing set for g. Now let f,, be the free p-step nilpotent Lie algebra on genera-
tors {y1,...,y,}. By the universal property of free p-step nilpotent Lie algebras,
there exists a unique homomorphism 7 of f,, to g such that 7(y;) = z; for all
i€ {l,...,n}. Because {z1,...,x,} is a generating set for g, it follows that 7 is
surjective. Hence, we obtain a short exact sequence 0 — n — §,, 5 g—0. An
element Y of f,,, is always of the form 377", Aiyi +>77_ [ai, b ] with a;,b; € fp.
Under the composition of © with the projection of g onto ool Y is mapped to
oo NiT;. Since {Z1,...,T,} is a basis of wa > T(Y) =0 implies that A; =0 for

all i € {1,...,n}. This shows that n C [f.,,f.,]. Hence, 0 = n — f,, = g — 0
is a free p-step nilpotent extension of g. It now easily follows that every p-step
nilpotent Lie algebra also has a free r-step nilpotent extension, for every r > p.

It is clear that free r-step nilpotent extensions of a nilpotent Lie algebra g
are not unique, since they involve a particular choice of generators of g. However,
they are equivalent in some sense.

Proposition 3.7. Let g be a p-step nilpotent Lie algebra. Two free r-step
nilpotent extensions 0 — n; — fn, Ty g — 0 fori=1,2, of g are always
equivalent, meaning that there exists a 0 € Aut(f,,) such that m = my06.

Proof.  Fix a set of generators {zy,...,z,} for f,,. Now define q 2:_71'1(1‘1)
and b; := my(x;) for all 4 € {1,...,n}. Since {ai,...,a,} and {b1,...,b,} a
two sets of bases for ﬁﬂ, we can find a linear invertible operator 1" on ﬁ such

that T'(a;) = b; for all 4. Since < xy,...,x, >= [fnf:}zz 3 is mapped isomorphically

onto [9’49] by 71 and 73, we obtain an linear invertible map

S;:ﬁ_Q_IOTOW_11<ZIII,...,ZL‘n >—=< Ty, Ty >

Using the universal property of f,,, we can uniquely extend S to a Lie algebra
homomorphism 6 : f,, — f,,. We leave it to the reader to check that 6 has the
desired properties, using the universal property of f, . u

We can now state and prove the following characterization of the filtration
of H?(g, M).

Theorem 3.8.  Let g be a p-step nilpotent Lie algebra, M a q-step nilpotent
g-module and
0—=n—fu,—>g—0
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a free r-step nilpotent extension of g, then
F,H2(g, M) = Ker (71'2 L H2(g, M) — 025, M))

for every r € Z such that max{p,q} <r <p+gq.

Proof. To prove this we will use the explicit description of the bijective cor-
respondence between H?(g, M) and Ext(g, M), as described in the preliminaries.
Fix some integer r such that max{p,q} < r < p+ q. Now choose an element
f € F.H?(g,M). By Proposition 3.5, the cocycle f corresponds to an extension
0= M —e¢2 g—0of gby M such that e is nilpotent of class at most 7.
Using the pullback construction, we obtain a commutative diagram

0 M 2/ fn,r 0
\le i@ lﬂ'
0 M e—2 g 0.

Here, the top sequence is an extension of f,, by M, where M becomes a f, -
module via 7. By the naturality of the exact sequence of low degree terms coming
from the Hochschild-Serre spectral sequence, we obtain a commutative diagram

dfn,p

Homfn,r (M7 M) - H2(f“ﬂ‘7 M)

| |

Homyg (M, M)~ 1(g, M).

Following Idy, € Homy(M, M) through the diagram, we see that 72(f) is mapped
to the element in H?(f, ., M) corresponding to the equivalence class of 0 — M —
¢ = f,r — 0. Note that it follows from the pullback construction that e’ is
nilpotent of class at most r. Therefore, the universal property of f,, implies that
0= M — ¢ — f,, = 0 splits. Since the class of split extensions of f,, by M
corresponds to the zero element in H2(f, ., M), this shows that 72(f) = 0. We
have proven that F,H?(g, M) C Ker 72,

Now suppose we have an element f € H?(g, M) such that 72(f) = 0. Considering
again the two commutative diagrams above, we see that this implies that 0 —
M — ¢ — §,, — 0 is split, so e = M xf,,. Since M is a nilpotent f, ,-module of
class ¢, it follows from Proposition 3.2 that ¢’ is nilpotent of class max{q,r}. But
g <r,so ¢ is nilpotent of class r. Since one can easily verify that 6 is surjective,
¢ is nilpotent of class at most 7. Hence, by Proposition 3.5, f € F,H?(g, M). This
proves that F,H?(g, M) 2 Ker 2. n

Corollary 3.9. Let g be a p-step nilpotent Lie algebra, M a q-step nilpotent
g-module and
0—=n—fu,—g—0

a free r-step nilpotent extension of g. Then, for every r € Z such that max{p, q} <
r < p+q, we have an exact sequence

0 — H'(g, M) — H'(fu, M) — Homgy(——, M) % F.H*(g, M) — 0

[, 7]
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such that d(f) = f o p,, where @, is a 2-cocycle corresponding to

fn,r T

—g— 0.

"7 T

Proof. Consider the Hochschild-Serre spectral sequence (E,.(M),d,) associ-
ated to the given free r-step nilpotent extension of g. Because the image of dg’l
is exactly the kernel of 72 : H*(g, M) — H*(f,,, M), the theorem implies that
the standard exact sequence of low degree term yields the wanted exact sequence.
Now let us examine the map d := dy".

Take f € Homg([n L , M) and let (Er(ﬁ),d,.) be the Hochschild-Serre spectral
sequence associated to the given free r-step nilpotent extension of g with coef-
ficients in ﬁ The coefficient map f : [nLn — M induces a spectral sequence

morphism F, ([ ]) — E,.(M). Hence, we have a commutative diagram

Homg( M)*>H2(g, M)

[_
| 7|
HOIIlg [— T) 4>H2<g, [nn})

One can check that d(Idﬁ) equals @, , where ©, corresponds to the equivalence

—y Jnr 7, g — 0. Hence, following

n n] [n,n]

we see that d(f) = f%(¢,) = f o ¢,. This finishes the proof. n

class of 0 — ol

If we restrict to the case of central extensions of g with one-dimensional
kernel, our filtrations reduce to

F,Ext(g, k) C F,+1Ext(g, k) = Ext(g, k)
and
FPHQ(gﬂ k) g Fp-i-lHQ(ga k) - HQ(ga k)v

when g is p-step nilpotent and k is viewed as a trivial g-module. representatives
of elements in F,Ext(g, k) are called central extensions of class p, whereas repre-
sentatives of elements in Ext(g, k) that are not contained in F,Ext(g, k) are called
central extensions of class p+ 1.

Using Corollary 3.9, we obtain an description of F,H?(g,k) and H?(g, k).

Corollary 3.10.  Let g be a p-step nilpotent Lie algebra. If we consider trivial
coefficients k, then the map d from Corollary 3.9 is an isomorphism, for r &
{p,p+ 1}. In particular, if

0—=n—fup—9g—0

is a free p-step nilpotent extension, then
n
;

[
gl b2ne) = [, Fapa] N3,

[FH (g, k)] = |

(g, k)| = |
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where @ : fnp — fnpr1 15 the canonical vector space inclusion.

Proof. Suppose we have an r-step nilpotent extension of g, with kernel
n. Because n C [fu,,fn,] and the coefficients are trivial, it follows easily that
H'(§,.,, k) — H'(n,k)* = Homgy (=%, k) is the zero map. By exactness of the se-

n
[nn]?

quence in Corollary 3.9, Homy ("5, k) 4 F.H?(g, k) is an isomorphism.

[n,n]”
Now consider the given p-step nilpotent extension of g. We know that

Homgy(——, k) = F,H*(g, k).

[, n]
Using the fact that §,, acts trivially on £, it is not difficult to check that

n n L n
T o) = Homis (o B = 5y

as vector spaces. So the first equality is proven.
Now consider the free (p 4 1)-step nilpotent Lie algebra f, ,41 together with the
canonical projection p : fnp+1 — fap+1/ n;il = f,,p and its canonical vector space

splitting 7 : f,,, = fnp+1. Then, by definition,

Homg(

1 .
0= +i(n) = fapyr = g0
is a free (p + 1)-step nilpotent extension of g. Hence, once again we have

. 1
i(n) + n_,;)Jrl

Homg(— : k) = H?(g, k),
itn) + i)+ ]
and ‘ . ‘ .
Hom ( Z(n) + n,p+1 k) ~ Z(n) + n,p+1
i) i) + bl e i) + o]

as vector spaces. Furthermore, one can verify that there is a vector space isomor-
phism

: 1 1
i(n) + n—,;+1 ~_ B n—,’z—ﬂrl
[Frp+1,4(n) + nzalﬂ] [Frps 1] [i(n), Frps1] N n:al-rl
Since |fﬁ;1+1| = by(fnp), the second equality follows. ]

We also obtain the following criterium for the existence of central extensions
of class p+ 1.

Corollary 3.11.  Let g be a p-step nilpotent Lie algebra with free p-step nilpo-
tent extension
0—=n—=f.,—>g—0.

Then g admits a central extension of class p+ 1 if and only if

| < by(g).

[fn.p: 1]

In particular, if n is generated by a single element X € [f,p, fnpl, then g admits
a central extension of class p+ 1.
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Proof. The first statement is immediate from the previous corollary and the
definitions of F,Ext(g, k) and F,,1Ext(g,k) = Ext(g,k). Now suppose that n
is generated by a single element X € H,.(n) C [fup:fnp)- Let ¥(fnp, X) be
the vector space spanned by X and define 7;(fup, X) = [fup, Yie1(frp, X)] for
ie€{r+1,...,p}. Then it is clear that v;(f,,, X) C Hi(n) for all i € {r,...,p}
and

=1 (fnp, X) + Y2 (Frp, X) + oo+ %p(Frp, X).

This implies that

[frps 0] = Y2 (Frpy X) + oo 4 W (Frps X)),

hence |—"—| = |7,(fnp, X)| = 1. Since nilpotent Lie algebras g always satisfy

[fnpo1]
ba(g) > 2, we conclude that g has a central extension of class p + 1. [ |

We conclude this section with a formula for |FyH?(g, k)| and |FoH?(g, g)
in the case where g is a 2-step nilpotent Lie algebra.

Corollary 3.12.  Let g be a 2-step nilpotent Lie algebra with bi(g) = n, then

Ritol = () +n-lok
ri@el = ("5 )i12) - alsl - ol ZG) + [Derco).

Here, Z(g) is the center of g and Der(g) is the derivation algebra of g.

Proof. Choose a 2-step nilpotent extension 0 — n — §,» = g — 0 of g.
Corollary 3.10 tells us that |FoH?(g, k)| = |G 5m|- Because [frn2,n] = 0 and

fnol = (5) + n, it follows that |FoH?(g, k)| = (}) +n — |g].
Using Corollary 3.9, we obtain an exact sequence

0 — H'(g,g) = H'(fn, ) — Homg(n, g) & F,H(g,g) — 0.

This implies that |FyH?(g, g)| = |[Homg(n, g)| — [H (fu2, 9)| + [H*(g,9)|. Since g
acts trivially on n, one easily verifies that

n

o ()] = o/ 2()] = ((

)+n—mmzww

Also, it is well-known that H'(g,g) = Der(g)/Inn(g), where Inn(g) is the space
of inner derivations of g. Since Inn(g) = g/Z(g), we conclude that |H'(g,g)| =
|Der(g)| — |g| + |Z(g)|. It remains to determine |H'(f,,,g)|. Considering

0—=n—fu2—g—0

as a short exact sequence of f§,92-modules, we obtain a long exact cohomology
sequence

0—=n— Z(fn2) = Z(g) — Homk([ff;—?ﬂ’ n) = H' (fu2,fn2) = H (faz, 9).
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We claim that the map H*(f,2, fn2) = H'(fu.2, ) is surjective. To prove this, first
recall that if {zy,...,2,} are the generators of f,o, then any linear map from
< Z1,...,%, > to a fpo-module M can be uniquely extended to a derivation of
fn2 into M. Now choose a derivation ¢ € Der(f,2,g) and a vector space splitting
5:9 —> fno of m:f,2 — g. Then the linear map from < zy,..., 2, > to f,2 that
takes z; to s(p(z;)) can be extended to a derivation ¢ € Der(f,2). Now consider
E € H'(fn2,fn2) = Der(fz2)/Inn(fn2). Then, under H'(f,2,fn2) — H'(fn2,9),
Y is mapped to wo . Since w(¢¥(x;)) = p(z;) for all ¢, and a derivation of a
nilpotent Lie algebra is completely determined by its value on the generators, we
conclude that 7o = ¢ and hence H!(f, 2, fn2) — H(fn2,8) : ¥ — B. Since P is
chosen at random, we conclude that H!(f, 2, fn2) = H'(fu2, @) is surjective. This
implies that

[ (Fars 0)] = [H (Fr Fa2) | — \Homk([ff;—’;z]m)l +12(@)| = 1Z(fn2)| + In|.

Since o] = (3)-+n—al, [H' (2. Fua)] = n((3) +n 1) and [Homy (o ] =

n|n|, one can verify that

n-+1

reel - (")

)|Z<g>| ~ gl — lallZ(a)] + [Dex(g)!.

This concludes the proof. [ |

Remark 3.13. When g is a p-step nilpotent Lie algebra of depth p, one could
mimic the proof above to obtain formulas for |F,H?(g, k)| and |F,H?*(g,g)|. The
key observation is that the kernel of the free p-step nilpotent extension is central.
These formulas will contain the dimensions of f,,, Z(f,,) and Der(f,,), which
can all be computed using the Mdébius function.

4. Bounds for bs(g)

In this section we will, given a p-step nilpotent Lie algebra g, derive some upper
and lower bounds for by(g). We start with two technical lemmas.

Lemma 4.1. Let g be a finite dimensional Lie algebra over k. Take 1 €
H%(g, k), v € Z(g) and y € [g,9], then pu(x Ay) = 0. Moreover, if g is p-step
nilpotent (p > 2) then u(gP A g?) = 0 and the induced map H?(g, k) — H?(gP, k)
1S 2ero.

Proof. By definition we have y = Z?Zl[aj,bj], for some a;,b; € g, and p €
Homy, (A?(g), k) with d?(u) = 0. Here d? is the second differential in the Chevalley-
Eilenberg complex of g. Since d*(u) = 0, we have 0 = d2#(2§:1 aj Nb; Nx) =
S ( — pl[az, bj] A ) + pl[az, z] Ab;) — p([by, 2] A a]-)) = p(x A (X lag, b)) =
pu(z Ay).

Furthermore, if g is p-step nilpotent (p > 2) then g” C Z(g) N [g,g]. So
the remaining statements follow readily. [ |
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Lemma 4.2.  Consider the extension 0 —- n — g — b — 0 and assume that
n C Z(g)Ng*. Then bi(g) = bi(h) and by(g) = ba(h) — |n| + |EL. Moreover,
ELY equals the cokernel of H2(h, k) — H%(g, k).

Proof. Denote by (E,, d,) the Hochschild-Serre spectral sequence associated to
the given extension of Lie algebras. Recall that the image of the map H?(h, k) —
H?(g, k) equals E2° and the image of the map H'(g, k) — H'(n, k) is isomorphic
to E2!. Hence, the cokernel of H?(h,k) — H?(g,k) equals E2? @ EL!. But
Lemma 4.1 implies that H?(g, k) — H?*(n, k) is the zero map. Since the image
of this map is isomorphic to E%?, we conclude that E%? = 0, so the cokernel of
H2(h, k) — H?(g, k) equals EL!.

Because n C g?, it follows that the induced map H'(g, k) — H'(n, k) is zero.
Therefore E%' = 0, which implies that dy"' is injective. Since this differential is
the only one landing in the (2,0)-spot, we conclude that E20 = E>°/(Im dy").
Furthermore, the spectral sequence converges to H*(g, k), so we have H!(g, k) =
EX' @ ELY = H'(h, k) and H?(g, k) = E22 @ EL @ EXY = BEL' @ H2(h, k)/(Im dY').
The equalities now readily follow. |

The following proposition provides an upper bound for the second Betti
number. This bound can also be found in [22]. Here, we give an alternative proof
using the previous two lemmas.

Proposition 4.3.  If g is an m-dimensional p-step nilpotent Lie algebra of type
(n1,n9,...,ny), then

ni

boe) < () + m = m)s = )

In particular, if g is an m-dimensional nilpotent Lie algebra with bi(g) = 2, then

Proof.  We will use induction on p. If p =1, then m = n; and by(g) = (77),
so in this case the statement is trivial. Now assume the statement is true for
(p—1)-step nilpotent Lie algebras (p > 2) and suppose that g is p-step nilpotent.

Considering the extension
0—g” =g g/g" =0,

we deduce from Lemma 4.2 that by(g) = ba(g/g? ') — n, + |EL!|. Hence, using
the induction hypothesis and the fact that |[EL'| < |H'(g/g?, H (g7, k))| = nin,,
we find by(g) < ba(g/9”) —np +nan, < (V) + (m—np —n1)(ny — 1) —ny, +nan, =

(") +(m—n1)(n1—1). This completes the induction and proves the proposition. ®

We will now derive some upper and lower bounds for by(g), using the results
from the previous section.

Lemma 4.4.  Let g be a p-step nilpotent Lie algebra of type (n1,...,n,), depth
d and with free p-step nilpotent extension

0—=n—fu,—g—0.



568 DEGRIJSE

Then by(fny.a-1) — na < |F,H?(g, k)| and equality holds if and only if [fn, p,n] =
nnN f;ﬁr’;. In particular, equality holds if n is generated by Lie monomials of degree

d (for example when d =p).

d

Proof.  The surjection 7 : fihp — g induces a surjection 7 : ;%1: — gg%. Since
g is of depth d, one can verify that ker7 = m Clearly [fn,p,n] C nN fﬁﬁ,
d
and |g§%| + | ker 7| = |]EZ%|, so Corollary 3.10 implies that
ny,p
d d
g n 2
! = =gl < | = [F,H (g, k)|
forp 9 T fnpn]
d
Since |;Z+1:| = by(fn,.a-1) and |g§%\ = ng4, the inequality holds and it follows
ny,

readily that equality holds if and only if [f,, ,, n] =nNfit.

Now suppose that n is an ideal in f,, , generated by L, a set of Lie monomials of
degree d (i.e. L C Hy(ny) ). Also, let v4(fn, p, L) be the vector space spanned by
L and define v;(fny ps L) = [frrp> Yie1 (Frap, L)] for ¢ € {d+1,...,p}. It is clear
that 7i(fn, p, L) C fi,,, forall i € {d,...,p} and

n= /Yd(fm,pv L)+ 'Vd-&-l(fnhpa L)+...+ 'Yp(fnhpa L).

It follows that

nn fg:r,ylo = Yar1(Fropr L) + o+ % (Frapr L) = [y p 1,
which proves the lemma. [ |

This next lemma gives upper and lower bounds for | F,, 1 H?(g,k)|—|F,H?(g,k)|.

Lemma 4.5.  If g is a p-step nilpotent Lie algebra of type (ny,...,n,) with free
p-step nilpotent extension

0—=n—=fu,—9—0,
then

ba(Fua,p) — b2(Fap—1) +10p 2> ‘Fp+1H2<g> k)| — ]FpH2(g, k)|
Furthermore, if g is of depth p, then

| Epi (g, B)| — [FpH2(g, k)| > max{0,ba(fn, ) — naba(Fay p-1) + 1175}

Proof.  First notice that [i(n) N, 1, Fnipr1] C [i(n),Frypea] N fflﬁ,ﬂ. Now
suppose that {vy,...,v,,} is a basis for i(n)Nf, ., Then {[x1,v1], ..., [v1,v,]} is
a linearly independent subset of [i(n) Nf} .1, fnypr1]. Indeed, D77 A2y, v = 0
implies that [xq1,> ;" A\v;] = 0. Since we are working in a free nilpotent Lie
algebra it follows that > " Awv; = 0, so all the \;’s are zero. By noting that
|i(n) O Foy et = [, ol = 1p = b2(Fny p—1) — 1, We obtain

b (Funp—1) — 1y < |[(0), Fypia] N F2TE .
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Therefore, Corollary 3.10 yields by(fa, ) — ba(Fuyp-1) + np > |Fpi1H? (g, k)| —
| F,H?(g, k)|
Now assume that g is of depth p. In this case

[Z(ﬂ) N ffz1,p+17 fm,p-i-ﬂ = [i(n)7 fm,p-i-l] N n—ijJrl'
Clearly, we also have [i(n)Nfy .1,f2 1] = 0. Hence, it follows that

[i(0), Farpr] O s = [10) O 77, ey, Hi(n1)):

In general, if A is an n-dimensional subspace of a Lie algebra and B is an
m-dimensional subspace, we have |[A, B]| < nm. Since |Hi(n1)| = n; and
li(n) N fy, i1l = 02(Fnyp-1) — 1y, we are done. ]

Putting all the pieces together, we arrive at the following estimates for the
second Betti number.

Theorem 4.6.  Let g be a p-step nilpotent Lie algebra of type (ni,na,...,n,),
dimension m, depth d and with free p-step nilpotent extension

0—=n—fu,—9g—0.

Define ¢ := by(fpy,4-1) — na and C := (")) + (m —n1)(ny — 1) . In general, we
have

More specifically, if n is generated by Lie monomials of degree d, we have
c< bQ(g) < min{c + bQ(fmm) - bQ(fnl,Pfl) + Ny, C}
and if g is of depth p then c+max{0,bs(fn, p)—n1b2(Fry p—1)+n17p }

< by(g) < min{e + ba(fuyp) — b2(Fusp-1) + 1y, C}-

Proof. This follows immediately, by combining Proposition 4.3, Lemma 4.4,
Lemma 4.5 and Corollary 3.10. [ |

In the special case of a 2-step nilpotent Lie algebra, we find the following
estimates.

Corollary 4.7.  Let g be a 2-step nilpotent Lie algebra of type (ny,ns), then

(T;l> — ny + max {0,2(”1; 1) —m (7;1) +ning} < by(g) < (T;l) +nz(ny—1).

Proof. This is immediate from the final statement of the previous theorem,

since a 2-step nilpotent Lie algebra is of depth 2, by(fn, 1) = (%) and by(fn, 2) =

2"y .



570 DEGRIJSE

5. Some computations in the 2-step nilpotent case

To illustrate how our approach using free nilpotent extensions can be useful for
doing explicit calculations, we will compute the second Betti number of two classes
of 2-step nilpotent Lie algebras.

Let us first agree upon a basis for f, 3, the free 3-step nilpotent Lie algebra on
{z1,...,2,}. Recall that f,3 is graded: f,3 = Hi(n) ® Ha(n) ® Hs(n). As basis
for Hy(n), we will obviously take {x1,...,2,}. As basis for Hy(n), we will take

{lwiyz;] | i < gyi,j € {1,...n}}

We clearly have |Hy(n)| = (3). Finally, as basis for Hs(n) we will take AUBUC,
with
A={[z;, [z, zj]] | 1,5 € {L,...,n} st. i <j}

B = {[.Tj, [l’i,.’ﬂj“ ‘ Z,j S {1, e ,n} s.t. 1 < ]}
C = {lzi, [z, xl], [z, [wi,ze]] | 4,5,k € {1,...,n} st i <j <k}
One checks that |Hs(n)| = 2("1").

Example 5.1. Let g be a 2-step nilpotent Lie algebra over k of type (n,1),
ie. |[g,g]] = 1. It is known that in this case g is isomorphic to k™ @& b,, for
some m and n such that 2n +m = n, where £™ is the m-dimensional abelian
Lie algebra and b, is the (2n + 1)-dimensional Heisenberg algebra (for example,
see [4], [8]). Hence, the Kiinneth formula entails that ba(g) = ba(ha) + () + 2mn.
If n =1, then b, is just the free 2-step nilpotent Lie algebra on 2 generators, so
ba(h1) = 2. If n > 2, we have by(h,,) = (') — 1. Note that the Betti numbers of
b, over field of characteristic zero were computed in [17], and over a field of prime
characteristic in [2].

Now let us compute by(h,) (n > 2) using a free 2-step nilpotent extension. Take
fan2 to be the free 2-step nilpotent Lie algebra generated by {z1,...,2n, y1, ..., Yn}-
Recall that b, is a 2-step nilpotent (2n + 1)-dimensional Lie algebra with basis
{x1,.. ., %0, Y1, ..., Yn, 2} and non-zero Lie brackets given by [z;,y;] = z for all
ie{l,...,n}. So b, is of type (2n,1). We leave it to the reader to check that
b, has free 2-step nilpotent extension

0 =1 — fano — hp — 0,
where n is generated by the elements

Uz zgl s Ty ysl s [ ysl s [T vl = [og,y5] | i # 5}

We claim that [i(n), fan,s] = f3,5. To prove this, consider a basis for 3, ; = Hs(2n)
as the one described above. Looking at the generators for n, the only non-trivial
thing to verify is whether the basis elements of the form [z, [x;, v;]] and [y;, [zs, yi]]
are contained in [i(n), fa, 3] If j does not equal i, we can use the Jacobi identity to
see that these elements are contained in [i(n), f2,,3]. Now suppose that i = j. We
will show that [z, [z, yi]] € [i(n), fan3]. Take some s # i. Because [z, yi| — [, Ys]
is a generator for n, we know that [x;, [z;, vi]] — [%i, [Ts, ys]] € [i(n),f2ns]. Since
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the second term is contained in [i(n), fa,3], we are done. Similarly, we see that
[Yi, [Ti, yi]] € [i(n), Fan3], so the claim is proven.

Since by (fan2) = \f%ml = |[i(n), fan,3]| and ]HQT“M?]] = |n| = (22”) — 1, Corollary
3.10 implies that by(h,,) = (22”) — 1. Using Corollary 3.11, this also shows that b,
(n > 2) does not have central extensions of class 3.

We can also use Corollary 3.10 to construct a basis for H?(h,, k). To do this, we
first construct a 2-cocycle that classifies our chosen free 2-step nilpotent extension
of h,. Let s: b, — fa,2 be the vector space splitting of 7 : o, 2 — b, defined
by s(x;) = x;, s(y;)) = y; for all i € {1,...,n} and s(z) = [z1,y1]. Then
[ A%h,) = n:and:[s(a),s)] — s([a,b]) is a 2-cocycle that classifies our
chosen 2-step nilpotent extension of h,. One easily verifies that f is determined
by f(zs Axj) = [z, 23], fyi Nyj) = [y, y;] and f(zi Ayi) = |25, 53] — [21, 1] for
all 7, 7. Now choose a basis for Homg(n, k) and denote it by {p1,...,¢q}. Then
{p10f,...,pa0 [} is a basis for H?(h,, k).

Example 5.2.  Let g be a 2-step nilpotent Lie algebra over k of type (n, (Z) —1)
with free 2-step nilpotent extension

0—=1n—fu2—g—0, (2)

ie. |n|=1. Let X € [fn2,fn2] be a basis for n, hence n =< X >. We define the
length 1(X) of X as follows

I(X) =min{k € Ny | X = [a1,b1] + ... + [ag, bg] for some a;, b; € f,2}.

Take X1,Xo € [fn2,fn2]. In [5], it is proven that <f’”‘X’12> o <'}’22> if and only
if [(X;) = I[(X3). It is also shown that I[(X) < |5] for every X € [fn2,fnz2]-

It follows that there are, up to isomorphisms, exactly [%] 2-step nilpotent Lie

algebras of type (n, (3) —1). We will show that all these Lie algebras have the
same second Betti number, namely 2(";1) —n+1.

Consider the free nilpotent extension (2), with n =< X >. Denote the generators
of f,3 by {x1,...,2,} and give f,3 the basis described in the beginning of this
section. We claim that |[i(n),f,3]| = n. Obviously, we can uniquely write
X = > aijlrix;] and [i(n),f.3] = span{[z;, X] | i € {1,...,n}}. Hence,
to prove the claim it suffices to show that {[z;, X] | i € {1,...,n}} is a linearly
independent subset of 3 ;. Assume that (\1,...,),) € k" such that

Z Na; [z, (@i, z5]] = 0. (3)

1i<j

Fix an [ € {1,...,n}. If a;; is non-zero for some j (this implies { < j), then
the term N\ay j[x;, [z, z;]] appears in the left hand side of (3). Also note that
[z, [, z;]] cannot appear with any other coefficient in (3). So if we write the left
hand side of (3) in terms of the basis for §} 5, the coefficient of [x;, [z, z;]] will be
Aiag ;. It follows that A\ja;; = 0, hence A\; = 0. If a;; is non-zero for some j, then
a similar reasoning shows that \; is also zero.

Now assume that a;; and a;; are zero for all j. Because w # 0, we know that

a;; # 0 for some i < j. Hence the term \a; [z, [;, x;]] appears in (3). Now



572 DEGRIJSE

look at the expansion of the left hand side of (3) in term of the basis for §; ; and
keep in mind that a;s and as; are zero for all s. If [ < j, then the coefficient of
[z, [, z;]] will be Na; ;. If 7 <1, then the coefficient of [z}, [z;, z;]] will be Na; ;.
So in both cases it follows that \a; ; = 0, therefore A\; = 0.

Because by (fn2) = 2(";") and |m| = 1, Corollary 3.10 says that by(g) =
2(";1) —n+1. It also follow from Corollary 3.11 that 2-step nilpotent Lie algebras
of type (n, (g) — 1) have a central extension of class 3.
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